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ON THE POINT SPECTRUM
OF SCHRODINGER OPERATORS

BY ANNE BERTHIER

1. Introduction

This paper is an extension of a work [2] on the spectral analysis of partial differential
operators of Schrodinger type. The problem was the following: Let A be a compact subset
of R", E a finite interval in R and H a self-adjoint elliptic differential operator in the complex
Hilbert space Jf^L2^"). We define P^(S) to be the spectral projection o f H associated
with the interval 1 and E(A) the multiplication operator by the characteristic function ̂
of A. Do there exist vectors in L2^") which are contained both in the range E(A)Jf
o f E ( A ) and in F(I)^f?

It turns out that the closed subspace J € p (H) generated by the set of eigenvectors ofH plays
a different role from the subspace J^(H)= J'f^(H)1 associated with the continuous
spectrum ofH. Notice that it is shown in [2], under regularity and integrability conditions
on the coefficients of the differential operator, that there do not exist vectors of ^(H) which
belong both to E (A) J^ and to ¥ (S) J^. On-the other hand, to prove the non-existence of
vectors in J^fp (H) belonging to E (A) J^ n F (£) Jf, we used an unique continuation theorem
for solutions of the differential equation associated with H. Now, if for example
H = — A + V, where V is the multiplication operator by a real function v (x), the known results
on unique continuation require a condition L00 (R^N) on y, where N is a closed set of
measure zero such that R"\N is connected ([3], [5]).

In the present paper, we propose to show that:

(1) , J^p(H)^E(A)^^¥(I.)^ = { ( ) } ,

by imposing only an integrability condition on the function v. More precisely, we will prove
(1) under the hypothesis that yeL^(R") with s=2 i f n = l , 2, 3 and s>n-2 i f n^4 .

This result shows that, under the above conditions on r, the operator — A + ^ has no
eigenvector with compact support. This is essentially the content of our Theorem 1 in
paragraph 2. (In the case n= 1, one obtains ordinary differential operators for which results
of this type have been known for a long time [9]).
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2 A.-M. BERTHIER

This result is also interesting from the point of view of "non-existence of positive
eigenvalues of the operator H". In the literature (for example [2], [12]) the non-existence of
positive eigenvalues is obtained in two steps:

(i) under suitable decay conditions at infinity on the function v, it is shown that all
eigenfunctions / associated with a strictly positive eigenvalue ofH have compact support;

(ii) then one imposes suitable local conditions on v (e. g. v e L^ (R"\N) in order to apply
the unique continuation theorem, which then leads to /==0. It turns out that the non-
existence of positive eigenvalues is also obtained by assuming in (ii) as a local condition that
y e L i ^ ( G r ) w i t h s = 2 i f n = l , 2, 3 and s>n-2 if n^4 (Thm. 2).

Finally o.ur method implies also the spectral continuity of a class of Schrodinger operators
with periodic potentials v{x).

The organization of the paper is a follows: first we give the principal results and deduce
Theorems 1 and 2 from Theorem 3 in section 2, and we introduce a direct integral
representation of Schrodinger operators in section 3. This representation will be used in
section 4 for proving Theorem 3. The principal estimate of the proof is the subject of the last
section 5.

2. Statements of the results

Let v: (R" -> R be a measurable function. We always suppose that:

(2) yeLLe(^) with s=2 i f n = l , 2 , 3 ; s>n-2 if n^4.

Notice that s>n—2 in all cases.
The function v will be called periodic if there exist n linearly independent vectors

fli, . . . , a^e R" such that v(x-\-di)=v(x) for all xe R". A periodic function will be called
ortho-periodic if:

(3) dj.dk=L2bjk,

n

with L > 0, i. e. if the vectors of the form ^ a,. ̂ , 0 ̂  a; < 1, define a cube C" with side L.
1=1

We denote by H the symmetric operator:

(4) H=-A+r(x) ,

with domain D(H)=C^([R") and by Ho the unique self-adjoint extension of Ho=-A,
D (Ho) = Co° (^"). Let H a self-adjoint extension of H. We have the following lemma:

LEMMA 1. — Assume that (2) and one of the following conditions are satisfied:
(i) v is periodic;

(ii) yeL°°( [BR) where B^= {xeRn\\x\^R} and ( Bp denotes the complement o/Bp.
Then:
(a) v is Ho-bounded with Ho-bound 0;
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ON THE POINT SPECTRUM 3

(b) H i5 essentially self-adjoint;
(c) D(H)=D(Ho), where H is the unique self-adjoint extension ofH.
Proof. - (b) and (c) follow from (a) by using the Kato-Rellich Theorem ([7], Chapt.

5.4.1). Under hypothesis (i), (a) follows from Theorem XIII. 96 of [11], whereas under the
assumption (ii), (a) can be proved by the method used in the proof of Lemma 3 in [10]. Both
cases are treated in [4].

We now state our principal results. In Theorem 2 we choose as conditions on the
potential v at infinity those used in [4].

THEOREM 1. — Let v e Lj'^. (R") with s satisfying (2) and let H be a self-adjoint extension ofH:
[a) suppose that feL2^1) satisfies Hf=='kffor some X e R and E(A)/=/ for some

compact subset A o/R". (f. e. f is an eigenvector ofH with compact support in R"). Then f = 0;
(fo) for each compact subset A ofR" and each bounded interval Z, one has:

^(H)nE(A)^fnF(2: )^f={0}.

THEOREM 2. — Suppose that:
(i) yeL^Bp) with s satisfying (2) for some R<oo;

(ii) v=-v^-\-v^ such that:

(oc) r^r^L-^Bp),

(P) |x | r i (x)->0 as l.v -^oo,

{y}v^(x)-^0 as xl-^co,

(5)r^F2(r, .)

is differentiable as a function from (R, oo) to L^S""1), and lim sup^/^r^O.
»--^ a

(S"~1 denotes the unit sphere in V.)
Then H=Ho+V has no eigenvalues in (0, oo).

THEOREM 3. — Let v be ortho-periodic and yeL[oc(^") with s satisfying (2). Then the
spectrum o /H=Ho+V is purely continuous.

Remark 1. - By following the proof of Theorem XIII. 100 in [11], it is possible to show that
the operator H in Theorem 3 is absolutely continuous. Other comments on Theorem 3 will
be made at the end of this paper.

Remark 2. - Contrarily to [2], where the operator H was defined by:

H= t ^ y - - + ^ . ( ^ y - - + b , ( x ) ) + V ( x ) ,
j , f e = l \ ^j / \ °^k )

we assume here that the vector potential b={b,,} is equal to zero. It is possible to
generalize Theorem 1 to the case where b^O.

Theorem 2 follows from results of [11] and [6], and from Theorem 1 as indicated in the
introduction. (If H / = X /with X, > 0, then / has compact support by Theorem XIII. 58 of
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4 A.-M. BERTHIER

[II], and consequently /=0 by our Theorem 1.) Theorem 1 (a) is deduced from
Theorem 3: By the proof of Proposition 4 of[2], the vector / belongs to D (Ho) n D (V) and
H/=Ho/+VE(A)/. Let w be an ortho-periodic function such that weL^c(^") and
w (x) = v (x) for xe A. If H^ denotes the periodic Schrodinger operator H^ = H() + W then
Hi f=Hf=^f. Therefore we deduce from Theorem 3 that /=0.

To show Theorem l(b), let S = E ( A ) n F ( £ ) (the orthogonal projection with range
E (A) -^ n F (Z) W } and suppose that / e .W ^ ( H ) satisfies S / = f. f is a linear combination
of eigenvectors of H, i.e. f=Y,^k'9k, where H^=^^ with ^eS. It follows that:

k

S/=/=Za,S0,.
k

Now, by Proposition 2 of [2], S commutes with H; in particular
HS^=SH^=^S^. This implies that each Sgj, is an eigenvector of H of compact
support in A, hence S^=0 by the part (a) of Theorem 1. We deduce from this that
/= S^S^^O. The condition ' abounded" is fundamental: we can choose a potential V

such that ^(H)=X\ i. e. such that the eigenvectors of JT generate ^f. In this case, we
have:

^ (H)nE(A)^f=E(A)^f^{0} . ]

3. Reduction of the translation group of the lattice

In this part, let v be an ortho-periodic potential. In a natural way, this implies a
decomposition of the Hilbert space J^L2^") and of the operators H and H() into direct
integrals. This decomposition will be used in the next part for the proof of Theorem 3.

The potential v satisfies y(x+^)=i;(x) where a^, . . . , a^ are as in (3). The points of the
n

form z= ^ q^a,, q=[q^}eJ,n, form a cubic lattice in R" which is invariant under the
1=1

translations:
z^z+^q[di, q'^l.\

i

In L2^"). we consider the unitary representation \J{q) of the additive group Z" given by:

(5) [U^)/](x)=/(x-^^,a,)=/(x-L^,
('

where we have written ][^.^=L^, assuming that the directions of the a, coincide with
i

Cartesian coordinate system.
We also introduce the reciprocal lattice which is the set of points of the following form:

n
z= I qi~e\, qeZ^

i= 1

4" SERIE - TOME 15 - 1982 - N° 1



ON THE POINT SPECTRUM 5

where the vectors e^, . . . , e^ are defined by:

(6) ei.ak=2nbik.

We may write z=1Eq, with E = 2 TT L -1. Let again:

f " 1
r " = ^ f e e R " | f c = ^^.,0^<1 ̂

I 1=1 J

Consider the Hilbert space ^ of square-integrable functions /: F" -^ I2 = J2 (Z"):

^L2^;!2).

We write /(^)g for the component ^(^eZ") of/ at the point ^eZ". Thus, we have:

l l / I I J = f dk ^ |/(^|2.
Jr" ^e / , "

Now, let ^ : ^f ^ ̂  be the operator defined by:

(7) {^f)(k\=f(k^q\

where /is the Fourier transform of the function /:

/(^)=(27i)-"/2 Lim f dx exp (-ix^) /(x).
JR"

It follows from PlancherePs Theorem that the operator ̂  is unitary, and its inverse is given
by:

^[^{/(JlK^/W,,
where qe Z" and ke F" are determined by k-\- E q= ̂  If m e Z", one has:

(8) [^U(m)/](fe),=exp(-iL£m)(^/)(^,

i.e. ^\J(m)^~1 is diagonalizable in ^ (i.e. a multiplication operator by a function of
^). As the functions {exp(iLk.m)]^^ form a basis of L2^"), each bounded
diagonalizable operator is a function of { ^ U(m) ̂ ~1}. As Ho, V and H commute with
every U(w), these operators commute with each diagonalizable operator, i.e. ^<Ho^/~ 1 ,
^V^"1 and ^H^-1 are decomposable in L2^"; J2). Therefore there exist in J2

measurable families of self-adjoint operators Ho(fc), V(^) and H(^)(^er") such that, for
/eD(Ho):

(^Ho/)^)=HoW/(^),
(9) (^V/)(fc)=V(^)/(£),

(^H/)(/?)=H(^/(^).

Now let us give the explicit form and the properties of these three families of operators.

ANNALES SCIENTIFIQUES DE L'ECOLE NORMALE SUPERIEURE



6 A.-M. BERTHIER

LEMMA2. - (i)Ho(k)istheself-adjointmultiplicationoperatorinl2,by^k(q)=(k^Eq)2 '.If
9^[gq}el^ then:

(HoW^=(^+E^)2^

(ii) the domain o/D(Ho(^)) is independent of K and is given by:

D(Ho(fc))=Do={^IJ \q2g,\2<oo};
qeZ"

(iii) the resolvent (Ho(fe)-u)~1 ofHoW is a compact operator for all u^a(Ho(fc)) , where
a(Ho(^)) is the spectrum o/Ho(^).

Proof. — (i) and (ii) are obvious, since:

(Ho/)(€)= ?/(€).
(iii) The resolvent (Ho(/Q-u)~1 is the multiplication operator by:

^(q)=[(k+Eq)2-^]-1.
Let XM be the characteristic function of the set { qeJ.n \ q2 ̂  M} and DM the multiplication
operator by ^(^XM^?)' D^ is a compact (even nuclear) operator, and:

(10) | |(Ho(/?)-^)- l-DM||=Sup?+E^)2-a]-1^0,
q>M

as M -^ oo. Thus (Ho (^) — a)~1 is compact as the uniform limit of the sequence { DM } of
compact operators. •

Let us denote by {^}gez" the Fourier coefficients of the periodic function v:

(11) ^L-^2 dx exp (-iE.q.x)v(x).
Jc"

Notice that ueL^C") for all pe[l, 5]. To establish the relation between the Fourier
coefficients of v and the operator V(^) we need the following result:

LEMMA 3. - Given (p, \|/ : Z" -^ C, w^ A?/in^ an operator A^ : <2 ̂  ̂  as follows:

(\^9}q= E (P(m)vl/(?-m)^-m•
meZ"

Assume that 2^p<oo,\ | /e^(Z") and let { ( p (^)} be the Fourier coefficients of a function 0
belonging to L^C"). Then A^ is a compact operator and one has:

(12) IIA^II^L-^^-^IIOII^)!!^!!^").
Proof. - For g = {g^ } e /2, define \|/ ̂  = { ^ (?) ̂ -}. By the Holder inequality, v|/ g e ̂  with

r-^l^+p"1, i.e. l^r<2, and:

11^11^11^11,11^112.

46 SERIE - TOME 15 - 1982 - N° 1



ON THE POINT SPECTRUM 7

Let:

y(x)=L-"/2 ^ exp(iE^.x)v|/te)^, xeC/1.
qeZ"

By the Hausdorff-Young inequality [8], y e L' (C") with ( r ' ) ~ 1 = 1 - r~1 = 1 /2 - j?-1 and:

(13) l ly l l^L^-^II^^II^L^^-^l l^ l l . l l^ l l , .

Since 1 /2 == p~ 1 + (r')-1 and 0> e L^ (C"), the Holder inequality implies that 0 y e L2 (C") and:

(14) l | 0 y l l 2 ^ 11^11. l ly l l^L^-^i lo i l . l lv l / i i , i i^ i i , .
Now:

r -. -. ^ _
(A(p^)?= dx exp (- iE.^.x)0(x)y(x) ,

Jc"

and by PlancherePs theorem we have:

(15) IIA.^II^L^HOyll^L^ ||a)| | , | |^| | ,H^ll,.

This shows that A(^ is defined everywhere with the bound (12) :
(fo) Let DM be the multiplication operator by \|/M (?) = ̂  (?) X^ ̂ ) (s^ ̂  P1'00^ 0^ Lemma

2). By (a), A^j^ is bounded, and A^ is non-zero only on a subspace of finite
dimension. Therefore A^^ is nuclear. By using (12) we obtain:

(16) I IA^-A^II^L^^-^IIOH.IKl-x^vl / l l , .

Since v|/e^, | | ( l—^^)^ | / | |p^0 as M->- oo. This proves the compactness ofA^.

LEMMA 4. — Let Y be the operator in l^ defined by:

(17) (Y^L-^2 ^ F,^_,.
meZ"

Th^n:- ^

(i) DQ^D(Y) an^ Y is symmetric on Do;
(ii) Y is relatively compact with respect to Ho(^);

(iii) V(fc)=Y on Do,/or aH feer^ (m particular V(^) 15 independent ofk)',
(iv) H^)=Ho(^)+Ya^D(H(^))=Do.
Proo/. - ( i ) I f6feDo, then^=[H(6)+l ] - l forsome^e/ 2 . (15) shows that \\\g\\2 < w,

therefore Do ^ D(Y). By using v_q=Vq, one obtains easily that (/, Y^)=(Y/, g) for
/,^Do;

(ii) Y(Ho(^)+l)~ 1 is of the form A^, with OO^L"^2^.?) and
v|/(^)=[(/c+E^)2+l]- l. Notice that \|/e^ for each p > n/2. As yeL^C") for s=2 if
n=2, 3 and 5 > n/2 if n ̂  4, Lemma 3 implies that Y(Ho(^)+ I)"1 is compact;

ANNALES SCIENTIFIQUES DE L'ECOLE NORMALE SUPERIEURE
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(iii) this can be verified by calculating the F^ourier transform of V/;
(iv) by (i) and (ii), Ho(^) is self-adjoint. H(^)=Ho(^)+Y follows from (iii) and

Lemmas 1 and 2.

4. Proof of Theorem 3

Let/be an eigenvector of H, i. e. H/= ̂ /for some A- e R. By defining v ' (x) = v (x) — X- and
H'=HO+V' , we have H'/=0. Since V satisfies also the hypothesis (2), it is possible to
assume without loss of generality that ?i=0.

Let Fo={^er \ (^f)(k) ̂  0 in ^}. Fo is measurable. Since H(k)(^f)(k)=Q, H(k}
must have the eigenvalue 0 for almost all the keFo. We will show that, for all
pe(k^ . . ., ^,_i, (^eR""1 the set 9(p) of the points ^e(0, E) such that
Oec^H^+A^E"1 e\)) is a set of measure zero. Thus the measure of F() is zero, i.e.
(^/)(^)=0 a.e., i.e./=0. Therefore H cannot have any eigenvalues.

Fix p=(k^, . . .,^-1). To show that the measure of 9(p) is zero, we shall use the
Fredholm theory of holomorphic families of operators of type (A), [7]. Let Q be the
following complex domain:

(18) Q={^+f r | ^ e (0 , l) , re^}.

For z e Q, we define Ho (p, ze^) to be the multiplication operator in ̂  by ( p + ze^ + E q)2 and:

(19) H(p,z^)=Ho(p,z?J+Y.

We shall see that:

(I) {H(p , zej} is a holomorphic family of type (A) with respect to z. (See the
terminology in [7]);

(II) the resolvent of H(p, z?J is compact;
(III) the resolvent set of H(p, ze^} is not empty.
Under these conditions, Theorem VII. 1.10 of [7] says that we have the following

alternative:
— either Oe a (H(p, ze^)) for each zeQ;
— or every compact QQ m ^ contains only a finite number of points z such that

Oea(H(p,z^)) .
We shall show that:
(IV) 0 belongs to the resolvent set of H (p, ze^) for Im z sufficiently large. Hence the first

alternative is excluded, so that the measure of 9(p) is zero.
The remainder of the paper is devoted to the verification of the properties I to IV of

H(p, ze^). To simplify the notations we write H(p, z) for H(p, ze^).

LEMMA 5. - (i) Ho(p, z) is a self-adjoint holomorphic family of type (A) in Q with domain
D(Ho(p ,z ) )=Do;

46 SERIE - TOME 15 - 1982 - N° 1



ON THE POINT SPECTRUM 9

(ii) V z e Q , the resolvent <9/ 'Ho(p, z) is compact;
( i i i ) 0 belongs to the resolvent set p ( H o ( p , z)) o/ Ho(p , ^)/or all z with Im z ̂  0.

Pnw/'. — ( i ) Let P ^ ( / ' = 1 , . . . . / ? ) be the following operator in /2:

(20) P^=^.

One has:

( 2 1 ) H < , (;7, r ) = ( /?+ EP+ ze,)2 =( ?+ EP)2 + E2 r2 + 2 E2 r P,,,

and the result is immediate:
(ii) the proof is the same as in Lemma 2 (iv).

(iii) for z=J'+fr, we have:

(22) Im(p+E^+z^) 2=2E 2 r (^+^) ,

which is different from zero if r 7^ 0. Since q^e^. and ^e(0, 1) it follows that:

l l tHo^zM^I^SupKp+E^+z^ l -^cx) ,
qeZ"

i . e . O e p ( H o ( p , z ) ) .

LEMMA 6. — (i) H (p, z) is a self-adjoint holomorphic family of type (A) in Q with domain Do;
(ii) V z e Q r^ resolvent ofH(p, z) is compact;

(iii) /or all p e r ' 1 ' 1 and zeQ, p(H(p, z)) is not empty.
Proof. — (i) this follows from Lemmas 5 (i) and 4 (ii);
(iii) it suffices to show:

(23) lim IIYtHo^z)-^]-1!!^
^-> +00

since then the Neumann series for [H(p, z ) — i ^ ] ~ 1 , i.e.:

oo

(24) [H^-i^-^Ho^z)-^]-1 ^ {-Y[Ho(p,z)- iX]- 1 }" ,
M=0

is convergent if X, is sufficiently large. Now, by (12):

(25) I IYtHo^-^Fl l^L-^ lhIL^ Kp+Eg+z^)2-^!-5}1/5 .
qeZ"

We have with the notations z=^+ir , ^=(p, ^^Jer":

(26) Kp+Eg+z^) 2 -^! - 2 ^ {[(/c t+E^)2-E2r2]2

+4E 4r 2[^+^,-^(2E 2^)- l ] 2}- l ^ [(k+Eq)2 -E2r2]-2.

ANNALES SCIENTIFIQUES I)F L'ECOLE NORMALE SUPERIEURE



\Q A.-M. BERTHIER

This shows that each term of the sum in (26) converges to zero as K -^ + oo, and that the series
in (26) is uniformly majorized in ?i by a convergent serie (since s > n/2). Therefore (23) is
proven.

(If z is such that (k+ E qf - E2 r2 = 0 for certain qe Z", then there exist c > 0 and ^o < °o
such that 4 E4 r2 [̂  + ̂  - ̂  (2 E2 r) -1]2 ^ c for all these q andjbr each \ ̂  ^o' For these
values of q we can take as majorization in (26) the number c~1).

(ii) Now we use the first and the second resolvent equation:

(27) [H(p,z)-y- l=[H(p,z)-^l]- l+(^-^i)[H(p,z)-y- l[H(p,z)-^i]- l.

(28) [H(p,z)-^l]- l=[Ho(P,z)-^i3- l-[H(p,z)-^i]-lY[Ho(p,^)-^i]-l.

(27) shows that i f [ H ( ? , z)-^"1 is compact for j ^ e p ( H ( p , z)) then [H(p, z)-y~1 is
compact for each ^ e p ( H ( ^ , z ) ) . Since [Hot^z) -^" 1 and Y[Ho(^ , z)-n]'1 are
compact i f ^ i e p ( H o ( / ? , ^ ) ) , by (28) it suffices to show that: ^

p(Ho(P,z))np(H(p,z))^0.

We know from (iii) that there exists a poim ̂  ̂ P ( H ( P , z)). I f ^o^P(Ho(P . z)), there exists
a point close to |^ep(Ho(P, z) )n p(H(p , z)), since:

(a) p(H(p, z)) is open; ^
( P ) a (Ho(p , z)) consists of isolated eigenvalues only, because the resolvent of Ho ( p , z ) i s

compact (17J, r h m . I I I 6 . 2 9 ) .
By Lemma 6 we have verified the properties (I) to (III) of the family {H(p , z)}. It now

remains to prove (IV) i.e. Oep(H(p , z)) for some z=^+ir in0. We have seen that
0 e p (Ho (P, z)) if r ^ 0. We shall show that:

(29) lim IIYEIUp^+^r1!!^.
r -» oo

By using the Neumann series (24) with ?i=0 and r sufficiently large, (29) implies
0 e p (H (p, z)) if r = Im z is sufficiently large.

To obtain (29), we use the inequality (25). By virtue of the first inequality in (26), it suffices
to show that:

which will be done in the next section.

5. Estimation of the series (30)

We now show that (30) holds if 5 =2 torn =2,3, s > n-2 torn ^4 and ̂ e(0, 1). We use
the following notations:

(31) a=2r |^+^| , b^+^-r2.

46 SERIE - TOME 15 - 1982 - N° 1



ON THE POINT SPECTRUM 11

Weset^E'^fel, . . . , fe^Jer;"1, where H"1 = { p e R " - 1 | 0 ̂  p, < 1}, and:

(32) S(^,r)= ^ [[(m+p^+bf+a2}-512.
meZ""1

(30) is then equivalent to:

(33) Lim ^ S(^,r)=0.
r —>• oo ^n6^

To prove (33), we first give a preliminary estimate in Lemma 7.

LEMMA 7. - L^r 5 > 0, c > 0 and R > 0. TTien;

(34) s.mf mf ̂ ^ > 0.
^R ^5,. (^fr)^2

^-r2

f,^0
| r -2 | ^c

Proof. - Setting oc =a/r, P=fc r~ 2 , a=z/r, T = r / r and Q,={(a, P, a, r) | oc ^ 5, P ^ - 1,
a ^ 0, T ^ 0, | a — T [ ^ cr~1}, we see that (34) is equivalent to:

^ . , . , (c^+P)^^)2 .(35) 8= mf mf — ^ — ^ — ^ > 0.
r^R Q. (T2+P)2+(a/r)2

The quotient on the r. h. s. of (35) is ^ 1 if | T2 + P | ̂  | a2 + P |. Hence the infimum is
obtained by taking | T2 + P | ̂  | a2 + P |. Under this restriction we have:

(c^2+P)2+(a/r)2 ^ R^+P)2 (a2+P)2+(a/r)2 1
v / (T2+P)2+(a/r)2 = m a x^(T2+p)2 5(T2+P)2+2(oc/r)2J•

Also notice the following inequalities, valid on each Q^ with r ̂  R:

(37) T^P^T-c^+a^+P^T-c^^^+P

=2(a2+P)-P+2(T-cy)2 ^ 2 (a 2 +?)+ I+2c- 2 R-2.

(38) Ka^P^C^+P)! ^(c j+T)|<j -T| ^(a+T)cr- 1 .

(•38) implies that:

(39) (i2 + P)2 ^ 2(a2 + P)2 + 2(a +r)2 c2 r~2.

We denote by £+ and e- the infimum in (35) under the restriction c^+P ^ 1 and
c ^ + p e t — l , +1] respectively. It suffices to show that 8+ > 0 and c_ > 0. In the first
case (i. e. for a2 + P ^ 1), we use the first expression on the r. h. s. of (36) and the inequality
(37). Setting x = a2 + P, we see that:

(40) 8^ = inf .. . x 2 ,_^ > 0.^i (2 x+1+20^ 2)2
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In the second case (i.e. for c^+pet- l , +1]), we have o2 ^ 2, hence
a+T ^ 2 ^/2+cR~2 = r|. After inserting this into (39) and using the second expression on
the r.h.s. of (36), one obtains by setting y=(a2 -^-^)2:

}'+(oc/r)2

IRO^I 2^+2r|2c2r-2+2(a/r)2
(41) 8 _ = i n f inf ;

^^ 2n2c•2^^2(oc77)2- = 2,2^T28T >0-

Proof of (33). - Let meZ""1 and r(m) be the cube:

^(m)={xenn~l x=p+m+.y, y e F ^ - 1 } .

We have n^nnm^O ifm^m' and:

R"-^ U r(m).
i n e l " - '

Let c= ^/n—1. Then for each xer(m) and each meZ""1:

[ |m+p|- |x | | ̂  c.

Let 5=1/2 min (J', 1 -^'). By assumption 5 > 0; since a ̂  6r and b = -r2, Lemma 7
implies the existence of a number 8 > 0 such that, for each meZ""1 , each xer(m), each
a = 5r and h^-r2 and all r ^ R:

(42) [(^+py+^]_^2^^?_^2_^2]

Thus:

(43) S(^,r)= ^ {[(^+p)2+^^^-./2
weZ""1

= ^ [ ^{[(m+^+^+a2]-5/2

^eZ""' J^(m)

=8-1^ [ ^{(P+^+fl2}-^2

^ J1'^)c
=8-1 ^{(x 2 +^) 2 +a 2rP-L^^,^)-^

JR"-1

i r00
=-£- 1 ^- , ^-3) /2{(^+fc)2+a2}-s/2^

2 J o

where we have introduced spherical polar coordinates, y = \ x |2 and w^ _ i denotes the area of
the unit sphere in [R"~1 .
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To estimate the integral in (43), we distinguish the two cases b ̂  0 and b < 0. For b ̂  0,
we have {(y+b)2 ̂ a2}-812 ^ [y2+a2 ̂ b2}-8!2, and (43) leads to:

S(^,r)^18- lw,- l (a2+^2 ) - s / 2 + ("- l ) / 4 rz^-^^+ir^z.
2 J o

Notice that the integral in this expression is convergent since s > nil. By observing that:

(44) a2+fc2=[^+J')2+r2]2 .

we obtain:

(45) ^ S(^ , r )^Cte ^ l^+^l-2^"-1 .
l^+^' l^r \q,+S'\^r

The hypothesis 5 > n /2 implies that the last series is convergent so that this term tends to zero
as r —" oc.

We now turn to the case b<0. We set z=(y-\-b)/a. (43) then gives:

(46) S(^, r ) ^ 1 8-1 w,_i a-8^ [ + °° {az-b)^-^2 { l+z2}-5/2 dz.
' + 00

b / a^ h/^

If n = 3, this leads to:

(47) S^.r)^^-^1 r^laz^-^+lfol^-^l+z2}-^^
J - ^

^C-^"^1 [ l^ l^-^^+l^ l^1"3^2 ] ^(•3^-• s •+ l (<32+^2 ) ( " -3) /4^

Using (47), (44) and (31), we obtain in this case that:

^ S ( q „ r ) ^ c ^ r - s + l r n - 3 ^ ^+^|-+i =^9 (r-5^-2 log r),
l^ , ,+-^ l< ' - i9,,+^'|<r

since s ^ 2. Under the hypothesis s > n — 2 , this converges to zero as r -»• oo.
Finally, i fn=2, one may bound the integral in (46) by a constant which is independent of a

and b on the set [a ^ OQ > 0, b < 0}; this is easily achieved by splitting the domain of
integration into {z | az—b ^ 1} u {z | az—b > 1}. Thus:

S^r^^r-^l^+^l-^1 , V^, V r ^ r o .

For any s > 3/2, this implies that:

lim ^ S(^,r)=0. •
r-f oo j^n+^l < r

Remark 3. — One sees from the preceding proof that, for n = 3, the limit in (33) is zero under
the weaker hypothesis that s > 3/2. By using a modified resolvent equation, one obtains
the result of Theorem 1 for s > 3/2. The case 5=2, n=3 was first treated by Thomas
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in [12]. Similarly, for n=2, a more careful estimate of the integral in (46) shows that it
suffices to require s > 1.

Remark 4. — Theorem 3 remains true if the condition of ortho-periodicity ofv is replaced
by the weaker condition of periodicity. Indeed, the estimation of the series given in
section 5, may be applied if, instead of a,. cij = 8^., one requires only that a,. a^ == 8^ (i. e. the
vector a^ is orthogonal to .the hyperplane spanned by a^ .. ., a^_ i). Clearly the direction
a^ is distinguished in our estimation. A similar result for an arbitrary periodic lattice is
given in Theorem XIII. 100 of [II], under a more restrictive assumption on the local
behaviour of the function v(x) than that of Theorem 3.

Remark 5. — We also have the following result which generalizes Theorem 1:

THEOREM V. - LetveL^(Rn\^),wheressatisfiess=2ifn=l,2,3ands > n-2ifn^ 4,
and where N is a closed set of measure zero. Let H be a self-adjoint extension of H,
D (H) = C^ (GT\N). Suppose thatfe L2 (GT) satisfies Hf= -kffor some \ e R and E (A) f=f
for some compact subset o/R"\N {i.e.fis an eigenvector ofH having compact support in
R"\N). Thenf=0.

Proof. - One has ̂  ( . ) v ( . ) e L5 (^n). Let C be a cube in GT such that A ^ C. Define w
by:

^+E^^)=XA(;?M^), xeC,

w is ortho-periodic and in Lfoc (^"). Since (Ho +w)/=V, one has/=0 by Theorem 3. •
Remark 6. - The hypothesis " Z bounded" in Theorem l(fo) is essential. Assume for

example that v is such that Ho+u has pure point spectrum (e.g. v(x) -^ + oc as
|x | -^oo) . TakeS=R. Then:

F(I:)^f=^f and E(A) ̂ n F (S) ^fn ^,(H)=E(A) ^.

Since E(A)^f^{0} if A has positive measure, it is clear that one cannot have
E(A)^fnF(S)^fn^(H)={0} in this case.

Remark 7. - By combining our Theorem 1 with Proposition 4 of[2], one may also prove
that E(A) ^fnF(2;) ^f={0} under assumptions of Theorem l(b).
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