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AN ANALYTIC CENTER CUTTING PLANE ALGORITHM
FOR FINDING EQUILIBRIUM POINTS*

FERNANDA M.P. Raurp! AND WILFREDO SOSA?

Abstract. We present a variant of the analytic center cutting plane
algorithm proposed by Goffin et al. (1996) to approximately solve equi-
librium problems as proposed by Blum and Oettli (1994), which include
as particular problems the variational inequalities problem, the Nash
equilibria problem in non-cooperative games, the convex minimization
problem, and the fixed point problem. Furthermore, we analyze the
convergence and complexity of the modified algorithm.
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1. INTRODUCTION

In this work we deal with the equilibrium problem in the following format:
(EP) find T € K such that f(Z,y) > 0Vy € K, (1)

where f :[0,1]" x [0,1]™ — R satisfies the following properties:

Pl. f(z,xz) =0 Vx € [0,1]™;

P2. f(z,-):]0,1)" — R is convex and lower semi-continuous Vz € [0, 1]™;
P3. f(-,y) : [0,1]™ — R is upper semicontinuous Yy € [0, 1]™;

and K is a nonempty compact convex subset of [0, 1]™.
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As the set K is bounded, we can consider the hypercube [0, 1]™ as its containing
set without loss of generality, since we can always scale the variables.

The EP general formulation (1) with the name “equilibrium problem” was in-
troduced first by Blum and Oettli [4]. However, the same formulation with another
name was addressed before by Nikaido and Isoda [15], and then by Fan [7]. It is
also important to cite the work of Brezis et al. [6], which extends the results of [7]
for K not compact.

It has been pointed out in [4,12,13] that EP general formulation includes as
particular problems the convex minimization problem, the fixed point problem, the
Nash equilibria problem for noncooperative games and the variational inequalities
problem. Moreover, EP is closest in formulation to the equilibrium programming
problem introduced by Antipin and Vasil’ev [1]. Hereafter, a solution of EP (1) is
called an equilibrium point.

As a matter of completion, next we show how the four problems mentioned
above can be formulated as particular cases of EP. Assuming K is a nonempty
closed convex subset of R™, we exhibit appropriate function f for each particular
problem such that its solution set coincides with the solution set of EP. One can
show that properties P1, P2 and P3 hold.

a) The convex minimization problem. Let h : K — R be a convex and
lower semicontinuous function. The convex minimization problem which
is formulated as follows:

find = € K such that h(z) < h(y) Yy € K

can be reformulated as an equilibrium problem taking f(x,y) := h(y) — h(x)
forall z, y € K.

b) The fixed point problem. Let T': R® — P(R"™) be an upper semicontinuous
point-to-set mapping such that T'(x) N K is a nonempty compact convex
set for each x € K. The fixed point problem is defined as:

find x € K such that z € T'(z).

Our goal is accomplished by setting f(x,y) := maxueT(m)mK(x—u)T(y—x)
for all z, y € K.

¢) The Nash equilibria problem in noncooperative games. Let I be a finite set
(the set of players). For each i € I, consider a nonempty compact convex
subset K; of R” (the strategy set of the ith player). Let K := [[,.; K;. For
each ¢ € I consider a continuous function f; : K — R (the loss function of
the ith player, depending on the strategies of all players) which is convex in
the ith variable. For each z, y € K, we define z(y;) as (z(y;)); := z; for all
j # i, and ((y;)); := yi. The Nash equilibria problem in noncooperative
games is formulated as:

find x € K such that f;(z) < fi(z(y;)) Viel Vye K.
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In this case, set f(x,y) = > ,c;(fi(x(yi)) — fi(z)) for all z, y € K to
obtain the EP general formulation.

d) The variational inequalities problem. Let T : K — P(R™) be an upper
semicontinuous point-to-set mapping such that T'(x) is a compact set for
all x € K. The variational inequality problem is defined as:

find z € K, u € T(x), such that v’ (y —z) >0Vy € K.

Now, take f(z,y) := max,cr(z) uT(y—2) forall z, y € K.
Considering the general formulation EP, existing algorithms for finding approx-
imately equilibrium points exploit orthogonal projection techniques and use hy-
potheses such as continuity, differentiability and/or monotonicity on f, as we can
observe as follows.
Resembling the extragradient method of Korpelevich [11], Antipin [2] in his
prediction gradient method generates two sequences:

yk = Pg (Ik —aVsyf (Ik,xk)) .

zF = Py (Ik —aVsf (yk,yk)) .
The hypotheses considered on f such as differentiability in K and monotonicity
(i.e. f(z,y) + f(y,z) <0 for all z, y € K), enables Antipin to show that the
generated sequence {z*} converges to a point in the solution set of EP.
Recall that K is a nonempty compact convex subset of [0,1]". For y € K, let
us define the following set

Li(y) = {z €[0,1]": f(y,x) < 0}. (2)

Assuming continuity and pseudomonotonicity of f, the algorithm proposed by
Tusem and Sosa [13] generates also two sequences as follows:

y* such that max,ck, f(y, %) < f(y*, 2%) + e,
bkt = gk 4 N\, (PLf(yk)(xk) — ack) ,

where

K= {z € K : ||z|| <max{||2°],..., ||«" " |} + 1},
and €; > 0 with limg_o ¢, = 0. Considering that {z*} or {y*} is bounded,
they proved that the sequence {x*} generated by the algorithm converges to an
equilibrium point.

In this paper we present a different approach to find equilibrium points approx-
imately. Note that Lf(y) is convex by property P2. Now, consider the definition
of the following set

S = (NyexLy(y) N K. 3)

1Py denotes the orthogonal projection over the set K and Vaf denotes the gradient of f
with respect to the second argument.
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The set S is contained in the solution set of EP, as we can see in [12] for example.
So, the problem of finding a point in S is a particular case of the convex feasibility
problem, which in general consists of finding a point belonging to the intersection
of a family of convex sets, for more information see [5]. The approach considered
in this work is devised for finding a solution of EP by finding a point in S. No
continuity, no differentiability and no monotonicity assumptions on f are made.
Nor any projection technique is used.

Here we study the application of a variant of the analytic center cutting plane
algorithm for solving convex feasibility problems of Goffin et al. [8]. The first
optimization method that combines the cutting plane methods with the technique
of interior point methods was introduced by Sonnevend [17]. Besides allowing for
feasible computer implementation, the methods developed with this characteristic
have shown great performance in practice, see Goffin et al. [9], and Raupp and
Gonzaga [16] for example.

The proposed method consists of building an increasingly refined polyhedral
approximation of S. The linear inequalities that define the approximation of S
are generated by an oracle called at a query point as hyperplanes. In this version
the query point is an approximation of the analytic center for the current poly-
hedral relaxation and the hyperplanes are originated from shallow cuts, which in
turn makes the test point always an interior point for the new refined polyhedral
approximation. Although its possible to add more than one cut per iteration as
in Ye [20], the proposed method adds just one cut per iteration.

We also verify that the modified analytic center cutting plane method when
applied to find an equilibrium point approximately is polynomial, with the com-
plexity bound depending on the space dimension as in [8].

It is well known that a point close to the solution set of EP (an approximate
solution of EP) can generate instability for methods using perturbations of the
objective function and of the feasible set, see for example [1]. This is not the case
of our approach. Since S is compact and convex, we use the proposed analytic
center cutting plane method in order to approximate S by compact polyhedral
sets, which contain the set S and have nonempty interior. With this technique,
we obtain in some finite iteration an approximate solution, since the volumes of
the polyhedral sets tend to zero monotonically [8,19].

The paper is organized as follows. We conclude the Introduction presenting the
notation used hereafter. Section 2 briefly introduces some definitions and results
from the theory of interior point methods. Section 3 is devoted to state some def-
initions and results related to the equilibrium problem already introduced. Under
certain assumptions the proposed algorithm as well as its convergence analysis
are presented in Section 4. Finally, in Section 5 we conclude our work with final
comments.

1.1. NOTATIONS

Let w and z be m-dimensional real vectors. The matrices W and Z denote
diagonal matrices with diagonals w and z, respectively. Consequently, Wz denotes
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the component-wise product of w and z. The vector e denotes the vector with
entries equal to 1 and dimension given by the context.

Given a nonempty closed set K, 0K denotes the boundary of K and I% denotes
its interior set. For each x € R™, Pk (x) denotes the orthogonal projection of the
point x over the set K as already mentioned.

2. ANALYTIC CENTER

In this section we briefly recall some definitions and results from the theory of
interior point methods. A plain exposition of such theory can be found in Ye [21],
for example. We begin with the definition of the analytic center of a bounded
polyhedral set and end with the presentation of the nature of the cutting planes
used in the proposed technique for finding an approximate solution of EP.

Let P C [0,1]™ be a bounded polyhedral set defined by m (> n) linear inequal-
ities given by

P:{xER":ATISb},
where A € R™ ™ with full row rank and b € R™ are known, such that P is
nonempty and its set of interior points is given by

2 T
P={zeR": A"z < b}.
We assume that P has nonempty interior in order to define the dual potential
o
function ¢ : P — R, given by

olz) = 3 In (b; — ),

where b; is the jth component of vector b and a; is the jth column of matrix A,
j=1,...,m. Note that ¢(-) decreases indefinitely as = approaches OP.
Now, defining the dual slack vector by
z=b— ATz,
the gradient and the Hessian of ¢(-) at = are given respectively by

Vé(z) = —AZle and V?¢(z) = —AZ2AT,

where AZ72A" is symmetric and positive definite.

Since P is compact, ]3 is not empty and ¢(-) is strictly concave in Jg, the analytic
center of P defined by

xt = argmax{ o(x) : x € Ig}
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satisfies the first order optimality condition V¢(z®*) = 0, i.e., there exists a
Lagrangean multiplier w® > 0 such that

Aw® =0, 2°=b—AT2°>0 and W =e. 4)

Given an interior point x of P, we measure the proximity of this point to the
analytic center 2% using dual approach (evaluating the norm of a scaled gradient
vector) which is

0(z) = |27 AT(AZT2AT) T AZ e | = || Zw(z) — e,

where
w(z) =2 NI - Z7'AT(AZ72AT) Y AZ Ve,
satisfies Aw(z) =0 and w(z) > 0.
Let (z,2z,w) be such that 2 = b — ATz and w = w(z). The vector x is an
n-approximate analytic center of P if

1Zw—e| < n <1,
ATz +2z = b, 2>0 (5)
Aw = 0, w>0.

Given x € ﬁ, the dual Newton method generates a new iterate
rt =2+ da, (6)

where
dz = —[V?¢(2)] ' Vo(z) = —(AZ2AT)"TAZ e,
which was first proposed by Vaidya in [18]. Setting 2™ = b— ATz and wt = w(z 1),
if  is an n-approximate analytic center of P, then by Lemma 5.4 in Gonzaga [10]
we get zt > 0 and || ZTwt —e| < 7%
If (2%, 2% w®) satisfies (4) and (z*, 2", w™) satisfies (5), then by Lemma 2 in
Ye [19] we have that

2

Ba") 2 6) 2 66 — 57 (7)

Let (x%,z%t,w") be such that z™ is an n-approximate analytic center,

2t = b— ATzt and wt = w(zt). Consider the following ellipsoid inscribing
in P with center at 2™

Ef ={z eR":|(Z2")7'AT(z —a™)| <1 -7},

denoted by Dikin ellipsoid.

Now, assume that S (3) is defined implicitly by an oracle. The oracle either
returns + € S or generates a hyperplane, which intersects the interior of the
Dikin ellipsoid, as we can verify by the following lemma.
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Lemma 2.1. If a € R" with |ja|| = 1, 7 = /aT(A(Z+)2AT) lq,
p:=+/aTA(Z+t)2ATa and § €] 0, 1;—:’[ , then

Ht={zeR":a" (v —2T) = 7} (8)

intersects the interior of the Dikin ellipsoid.

Proof. Let P be the projection of ™ on HY, then z? = 2% + S7a. So, we have
1(Z*)PAT (2 — 2t = (Z7) ' AT (Bra)l| = Bpr < 1—n. O

When the hyperplane H* (8) is added to the system, the new convex set is
defined by
P = {IER": ATz <, aT$SGT$++ﬁT}.
Now, denoting by % the analytic center of P and using Theorem 2 of Ye [19], one
can show that the potential function ¢(-) satisfies

¢(z%) < ¢(z") + In(47) — (1.5 = ), 9)

with 7 and (8 as defined in Lemma 2.1.

It is interesting to observe that 7 is still in the “quadratic convergence” region
of P (Lem. 3 in Ye [19]). As a result, Goffin et al. [8] showed that it is neces-
sary no more than four iterations of the dual Newton method (6) to find a new
n-approximate analytic center of P starting from 2 4+ Az, where

_al=n) (A (z+) AT>_1 a

T

Az =

is the affine direction that maximizes the new slack constrained to the Dikin ellip-
soid trust region, and appropriated given values for a,n € 10, 1].

3. EQUILIBRIUM PROBLEM

In this section, we characterize a solution and an approximate solution of EP.
Some of the theoretical results presented here will be used in the next section.

Recall the sets L¢(z) = {y € [0,1]™ : f(z,y) < 0} (2) defined for each = € [0, 1],
and S = (NzerxL¢(z)) N K (3), and consider the following definitions:
D1. the map I' : [0,1]" = R™ given by

L(z) = {veR": f(z,y) 20" (y —2) Yy € [0,1]"};
D2. the selection T': [0,1]" — R™ of T, i.e.
T(x) € T(zx) Vze[0,1]™

Observe that I'(z) # 0 Va € 10, 1[™.
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Lemma 3.1. Let {2*}ren € K and {uF}ren C R™ be two sequences such that
ok — 7 and u* — u. If uk € T(a%) Vk € N, then u € T'(Z).

Proof. Since u* € T'(x*) Vk € N, then (u*,z — 2F) < f(2¥,2) V2 € K,k € N. Tt
implies that (a,z — z) < f(Z,x) Vo € K, and so @ € I'(Z). O
Theorem 3.2. If for ecach x € K, f(x,-) is subdifferentiable at x, then the fol-
lowing statements hold:

(1) Ifz € S thenz € K and T(y)T (2 —y) <0 Vy € K.

(2) If 1€ K and T(y)T(z —y) <0 Vy € K, then T is a solution of EP.

Proof.

1. If z € S, then f(y,z) < 0Vy € K. Since T(y) € I'(y) Yy € K, we have
Ty)'(z—-y) < fly,z) <OVy € K.

2. Ifz € K and T(y)'(z —y) <0Vy € K. Take y € K arbitrarily and for
each A\ €]0, 1] consider u := Ay + (1 — \)Z, then u € K, VYA € ]0,1[. Thus,
we have 0 = T'(u)?(u — u) = AT(w)T(y — u) + (1 = )T (v)T(z — u). By
hypothesis T'(u)? (Z —u) < 0 VA € ]0, 1[, which implies that 0 < T'(u)” (y —
u) < f(u,y) VA €]0,1], and the statement follows from property P3.

The next theorem replaces the hypothesis of the previous one in order to reach
the same goal. O

Theorem 3.3. If for each x € K and y € OK there exists {y'}ien C IO{ such that
vyt —y and f(x,y) = lim; ., f(z,y"), then the following statements hold:

(1) Ifz €S, then® € K and T(y)T(z —y) <0 Vy €x.

(2) Ifz e K and T(y)T(z —y) <0 Vy E[O(, then T is a solution of EP.

Proof. Ttem 1 follows from item 1 of Theorem 3.2. For item 2, take y € Io{

arbitrarily, then VA € |0, 1] we have that v := Ay + (1 — \)z € IO{ So, using the
same argument as in item 2 of Theorem 3.2, we have that 0 < f(Z,y). Now, if
y € OK the statement follows from the hypothesis. |

The following lemma gives sufficient conditions in order to guarantee the hy-
pothesis used in Theorems 3.2 and 3.3.

Lemma 3.4. If K C ]0,1[" and IO(;A 0, then
a) for each x € K, f(x,-) is subdifferentiable at x;
b) for each y € OK, there exists {y'}ien C IO( such that y* — y, then
lim f(z,y") = f(z,y);

17— 00

¢) if f is bounded above on K x K, then for each compact set C C K,
UzecT(x) is bounded.



CENTER CUTTING PLANE ALGORITHM FOR EQUILIBRIUM POINTS 45

Proof. Ttems a) and b) follow from the fact that each convex function is continuous
and subdifferentiable at each interior point of its effective domain. For item c),
take € > 0 such that C(e) := UzecB(x,€) CJ0,1[", where B(z,e) := {y € R™ :
lly — x| < e}. Given u € UzecT'(z), then there exists € C such that u € I'(x).
So, ul'(y —x) < f(x,y) Vy €]0,1[". If |lu|| > ¢, take z := Pp(y ¢)(x 4 u), then
uT(z — z) = ||ulle. Tt implies that ||ulle < f(x,z). Finally, the statement follows
from the boundedness of f. O

Now let us define the following set for § > 0:
S(6) = UgesB(x,9). (10)

Theorem 3.5. Let f be bounded above on K x K and let T :]0,1["— R™ be a
selection of T'. Given € > 0, there exists § > 0 such that Vx € S(5), we have that
T(y)'(x—y)<eVyekK.

Proof. Let L > 0 be such that L := sup{||v|| : v € UpexI'(x)} and § := ¢/L. Given
x € S(6), we have that T(y)" (z — y) = T(y)" (z — Ps(x)) + T(y)" (Ps(z) —y) <
T(y)'(x — Ps(z)) < LJ =¢,Vy € K. O

Definition 3.6. We say = € [0,1]™ is an e-solution for EP if and only if exists
§ > 0 such that d(z,S) := infyes ||z —y|| < and T(y)T(z —y) < e Vy € K.

4. ALGORITHM

In this section, we start giving the assumptions made to present the proposed
algorithm, which is a variant of the analytic center cutting plane algorithm in [8].
Finally, we analyze its convergence following [8].

For the algorithm we need to consider the listed assumptions:

Al. S is nonempty;
A2. f is bounded above on K x K and satisfies P1, P2, P3;
A3. there exists an oracle such that for each x € ]0,1[" it checks the inclusion

x € argmin{ f(z,y) : y € [0,1]"}.
If the inclusion is false, it generates T'(z) € T'(z);
A4. given T € K and z* € S, if f(Z,2*) =0 then Z is a solution of EP.

We should emphasize that assumptions A1, A2, A4, P1, P2 and P3 are satisfied
by a large class of functions f, meaning that some of them are not necessarily
continuous nor monotone. For example, considering K = [0,1]2, the following

function
[ 1—-y/z, >0
f(xa y) - { 0, €T = 0

satisfies the assumptions Al, A2, A4, P1, P2 and P3, however f is not continuous
neither monotone (not even pseudomonotone).
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The assumption Al holds if f is properly quasimonotone and satisfies P1, P2
and P3. (This concept was introduced by Zhou-Chen in 1998 for the case of
variational inequalities and then extended to bifunctions, for more information
see [3].) The assumption A4 holds if f(-,y) has a unique maximizer for each
ye K.

The following lemma tells us that the hypothesis A4 is obtained if we use other
classical ones for the particular problems considered in Section 1.

Lemma 4.1. Consider the four particular problems of EP presented in Section 1.

a) Given the convex minimization problem, the assumption A4 holds.

b) Given the fized point problem, if (—=T) is monotone (i.e., (u — v)T(x —
y) < 0,Vrz,ye K,ueT(x),veT(y)) then A4 holds.

¢) Given the Nash equilibria problem in noncooperative games, if for each
i €1, fi is additive (i.e., fi(x) =3 c; fij(x;),Vo € K), then A4 holds.

d) Given the variational inequality problem. If (T — I) is monotone, then A4
holds.

Proof. Given z € K and z* € S such that f(z,z*)
a) 0= f(z,2*) = h(z*) — h(Z). Hence h(Z) =
Z is a solution of EP.
b) 0 = f(Z,2%) = sup,er@nr(@ — u)" (z* Then there exists
u € T(z) N K such that (z — u)T (z* — 2) = 0, Wthh implies that

=0, it follows:
h(z*) < h(z) Yz € K, and so

(-2 ' (@* —2) + (@* — )T (z* —z) = 0. (11)

Since z* € S, we have by Theorem 3.2 that z* is a solution of EP and
so z* € T(z*). By monotonicity of (—T), we have that the second term
in (11) is non positive, which implies —||Z —z*||* = (z —2*)T (z* —z) > 0,
and so T = z* is a solution of EP.

¢) For each z,y € K, we have

fay) = Slfw) - fi@)

icl

= > | alye) + Y fislay) = (fula) + Y fig(x)

iel i i
= ) fiily) = Y fuilwi). (12)
il il
By hypothesis, f( Yoier fu(xf) — Der fu(Z:), and so

L") =
Yoicr fii(z)) = Z'LGI fii(@i). Hence, f(2,2) =3 ;o1 fu(wi) = ier fis(Zi) =
Zie]fii(xi)_ZzGIfl’L( :) f( )>0 Vr e K.
d) We have that 0 = f(Z,2*) = supueT(l)u T(z* — z), then there exists
u € T(z) such that a’(z* — z) = 0. Since (T — I) is monotone, then
(u—z)— (u*—2*) T (z—2*) > 0, Vu* € T(z*). Thus (a—u*)T(z—2*) >
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|z —2*||> > 0, and so 0 = ul(z — 2*) > (v*)T(z — z*), Yu* € T(z*).
We also have that 0 < f(z*,z) = supu*eT(I*)(u*)T(f —2*) < 0, then
there exists u* € T(z*) such that (@*)7(z — 2*) = 0. From (11), (12) and
monotonicity of (7' — I), it follows that —||z — 2*||?> = (2* —2)T(z — 2*) =
((u—2z) — (@ —2*))T(z — 2*) > 0, and so Z = z* is a solution of EP.

]

Now, we propose the following algorithm for identifying an e-solution of EP, which
is a variant of the one proposed in [8].

Algorithm

Step 1 : (Initialization)
Given €,1 € ]0,1[. Let A% = (I, —I) € R™*2n 30 = (7,0)" € R?" and
PO ={z eR": (ATz <0},
Set k :=0.

Step 2 : (Computation of an approximate analytic center)
Find z*, an n-approximate analytic center of P*.

Step 3 : (Stopping criterion)
Query the oracle to see if z¥ € argmin{ f(z*,y) : y € [0, 1]"}. If the above
inclusion is true, then stop;

Step 4 : (Generation of the cutting plane)
Query the oracle to generate T'(z*) € T'(x*). Set:

7(a)/||T ()]
= b ( ) I ’

i V@ TR (7] (AT Tk
ot = AT AT
ﬂk = min{(ljn) 2(1 n) ’29’“ ’“}
Update:
Ak+L — (Ak,ak) , prt+l — ((bk)T7 (ak)Txk + 5ka)T and
Pk+1 — {x c R™ - (Ak+1)TI S bk+1}.
Set k := k + 1 and return to step 2.

End

In step 4 of the above algorithm, the updating of z* after a cut is done, as
described at the end of Section 2, is assumed as part of the procedure of finding a
new analytic center. The following lemmas show that the algorithm above is well
defined. We skip the proofs of those lemmas that follow straightforward.

Lemma 4.2. Let 2* be generated by the algorithm. If T(z*) =0, then

2 € argmin{ f(z*,y) : y € [0,1]"}.

k

Moreover, x* is a solution of EP.

Lemma 4.3. Let 2% be generated by the algorithm. If T(x*) # 0, then 7% > 0,
p* >0 and ¥ > 0.
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Lemma 4.4. Let ¥ be generated by the algorithm. If 2% ¢ argmin{f(z*,y):y €
[0,1]™}, then:

a) T(z*) #0;
b) S C Pk. Moreover, T(z*)T(x —2%) <0 Vz € S.
Proof.

a) It follows directly from the contrapositive result of Lemma 4.2.
b) We know that

bO
(aO)TIO + ﬁOTO

(ak—l)Txk—l' + ﬁk_lTk_l

So, we only have to prove that for any = € S, (A¥)Tx < b*. Since z € S C K C
10, 1[", then (A%)Tz < °. By Theorem 3.3, we have

VL (2 — %) — T(a") Tx_xi i _
(a)" ( ) <|T(Ii)”) ( ) <0Vie{0,....k—1}.
So, (a))Tz < (a®)Tat, Vi € {0,...,k — 1}. Since a* = T'(a%)/||T(«?)| # 0, then

by Lemma 4.3 73 > 0, Vi € {0,...,k — 1}. It implies (¢*)Tz < (a’)Tx
(a)Tzt + Birt, Vi € {0,...,k —1}. And so (A*)Tx < bk,

Finally, suppose there exists #* € S such that T'(z*)T (2* — 2%) = 0, then 0 =
T(x®)T (x* —2*) < f(zF, 2*) < 0. It follows by assumption A4 that z* is a solution
of EP, which is a contradiction, because ¥ ¢ argmin{f(z*,y):y € [0,1]"}. O

Lemma 4.5. Let z* be generated by the algorithm. If T(z*) # 0, then the hyper-
plane
H* = {z e R": (") (z — 2*) = gF7*}
intersects the Dikin ellipsoid
Ef = {z e R": ||(Z") 1AM (z —2")| < 1 -0}
Proof. Tt follows from the fact that * < 21—2;% €10, k—’];[ and applying Lemma 2.1.
O

Using the same argument as in Goffin et al. [8] we find an upper bound for
Zsz(Ti)Q. This is achieved by a construction from Nesterov [14], which bounds
AR (ZF)=2(AF)T from below by a certain matrix B¥ simple enough to handle. We
reproduce this result in the next lemma.

Lemma 4.6. Let 2* be generated by the algorithm. If T'(x*) # 0, then

k
. k+1
E 2 < 2n2] )
(T)_nn( 8n)

=0
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Theorem 4.7. Given € >0 and L > sup,ci{||v] : v € ()}, the algorithm finds
an e-solution for EP (1) as soon as k satisfies one of the following conditions:

(1) ¥ € argmin{f(z* y) :y € [0,1]"},

k
@) ¢ _z+2nn(l+5s) exp (—20—F+1
L?n — 2n+k+1 n+k+1)’

where a = —1In(4) — (8n — 3)/(2(1 — n)?).

Proof.

(1) If there exists k € N such that x* € argmin{f(z*,y) : y € [0,1]"}, then by
Lemma 4.2 2% € S. )

(2) If 2% ¢ argmin{f(z*,y) : y € [0,1]"} Vk € N, then by Lemma 4.4 S C P*
Vk € N, and T(z*)T(z — 2¥) < 0,Vz € S and Vk € N. Note that by construction

PF1 c PF Wk eN.
Now, consider k& € N such that

41y _ ekt k41 gk+INT, k411
St = > I (AY) 2"
=1
2nj+k+1

> W[ — (A )]
=1
2n]+k+1

> Wfpgtt — (A )]
=1
2nj+k+1
> > In(e/L) Vz €S (13)

Jj=1

Y

Y

According to definition of S(6 = €/L) (10), the last inequality comes from the fact
that .

S(e/L) =S+ B(0,¢/L) C PE,
where

PF={zecR": (A")Tz <}
with

O Yoy = (@@ DP9t Vj=1,... k+1.

On the other hand, from (7) and from (9), we have

p(zM ) < ¢(3Y) < p(2) + In(47") — (1.5 — g*).

We also have from (7) that
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thus )
G 1) < G(2¥) + In(7%) + In(4) — 1.5 + 8* + 2(1’7_ 5
Since )
ko n__ L—n
P s
we have
¢($k+1) - ¢($k) < ln(Tk) +In(4) — 1.5+ (1 *7777)2
Thus ) g 5
B = 9la¥) < 5 () + () + g
Let o = —In(4) — (87 — 3)/(2(1 — n)?), then
P — plat) < S () —a
So
y 1 iy < 1 kl N2 (k41
;(qﬁ(fv ) — (@) < 5; n(77)” — (k4 1)a
or
k
B — o(a”) < %;mwf - (k4 1)a
Hence

k
A" + (k4 1)a < ¢(2°) + %Z:ln(Tj)2 =2nln (%) + % Zln(rj)Q.

From (13), we have

k
2n+k+1)n(e/L)+ (k+ 1)a < % [ann (i) + Zln(Tj)Q] '

Then

k+1 1 1 b
< V2|
In(e/L) + 5 B 1a 202 FD) 2nln( ) + E In(77)

From concavity of In, we have

k+1 <1

P
BT U W N S /i
2n+k+1 — 2

In(e/L
n(e/L)+ i ktl ontkrl

)
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and from Lemma 4.6, we have

k41 1. [ 2+2n%In(1+ &)
In(e/L)+ ——~ 4 < =1 n) |
ne/l)+ g e s g M+ k1
Thus,
1 k+1
S kLGl ) U P s SR (14)
L?n n+k+1 2n+k+1

As a consequence of inequality (14), we have that for each ¢ > 0 and
L > sup,ep{l|v]| : v € I'(z)}, and according to definition S(4), there exists k € N

such that S(e/L) C P, but S(e¢/L) ¢ Py™'. And thus, for
HY = {z e R™ : (aFH)T (& — 2FH1)}

we have that
HEM' N S(e/L) # 0.

So, as L — 400 or € — 0, we have

lim d(HEY, S)= lim inf [lz -yl =0.
S

k— o0 k—-+o00 g;e]—](’f7 yE

Hence, there exists z* € S such that limj_ o (a®)T(z* — 2%) = 0. Since f is
bounded above, then by item c of Lemma 3.4 the sequence {T'(z*) = ||T(x*)||a*} ken
is bounded. So, limy_, 4o T'(2*)T (2* —2*) = 0. Let Z be any cluster point of {x*},
then there exists J C N such that ¥ — z, and using Lemma 3.1 T'(2*) — T'(), as
k — +ooand k € J. And so, 0 = limy_, o0 kes T(2F)T (2* —2F) = T(2)T (2* —2) <
f(Z,z*) < 0. Hence, using assumption A4, we have that Z is a solution of
EP. The algorithm stops at iteration k when inequality (14) does not hold and
d(x*t1,8) < €/L, verifying that T(y)T(x**1, —y) < € Vy € K, which validates
Theorem 3.5. g

5. FINAL COMMENTS

Here we present a new approach to solve equilibrium problems approximately,
which include as particular problems the variational inequalities problem, the Nash
equilibria problem in non-cooperative games, the convex minimization problem,
and the fixed point problem. Without using projection techniques and considering
different hypotheses compared to the existing methodology in literature, we pro-
posed an algorithm that combines the cutting plane method with the technique
of interior point methods which allows for feasible computer implementation with
polynomial time complexity. In future work, we want to adjust the algorithm
proposed here in order to solve multicriteria optimization problems, where the
objective functions as well as the constrains are linear functions.
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