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STRONG KARUSH-KUHN-TUCKER OPTIMALITY CONDITIONS
FOR MULTIOBJECTIVE SEMI-INFINITE PROGRAMMING VIA
TANGENTIAL SUBDIFFERENTIAL™

LE THANH TUNG"

Abstract. The main aim of this paper is to study strong Karush-Kuhn—Tucker (KKT) optimal-
ity conditions for nonsmooth multiobjective semi-infinite programming (MSIP) problems. By using
tangential subdifferential and suitable regularity conditions, we establish some strong necessary opti-
mality conditions for some types of efficient solutions of nonsmooth MSIP problems. In addition to the
theoretical results, some examples are provided to illustrate the advantages of our outcomes.
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1. INTRODUCTION

A simultaneous minimization of a finite number of objective functions over an infinite number of constraints
is called a multiobjective semi-infinite programming (MSIP) problem. Applied and theoretical aspects of semi-
infinite programming problems have been considered by many researchers, see e.g. [16, 43] and references
therein. Recently, Karush-Kuhn-Tucker (KKT) optimality conditions for MSIP have been addressed by many
authors. In [4, 5], optimality conditions for some types of efficient solutions of MSIP were investigated in terms
of Mordukhovich subdifferential. The Mangasarian—Fromovitz and Farkas—Minkowski constraint qualifications
were extended and employed to consider optimality conditions for MSIP in [39]. The papers [17, 18] dealt
with the optimality conditions and constraint qualifications in convex vector semi-infinite optimization. KKT
optimality conditions for weakly efficient solutions and Pareto efficient solutions were obtained in [27] by using
some regularity conditions in the sense of Clarke gradient. The paper [2] considered the necessary optimality
conditions for MSIP via Michel-Penot subdifferential. Strong KKT optimality conditions give more information
than weak KKT optimality conditions since all the multipliers corresponding to the objective functions are
positive. In [36], many regularity conditions for differentiable functions were investigated to establish the strong
KKT optimality conditions for multiobjective optimization problem (MOP) with inequality constraints. Strong
KKT optimality conditions for smooth MOP with mixed constraints were given in [13, 21]. The regularity
conditions in the sense of semidifferentiable function in [41] and in the sense of Clarke gradient in [3, 14, 33, 50]
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were utilized to obtain strong KKT optimality conditions for some types of MOPs. Strong KKT for weakly
efficient solution of MSIP were given in [26] by using some regularity conditions in the sense of Clarke gradient.

The tangential subdifferential including both convex subdifferential and Géateaux derivative was proposed
and applied to establish optimality conditions for optimization problem in [42]. The papers [15, 22, 23, 41]
applied effectively the tangential subdifferential to establish weak KKT optimality conditions for MOP. In line
of [36], some regularity conditions in the sense of tangential subdifferential were investigated to obtain the
strong KKT optimality conditions for nonsmooth MOP in [14]. In [37], tangential subdifferential was employed
to unify the KKT type theorem of convex optimization with the convex feasible set for differentiable functions
in [31] and for Clarke regular functions in [8]. By using some suitable generalized constraint qualifications in the
sense of tangential subdifferential, we established the necessary and sufficient optimality conditions for some
types of efficient solutions of nonsmooth MSIP in [46]. Observe that the tangential subdifferential also includes
Clarke /Michel-Penot regular gradient. Hence, the optimality conditions in terms of tangential subdifferential
obtain more generalized results than the optimality conditions utilizing Clarke/Michel-Penot regular gradient
such as in [8, 29, 45, 47, 48] and references therein.

To the best of our knowledge, there is no paper studying the strong KKT optimality conditions for MSIP
by using regularity conditions in the sense of tangential subdifferential. Motivated by the above observations,
in this paper, we establish strong KKT optimality conditions for Pareto efficient solutions and weakly efficient
solutions of MSIP in terms of tangential subdifferential. The paper is organized as follows. Section 1 recalls
basic concepts and some preliminaries. Section 2 is devoted to establishing the KKT optimality conditions for
weakly efficient solution and Pareto efficient solution of MSIP. In Section 3, regularity conditions in the sense
of tangential subdifferential and their relations are investigated. Our results not only extend the results in [14]
from MOP to MSIP but also consider the strong KKT for weakly efficient solution, which was not investigated
n [14]. Some examples are provided to illustrate our outcomes.

2. PRELIMINARIES

The following notations and definitions will be used throughout the paper. Let R™ be a finite-dimensional
normed space. The notation (-, -) is utilized to denote inner product. For a given Z, U(Z) is the system of the
neighborhoods of z. For S C R", int5, clS, affS, and coS stand for its interior, closure, affine hull, convex hull
of S, respectively (resp). The cone and the convex cone (containing the origin) generated by S are denoted resp
by C(S), coneS. We denote by riS the relative interior of a convex set S. The negative polar cone and strictly
negative polar cone of S are defined resp by

ST ={z" e R"|(z",2) <0 VzeS}
S% ={z* e R"|(z*,x2) <0 Vze S\{0}}.

It is easy to check that S° C S~ and if S® # () then clS® = S~. Moreover, the bipolar theorem, see e.g. [1],
states that S~ = cl coneS.

Definition 2.1 ([1]). Let S be a nonempty subset of R™.

(i) The contingent (or Bouligand) cone of S at Z € clS is
T(S,z)={x eR" | I 1 0, Fap —x, VKkEN, T+ 1y €S}
(ii) The adjacent cone of of S at Z € clS is

A(S,Z) :={z e R" | V1, L 0, Fzx >z, VkEN, T+ 12 €S}
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(iii) The cone of the feasible directions of S at Z is
D(S,z):={z€eR"|3§>0, ZT+71xecSVre(0,0)}.
(iv) The cone of the weak feasible directions of S at Z is
F(S,z)={zeR" |31, L0, VkeN, z+7x, €S}

Remark 2.2. The following properties can be checked directly.

(i) D(S,z) C F(S,z) C T(S,%).
(i) (S Z) C A(S,z) C T(S, 7).
(iii) If S is a convex set then A(S,z) = T(S,z) = clC(S — z).
(iv) If S is a convex set then D(S,z) = F'(S,z) = C(S — 7).

For a nonempty set S C R”, the function o : R® — R U {+00}, defined by

os(x) :=sup(s,z) VaeR",
seSs

is called the support function of S. Notice that o is sublinear and lower semicontinuous, i.e., liminf o(z’) = ()
T’ =z

for all x € R™. Moreover, o is finite everywhere if and only if S is bounded.

Lemma 2.3 ([19]). If o0 : R” = R U {400} is a lower semicontinuous and sublinear function then there exists
a nonempty closed convex set S, such that o is the support function of S, or, equivalently,

S, = {z* €R" | o(d) < (z*,d), Vde€R"}.

Definition 2.4. Let ¢ : R — R and z,d € R™.

(i) The directional derivative (or Dini derivative) of ¢ at T in the direction d is

ey O+ Td) — O(T)
(;S(x,d).—lTlﬂ)l . .

For d = 0, define ¢'(Z,0) = 0. We say that ¢ is directionally differentiable at Z if its directional derivative
exists in all directions d.
(ii) The Hadamard directional derivative of ¢ at Z in the direction d is Z in the direction d is

ola +7d) - 9(z)

H/—
d):= 1
07 (7,d) wo,lgl—m T

We say that ¢ is Hadamard directionally differentiable at % if its Hadamard directional derivative exists
in all directions d.

Note that if ¢ (Z,d) exists, then ¢'(z,d) also exists and they are equal. Conversely, if ¢ is Lipschitzian on a
neighborhood U of Z , then ¢ is Hadamard directionally differentiable at Z in every direction d in which ¢ is
directionally differentiable.

Definition 2.5 ([32, 37]). A function ¢ : R™ — R is called tangentially convex at Z € R™ if for every d € R",
@' (z,d) exists, is finite and the function ¢'(z,.) : R™ — R is a convex function of d.
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Since ¢'(Z,.) is positively homogeneous, if ¢ is tangentially convex at T then ¢'(Z,.) is sublinear. Then, by
Lemma 2.3, there exists a nonempty compact convex set of R such that ¢'(Z,.) is the support function of that
set.

Definition 2.6 ([37, 42]). Let ¢ : R™ — R be tangentially convex at & € R™. The nonempty compact convex

9T ¢(z) of R™ is called the tangential subdifferential of ¢ at Z if ¢/ (z, d) = nal%ié( )(m*, d), which is equivalent to
x*e z

oTp(z) = {z* e R" | (2*,d) < ¢'(z,d), V¥deR"}.

Definition 2.7 ([6]). Let Z € R™ and ¢ : R™ — R be a locally Lipschitz function. The Clarke directional
derivative of ¢ at T in direction d is defined by

°(7,d) = limsup 2EH 7Y = (@)

710, 2—% T
The Clarke gradient of ¢ at Z is
°p(z) = {z* € R™ | (x*,d) < ¢°(7,d), Vd€R"}.

We say that ¢ is Clarke regular at T if ¢/(Z,d) exists and ¢°(Z,d) = ¢'(Z, d) for all d € R™.

Definition 2.8 ([38]). Let Z € R™ and ¢ : R™ — R be a locally Lipschitz function. The Michel-Penot (MP)
directional derivative of ¢ : R™ — R at Z in direction u is defined by

¢°(Z,u) := sup limsup P(T 4 7(u+v)) — ¢ + Tv)
’ ‘ veR™  71]0 T .

The MP subdifferential of ¢ at T is
OMP p(z) := {a* € R"|(z*,d) < ¢°(z,d), Vd€R"}.

We say that ¢ is MP regular at z if ¢'(Z,d) exists and ¢°(Z,d) = ¢'(Z,d) for all d € R™.

Remark 2.9. Let ¢ be a function from R™ to R and T € R™. Some important classes of tangentially convex
functions are considered as follows.

(i) If ¢ is Gateaux differentiable at Z then ¢ is tangentially convex at  and 07 ¢(z) = {V(Z)}.

(i) If ¢ is convex then ¢ is tangentially convex at Z and 07 ¢(Z) = 9¢(z), where 0 denotes the subdifferential
in the sense of convex analysis.

(iii) If ¢ is locally Lipschitz at Z and Clarke regular at Z, then ¢ is tangentially convex at Z and 97 ¢(z) =
0% ¢(z).

(iv) If ¢ is locally Lipschitz at Z and MP regular at Z, then ¢ is tangentially convex at Z and 87 ¢(z) = M ¢ (7).

(v) If ¢ (z,d) exists, is finite and the function ¢(z,.) : R® — R is a convex function of d, then ¢ is
tangentially convex at 7 and 07 ¢(z) = 07 ¢(z), where 07 ¢(7) := {z* € R*|(z*,d) < ¢ (z,d), Vd € R"}.

Now, we give some examples to illustrate some advantages of tangential subdifferential in some cases.

Example 2.10. Let # = 0 and ¢ : R — R be defined by ¢(z) = max{z3, 2} + 2. Then, ¢'(0,u) = max{u, 2u} is
a convex function, and hence, 7 (z) = [1, 2]. Note that ¢ is not is Gateaux differentiable at Z, while it is locally
Lipschitz at = and Clarke regular at .
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Example 2.11. Let £ =0 and ¢ : R — R be defined as follows

z2sin 2, ifx #0,
¢(””)_{ 0, it =0

Then, ¢ is locally Lipschitz at Z and ¢°(Z,u) = ¢/(Z,u) = {0} for all u € R™. Hence, ¢ is MP regular at Z and
0"¢(z) = {0} & 09¢(z) = [-2,2].

Example 2.12. Let 7 = (0,0) and ¢ : R> — R be defined as follows

0, ifxy =0o0ray =0.

¢(x):{ o to, e A0,

Then, ¢ is not continuous at Z. Since ¢'(Z, u) = hJI,Iol % =0, ¢ is Gateaux differentiable at z and 07 ¢(z) = {0}.

Definition 2.13 ([14]). Let S C R™ be a convex set, ¢ : R” - R and T € S.

(i) ¢ is quasiconvex at T if
VreS, o) < o(7) = 60w+ (1-N)7) < 6(5) YA€ (0,1).
¢

) ¢ is Dini-convex at Z if Vo € S, ¢(z) > ¢(Z) + ¢'(Z,z — T).

) ¢ is strictly Dini-convex at Z if Vo € S\ > .
(iv) ¢ is Dini-pseudoconvex at Z if Vo € S, ¢(z) < ¢(Z) = ¢'(Z,z — ) < 0.

) ¢ is strictly Dini-pseudoconvex at Z if

vz e S\{z}, o(x) <d(z)= ¢'(z,z—1z)<O0.

(vi) ¢ is Dini-quasiconvex at Z if Y € S, ¢(z) < ¢(Z) = ¢'(z,z — ) < 0.
(vii) ¢ is Dini-linearlike at T if Vz € S, ¢(z) = ¢(Z) + ¢' (T, x — T).
(viii) ¢ is quasilinear, Dini-pseudolinear or Dini-quasilinear at Z, if ¢ and —¢ are quasiconvex, Dini-pseudoconvex
or Dini-quasiconvex at &, resp.
(ix) ¢ is quasiconvex on S if ¢ is quasiconvex on each point of S. The other concepts here introduced can be
defined on a set in a similar way.

Remark 2.14 ([12, 14]). Let S C R™ be a convex set, ¢ : R — R and & € S. Some properties of generalized
convex functions are summarized as follows.

(i) Let ¢ be directional differentiable at Z. If ¢ is quasiconvex at T then ¢ is Dini-quasiconvex at .
) If ¢ is Dini-pseudoconvex at Z and continuous on S, then ¢ is quasiconvex at .
) If ¢ is Dini-quasiconvex on S and continuous on S, then ¢ is quasiconvex on S.
iv) If ¢ is Dini-linearlike at Z, then ¢ is Dini-pseudolinear and Dini-quasilinear at z.
) If ¢ is quasilinear and directional differentiable at Z, then ¢ is is Dini-quasilinear at z.
) If ¢ is Dini-convex at T then ¢ is both Dini-pseudoconvex and Dini-quasiconvex at Z.

Remark 2.15. Let S C R" be a convex set, ¢ : R® — R and € S. Suppose that ¢ is tangentially convex at
x.

(i) If ¢ is Dini-convex at Z and = € S, then

$(x) > ¢(z) + (0" ¢(2), @ — T),
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where ¢(z) > ¢(z) + (0T ¢(Z),x — ) denotes ¢(x) > ¢(Z) + (x*,z — 7) for all z* € 9T (7).
(ii) If ¢ is strictly Dini-convex at & and = € S\ {Z}, then

¢(x) > ¢(z) + (07 ¢(z), 2 — 7).
(i) If ¢ is Dini-pseudoconvex at 7 and = € S, ¢(x) < ¢(z), then
(0T ¢(z),x — z) < 0.
(iv) If ¢ is strictly Dini-pseudoconvex at T and = € S\ {z}, ¢(z) < ¢(Z), then
(0T p(z),x — z) < 0.
(v) If ¢ is Dini-quasiconvex at z and z € S, ¢(z) < ¢(Z), then

(0T p(z), 2 — z) <0.

Lemma 2.16 ([44]). Let {C;|i = 1,...,m} be a collection of nonempty convex sets in R™ and K = co ( U C’i>.
i=1
Then,

riK:U{i)\iriCi|i)\i:17 X\ >0, izl,...,m}.
=1 =1

Lemma 2.17 ([44]). Let C; and Cy be non-empty convex sets in R™. In order that there exist a hyperplane
separating C1 and Co properly, it is necessary and sufficient that riCy and riCy have no point in common.

Lemma 2.18 ([44]). Let {Ci|t € I'} be an arbitrary collection of nonempty convexr sets in R™ and K =

cone | |J Ct|. Then, every nonzero vector of K can be expressed as a non-negative linear combination of
ter

n or fewer linear independent vectors, each belonging to a different Cy.

Lemma 2.19 ([16]). Suppose that S, P are arbitrary (possibly infinite) index sets, as = a(s) = (a1(8),...,an(s))

maps S onto R™, and so does a,. Suppose that the set co{as,s € S} + cone{a,,p € P} is closed. Then the

following statements are equivalent:

has no solution z € R";

I (ag, ) <0, S#0
" (ap,x) <0, peP

IT: 0 € cofas,s € S} + cone{a,,p € P}.
Lemma 2.20 ([19]). If S is a nonempty compact subset of R™, then,

(i) coS is a compact set.
(ii) If 0 & coS, then coneS is a closed cone.

3. STRONG KKT OPTIMALITY CONDITIONS

In this section, we consider the following multiobjective semi-infinite programming
(P) min]R;'_‘ f((E) = (fl(‘r)vvfm(x))
st. gi(x) <0, teT, zeR,
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where f;, i =1,...,m, g, t € T are functions from R" to R. The index set T is an arbitrary nonempty set, not
necessary finite. Set I := {1,...,m}, f:=(f1,..., fm) and g := (g¢)ter. Denote the feasible solution set of (P)

N:={zeR" | g(x) <0, teT}

Definition 3.1. For problem (P), let z € (2.
(i) Z is a locally weakly efficient solution of (P), denoted by & € LWE(P), if there exists U € U(Z) such that

f(@) = f(z) € intRY, Vxe2NU.
(ii) 7 is a locally (Pareto) efficient solution of (P), denoted by € LE(P), if there exists U € U(Z) such that

f(@) = f(z) €RTN\{0}, VeenU.

If U = R"™, the word “locally” is omitted. In this case, the weakly efficient solution sets/the weakly efficient
solution sets are denoted by WE(P)/E(P). It is easy to check that LE(P) C LWE(P); see e.g. [35] for more
details.

Denote Rl_irTl the collection of all the functions A : 7' — R taking values A;’s positive only at finitely many
points of T, and equal to zero at the other points. For a given z € {2, denote T'(Z) := {t € T|g:(Z) = 0} the
index set of all active constraints at Z. The set of active constraint multipliers at z € (2 is

A@) = erRng (@) =0, vieT).

Notice that A € A(Z) if there exists a finite index set I C T'(Z) such that A\, > 0 for all t € I and A\, = 0 for all
t € T\ I. For a given T € {2, define the extension of constraints system of (P)

Q= {zeR" | f;(2) < f;(@). gula) <0, jeI\{i}, teT}, icl

Setting Q := [ Q°, we have Q = (2.
i€l
Definition 3.2. Let T € (2.

(i) We say that the Assumption (A1) holds at z € 2 if f;,i € I, is Hadamard differentiable at Z, the function
fH(z,.) : R* — R is a convex function for all i € I and g;,t € T, are tangentially convex at z.
(ii) We say that the Assumption (A2) holds at & € 2 if f;,7 € I, and ¢;,t € T, are tangentially convex at Z.
3.1. Strong KKT optimality conditions for weakly efficient solution

Lemma 3.3. Let z € LWE(P).

(i) If (A1) holds, then (Ui~, 07 f:(z))" N T(£2,z) = 0.
(ii) If (A2) holds, then (Ui, 97 fi(2))" N F(2,z) = 0.
Proof. (i) Suppose to the contrary that there exists d € (Lnj 8Tfi(a:)> NT(£02,z). It follows from d €
i=1
(G or fi(ac)> that
i=1

(x*,d) <0, Va*€d?fi(z), Viel.
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Since the function ¢ : 97 f;(Z) C R™ — R, defined by ¢(z*) = (x*,d), is continuous on the compact set 07 f;(z),

there exists a point z* € 7 f;(Z) such that ¢(z*) = max (z*,d). This implies that
z*€dT fi(z)
"(z,d) = *dy={(z*,d) <0, Viel. 3.1
flod) = _max (') = (&",d) <0, Vi (31)

By d € T(£2,Z), there exist 7, | 0 and dj, — d such that T + 7dy, € 2 for all k. Since T € LWE(P), there exists,
taking subsequence if necessary, an index ig € I such that

which contradicts (3.1).
(ii) Reasoning by contraposition, assume the existence of d € <U oT fi(z )> N F($2,z). Hence, (z*,d) <
0, Vaz* € dTf;(z), Vi€ I. Since the function ¢ : 7 f;(z) C R™ — R, defined by ¢(z*) = (z*,d), is con-

tinuous on the compact set 97 fi(Z), there exists a point z* € 97 f;(Z) such that ¢(z*) = %17:;;(( )(x*, d). This
x*e i(x
shows that
(z,d) = *dy={(xz*,d) <0, Viel. 3.2
fEd = max (@)= (57.d) <0, Vi (32)

By d € F(£2,z), there exists 7, | 0 such that  + 7d € {2 for all k. Since € LWE(P), there exists, taking
subsequence if necessary, an index ig € I such that

f‘l (53 d): lim f(j"i_de)_f(i‘) >0

k—r o0 Tk ’

which contradicts (3.2). O

Now, we establish some strong KKT necessary optimality conditions for locally weakly efficient solutions of
MSIP under the following regularity conditions (RCs):

(EARC) <U8Tfz )m U 9Tg(w) | CT(R,1),

teT(z

(EFRC) (Ua%;z) Nl U "a@ | <dr(@,m),

teT(z)

(GCRQ) : U o"r@ ) n| U "al@ | =0, viel
JeI\{i} teT ()
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Proposition 3.4. Let z € LWE(P). Suppose that (Al) holds at Zz. If (EARC) holds at T and
cone (UteT(E) BTgt(gf)) is closed, then there exist & € R with .. o; =1 and X € A(Z) such that

0> a;d"fi(z)+ > M0 gu(2).
i=1 teT
Moreover, if (GCRC) holds, then a; > 0 for all i € I.

Proof. Tt follows from Lemma 3.3 (i) that
(U ani(a:)> NT(2,z)=0. (3.3)
i=1
The above equation together with (EARC) implies that
(U 8sz-(:i)> n|{ U d"al@) | < (U 8Tfi(a_:)> NT(2,z) = 0. (3.4)
i=1 teT(7) i=1

Hence,

m S m s
(CO U ani(a_c)> N | cone U Mg(z)| = (U 8Tfi(;f)> N U lg(z)] =0.

i=1 teT(z) i=1 teT(z)

Now, we prove that
(co U ani(x)> N | —cone U T g (z) | #0. (3.5)
i=1 teT (z)
Suppose to the contrary that (3.5) does not hold. Since co |J 87 f;(Z) is a nonempty compact set and
i=1
—cone |J 0%Tg:() is a closed convex cone, by the strong separation theorem, there exists * € R™ such that
teT(z)

(z*,2) <0, Vz*e€coJ I fi(7),
i=1
(z*,2) >0, Vr* € —cone J 0Tg (7).

teT(z)
This yields that

xE (coU@Tfi(x)> N | cone U Mg(z)|

i=1 teT(z)
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which contradicts (3.4). Therefore, (3.5) holds, leading to
0€co U O f;(z) + cone U o' g:(2).
i=1 teT(z)

It follows from the above inclusion and Lemma 2.18 that there exists o € R with /" a; = 1, A € A(%),
xr € 0T fi(Z) and y; € 0T g;(z) with (i,j) € I x J, where J is a finite subset of T(Z), such that

Z oy + Z Ajy; = 0. (3.6)
i=1 jeJ
Suppose to the contrary that «; = 0 for some ¢ € I. As (GCRC) holds, there exists u such that

{ (w7,u) <0, jel\{i},
(yi,u) <0, teT(z)

The above inequalities together with (3.6) deduces that
0="> aifz},u)+ > Ny} u) <0,
i=1 jed
which is absurd. Hence, a; > 0,V: € I and the conclusion is obtained. O

Proposition 3.5. Let © € LWE(P). Suppose that (A2) holds at Z. If (EFRC) holds at T and
cone (UteT(az-) 8Tgt(f)) is closed, then there exist a € R with 3.\ a; = 1 and 2\ € A(Z) such that

0c Z ;07 fi(z) + Z MO g (7).
i=1 teT

Moreover, if (GCRC) holds, then «; > 0 for alli € I.

Proof. Tt follows from Lemma 3.3 (ii) that

<G 6Tfi(x)> NF(2,z)=0. (3.7)

This clearly leads that

int ((G ('“)Tfi(x)> | ) NclF(02,2) = (G ani(x)) NclF(02,7) = 0.

i=1 i=1

The above equation together with (EFRC) ensures that

(Uani(m)> nl | a@ | < (Uani(x)> NCclF(02,7) = 0.

teT (z)
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The proof is continued just as in the proof of Proposition 3.4. O

Example 3.6. Let n =2, 7 = [0,1] and f: R? — R, g; : R> — R be defined as

ﬁ_ .
file) =4z~ e 20 folw) = 201, gu(a) =22 — 1,4 € T,
0, ifxy =0or z9 =0,

Then, 2 = {x € R? | 25 <0} and for # = (0,0) € §2, one has

o7 fi(z) = {(-1.0)},0" fo(z) = {(=2,0)}, T(z) = {0}, |J 9"u(@)={(0.1)}.

teT(z)

Hence, by some calculations, we have clF(£2,z) = F(£2,%) = {z € R? | 25 < 0},

S

2 S
U 9"fi@) | =itRy xR, iel={1,2}, (U 8Tfi(x)> = intR; x R,
JeN{i} i=1

- S

U 0"a@ | =Rx(-Ry), [ |J 0"0:(@) | =R x (—intRy).

teT (z) teT ()

Thus, cone |J 07g(7) is closed and (EFRC) holds at z. Moreover,
teT ()

S S

U oa"r@ | n| U 0"a@ | =0, viel,

jeIN{i} teT (z)

which justifies that (GCRC) holds. It is easy to check that there are no a € intR3 (or o € R2) with g + a2 =1
and A € A(Z) such that

(0,0) € ar(~2,0) + az(~1,0) + > X07g, (%) = a1(~2,0) + as(~1,0) + Ao(0,2).
teT

Hence, Proposition 3.5 asserts that Z is not a locally weakly efficient solution of (P). Since f; is not locally
Lipschitz at Z, Theorem 3.1 in [4, 5], Theorem 6 in [2], Theorem 3.4 in [27] and Theorem 4 in [26] cannot be
used to reject .

Remark 3.7. Note that the tangential subdifferential is also an upper regular convexificators, see [7, 20, 25].
The convexificators were used to investigate the optimality conditions for SIP in [28, 40]. Recently, the KKT
conditions for (weakly) efficient solutions of a nonsmooth MSIP utilizing convexificators have been established
in [24]. However, our approach in this paper is different from that of [24]. Moreover, we also consider the strong
KKT conditions for (weakly) efficient solutions of a nonsmooth MSIP, which were not investigated in [24].
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3.2. Strong KKT optimality conditions for efficient solution
Lemma 3.8. Let T € LE(P). Suppose that (A1) holds at T. Then,

(6 8Tfi(i:)s> N <ﬁ T(Qi,c‘c)> =0.
i=1 i=1
Proof. Tt suffices only to prove that
OTf;(2)* NT(Q,z) =0, Viel.
Suppose to the contrary that there exist ig € I and a vector d such that
d e (0" i, (2))* NT(Q™, T). (3.8)
Since d € (97 f,,(Z))*, one has (z*,d) < 0,Vz* € 9T f,,(Z). This gives us the inequality

fl(z,d)= max (z*,d) <0. (3.9)

0 @+ €T fio (%)
As d € T(Q%,z), there exist 7 | 0,d), — d such that z + 7xdp € Q% for all k, i.e.,

fi(@ + medy) < fi(7), Viel\{i},
{ £+de:ek(2, Vk. ’ (3.10)

Moreover, it follows from (3.9) that

tim ST H ) = ol@) _ itz gy g1 (7)< 0

%0 %0

k—o00 Tk

This derives that, for k large enough,
Jio (T + Thdy) < fio (2),

which together with (3.10) contradicts the efficiency of z. O

Now, we establish some strong KKT necessary optimality conditions for locally efficient solutions of MSIP
under the following regularity conditions:

(GARC) : (U 8Tfi(x)> n| J 9 a@) gﬂT(Qi,f),

teT(z)

(GGRQ) : (D@Tfi(f)> N U T g, () gﬁclcoT(Qi,a‘:).

teT (z) i=1
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Lemma 3.9. Suppose that (Al)and (GARC) holds at T. If T € LE(P), then for each i € I, the following system
has no solution d € R™:

(0T f(z),d) <0,
(0T fi(z),d) <0, Vjel\{i}, (3.11)
(0T g4(z),d) <0, VteT(z).

Proof. Reasoning by contraposition, suppose the existence of iy € I such that (3.11) has a solution d € R™.

Then, we get from (3.11) that d € <U 8Tfi(x)> N ( U 8Tgt(x)> . Since (GARC) holds, for any i € I,
i=1 teT(z)
one has d € T(Q', z). Hence, for iy € I, there exist 73, | 0,dy — d such that Z + 7.dy € Q™ for all k, i.e.,

fi(j+7 d ) S fz('f)a Vi € I\ {Z }7Vk7
{ T4 rdy € 2, . (3.12)

It follows from (3.11) with i = 4o that

Therefore,

A(z,d) = lim <0,
ko0 Th
and thus, for k large enough,
fio (T + Tedi) < fiy(2).
The above inequality together with (3.12) contradicts local efficiency of Z. O

Proposition 3.10. Let z € LE(P). Suppose that (A1) and (GARC) hold at T. Let one of the following conditions
hold

o) (Gornw) \ore Uomnr,
(i) (C2) : For cachi€ I, the set

D; = 0"fi(z)+cone | | 0"fi(m)u | 9"a(@)
JjeI\{i} teT ()

are closed.

Then, there exist o € intR'} and A € A(z) such that

i=1 teT
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Proof. (i) Let (C1) hold. We first prove that
0eri (co U 8Mpfi(f)> + cone U o' g:(z). (3.13)
=1 teT ()
Suppose to the contrary that (3.13) does not hold. Then,
ri (co U (‘3Tfi(a:)> N [ —cone U T gi(z) | = 0.
i=1 teT(z)
Thus, by Lemma 2.17, there exists d € R™ \ {0} such that
de (co U ani(z)> N{cone | J 0%gqu(z)| = (U ani(g-;)) n| U a@ | ,
i=1 teT () i=1 teT ()

which together with (C1) and (GARC) contradicts Lemma 3.8. Hence, the validity of (3.13) yields. Then, it
follows from (3.13), Lemmas 2.16 and 2.18 that there exist o € intR"?" with >, o = 1 and A € A(Z) such that

0> a;d"fi(z)+ Y M0 gu(2).
i=1 teT
(ii) Let (C2) hold. Employing Lemma 3.9, one gets that, for each i € I, the following system has no solution
<0
(0T f;(z),d) <0, VjelI\{i},
z <0, VteT(z).
Hence, by applying Lemma 2.19 with the sets S = 97 fi(z) = codT f;(z) and P = |J 9Tfj(z) U
jen{i

U 0%g:(), one has, for each i € I,
teT(z)

0 € cod” f;(&) + cone U or fi(z)u U " g:(z)
e} teT()

Now, according to Lemma 2.18, there exist a} > 0,7 € I'\ {i} and \* € A(Z) such that

0edfi(@+ Y, ajo"f;(@)+Y No"q(®), Viel

JjeI\{i} teT
Consequently,
m

0ed [o"fi@+ > abd"fi(@) +> Ao gi(x)

i=1 jeI\{i} terT
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. m .

Setting a; := 1+ > «aj,i=1,...,mand )\ := ) \;,t € T, we arrive at the existence of a; > 0 and A € A(7)
jeN{i} i=1

such that

OGZalanZ )+ > M0 g ().
=1 teT

This completes the proof. O
The following examples show that the condition (C1) or (C2) is essential.

Example 3.11. Let T =[0,1],D={a € R? | -1 < a3 < —a},~-1 <ay <1} and f; : R? - R,i =1,2,9; :
R? = R,t € T be defined as follows

fi(x) = x9, fo(x) =0op(zx) = sgg(a,x), gi(r) =—x2—t, teT.

Then, 2 = {x € R? | 25 > 0} and, for Z = (0,0) € {2, one has

Q' =Ry x {0}, @*=Rx R+, 0T fi(z) = {(0,-2)}, 8" fo(a) =
T(z) = {0}, U 9" gi(x) = {(0,-1)}.

teT(z)

Hence, by some calculations, we get that T(Q',z) = Q, T(Q?, ) = Q% and

<U 3Tfi($)> =Ry x {0}, (0" f1(Z))" = R x intRy,

(0" f1(z))* =0, U oTgi(x) ] =R xRy,

teT(x)
Thus, (GARC) holds at . However, (C1) does not hold at Z since
2 - 2
(1,0) € (U anxx)) \ {0} (1,0) ¢ [J0" fi(2))".
i=1 1=1

It is easy to check that there are no a € intR% with a; + o =1 and A € A(Z) such that

(0,0) € a1(0,-2) + a2 D + Y _ M7 g:(7) = 01(0, —2) + a2 D + Ao (0, -1).
teT

Example 3.12. Let T=N={1,2,...}, fi : R2 5> R,i= 1,2, and g, : R? — R, t € T, be defined as follows

fi(z1,22) = 221, fo(x1, 22) = 21, ge(x1,22) =  sup  a1x1 + a4z,
(a1,a2)€Dy

where Dy = co{(—¢&,—¢h) |0 < ¢ <1}
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Then, 2 = {x € R? | z; > 0,21 + x5 > 0} and, for 7 = (0,0) € 2, we have

Q'=Q°={z e R |21 =0,22 > 0}, fi(z,d) =2d, f3(z,d)=d, 0" f(z) = {(2,0)},

o fo(z) = {(1,0)}, T(z) =N, g)(z,d) = g:(d), 9" g,(z) = Dy, ¥t € T(2).
Hence,
) _
(U 8sz(j)> n U 0" gi(x) ={z eR? |21 =0, x5 >0},
i=1 teT(z)
T(lef) = T(Qlaj) = {x € R? | =0, x3 2 0}1
which confirm (GARC). However,

D =R x (_R+) \ {(56170),1'1 < 2}7 Dy =R x (—R+) \ {($170)71'1 < 1}7

and hence, D1, Dy are not closed. We can check that Z is a locally efficient solution of (P) and there is no
o € intR? with g + a2 =1 and A € A(Z) such that

(0,0) € a1(2,0) + az(1,0) + > M Dy.
teT

Lemma 3.13. Suppose that & € LE(P), (A2) and (GGRC) hold at T. Assume further that, for each i € I,

(i) fj,d€I\{i},q,t € T(Z) are quasiconver at T and — f; is quasiconvex at T.
(ii) fi(z,.) is a linear function on R™.

Then, for each i € I, the following system has no solution d € R™:
<0
(0T fi(@),d) <0, VjeI\{i}, (3.14)
<0

, VteT(z).

Proof. Reasoning ad absurdum, suppose the existence of ig € I such that (3.15) has a solution d € R™. This
implies that

! (Z,d) = *.d) <0,

1, (Z,d) et (j)<x )

I (= _ * : ;

fi(@,d) = I*ergg;i(j)@ ,d) <0, Vjel\{i}, (3.15)

gr(Z,d) = max (z*,d) <0, VteT(T).
z*€07T g, (T)
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Moreover, (3.15) deduces that d € (U ani(a:)> N < U aTgt(x)> . Since (GGRC) holds, for any i € I,
i=1 teT (z)
one has d € cl coT(Q?, ). Then, there exists a sequence {d,} in coT(Q",Z) such that

lim d, =d, (3.16)

p—00

and, for any dy,,p = 1,2, ..., there exist numbers k,, A\p; > 0 and dy,; € T(Q%, z), where = 1,..., kp, such that

ky ky
D=1 Audy = dp,.
=1 =1

We get from dy,; € T(Q', Z) the existence of 7' 40 and a:pl C @° such that

k —
-z
lim xkl =z and lim — = dpl. (3.17)
k— o0 k— o0 Tpl
k2 .
Setting d¥, := “2—= we deduce from zF, C Q' that, for any k,
pl
Filep) = £(@ + mdyy) < f5(@), Vi€ I\ {i}, (3.18)
gt(xl;l) 9t(T + 7, d ) < g:(zT), VteT. (3.19)
Let ig € I. As x € LP(E), for any k, one gets
fio (xl;l) = fio(‘CE + +7—1§ld2l) > fio (i') (320)
Combining (3.18)—(3.20) and the assumption (i), we obtain
fl(x,diy) >0, (3.21)
fij(@.dy) <0, VkelI\{i}, (3.22)
gi(Z,dyy) <0, VteT(z). (3.23)
Hence, we deduce from (3.16)—(3.18) and the assumption (ii) that
fiy(T,d) > 0. (3.24)
Also by (3.16)—(3.18), (3.22), (3.23) and (A2), it follows that
fi@d) <0, VeI {io}, (3.25)
g,(z,d) <0, VteT(z). (3.26)
Thus, (3.24)—(3.26) contradicts (3.14). Hence, the conclusion is verified. O

Proposition 3.14. Let & € LP(E). Suppose that (A2) and (GGRC) hold at T. Assume further that, for each
iel,

(i) fj,d € I\{i},g1,t € T(Z) are quasiconver at T and — f; is quasiconvex at Z.
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(ii) fi(z,.) is a linear function on R™,
and, for each i € I, the sets
Di:=d"fi(z) +cone | | J Tfi@u | 0"e(@)
jel\{i} teT(z)
are closed. Then, there exist a € intR"" and A € A(Z) such that
m
0> adfi(z)+ > M0 gu(2).
i=1 teT
Proof. The proof is similar to the proof of Proposition 3.10 (ii). O
The following example shows that the closedness of D;,i € I, can not be dropped.

Example 3.15. Let T=N={1,2,...}, f; : R? = R and ¢g; : R? = R, ¢ € T be defined as follows

fi(@y,x2) = x1, fa(wr,22) = 221, ge(x1,22) = sup  ayx1 + agxa,
(a1,a2)€D¢

where D; = {a € R? | a? + a3 + 2tas < 0,a; < 0}.
Then, 2 = {x € R? | 1 > 0,22 > 0} and, for Z = (0,0) € 2, we have

Q' =Q*={zeR?® |21 =0,20 >0}, f{(Z,d) =2d, f5(z,d) =d,
" f1(z) = {(1,0)},0" fo(z) = {(2,0)}, T(2) =N,
gé(f’d) = gt(d)a 8Tgt(;f) = Dtv vt € T("E)

Hence,

) _
(U 3sz(f)> N U Mg (z)] ={zecR?|z; =020 >0},
i=1 teT(z)
T(Ql,f) = T(Ql,;i) ={z e R? | 4 =0, x>0}

Thus, (GGRC) holds. Moreover, we can justify that assumptions (i), (ii) in Proposition 3.14 are fulfilled.
However,

Dy =R x (=Ry)\ {(z1,0), 21 < 1}, Dy = R x (=Ry) \ {(1,0), 21 < 2},

and hence, Dy, Dy are not closed. We can check that Z is a locally efficient solution of (P) and there is no
o € intR? with oy + a2 =1 and X € A(Z) such that

(0,0) € a1(2,0) + az(1,0) + > M Dy.
teT
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4. REGULARITY CONDITIONS
In this section, we investigate some sufficient conditions for regularity conditions in Section 2.
Definition 4.1. Suppose that (A2) holds and G(x) = sup g¢(z) for all = € 2. The Pshenichnyi-Levin—Valadier
(PLV) condition holds at Z € 2 if G(.) is tangential cofvizx at T and

oT'G(7) Cco U o' 9:(2)
teT (z)

Note that (PLV) conditions were proposed in [34] for the convex semi-infinite system and in [26] for the
Lipschitz semi-infinite system. The following example illustrates that (PLV) condition does not hold in general.

Example 4.2. Let T=N, z=0and ¢g; : R = R,t € T, be defined by

4x, t=0,
gi(z) = 3x—,#1, t=2k—-1,k=1,2,...
5x_m7 t:2k’,k:172,

Then, 2 = (—00,0],7(Z) = {0} and G(x) = max{3z,5z}. Hence G is tangential convex at Z € §2. However,
(PLV) condition does not hold at Z since

0"G(x)=[3,5] ¢ co| | "qu(@) | ={4}.
teT (z)
Proposition 4.3 ([42]). Let T € 2. If the following conditions satisfy:

(i) T is a compact set,

(i) the function g:(xz) is continuous jointly in both variables in R™ x T,

(iii) for all d, g:(ZT + Ad) = g:(Z) + A\gy(Z, d) + 1:(N), where y:(X\) — 0 uniformly in t when X\ | 0,
iv)

(iv) co| U 0%Tg(z) ] is closed,
teT(z)

then, (PLV) holds at Z.
Now, we present some regularity conditions in terms of tangential subdifferential.

Definition 4.4. Suppose that (A2) holds at Z. We consider the following regularity conditions (with the
convention Uyep Xy = 0).

teT(z)

(i) (CRC):('Lile)Tfi(f)) m( U 8Tgt(j)> =0,

(ii) (GCRC) : < U 8Tfj(:i)> N ( U 3Tgt(:i)> =0, Viel.
JEI\{i} teT(z)
(iii) (SRC) : fi,i € I, gt,t € T, are Dini-pseudoconvex at Z and there exists & € R™ such that

fi(®) < fi(z) Viel, g(&) <0VteT(z).
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(iv) (GSRC): f;,i € I, g+, t € T, are Dini-pseudoconvex at Z and for each @ € I, there exists &; € R™ such that

(@) < f;(@) Y5eI\{i}, g.(%;) < OVt € T(Z).

m

(v) (EZRC) : (U T fi(z)

teT(z)

sm( U 8Tgt(a:)> C lD(0,7).

)
(vi) (GZRC) : (G ani(x))_ n < U 8Tgt(x)>s - ﬁlD(Qﬂf)-

i=1 teT ()

(vii) (EKTRQ) : (anﬁ(m))_ m( U 8Tgt(x)> C A(0,z).

teT(z)
(viii) (GFRC) : (L_njl aT fi(x))_ N (tegj()aTgt(xO - fjl clF(Q, 7).

Proposition 4.5. Suppose that (A2) holds at T € 2. The following implications are verified.

(i) (SRC) = (GSRC) = (GCRC) and (SRC) = (CRC) = (GCRQ).

(ii) (CRC) + (PLV) = (EZRC) and (GCRC) + (PLV) = (GZRC).

(iii) (EZRC) = (EFRC) = (EARC) and (EZRC) = (EKTRC) = (EARC).
(

)
|
(iv) (GZRC) = (GFRC) = (GARC) = (GGRC).

Proof. (i) (SRC) = (GSRC). The proof is trivival.

(GSRC) = (GCRC). Suppose that (GSRC) holds. Then, for each i € I, there exists ?Z; € R™ such that
(@) < f;(z) Vi € T\ {i}, g:(Z;) <0Vt € T(z). Since f;,i € I, g¢,t € T, are Dini-pseudoconvex at z, we deduce
from the above inequalities that

0T f;(Z), 3 —7) <0 VjeI\{i}, (07g(z), 7 —F) <0 VteT(z).

Setting d; := &; — &, then for each ¢ € I,

el U 9"f@ U e ] .
JeN{i} teT ()

(SRC) = (CRC). The proof is similar to the proof of (GSRC) = (GCRC).

(CRC) = (GCRQC). Since (U 8Tfi(a:)) C ( U 8Tfj(x)> , the conclusion is obtained.
i=1 jel\{i}
(ii) (CRC) + (PLV) = (EZRC). Suppose that (CRC) holds. Then,

( U a%(w)) c (U anz(x)) ﬁ( U a%(w)) #90.
teT(z) =1 teT (z)

Combining the above relation with (PLV) give us the existence of d such that

6( U 8Tgt(ac)) = (co U ol gi(z ) c (0TG(z)).
teT () teT(z)
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Hence, G'(Z,d) < 0, and consequently, there exists § > 0 such that
Gz +7d) < G(x), Vre(0,9).

This leads that, for all ¢ € T and for all 7 € (0, ), one has ¢:(Z + 7d) < 0. Hence, Z 4+ 7d € {2 for all T € (0, 9),
i.e., T+ 7d € D(£2,%). This implies that

«jﬁm@>m(LJy@@0 Oﬁwﬁ )md(LJW% )cdmmm.
=1 teT () i=1 teT(T)

(GCRC) + (PLV) = (GZRC). Suppose that (GCRC) holds. Then,

(Uagf ) c(U o f,(@) ) (UaTgt )#w.
teT(z) JjeI\{} teT ()

It follows from (PLV) and the above relation that there exists d such that

de( U #ﬁ@ﬂ, (4.1)

Jjel\{s}

S S

de U 0g:(z) | =|co U 0T gi(z c (0TG(z)).

teT(z) teT ()
Hence, G'(Z,d) < 0, and consequently, there exists § > 0 such that
G +7d) < G(x), Vre(0,9).
This ensures that, for all ¢ € T' and for all 7 € (0,6), one has g;(Z + 7d) < 0. Moreover, it follows from (4.1)

that (07 f;(z),d) <0, Vj e I'\{i}, and hence, f}(Z,d) < 0,Vj € I\ {i}. This allows us to justify the existence
of ¢’ > 0 such that

i@ +7d) < fj(z), Vre(0,d), Vjiel\{i}.
Setting 6 := min{4, '}, one has, for all 7 € (0,6),

{ gt(Z +7d) <0, VteT,
fi@+71d) < f;(Z), Vjel\{i},

i.e., T +71d € Q' for all 7 € (0,6), or equivalently, d € D(Q?, Z). This verifies that, for all i € I,

S

(Uanm) cl U da"rn@| =al U "f@ ] cdp@a),

JeI\{i} JjeI\{i}
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- S

U o a@ | =d| |J 0"a@) | cdD@ ).

teT(z) teT(z)

So, (GZRC) holds.
(iv) Since clD(Q%,z) C clF(Q*,z) C T(Q", ) C cl coT(Q,z),V € I, the conclusion is obtained. O

Remark 4.6. Characterizing properly efficient solutions and robust solutions, see e.g. [9-11, 30, 49], in terms
of tangential subdifferential can be worth studying, as a future research direction. Notice that proper efficiency
and robust efficiency are very important practically, because the former is concerning the boundedness of the
trade-offs and the later refers to stability of the solution against changes in the problem data.

Acknowledgements. The author would like to thank the Editors for the help in the processing of the article. The author
is grateful to the Anonymous Referees for the very valuable remarks and suggestions, which helped to improve the paper.

(1
2]

(3]
(4]
(5]
[6]
[7]
(8]
(9]
[10]
(11]

(12]
(13]

(14]
(15]
[16]
(17]
(18]

(19]
(20]

(21]
(22]
(23]
(24]
25]

(26]

REFERENCES

J.P. Aubin and H. Frankowska, Set-Valued Analysis. Birkhduser, Boston (1990).

G. Caristi and M. Ferrara, Necessary conditions for nonsmooth multiobjective semi-infinite problems using Michel-Penot
subdifferential. Decisions Econ. Finan. 40 (2017) 103-113.

S. Chandra, J. Dutta and C.S. Lalitha, Regularity conditions and optimality in vector optimization. Numer. Funct. Anal.
Optim. 25 (2004) 479-501.

T.D. Chuong and D.S. Kim, Nonsmooth semi-infinite multiobjective optimization problems. J. Optim. Theory Appl. 160
(2014) 748-762.

T.D. Chuong and J.-C. Yao, Isolated and proper efficiencies in semi-infinite vector optimization problems. J. Optim. Theory
Appl. 162 (2014) 447-462.

F.H. Clarke, Optimization and Nonsmooth Analysis. Wiley Interscience, New York (1983).

V.F. Demyanov and A.M. Rubinov, Constructive Nonsmooth Analysis. Peter Lang, Frankfurt (1995).

J. Dutta and C.S. Lalitha, Optimality conditions in convex optimization revisited. Optim. Lett. 7 (2013) 221-229.

M. Ehrgott, Multicriteria Optimization. Springer, Berlin (2005).

A.M. Geoffrion, Proper efficiency and the theory of vector maximization. J. Math. Anal. Appl. 22 (1968) 618-630.

P.G. Georgiev, D.T. Luc and P.M. Pardalos, Robust aspects of solutions in deterministic multiple objective linear programming.
Eur. J. Oper. Res. 229 (2013) 29-36.

G. Giorgi and S. Komlési, Dini derivatives in optimization - Part I. Riv. Mat. Sci. Econ. Soc. 15 (1993) 3-30.

G. Giorgi and C. Zuccotti, Again on regularity conditions in differentiable vector optimization. Ann. Univ. Buchar. Math.
Ser. 2 (2011) 157-177.

G. Giorgi, B. Jiménez and V. Novo, On constraint qualification in directionally differentiable multiobjective optimization
problems. RAIRO: OR 38 (2004) 255-274.

G. Giorgi, B. Jiménez and V. Novo, Strong Kuhn-Tucker conditions and constraint qualifications in locally Lipschitz
multiobjective optimization problems. TOP 17 (2009) 288-304.

M.A. Goberna and M.A. Lépez, Linear Semi-Infinite Optimization. Wiley, Chichester (1998).

M.A. Goberna and N. Kanzi, Optimality conditions in convex multiobjective SIP. Math. Program. 164 (2017) 167-191.
M.A. Goberna, F. Guerra-Vazquez and M.I. Todorov, Constraint qualifications in convex vector semi-infinite optimization.
Eur. J. Oper. Res. 249 (2016) 32-40.

J.B. Hiriart-Urruty and C. Lemaréchal, Convex Analysis and Minimization Algorithms I. Springer, Berlin (1993).

V. Jeyakumar, D.T. Luc, Nonsmooth calculus, minimality, and monotonicity of convexificators. J. Optim. Theory Appl. 101
(1999) 599-621.

B. Jiménez and V. Novo, Cualificaciones de restricciones en problemas de optimizacion vectorial diferenciables, in Actas XVI
C.E.D.Y.A./VI C.M.A. Universidad de las Palmas de Gran Canaria (1999) Vol. 1, 727-734.

B. Jiménez and V. Novo, Alternative theorems and necessary optimality conditions for directionally differentiable multiobjec-
tive programs. J. Convex Anal. 9 (2002) 97-116.

B. Jiménez and V. Novo, Optimality conditions in directionally differentiable Pareto problems with a set constraint via tangent
cones. Numer. Funct. Anal. Optim. 24 (2003) 557-574.

A. Kabgani and M. Soleimani-damaneh, Characterization of (weakly/properly /robust) efficient solutions in nonsmooth semi-
infinite multiobjective optimization using convexificators. Optimization 67 (2017) 217-235.

A. Kabgani, M. Soleimani-damaneh and M. Zamani, Optimality conditions in optimization problems with convex feasible set
using convexificators. Math. Methods Oper. Res. 86 (2017) 103—-121.

N. Kanzi, On strong KKT optimality conditions for multiobjective semi-infinite programming problems with Lipschitzian data.
Optim. Lett. 9 (2015) 1121-1129.



27]

(28]

29]
(30]
31]
(32]
(33]
(34]

(35]
(36]

(37]
(38]
(39]
[40]
[41]

42]
(43]

fad]
[43]
[46]
[47]
48]
[49]

(50]

STRONG KKT OPTIMALITY CONDITIONS FOR MSIP VIA TANGENTIAL SUBDIFFERENTIA 1041

N. Kanzi and S. Nobakhtian, Optimality conditions for nonsmooth semi-infinite multiobjective programming. Optim. Lett. 8
(2014) 1517-1528.

P.Q. Khanh and L.T. Tung, Optimality conditions and duality for nonsmooth semi-infinite programming via convexificators,
in New trends in Optimization and Variational Analysis for Applications - International Conference. Quy Nhon, Binh Dinh,
Vietnam (2016).

D.S. Kim and T.Q. Son, Characterizations of solutions sets of a class of nonconvex semi-infinite programming problems. J.
Nonlinear Conver Anal. 12 (2011) 429-440.

D. Kuroiwa and G.M. Lee, On robust multiobjective optimization. Vietnam J. Math. 40 (2012) 305-317.

J.B. Lasserre, On representations of the feasible set in convex optimization. Optim. Lett. 5 (2011) 549-556.

C. Lemaréchal, An introduction to the theory of nonsmooth optimization. Optimization 17 (1986) 827-858.

X.F. Li, Constraint qualifications in nonsmooth multiobjective optimization. J. Optim. Theory Appl. 106 (2008) 373-398.
W. Li, C. Nahak and I. Singer, Constraint qualifications for semi-infinite systems of convex inequalities. SIAM J. Optim. 11
(2000) 31-52.

D.T. Luc, Theory of Vector Optimization. Springer, Berlin (1989).

T. Maeda, Constraint qualifications in multiobjective optimization problems: differentiable case. J. Optim. Theory Appl. 80
(1994) 483-500.

J.E. Martinez-Legaz, Optimality conditions for pseudo-convex minimization over convex sets defined by tangentially convex
constraints. Optim. Lett. 9 (2015) 1017-1023.

P. Michel and J.-P. Penot, Calcus sous-differentiel pour des fonctions Lipschitziennes et non Lipschitziennes. C. R. Acad. Sci.
Paris Ser. I Math. 12 (1984) 269-272.

B.S. Mordukhovich and T.T.A. Nghia, Constraint qualifications and optimality conditions in semi-infinite and infinite
programming. Math. Program. 139 (2013) 271-300.

Y. Pandey and S.K. Mishra, Optimality conditions and duality for semi-infinite mathematical programming problems with
equilibrium constraints, using convexificators. Ann. Oper. Res. 269 (2018) 549-564.

V. Preda and I. Chitescu, On constraint qualification in multiobjective optimization problems: semidifferentiable case. J.
Optim. Theory Appl. 100 (1999) 417-433.

B.N. Pshenichnyi, Necessary Conditions for an Extremum. Marcel Dekker Inc, New York (1971).

R. Reemtsen and J.-J. Riickmann, Nonconvex optimization and its applications, in Semi-Infinite Programming. Kluwer
Academic, Boston (1998).

R.T. Rockafellar, Convex Analysis. In Vol. 28 of Princeton Math. Ser. Princeton University Press, Princeton, New Jersey
(1970).

T.Q. Son and D.S. Kim, A new approach to characterize the solution set of a pseudoconvex programming problem. J. Comput.
Appl. Math. 261 (2014) 333-340.

L.T. Tung, Karush-Kuhn-Tucker optimality conditions and duality for multiobjective semi-infinite programming via tangential
subdifferential. In preparation (2017).

S. Yamamoto and D. Kuroiwa, Constraint qualifications for KKT optimality condition in convex optimization with locally
Lipschitz inequality constraints. Linear Nonlinear Anal. 2 (2016) 239-244.

J.J. Ye, Nondifferentiable multiplier rules for optimization and bilevel optimization problems. SIAM J. Optim. 15 (2014)
252-274.

M. Zamani, M. Soleimani-damaneh and A. Kabgani, Robustness in nonsmooth nonlinear multi-objective programming. Fur.
J. Oper. Res. 247 (2015) 370-378.

K.Q. Zhao, Strong Kuhn-Tucker optimality in nonsmooth multiobjective optimization problems. Pac. J. Optim. 11 (2015)
483-494.



	Strong Karush{rotect --}Kuhn{rotect --}Tucker optimality conditions for multiobjective semi-infinite programming via tangential subdifferential
	1 Introduction
	2 Preliminaries
	3 Strong KKT optimality conditions
	3.1 Strong KKT optimality conditions for weakly efficient solution
	3.2 Strong KKT optimality conditions for efficient solution

	4 Regularity conditions

	References

