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1. INTRODUCTION

Constraint qualifications have a significant role in optimization problems, since
they allow us to guarantee the effective intervention of the objective function in
the Fritz John type necessary conditions for a point to be an optimum. Since the
first decade of the 50’s, the study of these qualifications has been the aim of several
researchers with different approaches, proposing various regularity conditions.

Maeda [10] studies multiobjective optimization problems with differentiable
functions between finite-dimensional spaces and gives a Kuhn-Tucker type nec-
essary condition for a Pareto optimum of a function over a feasible set defined by
inequality constraints, assuring that the multipliers of the objective function are
all positive under a regularity condition, called generalized Guignard constraint
qualification. He also studies other qualifications, showing that this one is the
weakest.

Preda and Chitescu [13] develop, at first, results similar to those obtained
by Maeda, considering Dini-quasiconvex and directionally differentiable functions.
But owing to the requirement on the objective functions to be Dini-quasiconvex
and Dini-quasiconcave with convex and concave Dini derivatives, their necessary
optimality conditions (Ths. 3.1 and 3.2) are very restrictive. On the other hand,
the necessary condition expressed in Theorem 3.2, assuring the existence of posi-
tive multipliers for the objective functions, has a mistake that will be corrected in
this paper.

Jiménez and Novo [7] extend the results obtained by Maeda for differentiable
functions, by considering equality constraints, not considered by Maeda nor by
Preda and Chitescu. They also introduced new qualifications that are sufficient
conditions for what the afore mentioned papers called generalized Guignard con-
straint qualification.

In the present paper, the results obtained by Maeda, Preda and Chitescu and
Jiménez and Novo are extended, by considering Dini or Hadamard differentiable
functions and equality constraints. Furthermore, new qualifications are also intro-
duced and the relationships between them are studied, thus obtaining a scheme
which generalizes the ones of Bazaraa and Shetty [2], Figure 6.4, Maeda [10],
Figure 1, Preda and Chitescu [13], Figure 1, and Jiménez and Novo [7], Figure 1.

This paper is structured as follows: Section 2 contains the definitions and no-
tations we use and some previous results. In Section 3 several constraint quali-
fications are proposed and the relationships between them are studied. Finally,
in Section 4, several necessary optimality conditions of the Kuhn-Tucker type are
obtained, i.e. such that they assure the positivity of the multipliers under the
weaker qualifications proposed.
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2. NOTATIONS AND PRELIMINARIES

Let x and y be two points of R™. Throughout this paper, we use the following
notations.

r<yifa; <wy;, i=1,....nne<yifx; <wy;, i=1,..., n.

Let S be a subset of R™. As usual, clS, coS, coneS and lin S will denote the
closure, convex hull, generated cone and generated subspace by .S, respectively.
B(zg, ¢) is the open ball of center xy and radius § > 0.

Given a function f : R™ — RP, the following multiobjective optimization prob-
lem is considered

(MOP)Min{f(z) : z € S}

It is said that the point xp € S is a local Pareto minimum, denoted zy €
LMin(f, S), if there exists a neighborhood of zg, B(xo,d), such that

Sy N SN B(xg,d) =10, (1)

where Sy ={z € R": f(z) < f(zo), f(z) # f(zo)}.

The usual concepts of Pareto minimum, weak Pareto minimum and local weak
Pareto minimum are also used. They will be denoted by Min(f,S), WMin(f, S)
and LWMin(f, S), respectively.

Because of the difficulties in verifying condition (1), different approximations
at zg of the sets S and Sy are normally used, which have a simpler structure and
are easier to obtain. The tangent cones are the approximations more usually used.

Definition 2.1. Let S CR™, 2y € clS.
(a) The tangent cone to S at the point zg is

T(S,z9) ={veR": 3t — 0T, Iz, € S such that (zx — z0)/tx — v}.
(b) The cone of attainable directions is

A(S,z9) = {v € R": Vit — 0", Jz € S such that (z — zo)/ty — v}.
(¢) The cone of linear directions is

Z(S,xp) = {veR™: 36 > 0 such that ¢ +tv € SVt € (0, ]}

For these cones, we have the following inclusions
Z(S,z0) C A(S,z0) C T (S, wo). (2)

A complete and rigorous analysis of these cones in a greater detail can be found
in Bazaraa and Shetty [2] and in Aubin and Frankowska [1].

Let D € R™. Then the polar cone to D is D* ={{ € R": ({,d) < 0Vd € D}.

The normal cone to S at g is the polar to the tangent cone, i.e., N(S,xzg) =
T(S, Io)* .

Note that if the sets are defined through function constraints, their approxi-
mation is realized through the cones defined by the directional derivatives of the
functions.
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Definition 2.2. Let f: R" — RP, zg,v € R™.
(a) The Dini derivative (or directional derivative) of f at xg in the direction v is

Df(wo,v) = lim flzo+ u;) — f(x0)

(b) The Hadamard derivative of f at x¢ in the direction v is

. f(zo + tu) — f(x0)
p— 1 .
df (z0,v) (t,u)irf(l)ﬂv) t

(c) f is Dini differentiable (respectively Hadamard differentiable) at x¢ if its Dini
derivative (resp. Hadamard derivative) exists for all the directions.

The following properties are well-known:
— if f is Fréchet differentiable at xy with Fréchet differential Vf(xg), then
df (o, v) = V f(zo)v;
—if df (zg,v) exists, then also D f(zo,v) exists and they are equal.

Definition 2.3. The Dini subdifferential of a Dini differentiable function f : R™ —
R at xg is
Opf(xo) ={£ €R™: ({,v) < Df(xo,v) Vv € R"}-

If Df(xo,v) is a convex function in v, then there exists the subdifferential (in
the Convex Analysis sense) of this function at v = 0: 9D f(zo,-)(0). This set is
nonempty, compact and convex and dp f(zg) = 9D f(xo,)(0).

In this paper, the following generalized convexity notions will be used.

Definition 2.4. Let I' C R” be a convex set, f: ' = R, and zg € I
(a) f is quasiconvex at g if Vo € I', f(z) < f(xo) = f(Ax+ (1 — A)zo) <
flzo) VA € (0,1);

)

(c) f is quasilinear at xg if f is quasiconvex and quasiconcave at x;
) f is pseudoconvex at xg if Vo € T, f(x) < f(xo) = Df(xo,x — x0) < 0;
)

at xg if f is pseudoconvex and pseudoconcave at xq;
(f) f is linearlike at x¢ if f(z) = f(xo) + Df(zo,x — x0) Va € T}
(g) f is Dini-quasiconvex at 2o if Vo € T, f(x) < f(z9) = Df(xo,z—120) < 0;
(h) f is Dini-quasilinear at zg if f and —f are Dini-quasiconvex at zg;
)

(i) f is quasiconvex on I' if f is quasiconvex at each point of I. The other
concepts here introduced can be defined on a set in a similar way.

In the next proposition we summarize some properties of the generalized convex
functions previously introduced.

Proposition 2.1. Let I' C R™ be a convez set, f: T — R, and zg € T.
(a) [8] Th. 8.5.2) f is quasiconvex on T if and only if the level sets T, = {x €
I: f(z) <a} are convex for all o € R.
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(b) Let f be Dini differentiable at xo. If f is quasiconvex at xqg, then f is Dini-
quasiconvex at Tg.

(c) (5] Th. 3.5) if f is pseudoconvex at xy and continuous on T, then f is quasi-
convex at xg.

(d) (5] Th. 3.2) if f is continuous and Dini-quasiconver on ', then f is quasi-
convez on I'.

Remark 2.1. The following implications can easily be proved for a linear type
function:

(i) if f is linearlike at xq, then f is pseudolinear at o and quasilinear at xo;
(i) if f is quasilinear at xy and Dini differentiable at zp, then f is Dini-
quasilinear at xg.
The second implication follows from Proposition 2.1(b). The converse of (i) does
not hold. It can be proved, for instance, with the function f : R — R given by
f(x) = |x| + 22 and the point ¢ = 0.

Moreover, the reverse of Proposition 2.1(b) does not hold (i.e., if f is Dini-
quasiconvex at zg, then f is quasiconvex at zg), even if f is differentiable at zg.
The function f: R — R, given by f(x) = 22sin(1/z) if z # 0 and f(0) = 0, is an
evident counterexample for zy = 0.

Also, there is no in general implication relation between the concepts of pseu-
doconvexity at a point and quasiconvexity at a point. In fact, let f : R2 — R be
the function given by

) = I w)lley/2?) if ©>0, 1<y/2? <3
W= [ (x, )| otherwise

where ¢ : R — R is defined by p(a) = |a—2]if 1 < a < 3 and ¢(«) = 1 otherwise.
Its Dini-derivative at xo = (0,0) is D f(z,v) = ||v|| Yo € R2. It follows that f is
pseudoconvex at g, since Vo € R? f(z) > f(x¢), and it is not Dini-quasiconvex at
xp over any neighborhood of g (it is sufficient to consider the points x,, = (d,,62)
with §, — 0T, then f(z,) = f(zo) and Df(xg,x, — x9) > 0). Hence, thanks
to Proposition 2.1(b), f is not quasiconvex at . Furthermore, this function is
pseudolinear at xy and, consequently, it is not true that a pseudolinear function
at xg is quasilinear at xo (or Dini-quasilinear at xg).

The function f(z) = 23 is quasiconvex at zo = 0 but it is not pseudoconvex.

Finally, none of the linear types guarantees by itself the continuity of the de-
rivative. Example 3.1 in [4] Chapter 1 shows this fact.

We say that the convex sets B;, j € J = {1,...,m}, of R” are positively linearly
independent (p.li.) if

0€Y NBj, A=0 = A=0,
jeJ

i.e., if 0 ¢ co(UjcsB;y).
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In Section 4 necessary conditions for a local Pareto minimum with positive
multipliers for the objective functions will be obtained. It is however necessary to
establish first a Tucker type alternative theorem [11] Theorem 3, Chapter 2.4. We
choose the version obtained by Ishizuka [6] Proposition 2.2 in a simplified form,
and we give it in a suitable form for our purposes.

Proposition 2.2 (generalized Tucker alternative theorem). Let f1,..., fp, 91, ..,
gm be sublinear functions from R™ to R and hy,...,h, linear functions from
R™ to R given by hi(v) = {(ck,v), k € K = {1,...,r}. Suppose that for each
i€{l,...,p} the cone

D; = coneco(U;%;0f;(0)) + coneco(UjL;9g;(0)) + lin{cy : k € K}

is closed. Then, the following statements are equivalent:
(a) The system

f) <0, f(v) #0, g(v) <0, h(v) =0

has no solution v € R™.
(b) There exist (\, p,v) € RP x R™ x R" such that A >0, u > 0 and

p m r
0e Z )\Zafl(O) + Z ,ujé)gj (0) + Z Vg Cl -
i=1 j=1 k=1

Proof. To transform this proposition into the one of Ishizuka, it is enough to con-
sider A; = 0f;(0),i=1,...,p, B; =0¢g,(0), 5 =1,...,m, Bptr = co{—cg,cx} =
[—ck,cx), B =1,...,r, which implies f;(v) = Max,eca,(a,v), i =1,...,p, g;(v) =
Maxpep; (b,v), j =1,...,m. Let

Im+k(v) = Max (c,v) = Max{—(ck,v), (ck,v)} = |h(V)|, E=1,... 7.

CEBm+k

We have 0¢,,+1(0) = Btk and the equation hg(v) = 0 is equivalent to gy, 41 (v) <
0. By means of this notation, as the cones D; are closed, according to Ishizuka’s
Proposition 2.2 [6], (a) is equivalent to

(c) There exist (A, p, ) € R? x R™ x R" such that A > 0, (g,«) > 0 and
0€ 320, Nidfi(0) + 3272, 1150g;(0) + 374y ek [—crs cxl.

Taking into account that ¢ € ag[—ck, ¢ for some ay > 0 if and only if there
exists v, € R such that ¢ = vycg, proposition (c) is equivalent to (b). O

In order to decide if the cones D; are closed, we have the following criterium.

Remark 2.2. Note that if 0 ¢ co(U;jx;A; UUTL, Bj) + lin{cy : k € K}, then D;
is closed. This follows from Proposition 3.6 in [8].

Note that if 0 ¢ C = co(Uj_;A; U UL, Bj) +lin{c, : k € K}, then the p
cones D; are closed. But this condition is incompatible with Proposition 2.2(b)
and, consequently, with Proposition (a). As a matter of fact, if 0 ¢ C and u =
Proyc(0), then the vector v = —u is a solution of the system in (a).
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Now we consider a set S defined by equality and inequality constraints and a
point of S at which we need to obtain the tangent cone. This is done in Proposi-
tion 2.6.

From now on, we shall assume that the feasible set of problem (MOP) is de-
fined by

S={zxeR": g(x) <0, h(z) =0}, (3)

where g : R — R™ and h : R® — R", whose component functions are, respec-
tively, g;, j € J={1,...,m}, hy, k€ K ={1,...,r}. We shall adopt the follow-
ing notation. Given zy € S, the active index set at xg is Jo = {j € J : g;(x0) =
0}. The sets defined by the constraints g and h are denoted, respectively, by
G={xeR": g(x) <0}, H={z€eR": h(z)=0},s0 S=GNH.

We suppose that all functions considered are continuous at xy and that the
active constraints are Dini differentiable at xg. The cones that we shall use in
order to approximate S at xy are (linearized cones):

Co(S) ={veR": Dg;(xo,v) <0VjeJy, Dhy(xo,v) =0Vk € K},

C(S) ={veR": Dg;(xo,v) <0Vj € Jy, Dhi(zo,v) =0Vk € K}
Co(G) and C(G) are defined in an analogous way and we denote
K(H) = Ker Dh(xzg,-). Consequently, Cy(S) = Co(G) N K(H) and C(S) =

C(G)NK(H).
Our aim is to obtain the inclusions

Co(S) C T(S,z0) C C(S). (4)

This is done in the following propositions.

Proposition 2.3 ([12], (Prop. 3.1)). Let Dg;(zo,-), j € Jo be convex, Dh(xo,-)
linear and Co(S) # 0. Then c1Cy(S) = C(S).

Proposition 2.4. Suppose that for each j € Jy, either g; is Hadamard differen-
tiable at xo or g; is Dini-quasiconvexr at xy and Dg;j(xo,-) is continuous on R,
and for each k € K, either hy is Hadamard differentiable at x¢ or Dini-quasilinear
at xg with Dhy(xo,-) continuous. Then

T(S,z0) C C(S).

The proof of the previous proposition is similar to that of Lemma 3.2 in [9].
Proposition 2.5. If there is no equality constraints, S = G, and the functions
9j, 3 € Jo, are Dini differentiable at xo, then
A(Ga 1'0) - T(Ga 1'0)

CO(G) C Z(G,IQ) C { C(G)
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Proposition 2.6 [9] (Cor. 3.5). Let us suppose the following:

(a) h is continuous on a neighborhood of xo, Fréchet differentiable at xo and
{Vhi(zo) : k € K} is linearly independent;

(b) for each j € Jo, gj is either Dini-quasiconvex and continuous on a neighborhood
of x¢g or Hadamard differentiable at xg, in both cases with convex derivative at xg;
(c) Co(S) # 0.

Then

CICO(S) = A(S, IQ) = T(S, $0) = C(S)

Note that, by [8], Theorem 3.9, we have that {Vhi(xzo) : k € K} is linearly
independent and Cy(S) # @ if and only if the following implication is true:

0e Z 1;0pg;(xo) + Zuthk(:co), p>0= pu=0, v=0,
j€Jo k=1

which is constraint qualification (CQ2) in [9]. By Proposition 2.1(d), if g; is Dini-
quasiconvex and continuous on a neighborhood of xg, then g; is quasiconvex on
such a neighborhood.

3. CONSTRAINT QUALIFICATIONS IN MULTIOBJECTIVE
OPTIMIZATION

Let us consider the multiobjective optimization problem
(MOP) Min{f(z): = € S},

where the feasible set S is given by (3) and f : R” — R? has component functions
fi,iEI:{l,...,p}.

By keeping the notation of Section 2, given xy € S, the following sets are
considered: F = {z : f(z) < f(20)}, S° = FN S and for each i € I, F! =
{z: fi(x) < fi(zo) Vj € I\ {i}} and S* = F'nS. Obviously F = nf_, F*
and SY = Nf_; S Since the sets given above are defined by function constraints,
the corresponding linearized cones can be defined. Let us remark that for the set
F all functions f;, i € I, are active at xy and for the set F? the same is true
for the functions f;, 7 € I\ {i}. We have Co(S%) = Co(F") N Co(G) N K(H),
C(S8Y) =C(FY)NC(G) N K(H) and similar expressions for Cy(S%) and C/(S°).

It is a known result that zo is a local Pareto minimum to problem (MOP) if
and only if for each i = 1,...,p, z¢ is a local minimum of the scalar problem

(P,) Min{fi(z): =€ S'}-

We consider now different qualifications for problem (MOP) in the approaches of
Maeda [10], Preda and Chitescu [13] and Jiménez and Novo [7]. The implications
between the various qualifications are also analyzed.
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We suppose that all functions are Dini differentiable at xg, unless we specify
another thing.

Let us consider the following hypotheses:

(HO) h is continuous on a neighborhood of xg, Fréchet differentiable at 2 and
{Vhgi(zo) : k € K} is linearly independent.

(H1) Each function of the set {f;, g;: i € I, j € Jy} is either Dini-quasiconvex
at o with continuous derivative on R™ or Hadamard differentiable at xg.

(H2) Each function of the set {f;, g;: i € I, j € Jy} is either Dini-quasiconvex
and continuous on a neighborhood of g or Hadamard differentiable at xg.

(H3) For each i = 1,...,p, T(S% x¢) C C(S?) holds true.

(H4) Each function in the set {D f;(zo,-), Dgj(zo,-): i € I, j € Jo} is convex.

Definition 3.1. The next constraint qualifications are considered:

Generalized Guignard (GGCQ): C(S°) = N_, clcoT(S*, xp).

Abadie (ACQ): C(S°) =T (5%, x¢) and (H3).

Generalized Abadie (GACQ): C(S°) = Nt_ T(S% x¢) and (H3).

Global Cottle (GCCQ): Co(F) N Cy(S) # B, (HO) and (H4).

Cottle (CCQ): for each i = 1...p, Co(S?) # 0 (HO) and (H4).

Slater type.

a) Slater (SCQ): fi, i €1, g;, j € Jo, are pseudoconvex at x¢ ; hg, k € K,

are Dini-quasilinear at xg, (H0), (H4) and for each ¢ = 1,...,p there exists
z; € R™ such that

A e S

fj(Ii) < fj(IQ) Vj 75 i, gj(Ii) <0Vjy e Jy, and hk(Ii) =0Vk e K. (5)

b) Differentiable Slater (DSCQ): fi, i € I, g;, j € Jo, are pseudoconvex at
xo, (HO), (H4) and for each i = 1, ..., p there exists x; € R™ such that

fi(zi) < fi(zo) Vj #14, gj(xi) <0Vj € Jo, and z; — z9 € K(H). (6)

7. Linearlike (LLCQ): fi, gj, hi, 1 € I, j € Jo, k € K, are all linearlike at zg
with continuous derivative.
8. Linearlike objectives (LLO): f;, i € I, are linearlike at xg with convex deriva-
tive, each gj, j € Jo, has convex derivative and is either Hadamard differentiable
or Dini-quasiconvex at g, hi, k € K, are affine and C(F) N Co(G) N K (H) # 0.
9. Mangasarian-Fromovitz. Each qualification in this group must verify (H0) and
(H4):
a) With positively linearly independent objectives (PIOMF): C(F)NCy(S) #
) and Co(F)NK(H) # 0.
b) With quasiindependent objectives (QIOMF): C(F) N Cy(S) # 0 and for
each i = 1,...,p we have that Co(F) N K(H) # 0.
¢) With positively linearly independent constraints (PICMF): Co(F)N
C(S) # 0 and Co(G)N K (H) # 0.
d) With C(F) N Co(G) N K(H) # 0 and for each i = 1,...,p, C(F) N
Co(G)NK(H) ¢ Ker Df;(xo,-). We speak in this case of Preda-Chitescu
Mangasarian-Fromovitz qualification (PCMF).
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10. Zangwill (ZCQ): c1 Z(S°, x¢) = C(S°) and (H3).

11. Kuhn-Tucker (KTCQ): A(S°,x9) = C(S°) and (H3).

12. Reverse (RCQ): fi, gj, © € I, j € Jy, are pseudoconcave at xo, (H1) and
hig, k € K, are linearlike at zy with continuous derivative.

Lemma 3.1.
(i) If h is linearlike at xo with continuous Dini derivative, then h is Hadamard
differentiable at xq.
(i) If h is pseudolinear and Dini-quasilinear at xq, then
(a) Z(H,x0) =T(H,z9) = K(H);
(b) H=1xo+ K(H).
(ii1) If g;, j € Jo, are pseudoconcave at xo, then Z(G,xzo) = C(G).

Proof.

(1) It is an elementary exercise.

(ii) (a) Z(H,zo9) C T(H,xz) is true for all sets H and T(H,zo) C K(H) by
Proposition 2.4. We now prove that K(H) C Z(H,xzo). Let v € K(H), then
Dh(xg,v) = 0 and therefore Dh(xg, (zo +tv) — o) > 0 Vt > 0. Since h is pseudo-
convex, h(zg+tv) > h(xg) = 0Vt > 0, and analogously, due to the pseudoconcav-
ity, h(zg +tv) < h(zg) = 0. Consequently h(xg+tv) =0, i.e., zo+tv € H Vt > 0,
which implies v € Z(H, x).

(b) We have just proved that xo+tv € H Vt > 0. Taking t = 1, we have v € H —x
and thus K (H) C H — z9. Now we prove the reverse inclusion. Let « € H, hence
h(z) — h(zo) < 0. Since h is Dini-quasiconvex at g, it follows Dh(xg,z —x¢) < 0.
Likewise with —h, we get —Dh(xo, x —x0) < 0. Consequently, Dh(zg, 2z — o) = 0,
which means, x — z9 € K(H).

(iii) From Proposition 2.5, we only have to prove that C(G) C Z(G,zo). Let
v € C(G), then Dg;(zo,v) < 0Vj € Jy. By pseudoconcavity, g;(xzo + tv) <
gi(zo) =0Vt > 0. If j € J\ Jo, by the continuity of g; we have g;(x¢ + tv) <0
for all ¢ small enough. Therefore, o + tv € G, and consequently v € Z(G, o),
thus completing the proof. O

We remark that just by using the definition, we get that if A is linearlike at xq
with linear Dini derivative, then h is affine. If A is linearlike at xy with continuous
Dini derivative, then part (ii) of Lemma 3.1 holds true (according to Rem. 2.1, h
is pseudolinear and Dini-quasilinear at ).

In Theorem 3.1 below, the relationship between the different constraint qualifi-
cations are established. In order to prove the theorem we need a previous lemma.
The inclusion relationships in the lemma are obvious and the proof of the second
part is similar to that of Proposition 2.3.

Lemma 3.2. If Dh(xy,-) is linear and Df;(zo,-), Dg;(zo,-), i € I, j € Jo are
convex, then

Co(S8°) = Co(F) N Co(G) N K(H) C { g(EZ«Z)mﬂCCO'Egg g gggg }

CCF)NCG)NK(H) =C(SY),
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PCMF PIOMF Slater —> Dif. Slater

3

PICMF <€€—> Global Cottle —> QIOMF—> Cottle
+H2 +H2

LLO—> Zangwill —> K-T —>-Abadie —> Gen. Abadie 24> Gen, Guignard

Reverse
Linearlike

Fi1cURE 1. Relationship between the constraint qualifications.

and if some of the sets Co(S°), C(F)NCo(G)NK(H) and Co(F)NC(G)NK(H)
is nonempty then its closure is C(S°).

Theorem 3.1. The following implications are verified:

. Linearlike = Reverse = Zangwill.

. Linearlike objectives = Zangwill.

. Slater = Differentiable Slater = Cottle.

. PICMF < Global Cottle < PIOMF < PCMF.

. Global Cottle = QIOMF = Cottle.

. Cottle and (H2) = Generalized Abadie.

. Global Cottle and (H2) = Kuhn-Tucker.

. a) Zangwill = Kuhn-Tucker = Abadie = Generalized Abadie.
b) Generalized Abadie and (H{) = Generalized Guignard.

B YD A oS~

The results above are summarized in Figure 1, which generalizes the similar
figures in [2], Figure 6.4, [10], Figure 1, [13], Figure 1 and [7], Figure 1.

Proof.

1. a) Linearlike = Reverse. It suffices to observe that if a function is linearlike,
then it is pseudoconcave and, since it has continuous derivative, by Lemma 3.1(i),
it follows that it is Hadamard differentiable, which implies (H1).

b) Reverse = Zangwill. Lemma 3.1(iii) shows that Z(F NG, x¢) = C(FNG), and
by Lemma 3.1(ii), Z(H,xo) = K(H). Thus

Z(8%) = Z(FNGNH,z0) = Z(FNG,x0) N Z(H,x0)
=C(FNG)NK(H)=C(S").
Since (H1) is true, (H3) follows from Proposition 2.4.

2. Linearlike objectives = Zangwill. From Proposition 2.5 it follows Cy(G) C
Z(G,xo). Since f is linearlike at x¢, by means of Lemma 3.1(iii), we get Z(F, zo) =
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C(F). As h is affine, Z(H,z¢) = K(H). Hence we have

C(F)NCo(G)NK(H) C Z(F,x0) N Z(G,x0) N Z(H,x0) = Z(S°,z0) € T(S°, x0).
(7)

As f is linearlike with continuous derivative, from Lemma 3.1(i), f is Hadamard
differentiable. Since g;, j € Jy, is Hadamard differentiable or Dini-quasiconvex,
by Proposition 2.4, T'(S% z¢) C C(S?) Vi € I and T(S°,x9) C C(S°). Taking this
last inclusion and (7) into account and using Lemma 3.2, we can conclude that
el Z(8% x) = C(S9).

3. a) Slater = Differentiable Slater. For each problem (P;) there exists x; verifying
(5). In particular, hy(z;) = hi(x0), and by the Dini-quasiconvexity of hj and —hy,
Vhi(zo)(z; — xo) =0, Vk € K, which means that x; — xg € K(H).

b) Differentiable Slater = Cottle. For each i = 1,...,p, there exists x; verifying
(6). Because of the pseudoconvexity of f; and g;, we have

D fi(wo, i —x0) < 0Vj #1i, Dgj(wo, i —x0) <0Vj € Jo.

By hypothesis, 7; — 2o € K(H), and consequently x; — zog € Co(S?).
4. a) PICMF = Global Cottle. By assumption we have Co(G) N K(H) # 0, and
hence from Proposition 2.3

cl[Co(G) N K (H)) = C(G) N K (H). 8)

Let v € Co(F)N[C(G)NK(H)] (this set is nonempty by assumption). Since Co(F')
is open, there exists a neighborhood B(v) of v, such that B(v) C Co(F), and from
(8), B(v)N[Co(G)NK(H)] # 0. So, we can state that Co(F)NCo(G)NK(H) # 0
and hence we have the global Cottle qualification.

b) Global Cottle = PICMF. By hypothesis, Co(F) N Co(G) N K(H) # 0, and
therefore Co(F) N C(S) # 0 and Co(G) N K(H) # 0, that is, we have PICMF.

¢) Global Cottle & PIOMEF. It is enough to note that f and g have a symmetric
role in PIOMF and PICMF. So, if PICMF < Global Cottle, then also PIOMF <
Global Cottle.

d) Global Cottle < PCMF.

[=] It is immediate, because there exists v € Co(F) N Co(G) N K(H). Then,
Dfi(l'(),’l)) <0Viel.

[«<] By hypothesis, Vi € T Jv; € C(F) N Co(G) N K(H) such that D f;(zo,v;) < 0.
Let be v =YY | \jv; with \; = 1/p. We shall see that v € Co(F)NCo(G)NK (H),
which implies global Cottle.

By the convexity of D f;(zo, ) we have D f;(xo,v) < >.4_ \iDfj(z0,v;) <0, since
Df;(zo,v;) <0Vj # 4 and Df;(zo,v;) < 0. Analogously, Dg;(xzo,v) < 0Vj € Jy
and by the linearity of Vhg (o), Vhg(zo)v = 0.

5. a) Global Cottle = QIOMF. As global Cottle is equivalent to PIOMF, it
is enough to get that PIOMF implies QIOMF. But this is obvious, because if
Co(F)NK(H) # 0, then for each i = 1,...,p Co(F*) N K(H) # 0.
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b) QIOMF = Cottle. Assume that there exists i € I such that Cy(S%) = 0. This
means that there is no solution v € R" of the system

Df;(wo,v) < 0Vj # i
Dg;(zo,v) <0Vje Jy
th(l'o)v =0Vk e K.

Using Theorem 3.5 in [8] we obtain that there exists (A, u,v) € RP~! x R x R"
such that (A, u) >0, (A, ) # 0 and

> NDfi(xo,v) + Y 1 Dgj(xo,v) + Y vk Vhi(zo)v > 0 Yo € R™. (9)
J# j€Jo k=1

By hypothesis, there exists u € C(F) N Cyo(G) N K(H). If for some j € Jo,
pg >0, then 37, A D fj(xo,u) + 3¢ 5, #iDgj(x0,u) < 0, in contrast with the
result obtained in (9) with v = w. Thus g = 0 and in (9) we have therefore that
>z NiDfj(xo,v) + > 1 v Vhi(xo)v > 0 Vo € R™. By hypothesis, there exists
w € Co(F*) N K(H) and an analogous argument shows that A = 0, which is a
contradiction.

6. Cottle and (H2) = Generalized Abadie. It is enough to apply Proposition 2.6
to each set S°.

7. Global Cottle and (H2) = Kuhn-Tucker. To prove this result, it is sufficient to
take the implication Global Cottle = Cottle into account and to apply Proposition
2.6 to each S* and to S°.

8. a) Zangwill = Kuhn-Tucker == Abadie = Generalized Abadie. Since S° C
S? Vi € I, from the isotonicity of the tangent cone and from (H3) it follows that

T(S°, xo) C NE_,T(S%, x0) C Nh_,C(S") = C(S?).

Now, from equation (2) applied to S°, the three implications follow.

b) Generalized Abadie and (H4) = Generalized Guignard. Obviously, T'(S%, zg) C
cleo T(S%, xg) C C(S?) (the last inclusion is due to the convexity of the derivatives
and to (H3)). Therefore we get

AP_ T(S% z0) € NP_; cleo T (S 29) C N_,C(S%) = C(S°)

and the implication is then evident. (I

Remark 3.1.
(1) It is known that if f is Hadamard differentiable at xy and z is a local Pareto
minimum of f over S, then

Co(F)NT(S,z0) = 0. (10)
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(2) If for some ¢ € I, f; is Hadamard differentiable at zq, (HO), (H2) and (H4)
hold, and xg € LMin(f,S), then C5(S°) = 0 (and consequently, Global Cottle
qualification is not satisfied at x).

Indeed one has that g is a local solution to problem (P;), i.e., zg € LMin(f;, S?),
and by the previous remark,

Co(fi) n T(SZ, IQ) == @, (11)

where Co(f;) = {v € R" : dfi(zo,v) < 0}.

Assume that Co(S%) # (), then Cy(S?) # 0. By Proposition 2.6, T(S, x
C(S%). From (11), it follows that Co(f;) N Co(S?) C Co(f:) N C(SY) = 0.
Co(S°) = Co(fi) N Cy(S") = 0 and we have a contradiction.

So, Global Cottle is not a true constraint qualification when some f; is
Hadamard differentiable and (H2) holds.

(3) If there is no equality constraints, then global Cottle is not verified at a local
Pareto minimum (from Prop. 2.5 and Lem. 4.1 in the next section) and, conse-
quently, neither is (AMFCQ) in [13].

0)
But

4. OPTIMALITY CONDITIONS UNDER GENERALIZED
QUALIFICATIONS

In this section Kuhn-Tucker type necessary optimality conditions are given for
a point to be local Pareto minimum. These conditions are obtained both in pri-
mal form and in dual form, with a feasible set defined by inequality and equality
constraints, the objective functions and the constraints being, at least, Dini dif-
ferentiable. In order to obtain the positivity of the multipliers associated with
the vector-valued objective function, a generalized constraint qualification will be
assumed. In this way we generalize Maeda’s results [10], which are valid for dif-
ferentiable functions and without equality constraints, and Preda and Chitescu’s
[13] who consider a problem with Dini differentiable functions and without equal-
ity constraints. We generalize also the results of Jiménez and Novo [7], valid for
differentiable problems with equality constraints.

Theorem 4.1. Let f be Hadamard differentiable at zo, g;, j € Jo, Dini differ-
entiable at xo and h Fréchet differentiable at o and suppose that the generalized
Abadie qualification is verified. If xg € LMin(f,S), then there exists no solution
v € R™ of the system

Df($Oa’U) < 07 Df(x07v) 7é 0
Dgj(wo,v) <0 Vj € Jo (12)
Vh(zg)v =0,

i.e., xg s a proper local solution to problem (MOP) in the sense of Kuhn-Tucker.



CONSTRAINT QUALIFICATIONS IN MULTIOBJECTIVE OPTIMIZATION 269

Proof. Assume that the conclusion is not true. Then there exist v € R™ and
i €{1,...,p} such that

Dfi(zo,v) <0
Df;(wo,v) <0 V) £i (13)
v e C(9).

Thus v € C(S°) and, by the generalized Abadie qualification, v € T(S?, x¢). Since
xg is a local Pareto minimum, it also is a local minimum of each scalar problem
(P;), in particular, zg € LMin(f;, S*). As f; is Hadamard differentiable, we have
Dfi(zo,u) > 0Vu € T(S% zo). Taking u = v, then D f;(zg,v) > 0, in contradiction
to (13). O

Theorem 4.2. Let f and h be Fréchet differentiable at xo and g;, j € Jo, Dini
differentiable at xg and suppose that the generalized Guignard qualification is ver-
ified. If xg € LMin(f,S), then there is no solution v € R™ of the system (12).

Proof. Assume that (13) is true for some ¢ € {1,...,p} and v € R™. Thanks to
the generalized Guignard qualification, v € clcoT'(S%, xg). Since z9 € LMin(f;, S%)
and f; is Fréchet differentiable, we obtain Vf;(zo)u > 0 Yu € T(S% o)
(Dfi(zg,u) = Vfi(xo)u). By the linearity and the continuity of Vf;(z)(:), it
follows that V f;(xo)u > 0 Yu € clcoT(S?, zp). Taking u = v we have a contradic-
tion to (13). O

It is possible to obtain the dual form of these two last theorems by applying
the generalized Tucker alternative theorem (Prop. 2.2).

Theorem 4.3. Assume the hypothesis of Theorems 4.1 or 4.2 and let the deriva-
tives Df(xo,-) and Dg;(xo,-), j € Jo, be convex. If the cones

D; = coneco(U;x;0p fj(x0)) + coneco(Ujes,0pg;(x0)) + lin{Vhy(zo) : k € K}
(14)

i=1,...,p, are closed, then there exists (A, pu,v) € RP x R™ x R" such that
(a’) )‘>Oa M207 :U/jgj(xO) =0, .7: Ioo.,mg

P m T
(b) Z)\ini(xo,U) + Zungj(aco, v) + Z v Vhi(zo)v >0 Yo € R".  (15)
i=1

j=1 k=1

As usual, we take p; = 0 if g;(zo) < 0.
Note that condition (b) is equivalent to

0e Z )\iani(xo) + Z Mjapgj(l‘o) + Z v Vhy (:Eo) (16)

i=1 j=1 k=1
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If we denote by L the Lagrangian function: L = YV Nif; + Y00, pjgs+
> k1 Vihi, then (16) is equivalent to

0e 0DL(300). (17)

Theorem 4.3 generalizes Corollary 8 in [7] by Jiménez and Novo.
Now we investigate about the conditions on the functions of the problem, which
assume that the cones (14) are closed. One of these criteria is given below.

Proposition 4.1. If for each i = 1,...,p, Co(S?) # 0, then the cones D;, i =
1,...,p, given by (14), are closed.

This follows from Proposition 3.6 in [8].

We remark that if the Cottle qualification holds, then it is unnecessary to use
the generalized Tucker alternative theorem to obtain positive multipliers, since
this result can directly be obtained.

Proposition 4.2. Let f be Hadamard differentiable at xo with convex derivative
and suppose that the Cottle qualification and (H2) are satisfied. If xg € LMin(f, 5),
then conditions (15) hold.

Proof. From Theorem 3.1, part 6, the generalized Abadie qualification is verified
and, by Theorem 4.1, the system (12) does not admit solution.

For each i = 1,...,p we have x9 € LMin(f;, S*), hence Df;(zo,v) > 0 Vv €
T(S%,xp). As it was seen in the proof of Theorem 3.1, part 6, for eachi = 1,...,p,
T(S% z09) = C(S?). Therefore, none of the p systems (i = 1,...,p):

Dfi(xg,v) <0
fi(zo,v) <0 Vj#i
gj(zo,v) <0Vj € Jy
hi(zo)v=0VEk € K

)

(18)

49

has a solution v € R™. Let us consider the convex problem

(CP;) oy =Min{Df;(zo,v) : Dfj(zo,v) <0Vj #1,
Dg;(zo,v) <0Vj e Jy, Vhg(zo)v=0Vk € K}.

Because of the incompatibility of the system (18) above, we have «; > 0. Since
v = 0 is a feasible solution and D f;(x,0) = 0, it is o; = 0. From Theorem 28.2
in [14] (we can use it because Cp(S*) # 0), it follows that there exist \;; > 0,
J# 4 iy >0, 5 € Jo; vik €R, k € K such that

P T
D fi(zo,v) + Z Aig D fi(zo,v) + Z pijDg;j(wo,v) + Z Vit Vhi(zo)v > 0
J=1.5#1 J€Jo k=1
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for all v € R", and for i = 1,...,p. Adding over i =1,...,p, we have

P r
Z XiDfi(xo,v) + Z w;Dg;(xo,v) + Z v Vhi(zo)v > 0 Vv € R™,
i=1 jedo k=1

where, in order to simplify, we have denoted \; = 1 + Zé’:l’#i Ni, it =1,...,p;
=0 pijs 3 € Jos vk =Y 0 vik, k=1,...,r, and obviously we have A > 0,
and p > 0. O

As a consequence of Theorem 4.3 we obtain the following corollary, which ex-
tends Maeda’s Theorem 3.2 [10] for a problem with differentiable functions and
also equality constraints.

Corollary 4.1 ([7], (Cor. 8)). Let f, g and h be Fréchet differentiable at o and
suppose that the generalized Guignard qualification is verified. If zo € LMin(f, S),
then there exist (A, u,v) € RP x R™ x R" such that

(a’) )‘>0; ,LLZOa /L]g(l’o) :07 ]: 17"'7m;

(b) 3271 AV filwo) + 2252, 15V g5(0) + 20—y vk Vhi(zo) = 0.

Proof. Under these assumptions, the condition “for each ¢ =1,...,p, D; is closed”
is verified, since

D; = coneco({V fj(zo): j#itU{Vyg,(xo): j€ Jo})+lin{Vhg(zo): k€ K}

is a polyhedral convex cone and, therefore, it is closed. ([

The following example shows that Cottle qualification may not be verified;
however, we can apply Theorem 4.3.

Example 4.1. In R?, let 29 = (0,0,0), f; = 22 — 22, fo = —2y and let g be the
support function of the set B = {(z,y,2) : 2® + (y —2)2 +2%2 <2, 2 > 0}. We
obtain the following expression of g:

2y + /222 + 292+ 222 if 2>0
2y + /222 + 292 if z2<0.

Obviously Dg(xg,v) = g(v) and dpg(xo) = B. The feasible set is G = {(z,y, 2) :
g(z,y,z) < 0} and the point ¢ is a Pareto minimum of f = (f1, f2) over G. Cottle
qualification is not verified because Cy(S*) = {v : Vfa(zo)v < 0, Dg(zg,v) <
0} = 0, but we can apply Theorem 4.3, since the cones Dy = cone co({(0,—2,0)}U
B) = {(z,y,2z) : z > 0} and Dy = coneco({(2,0,—2)} U B) are closed (D2
is closed because Cy(S?) # 0, since (—1,—2,0) € Cp(S?)). So (16) holds, with
(A, A2, 1) = (1,2,2) and b = (—1,2,1) € pg(zo)-

g(x,y,z) = {

Finally, we establish necessary optimality conditions without equality
constraints; moreover, we do not require the objective functions to be Hadamard
differentiable as in Theorems 4.1 and 4.2.
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In Lemma 4.1 and Theorem 4.4 the following definition is used: ¢ : R® — R is
quasiconvex at zg on a neighborhood of z if there exists § > 0 such that

z € B(xo,9), (x) < p(z0) = ¢(Azo + (1 = N)z) < p(z0) YA € (0,1).

Lemma 4.1. If f has continuous Dini derivative at xo, g5, j € Jo, are quasiconvex
at g on a neighborhood of xy and xy € LWMin(f, G), then

T(G,l‘o) N Co(F) =.

Proof. Assume that T(G,z0)NCo(F) # () and choose v € T(G, xo)NCo(F). Thus,
Df(xo,v) < 0. Using Lemma 4.10 in [8], c]l Z(G, z¢) = T(G, zo). Hence there exist
vn € Z(G, x0) such that v, — v. By the continuity of D f(zo, ), we can suppose
that D f(zo,v,) < 0 Vn € N. By the definition of Dini derivative, D f(zq,v,) =
lim; o+ (f(zo 4+ tvn) — f(x0))/t < 0. Therefore, there exists §,, > 0 such that
Yt € (0,6,], f(xo+tvn) — f(zo) < 0. As v, € Z(G,xp), there exists n, > 0 such
that V¢ € (0,m,], o + tv, € G. Let us choose ¢, such that 0 < €, < Min{d,,n,}
and &, — 07. The sequence x,, = zg + €pvn — To, Tn € G and f(z,) < f(z0), in
contradiction with the minimality of zg. (I

Theorem 4.4. Let S = G and assume that:

(a) fi, 1 €1, g;, j € Jo, are quasiconvezr at o on a neighborhood of .

(b) fi, i € I, gj, j € Jo, are Dini differentiable at xo, with Df;(zo,-), i € I,
linear and Dg;(xzo,-), j € Jo, conve.

(c) The generalized Guignard qualification holds.

If xo € LMin(f, G), then the system

Df(an’U) < 07 Df(x07v) 7é 0
Dgj(xo,v) <0 Vj € Jo

has no solution v € R™.

Proof. Assume the thesis does not hold. Then there exist v € R" and i € {1,...,p}
such that

Dfi(xzo,v) <0
Df(wo,v) <0¥j #i (19)
ng(x07v) <0 VJ € Jo.

Therefore v € C(S°) and, using condition (c), v € NJ_, clcoT(S7,x0). Conse-
quently, v € clcoT(S% xg). Since zo € LMin(f,S), it follows that zg €
LMin(f;, S%). Since D f;(zo,) is continuous (it is linear) and as hypothesis (a)
holds, we can apply Lemma 4.1, obtaining D f;(xg,u) > 0 Yu € T(S% xq). More-
over, by the linearity, we deduce that Df;(xg,u) > 0 Yu € clcoT(S% xp). In
particular, taking u = v, we obtain D f;(xo,v) > 0, contradicting (19). O

This theorem improves Theorem 3.1 in Preda and Chitescu [13] because quasi-
concavity of f; is not required.
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The following theorem can be proved in a similar. From this result, we obtain
subsequently (Th. 4.6) necessary optimality conditions in dual form.

Theorem 4.5. Assume the hypotheses of Theorem 4.4, with D f;(xo,-), i € I,
convez (instead of linear) and

(c' ) The generalized Abadie qualification holds,

(instead of (c)). Then the same conclusion of Theorem 4.4 holds.

Theorem 4.6. Suppose that the hypotheses of Theorems 4.4 or 4.5 hold true. If
for each i =1,...,p the cone

D; = cone co(U;-;0p f;(x0)) + cone co(Ujes,0pg;(x0))

is closed, then there exists (A, 1) € RP X R™ such that
(a’) A > 0) H > 0) /j/]g](xo) = 0) j: 1)"'7m;
(b) 327_ MiDfi(wo,v) + 271, wiDgj(xo,v) >0 Yo € R™.

Expressions similar to equations (16) and (17) can also be obtained for (b).
This theorem corrects Theorem 3.2 in Preda and Chitescu [13], which is not
true, as the following counterexample shows.

Example 4.2. Let us consider the problem

Min f(x) subject to g(z) <0,
where f : R® — R? is given by f(z,y,2) = (x,—y) and g(x,9,2) = y + 2z +
V22 +y2 4+ 22. We are going to study the minimality conditions at the point
xo = (0,0,0).
The feasible set S = {(z,y,2) : ¢ < 0} is the regular cone (in the sense of
elementary geometry) with axis the halfline (z,y,z) = A(0,—1,—1), A > 0 and
whose generatrices form an angle of 7/4 with the axis of the cone. We have

S'={(z,y,2): f2<0, g<0}={(0,0,2): =<0},

S% = {(z,y,2): f1 <0, g<0}=8n{x<0}

SO ={(z,y,2): f1<0, f2<0, g<0}=5",
Vfi(z0) = (1,0,0), Vfa(zo) = (0,—1,0), Dg(zo,v) = g(v).

We are under the hypotheses of Theorem 3.2 in Preda and Chitescu [13]:

1. The point z( is a Pareto minimum, since f(zg) = (0,0) and if (z,y,2) € S,
then f(z,y,2) — f(zo) € —R% \ {0} is not true (note that S is inside the dihedral
{(z,y,2): y <0, 2 <0} and it cuts the plane y = 0 only in the halfline OZ ™).
2. The generalized Guignard qualification is true, because clcoT (S, o) NclcoT
(S2,20) = S* and C(S%) = S° = S1.

3. f1, fo are linear, and consequently they are quasiconvex and quasiconcave; g is
convex, and therefore, it also is quasiconvex.

4. f1, fo are Fréchet differentiable, thus their Dini derivatives are linear, and
hence, concave and convex. g is Hadamard differentiable and its derivative at x(
is g itself, which is a convex function.
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However, there exist no A\; > 0, Ay > 0, u > 0 such that
MV fi(xo)v + XV fa(20)v + pDg(z0,v) > 0 Vo € R, (20)

In fact, the unique solution with g = 0 is Ay = Ao = 0. Then, let y > 0; we can
assume p = 1 and put v = (z,y, z). Then (20) is equivalent to

<(_)‘1’)‘2 -1, _1)a (x,y,z)> < ||($,y,z)|| V(:U,y,z) € RS'

This expression means that (—A1, Aa — 1, —1) is a subgradient at 0 of the convex
function z + ||z||. But d|| - [|(0) = c1 B(0, 1) and therefore A} + (Ay —1)2+1 < 1,
and the only solution is (A1, A2) = (0,1).

Note that Theorem 4.6 cannot be applied, because the cone

Dy = cone{V fa(z)} + cone dpg(zo) = {(z,y,2): 2>0o0r (z=0, x =0)}

is not closed, being dpg(xo) = cl B(bo, 1) with by = (0,1, 1).
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