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0. Introduction

Let G be a real reductive Lie group of Harish-Chandra’s class, ¢ an involution of G
and H an open subgroup of the group G° of fixed points for . The purpose of this
paper is to study the principal series of the reductive symmetric space G/H. This is a
series of representations Indg (§ ® e *® 1), induced from a parabolic subgroup P, which
one may expect to contribute to the “most continuous™ part in the Plancherel decomposi-
tion of L2(G/H). The actual contribution to a Plancherel formula has to be described
in terms of the (finite dimensional) spaces 2’ (P:&: A" of H-fixed distribution vectors
for IndS(E® e *®1). The main result of the present paper is that the spaces
2’ (P:£: MM can be provided with Hermitian inner products which are preserved by the
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360 E. P. VAN DEN BAN

actions of certain normalized intertwining operators (Theorem 9.2, Corollary
9.3). Since these inner products are not (and cannot be) restrictions of L2-inner prod-
ucts, this result is by no means an easy consequence of unitarity of normalized intertwining
operators. As we will show in a second paper ([Ba 88 II]), Corollary 9. 3 has an important
consequence for the asymptotics of Eisenstein integrals related to the principal series: it
implies that these integrals behave asymptotically like a finite sum of vector valued plane
waves, whose amplitudes have a common absolute value (when A is imaginary). This is
analogous to the situation in the case of a group G=G x G/diagonal; in that case this
common absolute value determines part of the Plancherel measure (¢f. [HC76II]). In
fact the consequence just mentioned has been one of our primary motivations for writing
the present paper.

We shall now describe the contents of our paper in somewhat more detail. There
exists a Cartan involution 6 of G which commutes with . In order that the induced
representation Indf(é@e'x(@ 1) contributes to the Plancherel decomposition, it must
have H-fixed distribution vectors. More precisely, let C®(P:&: —)) be the space of
C=-vectors for Ind$ (£ ® e * ® 1) and 2’ (P: &: )) its topological anti-linear dual. Then
the space 2’ (P: £: MM of H-fixed elements in 2’ (P: &: ) must be non-trivial. Now this
can only be true for generic A if P is oB-stable. The contributions to the “most
continuous” part of the Plancherel decomposition are expected to come from minimal
o0-stable parabolic subgroups. This is known to be true firstly in the group case by
Harish-Chandra’s work (cf. [HC 581, II], [HC 75], [HC 76 1, 1I]) and secondly in a
number of rank one cases ([Str 73], [Ro 78], [Fa 79], [D-P 86]). In Section 2 we classify
the K M H°conjugacy classes of minimal of-stable parabolics. We also introduce a
(finite) set 2 (A,) of special representatives of these conjugacy classes. Elements of
Z2,(A,) have the same MA-part in their Langlands decomposition.

In Section 3 we investigate the further conditions to be imposed on the induction
data. For 2’ (P:&: )M to be sufficiently rich we require that A be contained in a linear
subspace o}, of a* and & in a certain set Mps of finite dimensional unitary representations
of M (¢f. Lemma 3.3). The resulting series of representations is called the principal
series for G/H (cf. Definition 3.4). It is unitary for imaginary values of A.

If Py, P,e?,(A), then there exists an intertwining operator A(P,:P;:£:):
C®(P;:&:0) > C®(P,:&:A) defined as in [K-S 80]. The fact that A varies in the
(generally) lower dimensional subspace af, of a¥ forces us to study its existence and
meromorphic dependence on A in some detail. This is done in Section 4 where we also
study its extension to distributions.

In Section 5 we begin the study of 2’ (P:£:A)". We define a finite dimensional vector
space V(&) and for —Re(A)—pp strictly P-dominant a linear map j(P:&:2) from V(&)
into 2’ (P:&:M)" which is bijective for generic A and then provides a parametrization
for 2'(P:&£: M. Moreover, j(P:&:)\) depends holomorphically on A in the above
mentioned region (Lemma 5.7). The necessity to cover imaginary values of A (corre-
sponding to the unitary principal series) forces us to show that the map j(P:&: 1))
admits a meromorphic continuation in A (c¢f. Theorem 5.10). The existence of such a
continuation was essentially announced in [Os 79], proved for symmetric spaces G/K, by
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[O-S80] and for spaces G/H with H=G® by [O186]. Both proofs depend on [B-G 69]
or [B72]. Our proof is entirely different, using an a priori estimate of dime 2’ (P: &: )H
(Corollary 5.3) and results of [S71] and [K-S80] on the meromorphic continuation of
intertwining operators.

In Section 6 we are finally prepared to study the actions of intertwining operators on H-
fixed distributions. More precisely, if P;, P,eZ,(A,), then the equation A (P,:P;:&: 1)
oj(Py:E:A)=j(P,:E:A\)oB(P,:P;:&:\) uniquely determines an endomorphism
B(P,:P,:&: 1) of V(§) which depends meromorphically on A. The basic result of our
paper is that V(&) carries a Hermitian inner product (independent of A) such that
B(P,:P,:£:)*=B(P,:P,:£: —X) (Theorem 6.3). It is proved in the course of Sec-
tions 7, 8 by means of a o-split rank one reduction. In the final Section 9 results are
reformulated in terms of normalized operators.

In a slightly different form the endomorphism B has for the first time been introduced
by Oshima and Sekiguchi for spaces G/K, (cf. [O-S 80]). Then Mps consists of only the
trivial representation and the matrix B(P,:P;:1:)) admits an explicit computation (cf.
[loc. cit. Lemma 4.14]). Moreover, it plays a crucial role in the theory of the Poisson
transformation for the above mentioned spaces.

Acknowledgements
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1. Preliminaries, root systems and Weyl groups

In this paper, G will always be a real reductive Lie group of Harish-Chandra’s class,
o an involution of G, and 6 a Cartan involution commuting with o (for its existence, cf.
[Be 57], [Ba 87 II]). Let H be an open subgroup of the group G° of fixed points for
o. We call G/H a reductive symmetric space of the Harish-Chandra’s class (cf. [Ba 87
11])).

In the course of the proof of our main result, Theorem 6.3, we shall also need the
following assumption on G:

(A) Every Cartan subgroup of G is abelian.

[Vo 81] works under the same assumption; notice that we do not require G to be
linear. Recall that (A) is inherited by Levi components of parabolic subgroups of G.
Therefore the usual induction arguments may be applied to our class of groups. It
should be noted that much of the theory of this paper holds for groups of the Harish-
Chandra’s class not satisfying (A); in fact it is not until Lemma 6. 16 that we do require
(A) to hold permanently. The above assumption is explicitly used only in the proofs of
Lemmas 5.4 and 6.16. Its necessity for Lemma 5.4 to be valid was pointed out to me
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by H. Schlichtkrull. This is illustrated by the following example, due to him and R.
Lipsman.

Let F={—1,0,1} be the field of three elements. Then, being a finite group,
G=SL(2,F) is of Harish-Chandra’s class; however, G is not abelian, hence does not

. . . 1 0 . . .
satisfy (A). Let o:G — G be conjugation by (0 1>, then its group of fixed points

is H={ —-LI}. Let #, be the 3-dimensional complex linear space of functions
P! (F) —» C whose average value is zero. Then the natural representation & of G on H
is irreducible, and all of its vectors are H-fixed. In the notations of Lemma 5.4 we
have: M=G, £eM;,, and dim #} " H=3,

Notice that the above also provides an example of a reductive symmetric space of
Harish-Chandra’s class whose discrete series are not multiplicity free.

Put K=G?9 and let f and p (h and q) denote the +1 and —1 eigenspaces of (o) in g
respectively (as usual groups are denoted by Roman capitals; their Lie algebras by the
corresponding lower case German letters). We extend the Killing form on g, =[g, g] to
a non-degenerate bilinear form B on g which is positive definite on p, negative definite
on f and for which center(g) N and center(g) M q are orthogonal. Then the joint
eigenspace decomposition

g=ENg@dENhEPNa@(PND)

for 6 and o is B-orthogonal. Fix a maximal abelian subspace a,, of p (M q and extend
it to a o-stable maximal abelian subspace a, of p. The restricted roots X (g, a,,) of a,,
in g constitute a (possibly non-reduced) root system (cf. [Ro 79]), which we denote by
2. Let £,=X(g,0,). If X5 and T* are compatible systems of positive roots for X,
and X respectively, we agree to write A, and A for the associated fundamental
systems. The reflection groups of X, and X are denoted by W, and W. Notice that
Wo~Ng (ag)/Zg (ap). Now let Wy, ={weW,; ow=wo on a,}. Then clearly
W, .~ Nk (a5) NN (ao,)/Zg (a,). Put Zf={aeZq0|a,,=0} and let W(Zf) denote
the associated reflection group.

Lemma 1. 1. — Restriction to a , induces a natural surjective map W, , — W with kernel
W (Z).

Proof. — The first assertion follows from ([Schl 84], Proposition 7.1.7). The assertion
on the kernel follows straightforwardly by application of ([Va 74], Lemma 4.15.15). B

LemMMA 1.2. — The map Nk (a,,) — End(a, ), k — Ad (k) |ao o induces an isomorphism
N (ag )/Zx (a0 ) = W.

Proof. — Let M, be the centralizer of a,, in G. Then a, is maximal abelian in
m; N p. Moreover if k; eN,(a,,), then k; normalizes M, and Ad(k,)a, is maximal
abelian in m, N p. It follows that Ad(k,) a,=Ad(k,)a, for some k,e M? K. Let
k=k;'k,. ThenkeNy(ap) N Ng(ay,) and it follows that Ad (k,) |a,,=Ad (k) |a,e W
(use Lemma 1.1). By Lemma 1.1 the map Ng(a,,) - W is surjective, whence the
result.
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Let Wok ~u (Wg i) denote the image of Ny y(ag) (Ng ,u(ao,) in Wy (W). Then
obviously Wy« ~u = Wy, and the restriction W, , > W maps Wy 4 into Wy 4

LemMA 1.3. — The natural map W, , — W induces a bijection between the coset spaces
W(Z5) WooWok oy and W/ Wy .

Proof. — By Lemma 1.1 we have W(Zh)\W, _~W as groups. Hence it suffices to
show that W, . y maps onto Wy . Let k; eNg  y(ap,). Then k; normalizes m; Nb
(cf. the proof of Lemma 1.2) and a, N }h is maximal abelian in (m; NH) Np. Hence
Ad(k,)(aoNh)=Ad(k,) (ap N b) for some k,e(M; "NHNK)®. Letk=k;'k,. Then
keNg ~u(ap) and Ad (k) | a, has image Ad (k) a, , under the natural restriction map. W

Let g, denote the + 1-eigenspace of o0 in g. It admits the Cartan decomposition
g+=ENh@(PNaq). Let ,=%(g4,0a0,). Its reflection group W(Z,) is contained
in Wy 4. The following result is proved in [Ba 871I].

LEMMA 1.4. — We have H=HZy  y(a,,) iff W(Z,)=Wg ..

The group H is said to be essentially connected if it satisfies the equalities of the above
lemma.

2. o0-stable parabolic subgroups

The purpose of this section is to classify K (M H%-conjugacy classes of minimal o9-
stable parabolic subgroups. We first consider the Langlands decomposition MAN of
any c0-stable parabolic P. Its 6-stable Levi component M, =MA =P 0(P) is o-stable
because ¢ and 6 commute. Since a=center (m;) \p and m=m, N a* it follows that
A and M are o-stable as well (use that M=(M; N K)exp(mMp)). Finally
N=06(N)=0c(N). The following lemma is now obvious.

LEMMA 2.1. — Let P be a parabolic subgroup with Langlands decomposition
P=MAN. Then the following conditions are equivalent:

(i) P is o0O-stable;
(i) A is oB-stable and Z(n, a) is cB-stable as a subset of the a-weights in g.

If P is a o0-stable parabolic subgroup with Langlands decomposition P=MAN, then
A splits as a direct product A=A, A, where A,=A NH and A,={xeA; o(x)=x""}
are closed subgroups of A. Moreover, M,=MA, is a reductive group of Harish-
Chandra’s class, and we have a decomposition

P=M,A N,
called the o-Langlands decomposition of P.

LemMMA 2.2. — Let P be a o0-stable parabolic with o-Langlands decomposition
P=M A ,N. Then M; =M, A, is the centralizer of A in G, and a,=center (m;) \p N q.

Proof. — Put a,=aNb. Then a=q,@a, If aeX(n,a), then a*®eX(n,a), hence
a®®# —o. It follows that o |a,#0. Using the direct sum decomposition g=1 @ m, @ n
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we deduce that m, equals the centralizer of a,in g. Now let M, , denote the centralizer
of a in the complex adjoint group G, Then M, is connected and has Lie algebra
m, . The centralizer of a, in G, is also connected, hence equal to M,,. Hence
Zs(a)=Ad5' (M, )=Z5()=M,. W

We now turn our attention to K\ H°-conjugacy classes of o@-stable parabolic
subgroups. If P is a parabolic subgroup of G, we denote its Lie algebra by the
corresponding German capital . Let g=g,. @ g_ be the decomposition of g in the
+1 and —1 eigenspaces for the involution 8. Notice that g, is a reductive subalgebra
with Cartan decomposition g, =(fNh) ®(pMNg). Given a ob-stable subspace b = g
we often write b, =bMN g, and b_=bNg_.

LEmMMA 2.3. — Let P be a c6-stable parabolic subgroup of G, B its Lie algebra. Then
B, is a parabolic subalgebra of g..

Proof. — Since n and ‘P are oO-stable we have a direct sum decomposition
g.=n, ®@P,. If aeZ(n,a), then a|a,#0 (cf proof of Lemma 2.2). Hence if
Y en,\ {0}, there exists X e a, such that [X, Y]en,\{0}. This implies that B, equals
its own normalizer ing,. MW

COROLLARY 2.4, — Let P be a c0-stable parabolic subgroup of G. Then there exists a
ke X N HO such that P* contains A, , (and is of course still c0-stable).

Proof. — Since a,, is maximal abelian in p (M q, there exists a ke K N H° such that
P contains a,,, M

The description of K (N H%-conjugacy classes of o0-stable parabolics will be completed
in terms of standard parabolics. For the remainder of this section, let 5 and £* be
compatible systems of positive roots (notations as in Section 1).

If FcA, we let P denote the associated standard parabolic subalgebra of g,
Pr=m @ ap ® ng its Langlands decomposition, and Pp=MgA Ny its normalizer in G
(cf. [Va 77]). Moreover, we write P, for Py, etc.

LeMMA 2.5. — Let P be a o9-stable parabolic subgroup of G, containing A, Then
P contains A,. Moreover, there exists a k€N (ag) M Ng(ag,) such that P* is a (o6-
stable) standard parabolic.

Proof. — Let m ,®a,®n be the o-Langlands decomposition of ®B. Then
m, =m, @ m, equals P M 0(P), hence contains a,,. Hence a,, is a maximal abelian
subspace of m; \pMq. It follows that there exists me M, such that Ad(m)a, = a,,.
Since M, centralizes a,, this implies that a,, contains a,, Hence [, the centralizer of
g, in g, is contained in m; (use Lemma 2.2). In particular a, = m,, whence the first
assertion.

If aeX,, put P>=g*NP. Then

B=(BNm) Da,® Y P,

ae g
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where m, denotes the orthocomplement of a, in its centralizer. Moreover, if B*#0,
then P*=g* Let T={0eZy; "D g *< P}, S={aeZy P*=g* P *=0}. Then

Z,=TUSU(-9) (disjoint union),

and clearly T is the set of roots in B N O(P). If a€eS, then g, = n, hence 5(g,) N P=0,
whence cae —S. It follows that o leaves T invariant, maps S onto —S and vice
versa. Fix a o-compatible system T* of positive roots for the root system T, i.e.
aeT?, caeT" =>oca=a. Then T*US is a o-compatible system of positive roots for
%, Hence T*\US=w"'(Z;) for a unique weW, with weo=cow (cf. [Schl 84],
Proposition 7.1.7). Let keNg(a,) be a representative for w. Then keNg(a,,) and
A d(k)B is a parabolic subalgebra containing PB,. Using Lemma 2.1 we infer its c6-
stability. W

In the following we complete the description of oc0-stable parabolic subgroups by
classifying the standard ones: they correspond 1—1 to subsets of A.

LEMMA 2.6. — Let F < A,. Then the following conditions are equivalent:
(i) Pg is o0-stable,

(i) F contains {aeAy; o(a)=a} and £,=%, N ZF is o-stable,

(iii) there exists a subset ¥ of A such that

F={aeAyala,,e{0} U¥}

Proof. — Let Ah={aeA, a|a,,=0}. Then there is a permutation a — & of order 2
of the set A\ A# such that

ca=—o'— Y n(oB)P

h
BeAgy

for all ae Ag\Ah. Here n(o, B)eN={0,1,2,...} (cf. [Schl 84], Lemma 7.2.3). Let
I=%A, and |, =%#{aeA, A%;o’'#a}. Then the elements of A, may be enumerated
oy, . . ., 0, SO that
oG=0 (Isgjsi-1y),
ot;-:ocj,,,1 (-1 <j=),

and Ab={0,1, 41, ...,0%,}. Moreover, A={0;|ao, 1<j<I}([Sch. 82], Lemma 7.2.4).

“(i) = (ii)”. Since o(ng)=0(ng)=ng o maps 5 \NF into —(Z5\NF). So if
aeA,\F, then ca<O0, hence a¢Af and we infer that A,\F < A\ A", whence
F o Ah.  Moreover, if aeAy\F, then coe —(Z;\NF), and by the above description
of the action of o on A\ A!, we infer that o’'¢ F. We deduce that acF<ao’'cF
(xeAy\A*). Hence X, is o-stable.

“(ii) = (iii)”. From (ii) it follows that F > A}, and that ae F<> o’ e F(ae Ay \Ah).
Hence if we define ¥ ={0;|a,; 1<j<, a;€F}, then F={aeA,; a|a,,e{0} UV}

“(iii) = (i)”. From the description of the action of ¢ on A\ Al we deduce that o
leaves X, ¢ invariant. Hence o(mg)=m; and o(ag)=az. Moreover, since F o Al it
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follows that o(Ay\F) € —Zg, and hence that o maps £5 \NF onto —(Z5\NF).
Therefore o (ng) =np=0(ng), and P is cb-stable. M

We conclude this section with a description of the minimal o0-stable parabolic
subgroups of G. First, by Corollary 2.4 and Lemmas 2.5, 6 we have:

COROLLARY 2.7. — Let F={a€Ay; a|ag,=0}. Then the standard parabolic subgroup
Pg is minimal c6-stable. Moreover, if P is any minimal c8-stable parabolic subgroup then
there exist ke K M HC, weNg (a,) N\ Nk (a,,) such that

(P* =Py

Let 2,(A,,) denote the set of ob-stable parabolic subgroups whose split component
contains A,, If PeZ,(A,,), then P>A, and P” is standard for some
we Nk (ap) NNk (ag,) (¢f Lemma 2.5). The split component of P* contains A, ,, so
P* is the standard minimal c6-stable parabolic subgroup (Lemma 2.6). It follows that
Z4(A,,) consists of all minimal c6-stable parabolic subgroups containing A,. The
action of N (a,,) by conjugation induces an action of W on Z,(A, ,) (use Lemma 1.2).
For PeZ,(A, ), let Z(np, a,,) denote the set of a, -weights in n,, the nilpotent radical
of PB. The following is now obvious.

LEMMA 2.8. — The map P+ X (n, a,,) defines a bijection from 2 (A, ,) onto the set
of positive systems for £ and commutes with the action of W. In particular, W acts simply
transitively on 2 ,(A, ,).

Remark. — In particular, the K (M H°-conjugacy classes of minimal c6-stable parabolics
are in bijective correspondence with W/Wy 4.

3. The principal series for G/H

If P is a parabolic subgroup with Langlands decomposition P=MAN, we define
ppea* by pp(X)=1/2tr(ad X ln). Let & be a unitary representation of M in a Hilbert
space #,, and Aeaf. Then by C*(G:P:&:}), or more briefly C*(P:&: 1) or C*(E: 1)
we denote the space of C*-functions G — #’, satisfying

(3.1 f(manx)=a"*?(m)f(x),

for xeG, (m, a, nNeM x A xN. The right regular representation of G on this space is
denoted by Ind§ (£ ® €* ® 1). We define a pairing C*(§:1) x C*(E: —X) —» C by

(3.2 <f|g>=f (f (&), g (k) dk,
K

where (.,.), denotes the unitary structure of 5, and the vertical bar in the left hand
side of the equation indicates that the pairing is anti-linear in the second variable. It is
well known that the pairing (3. 2) is G-equivariant. In particular, if A is purely imaginary,
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it follows that Ind§ (§ ® e* ® 1) is unitary (for these and other standard facts concerning
parabolic induction, we refer the reader to [K-S 80]).

Let C®(P:&: —X) be endowed with the usual structure of Fréchet space. Its topologi-
cal anti-linear dual is denoted by
(3.3) 2'(G:P:E: M),

or, more briefly, 2'(P:&:A) or 2'(§:1). Naturally, the group G acts on this
space. Moreover, the pairing (3. 2) induces a G-equivariant and complex linear embed-
ding

(3.4 C°(P:&:N) g 2’ (P:&: M.
To ensure that the space
' (P:g: MM
of H-fixed elements in 92’ (P: &: ) is sufficiently rich, we assume from now on that P is
c0-stable.

LemMA 3.1. — Let P=MAN be a c0-stable parabolic subgroup. Then pp=0onaN}h.

Proof. — Since o0 stabilizes a and n, we have pg®=p,. On the other hand, on a N}
we have pg®=ph=—p,. W

We now restrict our attention to induction from parabolics Pe 2 (A,,) (for the
definition and properties of this finite set, c¢f. the end of Section 2). All elements of
24(A, ,) have the same 6— and 6-stable Levi component M; =MA. Here

(3.5) a=N{kero; aeX, ala,,=0},
(3.6) A=expa,
(3.7 MA =Zg(a,,)

(¢f. Lemma 2.2). From now on we reserve the notations M and A exclusively for the
objects defined by (3.5-7). Thus we have a,=a M\ g=aq,, and

Aq = AO q
The following lemma is easy to prove.

LemMaA 3.2. — Let veNg(a,). Then v normalizes M, M,, M and A N H.

Thus Ng(a,) acts in a natural fashion on representations of M by the rule
vE(m)=E(v 'mv), for & a representation of M, veNg(a), and meM. Since
Zg (a) = KN M; =K N M this induces an action of W on the unitary dual M, of M.

Let now & be an irreducible unitary representation of M on a HilbertAspace H (in
the sequel we abbreviate this as [E]eM,, or by abuse of notation, as Ee€M,). Let #°
be the space of C®-vectors endowed with the usual structure of Fréchet space and let
H#¢ © be its topological anti-linear dual. By unitarity we have equivariant embeddings
HecHys H® Let O=0(P) denote the union of the open double cosets in
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