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THE UNIVERSAL ABELIAN VARIETY OVER ;

BY GAVRIL FARKAS AND ALESSANDRO VERRA

ABSTRACT. — We establish a structure result for the universal abelian variety over @s. This implies
that the boundary divisor of @s is unirational and leads to a lower bound on the slope of the cone of
effective divisors on .

RESUME. — On établit un théoréme de structure pour la variété abélienne universelle sur &s. Le
résultat entraine que le diviseur de la frontiére de &g est unirationnel et ceci donne lieu a une borne
inférieure pour la pente du cone des diviseurs effectifs en .

The general principally polarized abelian variety [A, ©] € &, of dimension g < 5 can be
realized as a Prym variety. Abelian varieties of small dimension can be studied in this way via
the rich and concrete theory of curves, in particular, one can establish that &, is unirational
in this range. In the case g = 5, the Prym map P : R¢ — @5 is finite of degree 27, see [7];
three different proofs [6, 17], [22] of the unirationality of K¢ are known. The moduli space @,
is of general type for g > 7, see [12, 18], [21]. Determining the Kodaira dimension of &g is a
notorious open problem.

The aim of this paper is to give a simple unirational parametrization of the universal
abelian variety over &5 and hence of the boundary divisor of a compactification of @s. We
denote by ¢ : X,_1 — @y_1 the universal abelian variety of dimension g — 1 (in the
sense of stacks). The moduli space ég of principally polarized abelian varieties of dimension
g and their rank 1 degenerations is a partial compactification of %, obtained by blowing
up @,_1 in the Satake compactification, cf. [18]. Its boundary 699 is isomorphic to the
universal Kummer variety in dimension g — 1 and there exists a surjective double covering
JiXg1— 8@9. We establish a simple structure result for the boundary 8@6:

THEOREM 0.1. — The universal abelian variety X5 is unirational.

This immediately implies that the boundary divisor 8@ is unirational as well. What we
prove is actually stronger than Theorem 0.1. Over the moduli space &, of smooth Prym
curves of genus g, we consider the universal Prym variety ¢ : yg — R, obtained by pulling

back X, 1 — @,_, viathe Prymmap P : R, — @, 1. Let R, be the moduli space of stable
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522 G. FARKAS AND A. VERRA

Prym curves of genus g together with the universal Prym curve 7 : € — ﬁg of genus 2¢g — 1.
~g—1 ~ ~
Ire’ =¢ Xz - Xz @ isthe (g — 1)-fold product, one has a universal Abel-Prym
g9 9

~g-1
rational map ap : e s yg, whose restriction on each individual Prym variety is the
usual Abel-Prym map. The rational map ap is dominant and generically finite (see Section 4
for details). We prove the following result:

~5 _
THEOREM 0.2. — The five-fold product G of the universal Prym curve over Rg is unira-
tional.

The key idea in the proof of Theorem 0.2 is to view smooth Prym curves of genus 6
as discriminants of conic bundles, via their representation as symmetric determinants
of quadratic forms in three variables. We fix four general points wuq,...,us € P> and
set w; := (u;,u;) € P? x P2, Since the action of the automorphism group Aut(P? x P?)
on P? x P? is 4-transitive, any set of four general points in P? x P? can be brought to this
form. We then consider the linear system

P15 = j?wl’m’um}(Z, 2)‘ C )@P2XP2(272)

of hypersurfaces Q C P? x P? of bidegree (2, 2) which are nodal at wy, . .., w4. For a general
threefold Q € P'®, the first projection p : Q — P? induces a conic bundle structure with a
sextic discriminant curve T' C P? such that p(Sing(Q)) = Sing(T"). The discriminant curve I
is nodal precisely at the points uq, ..., us. Furthermore, I' is equipped with an unramified
double cover pr : I' — T, parametrizing the lines which are components of the singular fibres
of p : Q — P%. By normalizing, pr lifts to an unramified double cover f : C — C between
the normalization C of I' and the normalization C of T respectively. Note that there exists
an exact sequence of generalized Prym varieties

0 — (C*)* — P(I'/T) — P(C/C) — 0.

One can show without much effort that the assignment P** 5 Q — [0 L €] € %
is dominant. This offers an alternative, much simpler, proof of the unirationality of Rs.
However, much more can be obtained with this construction.

Let G := P? x (P?)V = {(0,£) : 0 € P>, £ € {0} x (P?)"} be the Hilbert scheme of lines in
the fibres of the first projection p : P? x P> — P2, Since containing a given line in a fibre of p
imposes three linear conditions on the linear system P'® of threefolds Q C P? x P? as above,
it follows that imposing the condition {o;} X £; C @ for five general lines, singles out a unique
conic bundle @ € P'®. Thisinduces an étale double cover f : C — C, as above, over a smooth
curve of genus 6. Moreover, f comes equipped with five marked points ¢4, ...,05 € C. To
summarize, we can define a rational map

(G- T, 4((01,61),...,(05,65)) = (f .- C,el,...,es),

between two 20-dimensional varieties, where G® denotes the 5-fold product of G.
. 5 A . AT . .
THEOREM 0.3. — The morphism ¢ : G° --» € is dominant, so that G is unirational.

4¢ SERIE - TOME 49 — 2016 — N° 3



THE UNIVERSAL ABELIAN VARIETY OVER %5 523

More precisely, we show that G® is birationally isomorphic to the fibre product PISX% %5.
In order to set Theorem 0.3 on the right footing and in view of enumerative calculations,
we introduce a P>-bundle = : P(J#) — S over the quintic del Pezzo surface S obtained
by blowing up P? at the points w1, ..., us. The rank 3 vector bundle % on S is obtained
by making an elementary transformation along the four exceptional divisors Ey,..., Ey
over uy, ..., us. The nodal threefolds Q  P? x P? considered above can be thought of as
sections of a tautological linear system on P(/) and, via the identification

j?w1,...,w4}(2) 2)| = ’@p(m)(Q)

we can view 4-nodal conic bundles in P? x P? as smooth conic bundles over S. In this way
the numerical characters of a pencil of such conic bundles can be computed (see Sections 2
and 3 for details).

)

Theorem 0.3 is then used to give a lower bound for the slope of the effective cone of g
(though we stop short of determining the Kodaira dimension of &g). Recall that if E is
an effective divisor on the perfect cone compactification @g of @, with no component
supported on the boundary Dy, := @, — @, and [E] = a\; — b[D,], where \; € CHl(ﬁg)
is the Hodge class, then the slope of E is defined as s(E) := § > 0. The slope s(@,) of the
effective cone of divisors of &, is the infimum of the slopes of all effective divisors on &,,. This
important invariant governs to a large extent the birational geometry of @g; for instance,
since Kﬁg = (g + 1)M\1 — [D,), the variety &, is of general type if s(&,) < g + 1, and
uniruled when s(&,) > g+ 1. It is shown in the appendix of [14] that the slope of the moduli
space @g is independent of the choice of a toroidal compactification.

It is known that 5(94) = 8 and that the Jacobian locus J#, C @, achieves the minimal
slope [19]; one of the results of [9] is the calculation s(#5) = %. Furthermore, the only
irreducible effective divisor on @5 of minimal slope is the closure of the Andreotti-Mayer
divisor N/ consisting of 5-dimensional ppav’s [A, ©] for which the theta divisor © is singular
at a point which is not 2-torsion. Concerning &g, we establish the following estimate:

THEOREM 0.4. — The following lower bound holds: s(g) > %.

Note that this is the first concrete lower bound on the slope of @g. The idea of proof of
~5
Theorem 0.4 is very simple. Since & is unirational, we choose a suitable sweeping rational
~5 -
curve i : P! — %, which we then push forward to &g as follows:

h
P! [ X5 — = Ds.

Here @6 and ¥ are partial compactifications of %, and X5 respectively which are described
in Section 4, whereas Dg is the boundary divisor of @. The curve h(Pl) sweeps the boundary
divisor of @ and intersects non-negatively any effective divisor on &g not containing Dg. In
particular,
1
o(Fp) > " )10,
h(P7) - A\

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



524 G. FARKAS AND A. VERRA

~5

To define i : P — &, we fix general points (01,£1),...,(04,%4) € G and a further general
point o € P?. Then we consider the image under ¢ of the pencil of lines in P? through o, that
is, the sweeping curve i is defined as

P(T,(P*) 3 € ¢((01,0), . (01, 2), (0,0)) € z

The calculation of the numerical characters of h(R) C @ is a consequence of the geometry
of the map ¢ and is completed in Section 4.

We close the Introduction by discussing the structure of the paper. Theorem 0.3 (and
hence also Theorems 0.1 and 0.2) are proven rather quickly in Section 1. The bulk of the
paper is devoted to the explicit description of the numerical characters of a curve that sweeps
the boundary divisor of &% and to the proof of Theorem 0.4. Section 2 concerns enumerative
properties of pencils of conic bundles over quintic del Pezzo surfaces. The sweeping curve
for the boundary divisor of &g is constructed in Section 3. In the final Section 4, we prove
Theorem 0.4.

Acknowledgment. — We are grateful to Sam Grushevsky for explaining to us important
aspects of the geometry of the universal Kummer variety (especially Proposition 4.1). We also
thank the referee for a careful reading and for suggestions that improved the presentation.

1. Determinantal nodal sextics and a parametrization of X5

In this section we prove Theorem 0.3. We begin by recalling basic facts about determi-
nantal representation of nodal plane sextics, see [3, 5], [4]. Let ' C P? be an integral 4-nodal
sextic and v : C — I' the normalization map, thus C is a smooth curve of genus 6. One has
an exact sequence at the level of 2-torsion groups

0 — Z8* — Pic’(T)[2] < Pic®(C)[2] — O.

In particular, étale double covers f : IV — T" with an irreducible source curve I'” are induced
by 2-torsion points 1 € Pic’(I")[2], such that 5o = v* (1) # O¢.

DEFINITION 1.1. — We denote by Pg the quasi-projective moduli space of pairs (I, ) as
above, where I' C P? is an integral 4-nodal sextic and € Pic®(T")[2] is a torsion point such
that ng # O¢. Equivalently, the induced double cover IV — T is unsplit, that is, the curve I
is irreducible.

Starting with a general element [C,nc] € R, since |[WZ(C)| = 5, there are five sextic
nodal plane models v : C' — T. For each of them, there are 2* further ways of choosing
n € (v*)~"1(nc). Thus there is a degree 80 = 5 - 2% covering p : P — K.

Suppose now that (I',n) € P is a general point ™, In particular h°(T",n(1)) = 0, or
equivalently, h°(T',7(2)) = 3. Indeed, the condition h°(T',n(1)) > 1 implies that T' c P?
possesses a totally tangent conic, that is, there exists a reduced conic B ¢ P? such that
v*(B) = 2b, with b being an effective divisor of C. This condition is satisfied only if p(T, )

() We shall soon establish that Pg is irreducible, but here we just require that p(T',n) be a general point of the
irreducible variety Rg.

4¢ SERIE - TOME 49 — 2016 — N° 3



THE UNIVERSAL ABELIAN VARIETY OVER %5 525

lies in the ramification divisor of the Prym map P : ¢ — @5, see [9]. Thus we may assume
that h°(T",n(2)) = 3, for a general point (T', ) € Ps.

Following [3] Theorem B, it is known that such a sheaf  admits a resolution
(1) 0 — Op(~4)%* 2 Op2 (-2)%° — n — 0,

3
where the map A is given by a symmetric matrix (aij (1,22, azg)) ~of quadratic forms.

i,j=1

More precisely, we can view the resolution (1) as a twist of the exact sequence
@ 00— H(Tn(2)" ® Op:(-2) == HOT,n(2)) ® Op2 = (2) — 0,

where ev is the evaluation map on sections. Indeed, since the multiplication map
HO(T,n(2)) ® H°(Op2(5)) — H°(T,n(2 + j)) is surjective for all j € Z (use again that
HO(T,n(1)) = 0, see also [23] Proposition 3.1 for a very similar situation), it follows that
the kernel of the morphism ev splits as a sum of line bundles, which then necessarily must
be @P2 (—2)693.

Since 7 is invertible, for each point € I one has
1 =dim¢ n(z) =3 — rk A(x),
where, as usual, n(z) = n, ®p., C(z) is the fibre of the sheaf 1 at the point z. Thus
rk A(z) =2, foreachz € T.

To the matrix A € M;s(H°(0p2(2))) we can associate the following (2,2) threefold
inPf, 0 X P = P2 x P?

3
Q: Z a;;(x1, 22, 23)y:y; = 0,

i,j=1

which is a conic bundle with respect to the two projections. Alternatively, if
A:HO(T,n(2))" ® H(T,n(2))" — H(T, Or(2))

is the symmetric map appearing in (2), then A induces the (2, 2) hypersurface

Qc P(HO(P, @F(l))v) x P<H0(F,n(2))v) —P? x P2,

We denote by p : Q — P? the first projection and then I' ¢ P? is precisely the discriminant
curve of @ given by determinantal equation ' := {det A(z1,z2,23) = 0}. Let I denote
the Fano scheme of lines F; (p~!(I')/T') over the discriminant curve I'. That means that I”
parametrizes pairs (z,£), where z € T and £ is an irreducible component of the fibre p=1(z).
The map f : IV — T is given by f(z,£) := z. Since rk A(z) = 2 for all z € T, it follows that
f 1s an étale double cover.

PROPOSITION 1.2. — For a general point (U,n) € P, the restriction map Plg, £(@)
Sing(Q) — Sing(T") is bijective.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



526 G. FARKAS AND A. VERRA

Proof. — Letxz € T and R := Op> , be the local ring of P? and m its maximal ideal. After
a linear change of coordinates, we may assume that the matrix A mod m =: A(x) equals

100
A(z)=1010
000

Suppose (x,y = [y1,y2,¥3]) € Sing(Q). Then A(x) -t y = 0, hence y; = y» = 0. Imposing
that the partials of the defining equation of @ with respect to z1, z2, x3 vanish, we obtain
that ags € m?. Since det(a;;) = ags mod m?, this implies that I is singular at z. Conversely,
for € Sing(T'), we obtain that Sing(Q) N p~'(z) = {(z,y)}, where y € P? is uniquely
determined by the condition A(z) -t y = 0 (use once more that rk A(x) = 2). O

ProposITION 1.3. — f.(Or/) = Or ®n, that is, the double cover f is induced by n.
Proof. — Essentially identical to [1] Lemme 6.14. O

To sum up, to a general point (I',n) € P we have associated a 4-nodal conic bundle
p : Q — P? as above. Conversely, as explained in the Introduction, the discriminant curve of
a 4-nodal conic bundle in Q C P? x P? gives rise to an element in P.

Let T C ‘@szpz (2,2)’ be the subvariety consisting of 4-nodal hypersurfaces of bi-

degree (2,2). This is an irreducible 31-dimensional variety endowed with an action
of Aut(P? x P?). The following result summarizes what has been achieved so far:

THEOREM 1.4. — A general Prym curve (I',n) € Pg is the discriminant of a 4-nodal conic
bundlep : Q — P2, where Q C P? x P? is a 4-nodal threefold of bidegree (2,2). More precisely,

we have a birational isomorphism T//Aut(P? x P?) it Ps.

REMARK 1.5. — A similar isomorphism between the moduli space of Prym curves over
smooth plane sextics and the quotient |Op2 . p2(2, 2)|//Aut(P? x P?) has already been estab-
lished and used in [1] and [23].

REMARK 1.6. — Theorem 1.4 yields another (shorter) proof of the unirationality of K.

The automorphism group of P? x P? sits in an exact sequence
0 — PGL(3) x PGL(3) — Aut(P? x P?) — Z; — 0.

In particular, we can fix four general points uq,...,us € P?, as well as diagonal points
wa}(2,2)] of (2,2)
threefolds with assigned nodes at these points. Theorem 1.4 implies the existence of a

w; := (ui,u;) € P> x P?, and consider the linear system P'® := j?wl,..
dominant discriminant map ? : P'® —-» P assigning 9(Q) := (I’ ER I).

4¢ SERIE - TOME 49 — 2016 — N° 3
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Proof of Theorem 0.3. — Using the notation introduced in this section and in the Intro-
duction, setting i := p o ap : &5 --» Re, one has the following commutative diagram:

~5 ~5
G5ng6 Xg@ag — 6

I

p'® 0 Pe P Re.

~5
The dominance of the composite map ¢ : G° --» & follows once we observe, that the

> ~5
above diagram is birationally a fibre product, that is, G® -=» P'° X G . O

2. Conic bundles over a del Pezzo surface

With view to further applications, we analyze the linear system of conic bundles of
type (2,2) in P? x P? which are singular at four fixed general points and birationally, we
reconstruct such a linear system as the complete linear system of smooth conic bundles in a
certain P2-bundle over a smooth quintic del Pezzo surface.

We fix four general points uq,...,us € P? and set w; := (us,u;) € P? x P?. Let S be the
Del Pezzo surface defined by the blow-up o : S — P? of uq,...,us. Fori = 1,...,4, we
denote by E; := o~ 1(u;) the exceptional line over u;. Set E := E; + --- + E, and denote
by L € |0*Op2(1)] the pull-back of a line in P2 under o. An important role is played by the
rank 3 vector bundle  on S defined by the following sequence

3) 0 — -1 H(S, 0s(L)) ® Os(L —>€B@E 2L) — 0.

=1
Here r; : H%(S, O0s(L)) ® Os(L) — Og,(2L) is the evaluation map and r := @%_,r;. Since
Op, (L) is trivial, it follows that h°(r) is surjective. Passing to cohomology, we write the exact
sequence

4

0 — HO(S, /n) HO(S,05(L)) ® H°(S, Os(L)) " @ (0, (2L)) — 0.

In particular, we obtain that h°(S, M) = 5. By direct calculation, we also find that
“) c(M) = Os(—Ks) and cp(M) = 3.
Under the decomposition H?(0g(L)) ® H°(Os(L)) = A2H°(Os(L)) ® H°(Os(2L)) into
symmetric and anti-symmetric tensors, the space H%(S, M) c H°(Os(L)) ® H°(Os(L))
decomposes as
2
HO(S, ) = HO(S, M)~ & H°(S, )" = \ H°(S, Os(L)) & H°(S, Os(2L — E)).

LEMMA 2.1. — The vector bundle M is globally generated.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



528 G. FARKAS AND A. VERRA

Proof. — Clearly, we only need to address the global generation of / along Ule E; and
to that end, we consider the restriction of the sequence (3) to E;,

j|E

. " s,

where we recall that O, (L) is trivial. The sheaf HO(0s(L — E;)) ® O, = 051 is the kernel
ofr| . Since det(ﬂ/l|E_ ) = O, (1), it follows that M, fits into an exact sequence of bundles

on P!

0 — Opi (1) — |, 1B g2 .
This sequence is split, so that /’l/l|Ei =0Op:(1)® @i??, which is globally generated. The same
holds for  if the map H°(M) — H 0(7I/Z|Ei) is surjective; this is implied by the vanishing
H(S, M(—E;)) = 0. We twist by Og(—FE;) the sequence (3), and write

4
0 — M(—E;) — H°(S, 0s(L)) ® Os(L — E;) - €P Op, (2L — E;) — 0.
i=1
Since h9(r) is surjective and h'(S, Os(L — E;)) = 0, it follows h'(S, M(—E;)) = 0. O
From now on we set P := P(J)) and consider the P2-bundle 7 : P — S. The linear

system |Op(1)| is base point free, for i is globally generated. We reserve the notation
h = ¢gyy : P — P*:= PHO(S, M)"

for the induced morphism. A Chern classes count implies that deg(h) = 2. The map j from
the sequence (3) induces a birational morphism

€:SxP?--5P.

We describe a factorization of e. Since j is an isomorphism along U := S — U?=1 E;, it follows
thate : U x P? — 7~1(U) is biregular. The behaviour of € along E; x P? can be understood
in terms of the restriction of the sequence (3) to F;. Following the proof of Lemma 2.1, one
has the exact sequence

J 7|
B; E

0— Op(1) — 7I/l|E — H°(S,05(L)) ® O, — Op, — 0,

where Im(j|E_) = H%0Os(L - E;)) ® Og,. Now j| induces a rational map

i i

€ :E; x P> - P(M|_)CP.

Ei ><P2 Ei

For a point # € E;, the restriction of e to P? x {z} is the projection {z} x P?> — P! of
center (x,u;). This implies that:

LEMMA 2.2. — The birational map € contracts E; x P? to a surface which is a copy
of P! x PL. Furthermore, the indeterminacy scheme of € is equal to U?zl E; x {u;}.

Let D; := E; x {u;} C S x P?2and D := Dy + - -- + Dy. We consider the blow-up

a:SxP2—- S xP?

4¢ SERIE - TOME 49 — 2016 — N° 3
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of § x P? along D, and the birational map

—_~—

€2 =coa:SxP2-P.

The restriction of ey to the strict transform E; x P2 of E; x P? is a regular morphism,
for €| p2 is defined by the linear system |JEix{ui}/Ssz (1, 1)| This implies that e itself
isa reéular morphism:

PrOPOSITION 2.3. — The following commutative diagram resolves the indeterminacy locus

of e

S x P?
S xP? ¢ - P.
In the sequel, it will be useful to consider the exact commutative diagram

HO(S, M) H(0s(L)) ® H*(0s5(L)) —— @i, H(0p, (2L))

| | |

H(S s, i} (1, 1)) ——= HO(Op2(1)) ® H(Op2 (1)) —— D, H(0, (2))

where the vertical arrows are isomorphisms induced by o : S — P2, Starting from the left
arrow, one can construct the commutative diagram

H°(S, M) ® Os M

| )

H (I fwy. 043 (1,1)) ® O — H°(S,L) ® Os(L).

Passing to evaluation maps, we obtain the morphism A : P — P* and the rational map

.....

The discussion above is summarized in the following commutative diagram:
S x P2

S x P2 < ~P
hp . /

P4.

We derive a few consequences. Let 11 : § x P2 — Sand 7 : S x P2 — P2 be the two
projections, then define the following effective divisors of S x P2:

H € |(m 0 )" (0s(~Ks))|, B € |(m 00)*(0s(L)], Ha € |(m2 0 a)*(Dp2(1))]:

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE
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as well as A
Ni = Oé_l(Di) and ]A\? = Zﬁl
i=1
Applying push-forward under e;, we obtain the following divisors on P:
4
H = 62*(ﬁ), Hz = 62*(ﬁi), Nz = 62*(Ni), and N := ZNl
=1

PROPOSITION 2.4. — |Op(1)| = |H1 + H> — N|.

Proof. — Using for instance [16] Theorem 1.4, we have e3(0p(1)) = O (Hy+H,—N).
By pushing forward, we obtain the desired result. O

We have already remarked that A : P — P* is a morphism of degree 2. The inverse
image E C P under h of a general line in P* is a smooth elliptic curve. The restriction hp
has 4 branch points and the branch locus of & is a quartic hypersurface B C P*.

PROPOSITION 2.5. — For each d > 0, one has h°(P, Op(d)) = (“1*) + (*9).

Proof. — We pass to the Stein factorization h := s o f, where f : P — P*is a double
cover and s : P — P is birational. In particular, h°(P, Op(d)) = h°(f*Ops(d)). The invo-
lution ¢ : P — P induced by f acts on H(f*©p«(d)) and the eigenspaces are f* H°(Ops(d))
and b- f*HO(Opa(2d — 4)) respectively, where b € HO(f*0Op4(2)) and div(b) = f~1(B). O

We can now relate the 15-dimensional linear system |@p(2)| of smooth conic bundles in P
to the linear system of 4-nodal conic bundles of type (2,2) in P? x P2, Let I be the moving

2
j{wl,“

part of the total transform ((o xidpz)oa) * (2,2) ‘ . Over P, we consider the linear

LW}

system I’ := (e3). [, and conclude that:
PROPOSITION 2.6. — One has the equality I' = |Op(2)| of linear systems on P.

Proof. — Consider a general threefold Y € ’J {wi,wa} (1 1)‘ Its strict transform Y

under the morphism (¢ X idp2) o « is smooth and has class H; + Hs — N. Therefore we
obtain (e2).(Y) € |[Hy + Hy — N| = |Op(1)|, and then I’ = |Op(2)]. O

To conclude this discussion, the identification
2
| QP(2)| = }j{wl,mu&} (2, 2)‘ = P15,
induced by the birational map ¢, will be used throughout the rest of the paper.

REMARK 2.7. — One can describe h : P — P* in geometric terms. Consider the rational
map b’ := hpo (o xidps) ~' . P2xP? ——» P* where hp appears in a previous diagram. Then
h' is defined by the linear system |Jf’{w1,_“7w4} (1,1) ‘ If P2 x P? C P8 is the Segre embedding
and A C P2 the linear span of wy, . .., wy, then A’ is the restriction to P2 x P2 of the linear
projection having center A.

One can also recover the tautological bundle % as follows. Consider the family of planes
{Pz = R, ({z} x P?) } b’ Its closure in the Grassmannian G(2, 4) of planes of P* is equal
to the image of S underthhe classifying map of /. We omit further details.
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PROPOSITION 2.8. — The following relations hold in CH*(S x P?):
N*= -4, N> H=4,N* H =N® - Hy=0, N> H>=N*.H? = N*>. H = 0.

Proof. — These are standard calculations on blow-ups. We fix i € {1,...,4} and note
that N; = P(05’ @ Op,(1)). We denote by & := c1(0g, (1)) € CH'(NV;) the class of the

tautological bundle on the exceptional divisor, by «o; = « 5 N; — D; the restriction

i

of a, and by j; : N; — S x P? the inclusion map. Then for & = 1,...,4, the formula
NF = (=1)¥71(j).(6571) holds in CH*(S x P?). In particular,
N = =(31)+(€]) = —e1(0p, ® Op, (1) = -1,
which implies that N* = N + ... + N} = —4. Furthermore, based on dimension reasons,
NZ-a*(y) = —(a)« (& - a;‘(7|D‘)) = 0, for each class y € CH?(S x P?). Finally, for a class
5y .
v € CHY(S x P?), we have that N; - a*(v) = (j;) (€2 - af(fy|Di)) = (04)+(£2) Vp, =7 Di,
where the last intersection product is computed on S x P2, This determines all top intersec-
tion numbers involving N3, which finishes the proof. O

REMARK 2.9. — Since e, contracts the divisors E; x P2, clearly H = 3H; — N. An
immediate consequence of Proposition 2.8 is that the degree of the morphism h : P — P*
equals deg(h) = (H; + Hy — N)* =6H? - H? + N* = 2.

2.1. Pencils of conic bundles in the projective bundle P
In this section we determine the numerical characters of a pencil of 4-nodal conic bundles
of type (2, 2). Let
P C |Op(2)| = |Op(2H; + 2H, — 2N))|
be a Lefschetz pencil in P. We may assume that its base locus B C P is a smooth surface. We

are primarily interested in the number of singular conic bundles and those having a double
line respectively. We first describe B.

LEMMA 2.10. — For the base surface B C P of a pencil of conic bundles, the following hold:
1. Kg = @B(Hl + Hy — N) € PIC(B)
2. K% =8and cy(B) = 64.
Proof. — The surface B is a complete intersection in P, hence by adjunction
Kp = Kpjp ® Op(4H, + 4Hy — 4N).

Furthermore, K~ = o (Os(—H) X Op2(—3)) ® @m (2N), and by push-pull

Kp = (62)*(K§;I;2) = @p(—H — 3H, + 2N) = @P(—3H1 —3Hy + 3N),
for H=3H; — N. We find that Kg = O (H; + Hy — N). From Lemma 2.8, we compute
K% =4(H,+ Hy — N)*- (H, + Hy — N)? = 24H? - H2 + 4N* = 8.

Finally, from the Euler formula applied for B, we obtain 12x(B, Op) = K% + c2(B). Since
x(B, Op) = 6, this yields c2(B) = 64. O
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For a variety Z we denote as usual by e(Z) its topological Euler characteristic.

LEMMA 2.11. — For a general conic bundle Q € |Op(2)|, we have that e(Q) = 4, whereas
for conic bundle Qo with a single ordinary quadratic singularity, e(Qo) = 5.

Proof. — We fix a conic bundle 7r; : @ — S with smooth discriminant curve C € | —2Kg]|.
We then write the relation e(Q — 77 (C)) = 2e(S — C). Since e(75 (C)) = 3e(C), we find that
e(Q)=2e(S)+e(C)=2-7—-10=4.

Similarly, if 71 : Qo — P? is a conic bundle such that the discriminant curve Cy C S has
a unique node, then e(Qo) = 2¢e(S) + e(Cp) =14 —9 = 5. O

In the next statement we use the notation from [10] for divisors classes on %g, see also the
beginning of Section 3 for further details.

THEOREM 2.12. — In a Lefschetz pencil of conic bundles P C |Op(2)| there are precisely
77 singular conic bundles and 32 conic bundles with a double line.

Proof. — Retaining the notation from above, B C P is the base surface of the pencil. The
number ¢ of nodal conic bundles in P is given by the formula:

d=eP)+e(B)—2e(Q)=3e(S)+64—2-4=77,
where the relation e(P) = 3¢(S) follows because 7 : P — S is a P?-bundle.

The number of conic bundles in the pencil P having a double line equals the number of
discriminant curves in the family induced by P in Re, that lie in the ramification divisor AR™
of the projection map 7 : R — Mg. We choose general conic bundles Q1,Q, € P, and
let A = (as;(21, 22, x;,»))ij:l and B = (b;j(z1, 72, Ig))ijzl be the symmetric matrices of
quadratic forms giving rise to Prym curves (I'1,71) := 9(Q1) and (T2, 72) := 9(Q2) € P
respectively. Note that both curves I'y and I's are nodal precisely at the points uy, . . ., u4. Let
us consider the surface

Y = {([(El 1T CBg], [tl : tg]) S P2 X Pl : det((tlaij + tgbij)(l‘l,l‘g,.’tg)) = 0},

together with the projection v : Y — P If hy,hy € CH'(P? x P') are the pull-
backs of the hyperplane classes under the two projections, then Y = 6h; + 3hs. Therefore
wy = Oy (3h1 + he) and h°(Y,wy) = 20. Observe that the surface Y is singular along the
curves L; := {u;} x P forj = 1,...,4,and let vy : ¥ — Y be the normalization. From
the exact sequence
4
0— H(Y,wy) — H(Y,wy) — @ H(Lj,wy,) — 0,
j=1

taking also into account that wy |, = €1, (1), we compute that h®(¥,wy) = 12, and hence
x(¥, ©4) = 13. The morphism 4 := y o vy : & — P" is a family of Prym curves of genus 6
and it induces a moduli map m(3) : P* — K.

The points uy, ..., us € P? being general, the curve e := m(3)(P') C R is disjoint from
the pull-back w*(@ﬁ) C R of the Gieseker-Petri divisor consisting of curves of genus 6
lying on a singular quintic del Pezzo surface, see [9] for details on the geometry of 71 (@6).

Since 7 ([(7]) [, = 94\ — 12(8 + 6§ + 265"™) € CH (%), and ¢ - & = 77 (this being
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the already computed number of nodal conic bundles in P), whereas ¢ - 6] = 0, we obtain
the following relation

4Te- X —6e -5y — 12¢ - 65*™ = 0.
Finally, we observe that e - A = x(%, ©4) + g — 1 = 18, which leads to e - 65> = 32. O

3. A sweeping rational curve in the boundary of @

In this section we construct an explicit sweeping rational curve in %5, whose numerical
properties we shall use in order to bound the slope of @. Before doing that, we quickly
review basic facts concerning the moduli space ﬁg of stable Prym curves of genus g, while
referring to [10] for details.

Geometric points of %g correspond to triples (X, n, 8), where X is a quasi-stable curve of
arithmetic genus g, 7 is a line bundle on X of degree 0, such that ng = Og(1) for each smooth
rational component E C X with |[EN (X — E)| = 2, and 8: n®? — Oy is a sheaf homo-
morphism whose restriction to any non-exceptional component of X is an isomorphism.
Denoting by 7 : %g — JM, the forgetful map, one has the following formula [10] Example 1.4

5) 7*(60) = 8 + 0 + 2652 € CHY(R,),

where &) := [Al], 6/ := [Al], and 65*™ := [AF™] are boundary divisor classes on &, whose
meaning we recall. Let us fix a general point [C] € A, corresponding to a smooth 2-pointed
curve (N, z,y) of genus g — 1 with normalization map v : N — C, where v(z) = v(y). A
general point of Af (respectively of A{) corresponds to a stable Prym curve [C, 7], where
n € Pic’(C)[2] and v*(n) € Pic’(N) is non-trivial (respectively, v*(n) = Ox). A general
point of AF*™ is of the form (X, n), where X := N Uy, P! is a quasi-stable curve of
arithmetic genus g, whereas n € Pic’(X) is a line bundle characterized by np1 = @p1 (1) and
77}?}2 = Oy (—z — y). Throughout this paper, we only work on the partial compactification
Ry = 11 (M, U AY) of R, where AQ is the open subvariety of A, consisting of irre-
ducible one-nodal curves. We denote by §;, ; and 65>™ the restrictions of the corresponding
boundary classes to %g. Note that CHl(%g) = Q(N\, &0, 60, 652™).

Recall that we use the identification P*® := |j?w1,...,w4}(27 2)| = |Op(2)] for the linear
system of (2,2) threefolds in P? x P? which are nodal at wy, ..., w,. Recall also that P — S
is the P2-bundle constructed in Section 2.

~5
We start constructing a sweeping curve i:P'— §, by fixing general points
(01,€1), ..., (04,4s) € P? x (P?)V and a general point o € P?>. We introduce the net
T:= {Q6P15 : (0,0) € Q and {o;} x ¥; CQforj=1,...,4},

consisting of conic bundles containing the lines {01 } x ¢1, ..., {o4} x ¢4 and passing through
the point (0, 0) € P? x P2, Because of the genericity of our choices, the restriction

res|{o}xp2 T — |@{O}XP2(2)|

is an injective map and we can view T as a general net of conics in P? passing through the
fixed point o € P?. The discriminant curve of the net is a nodal cubic curve Ap C T; its
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singularity corresponds to the only conic of type £y +mg € T', consisting of a pair of lines ¢
and myg passing through o.

To ease notation, we identify {0} x P? with P? in everything that follows. Denoting
by P! := P(T,(P?)) the pencil of lines through o, it is clear that the map

7:P' = Ap, 7(f) :=Q € T, such that Q, D {o} x ¢,
is the normalization map of Ar. In particular, we have 7(¢y) = 7(mo) = £o + myo, wWhere,
abusing notation, we identify Q, with its singular conic {0} x (£ +m) = Q. - ({o} x P?).
For ¢ € P!, the double cover f; : fz — TI'p over the discriminant curve I'y of @, is an

element of Pg (see Definition 1.1). Clearly T, carries the marked points £y, £, ¢35, £, and £.
This procedure induces a moduli map into the universal symmetric product

~5 ~
{ :Pl - € ’ Z(g) = [p(rf/ré)a ela 627 63, €4a e:l

We explicitly construct the family of discriminant curves I'y of the conic bundles )4, where
7(€) € Ar. Setting coordinates x := [z1 : T2 : T3],y := [y1 : Y2 : y3] In P?, let

Z = {(az,y,t) eEPPxP xAr:yc Sing(wfl(x)ﬂQt)} CPPxP?xT.

Concretely, if Q1, @2, Q3 is a basis of T', then the surface Z is given by the equations

0 .
aiy- (tlQl(xy y) + t?QQ(xv y) + t3Q3(.’17, y)) = 07 fori= 1,2,3,
where [t : to : t3] € p? gives rise to the point ¢ € T, once the basis @1, Q2, @3 of T has
been chosen. It follows immediately that Z is a complete intersection of three divisors of
multidegree (2,1, 1), defined by the partial derivatives, and the divisor P2 x P? x Ar of
multidegree (0,0, 3).

LEMMA 3.1. — The first projection v, : Z — P% is a map of degree 9.

Proof. — Denoting by hy, hy, hs € Pic(P? x P? x T) the pull-backs of the hyperplane
bundles from the three factors, we find that deg(vy1) = (2h1 + ha + h3)3 - (3h3)-h2 =9. O

The third projection 73 : Z — Arp is a birational model of the family {Cy},cp1 of
~5
underlying genus 6 curves, induced by the map i : P* — & . However, the surface Z is not
normal. It has singularities along the curves {w;} x Ap for j =1,...,4, as well as along the
fibre fygl(ﬂo + mg) over the point 7(¢y) = 7(mg) = ¢ + mo € T. To construct a smooth
model of Z, we pass instead to its natural birational model in the 5-fold P x P!,

Abusing notation, we still denote by @), C P the strict transform of the conic bundle @,
in P2 x PZ?; its discriminant curve Cy is viewed as an element of | — Kg|. We denote by
e : Qp — S the restriction of w : P — S, then consider the surface

Z = {(zJ) ePxP:ze Sinngl(Cg)}.
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Clearly Z is endowed with the projection gp1 : Z — P1. We have the following commutative
diagram, where u := (0 x idpz) o e~! : P — P? x P? and the horizontal arrows are the
natural inclusions or projections and vz : Z — Z is the normalization map:

9p1

Pxpl— - p!

L I

*>P2XP2XAT*>AT.
3

Since u x 7 is birational, it follows that deg(Z/S) = deg(Z/P?) = 9. The fibration
gpr : Z — P! admits sections

Tj:P1—>Z forj=1,...,5,

which we now define. For 1 < j < 4 and each £ € P', the fibre Q, - ({0;} x P?) contains the
line ¢;. Hence ¢; defines a point in the covering curve of f; : Cy — C,. By definition 7;(£) is
this point. Tautologically, 75 (£) is the point corresponding to the line £.

Finally, we consider the universal family ¢) C P x T defined by T'. The pull-back of the
projection @ — T by the morphism idp x 7 induces a flat family of conic bundles ' c PxP?
and a projection ¢’ : @ — P*. Clearly, Z ¢ @ and gp1 = ¢’ |,

DEFINITION 3.2. — A conic bundle Q € |@p(2)] is said to be ordinary if both @ and its
discriminant curve C' are nodal. A subvariety in |Op(2)] is said to be a Lefschetz family, if
each of its members is an ordinary conic bundle.

Postponing the proof, we assume that the fibration ¢’ : ¢ — P! constructed above is a
Lefschetz family of conic bundles, agd we determinNe the properties of the Prym moduli map
m P1 — «%67 where m(f) = [fg : Cg — Cg] = p(rg/rg).

PROPOSITION 3.3. — The numerical features of m : P* — %6 C Re are as follows:
m(P')-A=9-6, m(P') -6y =377, m(P") - 6§§?™ = 3-32, m(P") - 5 = 0.

Proof. — We consider the composite map p o o, : T - Re, assigning to a conic
bundle from the net ' ¢ P'® the double covering of its (normalized) discriminant curve.
This map is well-defined outside the codimension two locus in T corresponding to conic
bundles with non-nodal discriminant. Furthermore, m = podor : P! — R, where we
recall that 7(P*) = A C T is a nodal cubic curve. It follows that the intersection number
of m(P') ¢ R with any divisor class on R is three times the intersection number of the
corresponding class in CH*! (%6) with the curve of discriminants induced by a pencil of conic
bundles in |@p(2)|. The latter numbers have been determined in Theorem 2.12. O

DEerINITION 3.4, — An irreducible variety X is said to be swept by an irreducible curve I’
on X, if T flatly deforms in a family of curves {T';};cr on X such that for a general

point x € X, there exists t € T with z € T';.
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~5 ~5 _
The composition of the map i : P! — & with the projection & — R is the map
m : P! — R discussed in Proposition 3.3. We discuss the numerical properties of i:

~5
PROPOSITION 3.5. — The moduli map i : P* — & induced by the pointed family of Prym
curves
(qP1 :Z—>P7,... 7 P! —>Z)
~5
sweeps the five-fold product 6. Furthermore i(P") g, =9, forjg=1,...,5
Proof. — For 1 < j < 4, the image of the section 7j := vz o7; : P! — Z is the curve
Lj = {(oj, y;(£), v(£)) e P> x P> x T': L € P'},
where y;(£) = £; N'm;(£), with m;(£) being the line in P? defined by the equality of cycles
Qo - ({o;} x P?) = {o;} x (¢; + m;(£)). Here, recall that £ € P' = P(T,(P?)), is a point
corresponding to a line in P? passing through o. In particular, noting that by the adjunction
formula w; = @z(3h1 + 3hs3), we compute that L; - hy = 0and L; - hg = 3, hence
Lj Wz = Lj . (3h1 +3h3) =9.
By definition i(P') - VYo, = 77 (c1(wg,,))- To evaluate the dualizing class, we note that
We, = w7z ® gp: (Tpr), therefore deg 75 (¢1(wy,, )) = deg 7} (wz) 4 2. Furthermore,

vz(wz) = wz @ Oz (4 (fo) + g’ (o) + D),
where D C Z is a curve disjoint from v, ' (L;). We compute that
deg 7 (wz) = deg 7} (wz) — deg 77 gp: (fo) — deg 7} gp (mo) = wz - Lj — 2,

and finally, i(P1) - ¢, = wz - L; = 9. The calculation of i(Pl) - ), 18 largely similar and we
skip it. O

Proof of the claim. — We show that ¢’ : ) — P! is a Lefschetz family, that is, it consists
entirely of ordinary conic bundles. For 1 < j < 4, let E; C P be the inverse image of the line
{o;} x £; under the map u : P --»> P? x P? and set W := |J (¢ . 11(2)| C |Op(2)]. The net
T := T, of conic bundles passing through the point (0, 0) € P> x P?isa planein . Let A,
denote the locus of non-ordinary conic bundles @ € W. We aim to show that A,,,NAr, = &,
for a general point o € P?.

We consider the incidence correspondence

D= {(Q,(o,é)) € Ano x G : {0} x £ C u(Q), oee}

together with the projection map p; : ¥ — A,,. Over a conic bundle Q € A, for which the
image u(Q) C P? x P? is transversal to a general fibre {0} x P?, the fibre p; *(Q) is finite. To
account for the conic bundles not enjoying this property, we define Ay, to be the union of
the irreducible components of A, consisting of conic bundles @ € W such that the branch
locus of @ — Sisequal to S.

To conclude that A, N A, = @ for a general o € P2, it suffices to show that (1) Apo
has codimension at least 2 in W, and (2) Ay, has codimension at least 3 in W. The next two
lemmas are devoted to the proof of these assertions. O

LEMMA 3.6. — Ay, has codimension at least 2 in W.
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Proof. — We have established that h : P — P* is a morphism of degree two. We claim
that the 4 lines I; := h(¢}) C P* are general, in the sense that V := |j{l1,‘..,l4}(2)| is a net
of quadrics. Granting this and denoting by L;; € H°(P*, Op4(1)) the linear form vanishing
along l; U [;, the space V' is generated by the quadrics L1 - L34, L13 - Log and L1y - Los
respectively. The base locus bs |V| of the net is a degenerate canonical curve of genus 5, which
is a union of 8 lines, namely l1,...,l4 and by, ..., by, where if {1,2,3,4} = {4, 4, k, [}, then
the line b, C P*is the common transversal to the lines /;, [ ; and l;. Then by direct calculation,
the pull-back P of a general pencilin V is a Lefschetz family of conic budles in |©p(2)|. Since
PNA,, = 9, it follows that codim(A,,,, W) > 2. It remains to show that the lines 1, ..., 14
are general. To that end, we observe that the construction can be reversed. Four general lines
mi,...,mg € G(1,4) C P? define a codimension 4 linear section S’ of G(1,4) which is
isomorphic to S. The projectivized universal bundle P’ — S’ is a copy of P and the projection
h' : P’ — P* is the tautological map. This completes the proof. O

The second lemma follows from a direct analysis in P? x P%.
LEMMA 3.7. — Ay, has codimension at least 3 in W.

Proof. — If Q) is a general element of an irreducible component of Ay, , then the discrim-
inant locus of the projection p : @ — S equals S, and necessarily Q = D + D’, where
p(D) = p(D’) = S. By a dimension count, it follows that W contains only finitely many
elements Q € Ay, such that D, D’ € |0p(1)], and assume that we are not in this case.

Recall that 4’ : P2 x P2 —-» P* is the map defined by ‘j{wl,___7w4}(1, 1)| The case when
both u(D),u(D’) € | {w,,....w,} (1, 1) having been excluded, we may assume that one of the
components of u(Q), say u(D) C P?xP? hastype (0, 1). In particular, u(D) = P?xn, where
n C P?is a line. Observe that u(D) has degree three in the Segre embedding P? x P2 C P8
and the base scheme of V {wr,eeywa} (1 1)| consists of the simple points wq, ..., w,. Since
h'(D) lies on a quadric, it follows w(D) N {wy,...,ws} # @, therefore we have u; € n for
some i, say ¢ = 4. Since the lines {o0;} x ¢; are general, they do not lie on u(D), for ¢; # n.
Hence u(D’) C P? x P?is a (2,1) hypersurface which contains {01} x £1,...{os} X £y, is
singular at w;, we, w3 and such that wy € w(D’). This contradicts the generality of the lines
{0;} x ¢;. O

4. The slope of @

For g > 2, let @, be the first Voronoi compactification of &, — this is the toroidal
compactification of @, constructed using the perfect fan decomposition, see [20]. The
rational Picard group of @, has rank 2 and it is generated by the first Chern class \; of the
Hodge bundle and the class of the irreducible boundary divisor D = D, := @, — @,.
Following Mumford [18], we consider the moduli space @g of principally polarized
abelian varieties of dimension g together with their rank 1 degenerations. Precisely, if
£€: 8y, — G, = Gy Gy, - U G U Gy is the projection from the toroidal to the Satake
compactification of &, then

— g ~
by =y~ ¢ (U tys) = G, U D,,
j=2

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



538 G. FARKAS AND A. VERRA

where f)g is an open dense subvariety of D, isomorphic to the universal Kummer variety
Kum(%,_1) := X, 1/+. Furthermore, if ¢ : X, 1 — @,_; is the extended universal
abelian Variety, there exists a degree two morphism j : 56 1 — @g, extending the Kummer
map %g 3 D The geometry of the boundary divisor 8969 1 = ¢~ H(Kum(X,_)) is
discussed in [13] and [8]. In particular, codim(j (89@ 1), @y) = 2. As usual, let E, denote
the Hodge bundle on &,.

Denoting by ¢ : y — % the universal Prym variety restricted to the partial compact-

ification %g of R, introduced in Section 3, we have the following commutative diagram
summarizing the situation, where the lower horizontal arrow is the Prym map:

~ X ~ j —_

Yy

Furthermore, let us denote by § € CH 1(5@_1) the class of the universal theta divisor
trivialized along the zero section and by 6, := x*(0) € CH( %) the Prym theta divisor.
The following formulas have been pointed out to us by Sam Grushevsky:

ProrosiTION 4.1. — The following relations at the level of divisor classes hold:
1. j*([D)) = =20 + ¢*([Dg-1]) € CH (Xy1).

2 (7o) ) = 9" (A = 305™) € CHY(Y,).

3. (5 ox)"([D]) = =20 + 9" (5) € CH(Y,).

Proof. — At the level of the restriction j : ¥,_1 — &, the formula
j*(D)=—20 € CH (X,_1)

is proven in [18] Proposmon 1.8. To extend this calculation to % g—1, it suffices to observe that
the boundary divisor 8%9 1=0¢" (Dg 1) is mapped under j to the locus in ﬁg parametrizing
rank 2 degenerations and it will appear with multiplicity one in j*(D).

To establish relation (ii), we observe that j* (A1) = ¢* (A1), where we use the same symbol
to denote the Hodge class on &, and that on &,_,. Indeed, there exists an exact sequence
of vector bundles on 5@, see also [13] p.74:

0— ¢*(Ey_1) — j*(Ey) — @;/%g_l — 0.

It follows that x*j*(A1) = @*P*(A1) = @*(A — $65™), where P*(\) = X — 1ogm,
see [10, 14]. Finally, (iii) is a consequence of (i) and of the relation P*([IN?QA]) = &,
see [14]. O

Assume now that g is an even integer and let # : € — R, be the universal curve of
genus 2g — 1, thit s, 6 = ﬁggi,l X Tlng1 Rg,and 7 : 6 — Rg ihe uILh/ersal curve of
genus g, thatis, & = Mg 1 X7, Rg4. There is a degree two map f : § — & unramified in

codimension one and an involution ¢ : & — %, such that f o = f. Note that wz = f*(wx).
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We consider the global Abel-Prym map ap : %g_l --3 @g, defined by
ap (5/0, Tlyen.y acg_l) = <C~'/C, Oz (11 —u(z1) + - rgo — tzgo2) + 2Tg1 — 2L(a:g_1))).

REMARK 4.2. — We recall that if C — ' is an étale double cover and ¢ : C — C the
induced involution, then the Prym variety P(C/C) C Pic’(C) can be realized as the locus of
line bundles O5(E—1(E)), where E is a divisor on C having even degree, see [2]. Furthermore,
for a general pomt C — C] € !/Bg, where g > 3, and for an integer 1 < n < g — 1, the
difference map C,, — Pic’(C) given by E — 0 &(E—(E)) is generically finite. In particular,
for even g, the locus

Z,_5(C/C) == {@5(15 —WE):E¢ 59_2}

is a divisor inside P(C/C). We refer to Zg_g(é/C) as the top difference Prym variety.

One computes the pull-back of the universal theta divisor under the Abel-Prym map.

~g—1
Recall that ¢, ,...,%,, , € CH 1(i?g ) are the cotangent classes corresponding to the
marked points on the curves of genus 2g — 1.

~g—1 ~
PROPOSITION 4.3. — Foreveng, if u=poap: G  — Ry denotes the projection map,
one has
g 2

ap (apr) = Zd)m] +2’l/)$g ) . <A+M*(66 +5(I)/+5(r)am)) € CHI(%gfl).

~2g—2

~ag—1 ~ ~
Proof. — We factor themap ap : (- Y, asap = ajoA, where A : i?g -6 is

. 52972 a0
defined by (z1,...,24-1) — (21,...,Zg-1,t(x1),...,t(xg—1)) and aj : € -—» Picg, 4
is the difference Abel-Jacobi map between the first and the last ¢ — 1 marked points on
each curve into the universal Jacobian of degree zero over JMy,_q respectively . There is a

generically injective rational map y --» ‘Bng 1> Which globalizes the usual inclusion
P(C/C) c Pic®(C) valid for each Prym curve [C — C] € Rg4. Using [15] Theorem 6,
one computes the pull-back aj*(624—1) € CH 1(%’2g_2) of the universal theta divisor fo4_1
on ﬁg g1 trivialized along the zero section. Remarkably, the coefficient of A, as well as that
of the &y, 6y and 65°™ classes in this expression, are all zero. This is then pulled back to %9—1
keeping in mind that the pull-back of 62,1 to yg is equal to 26,,. Using the formulas

A* (ww,) = A*(wyj) = 1/1zj, and A*(éﬂx,yj) = 5O:wiwja as well as A* (5O:yiyj) = 60:;0@;-:
we conclude. O

~g-1
REMARK 4.4. — The other boundary coefficients of ap*(6,,) € CH 1(€g ) can be
determined explicitly, but play no role in our future considerations.

REMARK 4.5. — Restricting ourselves to even g, we consider the restricted (non-
~g—2 ~
dominant) Abel-Prym map ap,_, : (A Y, given by

ap,_s (5/0, T1y...,Tgo2) i= (5’/6’, Os((@1 — v(z1) + -+ Tg_2 — L(xg,g))),
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and obtain the formula: ap}_,(6p) = & Z?;f Vo, + 0 (A4 p* () + 6§ + 05™)) — - -+

The image of ap,_, is a divisor Z,_» on @g characterized by the property

(Zg—Q) Zg—2(5/o)a

lpE/0) =

foreach [C — C] € Rg4. In other words, Z,_» is the divisor cutting out on each Prym variety
the top difference variety. A similar difference variety inside the universal Jacobian over
has been studied in [11]. Specializing to the case g = 6, the locus

Uy := (j o x)(Z4) C s

is a codimension two cycle on &g, which will appear as an obstruction for an effective divisor
on %g to have small slope.

We use these considerations to bound from below the slope of .

Proof of Theorem 0.4. — We have seen that the boundary divisor Dg of g is filled up by
rational curves h : P — Dg constructed in Theorem 3.5 by pushing forward the sweeping

~5
rational curve i : P — © of discriminants of a pencil of conic bundles. In particular,
v := h.(P') € NE;(g) is an effective class that intersects every non-boundary effective
divisor on @g non-negatively. We compute using Propositions 4.1 and 4.3:

1 3-32
7->\1=i*(P1)~u*<)\—Z(5{)am) = 69— """ =30, and

4
~ - [Dg] = —in(PY) - (Z Ve, +4¢$5) iy (PY) - p*(6) = —8- 9+ 3. 77 = 159.
j=1

— 83
— 10° L

We obtain the bound s(&g) > V;Y[,];f]

For effective divisors on @ transversal to %4, we obtain a better slope bound:

THEOREM 4.6. — If E is an effective divisor on Gg not containing the universal codimension
two Prym difference variety Uy C €g, then s(E) > 13.

Proof. — We consider the family (gp1 : Z — P', 7,..., 74 : P! - Z) obtained from
the construction explained in Theorem 3.5, where we retain only the first four sections.
We obtain an induced moduli map iy : P! - %4. Pushing i, forward via the Abel-
Prym map, we obtain a curve hy : P! — %, C @g, which fills up the locus %4. Thus
74 := (hg)«(P*) € NE;(@s) is an effective class which intersects non-negatively any effective

divisor on &g not containing %/4. We compute using Theorems 3.3 and 3.5:

Yi-A =7-M\ =30 and - [Dg] = —4-9+3-77 = 195. O

4¢ SERIE - TOME 49 — 2016 — N° 3



THE UNIVERSAL ABELIAN VARIETY OVER %5 541

BIBLIOGRAPHY

[1] A. BEAUVILLE, Variétés de Prym et jacobiennes intermédiaires, Ann. Sci. Ecole Norm.
Sup. 10 (1977), 309-391.
[2] A. BEAUVILLE, Sous-variétés spéciales des variétés de Prym, Compositio Math. 45
(1982), 357-383.
A. BEAUVILLE, Determinantal hypersurfaces, Michigan Math. J. 48 (2000), 39-64.
O. DEBARRE, A. ILIEV, L. MANIVEL, On nodal prime Fano threefolds of degree 10,
Sci. China Math. 54 (2011), 1591-1609.
[5] 1. V. DOLGACHEV, Classical algebraic geometry, Cambridge Univ. Press, Cambridge,
2012.
[6] R. DoNAGI, The unirationality of .o%, Ann. of Math. 119 (1984), 269-307.
[7] R. Donagl, R. C. SMITH, The structure of the Prym map, Acta Math. 146 (1981), 25—
102.
[8] C. ERDENBERGER, S. GRUSHEVSKY, K. HULEK, Some intersection numbers of divi-
sors on toroidal compactifications of &7, J. Algebraic Geom. 19 (2010), 99-132.
[9] G. FarkaAs, S. GRUSHEVSKY, R. SALVATI MANNI, A. VERRA, Singularities of theta
divisors and the geometry of %, J. Eur. Math. Soc. (JEMS) 16 (2014), 1817-1848.

[10] G. Farkas, K. Lubwig, The Kodaira dimension of the moduli space of Prym vari-
eties, J. Eur. Math. Soc. (JEMS) 12 (2010), 755-795.

[11] G. FARKAS, A. VERRA, The universal difference variety over .#,, Rend. Circ. Mat.
Palermo 62 (2013), 97-110.

[12] E. FREITAG, Siegelsche Modulfunktionen, Grundl. math. Wiss. 254, Springer, Berlin,
1983.

[13] G. vaN DER GEER, Cycles on the moduli space of abelian varieties, in Moduli of curves
and abelian varieties, Aspects Math., E33, Vieweg, Braunschweig, 1999, 65-89.

[14] S. GRUSHEVSKY, R. SaLvaTtt MANNI, The Prym map on divisors and the slope of
@s, Intern. Math. Res. Notices 2014 (2014), 66196644, with an appendix by Klaus
Hulek.

[15] S. GRUSHEVSKY, D. ZakHAROV, The double ramification cycle and the theta divisor,
Proc. Amer. Math. Soc. 142 (2014), 4053-4064.

[16] M. MaRrRUYAMA, Elementary transformations in the theory of algebraic vector bundles,
in Algebraic geometry (La Rabida, 1981), Lecture Notes in Math. 961, Springer,
Berlin, 1982, 241-266.

[17] S. Mor1, S. Mukal, The uniruledness of the moduli space of curves of genus 11, in
Algebraic geometry (Tokyo/Kyoto, 1982), Lecture Notes in Math. 1016, Springer,
Berlin, 1983, 334-353.

[18] D. MumFORD, On the Kodaira dimension of the Siegel modular variety, in Algebraic
geometry—open problems ( Ravello, 1982), Lecture Notes in Math. 997, Springer,
Berlin, 1983, 348-375.

[19] R. SaLvaTI MANNI, Modular forms of the fourth degree. Remark on the paper: “Slopes
of effective divisors on the moduli space of stable curves” [Invent. math. 99 (1990),
321-355] by J. D. Harris and 1. Morrison, in Classification of irregular varieties
(Trento, 1990 ), Lecture Notes in Math. 1515, Springer, Berlin, 1992, 106-111.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE


http://smf.emath.fr/Publications/AnnalesENS/4_49/html/ens_ann-sc_49_3.html#1
http://smf.emath.fr/Publications/AnnalesENS/4_49/html/ens_ann-sc_49_3.html#2
http://smf.emath.fr/Publications/AnnalesENS/4_49/html/ens_ann-sc_49_3.html#3
http://smf.emath.fr/Publications/AnnalesENS/4_49/html/ens_ann-sc_49_3.html#4
http://smf.emath.fr/Publications/AnnalesENS/4_49/html/ens_ann-sc_49_3.html#5
http://smf.emath.fr/Publications/AnnalesENS/4_49/html/ens_ann-sc_49_3.html#6
http://smf.emath.fr/Publications/AnnalesENS/4_49/html/ens_ann-sc_49_3.html#7
http://smf.emath.fr/Publications/AnnalesENS/4_49/html/ens_ann-sc_49_3.html#8
http://smf.emath.fr/Publications/AnnalesENS/4_49/html/ens_ann-sc_49_3.html#9
http://smf.emath.fr/Publications/AnnalesENS/4_49/html/ens_ann-sc_49_3.html#10
http://smf.emath.fr/Publications/AnnalesENS/4_49/html/ens_ann-sc_49_3.html#11
http://smf.emath.fr/Publications/AnnalesENS/4_49/html/ens_ann-sc_49_3.html#12
http://smf.emath.fr/Publications/AnnalesENS/4_49/html/ens_ann-sc_49_3.html#13
http://smf.emath.fr/Publications/AnnalesENS/4_49/html/ens_ann-sc_49_3.html#14
http://smf.emath.fr/Publications/AnnalesENS/4_49/html/ens_ann-sc_49_3.html#15
http://smf.emath.fr/Publications/AnnalesENS/4_49/html/ens_ann-sc_49_3.html#16
http://smf.emath.fr/Publications/AnnalesENS/4_49/html/ens_ann-sc_49_3.html#17
http://smf.emath.fr/Publications/AnnalesENS/4_49/html/ens_ann-sc_49_3.html#18
http://smf.emath.fr/Publications/AnnalesENS/4_49/html/ens_ann-sc_49_3.html#19

542

G. FARKAS AND A. VERRA

[20] N. I. SHEPHERD-BARRON, Perfect forms and the moduli space of abelian varieties,

Invent. math. 163 (2006), 25-45.

[21] Y.-S. TA1, On the Kodaira dimension of the moduli space of abelian varieties, Invent.

math. 68 (1982), 425-439.

[22] A. VERRA, A short proof of the unirationality of @7, Nederl. Akad. Wetensch. Indag.

Math. 46 (1984), 339-355.

[23] A. VERRA, The Prym map has degree two on plane sextics, in The Fano Conference,

Univ. Torino, Turin, 2004, 735-759.

Gavril FARKAS
Humboldt-Universitit zu Berlin
Institut fiir Mathematik
Unter den Linden 6
10099 Berlin, Germany
E-mail: farkas@math.hu-berlin.de

Alessandro VERRA
Universita Roma Tre
Dipartimento di Matematica
Largo San Leonardo Murialdo
00146 Roma, Italy
E-mail: verra@mat.uniroma3.it

4¢ SERIE - TOME 49 — 2016 — N° 3

(Manuscrit regu le 10 février 2014 ;
accepté, apres révision, le 17 février 2015.)


http://smf.emath.fr/Publications/AnnalesENS/4_49/html/ens_ann-sc_49_3.html#20
http://smf.emath.fr/Publications/AnnalesENS/4_49/html/ens_ann-sc_49_3.html#21
http://smf.emath.fr/Publications/AnnalesENS/4_49/html/ens_ann-sc_49_3.html#22
http://smf.emath.fr/Publications/AnnalesENS/4_49/html/ens_ann-sc_49_3.html#23

	1. Determinantal nodal sextics and a parametrization of X5
	2. Conic bundles over a del Pezzo surface
	3. A sweeping rational curve in the boundary of A6
	4. The slope of A6
	Bibliography

