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^-SELBERG INTEGRALS AND
MACDONALD POLYNOMIALS

BY JYOICHI KANEKO

ABSTRACT. - We consider a Jackson integral with special integrand (g-Selberg integral) and give an explicit
formula of a system of ^-difference equations satisfied by it. We also define a kind of hypergeometric function
having series expansions in terms of Macdonald polynomials and show that this function satisfies a ^-difference
equation formed by summing up equations of the ^-difference system above after multiplying each by a suitable
factor. We can thus conclude the g-Selberg integral to be the hypergeometric function in our sense. This implies,
in particular, the ^-integration formula of Macdonald polynomials due to Kadell [Kad2]. These results reproduce
our previous ones [Kan2] if we put q = t" and let t -^ 1.

1. Introduction

The purpose of this paper is to give g-analogues of our previous results in [Kan2].
Fix q with 0 < q < 1 and set {x)oo = (^;9)oo = nSo(1 ~" x(f) anc^ (^a = (^9)a =

(^oo/C^oo. For x = On,. . . ,Xm) € C^ and t = ( t i , . . . ,^) € (C*)71 put

(i.i) ^n'r0-1"1-21'-^ n ^Q^-}^
j=l ^ ^/00 Ki<j<n ^ t;-'/t^oo

(i-2) ^)= n (^^
l^^m.l^^n (q ^S'00

(1.3) $o(t) = ̂ {Wt)

where D{t) = IlKK^n^ - ̂ )-
For $ € (C*)" we put [0, $oo]g = {(g3 1^,. . . , (^n) I (s i , . . . , Sn) £ Z"}. The Jackson

integral of a function / on (C*)" over [0,^oo]g is defined by

/ f^,...,t^u,=(l-q)n^f{^qsl,...,^qsn)
AO,^], ,.ez

^ ^ ^A . - .A^
*i tn
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584 J. KANEKO

provided it exists. Similarly, the integral over [0, f] = [0, $1] x • • • x [0, ̂ »] is defined by

/ /(<i,...,^ =(!-<?)" ^ yW,...,^").
J^ s^

We consider the integral

(1.4) g^n,m(Q/,/?,7^;^•••^m;0 (g5'n,m(^) for short) = / $o(t)o;.
^[O^Oojq

Write q1 = {^ f c; fc C Z}. We assume the following condition which assures that <&(t) has
no poles on [0,^oo]g.

( q^jl^i 1 q1 for 1 < i < j < n or 27 - 1 G Z>o;

(c!) ^ ̂  q1 for 1 < j < n or /3 - 1 e Z>o;
^^^- ^ q1 for 1 ^ % < m, 1 < j < n.

For convergence of the integral we assume also

f Rea+n-1 > 4(n-l)max{Re7,0},
tRea+n- 1 + Re/3 - 1 + mRe/^ < -2(n - l)|Re7|.

For the proof of convergence under the conditions (Ci), (€2), ^^^ the Appendix A.
One of our main results (Theorem 4.11) states that if ^ = 1 or -7, then qSn,m(x) has

an explicit series expansion in terms of A-type Macdonald polynomials [Ma2] (in the case
^ = -/Y, we need to choose $ = ̂  ==: (1, g 7 , . . . , g^-^7)). This precisely corresponds to
our previous result that Sn,m(x) := lim^^^i qSn,m(x) has an explicit series expansion
in terms of Jack polynomials [Kan2, Theorem 5, p. 1106] (see also [Ko]).

In the case f{x,t) = 1 (m = 0), qS^o(a,l3^'^) has been evaluated by K. Aomoto
in [Ao2] (cf. also [Ao3]):

(1.5) ^o(^A7;0
^ ___^, -rr ,a-2a-l)^ ^(^^+/3-(n-l)7)^(^+0-l)7)^(^)

11 ^ ^(ga+^-(n-^^)^(^g^)^(^)

^ n ^/^iA^(^/^)
^ fr r^ + n - 1 - (n + j - 2)7)F,(/3 + (j - Ib)!̂ )
n r,(a +/?+n-l-(n- .7)7)^(7)

Here ^(a;) denotes the Jacobi elliptic theta function (a-)oo(^/^)oo(g)oo and Fq(x) denotes
the ^-gamma function (1 - g)1'"^)^/^)^. We notice that when n = 1, this integral is
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^-SELBERG INTEGRALS AND MACDONALD POLYNOMIALS 585

nothing but the Ramanujan's 1^1 sum [Asl]. In Appendix B we shall give a self-contained
proof of (1.5) based on g-difference equation (the m = 1 case of Theorem 4.11). If
^ == ^FJ o116 can simplify the formula (1.5) to get

(1.6) Ao(a,/3,7;^)
A. TT ̂ ^a + n - 1 - (n + j - 2)7)r,(/3 + (j - lh)r,Cn)

^ I1 r ,(a+/3+n-l-(n-^7)r,(7)

where A^ = ^^(a—2(jf—1)7+71—l)(j—1)7. If 7 is equal to a positive integer fc, (1.6)
reduces to the Askey-Habsieger-KadelFs formula [As, H, Kadi] (see Proposition 5.2) :

L^^^~^
Wg)+2fc 2^) TT T^ + (n - W^^V + (n - ̂ 'W1^1 + J^)

^ 11 r , ( r r+^+(2n-^ - l ) f c ) r , ( l+ fc ) -

where a and /3 are identified with x + (n — l)(2fc — 1) and 2/ respectively.
In Section 2 we show that, when [L = 1 or —7, g5n^(rc) satisfies a system of g-

difference equations (Theorem 2.3, (2.26)). This system tends to the holonomic system
of differential equations in [Kan2, (9), p. 1088] when q —» 1. In Section 3 we define
a kind of g-hypergeometric function r^s"r ( a!?. . . , a r5^ i ? • • • ̂ s^i^ • • • ? ^m) using A-
type Macdonald polynomials. By setting q = t^ and t —>• 1, r^s9'* (^) reduces to the
hypergeometric function r F J s {x) defined by using Jack polynomials [Kan2, Ko]. We
notice that 2^1 is a special case of BC-type hypergeometric function of Heckman-
Opdam [BO]. In Section 4 we prove that s^i9'* (a? &; c; x) satisfies a g-difference equation
formed by summing up equations of (2.26) multiplied each by a suitable factor. Therefore
the uniqueness properties of solutions of this summed-up equation assures us that qSn^m^)
with ji = 1 or -7 is nothing but ^^^(a.b'.c'.x) if we adjust {q,t) and a,b,c suitably
(Theorem 4.11). As a consequence we obtain an ^-integration formula of Macdonald
polynomials (Theorem 5.1). In the special case that ^ = ^p and 7 = fc, a positive integer,
this was conjectured and proved by Kadell [Kad2] in a different way from ours (though
some details of the proof have been omitted in our copy of [Kad2]). This integration
formula in turn gives explicit formulae of the values of 2^i9' (a, b; c; x) at special points
(Proposition 5.4). In a separate paper [Kan3] we shall show that Theorem 4.11 implies the
constant term identities due to Forrester, Zeilberger and Cooper [F, Z, C].

In a recent preprint [BC], Barsky and Carpentier have given a different proof of our
previous result [Kan2, Theorem 5] by employing a new method of G. Anderson. It would
be interesting to know whether their argument has ^-analogous counterpart.

Part of the results of this paper were announced in [Kani]. The author thanks
Prof. K. Aomoto for inspiring discussions and the referee for helpful remarks and
suggestions.
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586 J. KANEKO

2. g-difference system

2.1. Let Tq^ = Ti denote the q-shift operator on the %-th coordinate: T^(^) =
(^(ti , . . . ,^, . . . ,^) and set

9^ ^ (T, - 1)^
9g^ (g - 1)^ '

Note that

9(^) ^ ̂  ̂  ^ ^ 9^
9g^ 9g^ l 9^^

which will be of frequent use. Put &,(t) = Ti<S>{t)/<S>(t). In particular

- ̂ 1 ~ ̂ tl TT ^1 - ^~7^ TT 1 - q^Xkti
1 - ̂ i 111, - q^t, 11 1 - Xkt, 'b^t) = q-——^ TT q j IT ——v / 1 -^1 y^-^'^H 1 -

Define the covariant g-difference operator V^ by

^i^t)=^t)-bi(t)T^(t).
Clearly

t <i>(̂ (̂  = ( W(t)^t))u;^
^ro^ool, ./[(UooL

^ = / '^^(t)^(t))a;,
^O^Oolg ^[0^0o]q

provided the integral is convergent. Hence we have

/ <S>(t)Vi^(t)uj = 0.
J[0,^oo]q

Let @n denote the symmetric group of degree n and for a G ©n define

(a(^)=(^(i),...^)).
Put

^(t)=a^)/$(^).
Then we have

uw- n f^n27-1 ^^Ai)
( ) - .An l^ W-^/^)-

a-^^Xr-^j)

By using 'ff(qx) = -l/xi9(x) one can easily verify that TiU^(t) = U^(t) for every i.
We assert that

/ <^)a(Vi^))a; = 0
J[0,^oo],

4e s6Rffi - TOME 29 - 1996 - N° 5



^-SELBERG INTEGRALS AND MACDONALD POLYNOMIALS 587

provided the integral is convergent. In fact

0= / oW))a(Vi(^))^
J[0,^oo],

= ̂ (0 / <^)a(Vi(^))^
J[0^oo],

Hence for the alternation A^p = Z^e©n ̂ ^ • (a^)' we obtain the fundamental

(2.1) / <S>WA(V^(t))^ = 0.
J[(Uoo],

For complex Q we shall denote by QDn(t) = qD(t) the product r[i<i<j<n(^ ~ Q^)'
The following lemma ([Kadi, (4.10), p. 976], c/: also [Mal, chapter 3, (1.3)]) is crucial
to our calculations.

LEMMA 2.1. - Let M C { 1 , . . . , n}. Then

(2.2) .4(11 ^-QW) = Oe(M)(QiQ)M^^^
j€M v •'^

where e(M) = |{(z, j) | l < i < j < n,i ^ M,j G M}| ^nrf er(t) denotes the elementary
symmetric function of degree r.

This lemma implies

(2.3) E Oe (M )=. - ( Q ; Q ) r
(Q;QUQ;Q)n-r

M£{l,...,n},|M|=r

0 4'! V^ O6^ - Q'' (QiQ)n-l

^..^IMI (Q;Q)r{Q;Q)n-r-Z'MG{2,...,n},|M|=r

LEMMA 2.2.

(2.5) A{QD(t)]^(l-xt,))
fc=2

_p^f (Q;Q)n- i . .<nLi(i-^)) , (Q;Q)n •rr^ ^,
-^Vl-O)"-11 ) ————dQX————+(1-Q)"U/ 1 ^

ANNALES SCIENTIFIQUES DE L'ECOLE NORMALE SUPERIEURE



588 J. KANEKO

(2.6) ^(n^i - Q-'ik} n (^ - w n(1 - ̂ ))
fc=2 2</i<A;<n k=2

-Q-^^—wfn^-^-n^-^)}-
v " / {k=l k=l )

Proof. - From (2.2) and (2.4) we have

^w E n ̂ ) = w - o—)^9—1^^!)^,
Me{2,...,n},|M|=rjGM v ^;

from which follows (2.5). For the proof of (2.6), observe that

LHS of (2.6)=0-(n- l)A(QD^)^(l-^)).
A;=l

Then (2.6) follows at once since (2.2) and (2.3) imply

^w E n ̂  - (1 - Q^)^-^1^^^-
Me{l,...,n-l},|M|=rj€M v ^ /

Put

m

A,(a; i , . . . , rr^; t ) = TT X ^ ~ X 3
•LA. /y . __ /r« .
i • / • "^l w 7J=l,3^t J

Expansion in partial fractions gives

m m A / ,\
(2.7) j-r^^^ ^ ^ _ y^.^^)^,

^^-^ ^ ^--^

Replacing z by l/^ and m by m — 1, we have also

m 1 /-(. ^ ^ / l / i X / \

f 28^ TT l-^^-^ ivi— V ^(^^^(^ - ̂ ) , ^i-m( ) -11 1-^ -^-1)* .2^,.(i-^)(te,-^)+^ •j=l,j7^z •/ j==l,j^i v 2 )\ 3 »/

Specializing ^ suitably in (2.7) and (2.8), we obtain

m 1 _ 4.m

(2^ EA-(rc^)=-l—^1=1
4e SfiRIE - TOME 29 - 1996 - N° 5
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(2.11)

(2.12)

<?-SELBERG INTEGRALS AND MACDONALD POLYNOMIALS

m- /y. . rr. 1 fm-1
^ A,^)^^ =—————

. iX j 37^ J. ^

J=l^^ •/

"̂  T • A - ( ^ r ' i - \ +rn-l
^ A^t) X3_ =A^a••^-^——

. LX j X^ -L 6
J==l^^ 7

^ A^;^) ^ ^A.(^)- l_
. I'tLi i <Z/^ J. (/

J=l^^ •/

Multiplying both sides of (2.8) by (1 - Xiz)~1 and using

(1 — XiZ){l — X j Z ) 1 — X j Z 1 — XiZ

and (2.12), we get

(2.13) —— n l-^^-i)^—l-^,,11^ 1-^
^ y^ Aj(^;^- ^ ^_^A,(^;^)

^.jr^z (1 - x^z)(tx3 - ̂ ) 1 - ̂ '

In what follows Q stands for g7.

2.2. CASE OF IJL = 1. - In this case we see

f(x,t)= JJ (1-^,).
l<J'<^,l^fc<n

Put

^ =T^^lT^^(t'.

so that

^)^^(^)=ga+"-l^-^^(^-o-^ n (^-Q4).
^ 1 fc=2 2</i<fe<n

We want to calculate A(^) and A(&iTi^). Since

i- l̂̂ i+i.l
^i î

ANNALES SCIENTIFIQUES DE L'ECOLE NORMALE SUPERIEURE



590 J. KANEKO

we see

(2.14) ^.)»^( fi'r^^'O
j==lj^i J

+(i_iw_^ n l^^^w).
\ X i / \1 - Xiti . - - . 1 — X j t i )

Substituting t = q and z = (i in (2.8) and (2.13) gives

,2i5l FT l—^^ - (a - no1-7" V Aj(.r;g)(^-^) i_^
( ) JL 1-^1 - ^(i-^)^,-^4-^

,216) 1 fT l^-^^l-^-lW-"1 y ^q)x,(2J6) r^^Jl^ i-^, -(9 l)q ^{i-x^x,-x,)
i_^Aj{x;q)

q 1 - Xiti'

Substituting (2.15) and (2.16) into (2.14) and applying (2.5), (2.10) and (2.11), we have

,̂)-_^^)

^-'̂ S ̂ t^(-)^
,.-„('?; Q).-i(i ^uL.,)8^'')
+" (l-Q)n-lt1 -^^.W) SyX. •

Hence

(2.17) TQ,.. (^-A^

__(Q,Q)^r(l_^)/ ^
-(l-Q)"-il 1 - Q V^'1^^ ^QQXi)

171 / -, \

+^-TO(l-^^i^T^(A.•^^
(^^^-^A;)

+g l-m(l - Q^)rQ,,.(A,(a;;g))(^ + (Q - 1)^^)}.

4° sfiRffi - TOME 29 - 1996 - N° 5
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Next we calculate A(6iTi^). Since

1-^=^-^+1-^,
we see

A(hT^)=qa+0+n-l-^A(j[[(t,-Q-ltk) ]̂  (4-4))
1 fc=2 2</i<fc<n

+g"+"-l(l_^^((l_^)-lJJ(^_Q-l^) ]̂ [ (4-4)).

1 fc=2 2<h<k<,n

Applying (2.6), we have

^^T^) = ̂ +^n-lQ-(n-l)^^A^)

, ^a+n-l^)-(n-l) (Q^ Q)n-l
+q Q (l-O)"-1

/3 ( n n 'x (1 - ir) n (1 - ̂ ^)i ir1 - ̂ ^) - II(Q - ̂ 4)
1 l<:J<mJ^i lfc==l A-=l

l<fc<n

Hence

(2.i8) ̂ ..(^-^ îrî ))

= ̂ ^»-iQ-"- î̂ -l(^,,) + (Q - 1 ) ^^ )
(l-(y)"a;,v OQa;,/

i ^a+n-l/-)-(n-l) Wl Q)n-l (^ 9 \
+q Q (1-Q)" V-Q^)

((Q-l)xl^+{l-Qn^x^)

= ̂ Q-^^^^f^ + (^- - ̂ }.

It is clear from (2.1) that

(2.19) ( TQ^(t)A(y^(t)})^ = 0.
J[0^oo],

ANNALES SCIENTIFIQUES DE L'ECOLE NORMALE SUPERIEURE



592 J. KANEKO

Substituting (2.17) and (2.18) into (2.19), we arrive at (S = qSn,m(x))

(2.20) 0 = q-^-^Q^x^l - QX,)TQ^(A^ q))-^
9QXi

+,-(^-D(I-,) ^ Q - _ ^ ( i - ^ ) a ^ _
,J^ Q^-^- "' ^Q^o^

{ /ym-l _ 1

+ iT^-+^TQ((l-»)(l-^m-l

- (r-1 - a&Q))g-^}(A?-1^

l -gfl-T^.(A^;g)) _ ^o-i^-+ i _ Q t i -^ ^ a6^ y^)g y ^^
"_ ^-(a+n-l)^-! /1 _ \ 00 ^

_ Y^ g________vi x^1 ^^HT.. (A(-T-n\\———\
LJ O x - - a x - ^Q^A^^^Do——,]

j ^ - i j j i i ^ t y 3 ^Q^S )

(1 - «)(! - b^-1

(l-O)2

where

a = Q-", 6 = g-(a+"-l)0n-l, c = g-("+/3+"-i).

Now we change the variables:

Xi=qf3Q~lyi, ?=! , . . . , TO.

Note that

9 _.-^ 9
TQ,x,=TQ,yi, -,——=q~13Q^——,^o-c* ^oyz

and

Ai(x;q) = Ai{y;q).

(2.20) is transformed into

(2.21) y,(c- abQyi)TQ^Ai(y;q))-^ + (1 - q)

^ yiyj(c-aby,) Q2S

J^ Qm-w ^'^^W^

{ ^m-1_ i o^+ 'TTQ- + r^1 - ̂ ^ -6)^"1 - ̂ -1 - ffl6(?))y^}S
4e SfiRIE - TOME 29 - 1996 - N° 5
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^{'-^T^-^-C
-Et^,.(^<}

j=ij^
(l-a)(l-b)r-1

-5=0.
( i -O)2

593

2.3. CASE OF 11 = —7. - In this case we have

f(^ ^ _ TT (^fc)oo
J^tJ - ^j^ (O^x-U} '

Kj<m,Kfc<n w ^r^00

Put

^)=i.( .̂,«m
so that

'̂̂ .̂ ^-•î ^n'.̂ n1^1 '̂'-
Then one can proceed in a similar way as in the case of fJ, = 1. We have (we omit the
details of calculation)

f{x,t) ^ (Q;Q)n qQ f, ^ , {Q;Q)n-lf, <lQ\(r^ fl +\ nn{( ,^
-P(^-•4^)=(]———Q)7^^^^)+ (l_Q)n ^-^)(T^,^f(x,t)-Q f(x,t)),

so that

(2.22)

T,,. (̂ )-4(..)) = ̂ ^{(i - y)/(.», <)+«- DW - y-^.)^;}.
We have also

^w^)
= ̂ +"-io2—"{Q-i^i^_y(.,,t)

- n - ̂ o"^- '̂-^1-^1'3 T\A ( T - n ' \ Q^(1 g)y (i-O)" (q ~ t ) A 'y)^
n 0)0"(Q;<?)"-1 V ^^l^A-^-o^ ̂  \
(1 w (l-Q)n-l^ ,,_Q^. A^^}-

ANNALES SCIENTIFIQUES DE L'ECOLE NORMALE SUPERIEURE



594 J. KANEKO

Hence

(2.23) T^^AW^})

= q^n-lQ2-n.-n^Q}^^ _ QH^-I ̂ ^ ̂  _ 1)^^)

- ?(1 - ̂ )Q"(^-1 - Xi)T^{Ai{x; Q)) ( 9 j - +(q- l ) x^ ' )
\UqXi OqX^/

m / Q ^

- (1 - g)Q"(l - Q) ^ ^———2r^.(A,(.r;Q))
j=i,^, ^a;t ^^

x ( ^ + ( , - l ) ^ _ ^ ) } .
V9g^ Q q X i O q X j / )

Substituting (2.22) and (2.23) into (2.19) gives the equation corresponding to (2.20):

^2o

(2.24) Q^q^Qx^q^-x^Tq^A^Q))—^
9qXf

+^+n-l(l-Q) E Q^^-^)r^(A,(.;Q))^-^^ g^-0^- "a^a^

{ ^)m /nm-1 . QO+ ^-, + ̂ (-o" - ,—<?-<-•> + ̂ -•^.]^
^o'+n^) .^C

- ———^(q^-x^T^A^Q))——
1 ^ OqX^

_l^.+n-io Y- ^-^-^r rA.^-0))^
i - 9 g (3^ ̂ -o.,1-^'Q))^
(1 - Q")(l - g^"-1^-^-1))^"1-1 ^

~————————O"^————————

Hence changing variables as

^i = Qyi, i = l,...,m

yields

r)2 S'
(2.25) yi(c - abqyi))UAi(y; Q))^

"iVi

+n_n) V ViVAc-ahy,} Q^S

J^ ^-^ " "''Q))^^

4e SfiRIE - TOME 29 - 1996 - N° 5



^-SELBERG INTEGRALS AND MACDONALD POLYNOMIALS 595

/ /^m—1 _ ^ 1 t r) <"?
+ {Q-^ + r^ - '•xl - wm-l - <(^m-l - °ts))!'•}^

^{'-Vy^-^-C
-jt^^<<}

(1 - a)(l - b^-1 _
-———(T^———s-0

where

a=Qn, b= ^+n-10-(n-l), c = 9a+^+n-l.

We have thus proved

THEOREM 2.3. - Assume JJL = 1 or -7. TT^n 95'n,m(^ A 7? /^^a;; 0 satisfies the following
system of q-difference equations (Ti = Tg^).

g2g
(2.26) Xi(c-abqXi)Ti{Ai{x;t))—^

Oq^i

+ ( l - g ) f: ^^-^)^(A,(.;f))-^-
j~^i I X i - t X , "QqXiQqXj

, -t-m—1 _ ^ 1 •\ /^Q
+ {4^ +11,"1 - °'<1 - t)t"-• - (tm-l - ̂ Na^

^,i-r.(Afe,)) ^
1 - ̂  I 1 - ^ 9g^

V ^(c-a^)y., . ^ ̂  ^
-J^ ^-t., ^^^^^.t

(1 - a)(l - b)^-1 ^ . . ,--—F-r^T—5=0- ^i---^

where if ̂ ^ 1, then put (q,t) = (Q,q),a= Q-71, b = g-^+^-^Q71-1^ = 9-^+^+^-1)
an^ change Xi with q'^Qxi,! < i < m. If ^ = -7, r/^n /?Mr (g,t) = (q,Q),
a= Qn,b= qoi+n~lQ~^n~l\c •= ^Qi+^+7^-l and change Xi with Q~1^, 1 < i < m.

Remark. - In the theorem above the change of variables means that we change only the
variables of the ^-difference equations. We do nor change the variables of the unknown
function S. The same remark applies also to the following Theorem 2.4 and 2.5.

ANNALES SCIENTIFIQUES DE L'ECOLE NORMALE SUPfiRIEURE



596 J. KANEKO

2.4. VARIANTS. - One can calculate a system of ^-difference equations satisfied by the
integral gSn^a,/?^;/^;^1,... ,a^1;^) provided ^ = 1 or —7 in the same way as in
the case of Theorem 2.3. If p, = 1, then put

vi(xft) = r^jx-^-
We have

^^) = ̂ ^{(l - QWM + (1 - Xi)(TQ-.^f(x,t) - Q-f^t))}

and

^l^AthT \-^-A{b,T^)

= ga+n-iQi-n(Q;Q_y^i _ Q»)/(a;, () + (l - Q)0"a.,(l - g^)A,(a-;g)^

^c-^-w E ̂ l^)^(-)^}•
J=1,J'^^ - "

Substituting these into (2.19) gives

^2o
(2.27) 0 = q^-^x^l - q^Qx,)TQ^(Ai(x;q))—^

OQX^

, a+n-l^_ ^2 V- ^ X , ( l - q ^ X j ) Q2 S
+q (1 q)Q ^ Q^-q^ ^W^ ̂ QQX^

3—-•-iJT-1

+ -^{W'' - ̂ ) + ̂ "-^-^-^(i - Q")}^
^Q:+n-l/n2 ^Q

- ———^(l - g^O-r^rQ^^Ai^sg)),—
-1. — y OO-EI

(1 - g)^^"-^2 y. ^(1-g^-) (A.(.-o)^
i-Q ,̂  Q^-w TQ-XAAAX-q}) QQX,

, (l-Q")(l-g«+»-lQ-(»-D)^
+ (i - QY

If ^ == —7, then put

/ \ l — ^ i TT 1 ~ Q ^ t - i l x . , .^ - i-(,o)-../».,n^i.^)-4.^^)-
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We have

^AA^ = ̂ ———{^ - 0"VM - (1 - 9)^(1 - qQxWx;Q)^

-(1-aYl-O} V x^-](^(^A•(x•0}-Qf-\(1 q)[l V) ^ xi-Qx, 3{ ^'Qqx,!
J=1,J7^»

and

l^-A^T^) = ̂ n-lQ-(n-l)(^Q^-^(l _ Q")g^J(.,,,)

+ (1 - g^) f{xvt) (f[(l - t,/X,) - f[(Q - t,/X,)} }.T[k=i^-tk/xi)\^ ^ y j
Substituting these into (2.19) yields

fftQ

0 = qx^l - q^T^A^x; Q))—^
OqXf

+(!-<?) E ^^-^^^(A,^;^))
^1,^, î ^J

x -^ + -^{g"+»- iQ-(»- i ) ( l - q^Q^)
QqXiOqXj 1 - q I

_(I -Q"+(I_^^) I^
' ^qXi

^(l-g^Qa;,) / . 95'
+ ———^——(1 - r^.(A,(^;Q)))^

_J_Q ^ ^.(1-gQ^) ^
1 - <? ̂ ^ ^* - Oa-i 9qXj

, (l-Q»)(l-g«+»-iQ-(»-i))^
+——————^~W2——————"•

From (2.27) and (2.28) we can conclude

THEOREM 2.4. - Assume fi = 1 or —7. Then q S n ^ m ^ ^ ^ ^ ' , ^ 1 ^ ' ' ' ^m^O satisfies
the following system of q-difference equations.

x,(c-abqx,WA,(x;t))^+(l-q) f; ^^^W^t))——^
^g^i ._- . , . y'^i -"-3 ^ q ' ^ ' z ' ^ q ' ^ j
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fat^-c/q+ac/q-c . 1 . QS
+{—————^—————+^(^-a^ ^}^

. l-tfl-T,(A^t)), 9S ^ ^c-abx,)_. . . O S )
+ !-,[ 1 - < 'c - '•""'̂  - ̂  -iTT^-W))^}

(l-aKar^-c/g) 1 . , '
-————(1-^)2————^-^ ^l, . . . ,m,

wA^ ifp, = 1, then put {q,t} = (Q,g), a = Q"71^ = q'^^-^Q71-1^ = ̂ -(^+/?+^-i)
^ change x, with q-^Qx^l < i < m. // ^ = -7, ^n p^ (g,^) = (g, Q)
a=Qn,b= q^^Q-^^c = ̂ +—1 ̂ ^ c/z^^ ̂  w^ Q-1^ 1 < z < m.

From this theorem one can derive the following theorem by straightforward calculation.

^THEOREM 2.5. -Assume ^ = 1, or -7. Then (^i • ••^)^,^^(a,/3,7^;^-1,...,
^1;^) satisfies the system (2.26) m which if ^ = 1, r/i^n p^ (g,t) = (Q,g) a = Q-'1

& = q-^-^Q^^c = q-^^n-1) and change x, with q-^Qx^ 1 < i < m. If ̂  = -^
then put (g, t) = (g, Q\ a = Q-, b = g^-1^-1), c = g-+^-i anrf cton^ ̂  w^/z
Q v x ^ ' , 1 < i < m.

3. g-Hypergeometric functions

3.1. MACDONALD POLYNOMIALS. - We first recall the definition of Macdonald polynomials
[Ma2]. Let A = ( A i , A a , . . . ) be a partition and A7 = (\[, \^ . . . ) the conjugate partition.
The number \[ of parts of A is denoted by ^(A), called the length of A. If A has mi parts
equal to 1, 777,2 parts equal to 2, and so on, we write A = (I7711 2m2 • • •) and denote
Tir^i^'171^) = ̂ \' We write |A| = ̂  A,. If fi is another partition, then write /i < A
when|A| = |/^| and ^i+. •-+^ < Ai+--+A,foral l%.Givenapart i t ionA= ( A i , . . . , A ^ )
of length < m, the monomial symmetric polynomial m^i,..., Xm) is defined by

777^1,...,;^) = ̂ X^X^2 • • • X.A^
'm i

where the sum is over all distinct monomials obtainable from x ^ l x x 2 ' " x x r n by
permutations of the x ' s . In particular when A = (r) we have the r-th power sum:

m

^(r) =:Pr(^l,...,^) = ̂ <.

z=l

For each partition A, we set p\ = p\^p\^ ' • ' .
Let q,t be independent indeterminates and Q(g,^) be the field of rational functions in

q and t. We have the fundamental ([Ma2, (2.8)]).

THEOREM 3.1. - For each partition A of length < m there exists a unique symmetric
polynomial P\{x^,..., Xm\ q,t) with coefficients in Q(g,t) satisfying

(3J) Px=^^m,
^<\
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where u\^ E Q(^) and u\\ = 1; and

(3.2) D^P^ = e^

where D\1' and e\(q^t) are defined by

m r\ m -. A

(3.3) D^ = ̂  A,(x; t) x^, e,(q, t) = ̂  -^ t"1-1.

We understand that PA(^I? • • • •»^m) = 0 if ^(A) > m + 1. One can readily verify that
PA(^...^r,0,...,0) = Px ( x - i , . . . ,X r ) .

Denote the ring of symmetric polynomials in a ; i , . . . , Xm over the field F = Q(g, t) by
Am,F- Define a scalar product ( , ) on Am,F by

{P\^P^) = 8\^\(q,t)

where

^(A) 1 _ A,

^(^-^nT^r-
z=l 1 '

Note that D^ has the following properties ([Ma2, (2.7.1)-(2.7.3)]):

D^rri), = ̂  cx^m^
ij,<\

for each partition A of length < m;

(D[q^f^)=(g^D[q^g)

for all f,g G A^^;

A / /^ => CAA 7^ c^^-

From these properties one can deduce that the condition (3.2) in the Theorem 3.1 can
be replaced by

(PA,^)=O if \+^

We shall need a kind of specialization formula of P\. Let u be a new indeterminate
and define a homomorphism

^u,t : A^,^ -^ F[u]
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by

(3-4) ^t{Pr) = ̂

for each r > 1. Then we see

e^^f)=f^t^.^trn-l).

Consider the diagram of A in which the rows and columns are arranged as in a matrix,
with the ith row consisting of A, boxes. For each square s = (ij) in the diagram of A, let

a(s) = \, - j , a\s) = j - l ,

^)=A;-z, l\s)=i-l,

and put

hx{q. t) = fl (1 - ̂ ^H1), h^ t) = J] (1 - ̂ )+4^))
seA se\

and

^=^t)=^
^(q^)

One has different expressions of h\ and h^.

PROPOSITION 3.2. - Let A be a partition of length < n. Then

(3.5) h'^t)=^ n^-^"-')- n ^t^^T •
V=l / Ki<j<n ̂  3 T )^

(3.6) M.^) = w^ (n^-1^)1 n ^l^00-
\z=l / Kz<j<n vg i f00

Proof. - We prove (3.5). One can prove (3.6) in the same way. Put

C = { z | A , + i < A , } ,

so that

JJ(1 - ̂ (.)+i^)) ^ jj jj jj ^ __ ^_.-,+i^^
s€A zeC r=Oj=A, +i+l
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Observe that

n (<^Al-A-+l^•-i)oo = n n (^-r-A•+l<r),̂̂ ,_^ ̂  TT TT ^._,.-A.+1^

l<i<j'<n r=l i=r+l

n—1 n= (g);c" n n (^l-'•-A•+lr)°o.
r=0 z=r+l

n (gA•-^+^-^-l)oo = n n (9A-'--A•+1+1^)°"
Ki<j<n r=0 i=r+l

/n-1 \ -1n-1 n= n^"""^4')-' n n (<^A-r-A•+l+l*r)°°•
<r=0 / r=0 i=r+l

Hence we get

"-1 " /',,A.-r-A,+l+r'i

RHS of (3.5) = TT TT -^——^————i1,1,1,^--^14-1^)-
=nn (g'--"'-^)-
MM^--^1^'')-

-nn n (i-^—^^
ieC'r=Oj=A,+i+l

as desired.
We define the generalized factorial (a)^ by

w = n^'^ - ̂ '(s)a)-^
s€A

The following explicit formula ([Ma2, (5.3)]) is essential:

THEOREM 3.3. - We have

(u}^
6^(P,(^t))--^^.h\(q,t)

Remark. - This formula is equivalent to the ^-binomial theorem for the ^-hypergeometric
functions defined in the next subsection (see Theorem 3.5). We shall treat this problem
in a separate paper.

We shall also need ([Ma2, (3.11)]):

(3.7) ^^(^t)p,(^^^p,^^^^p^^^
A i j W^'^oo
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or its dual [Ma2, (3.12)]

(3.8) ^ PA(^; 9, t)P^ Q/; i, q) = J](l + ̂ -).
A z,J

This is a consequence of [Ma2, Sect. 5, p. 159]:

(3.9) (P^P^)=b^t)-1.

3.2. ^-HYPERGEOMETRIC FUNCTION. - For a partition A, denote b (A) = ̂  (i - 1) A, =
EA^-1)/2.

DEFINITION 3.4. - Let a i , . . . , a y , and ^ i , . . . , ^ be complex numbers such that
(^')i 7^ 0,1 < j < m for any partition of length < m. The ^-hypergeometric function
^^' '(ai, . . . ,a^; & i , . . . , 6 s ; r r i , . . . ,a;^) is defined by

(3.10)

rr= (a-)^'^^-!)^!^^^}^1

^^--^^'-^^-E z=l ^ ( )(^r^/—^^'^
A Uz=lWJA n\\(l^i)

As a consequence of the factor {(-l)!^6^^ , it follows that

(3.11) lim ^^'^(ai,..., a^, a; & i , . . . , b s ' , x ^ / a , . . . , ̂ /a)
a—>oo

— ^^(n^ n ./)i /) • ̂— y.^^ ^ai,. . . , Oy., c/i,. . . , Og, rc^.

When m = 1, ^^"(rr) reduces to the ordinary ^-hypergeometric function r^s(x)
(cf. [An, GR]), being independent of t.

THEOREM 3.5. - We have

/<-> -I r»\ /R(9i*)/ \ TT (^^z5 Q.)o0(3.12) i^' ^a;-;^!,...,^^) =11———T—.
i=l Y^^^oo

Pwo/. - Note first that [Ma2, (2.6)]:

P.") n'l^'E^-w.w,).
In particular we have

H^ (o^;(7)oo V^ / x-i . x————-=^^(^a) 1^).
Z=l ?'^00 ^
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It follows from (3.7) and (3.13) that

(3.14) ^ b^ t)P^ q, t)P^ q^t) = ̂  z^q, t)-1?^)?^)
\ \

so

603

(3.15) ^ b^ t)P^ q^ t)P^ q^t) = ̂  z^q, t^p^p^y)
\\\<i \\\<i

for arbitrary I . In view of Theorem 3.3 and

£m 1 - a^
^aAp^y)) = II i _ t ^ '

z=l

applying €a,t to both sides of (3.15) considered as polynomials in y yields

(3.16) ^ ̂ -Y^^) = E ̂  ̂ )~1^^).
IAI^^^^ \x\<i

Since / is arbitrary, this clearly gives (3.12).

COROLLARY 3.6

(3.17) o^' t )(^..•^m)=^^ ;g)
1=1

Proof. - This follows at once from (3.11) because

- i . TT \^5 9/oQ TT/ \lim I I v , \ = [[(xi; q)^.a^oc^ (xi/a;q)^ JL^

Next we consider the convergence of the series. We assume 0 < t < 1.

LEMMA 3.7. - Let \\x\\ = max{| rc i | , . . . J |̂}. There exists a positive constant C
depending only on q^t and m such that

{P^^^^C^h^^mW^.

Proof. - Put | A | = d and write

P\ = ̂  a^p^
\^\=d
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{P^Px)= ^a^(^).
\^\=d

By Cauchy's inequality we have

I^I^(E^(^))(EM)'vi=d ^i^^'^
It follows from (3.9) that

E ̂ M = ̂ /IA-
M=d

Put

„ 1-t^GI = max ————^(A)<m 1 — g^
so that

bj2Ei!^<^E^^l'•••'M)•
^l^^^'^ H=d

since EI^]^^^ = E|^|=d^ ([Ma2, p. 17]), we obtain

^±^-<C,md(m+d-l}^^t)- { d ) \x\\'td.

Note Aat

[m+d-l\ ^ (d+l)(d+2)---{d+m-l} ^ m\
\ d ) (m-1)! - (m-1)!'

Put Cg = maxdm~ddm~l. This gives

^jp^^cw^r.
W^d^^

Hence by setting C = (mC'i^)172, we arrive at the desired inequality.

THEOREM 3.8. - We have
(1) Ifr < s, then the series (3.10) converges absolutely/or all x G C"1.
(2) Ifr = s + 1, f/(CT! the series (3.10) converges absolutely for \\x\\ < m~1.
( 3 ) I f r > s + l , then the series (3.10) does not converge absolutely/or x ^ (0 , . . . , 0)

unless it terminates.
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Proof. - We compare the series (3.10) with the series

605

^n^^q^-irq^-
^(ai,..., dr; & i , . . . , bs', z) — y ———————,=?—(h~\—

d=0

}s+l-r

•^__ Ẑ

(^q)d

which is known to have radius of convergence p = o o i f r < s , p = l i f r = s - } - l , p = Q
if r > s + 1 unless it terminates [GR, p. 5]. Put

a^=akt-^\ ^=6^-1).

Note first that

/ m \ 2(^A)~in^^ <(1-^"
V=l /

and

^(r-s)b(A) ^ p\\\

where we put JZ = 1 if r > s, and ^ = ̂ -^ if r < s. Then by Lemma 3.7 we have

^..('•.^"{(-i)'^"'''}s+l-r

E -P^n^i^-)^^^?^)
/ .,rn/2\^ts+l-r)b(\').(r-s)b(X) FtLl ̂ ^l(afc^; g)^. ( h\ \ V2 PA_\_

;=i^;y^A.^ ( ) 2-9 nLin î̂ ;̂ . ^A7 nr=i(9;g)
^ ,.-^/2^^^-.^ ^Ll^^l(^;g)A.9(s+l->•)')(v) (m||a;<(!-*) ^2^ n?^"1,^:^^ n!",^n^nr^^^)^ ^=1(9; ̂

m oo \ i-rr0^ ^ . ̂ \ ^(s-^-l-r)\i(\i-l}/2 ( Dy
k^^ki^)^ / v / / lJfLy^(i-^-^c-nE n^i(^;^)A. nr^^j't=l Az=0

This completes the proof of the assertions (1) and (2).
For the proof of (3), suppose Xi ^ 0,1 < i < a, and ̂  = 0 otherwise. Note that

m^-1 n ;̂ ̂ A. ^ (^ - ̂ ^ - ̂ m)-l)IAI•1=1
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Put 9 = (1 - q)(l - ̂ m)-1. Picking up the terms with A = (d, d , . . . , d) = (d0) (so that
P\ = ^i • • ' X a by (3.1)), we obtain

E
^c.l(<•.)S'•"{(-l)lvOT}

Is (h.\(l^h>nUWX(<^)

s+l-r

-P>

nLi rr=i(^; g)A. g^- '̂) gî>. y '̂'-")^) rnLirniifc^A. n^i(g;9)A.
nLi nLi( ;̂ g)d g^^1-'-)^^1)/21^-8)'^-1)/2^ • • • ̂ i^00 l TT'' n0

^E n^in^i(^;^d=0 ((g;^)0

This last series is easily shown to be divergent, thereby completing the proof of (3).

4. ^-Difference system of ^-hypergeometric function

4.1. SUMMED-UP EQUATION. - As in the case of q = 1 [Kan2], we shall consider the q-
difference equation formed by summing the g-difference equations, multiplied by A,(rr; t)
each, in the system (2.26). First we introduce auxiliary operators:

D

where

and

It is known that

(4.1)

where

f\J A

(9,*)
2

D^Px = fx(q

(1

: E {
l<i<j<m

1-
1

l
-?)(l

E / l ' • f ' ^ r * * ^ l ' T * - ' T * - —
* . . .. t3( ' ' ' 3 9,xi9,xKz<j<m ^ q

\ (r ' f \ f TT {tx,-Xk)(tXj-Xk)A^3\x^) t 11 /
k=l,k^ij ^ ~

m

m / . J•±t\'L

i=l

[Ma3]

y^ ^m-i-j, A.+A,
- t) z-^

l^:i<j<m

[^-t^q^^-^-Jq^}
(\-q){l-f)

N^ \ ( T ' f ^ T^ ^ A^(X,t)X.
3 1 L l<i^j<m u(lx^

- Xk)(Xj - Xk) '

, 9
;t ———.

QqXi

,t)Px

1)

(1-^-^(1-^-3)^ 1-m
( l -g ) ( l - f ) J 1 1-^
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Denote by A^ the vector space of symmetric homogeneous polynomials of degree r in
x-^,...,Xm with coefficients in Q(^,t).

LEMMA 4.1. - e defines a linear mapping from A^ to A^~1 for every r.

Proof. - Since the p\{x^..., Xm}'s with |A| == r and £(X) < m form a basis of A^, it
suffices to show ep\ G A^~1. But this easily boils down to prove the case of A = (r). We see

^ y, m -. y»

^ = Y î>^r1 = ^_~^_i-Pi^-i.

Hence the lemma follows immediately from (3.2) and the fact that the P\{x^,... ,Xrn}'s
with |A| == r - 1 and £(X) < m form a basis of A^~1.

Let us denote by Lm = ^^'t) the g-difference operator formed by summing the
g-difference operators, multiplied by A, = A,(rc;t) each, in the system (2.26):

m Q2

(4.2) L^ - V ̂ (c - a^)A,T,(A,)—^ + (1 - t)
i=i aqxi

^ X j X j { c - a b x , ) P2

X / ———————-————^\ili\^±j)———-.

\<W<m qxi ~ j 9qXi9qXj
m -f-m-1 __ ^ 1 ^

+ E{-I—T + r-^^1 ~a)(l ~ b)trn~l ~ {tTn~l ~ ̂ ^^a^
i _ t f-^i-r^A,), , ,. Q

+ -,—— { 5, , , c - a&^)A,,—
l-g[^ 1 - t OqXi

V" ^•(c-a^) ,^.^ 9 ^
— / ———————-———/±ilz{/±j)-.—— fL-^ qxi — tx. dqXj

l<i^j<m ± ^ J q J )

(l-a)(l-b)fm- l 1-^
~ o " ^ T ^ T -

Now we can state the following crucial lemma.

LEMMA 4.2. - We have

/ 1 _ f2 \ frn-l

^ L- = Y-,^ - e•D•) - ̂  - •t^i02) + ̂

^{^'^f1-^^--}0--'1-^^'''^
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Proof. - We show that

(4.4) -^-{D^e-eD^

^^W-^^l-t) E x^{A^^A^}-————
^ W l^<m ^ X i - t X j qXj - tXi J QqXiQgX,

-——Y.WA,)9-1—1- ^ ——f——AW,)9

1-9^ 9gXi 1-q^^^qxi-tXj ^QgXj

^ ^-^q)02

m Q2

=^g^A,T,(A,)^

+(11-.) E ^{^A^+"A^}^^2—' l- ^< - t X j qXj - tXi ) QqXiQqXj

^ m __ 2

+^^E{-^A^(A-)-(1-^ E ^^A^^)
1 ^=1 l<J<m,^^' ^

2-(^-1+^) , 9
+——T^——^ 'J^'

One can check (4.3) without difficulty assuming (4.4) and (4.5). It is clear that the coefficient
of 92 /Qqx] in D\e — eD\ is (1 — q)xiAiTi(Ai). For the coefficient of <92 /QqXiQqXj, it
suffices to observe

the coefficient of 92/9qXi9qXj in D\e — eD\
= XiAiTi(Aj) + x,A,Tj{Ai) - x,AiTi(A,) - ̂ A,r,(A,)
=(^-^)(A,r,(A,)-A,T,(A,))
= ( _ >. Ajj f (tXj - X j ) { t X j - qxj) (tXj - Xj}{tXi - qXj) •\

3 t \ {xi - X j ) ( x j - qxi) (xj - Xi)(xi - qxj) !
^ Ajj (1 - q)(l - t}{q - t ) x j X j { x j + X j }

t {qxi - X j ) { q x j - x^
and

A,T,(A,) ^ A,T,(A,)
qxi — tXj qxj — tXi

t \ {xi - Xj){qxi - X j ) (xj - Xi)(qxj - x^ f
^ Ajj ( , q - t ) ( x i + X j )

t (qxi - X j ) { q x j - x^'
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We have also

the coefficient of Q/QqXi in -Die — eZ?i

-VA-a-.^-VA-^
QA, ^ , 9(AjXj)

— 7 jr±jJLf~ / ^19 ^
^ ^ ^ ^^

9Ai
= -A,T,(A,) - ^ (a. - ̂ )A,——.

\J njii 1

Kj<m,j^i q J

Since

9Ai _ i-r txj - Xk ftxj - qxj txj - Xj \ Xj - xxi ^J

'3{xi ~ xj}^X, = k^ij ^-^ v^-^- - xi ~ ̂  / (9 - 1)'a^- - . H, . Xi - X k ^ X i - ax, Xi - X i ) (q - l)x

n t X j - Xk (1 - t)x

x. — xi. ax. — x^,^,,^-^ W-x,

• ^"^(A,),
9^- - ̂ i

the proof of (4.4) is complete.
The coefficient of 92/9qX2i in D\ - ̂ T^)^ is clearly as in (4.5). For the coefficient

of 92/9qXi9qXj, note that

XiX,{AiTi(A,)^AjT,{Ai))
_ Aij X j X j (qxj - tx j ) { t x j - X j ) { q x j - X j ) - {qxj - t X j } ( t X j - Xi){qXj - X j )
~ ~Txi-Xj———————————-^-^.)(g^. -x^————————————

and

{qxi - t X j ) { t X i - X j ) { q x j - Xi) - {qxj - tXi)(tXj - Xi){qXi - X j )

= {qxi - X j + (1 - t)xj){tXi - X j ) ( q x j - Xi} - (qXj - x, + (1 - t)xi)(tXj - Xi){qXi - x^

= (1 + t){xi - Xj)(qxi - X j ) { q x j - x^

+ (1 - t ) { x j { qx j - Xi){tXi - X j ) - Xi{qxi - X j ) { t X j - Xi)}.

Hence

1 -t2

the coefficient of 92/9qXi9qXj in D\ - ^ .D-z
t[i — q)

- n - ̂ ^j X j X j { x j { q x j - Xi)(tXj - X j ) - Xi(qxj - X j ) ( t X j - X j ) }
'^ ) t {xi- Xj){qxi - X j ) { q x j - x^

^(1-^J^A^T^(AJ)+^•TJ(^
L qxi — txj qxj — tXi J
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Since

1 -12

the coefficient of Q/QqXz in D^ - ————-D^
t[l - q)

1 / 1 _ -f-m -i i i
= î i-TT^ ~ ̂ A^(A^ - S ^A^(A^ + —j- S ^A^}'

^<J<m,j^i ^<3<m,j^i

we conclude the proof of (4.5) from

^ {A,T,(A.) - l̂ A,, - (1 - ̂ )—————A,'r,(A,)}
-i ^- • ^ • i • v y*^ 7 — ̂ iI<J<^,JT^^ "

m , ,

T A, IT ^-^;^-^--(14-,)^-^ _( i_ , ) ^ I
2— •-.• L. 1 ^- . ^i- Xk ^ Xi - qxj t X j - Xi ' qx. - Xi Jz^ /- '

K^<yn,j7^i k==l^k^=i,j
m

E i r LiX'^ •^'fc ^X^ — tZ' i
J JLJ. /y. _ /y, ^/T» . _ /r».

l<j<mj^ fc==l,fc^j ^ fc ' 3 xl

J<m,j^z fc==l,fc7^i,j J J t -i j t

=-A, ^ A
__ J /r • — T

KJ<mJ^i 3 1

i-r1-1 ,
^J'71

L

-A
1-t

where the last equality follows from (2.10).

4.2. GENERALIZED BINOMIAL COEFFICIENTS.

DEFINITION 4.3. - For any partitions A and p. of length < m, the generalized binomial
coefficient ( A )^ is defined by\/^m

/ t6^ \ v^ (\ \ t^/ ^A) - , x /A\ ^)
AC,^?,)^^15 • • • ' x m ) ) " ̂  ̂ )^T———T:^^x^''^xrn}
'1;———7p^p>(x^"^xm)) ̂ ^ , ;———T-^P^I,...,^).
\etm^(-r\) ^ ^ \^/m ̂ ^/J

Remark. - If we put q = t^ and let ^ —^ 1, then it is readily seen that (A)^ reduces to
the generalized binomial coefficient defined by using Jack polynomials [Kan2, p. 1096].
In this case the following theorem has been announced by [L] and proved by [Kan2].

Denote ^ C A if ^ < \i for every i.

THEOREM 4.4. - (1) (^ ^ 0 if and only if^C\ and \^\ = |A| - 1.
(2) the ( A )^^ are independent of the dimension m in the sense that ( A ) ^ , = ( A ) ^

provided r, s < l(\).
We leave the proof to Section 6. We write ( A ) dropping the subscript m. For each partition
A, we put A(,) == ( A i , . . . , A,-i, A, +1, A,+i , . . . ) and A^ = ( A i , . . . , A^_i , \, -1, A,+i , . . . )
and call them admissible if the parts are in nonincreasing order. We shall write
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\^ = (A(,))(,),A^) - (A^'). By Theorem 4.4 (1), (^) = 0 unless A = /^) (or
^ = A^)) for some %. Hence, in view of 6(A) - &(A^) = % - 1, we have

m / \ \ -f^l-i

(4.6) ^PA^I, . . . ̂ m) = CA^ ̂  ^(z) -———zT——^W^ —— ^m)
^l V / ^C1)^1)

where we have put

( - D \ /^m\(9^), . x ^A1^) ^ )\ ^cx = cx{q,t,m) = ——^—— = —^—^.

The summation in (4.6) is over all i such that A^ is admissible. This convention will be
used in all future summations involving A(,) or A^.

PROPOSITION 4.5. - The formal series

^ Px(x^,...,Xm)
S { x ^ , . , . , X m ) = ^7A—————-,,——————

\ ^

satisfies the summed-up equation L^(S) = 0 if and only if the coefficients -fx satisfy the
following recurrence relations

(") (^E^Cr')^'-2-^--'"^..
I ^2 ^^r\ , ( ^(l-t-) (q+^-i\

+t-a\eA~tO-.)AJ+^l^)(l-t)' 1 - ^ J '

(i-^o-^^o-^L, ^o(i-^a-^ J
Proof. - One can easily verify that, using (3.2), (4.1) and (4.6), the left-hand side of

(4.7) is the coefficient of P\/h^ in Lm(S).
Note that for r < m we have

\^ P\(x\^..^Xm}
(4.8) S{X^ . . . , Xr) := S(X^ . . . , X r , 0, . . . , 0) == ̂  7A—————^——————•

A 7

The recurrence relation (4.7) implies the following uniqueness property.

COROLLARY 4.6. - Assume that (c)^^ ^ 0 for any partition A of length < m. // the
formal series (4.8) satisfies Lr{S{x^ . . . , Xr)) = Ofor every r < m, and 5(0,. . . , 0) = 0,
then S { x ^ , . . . ,Xm) = 0.
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Proof. - Note that the coefficient of 7(1) of (4.7) is not zero because of the assumption
(c)^'7 / 0. We prove S'(a;i,..., Xr) = 0 by induction on r, the case r = 1 being immediate
from (4.7). Clearly it suffices to show S { x - i ^ . . . , Xm) = 0 assuming 6'(a;i,..., Xr) = 0 for
r < m — 1, i.e. ̂ \ = 0 if t{\) < m — 1. For 7^ with ̂  = 1, put A = ^m^ or A(^) == ^.
Substituting this A into (4.7) immediately shows that ̂ \^ is a linear combination of 7^
and 7A(,). i < m. Thus we find 7A(^) = 0. The general case follows by induction on i^rn'
Let us denote by (2.26)^ the system (2.26) to express its dimensional dependence.

LEMMA 4.7. - I f S ( x - i , . . . , Xm) is a solution of(2.26)m, then S ( x ^ ^ . . . , Xr), 1 < r < m,
is a solution of (2.26)y.

Proof. - Clearly it suffices to prove the case of r = m — 1. Substitute 5'(rci,... ^Xm)
into (2.26)yn with i / m and put Xm = 0. Then one finds that S'(rri,.. . ̂ Xm-i) satisfies
that the system (2.26)yn_i multiplied by t.
This lemma implies that if S { x - ^ ^ . . . ^ X m ) is a solution of (2.26)^, then
L r ( S ( x - i ^ . . . ̂ Xr)) = 0 for r < m. Hence by Corollary 4.6 we obtain

LEMMA 4.8. -Assume that (c)^" ^ 0 for any partition A of length < m. I f S { x ^ , . . . , Xm)
is a solution of (2.26)^ and 5(0,. . . , 0) =0, then S{x^..., Xm) = 0.

We next provide some formulas for the (^'s.

LEMMA 4.9. - We have

m /\ \ 1 -^m

( A Q\ V^ ̂  f (z) } - C.
( ) ^ ^IA J-^-^l-t)^

m / \ \ r 1 ^m i

(4.10) E -̂̂ .) (T ) = {(T1^) - e-}tm-lc-

(411) Y^t^c. (^}_^-\l-t-} 2^(1-^)(4.11) ^(^ j c,,, ̂  J - ^ ^ _ ̂ ^ _ ^ ^ _ ̂

+ (1 - g^-^A2 + (t - l)^'"-1 + ̂ -^AlcA.

Proof. - We first show

m

(4.12) EAi.r^f"-1?^!
1=1

(4.13) E A^? = ̂ -^(2) + f"-2(t - l)TO(i,i)
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^m-1^ _ ^m—l\

(4.14) ^ Aij(x;t}xi=——^—^———mi
i<W<"i

(4.15) ^ A^a;;^^^2"1-3?^!,!)
l<,i<j<m

where mi = m(i) = a;i + • • • + Xm. Replacing z with 1 / z in (2.7) yields

^t__ZX^^ yZX^Mx^^^^

i ^ - l - Z X i ' '^ 1 - Z X i
i==l 1=1

Differentiating both sides once (resp. twice) with respect to z and then setting z = 0 gives
(4.12) (resp. (4.13)). By (2.10) and (2.7) with z = tx, we have

f. fr t x , - x , x , - x , _ y. ^ ^ -^ f 1 | t-1 ^ }
2-̂  11 r r , -^^-^- 2-^. . 1^. • ^-^ ^ ^ ^--^J

j=lj^ik=l,k^ij 3 k 1 3 j=l,^z fe=l,fc^,j •y

_ 1 1 - r^ ^ - 1 1 ; ^rn-1 ^ TT ^fc - t2^ 1- t i- t t i-n A^-^
i f i - r1 Tj ^_^i

- 71 i-t , I1 ^ - txi )
k=l,k^t

Hence we obtain

^ Aij{x^t)xi
Ki^j<m

^—^ r ^—s T-r to^ — Xjc Xj — Xj 1
=t^A^[ ^ 11 }

z=l j=lj^i fc=l,fc^j J ^ ^ ^

1 _ ±m rn rn

= -—- ̂  AiXi - ̂  Ai{x', t^Xi
l ~ t i=l i=l

-I _ j-rn
= L^_t——l^ - t2——^!

^-^l-^-1)== ———^—————-mi.
1-t

The proof of (4.15) is similar to that of (4.14) and we omit it.
Setting a = 0 in (3.12) yields

+bW m 1(4.i6) E^-p^'•••'^)=^(^^•
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It follows from (2.9) that

(m i \ 1 / m \ m-n^^fe^n^
^ _ -pn rn i

^l-^l-t)!!^^-

Hence applying e to both sides of (4.16), we have

1-^ V- t"W /__ / ^ \ ^(A^)(l-,)(l-t)^^p^•••'^)=EC4E^)J,^^
Equating coefficients of P\ in both sides yields (4.9).

For the proof of (4.10), note that by (4.12) and (2.9) we see

/ 1 \ 1 / / m \ m
D,(———————\=l—((YA^x^\T\}——\^rw^u i-^l^ /.ll(^;g)oo^

\ (••— 1 / I— 1

f"-1 mi
l-9^^l(a;*;9)oo

and

^rr ^•1-^ )={EA»+-J•^E^^ml)A'}^"'/ ^Ml^i^^Joo^ ^ 1-(?^ J n,=i(a-«;g)oo
_ ; 1 - f" ^ 1 - f" _^ -> i
-\i-t + id^o^)-^ J^tn^^;^'

so that we obtain

( 1 \ tm~l c 1 — ^m / 1 — /m \ m i£D- nEt.̂ :) = r^{-r^ + ((î rTo -<"-)">•} n;̂ .̂
Hence applying e-Di to both sides of (4.16) gives

y^ t^e^ „ , C71-^!-*"1) ^-^^(A)
^^-^^•••'^-(i.^i.^E^-^^...,^)

A

.( 1 -^ ^-i>|^^6., ,
-^^ l -g)^-^-^ J^-^^l-^m).

Substituting (4.6) in the left-hand side and equating coefficients of PA of both sides gives
(4.10) (use CA(,) = CA + r^g^ and then (4.9)).
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By virtue of (4.14) and (4.15) we can derive

m 1 . ^m-l r 1 — t771"1 1 m 1^(n (^)= (i_,)(..,) {'•-'-..... - -^<--}n ̂ ^:-
Also by (4.12) and (4.13) we have

^n-'SV) = {1T^^•"1 + (n 'v'l" » - C-1 + ̂ l)-!")}^li^lW^oo7 l 1-^ v ( - l - -9A l - t ) / J

m ^

x 11^..^ <

z==l v ^ -/700

Hence applying eD^ to both sides of (4.16), we get

?T^
_ f"-1 Lm-2/ l̂.l) ^ _ l-^-1 / mi ^- ( i - g ) ( i -< )V ^n^i^;^^ i-* ^n^i(^;g)°o^
_ ^m-1 f ^ -2 / 1-^ _ /^-l ..m^^^.^d^——- ( i -g) ( i -*)V ^i-g)(i-*) lt ' t ^nr=i(^;9)°o

1 -1"1-1 f , , _ l-t"1 x m,
+ 1-t {' +t {l-q^-t))^^^
_ ( l-^T O- l)(l-tm) 1 ^" ^ ~ k f n ^ i ( ^ ; f f ) ° o - i

- ( l~tm _ '̂"-1 -L t"1-2')} V tbw-^P^x}
- l ( l -g) ( l -<) (* +( ) ) ^ h, pxw

^"-^l-f"-1)^-^") ^-^ t^
~ ————(l-g)(l-<)3———— ̂  -/^PA(a;)-

Substitudng (4.6) into the left-hand side and equating coefficients of PA of both sides yields

V-, {\i)\ f / 1 -^ /,n,-l,^-2^. ^(l___f^)(l__^)lEA(.)^,^ ^ j = { ( ( i _ ^ _ , ) - ( * +* ))A-—(i-^i_t)3—h-
A

Since

^ _ ^ m ^m-iA, ^m-iA.)2

A(, = A + {(i - ̂  - TTT}^^ + i-T-'
one can simplify the left-hand side by using (4.9) and (4.10) and this completes the
proof of (4.11).
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4.3. ^-DIFFERENCE SYSTEM. - We now state one of the main results of this paper.

THEOREM 4.10. - The hypergeometric function 2^' (a ,6;c;a; i , . . . ,a ;yn) is the unique
solution of the summed-up equation Lm(S) = 0 subject to the following condition:

(a) S{x) is a symmetric function in rci,..., Xm-
(b) S{x) is analytic at the origin with S(0) = 1.
(c) S'(rci,... ,^,0,... ,0) is a solution of Lr(S) = 0 for every r < m.

Proof. - The uniqueness is immediate from Corollary 4.6. Put 7^ =
(^^^/(c)^. Then we see

^ = 7A(^-1 - ̂ a)(f-1 - g^)(f-1 - ̂ c)-1.

By virtue of (4.7), the proof that Lm^^^) = 0 (and also (c)) boils down to show

1 rn / \ \ 1 4.2^ E ̂  ('r r"-2-"- - ̂ c-1 - ̂  - «^ - » )̂
/ 2ab(l-trn) (0+6)^-^ (l--a)(l-^m- l(l-r^) _

+ 1(1 - q)(l - t ) ~ 1-q )^ ~ ( 1 - ^ ) 2 ( 1 - ^ ~

But this is an immediate consequence of Lemma 4.9.
Next we compare the hypergeometric series 2^1 (c^; C;;TI, . . . ,a:yn) with the q-

Selberg integral qSn,m(^,0^,^x^) with ^ = 1 or -7. If ^ = 1, then qSn,m{x), being
a polynomial, is analytic at the origin. But if p, = —7, then in general qSn,m(x) has
poles at Xi = e^7"^?^ ^ ^» so Aat the origin is an essential singularity. In this case
we choose ^ = ̂  = (1, Q , . . . , Q71-1). Then the integral qS^m(x^F) over [0,^ is
analytic at the origin because the integral is done only over the set < ^F > consisting
of the points such that t^ = ̂ S^AI = ̂ 7+l/2^ • • ^n/tn-i = q^^ for each ^ e Z>o
(this is the so called "a-stable cycle" in [Aol]). Combining Theorem 2.3, Lemma 4.8 and
Theorem 4.10, we now obtain

THEOREM 4.11. - We have (q^Q^x = (g^Q-^i,... .q^Q^Xm) etc.)

(4.17)
qS^m{^ A 7, 1; ̂ 0-1^ 0 = C • 2^)(0-^ g-^71-1^"-1; g-^+^-D; ̂

(4.18) ,5,̂ (a, /3,7, -7; ̂ ; ̂ ) = CF . 2^ig'Q)(0^ ̂ ^-'O-^-^; g'^'-1; ̂ )

w^r^ C = qS^o(a,P^^),CF = qSn,o(a,f3,r^F)'
The condition that 2<^9 ' t\(^&;c;^l,.. • ,^m) satisfies the system (2.26) is equivalent

to an infinite system of polynomial equations in q,t,a,b,c. The formula (4.18) implies
that these equations hold when t = g7, a = q^, b = q^n-i-^n-i^ ^ ^ ̂  ^a+/3+n-i g^g
n, a, /?, 7 are arbitrary, these equations hold for any q, t^ a, 6, c. Thus we arrive at
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THEOREM 4.12. - The hypergeometric series 2^1 (^&;c; rc i , . . . , : ryn) is the unique
solution of the system (2.26) subject to the following conditions:

(a) S(x) is a symmetric function in x \^ . . . , Xm'
(b) S{x) is analytic at the origin with 5(0) = 1.

5. Consequences

5.1. INTEGRATION FORMULA OF MACDONALD POLYNOMIALS.

Put

D/^ B ^f}- fT^+q-l)(l-27) (^j)oo TT (^"^J/^oojg/^,D^^t) - J^ ^^ ̂  ̂ ^ DW.

Theorem 4.11 implies the following integration formula.

THEOREM 5.1.

/ P^t;q,Q)yD(a^,T,t)^
J[0,^oo],

(Qn^Q)^n-lQ-(n-l)^Q)

=Ao(a,M;0 ^Q^^^

( a+n-lQ-(n-l))(9^)

=,s^^Wl,Q,...,Qn-^Q){q ̂ ^_^ •

Proof. - Replacing x by —qftQ~lx, X by A' and setting y = t = ( ^ i , . . . , ^ n ) .
(q,t) = (Q,q) in (3.8), we have

J] (1 - ̂ Q-1^-) = ̂ (-^Q-^I^'PV^; Q, q)P^ q^ Q).
l$i^m,l$j'<n A

Substituting this into (4.17) yields

(5.1) W^Q-T'l-PvM^) / Px{t;q,Q)yD(a^,r,t)^
A -/[0,$oo],

= 07 • a^'^O-", g-^"-1^"-1; g-^^"-1^ a;)

^^ (Q-")^^-^"-1^"-1)^^?..? .
2- (,-(-^-))^^(Q,,) PA'(''Q'9)•

Note that in general we have

(a)^ = (-(^'(a-1)^, ^(g,t) = /iy(<,g).
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Hence equating the coefficients of P\'{x\ Q^q) in (5.1) immediately gives the desired first
equality. The second equality is a direct consequence of Theorem 3.3.

We next show Theorem 5.1 implies the integration formula of Kadell [Kad2]. Assume
7 = fc, a positive integer. Put x == a + (n — 1)(1 — 2fc), y = (3.

PROPOSITION 5.2. - Assume Re{x) > 0, y ^ 0, —1, — 2 , . . . . We have

(5.2) / P^;<^)]^(^ T] tf^-n.it^
-'[O-1]" j=l [q " J i ^ Ki<j<n

..m^m )̂̂
y M )̂

H" Î fc + l)r,(a: + (n - i)k + \i)rg(y + (n - i)k)
x^ rg(k + l)rg(a- + y + (In - i - l)k + A,)

^(§)+2^(§)p^^__^(n-l)^^

H" rg(»fc + l)rg(a; + (n - i)k + Aj)r,(y + (n - z)fc)
'^i r < , ( f c + l ) r g ( a ; + y + ( 2 n - z - l ) A ; + A i )

Proof. - Observe that nKK.i^n^"1^1"^/^^!;—! is antisymmetric. Using Lemma
2.1, (4.17) and Theorem 5.1, we have

LHS of (5.2)

= I P^;^)]^(^)0^4( [I {t,-qkt^tf-\ql-kt,/t^-^
•^^ j=l W)^ Ki<j<n

= ^̂ "n /' ^(^ 9, ̂ Wx +(n- l)(2fc - 1), y, &; ̂
<.1 Y J J<^F>

^ {q^n ^ (g-^A 11(^)^(1-g^"-^-1)

(1 - ̂ )» g ^(g. ̂ ) n«,,)eA(l - ̂ +^(2"—i)fc+.-i)

nrg(zfc)rg(a; + (n — i}k)Tg(y + (n - ^)fc)
' ̂ i r g ( k ) r q { x + y + ( 2 n - i - l ) k ) '

Hence (5.2) is immediate from the formulas

1^+1)=^^)

and

A, = V"(a - 2(j - l)fc + n - 1)0- - l)fc = kx (n} + 2fc2 f^ ) .
^ V/ v0 /

4° SfiRIE - TOME 29 - 1996 - N° 5



^-SELBERG INTEGRALS AND MACDONALD POLYNOMIALS 619

Kadell [Kad2] has given a different proof of Proposition 5.2 in a slightly different
expression:

LI IEnf r -^ -^"^^" TT (A. -A,+Q--z) fc ) ) ,LHSof(5 .2)-g ^^ Jj^ ^_^

H" r,(.E + (n - z)fc + \i)ry(y + [n - i)k)
x i=i ry{x+y+(2n-i-l)k+\i) '

where Bn = k E^i(» - 1)^ + kx ( n ) + 2k2 (^ ) • This is> checked by utilizing (3.6):

/^^(^n^""^)-1 n (^-Aj+o-t)fc)fcl
i=l Kt<j<n

and observing

('rt^V^-^^oo = g'^^1-1^^)^.

5.2. INTEGRAL REPRESENTATION OF y,^^" (a, &; C; 3;).

Let a i , . . . , ar and 61 , . . . , bs be such that (bj)^ i- 0 for any j and any partition A
of length < m. Assume m < n, and put

(5.3) ^^(ai, . . . , dr; &1, . . . , &s; ̂ 1, • • • ^m; ^/l, • . • , Vn)

^ . )^) f (_ i ) iA | ̂ (V)!^1"'
-E ^ v J g J——PA(^)PAO/;^).z" n^i^)^^^ wi^... ,^-i)

This series converges in a neighborhood of origin only if r < s + 1 and its proof is
similar to that of Theorem 3.8.

PROPOSITION 5.3. - Let dr-^-i = q" and 65+1 = q71 and put a = e + (n - 1)(/7 - I),/? =
T] — e — (n — 1)7. We have

(5.4) .+1̂ *1̂ 1̂  • • ̂  ̂ +1; &1, . • • , ̂ +1; x ^ ' ' ^ xm)

= qSn,o{oi, /?, 7; $F)~1

x / ^^^^(ai , . . . , a^; 61 , . . . , &s; ̂ i, • . • ^m; 2/i, . • . , Vn)
J[O^FOo]q

x qD(a,l3^',y)uj

provided the right-hand side is convergent.
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Proof. - This is an immediate consequence of Theorem 5.1 because

^q+n-lQ-(n-l)^Q) ^ (g^^

(g^4-71-1)^~ OfO^'

PROPOSITION 5.4. - Let a = q6\b = (f ,c = q11 and a = e + (n - 1)(7 - 1),
(3 = rj — e — (n — 1)7. We have

(5.5)
71 / Q,L.(i_l^-y\

^ (̂g-- 6; c;,, gQ, . . . , ,0"-) - ,-(-("-D(i-.)) n ̂ L-i-^) -
Z=l v ' }N

where 6 = -N,N € Z>o an^

(5.6) 2^Q)(a, 6; c; c/a6, cQ/a6,.. . , cQ^/ab)
^ TT r,(/? - 6 + (z - l)7)r,(a +/3+ n - 1 - (z - 1)7)

11 F,(/? + (z - l)7)r,(a + / ? - ^ + n - l - ( z - 1)7)

provided the left-hand side is convergent.

Proof. - By Theorem 3.5 we have

(5.7) î ;̂ 9, qQ...., gQ71-1; 2 / 1 . . . , yn) = ̂ (^7V+1^)^.
j=i

(5.8) i^^^a; c/a6, cQ/a&,..., cQ71-1/^; 2 / 1 . . . , ̂ ) - f[ (^)00 .

Substituting (5.7) (resp. (5.8)) in the right-hand side of (5.4) with m=n,r=l,s=0
and ai = q~N (resp. ai = a) gives

^,Q)^-^ ̂  ̂  ̂  ̂ Q, . . . , gQ-l) = ̂ n(a+(n-l)(l-7)) ^<gn.o(Q/. ̂  + ̂  7; g"^^)

^.o(a,/3,7;^)
^ Nn(a+(n-l)(l-^)) ̂ ^^(^^ /? + N, 7; ̂ )

qSn.o{a,(3^'^F)

^)(a, 6; c; c/a6, cQ/a6,..., cQ-1/^) = ̂ ^ ; ̂ ^.
q^n.O^Oi^^^F)

Hence the proof follows from the explicit formula (4.19).
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6. Proof of Theorem 4.4

6.1. SKEW MACDONALD POLYNOMIALS. - For any partition A, /^, v define rational functions
f^t) by

f\ _ f\ (y ^ ̂  < P\,P^Py >
J ^tv ~ Jiiv^^) ^ p p ^ •

Equivalently,

(6.1) P^=Y,^Mt}Px.
\

Clearly /^ = 0 unless |A| = |/^|+|^|. Moreover it holds that f^ = 0 unless A D p,
and A D v [Ma2, (4.2)].

If A, [L are partitions, define ^tew Macdonald polynomials P\/p, by

(6.2) Px/^ = b^\ ̂  &./^(^ t)P^.
v

Hence PA/^ = 0 unless A D /^. Let x = {x^, x^,...) and y = {y^,y^...) be two sequences
of independent indeterminates. Then we have [Ma2, (4.5)]:

(6.3) Px(x,y) = ̂ P^)P^).
P-

Put

fX ^^fX
J^v r J^V

Setting a; = Xm,y = (^i, • • • ̂ m-i) in (6.3), we get

(6.4) PA On, . . . ,^n) = ̂ (^ /^))<p^(a;l. • • • ̂ m-l).
^ r

If A D /^ then the skew shape X / p , (regarded as a difference A - fi of diagrams) is called
a horizontal r-strip (resp. vertical r-strip) if |A/^| = r and no two distinct squares of
\lji lie in the same column (resp. row). Then f^ ^ 0 (resp. /^^ i- 0) if and only if
A D 11 and A//^ is a horizontal (resp. vertical) r-strip [Ma2, (4.8)]. Moreover they can be
explicitly evaluated as follows. For each square s and each partition A, define

1 _ ^a(5)^(s)+l

(6.5) bx(s)=bx{s',q,t)= 1 _ ^a(.)+W
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if s G A, and b\(s) = 1 if s ^ A. If S is any set of squares (contained in the diagram
of A or not), put

(6.6) w)=n^5)-
ses

Now let A,/^ be partitions such that A D 11 and A//^ is a horizontal r-strip. Let C\/^
(resp. R\/^) denote the union of the columns (resp. rows) that contain squares of A//^.
Then [Ma2, (5.12)]:

(6.7) f^ = b^b,{C^/b,{C^).

Observe that

^ ̂  f^ - h b^RX/^ 1 ~t b^R>/^
w ^-^b^^^T-qb^^

If A, ^ be partitions such that A D ^ and X/fn is a vertical r-strip, then applying the duality
theorem [Ma2, (3.5)] (cf. [Ma3, Chap.6, (7.9)]) to (6.7), we obtain

(6.9) ^(i.) = &A(^)/^(^),

where R\/^ denotes the union of rows that do not contain squares of \j JJL.

6.2. LEMMAS. - Put

(6-10) Q) = n(1 - ̂ '"-''^(rK1 - ?a'(s)<m-^'(s)))'lwlfA)
V^ /m s<E\ s(E^i \^/i

so that from Definition 4.3 we have

(6.11) 6PA(^.. . ,^n)= ^ [A) P^(^i,...,^).
H=|A|-1 v / ^

LEMMA 6.1. - Let A <2nrf ^ &^ partitions of i{\) < m and i{^} < m - 1. We have

0 "C) +^)'^^(A)^m- l'\ ' / m \' / ?n—l

Q) =^)^^(A)=m.
\' / m
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Proof. - Setting Xm = 0 in (6.11) yields

, D / ^ QP\{^,...,Xm)
teP\[X-i,...,Xm-l) + ———

in which we see by (6.4) that

<9PA(^l, . . .^m)
S ^(l)^^——^-!)

^m |^=o |^|=|i|-l

623

Hence equating the coefficients of P^i,... ,Xm-i) in both sides gives the desired
formulas.

For each partition A, define A* = (Ai - 1, A2 - 1, . . . , A^(A) - 1). One can readily derive
from Theorem 3.1 that if £(X) = m, then

(6.12) Px{x^,...,Xm) = (n^)-FU^—^m).
1=1

LEMMA 6.2. - For partitions X and JJL of length == m, we have

f\\ (\
W =q^

=(CJ +f^m-ly
\' / m \'

proof. - It follows from (6.12) that

m m

(6.13) ePx(x^ ... ,Xm) = ̂ (n^)^^^ - • ̂ m) + q[Y[x^eP^(x^ ... ,r^).
1=1 i=i

We assert in general that

(6.14)

In fact

1 _ +rn—r-\-\
eer(xi,...,Xm) = ——-r^-,—6^-1(^1,... ̂ m).

E
r\ "i

Ai-—e^(rci,...,rr^) = V^ A,ey,-i(a;i,... ,^_i , r r ,+i , . . . ,Xm)
d^x. —''g^l z=l

nl

= ^A,(e^-i(a;i,...,^m) -^6^-2(^1,..., ̂ -1,^+1, . . .^m))l^e^-i(a;i,. . . ,Xm) - Xier-2\X^, . . . ,^-1,^+1, . . . ,Xm^

i=l
l-t^

1-t <

1 - ̂ -^+1

I

-e^_i(;ri , . . . ,Xm) - D\Cr-\{x^... ,Xm)
L
-e^-i(a;i,...,^^).

1 - t
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Substituting (6.14) with r = m into (6.13) and equating the coefficients of P^(a;i,... , Xm)
of both sides gives the desired formula.

LEMMA 6.3. - We have

(6.15) E^Q) ^(^...^)
\,IJL V ^ / m

/ 1 — f^ ^

= ( i _ , +ge^6^_iP^(a;i,...,^)

- Di (e^-iP^i,..., Xm)\ + e^P^rri,..., Xm)'

Proof. - The left-hand side is nothing but e(erPy{x^,... ,Xm)Y On the other hand
using (6.14) and that

Tg,^er(^l,...^m) = er(^ l , . . .^m)+ (<7 - 1)^^-1 (^1,... ,^-1, ̂ +1,... ̂ m)

== e^(a;i,...,rc^) + g^ey,_i(.n,... ,Xm) - ̂ iTq,x^r-\{x^... ,Xm),
we have

e(erP^X^,...,Xrn))
m ^v

= (eer)P^X^ . . . , Xm) + E A.T^^(er).——P^l, . . . ̂ m)
z=l ^^^

^ _ ^m-r+1
=: ———J—TT——er-vPy{x^,. . . ,Xm} -\-ereP^X^,...,Xm) + qCr-\D^Pv{x^, . . . , Xm}

m ^

-^AiXiTq^(er-l)-^——Py{x^ . . . ,Xm)'

i==l oclx^

Hence the formula (6.15) is immediate from

y.m—r+1 _ j-m

D^(er-iPv(x^,...,Xm)) = ——Y—^——er-iP^(x^...,Xm)

rn ^
+ ̂  AiXiTq^ (er-l)^——^(^1, . . . , ̂ m).

z=l ^^^

LEMMA 6.4.

(6.17) E^(2)Q) ^(^i,...,^)
\,p, \ ^ /m

= r^^1 + q^1 ~ tm^ ~ (1 - ̂ e^eiP^i,..., x^)

+ \J^ -PI (eiP^(a;i,... ,^)) + P(2)£P.(a;i,..., Xm).
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Proof. - One can readily deduce from Theorem 3.1 that

( l+g) ( l - t )
P(2) = m^ + ^_^——^(i, i) ,

so

625

c?P(2) f(l - g2) ( l+g) ( l - t )
——— == ———~Xi -r ——-——-——ei,
QqXi 1 - qt 1 - qt(6.18) -^ = ————v / 9qXi 1 - qt

from which we get

( l+gXl-^)
(6.19) .P(2) = v — — T - ^ t 6 1 -

We have

771 r\ T )̂ r\ T-)

(6.20) e(P(2)^) = e(^(2))P. + P^eW + ̂  - 1)^A^ (2) t/
."i ^q^i ^q'^i

and by (6.16) with r = 2 that

m Qp
(6.21) (9 - 1) E A^2?- = ̂ (^^'^ - (fn-l + 6-)elp-

i=i ^:rl

Substituting (6.18) and (6.19) into (6.20) and then applying (6.21) yields (6.17).

6.3. Now we turn to the proof of Theorem 4.4. We shall prove a stronger assertion: For
any partitions A and ji of length < m, we have

^ w\ ( x \ - ̂ W-W h/>- f\ .(6.22) 1 1 -t }^
\' / m ^

which is, in view of (6.8) and (6.10), equivalent to

/^\ f i-^z-l^-^l b^fiA/^) [fn-\W

(6.23) [ ] = { ^ bA(^ /-)' , A '
\^)m l0, if/^A.

Here note that R\/^ is the %-th row of A. We shall denote the z-row (resp. j-th column) of
A by Rx^i (resp. Cxj) and write bx{Ri) (resp. bx(Ci)) for bx{Rx^) (resp. bx(C^i)\ Note
that bx{R^^) = bx(Ri) provided ^ D A. (6.23) is rewritten as

r\\ f i-^--1^-4-1 ^(^)
^ 1-9 ^W)'i————5TW). II ̂ = ^ ,

if [L (jL A.^ymlo,
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We prove (6.24) by induction on the dimension m. The case m = 1 is easy to check: Put
A = (r)^= (r -1). Then clearly ( x } = (1-^) /(I- q) holds. On the other hand we see

\ ' / m

h ( R \ - ^; ̂ >r A ( r > \ (^g)r-lOA(^i) - 7———,b^R^) = -——,——,
W^r Wq)r-l

and therefore (6.24) follows at once. We assume that (6.24) holds in the dimensions
< m - 1. This^implies that (6.24) holds in the case ^(A) < m - 1. In fact by Lemma 6.1

we see that P) = 0 unless p, C A. Moreover if JJL = A^ and ^(A) < m - 1, then
by means of (6.8^ we have

(X\ _^-qx^-ltrn-ib^) 1-tb^Rj)
V j r n l -q b^W 1-qb^Ri)

_ 1 ^ q^-^-W b^R,)
l - g b^R,)'

If i{\) = m, then /i = A^ and \m = 1. Hence (6.24) is immediate from Lemma 6.1
also in this case.

Next suppose ̂ ) = m and ^(A) == m and that (6.24) holds for A* and /^. Then Lemma

6.2 implies that ( x } = 0 unless ^ C A. If ^ = A^, then by (6.9) we have
\ ' / m

(625) ( x } _ l-g"--2^-^1^^) ^(^/A.)
V^/n, 1 - 9 b^(Ri) • b^(R^^Y

Observe that

^W = W)W,i))-1 = î î̂ rr̂ )̂
1 _ ^\ij.m—i

b^R.) = b^RM^l))-1 = ,_^,^.^W

and

^(^/AJ = b^R,^ b^R^) = b^(Ri).

Substituting these into (6.25) gives (6.24). Iterating this argument, we see that the case
^(A) = i{ti) = m reduces to the case ̂ ) < m - 1 (which we have just proved) or the
case i{{jb) = m and t(\) < m — 1.

It now remains to show that (^\ = 0 when ^(A) < m - 1 and ̂ ) = m. We prove
this by induction on ^(A) and for fi^ed ^(A) on A^(A), the case A = (1) being obvious.
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Note first that ( x } = 0 for A of l(\) < p - l,p < m - 1 implies ( x } = 0 for A
V ^ / m \p/m

of ^(A) < p and Xp == 1. This follows from (6.15) by setting r = \,v = A^ (so that
i(y) = p - l) and equating the coefficients of P^ of both sides. So we have reduced the

proof to showing ( A ( p ) ) = 0 for any partition A of |A| = \^\ and £{\) = p < m - 1
___, \ ^ / m

provided that ( K ) = 0 when -^) < p - 1 or ̂ ) == ^ and Kp < \p.
V ' / m

We divide the proof into several parts treating different cases. First we assume p < m- 2
and derive necessary equalities from Lemma 6.3 and Lemma 6.4. We have

f\(p^ \
(6.26) (^+1'1) = 0

\ ^ /m

provided % < p — 1. This follows immediately from (6.15) if we set r == 1, v == A" and
compare the coefficients of P^ using induction hypothesis. Setting r = 1 (resp. r = 2)
and ^ = A or A^,^ (resp. ^ = A^) in (6.15) and comparing coefficients of P^ using
induction hypothesis and (6.26), we find that

(f\ 97^ ^A(p) (x^ ̂  -^ ^^(P+I) ^(P+l) ̂  - V^ ̂  ^ A ^(6.27) ^(i)l . ; +A(i) I . ; -Z^^d)!^)/
\ ' / m \ ' / m i \ / m

, f\~^ \ \(P) /\(^)~^ \

(6.28) ^+1) A^1) ) + j^^ {PW2}
x(p+l)w\ ^ } m ^P+l)^^ \ ^ /m

^(P) / \ ( P ) \ __ / \^ \, ^(p+i.p+i) [ ^(p+i ,p+i) i — v^ f^ f ^(p+i) i+^)(l) v ^ L"^-'^)^^)^)^

/\~ \ \(p) / \ ( p ) \
^ 9Q^ f\p+^ f ^(p+l) 1 i ^(p+i,p+2) / ^(p+i ,p+2) 1
(6-29) ^(P)(l2)l . j +^(P)(12) I vp , / ;

\ ' /m \ ' / yn

_ / l-^ \ ^ , \ -^ ^ A ^ \
- ^ -i . • ^^(p) - e^ ; ^A(P)(I) ' 2^ ̂ '^(l2) [ \^ j '

\ - ~ / ^ \ / T n

Similarly, setting v = A^^ in (6.17) gives
/ \ ^ \ / \^ \ \^ / \(^) \

^fi ^rh /' (p) f (p) 1 4- f (p+l) f ^+1) 1 + f (p+i,p+i) f ^(p+i^+i) \
.̂<5U; ;^p)(2)l I +./A(p)(2)l . 1 +^(P)(2) I . / ;

\ ' / m \ ' / m \ ^ /yn

= r1^1 ~92)(^ - eA(p) + (1 + 9)(1 ~ ̂ ^^(D
.V^ ^A^^
"^Z^• /A(P '^)(2)\,A (P '^) 7 '^ \ / m
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Here note that, because of induction hypothesis, the generalized binomial coefficients
appearing in the right-hand sides of (6.27)-(6.30) are given by (6.24). So we regard
these equalities as equations of unknowns ( ^ P ) ) , ^(p+iM ^ f^+^p+iA ^ ̂

-̂̂ - V ^ 7m V ^ 7m \ ^ )m
/^(p) \
I ^(p+l,p+2) )
V ^ 7m '

Remark. - If Xp = 1 (resp. \p = 2), we understand (^p+i^+i ) ) , and (< A^ )n,p+2)^
/-— ^ ^ 7m \ ^ )m

/^(p) \
(resp. l ( p + i ^ p + i ) l ) to be zero and the following argument should be modified
accordingly. We leave this task to the reader and assume henceforth that \p > 3.

Case L - j ) < m - 2 a n d ^ ^ A^ ̂ _^. Observe that the right-hand sides of (6.27)-

(6.30) are all vanishing. Hence, for the proof of ( A ^ ) ^ = 0, it suffices to show that
the determinant of coefficient matrix of equations is not identically zero. For this purpose,
set t = 1, then we have in general

bx(s) =
1 - q^

1 _ g0(s)+l

Hence by (6.8) and (6.9) we find that the coefficients appearing in the equations (6.27)-(6.29)
are all equal to one. Also by (6.7) we have

^(p),_1 /.A(p) i _ i ^(p+i^+i) i _

"(l)'7;^^)!^! ~ "(l)^?^) \t=l ~ 1

and

,_i f\(p+i) -
^(iVxw^y I - (b^ .br .}-1 ^(P+D^P+D^^^P)^^

t=l - ^(1)°(2 ^ -,———T^——————^—————x-6A(p)(<-7A(p+l),lUC^p)^)^X(P)

=^)6(2PI<=111^-I

-(P+l)'

1 -^P-1 1 -^P-1

,\p-21 — q^p 1 — q^

t=i

= ((1 - q)(l - ̂ )(1 - ̂ -^^(l - ̂ )(1 - g^-1)2,

which we denote by C{q). Therefore the determinant of the coefficient matrix (we multiply
the equation (6.30) by b^) at t = 1 is

/.A(p)
^A(l)

0

0

^-1 f\p)
l /( l )^A(p)(2)

f^p+i)
^A(l)

fx(p+l)
J ^ P ) (^

^(p+i)^^

^^(p+i)
JA(P)(12)

, 1 />A(p+i)
t /( l )^A(p)(2)

0
\ (p )

/ - ( p + l . p + l )
^ 3 , ( P ) / i ^

^P+l)^)

0
^(p)

L-l ^ (p+l,p+l)
l /( l)«/A(p)(2)

0
X ( P )

^ (p+l,p+2)

^^i)(1)
\ (P)

J* (p+l,p+2)
• /A(P)(l2)

0
t=l
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1 1 0 0

0 1 1 1

0 1 0 1
1 C{q) I 0

= C(q) -1^0,

as desired.
Case 2. - p = m - 2 and ^ C A^ ̂ y It necessarily follows that [L = A^^) for

some r < p, and therefore the right-hand side of (6.27) is clearly zero. We see also

x(P,r) / \{p) \

RTTQ ^ (^ 9Ch — f (p+i'P+2) ( / l 1KHb ot (b.^yj - J^(p,r)(i2) l^(p,r) I-

Hence it suffices to show that

\(p) /\^ \ ^(p^) / \(p) '
/(p+l,P+2) \p^l^2) \ _ /.A(P+1,P+2) / ^ ^

/A(P)(12) Y X ^ ) ; - ^(P>-)(12) l^(^)(6.31)

By (6.24) we have

^+1^+2) ^ m v

(^\ ^S?^),
I A^'^ ] [ \^ ]V" / m V^p-n^-^) / m

= &A(^) {Pr^b^r) {Rr)b (p) (^)-1&A(P) (^r)
A(p+l.p+2) A(p+l ,p+2)

= ^(P..) ((r, l))-1^?,-) ((r, l))^(p) ((^ l))-1^?) ((^ 1))-
'•(p+l,p+2) A(p+l,p+2)

On the other hand by (6.9) we see also

x^f^^=b^cxM'lrlb^3,(P) (C^p)^).
A(p4-l,p+2)

f^^ = ̂ .^At-),!)-1^,^/^-'.1)'

so that

—1 •^(P'7').(p)<.?-> \ -1 .K^'7^
l(p+l,p+2)^ f (P+1,P+2)
(P)(l2) j ^A(P'T ' ) (12 )

^ r^Cp+i
^A(P)(1 2 ) ) ^(^(l2)(/.
^^(^l))^,^^!))-1^^/^!))^,^/^1))"1-

This completes the proof of (6.31).

Case 3. - p = m - 1 and ^ (jL A(p+i). In this case by (6.15) with r = 1 (resp. r = 2)
and ^ = A (resp. ^ = A^) and induction hypothesis we have for some s < p

(6.32) f\p) ( A(p)
J\ ( i }/A( l ) '

/^

i ^(p+i)
1 ^(1)

^A(p+i) ^ ^o
< ^ 7m
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(6 33) f^^ f^+1) ̂  + f^.-) (^S+is) \ V" ̂  ( xw \^•d6) Ixw^)\ ^ ) +^)(i.)l (py•s') =2^f^.w[\(p,i)) •
' ' m \ ' / m i \ / rn

Observe that, as ^ ^ \p^ is assumed, f^p^^ does not vanish only if ^ is of the form

(6-34) ^-^L)^<^^^
and i = rAf not, then one can readilyj;onclude from Lemma 6.2 and induction hypothesis

that f^^1-5)) = 0 . Hence (A ( p + l )) = 0 follows from (6.33), so that we obtain
^_\ • / m \ • / m

(^w} = Q from (6.32).
\ • / m

We now assume (6.34). It clearly suffices to show

\(P) /\^ \ \(P^) / \~(n} \\(P) / \^^ \ \(P,r~)
f (P+l,^) f ^(J>+1,S) \ __ fA(p+l^)
/ A(P)(12) ^ .(p,r) J

-(p+l^) ^ m

(635) f\p+i,s) \p^s)\ _/^+L) ( X^ \
vo"o/ ^(P)(12) I .(p,r) 1 - JA(P,-)(12) I ̂ (p,r) J

^^(p+l.sKm V / ?

By (6.24) we have

/ \SP) \ ~ /X^ \
(6•36) ( \ ( p ' r ) ) ( ^ ' s ) =b^Rrr\^ (Rr)b^ GR..)-1^)^,)

\ / T O \A(p+l^)/^ (P+l,.) (P+l,.)

=b^(S)-lb^) (S)b^) (5)-l^)(5),
(p+l,.s) (p+l,.s)

where S = (r, 1) U (r, A, + 1) if r < s and = (r, 1) if r > s. On the other hand by
(6.9) we have also

f^") = b^ (c'! U C'A.+i)-1 b72 b^ {C[ U G^.+i)
(p+l,s)

^(P,^)

fx^w = b^{C[ UC^^b^b^ (C[ UC^+i),
(p+l,a)

where ^ = (7i \ (5,!). Observe that

b^)(C[ UC^+i)-^^)^ UC^+i) = ̂ ^(^"'^^(^

î,.)̂  UCA5+1)-1^L)(^ UCAS+1) = 6A(-)(5)-1^)(5),

to get

(A^Yi^)"1/!^ = RHS of (6.36).
This completes the proof of (6.35).
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(r)Case 4. -- p = m - 1 and ji C A(p+i). So JLA = A^_^ for some r < p + 1 and A4n = 1.
One can readily derive from (6.15) with r = 1 and ^ = A and induction hypothesis that

f\p) (\p} \ , ^(p+i) /^(p+i) ^ _ ^ ^ A

JA(I)I , ) +^(l) I . J -h^{l)\\{r
\ ' / m \ ' / m \

— ^ I
-^ (^ (DiA^

So it remains only to show

,A(,+D ̂ +1) \ _ ^^^ / A \
•/A(l) I x^) ; - ̂ (^(l)^^) ; •

V^+^^m V / m

This is concluded, as in the previous cases, from (6.9) and (6.24): It holds that

( x \ ^+1)^ - (f^p^A^f
[^)^^^ ) '\^

m V^Cp+l) / m

\ \ -1 A(7')/-\p+i) ^ ^ (p+l)
^(^(l)

= ^,)((r,l))-l&A((r,l))6^)((r,l))'l^) ((r,l)).(p+i)
We have completed the proof of Theorem 4.4.

Appendix A. Convergence of the integral

We show that the integral g5n,m(<^ A 7 ^ ; x ^ ' ' • ^ ^m; 0 converges under the conditions
(Ci), (^2). It is immediate that, if (a^)oo /(&^)oo has no pole at any 5 G Z, then

«
(^)c

^fMi,
- \M2|a/&|-^M2\a/b\~8, s < 0,

5 > 0,

where Mi = max^oKag^oo/^^ool, ^2 = |(a)oo/(&)oo| max^oKa-1),/^ ^J. Using
this, for ^ = ^g6^ one has

(^-^•/^oo, ,^

(^7^) ^x ^ J I ^ Z )

00

(^•)oo

(^^•)oo
yn / , \
TT (^^)oc
11 (^^t,)^

(Cte.,
- {Cte.^^ si

(Cte.,
- {Cte.^-1^,

^(Cte.,
- [Cte.^^,

Sj — Si > 0,
, Sj - Si < 0,

Sj > 0,
s, < 0,

s, ̂  0,
Sj < 0.

For s G Z, we put

_ s > 0,-{^as - \ g/3-l+^, s < 0.

Case Re 7 ^ 0. - So |g7! ^ 1 and it follows from the inequality above that

Kg1-^/^ (1-*^) ^Gte.^l-l^l-l-l.
(ff^7**)c
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Hence

n

I^O^l^S . • . ̂ n^)! < Cte. J]|g(a+n-l-20-l)^-2(-l)^l^[

J=l

The condition (€2) in the case Re 7 > 0 is equivalent to

00 -00

y^i(a+n-l-4(n- l )7)s i_^_ V^ ,(a+n-l+/3-l+m^+2(n-l)7)si .^

s=0 s=-l

This clearly implies the convergence of the series

(A.I) / Wu; = (1 - qr ̂  $o(^i^1,..., ̂ sn).
^[O^oo], ^

Ca^^ Re 7 < 0. - We see

(g ^jA^oo^ _ + / ^ \ ^CAe
(^•A)oo ( J /" - '

so that

1^1^...^n)! < CTe.ni^71-1-20-1^^.!.
J=l

The condition (€2) in the case Re 7 < 0 is equivalent to

00 —00

\^ \q^n-l)s\ _^_ V^ i (a+n-l+/3-l+m^-2(n-l)7)sl ^ ̂

s=0 s=-l

This implies the convergence of the series (A.I).
When ^ = ^F, as the summation in (A.I) is only over 0 < ^i < ^2 < . . . < Sn, one

can relax the condition (€2) into

Re a + n - 1 > max{2(n - l)Re7,0}.

Finally we note that, as \P\(x)\ ^ Cte.(\x^\ + . . . + l^ml)^1 , the integral
f[o^oo]q JDA(^^,Q)g-D(Q /,/3,7^)^ converges provided that

R e a + n - 1 > 4(n - l)max{Re7,0},
R e a + n - 1 + Re/3 - 1 + mRe/^ + |A| < -2(n - l)|Re7|.
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Appendix B. Evaluation of g5n,o((^/^7;0

We begin by showing that

n 1 _ ^a+n-l-(n+j-2)7

(B.I) ,S^{a + 1, /?, 7; 0 = ̂ -1)7/2 11 i_^n-i-(n-,h ̂ °^A 7; °-

Indeed this is a consequence of the case m = 1 of (4.17): Equating the coefficients of
xn of both sides gives

(n~n'^)\ /^-(a~*~n—l)Dn—l•o^
(-^O-1)" Ao(a + 1, 0, r, 0 = (^^ ̂ -(^-i)^);" Ao(a, /?, 7; ̂

and this leads to (B.I) immediately. We first prove (1.6) by induction on n, the case
n = 1 being nothing but the g-beta integral formula [As I], [GR, p. 19]. We proceed as
in [Kadi]. Set

—— / „ , -̂llq. TT ̂  + n - 1 - (n 4- ̂  - 2)7)
(B.2) ^(a^)=. - a7^^,(a+/3+n-l-(n-,h)

^ , ,3 x qSn^Oi,(3,T^F)
(B.3) ^"^'^-^^(a^yr-

By (B.I) and the equation r,(o' + 1) = (1 - ̂ /(l - q) Tg(a), we see

(B.4) qQn(a + 1, /?, ̂ ) = ,Qn(a, /3, T)-

We extend qQn(ot,ft^} to all a by this equation.
We assume that 7 is real and 7 > 0, Re a + (n - 1)(1 - 27) > 0. We show that

n i a ^ c. TT r,09+0--ih)r,(.n)
(B.5) gOn^AT)^"!!———————f-T^j————————

i=l 9U/

where Cn = E^-2^ - 1)7 + ̂  - 1)0" - 1)7. Rewriting gSn,o{a, /?, 7; $F) as iterated
integral, we have

<? Cn-/?-r^)- /" ^+(n-l)(l-27) (g^)o°qUnfl^i P i ' / ^ F ) — I •'n (,,04. \
^[0,gt"-1)''] l.y'n^oo

[ f TT ,a+(j-l)(l-27) (g^)<»
L7[0,(l,...,g(»-2)-.)] 11 ' (g%')~

., TT (q^tj/tj)^ dgti dytn-i~\dgtn

^n ^t^00 tl tn-1 J *" '

ANNALES SCIENTIFIQUES DE L'ECOLE NORMALE SUPERIEURE



634 J. KANEKO

Set Q;o = (n - 1)(27 - 1). Observe that

lim ^g""00 f ^ (^)oo ̂  ̂  ^
"-"0 1 - g 7[o,g(»-D,] " (9^)00 <n

Hence we obtain

(B.6) lim ——q——°-yS^o(a, f3,7; ̂ ) = ,5»_i,o(ao + 1, /?, T, ̂ )
Q'—^Q'o J. — (7

^ ^_, TT r,((n - j + ih)r,(/3 + Q- - i)7)r,(j7)
11 r,(/3+(n+j-ih)r,(7)

where

A«_i = ̂ (ao - 20 - 1)7 + n - l)(j - 1)7 = Cn + n^-}l
j=i 2 a07-

On the other hand by (B.2) and (B.3) we have

1 — ^a~aa

(B.7) lim ——q——^,o(a,/3,7;^)
a—KXo 1 — q

1 _ qa-aa
= }^—^_——qprn(oc,/3,-r)gQn(a,i3,-f)

_ -(^Hao7_______1_______TT ^9((»-J)7) ^ / ,, „

-q W +(n- 1)7) n r^ + (n + , - 1)7) ̂ "(a0' ̂  ̂

Equating (B.6) and (B.7) yields

(B.8) ,Q«(ao,/?,7) = g-^^-W + (n - 1)7) ]][ ^<?(/?+(n+J"l)7)

y ^(("-^h)
^ TT r,((n - j + ih)r,(/3 + (j - i)7)r,Q-7)

11 r,(/3+(n+j-i)7)r,(7)
= .̂  fr r,(/?+q-i)7)r,(j7)

n r^)

This establishes (B.5) when a = 0.0 + k,k € I. One can show that yQn(ao,f3,^) is
bounded in the strip ao + 1 < Re a < ao + 2 in the exactly same way as [Kadi]. Hence
it is bounded for all a by (B.4), and thus (B.5) follows from Liouville's theorem that a

4° SfiRIE - TOME 29 - 1996 - N° 5



^-SELBERG INTEGRALS AND MACDONALD POLYNOMIALS 635

bounded entire function is constant. The restriction that 7 is real and positive is easily
removed by analytic continuation.

Now we turn to the proof of (1.5). Set

(B.9) ^,o(a,/3,7;0 = c(Q ̂ ,o(^7;^).

By the definition of Jackson integral, we see for any j that

(B.10) T^.c(0=c(0.

Observe that c(^) n^i^"^7"0 ls nieromorphic on (C*)" with simple poles in
{^l^l<^<,<n^(97^7^)^^l^(^^) = 0}. We assert that c(Q is vanishing on
{ ^ | ^ == ^.k € Z}. By (B.10), it suffices to show that if $, = ^, i < j, then
qSn,o(oi,/3^'^) = 0. Let (Tij be the transposition of % and j. We have

/' $o(^= / ^o(^P
J[0^0o]g ^[0,(T^^)oo]q

= { (jiAW}^
J[0,$oo],

=-^.(0 /l $o(^.
J[0,^oo],

Hence our assertion follows from (use ^(q/x) = ^(x))

u w- n f^27-1^^^ff")~ JL ^^ 19^1-^/^)
(r,j(fc)><r.,(i)

^(g7) TT (^\^-1 W^/^) TT /^\2^-1 ^g7^)

^(g1-7) ,<n,̂ ^ ^(g1-7^-/^) .i1,1^7 W-7^)
= 1.

We are now able to write

cf^ - fr fa-2(-j-l^—l— TT ^'/^ ff^(s) - n SJ ^^^) ̂ n^ ̂ (^^/^)7(s)

where /($) is holomorphic on (C*)71. One can derive from (B.10) that

^^AO = ~ a+^-(n-l)7^.^(^)'
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636 J. KANEKO

Therefore we conclude that

m=Cte.f[^qa^-(n-^^.
3=1-

Since c(^) = 1, we arrive at

c(n = «E;-,(20-D7-«) TT ̂ -20-1)-, ̂ q^-^-^W^-^W^)
ilj ^(^-("-^^(C^)^)

n
Ki<j<n

^•/^)

^q^/^Y

Combining this with (B.9) and (1.6) completes the proof of (1.5).
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