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ON THE CYCLE CLASS MAP FOR ZERO-CYCLES
OVER LOCAL FIELDS

BY HfELENE ESNAULT AnD OrLiviErR WITTENBERG
WITH AN APPENDIX BY SPENCER BLOCH

ABSTRACT. — We study the Chow group of 0-cycles of smooth projective varieties over local
and strictly local fields. We prove in particular the injectivity of the cycle class map to integral £-adic
cohomology for a large class of surfaces with positive geometric genus, over local fields of residue
characteristic # ¢. The same statement holds for semistable K3 surfaces defined over C((t)), but does
not hold in general for surfaces over strictly local fields.

RESUME. — Nous étudions le groupe de Chow des 0-cycles des variétés projectives et lisses sur les
corps locaux et strictement locaux. Nous prouvons en particulier 'injectivité de I’application classe
de cycle vers la cohomologie Z-adique entiére pour de nombreuses surfaces de genre géométrique non
nul, sur les corps locaux de caractéristique résiduelle # £. Le méme énoncé vaut pour les surfaces K3
semi-stables définies sur C((¢)), mais ne vaut pas en général pour les surfaces sur les corps strictement
locaux.

1. Introduction

Let X be a smooth projective variety over a field K, let CHy(X) denote the Chow group
of 0-cycles on X up to rational equivalence and let Aq(X) C CHy(X) be the subgroup of
cycle classes of degree 0.

When K is algebraically closed, the group Aq(X) is divisible and its structure as an abelian
group is, conjecturally, rather well understood, thanks to Roitman’s theorem and to the
Bloch-Beilinson-Murre conjectures. A central tool for the study of Ay(X) over other types
of fields is the cycle class map

¢ : CHo(X)/nCHo(X) — H2Y(X,Z/nZ(d))

to étale cohomology, where n denotes an integer invertible in K and d = dim(X). The
group H24(X,Z/nZ(d)) is easier to understand, thanks to the Hochschild-Serre spectral
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484 H. ESNAULT AND O. WITTENBERG

sequence; for instance, if K has cohomological dimension < 1 and X is simply connected,
then H2%(X,Z/nZ(d)) = Z/nZ and v may be interpreted as the degree map.

According to one of the main results of higher-dimensional unramified class field theory,
due to Kato and Saito [43], if K is a finite field, the group A(X) is finite and ¢ is an
isomorphism. More recently, Saito and Sato [69] have shown that if K is the quotient field of
an excellent Henselian discrete valuation ring with finite or separably closed residue field, the
group Ap(X) is the direct sum of a finite group of order prime to p and a group divisible by
all integers prime to p (see also [11, Théoréme 3.25]). In this case, however, the map 1 need
not be either injective or surjective. What Saito and Sato prove, instead, is the bijectivity of
the analogous cycle class map for cycles of dimension 1 on regular models of X over the ring
of integers of K (see [69, Theorem 1.16]).

Following a method initiated by Bloch [4], one may approach the torsion subgroup
of Ag(X), as well as the kernel of ¢, with the help of algebraic K-theory, when X is a
surface. We refer to [10] for a detailed account of this circle of ideas. Strong results were
obtained in this way for rational surfaces, and more generally for surfaces with geometric
genus zero, over number fields, p-adic fields, and fields of characteristic 0 and cohomological
dimension 1 (see [5], [6], [16], [9], [14], [68]). We note that over algebraically closed fields of
characteristic 0, surfaces with geometric genus zero are those surfaces for which the Chow
group Ap(X) should be representable, according to Bloch’s conjecture (see [5, § 1]).

The first theorem of this paper establishes the injectivity of v for a large class of surfaces
over local fields, when n is divisible enough and prime to the residue characteristic, without
any assumption on the geometric genus. In principle, this theorem should be applicable to
all simply connected surfaces, a generality in which the injectivity of ¢ may not have been
expected. Before we state it, we set up some notation. Let 2~ be a regular proper flat scheme
over an an excellent Henselian discrete valuationring R. Let X = 2’ ®g K and A = 2 Qgrk
denote the generic fiber and the special fiber, respectively. We assume the reduced special
fiber A;eq has simple normal crossings, and write CHy(X) RZy = @1 CHo(X)/¢"CHy(X).

THEOREM 1 (Theorem 3.1 and Remark 3.2). — Assume the residue field k is finite and X is
a surface whose Albanese variety has potentially good reduction. If the irreducible components
of A satisfy the Tate conjecture, then for any £ invertible in k, the cycle class map

(1.1) CHo(X) ® Zo — H},(X,Zo(2))

is injective. Equivalently, the natural pairing CHo(X) % Br(X) — Q/Z is non-degenerate on
the left modulo the maximal £-divisible subgroup of CHy(X).

The assumption on the irreducible components of A holds as soon as X has geometric
genus zero, as well as in many examples of nontrivial degenerations of surfaces with nonzero
geometric genus (see § 3). Theorem 1 is due to Saito [68] when X is a surface with geometric
genus zero over a p-adic field. An example of Parimala and Suresh [62] shows that the
assumption on the Albanese variety cannot be removed. Finally, we note that Theorem 1 may
be viewed as a higher-dimensional generalization of Lichtenbaum-Tate duality for curves,
according to which the natural pairing CHy(X) x Br(X) — Q/Z is non-degenerate if X is
a smooth proper curve over a p-adic field (see [54]).
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ON THE CYCLE CLASS MAP FOR ZERO-CYCLES OVER LOCAL FIELDS 485

Our starting point for the proof of Theorem 1 is the theorem of Saito and Sato alluded
to above about the cycle class map for 1-cycles on 2" [69, Theorem 1.16], which allows
us to express the kernel of ¢ purely in terms of the scheme A and of the cohomology
of X, when k is either finite or separably closed (Theorem 2.1 and Theorem 2.2). The
dimension of X plays no role in this part of the argument; an application to the study
of O-cycles on a cubic threefold over Q, may be found in Example 2.12. Theorem 1 is
then obtained by analyzing the various cohomology groups which appear in the resulting
expression for Ker(1). More precisely, in the situation of Theorem 1, we prove the stronger
assertion that the 1-dimensional cycle class map ¥, 4 : CHi(A) ® Z, — H4(2Z',Z(2))
to integral ¢-adic étale homology is surjective. This provides a geometric explanation for
the assumption that the Albanese variety of X have potentially good reduction, a condition
which first appeared in [68] and which turns out to be essential for the surjectivity of 11 4 to
hold (see Lemma 3.7 and §4.3).

When the residue field % is separably closed instead of finite, the arguments used in the
proof of Theorem 1 fail in several places. They still lead to the following statement, which
may also be deduced from results of Colliot-Théléne and Raskind [13] (see § 4 for comments
on this point).

THEOREM 2 (Theorem 4.1 and Remark 4.3). — Assume k is separably closed and K has
characteristic 0. If X is a surface with geometric genus zero, then for any £ invertible in k, the
cycle class map

(1.2) CHo(X)® Zy — H3(X,Z(2))

is injective. If in addition X is simply connected, then Ay(X) is divisible by ¢ and the unramified
cohomology group H2 (X, Qu/Z(2)) vanishes.

This leaves open the question of the injectivity of the cycle class map (1.2) when & is
separably closed and X is a surface with positive geometric genus over K. In this situation,
the 1-dimensional cycle class map 1 _4 is far from being surjective. Building on the work of
Kulikov, Persson, Pinkham [51] [64], and of Miranda and Morrison [59], we nevertheless give
a positive answer for semistable K3 surfaces over C((t)).

THEOREM 3 (Theorem 5.1). — Let X be a K3 surface over C((t)). If X has semistable
reduction, the group Ao(X) is divisible.

The proof of Theorem 3 hinges on the precise knowledge of the combinatorial structure
of a degeneration of X. It would go through over the maximal unramified extension of a
p-adic field, as far as prime-to-p divisibility is concerned, if similar knowledge were available.
This is in marked contrast with the situation over p-adic fields, where such knowledge is not
necessary for the proof of Theorem 1.

In the final section of this paper, with the help of Ogg-Shafarevich theory and of a
construction due to Persson, we show that the hope for a statement analogous to Theorem 1
over the quotient field of a strictly Henselian excellent discrete valuation ring is in fact too
optimistic, even over the maximal unramified extension of a p-adic field.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



486 H. ESNAULT AND O. WITTENBERG

THEOREM 4 (Theorem 6.1). — There exists a simply connected smooth projective surface X
over C((t)) such that Ao(X)/2A¢(X) = Z/2Z. For infinitely many prime numbers p, there
exists a simply connected smooth projective surface X over the maximal unramified extension
of a p-adic field such that Ay(X)/2A0(X) = Z/2Z.

By a theorem of Kato and Saito [43, §10], the group Ay(X) is finite for any smooth
projective variety X over a finite field and it vanishes if X is simply connected. Theorem 4
answers in the negative the question whether the same result might also hold over the quasi-
finite field C((¢)), for the quotient of Ay(X) by its maximal divisible subgroup.

In higher dimension, the statement of Theorem 1 is known to fail for rationally connected
threefolds over local fields (see [62, Proposition 6.2]; this example is even unirational over Qs,
by [48, Corollary 1.8]). It would be interesting to find an example of a rationally connected
threefold X over C((t)) such that Ayg(X) # 0. Some constraints on the possible degenera-
tions of such an X may be gathered from the proof of Theorem 2 given below.

Acknowledgements. — We are grateful to Spencer Bloch for his interest and for contributing
to our article in the form of an appendix, in which he simplifies the proof of [69, Theorem 1.16].
We thank Pierre Berthelot, Jean-Louis Colliot-Théléne, Bruno Kahn, Shuji Saito, and
Takeshi Saito for discussions on this or related topics. In addition we thank the referees for
their work and their helpful comments.

Notation. — If M is an abelian group and £ is a prime number, we write M & Z, for the
Z,-module @M/Z“M. We say that M is divisible by ¢ if M/¢M = 0, and that it is
divisible if it is divisible by all prime numbers. Unless otherwise specified, all cohomology
groups are Galois or étale cohomology groups. Cohomology with coefficients in Z, stands
for the inverse limit of the corresponding cohomology groups with coeflicients in Z/¢"Z,
and will only be considered in situations in which the latter groups are all finite. If V' is
a proper variety over a field k, we denote by NS(V') the quotient of Pic(V') by algebraic
equivalence, and we denote by Aq (V') the group of 0-cycles of degree 0 on V up to rational
equivalence, i.e., the kernel of the degree map CHy(V) — Z. Welet V = V ®;, k, where
k denotes a separable closure of k. Finally, we say that a variety V' over a field k has simple
normal crossings if it is reduced and if for any finite collection of pairwise distinct irreducible
components Vi, ..., V, of V, the scheme-theoretic intersection (), ., ,, Vi is smooth over k
and has codimension n — 1 in V' at every point. -

2. A criterion for the injectivity of the /-adic cycle class map

Let 2" denote an irreducible regular projective flat scheme over an excellent Henselian
discrete valuation ring R, with special fiber A and generic fiber X. Let £ be a prime number
invertible in R. The goal of this section is to establish a criterion, in terms of A and of the
cohomology of X, for the ¢-divisibility, up to rational equivalence, of homologically trivial
zero-cycles on X, when k is either finite or separably closed. This criterion is derived from
the main theorem of Saito and Sato [69] (see also the appendix to this article).

We denote by K the quotient field of R. Let d = dim(X) and let (A;);c; denote the family
of irreducible components of A.
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ON THE CYCLE CLASS MAP FOR ZERO-CYCLES OVER LOCAL FIELDS 487

THEOREM 2.1. — Assume k is separably closed. The kernel of the cycle class map
CHo(X) ® Zy — H?Y(X,Z,(d))

is a finite group, canonically Pontrjagin dual to the homology group of the complex

@ Hz(Ai,Qz/Ze(l)).

Q1) HYX,Qu/Z(1)) —= H3(2', Qe/Zo(1)) CH, (A;)L

iel
THEOREM 2.2. — Assume k is finite. The kernel of the cycle class map
CHo(X) ® Zy — H?Y(X,Z,(d))
is a finite group, canonically Pontrjagin dual to the homology group of the complex

H?(A;,Qu/Z4(1))

22)  HX(X,Qu/Ze(1)) — H3(2', Qe/Ze(1)) D CH, (A;)

iel

Let us explain how the complexes (2.1) and (2.2) are defined.

For any i € I, the cycle class map CH;(A;) — H3*(2",Z,(d)) and cup-product give
rise together to a natural pairing H™(A;, Qe/Z¢(1)) x CH1(A4;) — Q¢/Zy, Wwhere m = 2
if k is separably closed and m = 3 if k is finite (see Proposition 2.6 below, and see [69, §1]
for the definition of the cycle class map). The notation CH; (A;)* refers to the left kernel of
this pairing. Concretely CH; (A;)* is the group of those classes in H™ (A;, Qg/Z¢(1)) whose
restriction to H™(C, Q¢/Z,(1)) vanishes for any irreducible curve C lying on A4,.

In both (2.1) and (2.2), the first map is the natural map, while the second map is the
composition of the natural map H' (2", Q¢/Z(1)) — H™(Z,Qe/Z(1)) with the sum
of the restriction maps H™ (2", Q¢/Z(1)) — H™(A;, Qe/Ze(1)) and the quotient maps
H™(Ai, Qu/Zg(1)) — H™(Ai, Qe/Z(1))/CHi (Ai)*

REMARKS 2.3. — (i) It follows from purity in étale cohomology (see [26]) that there is
a canonical isomorphism H2 (2 ,A(1)) = A for A = Z/nZ with n invertible in R. For
the reader’s convenience and for lack of an adequate reference, we provide an elementary
proof. Lett : A — Z andj : X — X% denote the canonical immersions. It is a
general fact that ¢, R%2'A = R'j.A (see [23, p. 107]). On the other hand, the Kummer
exact sequence and the vanishing of R'j, G, (see [57, Chapter I1I, Proposition 4.9]) imply
together that R'j,A(1) = (j«Gm) ®z A. Finally, we have (j.Gn) ®z A = D ®z A, where
D denotes the sheaf of Cartier divisors on 2~ supported on A (see [34, Exp. IX, §3.3.1]).
Thus H3(2',A(1)) = HO(Z', 1. R?%'A(1)) = H(2,D ®z A) = AL

(i1) Assume k is separably closed. In this case K has cohomological dimension 1 and the
Hochschild-Serre spectral sequence presents the group H' (X, Q/Z,(1)) as an extension
OfHO(K,Hl(X, Qe/zlg(l))) by HI(K, HO(X, Qg/Zg(l))) = Qg/Zg, where X =X RK K
and where K is a separable closure of K. On the other hand, by the localization exact
sequence, the first map of (2.1) vanishes on the image of H'(2", Q¢/Z¢(1)) in HY(X, Qp/Z(1)).
Lastly, we have H(2", Q¢/Z(1)) = H' (A, Q¢/Z,(1)) according to the proper base change

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



488 H. ESNAULT AND O. WITTENBERG

theorem. These three facts, combined with Remark 2.3 (i), show that in the statement of
Theorem 2.1, the complex (2.1) may be replaced with the more explicit complex

5 NS(A;) ®z Q¢/Zy
@ CH, (A;)+ ’

(23) @ —— Coker(Qu/Z¢ - (Qu/Z0)")

iel
where ® = Coker(H'(A, Q¢/Z¢(1)) — H°(K, H* (X, Q¢/Z((1)))) is a finite group which
measures the “defect of the local invariant cycle theorem with torsion coefficients,” where for
any i € I, the map «, on the ith component, is multiplication by the multiplicity of A; in A,
and where for any i € I and any A = (};)jer € (Qe/Z¢)”, the ith component of §()) is the
class of 09 (A;)|a; ® Aj. We note that ® vanishes as soon as H*(X,Z/¢Z) = 0.

(iii) When k is separably closed and H'(X,Z/¢Z) = 0, the Hochschild-Serre spectral
sequence implies that the kernel of the cycle class map CHo(X) ® Z, — H?¥(X,Z(d))
coincides with Ag(X) ® Zy4, where Ao(X) = Ker(deg : CHo(X) — Z). Hence, in this case,
Theorem 2.1 states that the finite group Ao(X) ® Z, is canonically Pontrjagin dual to the
kernel of é.

(iv) Assume k is separably closed. Since 02 (A;)|a, = Oa,(A; N Aj) whenever 4,5 €
are distinct and since, for any 4, any element of Coker(a) may be represented by a family
(\j)jer € (Qe/Ze)" with \; = 0, the explicit description of the map & given above makes
it clear that the group Ker(d) depends only on the scheme A. Thus, as a consequence of
Theorem 2.1, if 2™/ is another proper regular flat R-scheme whose special fiber is isomorphic
to A, and if we assume that H(X,Z/¢Z) = H (X', Z/¢Z) = 0, where X' = 2" ®g K,
then the groups A¢(X) ® Z, and Ay(X') ® Z, are isomorphic.

ExamPLES 2.4. — (i) If 2 is smooth over R, the natural map
HP(Z,Qe/Ze(1)) — H™(Z',Qe/Zs(1))

identically vanishes for any m > 0, since its composition with the purity isomorphism
H™2(A,Qu/Z¢) = H7(Z,Qu/Zs(1)) (see [26, Theorem 2.1.1]) may be interpreted as
cup-product with the cycle class of the divisor A on 2. It follows that the leftmost maps
of (2.1) and (2.2) are surjective in this case. Thus, when X has good reduction and the prime
number £ is invertible in R, the group Ay(X) is divisible by £ if & is separably closed and
the cycle class map CHy(X) & Z, — H?%(X,Z,(d)) is injective if % is finite. For separably
closed & this was noted already in [69, Corollary 0.10].

(i) If Z" is smooth over R and k is algebraically closed of characteristic p > 0, the
group Ap(X) need not, however, be divisible by p. An example of this phenomenon is given
by any elliptic curve with good ordinary reduction. Indeed, let E be such an elliptic curve,
let & denote its smooth proper model over R, let 7 : & — 2  denote the quotient by
the unique subgroup scheme isomorphic to p, over R, and let X = Z ®pg K. The group
Ao(X)/pAo(X) is then infinite, as it surjects onto H, (R, ) = R*/R*P via the boundary
map associated to 7, according to [32, Théoréme 11.7].

(ii1) Assume that k is separably closed and that A is reduced and has two irreducible
components A; and Ay, which are smooth and meet transversally along a smooth irreducible
subvariety D of dimension d — 1. Assume moreover that H(X,Z/¢Z) = 0 (e.g., that X is
simply connected). Then, according to Theorem 2.1 and to Remarks 2.3 (ii) and (iii), the
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ON THE CYCLE CLASS MAP FOR ZERO-CYCLES OVER LOCAL FIELDS 489

dimension of Ay(X)/¢Ao(X) as a vector space over Z/¢Z is < 1, and it is 1 if and only if
for any ¢ € {1, 2} and any irreducible curve C lying on A;, the intersection number (C - D),
computed on A;, is divisible by £.

2.1. Reminders on duality

For lack of an adequate reference, we gather in this paragraph various duality results that
will be used in the proof of Theorems 2.1 and 2.2.

PROPOSITION 2.5. — LetV be an irreducible, proper and smooth variety over a field F', and
let d = dim(V'). Let . be a constructible étale sheaf of Z/nZ-modules on V', where n is an
integer invertible in F, and let FV (§) = A#Hom(F ,Z/nZ(j)) for j € Z. Leti € Z.

1. If F is separably closed, then H'(V,.F) is canonically dual to H**~*(V, . FV (d)).

2. If F is finite, then H'(V, %) is canonically dual to H**1=(V, ZV(d)).

3. If F is the quotient field of a strictly Henselian discrete valuation ring in which n is

invertible, then H'(V, .F) is canonically dual to H*1=4(V, 7V (d + 1)).

4. If F is the quotient field of a Henselian discrete valuation ring R in which n is
invertible and if the residue field of R is finite, then H(V,.F) is canonically dual
to H?32=4(V, .FV(d + 1)).

The first statement of Proposition 2.5 is Poincaré duality. The other three statements
are obtained by combining Poincaré duality with well-known duality theorems for the
Galois cohomology of the fields under consideration. A proof of (4) may be found in [67,
Lemma 2.9]. Over finite or strictly local fields, the same arguments lead to (2) and (3).

PROPOSITION 2.6. — Let 2°, R, k, A, X be as at the beginning of §2. Let A = Z/nZ
where n is invertible in R. Assume k is either separably closed or finite. Let m = 2 if k is separably
closed and m = 3 if k is finite. There is a canonical isomorphism H3™ (2, A(d + 1)) = A.
Together with cup-product it induces a perfect pairing of finite abelian groups

(2.4) HY{(A,A(j)) x HAH™ (2, A(d+1—3)) — A
foranyi,j € Z.
Proof. — Let us fix an embedding e : 2” — P¥ and consider the commutative diagram
A : X —-PN

D

Spec(k) L Spec(R).

Let ¢ = N — d. In the derived categories of étale sheaves of A-modules on Spec(k), on 2
and on PY, there are canonical isomorphisms Rh'A = A(—1)[-2], Re'A = A(—c)[—2c]
and R¢'A = A(N)[2N], by purity and Poincaré duality (see [26, Theorem 2.1.1] and [34,
Exp. XVIII, Théoréme 3.2.5] respectively). As goeor=hog, we deduce that
Rg'A = Ri'A(d + 1)[2d + 2], and hence that

(2.6) R#om(Rg. A\, \) = Rg.Ri'A(d + 1)[2d + 2].
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490 H. ESNAULT AND O. WITTENBERG

Proposition 2.6 follows from this remark and from the fact that H*(k, %) is canonically dual
to H™=2=%(k, Rs#om (%, \)) for any bounded complex .# of étale sheaves of A-modules
on Spec(k) (see [58, Chapter I, Example 1.10]). O

REMARK 2.7. — The pairings which appear in the statements of Proposition 2.5 and
Proposition 2.6 are compatible with the maps stemming from the localization exact sequence.
In particular, in the situation of Proposition 2.6, the natural maps

H'(A,A(5)) = H'(Z,A() — H'(X, A5))
(where the first equality comes from the proper base change theorem) and
H2Fm= =X N+ 1 — §)) — H3FT" (2, A(d + 1 - j))
form a pair of adjoint maps. So do the natural maps
H'(X,A(j)) — H(K, H'(X,A(4)))

and
HY(K,H* (X, Ad+1—3j))) = H**T (X, Ad+1— 7))

coming from the Hochschild-Serre spectral sequence when k is separably closed. These two
compatibilities follow immediately from the definitions of the pairings involved.

2.2. Proof of Theorems 2.1 and 2.2

We assume k is either finite or separably closed. The localization exact sequences for Chow
groups and for étale cohomology, the cycle class maps for 0-cycles on X, for 1-cycles on 27,
for 1-cycles on A and for 1-cycles on the A;’s fit together in a commutative diagram

D Y1,4,

P cHi(4)) /e P rii(2 . z/0m(d))
iel \ el \
CH, (4) /¢ = H3( 2, Z,/6"(d))
2.7) L
Y1, 2 J/

CH,(Z)/e" H2Y( 2 Z/e"(d))

| |

CHy(X)/ pox H(X,Z/e"(d))

for each n > 1 (see [27, §20.3], [69, §1]). According to the main theorem of Saito and
Sato [69], the map 91, o is an isomorphism (see Theorem A.1 and Remark A.4). In addition,
the bottom left vertical map of (2.7) is onto. Thus, the kernel of g x identifies with the
homology group of the complex

(2.8) P CH, (4)) /0" —— H*(2',Z/07(d)) — H?>Y(X,Z/0"(d))

iel
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ON THE CYCLE CLASS MAP FOR ZERO-CYCLES OVER LOCAL FIELDS 491

extracted from this diagram. Let m = 2 if k is separably closed and m = 3 if k is finite. As
the first map of (2.8) factors through € Hi‘f(%, Z/¢™(d)) via the cycle class map €D 91, 4,,
applying Pontrjagin duality to (2.8) yields the complex
H™(A;, 2/ (1))

CH; (A;)+

2.9) H™ Y(X,Z/0"(1)) — H} (X, Z/0*(1)) 4

iel
(see Propositions 2.5 and 2.6). The complexes (2.1) and (2.2) are obtained from (2.9) by
passing to the direct limit over n. On the other hand, the kernel of the cycle class map
CHy(X) ® Zy — H?¥(X,Z,(d)) is the inverse limit, over n, of Ker(1 x ). This concludes
the proof of Theorems 2.1 and 2.2.

2.3. Further examples

In § 3-6, we shall apply Theorems 2.1 and 2.2 to establish various results on the injectivity
of the cycle class map for zero-cycles on varieties defined over local or strictly local fields. The
next three examples do not fall into the scope of these results. We include them to illustrate
the applicability of the above criteria.

ExAMPLE 2.8. — Let K = C((t)) and let X C P3, denote the K3 surface defined by
(2.10) zo 4zt + 2 (x5 + 23) = 0.

Let 25 C P% denote the projective scheme over R = C[[t]] defined by the same equation,
and let 2" be the blow-up of 2y along the closed subscheme defined by the homogeneous
ideal (23,23, 2321, 2072, xot, 71t,t%). One checks that 2" is regular, and that its special
fiber A may be written, as a divisoron 2, as A =25+ P+ -+ P4+ Q1+ -+ + Qu,
where the P;’s are pairwise disjoint projective planes, the @);’s are pairwise disjoint smooth
projective rational surfaces, and S is a smooth K3 surface endowed with an elliptic fibration
7 : S — Pg with four singular fibers, each of type I} in Kodaira’s notation [46]. Moreover,
the schemes P;NS (resp. @Q;NS) are smooth irreducible rational curves with self-intersection 1
on P; (resp. on @);), and we have P, N Q; = @ for all ¢, 5. The curves P; N S are the four
2-torsion sections of 7, and the curves ;NS are the irreducible components of multiplicity 2
of the singular fibers of 7. With this geometric description of the special fiber of a regular
model of X in hand, it is now an exercise to check the exactness of the complex (2.3) for
any prime number £. Note that ® = 0 since X is simply connected. By Theorem 2.1 and
Remarks 2.3 (ii) and (iii), it follows that the group Aq(X) is divisible.

EXAMPLE 2.9. — Let K = C((t)) and let X C P% denote the simply connected isotrivial
surface defined by

(2.11) zy + tzl + 2z + 3z = 0.

Let K. = C((t'/¢)). For n < 3, the surface X is (geometrically) rational, which implies
that Ag(X) = 0 according to [9, Theorem A (iv)] (see also Example 4.2 below). For n = 4,
the index of X over k, i.e., the greatest common divisor of the degrees of the closed points
of X, isequal to 2 (see [22, Proposition 4.4]). As every finite extension of K is cyclic, it follows
that K5 embeds into the residue field of any closed point of X. Therefore the norm map
Ao(X ®k K3) — Ag(X) is surjective. On the other hand, the surface X ® x K» over K is,
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after an obvious change of notation, the one considered in Example 2.8; thus Ao (X ® x K3)
is divisible. We conclude that for n = 4, the group Aq(X) itself is divisible. Finally, let us note
that a similar (though simpler) argument shows that for n = 5, or more generally for any n
prime to 6, the group Ao (X) is again divisible. Indeed, on the one hand, if n is prime to 6,
then, by [22, Proposition 4.4], the index of X over K is equal to n; and on the other hand,
the group Ag(X ®x K,,) is divisible, as the surface X ® ¢ K, has good reduction over K,.

All these observations support the guess that the group A (X ) may in fact be divisible for
any value of n.

EXAMPLE 2.10. — Let K = Q,, for some prime number p # 3 and let X C P, denote
the cubic threefold defined by

(2.12) 3+ a3 4+ 23 + pad 4+ p?ad = 0.

Theorem 2.2 may be used to show that Ayg(X) = 0. This answers a question of Colliot-
Théléne [12, §12.6.2].

We briefly sketch the structure of the argument. The smooth cubic hypersurface X
acquires good reduction over K’ = Q,(¥/p). By a theorem of Kollar and Szabo, it follows
that Ag(X ®x K') = 0 (see [50, Theorem 5], [49, Example 4.5]). In particular Ay(X) is a
3-torsion group. On the other hand, the group H%(X,Z3(3)) is torsion-free, by the weak
Lefschetz theorem. Thus the vanishing of Ay(X) is equivalent to the injectivity of the cycle
class map CHy(X) ® Zs — H(X, Z3(3)), which in turn is equivalent to the exactness of the
complex (2.2). Starting from the hypersurface defined by (2.12) in P3 ,»one obtains a proper
regular model 2" of X by three successive blow-ups of the singular locus. The exactness
of (2.2) may then be proved by a careful analysis of the geometry and the cohomology of
the irreducible components of the special fiber of 2",

It remains an open question whether the Chow group of zero-cycles of degree 0 vanishes
for any smooth cubic hypersurface of dimension > 3 over a p-adic field. We recall that for
a cubic surface over a local field, the Brauer group may be responsible for an obstruction
to the vanishing of Ay(X) (see, e.g., [15, Exemple 2.8]), whereas cubic hypersurfaces of
dimension > 3, on the other hand, satisfy Br(X) = Br(K) (see [65, Appendix A]).

3. Surfaces over p-adic fields

A theorem of Saito [68, Theorem A] asserts that if X is a smooth projective surface
over a p-adic field, if H?(X,0x) = 0, and if the Albanese variety of X has potentially
good reduction, then for any prime £, the cycle class map CHo(X) ® Z, — H*(X,Z(2))
is injective on the torsion of CHy(X) & Z,. In this section, we prove that the assumption
that H%(X, Ox) = 0 may be dropped from Saito’s theorem, when £ # p and the irreducible
components of the special fiber of a regular model of X satisfy the Tate conjecture. It should
be noted that the assumption on the Albanese variety, on the other hand, cannot be
dispensed with: Parimala and Suresh have given an example of a smooth proper surface X
over Qs, with H2(X, 0x) = 0, such that the cycle class map CHg (X)) ®Zy — HA(X, Z5(2))
is not injective (see [62, Example 8.2 and Proposition 7.5]).

4¢ SERIE - TOME 49 — 2016 — N° 2



ON THE CYCLE CLASS MAP FOR ZERO-CYCLES OVER LOCAL FIELDS 493

THEOREM 3.1. — With the notation of § 2, assume that d = 2, that k is finite, that the
reduced special fiber Aieq of 2 has simple normal crossings, and that the surfaces A; satisfy
the Tate conjecture. Let £ be a prime number invertible in k. If the Albanese variety of X has
potentially good reduction, then the cycle class map CHo(X)®Zy — H?4(X, Z,(d)) is injective.

The hypothesis that the surfaces A; satisfy the Tate conjecture automatically holds if K
has characteristic 0 and H?(X,0x) = 0 (see Lemma 4.4 and Lemma 4.5). Even when
H?%(X, 0x) # 0, it often happens that the surfaces A; are all birationally ruled and therefore
satisfy the Tate conjecture. This phenomenon is illustrated by the K3 surfaces of Example 3.3
below. We refer the reader to § 6 for an example of a simply connected surface X with positive
geometric genus, over a p-adic field, which satisfies the assumptions of Theorem 3.1 even
though the A;’s are not birationally ruled (see Remark 6.7).

We note that Theorem 3.1 should be applicable to any surface with H*(X, Ox) = 0; for
instance, to any K3 surface. As far as we are aware, Theorem 3.1 is the first general result
about the kernel of the cycle class map for 0-cycles on surfaces defined over a p-adic field
which goes beyond the assumption H?(X, 0x) = 0 of Saito’s theorem. See [78] and the
references therein for a discussion of this point and for a positive result in the case of surfaces
of the shape C' x C’ where C and C’ are Mumford curves over a p-adic field.

In the proof of Theorem 3.1 given below, the Tate conjecture is used in Lemma 3.8 and
in the application of Lemma 3.6, while the hypothesis that the Albanese variety of X should
have potentially good reduction plays a role only in Lemma 3.7. It would be interesting to
understand the kernel of the cycle class map for 0-cycles on surfaces defined over a p-adic
field when the Albanese variety of X does not have potentially good reduction. See [72] for
some work in this direction under the assumption that H?(X, 0x) = 0.

REMARK 3.2. — When X is a proper variety over a p-adic field, the natural pairing
3.1 CHy(X) x Br(X) — Q/Z

defined by Manin [56] has been used as a tool to study the Chow group of 0-cycles of X
(see [15], [70]). Theorem 3.1 may be reinterpreted as asserting that for the surfaces X which
appear in its statement, the left kernel of (3.1) is divisible by £. (See, e.g., [10, p. 41] for
this reformulation.) This answers, for the prime-to-p part and conditionally on the Tate
conjecture, the question raised in [62, p. 85], under the assumption that the Albanese variety
of X has potentially good reduction.

ExampLE 3.3. — The K3 surfaces over Q, considered by Sato in [73] possess a regular
model over Z, whose special fiber is a union of smooth rational surfaces, with normal
crossings (see [73, Example 3.7 and Corollary A.7]). As a consequence, they satisfy the
assumptions of Theorem 3.1. In particular, for these K 3 surfaces, the left kernel of the natural
pairing CHy(X) x Br(X) — Q/Z is divisible by ¢ for any ¢ # p.
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3.1. Local invariant cycle theorem

In both §3 and §4 we shall apply some of the arguments of [20, (3.6)] in an unequal
characteristic situation. For ease of reference we spell out the relevant fact in Lemma 3.4
below. Let us take up the notation of §2 and assume k is separably closed. Recall that
for ¢ > 0, one defines a specialization map

(3.2) H'(A,Q¢) — H°(K,H'(X,Qu))

by composing the inverse of the proper base change isomorphism H*(2", Q) =~ H'(A, Qy)
with the natural maps H* (2", Q) — H'(X,Q,) — H°(K,H'(X,Qq)) (see [19, p. 256]).
The term “local invariant cycle theorem” refers to the conjecture that the map (3.2) is surjec-
tive for any ¢ > 0. This conjecture holds in equal characteristic (see [75, Theorem 5.12],
[35], [20, Théoréme 3.6.1], [40], [38, §3.9]). It is also known to hold in mixed characteristic,
when k is an algebraic closure of a finite field and either d < 2 ori < 2 (see [66, Satz 2.13], [71,
Lemma 3.9]). The local invariant cycle theorem for any ¢ and any separably closed & would
follow from the monodromy-weight conjecture (see [38, Corollaire 3.11]). We note that even
though some of the above references assume that A is a simple normal crossings divisor
in 2, the general case reduces to this one thanks to de Jong’s theorem on the existence of
alterations [41] and a trace argument.

LEMMA 3.4. — Let i@ > 0. Under the assumptions of Theorem 2.1, the specialization
map (3.2) is surjective if and only if the sequence

(33) HT(%7QZ)*>Hm(%7QZ)%HO(KyHm(XaQZ))

is exact form = 2d +1 — 3.

Proof. — The localization exact sequence for étale cohomology and the Hochschild-Serre
spectral sequence give rise to a commutative diagram
HO(K,H™(X,Qu))

s

HP (2, Qo) — H™(Z2, Q) H™(X, Q) Hi N (2, Qu)

/

HY(K,H™ Y(X,Qy))

with exact row and column. The bottom slanted arrow is dual, up to a twist, to the special-
ization map (3.2) (see §2.1 and Remark 2.7), therefore it is injective if and only if (3.2) is
surjective. The lemma follows by a diagram chase. O

3.2. From rational to divisible torsion coefficients

The following lemma will play a crucial role both in the proof of Theorem 3.1 and in §4.
It fails for varieties of dimension > 3, both in the case of separably closed fields and in that
of finite fields. This is the main reason why Theorem 3.1 requires the assumption d = 2.
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LeEMMA 3.5. — Let V be a proper surface with simple normal crossings over a field k.
Assume k is either finite or separably closed. Denote by (V;);cr the family of irreducible
components of V., and let m = 2 if k is separably closed, m = 3 if k is finite. Let { be a prime
number invertible in k. If the restriction map

(3.4) H™(V,Qu(1)) = @ H™(Vi, Qu(1))
iel
is injective, then so is the restriction map

(3.5) H™(V,Qu/Z0(1)) — D H™(Vi, Qe/Zo(1)).

iel
Proof. — Let us fix a total ordering on the finite set I. For n > 0, set

n+1)

v — H (V;lﬂ-'-ﬂ‘/;

i1 < <lpg1

and let a,, : V(™ — V denote the natural finite map. For n = 0, this is the normalization
map. The maps appearing in the statement of Lemma 3.5 fit into the following commutative
diagram, whose rows are exact:

m—1 aO*QZ(l) m m
(v, 2 l) (Y, Qu(1)) H(V, 00 Qu(1)
(3.6) l
m—1 aO*(Qf/ZZ)(l) m - - Hm™ a
i (v, L > H™(V, Qu/Ze(1)) —— H™(V, a0.Qe/Ze(1).

In order to establish Lemma 3.5, it suffices to prove that the leftmost vertical arrow of this
diagram is onto.

As V is a surface with simple normal crossings, we have dim (V™) < 2 — n for any n,
and the choice of the ordering on I determines a natural exact sequence of Z,-sheaves

(3.7 0 Z,(1) aoxZg(1) — a1.Zg(1) — a2.Z,(1) —0.

For any irreducible curve C' proper over k, we have H™(C,Zy(1)) = Z,. Therefore the
group H™(V,a1.Z(1)) = D,; H™(Vi N V;,Z(1)) is torsion-free. Similarly, we have
H™ YV, a2.Z,(1)) = 0 for reasons of cohomological dimension. As k is finite or separably
closed, short exact sequences of Z,-sheaves give rise to long exact sequences of coho-
mology groups; hence from the previous remarks and from (3.7) we deduce that the group

H™ <‘/, ao*Zg(l)

) is torsion-free. In view of the exact sequence
Z(1)

ao*Zg(l) GO*QZ(I) aO*(QZ/ZZ)(l)
Z,(1) Q((1) Q//Ze(1)

we conclude that the leftmost vertical arrow of (3.6) is indeed onto. O
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3.3. Two lemmas on cohomology with rational coefficients

In the next two lemmas, we study the kernel of (3.4) when k is a finite field. Following
Tate [77, p. 72], we say that an endomorphism ¢ of a finite-dimensional vector space is
partially semisimple if the map Ker(¢o—1) — Coker(¢—1) induced by the identity is bijective
(equivalently, if 1 is not a multiple root of the minimal polynomial of ).

LeEMMA 3.6. — Let V be a proper variety with simple normal crossings over a finite field k.
Denote by (V;);c1 the family of irreducible components of V.. Let £ be a prime number invertible
in k. If the Frobenius endomorphism of H*(V;, Qe(1)) is partially semisimple for all i € I, the
restriction map

H'(k, H*(V,Qu(1))) — @D H' (k, H*(Vi, Qe(1)))
el

is injective.

Proof. — As k is finite, we may consider the weights of Frobenius acting on H2(V, Q,(1))
and on M = @, ; H*(V;,Qe(1)). Let r : H*(V,Qq(1)) — M denote the restriction
map. According to the Mayer-Vietoris spectral sequence associated with the finite covering
V = U,¢; Vi and to Deligne’s theorem [20, Théoréme 1], the weights of Ker(r) are < —1.
Therefore H!(k,Ker(r)) = 0 and hence the map H(k, H*(V,Qu(1))) — H'(k,Im(r))
induced by r is injective. On the other hand, since the Frobenius endomorphism acts partially
semisimply on M, it also acts partially semisimply on Im(r). We may thus identify the groups
H(k,Im(r)) and H*(k, M) for i = 0 with the same groups fori = 1. As H°(k, Im(r)) injects
into H°(k, M), it follows that H' (k,Im(r)) injects into H' (k, M). O

LEMMA 3.7. — With the notation of §2, assume that d = 2, that k is finite, and
that the Albanese variety of X has potentially good reduction. Then the restriction map

H3(A, Q1)) — B, H3(Ai, Qu(1)) is injective.

Proof. — Let R™" denote the strict henselization of R, let K" denote its quotient field and
let 2™ = 2" ®p R™. The local invariant cycle theorem holds for H2(X, Q,), according
to Rapoport and Zink [66, Satz 2.13]. As a consequence, by Lemma 3.4, we have an exact
sequence of finite-dimensional vector spaces endowed with an action of Frobenius

(3.8 H3 (27, Qu(1)) — H?(4,Qq(1)) —— H(K™, H*(X, Q¢(1))).

Let T denote the ¢-adic Tate module, with rational coefficients, of the Albanese variety
of X. Let L™ /K™ be a finite field extension over which this abelian variety acquires
good reduction. The vector space H?3(X,Qg(2)) is canonically isomorphic to T, since
both spaces are canonically dual to H*(X, Q). As the Albanese variety of X has good
reduction over L™, we know, by Weil, that the action of Frobenius on H°(L*,T), and
therefore also on the subspace H?(K™,T), is pure of weight —1 (see [33, Exp. I, §6.4]).
It follows that H°(K™, H3(X,Qy(1))) is pure of weight 1. On the other hand, the vector
space H% (2™, Qq(1)) is dual to H3(A, Q,(2)) (see Proposition 2.6), so that its weights
are positive, by [20, Théoréme 1]. We conclude, thanks to (3.8), that H3(A, Q,(1)) has
positive weights (and is in fact pure of weight 1). Now, as in the proof of Lemma 3.6, the
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Mayer-Vietoris spectral sequence and [20] imply together that the kernel of the restriction
map H3(A,Q,(1)) — @,c; H*(A;, Qu(1)) has weights < 0. Hence the lemma. O

3.4. Proof of Theorem 3.1

Let us assume the hypotheses of Theorem 3.1 are satisfied. For ¢ € I, the Frobenius endo-
morphism of H?(A;, Qe(1)) is partially semisimple since the Tate conjecture holds for the
surface A; (see [77, Proposition 2.6], which may be applied thanks to [44, Théoréme 4.6]). It
thus follows from Lemma 3.6, Lemma 3.7, and from the Hochschild-Serre spectral sequence,
that the restriction map

(3.9) H*(A,Qu(1)) — @H%Ai,Qe(l))

is injective.

LeEMMA 3.8. — Foralli € I, the subgroup of H®(A;, Qu/Z¢(1)) denoted CHy (A;)* in (2.2)
vanishes.

Proof. — As A; is a surface over a finite field satisfying the Tate conjecture, the cycle
class map CH; (4;) ® Z, — H?(A;,Z,(1)) is surjective (see [77, Proposition 4.3]). On the
other hand, the cup-product pairing H3(A;, Q¢/Ze(1)) x H2(A;, Zy(1)) — Qu/Zy is perfect
(see §2.1). The lemma follows. O

Putting together Lemma 3.5, Lemma 3.8 and the injectivity of (3.9), we deduce that the
natural map

H3(A;,Qu/Z4(1))

(3.10) H3(A7QK/ZZ(1)) - @ CHl(A')J‘

i€l

is injective. In view of the localization exact sequence
(3.11) H*(X,Qu/Z(1)) — H3(2,Qe/Ze(1)) — H?(A, Qe/Z(1)),

the injectivity of (3.10) implies, in turn, the exactness of the complex (2.2). Applying
Theorem 2.2 then concludes the proof.

4. Surfaces with H?(X, 0'x) = 0 over K with K = C((t)) or [K : Q)] < o0

If V is a finite type scheme over a separably closed or finite field, we say that H2(V, Q,(1))
is algebraic if the natural injection Pic(V) ® Q, — H?(V,Q(1)) is an isomorphism.
Recall that when V' is smooth and projective (or proper) over an algebraically closed field
of characteristic 0, this condition is equivalent to H?(V, Oy) = 0, by Hodge theory.

In a series of papers originating with the work of Bloch [4], K-theoretic methods were
applied to the study of torsion cycles of codimension 2 on smooth projective varieties defined
over various types of fields. By combining a result stemming from this series, namely, a
theorem of Colliot-Théléne and Raskind [13, Theorem 3.13], with the finiteness theorem of

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



498 H. ESNAULT AND O. WITTENBERG

Saito and Sato [69, Theorem 9.7] and with Roitman’s theorem, it is not hard to deduce the
following statement.

THEOREM 4.1. — With the notation of § 2, assume that d = 2, that k is separably closed,
and that the reduced special fiber Acq of 2 has simple normal crossings. If H*(X, Qe(1)) is
algebraic, then the cycle class map CHy(X) ® Zy — H?**(X, Zy(d)) is injective. If in addition
HY(X,Z/¢Z) = 0, then the group Ay(X) is divisible by ¢.

In this section, we give a new proof of Theorem 4.1, based on the criterion established
in §2. The argument proceeds by an analysis of the special fiber of the model 2™ and is
thus quite different from the K-theoretic approach alluded to above. We hope that it may
shed some light on the problem at hand, especially in the higher-dimensional case, where
codimension 2 cycles are no longer relevant for the study of zero-cycles.

The general strategy for the proof of Theorem 4.1 follows the same lines as that for
the proof of Theorem 3.1. Two new difficulties arise, however. First, as is clear from the
statements of Theorems 2.1 and 2.2, the relevant restriction map is no longer

HS(A) Qe(l)) - @ Hg(Aia Ql(l))v

iel

where A is a surface with simple normal crossings over a finite field, but

H*(A, Qu(1)) — D H* (45, Qu(1)),
iel
where A is now defined over a separably closed field. In contrast with the situation of §3,
the latter map need not be injective, even if the Albanese variety of X is trivial. The
second difficulty is that the groups denoted CH;(A;)+ in (2.1), contrary to the groups
denoted CH;(4;)* in (2.2), need not vanish. This phenomenon is related to the defect of
unimodularity of the intersection pairing on NS(A;). We prove in §4.1 that both of these
difficulties disappear when H?(X, Q,(1)) is algebraic. We refer the reader to § 5-6 for results
in two situations in which H?(X, Q,(1)) has a nontrivial transcendental quotient.

ExaMPLE 4.2. — Theorem 4.1 applies to the surface considered in Example 2.9 when n < 3.
More generally, if X is a (geometrically) rational surface over K = C((¢)), then Ag(X) has
finite exponent (being killed by the degree of any extension of K over which X becomes
rational), and is divisible according to Theorem 4.1, so that Ag(X) = 0. Thus we recover in
this case the conclusion of [9, Theorem A (iv)].

REMARK 4.3. — Theorem 4.1 may be reinterpreted as a statement about the unramified
cohomology of X. Let us assume that its hypotheses are satisfied and, for simplicity, that K
has characteristic 0 and that H*(X,Z/¢Z) = 0. The group Ao(X) is then divisible by £ if

(M Strictly speaking, the reference [13, Theorem 3.13] can only be applied when K has characteristic 0 and
H'(X,Q/Z) = 0. It is nevertheless possible to show, even though we do not do it here, that variants of the argu-
ments contained in loc. cit. are sufficient to deduce Theorem 4.1 in full generality by K-theoretic methods, the main
point being that the finiteness result [69, Theorem 9.7] implies the surjectivity of the natural map from the £-primary
torsion subgroup of Ag(X) to Ag(X) ® Z,.
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and only if the unramified cohomology group H3.(X, Q,/Z,(2)) vanishes. Indeed, according
to [17, Théoréme 8.7], we have an exact sequence

(noting that H3.(X,Q/Z(2)) = 0 as X is a surface), and Roitman’s theorem implies
that Ag(X), and therefore also HO(K, Ay(X)), is a Q-vector space.

4.1. Algebraicity of H2, specialization, and normalization

We keep the notation introduced at the beginning of § 2, and assume henceforth that k& is
separably closed. The goal of §4.1 is to establish the following three lemmas.

LeEMMA 4.4. — If H*(X,Qq(1)) is algebraic, then H*(A, Qq(1)) is algebraic.

LEMMA 4.5. — Assumed = 2 and A; is smooth foreveryi € 1. If H*(A, Q¢ (1)) is algebraic,
then H%(A;, Qq(1)) is algebraic for all i € I.

LEMMA 4.6. — Let m : W — V be a surjective morphism between proper schemes over a
separably closed field k. Let £ be a prime number invertible in k. If H*(V, Q,(1)) is algebraic,
the map * : H*(V,Qq(1)) — H2(W, Qq(1)) is injective.

Lemma 4.6 will be applied to V' = A,eq and to the normalization morphism 7 : W — V.

The statement of Lemma 4.5 fails when d > 2, as shown by the example of P%, blown up
along a smooth quartic surface contained in the special fiber (in this example H?(A4, Q,(1)) is
algebraic by Lemma 4.4).

We note that when k has characteristic 0, Lemmas 4.4 and 4.5 may be rephrased in terms
of Hodge theory and are then straightforward consequences of Kollar’s torsion-freeness
theorem [47] (see also [21], [76, Theorem 2.11]) or of the Clemens-Schmid exact sequence
(see [63, Theorem 2.7.5]). Similarly, when & has characteristic 0, the reduction to finite fields
which appears in the proof of Lemma 4.6 could be replaced with a reduction to £ = C and
the use of Hodge theory.

For lack of an adequate reference, we start with a proof of the local invariant cycle theorem
for H24=1 over an arbitrary strictly Henselian excellent discrete valuation ring.

LEMMA 4.7. — The specialization map H**~1(A, Q,) — H°(K, H?*¥~1(X, Qy)) is surjec-
tive.

Proof. — For simplicity we assume that A,.q has simple normal crossings. The general
case follows thanks to de Jong’s theorem [41] and a trace argument. Fix an embed-
ding 2~ — P for some N and let Z denote the intersection of 2~ with d — 1 degree M
hypersurfaces of PX which lift general hypersurfaces of PY. By the Bertini theorem,
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if M > 0, the scheme % is irreducible, regular, flat over R, of dimension 2 (see Lemma A.3).
Let B=% ®rkandY = # @ K. The specialization maps fit into a commutative diagram

H'(A,Qu(1)) HO(K, H'(X, Q(1)))

| |

(4.1) H'(B, Qu(1)) HO(K, HY(Y,Q(1)))

| |

H?71(A, Qq(d)) —— H°(K, H** (X, Q¢(d)))

where the vertical arrows are the restriction maps and the Gysin maps associated with the
embedding #° — 2 . By the Hard Lefschetz theorem, the composition of the two right-
hand side vertical arrows is an isomorphism. It follows that the surjectivity of the middle
horizontal arrow implies that of the bottom horizontal arrow. In other words, we may
replace A and X with B and Y and thus assume d = 1. In this case, the complex (3.3)
for m = 2 identifies, up to a twist, with the complex

ba—Ppa—a

i€l i€l

whose first arrow is given by the intersection matrix of the reduced special fiber A,.q, and
whose second arrow maps the ith basis vector to the multiplicity of A; in A. This complex is
well known to be exact (see, e.g., [74, Chapter 111, Remark 8.2.3]). Applying Lemma 3.4 now
concludes the proof. O

Proof of Lemma 4.4. — By Lemma 4.7 and Lemma 3.4, we have an exact sequence
(4.2) HA(2,Qe(1)) — H*(2',Qu(1)) — HO(K, H*(X, Q((1))).

We have H3 (2", Qe(1)) = @,c; Qe (see Remark 2.3 (i) and the first arrow of (4.2) maps
the ith basis vector to ¢(0 o (A;)), where ¢ denotes the natural map

c:Pic(2) ® Q — H* (27, Qu(1)).

Thus ¢(Pic(2") ® Q) contains the image of H3(2,Qq(1)). On the other hand, as
H?(X,Qq(1)) is algebraic and 2" is regular, Lemma 4.8 below implies that c(Pic(.2") ® Q)
surjects onto H°(K, H?(X,Q(1))). Hence c is surjective. By the proper base change
theorem, we conclude that H?(A, Q,(1)) is algebraic. O

LEMMA 4.8. — For any variety X smooth and proper over a field K, the natural map
Pic(X) ® Q; — H°(K,Pic(X) ® Q) is onto.

Proof. — We have Pic(X)®Q, = NS(X)®Q, = NS(X)®zQ, as Pic’(X) is divisible and
NS(X) is finitely generated. It follows that the natural map Div(X) ®z Q; — Pic(X) ® Q,
is surjective. On the other hand, any surjective map between discrete Galois modules which
are Q-vector spaces induces a surjection on Galois invariants. Therefore Div(X) ®z Qy, and
thus also Pic(X) ®z Qq, surjects onto H°(K, Pic(X) ® Q). O
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Proof of Lemma4.5. — Fixi € I and set E = A; and F = {J;cp\ 14y 4;- Note that E'is a
smooth and proper surface. Let o € H?(E, Q(1)) be orthogonal to NS(E) ®z Q, with
respect to the cup-product pairing. As « is in particular orthogonal to the classes of the
irreducible curves contained in £ N F, the Mayer-Vietoris exact sequence

4.3)  H*(A,Q(1) — H*(E,Qu(1)) ® H*(F,Q¢(1)) — H*(E N F,Qu(1))

shows that « is the restriction of an element of H2(A, Q,(1)). Assuming that H?(A, Q(1)) is
algebraic, it follows that & € NS(E) ®z Q,. On the other hand, the pairing on NS(E) ®z Qg
induced by cup-product is non-degenerate (see [44, Théoréme 4.6]). Hence oo = 0. We have
thus shown that the orthogonal subspace to NS(E) ®z Qg in H?(E, Q,(1)) is trivial, in other
words H?(E, Q(1)) is algebraic. O

Proof of Lemma 4.6. — Let us choose a finitely generated Z[1/¢]-subalgebra Ry C k such
that # : W — V descends to a surjective morphism 7y : Wy — V; between proper
Ry-schemes. Let f : Vo — Spec(Ry) denote the structure morphism of V5 and let C' be the
cone of the natural morphism Q(1) — Rmp.Qe(1). As the group NS(V) is finitely generated
(see [44, théoréme 5.1]), we may assume, after enlarging Ry, that every element of NS(V') is
represented by the inverse image, on V, of a line bundle on Vj. Enlarging Ry again allows us
to assume, in addition, that the constructible Q,-sheaves appearing in the exact sequence

(44) le*CQsz*QZ(l) %sz* (RWO*QE(I))

are lisse (see [57, Chapter VI, Theorem 2.1], [23, Chapter I, § 12, Proposition 12.10]).
According to [20, Théoréme 1], for any ¢ > 0, the ith cohomology sheaf of C' is mixed of
weights < ¢ — 2. Moreover, as 7 is surjective, the complex C' is concentrated in non-negative
degrees. Thus C is a mixed complex of weights < —2 in the sense of [20, Définition 6.2.2].
It follows that the Q,-sheaf R! f,C is mixed of negative weights (see loc. cit., Variante 6.2.3).
On the other hand, our hypotheses imply that the global sections of the Q-sheaf R? f, Q,(1)
generate its geometric generic stalk. Being a lisse sheaf, it must then be constant, and there-
fore, punctually pure of weight 0. As a result, the first map of (4.4) must vanish, and the
second map is an injection. In particular it induces an injection on the geometric generic
stalks. O

4.2. Proof of Theorem 4.1

We now assume the hypotheses of Theorem 4.1 are satisfied. Lemma 4.4 and Lemma 4.5
imply that H?(A;, Q(1)) is algebraic for all i € I. In particular, we have CH; (4;) ® Z, =
Pic(A;) ® Z, = H?(A;,Z(1)) for any 14, since the cokernel of the natural injection
Pic(A;) ® Zy — H?(A;,Z4(1)) is torsion-free. It follows that the group denoted CH; (4;)*
in (2.1) vanishes for all 4 € I, as the cup-product pairing

H?(As, Qu/Zy(1)) x H*(Ai, Zy(1)) — Qu/Z¢

is a perfect pairing. On the other hand, Lemma 4.4 enables us to apply Lemma 4.6 and
Lemma 3.5to V = Aand W = [],; A;. From all of this, we deduce that the natural map

H?(A;,Qq/Z,(1))
CH; (A;)+

(4.5) H%(A,Qi/Z,(1)) — P

iel

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



502 H. ESNAULT AND O. WITTENBERG

is injective, and hence, by the localization exact sequence, that the complex (2.1) is exact.
Theorem 4.1 now results from Theorem 2.1 and from Remark 2.3 (iii).

4.3. A remark on the cycle class map for 1-cycles on the special fiber

In the proofs of Theorem 3.1 and Theorem 4.1, we have shown the exactness of the
complexes (2.1) and (2.2) by establishing a stronger property, namely the injectivity of the
natural map

D H™(A;, Qu/Zy(1))

(4.6) H™(A,Qu/Zy(1)) — CHi(A)L

iel
where m = 2 if k is separably closed and m = 3 if k is finite. By arguments similar to those
of §2.2, the injectivity of (4.6) is equivalent to the surjectivity of the ¢-adic cycle class map

4.7 P1,4 : CHi(A) ® Zyp — HAN X, Ze(d))

for 1-cycles on A.

We remark that outside the scope of Theorems 3.1 and 4.1, these two equivalent condi-
tions very often fail. A trivial example is given by any surface over C((¢)) with positive
geometric genus and good reduction. More generally, analyzing the group H33(2", Q.(d))
with the help of the Mayer-Vietoris spectral sequence yields the following lemma.

LEMMA 4.9. — With the notation of § 2, assume that d = 2, that k is separably closed,
and that the reduced special fiber Aieqa of Z has simple normal crossings. If the map (4.7)
is surjective, then H?(A, Qq(1)) is algebraic. In particular, if k = C and at least one of the
surfaces A; has positive geometric genus, then (4.7) cannot be surjective.

This lemma applies in particular to the situation considered in Example 2.8, in which we
have shown the injectivity of the cycle class map o x : CHo(X) ® Z, — H*(X,Z((2))
for a certain isotrivial K3 surface X over C((t)): the map 1, 4 fails to be surjective in this
example. A larger source of examples of this kind is given by K3 surfaces with semistable
reduction over C((t)). For such a surface, if A denotes the special fiber of a semistable model,
we have H2(A, 04) # 0 by [21], so that H2(A, Q,(1)) is not algebraic. Thus, by Lemma 4.9,
the map 91 4 is never surjective in the case of a semistable K3 surface over C((t)). We shall
prove in § 5 that 1o x is nonetheless injective for these surfaces.

5. Semistable K 3 surfaces

As a first step towards the study of surfaces with nonzero geometric genus over strictly
local fields, we consider, in this section, semistable K3 surfaces, and prove:

THEOREM 5.1. — For any semistable K3 surface X over C((t)), the group Ao(X) is divis-
ible.
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The proof'is based on the criterion established in § 2 and on the results of Kulikov, Persson,
Pinkham, and of Miranda and Morrison about degenerations of analytic K3 surfaces over
the punctured unit disk (see [51], [64], [59]). It is only in order to use these results that we
need the semistability assumption. Theorem 5.1 and Example 2.8 suggest that Aq(X) may
in fact be divisible for all K3 surfaces X over C((t)). Similarly, one might hope that Ay(X) is
divisible by £ for any K3 surface X over the maximal unramified extension of a p-adic field,
and any ¢ # p.

Before we start the proof of Theorem 5.1, let us recall the results we shall need on
degenerations of analytic K3 surfaces, and set up the relevant terminology. We say that a
variety over C((t)) is semistable if it admits a proper regular model over C[[t]] whose special
fiber is reduced with local normal crossings (we do not require simple normal crossings).
Let A C C denote the unit disk and A* = A\ {0}. A degeneration is a proper, flat, holo-
morphic map 7 : Z° — A, where 2 is a complex analytic manifold, such that the complex
analytic space 7~ 1(t) is a connected manifold for every ¢ # 0. The degeneration 7 is semi-
stable if 7=1(0) is a reduced divisor with local normal crossings. A model of 7 : 2~ — A
is a degeneration 7/ : 2”7 — A such that the complex analytic manifolds 7=!(A*) and
7’1 (A*) are isomorphic over A*. A degeneration of K3 surfaces is a degeneration whose
fibers above A* are K3 surfaces. It is Kulikov if it is semistable and 2~ has trivial canonical
bundle.

THEOREM 5.2 (Kulikov [51], Persson-Pinkham [64]). — Let w : & — A be a semistable
degeneration of K 3 surfaces. If the irreducible components of 2y = m1(0) are algebraic, then
admits a Kulikov model.

Note that the hypothesis “the irreducible components of 2 are algebraic” is preserved
when passing from a semistable model to another one (see [63, Lemma 3.1.1]).

Let (A;);er denote the family of irreducible components of 2. Let D C 25 denote the
singular locus of Zy. Let I’y = I, let I'; denote the set of irreducible components of D, and
let T's be the set of triple points, i.e., the singular locus of D. The three sets I'g, I'1, I's may be
organized into a semi-simplicial set I, in such a way that x is a face of y if and only if y C x.
Such a semi-simplicial set I is often referred to as the dual graph of Zy in the literature. We
write |T'| for the geometric realization of T

For i € I, let A} denote the normalization of A;, let v; : A, — 25 denote the canonical
map, and set D; = v; *(D).

An anticanonical pair is a pair (S,C) consisting of a smooth proper surface S and a
reduced, connected, nodal, singular curve C on S, such that wg ~ &s(—C). The curve C is
either an irreducible nodal rational curve with a unique singular point, or a union of smooth
rational curves forming a polygon. If 7 : 2~ — A is a Kulikov degeneration of K3 surfaces
such that the irreducible components of 2 are algebraic, then one of the following three
possibilities must occur:

(I) Zo is a smooth K3 surface;

(IT) 2y is a chain of elliptic ruled surfaces, meeting along disjoint sections, with rational
surfaces on either end;
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(ITI) %, is a union of rational surfaces, (A}, D;) is an anticanonical pair for every ¢ € I,
and |T'| is homeomorphic to the (2-dimensional) sphere

(see [25, p. 26-29], where on page 27, line 5, one should twist the Cech complex with orien-
tation line bundles in case 2 is not a simple normal crossings divisor). We say that 7 is a
degeneration of type I, 11, or III accordingly. Finally, a type III degeneration of K3 surfaces
is in minus-one-form if for every i € I, every smooth (resp. singular) irreducible component
of D; has self-intersection —1 (resp. 1) on A..

THEOREM 5.3 (Miranda-Morrison [59]). — Any type III degeneration of K3 surfaces
admits a type 11l model which is in minus-one-form.

To some extent, Theorem 5.3 reduces the study of K 3 surfaces over C((t)) with semistable
reduction of type III to that of non-negatively curved triangulations of the sphere. This, in
turn, quickly leads to unsolved problems in combinatorics (see [25, p. 22], [53]). It turns out
that for the proof of Theorem 5.1, one can get by with a simple global combinatorial input,
namely the well-known fact that the sphere cannot be tiled with hexagons only.

Proof of Theorem 5.1. — Given a degeneration 7 : 2 — A, we shall consider the
complex of singular cohomology groups

H?(A4;,,Q/Z(1
D (4;,Q/Z(1))

(5.1) HY(X,Q/Z(1)) — H3(Z',Q/Z(1)) CH, (4;)*

iel
modeled on (2.1), where X = 2"\ %o and A = Zp, and where for any compact complex
analytic manifold V, we denote by CH; (V)+ the subgroup of H%(V, Q/Z(1)) consisting of
those classes whose restriction to H?(Z, Q/Z(1)) vanishes for all irreducible closed analytic
subsets Z C V of dimension 1.

ProPOSITION 5.4, — Let 7w : 2 — A be a Kulikov degeneration of K3 surfaces. Assume
the irreducible components of 2y are algebraic. Assume, moreover, that if & is a degeneration
of type III, then it is in minus-one-form. Then the complex (5.1) is exact.

Let us postpone the proof of Proposition 5.4, and instead deduce Theorem 5.1 from it. To
this end, we first remark that the homology group of (5.1) is invariant under blow-ups with
smooth centers.

LEMMA 5.5. — Let w : & — A be a degeneration. Let T : 2 — A be the degeneration
obtained by blowing up X along a smooth complex analytic closed subspace of Zy. The
homology groups of the complexes (5.1) associated with © and with 7 are isomorphic.

Proof. — The natural map H?(A, Q/Z(1))/CH(A)* — @,; H*(As, Q/Z(1))/CH1 (Ay)*

is injective since any irreducible closed analytic subset of A of dimension 1 is contained in A;
for some i. As a consequence, the complex (5.1) has the same homology group as the complex

H?(A,Q/Z(1))
CH,(A)L

(5.2) HY(X,Q/Z(1)) — H3(2',Q/Z(1))

There is a natural morphism from the complex (5.2) to the analogous complex for the
degeneration 7. A diagram chase now implies the lemma, thanks to the following remarks.
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First, as 2" is a manifold, the exceptional divisor £ C Zoisa projective bundle over the
center of the blow-up L C 2. Therefore, for any irreducible closed analytic subset Z C A of
dimension 1, there exists an irreducible closed analytic subset Z C A of dimension 1 which
maps birationally to Z. It follows that the pull-back map

H2(A,Q/2(1) _ H(4,Q/2(1)

CH; (A)*+ CH; (A)L
is injective. Secondly, the first Chern class of & z (FE) and the pull-back map induce a canon-
ical decomposition

(5.3)

(5:4) H(2,Q/Z(1) = H4(Z,Q/Z(1) ® Q/Z.
and if Z C E denotes a line contained in a fiber of the projective bundle E — L, then
deg (0 7(E)|z) = —1. H

Using Lemma 5.5, we now check that Proposition 5.4 implies the validity of Theorem 5.1
for K3 surfaces defined over the function field of a complex curve.

LEMMA 5.6. — Assume Proposition 5.4 holds. Let f :' Y — B be a morphism between
smooth complex proper algebraic varieties, where B is a curve and the generic fiber of f
is a K3 surface. Let b€ B. Let K ~ C((t)) denote the completion of C(B) at b, and
let Yy =Y xp Spec(K). If the fiber Yy is a reduced divisor with local normal crossings,
then the group Ao(Y3) is divisible.

Proof. — Let A C B be a small disk around b. Denote by 7 : 2~ — A the restriction
of f to f~1(A). By Theorem 5.2 and Theorem 5.3, there exists a model 7/ : 2/ — A
of = satisfying the following properties: 7’ is Kulikov, the irreducible components of .2
are algebraic, and if 7’ is of type III, then it is in minus-one-form. Accordingly, by Proposi-
tion 5.4, the complex (5.1) associated with 7’ is exact. Let Y’ denote the complex analytic
manifold obtained by gluing 2" with Y \ Y} along 27 \ 2y = 2\ 2. By the weak
factorization theorem for bimeromorphic maps between compact complex analytic mani-
folds [1, Theorem 0.3.1] applied to Y and Y’, and by Lemma 5.5, the exactness of the
complex (5.1) associated with 7’ implies the exactness of the corresponding complex for 7.
The latter coincides, term by term, with the complex (2.1) associated with the regular
model Y xp Spec(@) of Y;. Applying Theorem 2.1 now concludes the proof (see
Remark 2.3 (iii)). O

We finally deduce Theorem 5.1 from Proposition 5.4 in full generality. Let X be a semi-
stable K3 surface over C((¢t)). Let 2 be a proper regular semistable model of X over C[[t]].
By a standard spreading out argument (see [60, Proposition 5.1.2]), one can find a smooth
complex algebraic curve B, a smooth complex algebraic variety Y, a point b € B and a
proper flat morphism f : Y — B such that the special fiber of 2" is isomorphic to Y, and
such that the generic fiber of f is a K3 surface. After compactifying and resolving singulari-
ties, one may assume that B is proper. Let us fix a C-linear isomorphism between the comple-
tion of O, and C[[t]]. Let Y; = Y xp Spec(C((t))). By Lemma 5.6, the group Ao (Y;) is
divisible. It follows, by Remark 2.3 (iv), that A (X) is divisible as well, thus completing the
proof.
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It remains to establish Proposition 5.4. Let w : 2~ — A be as in its statement. According
to Remark 2.3 (ii) (which also applies in this context), the exactness of (5.1) is equivalent to
that of the complex

H?(A:, Q/Z(1))
CH,(A)*

(5.5) Q/z— (Q/2) —— P

iel
where the first map is the diagonal inclusion and where ¢ is as described in Remark 2.3. We
shall denote by §; : (Q/Z)! — H?(A;, Q/Z(1))/CH;(A;)* the composition of § with the
projection onto the ith summand.

Let us fix A = ()\;)ier € (Q/Z)7 such that §()\) = 0, and show that all \;’s are equal. If A
is irreducible, there is nothing to prove. Otherwise  is of type II or of type III.

Suppose 7 is a degeneration of type II, and number the irreducible components of the
special fiber I = {0,...,n} in such a way that A; N A; # @ if and only if | — j| < 1.
Thus Ag and A,, are rational surfaces, and A;, for i € {1,...,n — 1}, is an elliptic ruled
surface, i.e., a smooth surface ruled over an elliptic curve.

Let C; = A; N Ayyq fori € {0,...,n — 1}. As the canonical bundle of 2 is
trivial, the adjunction formula implies that C;_; + C; is an anticanonical divisor on A;
for any ¢ € {1,...,n — 1}, and that Cy (resp. C,,—1) is an anticanonical divisor on Ag
(resp. on A,). On the other hand, the self-intersection number (K7 ) vanishes, by [37,
Chapter V, Corollary 2.11], and the curves C;_; and C; are disjoint. Therefore
(C?_))a, + (C?) 4, =0 for any i € {1,...,n — 1}. (The subscript indicates that the inter-
section number is computed on A;.) Now, by the triple point formula [63, Corollary 2.4.2],
we have (C2 )4, + (C?.1)a, , = Oforalli € {1,...,n}; hence, in the end, we see that
(C2) 4, does not depend on i, and in particular

(5.6) (K240 = (C8)ao = (Ch_1)a, s = —(Ch_1)a, = (K4,

The self-intersection number of the canonical divisor of a (smooth, proper) minimal rational
surface being either 8 or 9, we deduce from (5.6) that the two surfaces Ag and A,, cannot both
be minimal.

After possibly renumbering the A;’s, we may assume that A is not minimal. Let £ C Aq
be an exceptional curve. The hypothesis that Jo(A) = 0 implies that (Cp - E) 4, ® (A1 — Ao)
vanishes as an element of Q/Z. On the other hand, since Cy is an anticanonical curve on Ag
and FE is exceptional, we have (Cy - E)4, = 1. Hence A\ = A;. Fori € {1,...,n — 1}, the
hypothesis that §;(A\) = 0 amounts to the equality
(5.7) (Cic1-F)a, ® (Nic1 = X)) + (Ci - F)a, ® (Nit1 — X)) =0€ Q/Z
for any divisor F' on A;. Letting F' be a fiber of the ruling, we conclude that if A\; = A;_1,
then A\;+1 = A;. Thus, by induction, all A;’s are equal.

Suppose now 7 is a degeneration of type III, in minus-one-form. For ¢ € I, the

surface A; is rational and (A}, D;) forms an anticanonical pair. Let ; denote the set of
irreducible components of D;.

DEFINITION 5.7. — Letd € I. Wesay that j € Iis aneighborofiifi # jand A;NA; # @.
We say that C,C’ € ~; are adjacent if C # C' and C N C’ # @. We say that i is consonant if
A; = A for every neighbor j of 4.
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Fori € I and C € ~;, welet uc = Aj — A, if there exists a (necessarily unique) j € I'\ {¢}
such that v;(C) C A; N A;. Otherwise we let uc = 0. Note that the hypothesis §,(A) = 0
implies

(5.8) > (C-Fly®pc=0¢cQ/Z

cen,

for any divisor F on A..

LEMMA 5.8. — Leti € I. If there exist adjacent C,C' € ~; such that uc = pcr = 0, theni
is consonant.

Proof. — As the curve D; is a (necessarily reducible) polygon, we may write
vi =4{C1,...,Cyn} for some n > 2, in such a way that C; and C; are adjacent if and
only if j — ¢ = £1 mod n. Assume pc, = pc, = 0. Applying (5.8) successively with F' = C;
forall j € {2,...,n — 1}, we find that uc, = O forall j € {1,...,n}. In other words i is
consonant. O

Our goalis to prove thatall i € I are consonant. Lemma 5.9 below reduces this to showing
the existence of at least one consonant i € I.

LEMMA 5.9. — Leti € I. If'i is consonant, then so is every neighbor of i.

Proof. — Let j € I be aneighbor of i. Choose a C' € v; such that v;(C) C A;NA;. Ifiis
the only neighbor of j, then j is consonant. Otherwise, we may further choose a C’ € ~;
adjacent to C. As i is consonant, we have uc = 0. In order to show that j is consonant,
it suffices to check that o = 0, by Lemma 5.8. Now if v;(C”) is contained in the singular
locus of A;, then pucr = 0 by definition. Otherwise, there exists a unique neighbor & of j such
that v;(C’) C A; N Ag. We then have v;(C N C") C A; N Ay, so that either k = ¢, or k is
a neighbor of i. As ¢ is consonant, in both cases we obtain A\ = A;. Hence A\; = A, or in
other words o = 0, which completes the proof. O

The following lemma summarizes well-known facts on anticanonical pairs which we shall
need to establish the existence of a consonant i € I.

LEMMA 5.10. — Let (S, C) be an anticanonical pair. Let C1, . . ., C,, denote the irreducible
components of C. Assume S is a rational surface. If n > 2, assume (C?) = —1 foralli; ifn = 1,
assume (C%) = 1. Then n < 6. If moreover n. < 6, then for every i € {1,...,n}, there exists
an exceptional curve E C S such that (C; - E) = 1 and (C; - E) = 0 for all j # .

Proof. — After renumbering the C;’s we may assume that C;NC;,; # @ for all <. Suppose
that n > 6 and let F = C; + 2C3 + 2C3 — Cy — 2C5 — 2Cs. Then (D?) > 0, (F?) > 0 and
(D - F) = 0, which contradicts the Hodge index theorem. The second assertion relies on the
classification of rational surfaces endowed with an anticanonical cycle of length at most 5
[55, Theorem (1.1)], see [59, Lemma (11.5)], [24, p. 107-108]. O
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Let n; denote the number of irreducible components of D;. Since |I'| is homeomorphic to
the sphere, Euler’s formula may be written as

(5.9) > (6-n;) =12

iel

(see [25, p. 21]). On the other hand, as Z; is in minus-one-form, Lemma 5.10 implies
that n; < 6 for all 2. We conclude that n; < 6 for at least one 7. Let us fix suchani € I.
For each C € +;, there exists, according to Lemma 5.10, an exceptional curve E C A} such
that (C-E) =1and (C'-E) = 0forall C’ € v;\{C}. Applying (5.8) with F' = E, we deduce
that uc = 0. Thus uc = 0 for all C' € +;, which means that ¢ is consonant. By Lemma 5.9, it
follows that every element of I is consonant, in other words all A;’s are equal, and the proofs
of Proposition 5.4 and of Theorem 5.1 are complete. O

6. Homologically trivial zero-cycles need not be divisible

We finally provide a counterexample to the injectivity of the cycle class map
CHy(X) ® Zy — H?** (X, Zy(d))

when X is a smooth projective surface over C((t)) or over the maximal unramified extension
of a p-adic field. Thus, Theorem 4.1 does not extend to surfaces with a possibly nontrivial
transcendental quotient of H2(X, Q,(1)), despite the case of semistable K3 surfaces treated
in § 5 and despite the fact that over p-adic fields, Theorem 3.1 applies to surfaces of arbitrary
geometric genus.

THEOREM 6.1. — There exists a simply connected smooth projective surface X over C((t)),
with semistable reduction, such that Ay(X)/2A0(X) = Z/2Z.

Similarly, for infinitely many prime numbers p, there exists a simply connected smooth
projective surface X over the maximal unramified extension of a p-adic field, with semistable
reduction, such that Ay(X)/2A0(X) = Z/2Z.

For any X as in the statement of Theorem 6.1, the kernels of the cycle class maps
CHo(X)®Zo — H*(X,Z5(2)) and CHy(X)/2CHo(X) — H*(X,Z/2Z) both have order 2
(see Remark 2.3 (iii)).

The surfaces constructed in Theorem 6.1 have Kodaira dimension 1 and geometric
genus 3. They degenerate into the union of two simply connected surfaces of Kodaira
dimension 1 and geometric genus 1, which meet transversally along an elliptic curve, with
a 2-torsion normal bundle. The nonzero element of Ay(X)/2A0(X) is represented by the
difference of any two rational points of X which specialize to distinct irreducible components
of the special fiber.
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6.1. An elliptic surface

We start by constructing the irreducible components of the desired special fiber.

PROPOSITION 6.2. — Let k be an algebraically closed field of characteristic 0. There exists
a simply connected smooth projective surface V over k, endowed with a pencil f : V. — P} of
curves of genus 1, such that

1. the fiber f=1(0) has multiplicity 2 and its underlying reduced scheme is smooth;
2. all other fibers have multiplicity 1;

3. any divisor on'V has degree divisible by 4 on the fibers of f;

4. the total space of the Jacobian fibration of f is a K3 surface.

By “pencil of curves of genus 1” we mean a morphism whose generic fiber is a geomet-
rically irreducible curve of genus 1. Before proving Proposition 6.2, let us recall a sufficient
condition for an elliptic surface to be simply connected.

LeEmMaA 6.3 ([36, §2, Theorem 1]). — Let V be a smooth projective surface endowed with a
pencil f : V. — P} of curves of genus 1, over an algebraically closed field k of characteristic 0.
Assume that f has at most one multiple fiber, and at least one fiber whose underlying reduced
scheme is not smooth. Then 'V is simply connected.

Proof of Proposition 6.2. — We shall construct V using Ogg-Shafarevich theory. Let E be
a K3 surface over k with a pencil of elliptic curves p : E — P}, (a section of p is understood
to be chosen). After a change of coordinates, we may assume that p~1(0) is smooth. Let E,,
denote the generic fiber of p. The smooth locus & of p identifies with the Néron model of E,,
and thus has a natural group scheme structure over P}. Let K = k(P?). It is well known
that the Leray spectral sequence for the inclusion of the generic point of P}, gives rise to an
exact sequence of étale cohomology groups

(6.1) 0—— H'P}, &) —= HY(K,E,) — @ H'(Kn,E,) —0,

1(1
mGPk()

where Pk(l) denotes the set of codimension 1 points of P}, and K, stands for the completion
of K atm (see[18, Proposition 5.4.3 and Corollary 5.4.6]). Moreover, there are isomorphisms

(6.2) H'(P}, &) = Br(E) ~ (Q/Z)"",

where bs = 22 and p denotes the Picard number of E (see op. cit., Theorem 5.4.3, noting that
H3(E,Z,) is torsion-free since F is a simply connected surface).

As E is a K3 surface, we have by — p > 0, so that H' (P}, &) contains elements of any
order, by (6.2). We fix an o € H}(P}, &) of order 4.

Recall that for any closed point m € Pj of good reduction for E,, there is an isomor-
phism H' (K, E,)) ~ (Q/Z)? (see op. cit., Theorem 5.4.1). On the other hand, according
to (6.2), the group H' (P}, &) is divisible. In view of (6.1), it follows that there exists an
element 8 € H'(K, E,) of order 2, whose image in H'(Kj, E,) has order 2, and whose
image in H'(K,,, E,)) vanishes for all closed points m € P} \ {0}.

Let v = o + (. We have now constructed a class v € H'(K, E,) of order 4, whose
image in H'(Ky, E,) has order 2, and whose image in H'(K,,, E,)) vanishes for all m # 0.
It remains to be checked that the minimal proper regular model f : V' — P} of the torsor V;,
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under E, classified by + satisfies the conclusion of Proposition 6.2. Condition (4) holds by
construction, and (1) follows from the fact that the image of v in H' (K, E,)) has order 2
while p~1(0) is smooth (see op. cit., Theorem 5.3.1 and Proposition 5.4.2). Condition (2)
is equivalent to the vanishing of the image of v in H'(K,,, E,) for m # 0. The genus 1
curve V;, has period 4, therefore its index is a multiple of 4 (see [52, Proposition 5]; it is in fact
equal to 4, by [61, Corollary 3]), which implies (3). Finally we need to prove that V' is simply
connected. As E is simply connected, the morphism p cannot be smooth, and hence f has
at least one fiber whose underlying reduced scheme is not smooth, by [18, Theorem 5.3.1].
Thus Lemma 6.3 applies. O

6.2. Persson’s construction in mixed characteristic

Let V be the surface given by Proposition 6.2. As V' is simply connected and the class of a
fiber of f in Pic(V) is divisible by 2, we may consider, for a general t € P1(k)\ {0}, the double
cover of V branched along f~!(¢). This is a smooth projective surface over k. Persson [63,
Appendix 1, IT] shows that when one lets ¢ specialize to 0, this double cover degenerates, with
a regular total space, to the union of two copies of V' glued along the elliptic curve f~1(0),eq.
In order to construct the surface S of Theorem 6.1 over the maximal unramified extension
of a p-adic field, we shall need to adapt Persson’s construction to the mixed characteristic
setting.

Let ¢ denote the coordinate of Py, so that A}, = Spec(Z[t]). Assume we are given a
discrete valuation ring R of characteristic 0 and residue characteristic # 2, a uniformizer =
of R, an irreducible regular scheme ¥ and a proper and flat morphism ¥ — P% such
that the divisor of the rational function g on ¥ obtained by pulling back (¢ — 7)/t may be
written as D — 2D’ where D is a regular scheme and D’ is smooth over R. We then consider
Oy & Oy (—D') as an Oy -algebra with product (a & b)(c ® d) = (ac + gbd) @ (ad + bc),
and let 2" denote the corresponding finite flat #'-scheme of degree 2. The following lemma
summarizes the properties of Z". Its proof is elementary and is left to the reader.

LEMMA 6.4. — The scheme X is irreducible, regular, and it is proper and flat over R.
Letting k and K respectively denote the residue field and the quotient field of R, its fibers are
described as follows.

1. The generic fiber X = 2" Qg K is a double cover of V.= ¥ ®g K branched only along
the fiber of V.— PL. above m € PY(K). It fits into a commutative square

X v

b

Py — Py

in which the map P}, — P, is a double cover branched along {0, 7}. The left-hand side
vertical map is smooth above 0 and the square is cartesian above P\ {0}.

2. The special fiber A = X Qg k is the scheme obtained by gluing two copies of V' @gr k
along the closed subscheme D' Qg k (see [2,81.1]). If ¥ Qg k is smooth, then A has
simple normal crossings.

4¢ SERIE - TOME 49 — 2016 — N° 2



ON THE CYCLE CLASS MAP FOR ZERO-CYCLES OVER LOCAL FIELDS 511

6.3. Proof of Theorem 6.1

We are now in a position to prove the first statement of Theorem 6.1. Let R = C[[¢]]
and K = C((t)). Let f : V. — P be the surface given by Proposition 6.2 applied to k = C.
Let 2 denote the R-scheme associated in §6.2 to ¥ = V ®c R and to the morphism ¥ — P},
deduced from f by base change. According to Lemma 6.4, the generic fiber X = 2" Qg K
is a smooth projective surface over K. By Lemma 6.3 and Lemma 6.4 (1), it is simply
connected. As 2 is regular, the quotient of Ag(X) by its maximal divisible subgroup can
be read off of A = 2 ®pg k, thanks to Theorem 2.1. By Lemma 6.4 (2), the variety A is
reduced and has two irreducible components, which are both isomorphic to V' and which
meet transversally along f~1(0),.q. Moreover, the properties of V' imply that the intersec-
tion number (C - f~1(0)eq) is even for any curve C lying on V. We are thus in the situation
considered in Example 2.4 (iii); we conclude that Aq(X)/2A4¢(X) = Z/2Z.

Let us turn to the second part of Theorem 6.1. Proposition 6.2 applied to k = Q yields
a simply connected smooth projective surface V defined over some number field F C Q,
and a pencil f : V — PL of curves of genus 1 satisfying the properties (1)~(4) which
appear in its statement. We may extend V' and f to a scheme ¥ and a proper and flat
morphism fe : ¥ — PL over the ring of S-integers & of F for a large enough finite set S
of places of F', and apply the construction of § 6.2 to the morphism deduced from fs by an
extension of scalars from & to the localization of & at any maximal ideal. This produces,
for all but finitely many places v of F', a smooth projective surface X over F' and a regular
proper model of X ® g F* over 0" (where F* denotes the maximal unramified extension
of the completion of F at v and & is its ring of integers, with residue field F.,) whose special
fiber is the union of two copies of ¥ ®¢ F,, glued along a smooth elliptic curve. According
to Lemma 6.3 and to Lemma 6.4 (1), the surface X is simply connected.

In order to conclude as before by an application of Theorem 2.1 and Example 2.4 (iii), we
must ensure that property (3) of Proposition 6.2 still holds for the pencil

(6.3) fFv Y Qe Fv — Pi—?v

obtained by reducing fs modulo v. To this end we need to incorporate into the proof of
Proposition 6.2 some control over the reduction of the 2-torsion classes in the Brauer group
of the total space of the Jacobian fibration of f.

Letp : E — PL denote the elliptic K3 surface chosen at the beginning of the proof of
Proposition 6.2. If v is a place of F’ of good reduction for E, we let B denote the surface
over F,, obtained by reducing E.

LEMMA 6.5. — There exists an a € Br(E ®p Q) of order 4 whose image in Br(Eg ) has
order 4 for infinitely many places v of F.

Proof. — As the group Br(E ®r Q) is divisible, it suffices to exhibit an o/ € Br(E ®r Q)
of order 2 whose image in Br(E% ) is nonzero for infinitely many places v. If such an o’ did
not exist, the specialization map sBr(E ®r Q) — 2Br(Eg,) between the corresponding
2-torsion subgroups would have to vanish identically for all but finitely many places v,
since »Br(E ®F Q) is finite. Now this map is surjective as it is a quotient of the special-
ization isomorphism H?(E ®p Q,Z/2Z) ~~ H?(Eg,,Z/2Z). Therefore we would have
2Br(Eg,) = 0 for all but finitely many places v. As Eg_ is a K3 surface, this, in turn,
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would imply that the Picard number of Eg is equal to 22 for all but finitely many places v
of F' (see (6.2), which is valid in positive characteristic as well when restricted to the prime
to p torsion). But this is well known to be impossible (see [8, Theorem 0.1] for a stronger
result). O

Recall that the surface V ®r Q was obtained, in the proof of Proposition 6.2, as the
minimal proper regular model, over P(li, of the torsor under E, classified by a certain
element v = o+ in the corresponding Galois cohomology group, where o was an arbitrary
class of order 4 in Br(E ® r Q). Let us now run the proof of Proposition 6.2 with the class «
given by Lemma 6.5 instead of an arbitrary « of order 4. As 5 has order 2, the conclusion of
Lemma 6.5 ensures that the reduction of ¥ modulo v has order 4 for infinitely many places v
of F'. In other words, for the surface V' obtained by this procedure, the pencil (6.3) does satisfy
property (3) of Proposition 6.2 for infinitely many places v. Thus the proof of Theorem 6.1
is complete.

REMARK 6.6. — The degeneration 2 — Spec(C|[[¢t]]) constructed in the proof of
Theorem 6.1 is a counterexample to [63, Proposition 2.5.7].

6.4. A new example over a p-adic field

Let X be the surface given by Theorem 6.1 over the maximal unramified extension K of
a p-adic field, for some p > 2. There exist a p-adic field Ky contained in K, a surface X
over Ky, and a zero-cycle zy on Xy, such that X = X, ®k, K and the image of z
in Ap(X)/2A(X) is nonzero. We can moreover assume that Xo(Ky) # @, since X (K) # @.
The cycle class of z belongs to the kernel of the natural map H*(X,,Z/2Z) — H*(X,Z/2Z).
After replacing K with a larger p-adic field contained in K, we may assume that the cycle
class of zq itself vanishes, in view of the fact that H*(X,Z/2Z) = lim HY(Xo®K, K1,Z/2Z)
where the direct limit ranges over all finite subextensions K;/Ky of K/Kq (see [57,
Chapter 111, Lemma 1.16]).

We thus obtain an example of a smooth projective surface X, defined over a p-adic
field Ky, with Xo(Ky) # @, such that the cycle class map

(6.4) CHo(Xo)/nCHo(Xo) — H*(Xo,Z/nZ(2))

fails to be injective for some integer n > 1. Another example of such a surface was given
by Parimala and Suresh [62, §8]. Contrary to the example of loc. cit., the surface Xy is
simply connected and the kernel of the cycle class map remains nontrivial over the maximal
unramified extension of K.

REMARK 6.7. — On the other hand, the defect of injectivity of the cycle class map with
integral coefficients does not descend from X to Xj. In fact, it follows from Theorem 3.1
that the cycle class map CHy(Xo) ® Z, — H*(Xo,Z¢(2)) is injective for any £ # p. To
verify this claim, recall that Xy admits a proper regular model whose special fiber has simple
normal crossings and is the union of two copies of a surface Vj carrying a pencil f; of curves
of genus 1; moreover, the total space of the Jacobian fibration of f is a K3 surface Ey. The
Tate conjecture holds for Ey (see [3]). With the help of the correspondences between Ej
and Vj defined in [7, Proof of Prop. 4], one deduces that it also holds for V. Thus all of the
hypotheses of Theorem 3.1 are satisfied.
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Appendix
The structure of algebraic 1-cycles for regular schemes

over a strictly Henselian discrete valuation ring
by Spencer Bloch

This appendix gives a simpler proof (without use of blowups) of Theorem 1.16 in [69]
which is used in the paper of Héléne Esnault and Olivier Wittenberg. I am indebted to them
for suggestions and corrections and also for showing me drafts of their paper and providing
me with references [28] and [69].

Let T = Spec(A), where A is a strictly Henselian excellent discrete valuation ring with
quotient field K of characteristic 0 and separably closed residue field k = A/wA. Let 2 be
a regular scheme, flat and projective over T' with fibre dimension d. Let

(A1) A:= %2 X Speck
be the closed fibre. Let CH;(2Z") be the Chow group of algebraic 1-cycles on 2 .

Let F:=@D,Z - A; be the free abelian group on the irreducible components A; of A.
We have a map [27, §20.1]

(A.2) deg: CHy(2) —» FY = Hom(F,Z); zw {A; — deg(z-A;)}.
Define
(A.3) CH, (%) := ker(deg) C CH{(2").

THEOREM A.1 ([69], Theorem 1.16). — Let notation be as above, and suppose given n > 2
with 1/n € k. Then the cycle map yields an isomorphism

(A.4) CH,(2)/nCH,(2) = H}( X, u®%).

LEMMA A.2. — With notation as above, CHy(2")° is divisible prime to the characteristic
of the residue field k.

Proof of theorem. — Let p = char(k). Since k is assumed to be separably closed, given i,
we canfind x € A; a k-point not lying in any other A; ([31, 17.15.10(iii))]. Since 2 is regular,
we can find an irreducible closed subscheme ¥ C 2" of dimension 1 meeting A; transversally
at z. Since A is strictly Henselian, 7 is local, meeting A only at . We have ¥ - A; = 1 and
V- A; =0, # i It follows that deg : CH;(Z£")/nCH1(Z) - Hom(F,Z/nZ), and
assuming the lemma, this map is an isomorphism. On the other hand, by base change, writing
A =J; A; we have

(A.5) HZN 2, 5% = HE (A, p€7) = Hom(F, Z/nZ).
The assertion of the theorem follows. O

Proof of Lemma. — By an application of the Gabber-de Jong theorem on alterations [39,
Theorem 1.4] and a trace argument, we may assume that the reduced special fiber A,qq is a
simple normal crossings divisor on 2.

Suppose first the fibre dimension d =1 so 2 is a curve over 7. In this case,
CH; (%) = Pic(Z") and the assertion of the lemma follows from the Kummer sequence

(A.6) Pic(2') & Pic(2) — H2(Z, in)

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



514 H. ESNAULT AND O. WITTENBERG

together with (A.5) above.

Now taked > 2. Let Z = )~ ¢, Z, bea l1-cycle on 2" such that the Z, are integral schemes
and deg(Z- A;) = 0for all <. By an elementary moving lemma, we can assume none of the Z,,
are supported on A. Indeed, assuming Z,, C A, we take intersections of hypersurface sections
to construct an irreducible closed subscheme ¢ C 2" of dimension 2 such that Z, C # NA
and % meets the irreducible components of A transversally at the generic point of Z,,. In
particular, ¢ is normal at the generic point of Z,, so we can find a function g in the function
field of %" which has multiplicity 1 along Z,, and is a unit at every other component of %' N A.
The cycle —(g)» + Z, is then rationally equivalent to Z, and has no component on A.

A more serious moving lemma ([28], Theorem 2.3) permits us to assume that the Z,, do
not meet the higher strata of the fibre A, i.e., forall pand all 4 # j wehave Z,NA;NA; = @.

Let S, — Z, be the normalization. Because A is excellent, S, is finite over T' [29,
Prop. (7.8.6)]. Thus for N > 0 we can find a closed immersion ¢ : [[ S, — P& of schemes
over T'. In this way, we can build a diagram

HSIJ« —;’ :%XTP¥

|

(A7) 1nz, —
| |
T —— T

The map ¢ is a closed immersion of regular schemes. Let I C Oy, ,.py be the corre-
sponding ideal. Fix a very ample line bundle &5, px (1). We denote by 04, pr (1) its
restriction to Ayeq X PY.

We consider complete intersections

¢ =%(01,...,044N-1) C 2 x7 PY
defined by sections o; € T'(2" x7 PN I6(M)) for M > 0.

LEmMA A.3. — There are sections o1, . . ., 04+ N—1 sSuch that € is regular of relative dimen-
sion 1 over T, and meets all faces of the normal crossings divisor Aseq X x PY transversally.

Proof. — By assumption, the S, are regular of dimension 1 and they meet the
(d + N)-dimensional reduced closed fibre Aeq Xk Pfcv at a finite set of regular points g, ;.
Because T is Henselian, there is one connected component S, ; for each closed point g, ;.
The residue fields of the ¢, ; may be inseparable over k. These intersections may not be
transverse, but the tangent spaces

(A.8) tsu,iﬁ(ArekaPg%qu,i C tArekaPkNqu,i

have dimension < 1. Set I = Im(/ — ﬁArekaPkN). For M > 0 we can, by general position
arguments, arrange the following conditions to hold:

(1) The restriction

(I By el Oy xrpy(M)) — (I ®e O ppoaxipy (M)

N
Ared Xk Py,

is surjective.
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(ii) There exist oq,...,00+n—1 € T'(I ®03Z,XTP% O o . rpy (M)) such that the subscheme
E C Ared Xk PkN defined by (G1,...,04+n-1) meets all the faces of the normal
crossings divisor Aeq X PY transversally®. Then one has an inclusion of tangent
spaces

LSy in(AreaxPY)qui © 12 g0
where the lefthand side is as in (A.8), and dim (G g = 1.

(iii) The intersections of € N (A; rea X PI) with the top dimensional strata are irreducible
(they are smooth by [45], Theorem 7 and connected by [42], Theorem 6.10 and [30],
Proposition 15.5.9).

The subscheme ¢ C 2° x PY defined by (o1, ...,044n_1) then satisfies the conditions of
Lemma A.3. O

Let f : € — 2 denote the projection 2" xr P7. — P7. restricted to €. By construction,
the irreducible components B; of the special fibre B C ¥ are the pullbacks B; = f*A;. It
follows that the cycle S := ) ¢, S, satisfies

(A.9) S-B;=S-fA=fS-Ai=2Z-4,=0.
We conclude from the case d = 1 that the cycle S on % is divisible prime to char(k), and
hence Z = f,S is divisible as well. O

REMARK A.4. — The statement of Theorem A.l also holds when the residue field & is
finite. This is [69, Theorem 1.16] if A,.q has normal crossings, and the general case follows
as above by an application of the Gabber-de Jong theorem. When £ is finite, the arguments
of Theorem A.1 may be used instead of Step 1 and Step 3 of loc. cit., § 8, thus leading to a
simpler proof of [69, Theorem 1.16].

(@ The referee inquires about the proof of (ii). To simplify we change notation and take W to be a smooth, projective
variety over an infinite field k. Let Oy (1) be an ample line bundle and J C Oy be an ideal such that Oy, /J is
supported on a finite set {¢;} of closed points. The assertion becomes that for N >> 0 there exists a non-empty
open set U in the affine space of sections I'(W, J(N)) such that for & € U the zero set ¥ (¢) C W is smooth
away from the support of &y /J and further, at any point ¢ € {g;} with maximal ideal m C Oy, 4 such that
Jq/(Jg N m2) # (0), we have that the image of o in Jg/(Jg N m?) is non-zero. Let 7 : W’/ — W be the blowup
of J, and let . be the tautological line bundle for W’. For N >> 0, its twist £ ® 7* Oy (N) is very ample on W’
and moreover I'(W, J(N)) = I'(W',.Z ® ©*Ow (N)). The classical Bertini theorem now says that for a non-
empty Zariski-open set U’ of sections s, the zero subscheme ¥ (s) C W’ is smooth away from the exceptional
divisor (which may be singular). Clearly, for N >> 0 there is another non-empty open U”’ of sections with non-zero
image in Jg/(Jg Nm?2) for all ¢ € {g;}. Then we take o1 € U’ N U’ # @. Repeating this construction yields the
necessary o;.
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