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UNBOUNDED POTENTIAL RECOVERY
IN THE PLANE

BY KARI ASTALA, DaNIEL FARACO aND KeiTH M. ROGERS

Dedicated to the memory of Tuulikki

ABSTRACT. — We reconstruct compactly supported potentials with only half a derivative in L?
from the scattering amplitude at a fixed energy. For this we draw a connection between the recently
introduced method of Bukhgeim, which uniquely determined the potential from the Dirichlet-to-
Neumann map, and a question of Carleson regarding the convergence to initial data of solutions to
time-dependent Schrodinger equations. We also provide examples of compactly supported potentials,
with s derivatives in L? for any s < 1/2, which cannot be recovered by these means. Thus the recovery
method has a different threshold in terms of regularity than the corresponding uniqueness result.

RESUME. — Nous reconstruisons des potentiels a support compact avec une demi-derivée dans L2
a partir de 'amplitude de diffusion a énergie fixe. Pour cela, nous établissons un lien entre une mé-
thode récemment introduite par Bukhgeim pour déterminer de fagon unique le potentiel a partir de
l’application Dirichlet-to-Neumann, et une question de Carleson qui concerne la convergence vers la
donnée initiale des solutions de I’équation de Schrédinger dépendante du temps. Nous fournissons éga-
lement des exemples de potentiels & support compact, avec s dérivées dans L? pour tout s < 1/2, qui
ne peuvent pas étre reconstruits par cette méthode. Ainsi, la méthode de reconstruction a un seuil en
termes de la régularité qui différe du résultat d’unicité.

1. Introduction

We consider the Schrodinger equation Au = Vu on a bounded domain €2 in the plane.
For each solution u, we are given the value of both v and Vu - n on the boundary 92, where
n is the exterior unit normal on 9f2. The goal is then to recover the potential V' from this
information.

Supported by the Academy of Finland grant SA-12719831, ERC grants 277778 and 307179, and MINECO
grants MTM2011-28198, MTM2013-41780-P and SEV-2015-0554 (Spain).
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1028 K. ASTALA, D. FARACO AND K. M. ROGERS

We suppose throughout that V' € L? is supported on  and that 0 is not a Dirichlet
eigenvalue for the Hamiltonian —A + V. Then for each f € H'/2(d%), there is a unique
solution u € H'(Q) to the Dirichlet problem

{Au =Vu
“|an =1

and the Dirichlet-to-Neumann (DN) map Ay can be formally defined by

(M

Ay ¢ f— Vu-n|sq.

Then a restatement of our goal is to recover V from knowledge of Ay .

We come to this problem via a question of Calderén regarding impedance tomo-
graphy [14], where f is the electric potential and Vu - n is the boundary current, however
the DN map Ay _,2 and the scattering amplitude at energy 2 are uniquely determined by
each other, and indeed the DN map can be recovered from the scattering amplitude (see the
appendix for explicit formulae). Thus we are also addressing the question of whether it is
possible to recover a potential from the scattering data at a fixed positive energy.

In higher dimensions, Sylvester and Uhlmann proved that smooth potentials are uniquely
determined by the DN map [56] (see [43, 44, 16] for nonsmooth potentials and [11, 46,
29] for the conductivity problem). The uniqueness result was extended to a reconstruction
procedure by Nachman [38, 39]. The planar case is quite different mathematically as it is
not overdetermined. Here the first uniqueness and reconstruction algorithm was proved by
Nachman [40] via 0-methods for potentials of conductivity type (see also [12] for uniqueness
with less regularity). Sun and Uhlmann [52, 54] proved uniqueness for potentials satisfying
nearness conditions to each other. Isakov and Nachman [31] then reconstructed the real
valued LP-potentials, p > 1, in the case that their eigenvalues are strictly positive. The
O-method in combination with the theory of quasiconformal maps gave the uniqueness
result for the conductivity equation with measurable coefficients [3]. The problem for the
general Schrédinger equation was solved only in 2008 by Bukhgeim [13] for C*-potentials.
Bukhgeim’s result has since been improved and extended to treat related inverse problems
(see for example [8, 9, 26, 27, 28, 45, 30]).

The aim of this article is to emphasize a surprising connection between the pioneering
work of Bukhgeim [13] and Carleson’s question [15] regarding the convergence to initial data
of solutions to time-dependent Schrodinger equations. Elaborating on this new point of view
we obtain a reconstruction theorem for general planar potentials with only half a derivative
in L2, which is sharp with respect to the regularity. The precise statements are given in the
forthcoming Corollary 1.3 and Theorem 1.4.

To describe the results in more detail, we recall that the starting point in [13] was to
consider solutions to Au = Vu of the form v = e*¥ (1 + w), where from now on

PY(2) = Yro(z) = E(z —2)?, 2z€C, zef.

Solutions of this type have a long history (see for example [22, 56, 34, 21]), and in this
form they were considered first by Bukhgeim. We will recover the potential by measuring
a countable number of times on the boundary, so we take & € N. We will require the
homogeneous Sobolev spaces with norm given by || || . = [[(=A)*/2f|| 12, where (—A)*/2

4¢ SERIE - TOME 49 — 2016 - N° 5



UNBOUNDED POTENTIAL RECOVERY IN THE PLANE 1029

is defined via the Fourier transform as usual. In Section 3.2, we prove that if the potential V' is
contained in H* with 0 < s < 1, and k is sufficiently large, then we can take w = Wk,z € H*
with a bound for the norms which is decreasing to zero in k. We write uy , = e (1 + w) for
these w € H*.

The definition of the DN map, which maps into the dual of H'/2(9Q) (see the appendix),
yields the basic integral formula in inverse problems; Alessandrini’s identity. Indeed, if u,v €
H(Q) satisfy Au = Vu and Av = 0, then the formula states that

<(AV—A0) [u|aﬂ]’v|an> = /QVU’U.

Taking u = uy, .., which is also in H!(Q2), and v = e this yields

@) (v = Aol e®) = [ OOVL4w),
Q

and so the integral over {2 can be obtained from information on the boundary.

The bulk of the article is concerned with recovering the potential from the integral on
the right-hand side of (2). However, in order to calculate the value of the integral, without
knowing the value of the potential V inside 2, we need to calculate the value of the left-hand
side of (2). That is to say, we must determine the values of uj , on the boundary from the
DN map. In the case of linear phase, this was achieved by Nachman [40] for LP-poten-
tials V, with p > 1, and Lipschitz boundary (at least for potentials of conductivity type).
For C'-potentials, with C2-boundary, the result was extended by Novikov and Santacesaria
to quadratic phases [45]. Here we show that for quadratic phases almost no regularity is
needed. We consider potentials in the inhomogeneous L2-Sobolev space H*, defined as
before with (—A)*/2 replaced by (I — A)*/2. Our starting point is similar to [40] but we give
a shorter argument, avoiding single layer potentials.

THEOREM 1.1. — Let V. € H?® with s > 0 and suppose that Q) is Lipschitz. Then, for
sufficiently large k, we can identify compact operators Ty , : HY2(0Q) — HY?(5Q),
depending on Ay — Ao, such that

up,zlon = 1= Tk )" [ o).

For Cl-potentials, Bukhgeim [13] proved that the right-hand side of (2), multiplied
by (47)~ 1k, converges to V(z) for all z € €, when k tends to infinity. In Section 4, we
obtain this convergence for potentials in H® with s > 1. For discontinuous potentials we are
no longer able to recover at each point. Instead we bound the fractal dimension of the sets
where the recovery fails. As Sobolev spaces are only defined modulo sets of zero Lebesgue
measure, we consider first the potential spaces L2 = (—A)~*/2L?(R?), and bound the
Hausdorff dimension of the points where the recovery fails.

THEOREM 1.2. — Let V € L*2 with1/2 < s < 1. Then

dim g {a: e £<(AV - AO)[uk,m],eiE> 4 V(z) as k — oo} <2-—s.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



1030 K. ASTALA, D. FARACO AND K. M. ROGERS

As the members of H?® coincide almost everywhere with members of L*2, we see that
rough and unbounded potentials can be recovered almost everywhere from information on
the boundary. Note that these results are stable in the sense that ¥ € N can be replaced by
any sequence {ny }ren such that ny tends to infinity as & tends to infinity.

COROLLARY 1.3. — Let V € HY2 Then

lim £<(AV — Ao) ), e@> =V(z), aeze

k—>oo47T

In Section 5, we will prove that this is sharp in the sense of the following theorem. Note
that even though there is divergence on a set of full Hausdorff dimension when s < 1/2, the
dimension of the divergence set is bounded above by 3/2 when s > 1/2.

THEOREM 1.4. — Let s < 1/2. Then there exists a potential V€ H?, supported in Q, for
which

Hm €N ﬁ<(AV —Ao)[uk,w],eia> A Vi(z) as k — oo}‘ # 0.

Blasten [8] proved that potentials in H® with s > 0 are uniquely determined by the DN
map (see also [9] for uniqueness with LP-potentials, p > 2). It is a curious phenomenon that,
within the Bukhgeim approach, uniqueness and reconstruction have different smoothness
barriers.

The DN map Ay _,2 can be recovered from the scattering amplitude at a fixed energy
k2 > 0 (see the appendix), from which we are able to recover the potential V' — x%xq rather
than V. We are free to choose the domain Q. Taking €2 to be a square, we obtain the following
recovery formula. Here Uy, ,, are Bukhgeim solutions which solve Au = (V — k2)u in Q.

THEOREM 1.5. — Let V€ H'/? be supported in a square Q. Then

kli)n;o ﬁ<(AV,nz — No)[Ug 2], e@> +Kk2=V(z), aexc.

Interpreting the problem acoustically, it is unsurprising that we are unable to recover
potentials in H® with s < 1/2. Taking

Viz) = /<;2(1 — c_z(a:)),

where ¢(z) denotes the speed of sound at z, the scattered solutions u also satisfy c>Au + x%u = 0.
Now there are potentials in H*, with s < 1/2, which are singular on closed curves (see for
example [58]). Thus the speed of sound is zero on the curve and so a continuous solution
would be zero. That is to say, the continuous incident waves cannot pass through the curve
and we should not expect to be able to detect modifications of the interior of the potential
which is cloaked in some sense (see [24] for more sophisticated types of cloaking). From this
point of view, the uniqueness results [8, 9] reflect the tunneling phenomenon in quantum
mechanics.

4¢ SERIE - TOME 49 — 2016 - N° 5



UNBOUNDED POTENTIAL RECOVERY IN THE PLANE 1031

2. The Bukhgeim solutions
Writing 8, = 3(8, — i0,) and 9z = %(d, + i8,), we consider the complex analytic
interpretation of the Schrodinger equation 40,0zu = Vwu. When looking for solutions of
the form u = €' (1 4+ w), the equation is equivalent to the system

20w = e~ {WH)y, 20,0 = ei(dﬂﬁ)v(l + w),
which is solved in 2 whenever

w= 15" {e‘i(’H%XQ o7t [e“’“’a) V(1+ w)]} .
Here, we take @ to be a fixed, auxiliary, axis-parallel square which properly contains €2. Thus,
defining the operator S¥ = S]‘“;w by

Sk [F] = Lozt [e—z‘<w+E>XQ 97 [Py VF]] ’

we see that as soon as ||S¥ || 7. _, 7. < 1, we can treat (I—S%,) ! by Neumann series to deduce
that it is a bounded operator on H*. This yields a solution uj, , = e*¥ (1 + w) where

3) w=wy, = (1—8%)71S%[1] € A®.

In what remains of this section, we prove that S¥, is contractive for sufficiently large k.
This property will be crucial in the proof of Theorem 1.1 as well as in Section 4. We write
St[f] = 1Sk[V ], where

Sk :3;10M_k08;10Mk
and the multiplier operators ME* are defined by M*#[F] = e=i¥+¥)y, F. The key ingre-
dient in the proof of the following estimate, is the classical lemma of van der Corput [18].
LEMMA 2.1. — Let 0 < 81,89 < 1. Then

IMFFF] (@)l jg-np < Ch™™RE02H P 2) || gy, € R k21

Proof. — By the Holder and Hardy-Littlewood-Sobolev inequalities, we have

“4) IMF*[F]||2 < CIIF| gros »
and
©) IM**[F|l -2, < C|IF |12,

with 0 < s1, s2 < 1. So by complex interpolation, it will suffice to prove that
©) IMEFFI e < R Pl

Indeed, if s < s; we interpolate with (4), taking s = s;, and if s; < sy we interpolate
with (5), taking s = s5. Now by real interpolation with the trivial L? bound, (6) would follow
from

@) IMFEF| o1 < CRTH|F gy,
(see Theorem 6.4.5 in [6]), where the Besov norms are defined as usual by

Ifllg;1 = sup 277|P;fllr2 and 1fllps, = Z 2|IP; £l >-
’ jer T jez

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



1032 K. ASTALA, D. FARACO AND K. M. ROGERS

Here, PTJ\f =927 |)fwith 9 satisfying supp ¥ C (1/2,2) and
vy =1
JEL

As||Fllg; < C||F||p and || F || 1 < C||F| 3y, the estimate (7) would in turn follow from

®) IMERF | e < CE™Y || F 1.
Now, by the Fourier inversion formula and Fubini’s theorem,
— 1 _ o R | |
MEFE)| = o ’ /Q G HDE) /F(w) i g i g

|F(w)] dw

dip 1D Gamen)® Lo, g
< e B e dz
Q

so that (8) follows by two applications of van der Corput’s lemma [18] (factorising the integral
into the product of two integrals). O

In the following lemma, we optimize the decay in &k, which will be important in Section 4.
LEMMA 2.2. — Let 0 < s < 1. Then
ISTIEIC, )l g < CETHIFC 2) ey €9, k> 10
Proof. — By two applications of Lemma 2.1,
< OB 0:" o M|
< CR* T IM* |l e gy
<Ck 1 =Ck 1,

ISE 1l s7ere < IMTF 007 0 M|y

and we are done. O

In the following lemma, we use Lemma 2.1 only once, and gain some integrability
using the Hardy-Littlewood-Sobolev theorem. By taking & sufficiently large, we obtain our
contraction and thus our Bukhgeim solution v = uy, , as described above.

LEMMA 2.3, — Let 0 < s < 1. Then

ISSF] (@)l o < Ok ™V g | F(2)| e, 7€ QB2 1
Proof. — By the Cauchy-Schwarz and Hardy-Littlewood-Sobolev inequalities,

[VE|Le < Vg2l Fllzea < CUV I g 1F ] g

where ¢ = 1. Thus, as S [F] = S¥[V F], it will suffice to prove that
I8 e < ChminCo1=),

When 0 < s < 1/3, by Lemma 2.1, we have

STl o re < IMTF 007 o M¥|lpy graes < CRT2(102" 0 M| o
< Ck ™| IM¥|| o o
<C

72| M¥|| Lo

4¢ SERIE - TOME 49 — 2016 - N° 5



UNBOUNDED POTENTIAL RECOVERY IN THE PLANE 1033

When s > 1/3, we also use Holder’s inequality at the end;
STl e < IMTF 007 o MP|| s S CE2107 0 MF| 1o -
< CR MM Lo gy
< CR' 7 IM¥| o o,

2

T and so we are done. O

where ¢* =

REMARK 2.4. — Note that van der Corput’s estimate is independent of the size of Q and
so, when s > 1/3, the potential need not be compactly supported for the results of this section
to hold (when s < 1/3 we used the compact support in a less obviously removable way).

3. Proof of Theorem 1.1

In this section we show that the boundary values of our Bukhgeim solution uy, ; can be
determined from knowledge of Ay . The argument is inspired by [40, Theorem 5] but we
replace the Faddeev green function G, by its analogue in terms of the operator St and avoid
the use of single layer potentials.

Indeed, considering the kernel representation of S¥, we can write S¥,[F] in the form

S5 [F)(z) = / 9oz )V () F () di,
Q

where gy, the kernel of S¥, is given by
i(p)+om) , _
e / 1 =i (B@+5@) 4,
w2 JoGom-w)

In order to work directly with exponentially growing solutions we conjugate g, with the
exponential factors, so that

©) /ﬂ Gz, V() F(n) dn = X8k [~ F](2),

gu(2,m) = xq(n)

where G (2,1) = €¥(®) gy (2, m)e” ¥ Notice also that when z € Q\Q and 7 € Q, we have
that
A,Gy(z,m) =0.

Thus, if we take (9) with F' = Py (f), where Py (f) solves Au = Vu with ulgpq = f, using
Alessandrini’s identity we obtain that, for each z € @ \ Q,
(10) ((Av = 8o)[1,Gy(2, o ) = e ESY e Py (£)](2).
In particular the right-hand side belongs to H*(Q \ 2) and hence we can define the operator
Ty : HY? — H/? by

Tylf] =T o (v — Ao)[f], Gylon ),

where T, : H'(Q \ Q) — H'Y?(89) is the trace operator. Now, by the definitions of uj .
and w, we also deduce from (9) and (3) that

(1) [ GolmV @ unalo) dn = ¥SEL+ ] = ¥ = g — €.
Q

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



1034 K. ASTALA, D. FARACO AND K. M. ROGERS

Combining (9), (10), and (11) we obtain the integral identity
(I = Ty)[ug,zlon] = " |oq-

Thus, we can determine uy, , on the boundary if we can invert (I — I’ ). By the Fredholm
alternative it will suffice to show that Iy, is compact and that (I — Iy) has a trivial kernel
on H/2(99).

THEOREM 3.1. — Let V € H® with0 < s < 1 and suppose that k is sufficiently large. Then

(i) Ty is compact

(ii) Ly[fl=f=f=0.
Proof of (i). — We have that
Ly[f] = T, [e"SV e Py (f)]].
As the set of compact operators is a left and right ideal, we consider the boundedness
properties of each component of the composition. Firstly, P, : H/2(0Q) — H'(Q) is
bounded. Secondly, H' () — LP(Q) compactly forall2 < p < co. Now taking p sufficiently
large and % = % + %, by the boundedness of the Cauchy transform followed by the Hardy-
Littlewood-Sobolev inequality,
ISV [e™ Gl (@) < CIIVGllz2() < CIV Lo ICllLre
< ClVlig

Finally, T, : HY(Q \ Q) — H'/?(89) is bounded. Since the embedding H'(Q) — LP(Q) is
compact, it follows that Iy, is compact.
Proof of (ii). Letting p = S¥ [e=™ Py (f)], we have that

a:lep] = LeT X0 [V Py (f)),

GHLP(Q)-

so that

40.05[e"p] = VPy(f) on Q.
This can be rewritten as Ale?¥p — Py (f)] = 0 on Q. Now by hypothesis Ty [f] = f, so that
by (10) we have e?¥p = f on 9. Combining the two, we see that

e¥p=Py(f) on Q.

From the definition of p we see that p = S¥,[p], and as soon as S¥, is strictly contractive, that
p = 0. This of course follows from Lemma 2.3 for large enough k. Thus, f = €™ p|sq = 0,
so that I — I, is injective as desired. O

REMARK 3.2. — We need not suppose that the potential is compactly supported here as
long as we suppose that xoV € H¢ and then the Bukhgeim solutions which we identify are
associated to this potential instead. For 0 < € < 1/2 and Q Lipschitz, we have xoV € H®
aslongasV € H® with s > 1/2+ . To see this, note that by the fractional Leibniz rule (see,
for example, [33]),

IxaVllae < lIxellalVilwes + lIxallwer V] L

withp < 7 f2s and % + % = % Then the remark follows by the Hardy-Littlewood-Sobolev

inequality, combined with the fact that xo € H* for all s < 1/2 (see for example [23]).

4¢ SERIE - TOME 49 — 2016 - N° 5



UNBOUNDED POTENTIAL RECOVERY IN THE PLANE 1035

4. Potential recovery

In order to recover the potential at € (2, it remains to show that the right-hand side of
Alessandrini’s identity (2) converges to V(). That is to say T5, V() converges to V (z) as
k tends to infinity, where

T, o [F)(z) =

" 4r

/ (V=) F(2)(1+w(z)) dz.
R2
First we show that T¥ V can be considered to be a remainder term.

THEOREM 4.1. — Let V € H® with0 < s < 1. Then
Jim TE[V](z) =0, z€Q.

Moreover, if k > (1 + c||V||HS)max{i’ﬁ}, then

sup | T3, [V](2)] < Ck°|[V[I%,..
e
Proof. — By Lemma 2.1,
T3 [V](@)] < CRIMP V]| -

<
< CE'™5 |Vl e

wl| g
(I—8%) 'SV [1]ll -
By Lemma 2.3, we can treat (I — S¥)~! by Neumann series to deduce that it is a bounded
operator on H*® when k > 1 and Ck~ {215} ||/ .. < 1. Then
ITE V()| < CE ™ *(|V || . IIST V]| 7o
< Ok V.
by an application of Lemma 2.2, which is the desired estimate. O

Noting that e/(¥()+%() = exp (ikw), it remains to prove

(12) lim TY[V](z) = V (),

k—oo

where T¥ is defined by

k 2 2
TE[F)(x) = E/exp (ik =z 2 Camea ) o) gy,

Now when F is a Schwartz function, this is equal to e** D F(z), where
i1 1 . 1 p2 sy
ii0 _ iz-§ ,—ig (67 -€3)
F =— 1752) P(€) dE.
HOFI(e) = o [ e D Py ag
This follows easily, making use of the distributional formula
k 2223 S -~
o [ o s = [ e D,
4ar
which holds for Schwartz functions ¢. We see that when V' is a Schwartz function, TFV solves
the time-dependent nonelliptic Schrodinger equation,

10yu + Ou = 0,

where O = 0p,2, — Oz,a,, With initial data V' at time 1/k. When V' € H® with s > 1,
both V and its Fourier transform are integrable, and so both T¥V and e+ =V are continuous

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



1036 K. ASTALA, D. FARACO AND K. M. ROGERS

functions which are again equal pointwise. Thus, in the following lemma we obtain the
convergence (12) and therefore complete the reconstruction for potentials in H® with s > 1.

LEMMA 4.2. — Let V € H® with1 < s < 3. Then
1e+0V(2) — V(2)| < Ck = |V||ge, € Q.
Proof. — By the Fourier inversion formula and the Cauchy-Schwarz inequality,

€5V (2) = V(2)| =

eté m —ip(61-€3) _ 1) dﬁ‘

|e“k(51 —€3) _ 12 1/2
< ||V||Hs( / )

2—2 1/¢2 _ ¢2 12
- ”V”HS(/ Cos|(£,r2(sf1 52))d£>

202 (1¢2 _ ¢2 1/2
=2 W ([ <2|§;S D) )

1-s 1 1 \1/2
S 2 ”V”H‘“</D|§|2<s—2>d“/k2\m i)

where we have used the trigonometric identity 2sin?§ = 1 — cos26 and the fact that
sind < |6]. O

Altogether we see that [TY,,V(z) — V(z)| < Ck'z forallz € Qand V € H* with
1 < s < 3, which improves upon the decay rate of [45] where they recovered C? potentials.
Note that there can be no decay rates, at least for the main term, for the potentials of H* with
s < 1 as they would then be uniform limits of continuous functions and thus continuous.

For discontinuous potentials we are no longer able to recover at each point. Instead we
bound the fractal dimension of the sets where the recovery fails. This point of view has its
origins in the work of Beurling who bounded the capacity of the divergence sets of Fourier
series [7] (see also [4]). Now Sobolev spaces are only defined modulo sets of zero Lebesgue
measure, and so we consider first the potential spaces

L2 = {Is;xg:gE€ LQ(Rz) 1,

where I, is the Riesz potential |- [5=2. As I, (£) = C,|¢| =%, we have that I, x g is also a member
of (an equivalence class of) H*.

To bound the dimension of the sets where the recovery fails, we will prove maximal esti-
mates with respect to fractal measures. We say that a positive Borel measure p is a-dimen-
sional if

B(z,
(13) ca(p) == sup M < 00, 0<a<?,
z€R2,r>0 re
and denote by M*(2) the a-dimensional probability measures which are supported in Q.

For 0 < s < 1, we will require the elementary inequality (

(14) s * gllraw S Vea(w) llgllzz @2y,  a>2—2s,

(M In this section, we write A < B if A < CB for some constant C' > 0 whose precise value may change from line
to line.
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which holds whenever 4 € M*(Q) and g € L?*(R?). To see this, we note that by Fubini’s
theorem and the Cauchy-Schwarz inequality,

I11s * gll (@) < s * mllz2lgll 22,
so that (14) follows by proving
ML % ulle S calw), a>2—2s.

Now by Plancherel’s theorem,
1o x s = 2m) 271 < [ AOFE av(e) de
du(x)d
S/u*lzs(y)du(y)=/ M

o -yl

which is nothing more than the (2 — 2s)-energy. Then, by an appropriate dyadic decompo-
sition,

// o — Cf;‘(gj S / Zc (2772272 dp(y) < calp)

whenever « > 2 — 2s and p € U™ (Q).

The Fourier transform of less regular potentials V' is not necessarily integrable, and so in
that case ¢**JV is not even well-defined. Instead we make do with the pointwise limit

(15) T[Vi(@) = lim Gy *T}[V](z) = lim PGy * V](z), z€Q,
where Gy = N2G(N-) and G is the Gaussian e~I'1*. This formula holds as V is compactly

supported and integrable; conditions which the initial data in the time-dependent theory does
not normally satisfy. We will also require the following lemma due, in this form, to Sj6lin [49].

LEmMmA 4.3. — [49] Let z,t € R,y € [1/2,1) and N > 1. Then

n(N-1¢) eiee—te") !
/R & %) 2

where the constant implied by the symbol < depends only on v and the Schwartz function n.

In the following theorem, we employ the Kolmogorov-Seliverstov-Plessner method,
as used by Carleson [15] for the one-dimensional Schrodinger equation. Dahlberg and
Kenig [19] proved that the result of Carleson is sharp and noted that his argument could be
applied to the higher dimensional problem (for which the argument is no longer sharp for
the elliptic equation, see [10]). We refine their argument, which extends to the nonelliptic
case, by proving estimates which hold uniformly with respect to fractal measures.

THEOREM 4.4. — Let 1/2 < s < 1. Then

|| sup sup |e * [GN x Is % g ”Ll(du) Sveawllgllnemey, a>2-—s,
k>1N>1

whenever u € M*(Q) and g € L.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



1038 K. ASTALA, D. FARACO AND K. M. ROGERS

Proof. — By linearising, it will suffice to prove

2

(16) Scalp) g, a>2-s,

/Q MG o) % I * gl w(z) dpz)

uniformly in measurable functions ¢ : & — R, N :  — Nand w : @ — D. By Fubini’s
theorem and the Cauchy-Schwarz inequality, the left-hand side of (16) is bounded by

/|§(€)|2d€/’/G(fo) it (€= i (2 () ’ |£d|§s

Writing the squared integral as a double integral, and applying Fubini’s theorem again, it
will suffice to show that

§ \ Lilt@)—tw)(E2-€2) yile-v)-€ U
{17 /// () ¢ (wy) € GE
x w(z)w(y) dp(z)du(y) < calp)

uniformly in the functions ¢, N and w. Now, as |£|%* > |&|%|&2|*, the left-hand side of (17)
is bounded by

f‘ i(= 1) ()t (0)€2 i —ys)€; BEs
H‘/ N(w) N(jy))e TS et o |} w(@pw(y) du(@)dudy),

and by Lemma 4.3, we have

G(%) e ( Ns(jy) ) D T (@) —tW))E] (e —u)Es )
. d&j| S
151 |lz; —y;

|1—s '

Substituting in, we see that the left-hand side of (17) is bounded by

y)|dp(x) // x)dp(y)
o o ff )
(18) |x1—y1|1 s|a:2—y2|1 ; |x1—y1|1 oz — g

To complete the proof, we are required to bound (18) by ¢, (). This will require a dyadic
decomposition which lends itself to the singularities along the axis-parallel lines A, defined
by

Ay={ze€Q 21 =y or :1;2=y2}, y € Q.
Covering A, by balls { B, },>1 of radius r; and using the Definition (13) of ¢, (1), we have
Ay) <D u(B;) < ealp) > e
j>1 j>1

Taking the infimum over all such coverings and using the fact that the a-Hausdorff measure
of A, is zero when o > 1, we see that u(A,) = 0 for all p € M*(2). Thus we can ignore the
sets A, when decomposing the inner integral of (18).

For each j,¢ € Z we break up Q@ D Q into dyadic rectangles of dimensions 277 x 27*
and consider the unique rectangle R;, which contains y. We call the unique rectangles
Rj_10-1, Rj—14, and R;,_; that contain R;, the mother, the father, and the stepfather
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respectively. We write R7 ) ~ R; , if their mothers touch, but their fathers and stepfathers do
not. As (A,) = 0, we can write

/nydu => > / F(z,y) du(),

3,0 n:R" ,~R;

n
Rj,é

The rectangles of dimensions 277 x 2%, with1 < j,£ < 3,
associated with a single point y.

which yields
<o Y Y 20w duty).

3,620 n:R7 ,~R;
Without loss of generality, we can suppose that
Z Z 2](1 5)22(1 s) Z Z 2]’(1—5)2!(1—3)“(R;L7€)
£>5>0 n:R} ,~Rj §>£>0 n:R} ,~R;

(otherwise the reverse inequality holds and the roles of j and ¢ are interchanged in the
forthcoming argument), so that

(18) < C/ S Y 209260 (R ) du(y).

]>E>O n: Rn, NRJ"@

Now by covering each rectangle by discs of radius 277, and using the Definition (13) of ¢, (),
we see that

WRY,) S 27 ea(p)279%,

and for each rectangle R; , there are exactly nine rectangles R7, which satisfy R, ~ R; .
Thus

(18) S calp) D 20C757@27 < ¢y (p),
j=£20

when a > 2 — s, and so we are done. O
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Proof of Theorem 1.2. By Alessandrini’s identity (2) and Frostman’s lemma (see for
example [37]), it will suffice to prove that

(19) ple : msup T, [V](@) ~ V()| # 0} =

whenever € M*(Q) and V € L%2%(Q) with o > 2 — s. By Theorem 4.1 and (15), this would
follow from
,u{x : lim sup lim sup |ei%D[GN *V](z) = V(z)| # O} =
k—oo N—oo
Writing V = I, * g, where g € L%, we take a Schwartz function h so that ||g — h||z> < .
Then
,u{ z : limsup lim sup |ei%D[GN * V](z) = V(x)| > )\}

k—oo N—oo

< ,u{ Z : sup sup |ei%D[G1\r * I+ (g — h)](z)] > /\/3}
E>1N>1

+ ,u{x : limsuplimsup|ei%D[GN x I+ h](x) — I x h(z)| > /\/3}

k—oco N—oo

+ ,u{l‘ 2| (h—g)(z)] >)\/3}.

As the terms involving h are continuous in all parameters, the second set of the three is empty,
so by the elementary inequality (14) and Theorem 4.4, we see that

ple  imsup T, V(@) = V()| > M} €07 ealu) llg = e
SANWVealwe,

for all e > 0, which yields (19), and so we are done. O

Proof of Theorem 1.5. This follows by applying Corollary 1.3 to the potential ¢ = V — x2xq.
For V e H'/2 the potentials ¢ = V — k2xq are contained in H* for0 < s < 1/2
(see for example [23]) and so we find Bukhgeim solutions Uy, ,, associated to g, and recover
their value on the boundary as before. However, Corollary 1.3 requires the potential g to be
contained in H'/2 which is not satisfied for any domain. We overcome this by noting that
the proof of Theorem 4.4 works just as well if we replace I; with the potential whose Fourier
transform is |£1|~5/2|€;| /2 and so we can relax the regularity condition further to

622" i52)

This is satisfied when € is a ax1s—parallel square, but not when it is a disc. |

q|[ 12 ey < 00

REMARK 4.5. — As in the previous sections we can consider potentials which are not
compactly supported. Here we can recover the potentials on Q if V' € H*® with s > 3/4.
Indeed, the arguments of this section require that

1/4 1/4
Gig2) " (i) (x

)||L2(]R2) < 00,

for which it is again convenient to take 2 to be an axis-parallel square. Then arguing as in
Remark 3.2, by the fractional Leibniz rule,

Ga2) ¢
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UNBOUNDED POTENTIAL RECOVERY IN THE PLANE 1041

By factorizing the integral using Fubini’s theorem and applying the argument of
Remark 3.2 in the zy-variable, this holds if

/
1G22) " (15%) "V ] e

(R2) < 00,

with sg > 1/2. Thusifa noncompactly supported potential is in H® with s > 3/4, we can
recover it on any compact domain.

Finally we note that the uniqueness result of Blasten [§8] can be observed using the
connection with the time-dependent Schrodinger equation. Indeed if the scattering data or
boundary measurements are the same for two potentials V; and V5, then by Alessandrini’s
identity (2),

[Va = Villpe = [[Va — Tlf+w‘/2 + T1+w = VillLe,
so that by the triangle inequality and Lemma 4.1, it suffices to prove
|V =TrV|—0 as k— oo,

which is a well-known property of the Schrodinger flow.

5. Proof of Theorem 1.4

First we construct a real potential V, supported in €, and contained in H® with s < 1/2,
for which

‘{x €q: lim ¢7[V() V(x)}‘ £0.

Throughout this section we work with a different set of coordinates from the previous
sections. Indeed, for Schwartz functions F', we abuse notation and write

CONF)) = oy [ e HOS B e

Let ¢, be a positive, even Schwartz function, compactly supported in [—1/4,1/4], and
consider ¢ = ¢, * ¢o, Which is supported in [—1/2,1/2]. Note that ¢ = ((EO)2 > 0. We
consider the potential V defined by

2) = V(@) = 3 207 cos(2m) $(2721)(w2)

j=2 j=2
- Z 20-B)i ¢i2 w2 (93 11 ) b(9) + Z 2081 ¢=2'%2 (2 1) § (o)
j=2 j=2
=2 Vi@ + 3 Vi (@)
§>2 j>2
which is supported in [ %, 3] x [—-1, 3]. If 8 € (1/2 + s,1), by changes of variables,

VI < € 302020021 [ [5e) e (1+ |6 de < oo
§>2
Thus V is finite almost everywhere, and we will show that e?+JV diverges on (15, 1] % [— 15> 15)-
This potential is an adaptation of an initial datum for the time-dependent nonelliptic

Schrodinger equation considered in [47]. The initial datum there was not real, the diverging
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sequence of time was allowed to depend on the point z, and more crucially, the initial datum
was not compactly supported. Thus our arguments will have a different flavor, working on
the frequency and spatial side simultaneously.

By changes of variables and the Fourier inversion formula,

1 127
eV (z) = 72( - /¢ (£1)B(&5) e T H1621(F 61 (@1-2 T D)+ Ea22) e
J

2(1 12]z2 . ~ .
/qs 29 (z1 — 2771 — 2t85)) p(&2) €272 dE,s.

Taking t = 1/k with k the nearest natural number to 271 /z;,

| (1=5)j i’ 2 U
V) = T [ olctend) - B 6)AE) e e,

where |¢(z1,7)| < 3 when 21 € [16, 1], so that, using the compact support of ¢, we see that

4 (1-8)j
o) = 2o [ ol -

Jkﬂ £2)6(E2) eigzwzd&)

2(1 03 9i+1 ~
’ / C(21,9) — H5—E€2) 6(&2) cos(Ea2) d@’.

Now when T2 € [— we have |222| < 1, so that | cos(€222)| > cos(1). Using the fact

1
wv 16);
that ¢ and qb are nonnegative, we obtain

o 2(1=8)J cos(1) (16 e VD
e DV ()] > 27008()/ P(¢(z1,5) — E—E) d(&2) déa
us —16
2 012(1—/3)j_

It remains to bound from above the solution associated to the other pieces of the potential.
Again, by the Fourier inversion formula,

) 2(1-p)¢ ~ ~ ) ) ¢
OV ()] = *21 it ertasaea @

2<1

)+§2z2)d§’

‘/¢ 2(e1 F I — %52))5(52)6"5”%52‘.

Using the fact that ¢(y) < C|y|‘1/2, we obtain

O < oot [ g,

241
|»’U1 + 2 %§2|1/2

Taking 0 < € < min{1/4,1 — 8}, and using the rapid decay of ¢A>, we see that

|esz[V:t]( )| <02(1/2 B)¢ (/ 1

. 9f+1
lg2]<2¢9 |21 F

dés + 02‘j>.

— 26|12
Now one can check that when £ # j or j = £ and F is an addition,

+
|%§2| < 3|CL°1 + 2 |
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when |€| < 27¢. Indeed, when j > ¢, the left-hand side is less than 1 || which is less than
the right-hand side. On the other hand, when j < £ or j = £ and F is an addition, the left-
hand side is less than |21 | which is less than the right-hand side. Thus, the integrand of the
final integral is nonsingular so that the integral is bounded by C|z;|~1/22¢ < C2¢.

By summing a geometric series in £, we obtain

‘ Z e FOVE (z) + ei%DVj_ (m)’ < 029,

£
and we can conclude that on [%, 3% =3, 15l
O > R - [ O + OV @) > €0 -
L#£j

which diverges as j tends to infinity. Considering forty-five degree rotations of the V;, which
are Schwartz functions, via the pointwise equality, this yields

THVI > ITEV ) - | 3 ThVE + ThVy ]| > 6i2i 9 — oy
£#£5

on a forty-five degree rotation of [15, ] x [— 1, 1], so that |T§[V]| diverges as k tends to

infinity. Thus, by Theorem 4.1, combined with Alessandrini’s identity (2),

{x ; ﬁ<(AV — Ao)[uk,ﬂag],e@a@ AV (z) as k — oo}

contains a forty-five degree rotation of [{=, 1] x [—4, 15, which has nonzero Lebesgue

measure. |

Note that this result is stable in the sense that k € N can be replaced by any sequence {n }ren
satisfying ny, € [k, k + 1).

REMARK 5.1. — In [50], Sjo6lin asked for which values of s is it true that

lim e ’cAf( ) =0, ae xeR(suppf),

k—o0

for all f € H*. In principle, this question could have stronger positive results and weaker
negative results than Carleson’s question: for which values of s is it true that

Jim "2 f(z) = f(z), ae xz€RY,

for all f € H*? Indeed, before Bourgain’s recent breakthrough [10], Sjolin proved a stronger
positive result for his question than what was known for Carleson’s question in three dimen-
sions. Here we solve Sjolin’s question completely for the nonelliptic equation in two dimen-
sions. That is to say,

klim e’%Df(x) =0, ae x € R*\(suppf),

forall f € H? ifand only if s > 1/2.
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Appendix

The DN map from the scattering amplitude

It is well-known that in the absence of zero Dirichlet eigenvalues there is a unique weak
solution to the Dirichlet problem (1) that satisfies

(20) lullzr @) < Clf (00

(see for example [20]—in two dimensions L™/2(R™) can be replaced by L?(R?)). Here
HY2(09Q) := HY(Q)/H}(R), where H(Q) denotes the closure of C$°(Q) in H'(). The
DN map Ay is then defined via duality;

<Av[f],1/;> = /QVu\IJ +Vu- VY,

forall U € H'(Q) with ¢ = ¥ + H}(Q). When the solution and boundary are sufficiently
regular, this definition coincides with that of the introduction by Green’s formula. To see that
Ay is well-defined, mapping into H~'/2(9Q), the dual of H'/2(9€), we note that by Holder’s
inequality and the Hardy-Littlewood-Sobolev inequality,

(v 171 0)| < lulls @19l @) + 1V Iallullzs o 2] 4o
< A+ WVl ull @) ¥ a0

whenever U € H(Q), so that by (20), we obtain
[(AvIfL )| < O+ VI rvs o0 1l a2 o)

There are a number of different approaches to showing that the scattering amplitude at
a fixed energy k2 > 0 uniquely determines the DN map Ay _,2 and vice versa (see for
example [5, 38, 57, 53, 55]). Here we follow a constructive argument due to Nachman [39,
Section 3]. We must additionally assume that 2 is not a Dirichlet eigenvalue of —A + V.
This can be arranged by taking € sufficiently large as the eigenvalues decrease strictly as
the domain grows [41] (the result of [36] can be extended to L2-potentials using the unique
continuation of [32]). We also additionally suppose that V' is real. The assumption that V is
compactly supported is indispensable here due to the existence of transparent potentials [25].

Let Gy and G be the outgoing Green’s functions that satisfy
(~A+V = k)G (z,y) =6z —y), (-A—k")Go(z,y) =0z ~y),
and let Sy and Sy be the corresponding near-field operators defined via single layer poten-

tials;

Sv(fl(z) = 89Gv($7y)f(y)dy, Solfl(z) = mGo(w,y)f(y)dy.

These are bounded and invertible, mapping H~'/2(8Q) to H'/2(d%) (the two-dimensional
proof can be found in [31, Proposition A.1]). Then Nachman’s formula [38],

Ay_,2=A_>+ S;l — S(;l,

allows us to recover the DN map on Lipschitz domains.
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Thus it remains to recover the single layer potential Sy from the scattering amplitude Ay
at energy k2. For w € S!, the outgoing scattering solution v(-, w, ) is the unique solution to
the Lippmann-Schwinger equation

(21) U(va)//‘:) = einy-w - Go(y,Z)V(Z)’U(Z,w,H) dz.
R2
For (o,w) € S' x S, the scattering amplitude then satisfies

(22) Av(a,w,/ﬁ):/ e RV (2)v(z, w, K) dz.
R2

When Q is a disc, Nachman recovers Sy via formulae given by expansions in spherical
harmonics as below. Otherwise he uses a density argument (we remark that Sylvester [55] also
invokes density in order to recover). Since we have been obliged to work with Q a square, at
this point we deviate and instead follow an argument of Stefanov [51], obtaining an explicit
formula for the Green’s function Gy in terms of Ay . Alternatively it seems likely that we
could pass to the DN map on the square from that on the disc via the argument in [40,
Section 6] for the conductivity problem, but we prefer this more direct approach.

Stefanov worked in three dimensions, with bounded potentials, and a number of details
change in two dimensions, so we present the argument. We recover Gy outside of a disc which
contains the potential, but which is contained in the domain, so that Sy can be obtained by
integrating along the sides of our square 2. For an extended version of this appendix, see [2].

First we require the following asymptotics.

LEmMA A.1. — We have
—1 €

G (2,0) = Golna) = g ot Sy (= 2 L) o ).

8k |zl |yl ERIE

Proof. — Tt is well-known (see for example (3.66) in [42]) that G satisfies

iz in|x| 1
e'a T
23 G = T - —
(3) vim2) = (8m)% %|x|év(z’ |x|’ﬁ) +O<|x|é>’
and, in particular,
iz ik|y| ) 1
e’ 4 € Y
(24) Go(y,2) = —<—1—x¢€¢ M7 +o(—)
(8m)z K2 [y|2 (|y|7>

On the other hand, it is easy to verify that
(25) Gu(2.9) = Golavy) = = [ Gule, 2V (2)Gow.2) dz
Substituting in (23) and (24), see that Gy (z,y) — Go(z, y) is equal to
—i ezl ginlyl / ik Y x 1
e "V (2wl 2, ——,k)dz + o —— ),
87k |zl [yt ) ( ] ) <I$I%|y|5)
so that by (22) we obtain the result. O

In the following, J,, and Hff) denote the Bessel and Hankel functions of the first kind
of nth order, respectively (see for example [35]). We also write z in polar coordinates as

(|, @)
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THEOREM A.2. — Let V € H* with s > 0 be supported in the disc of radius p, centred at
the origin, and consider the Fourier series
Ay (o,w, k) Z Z Qn,me eibo gimdboe
n€EZmeL
Then

GV($, y) - GO(x7y) = +man,mH7(L1) (H|x|)Hr(r%)(K|y|)eln¢zezm¢yu

16
n€EZmeZ

where the series is uniformly, absolutely convergent for |z| > |y| > R > 2p.
Proof. — We can expand Go(z,y) = £'H(l) (k|lz —y]|) as

Golw, ) = 3 (" (sl To(slyl) +2 3 B (slal)Ju(slyl) cos(pe — 6,)))

n>1

(see for example [17, Section 3.4] or [48, Theorem 3.4]). As H(l) =(- 1)”H7(Ll) and J_, = (-1)"J,,
in order to separate variables it will be convenient to write this as

Go(z,y) ZH“) (klz[)Jn (K]y])emP= e~ .
neZ
As before, it is easy to check that

Gy (@,y) — Golx,y) / Gol, 2)V ()G (2,y) d

and so substituting (25) into this we obtain Gy — Gy = —I; + I, where
1= [ Gole, 2V (:)Go(zv) dz

I, = /Go(%zl)v(zl)/GV(ZLZQ)V(%)GO(ZJ’Zz)dz2d21-

Now in both integrals we introduce the expansion of Gy (note that Go(z,y) = Go(y,x)),
extracting the terms independent of z, z1, zo. In this way we get

(26) = Z > anmHD (5|2 HD (kly|)en?= e,
nEZ meZ

27) =-— Z > BumH® (2] HS (kly|)e' o= ™o,
nEZ meZ

where

O = [ Vsl Tn(sla)e % d,

Br,m =/ Jn(K|21])V (21) Gy (21, 22)V (22) I (K| 22| )€ 971 €722 dzy d 2.
R4

It remains to show that the sums (26) and (27) converge uniformly and absolutely
for || > |y| > R > 2p. Once we know that this is the case, we can take limits and use
the asymptotics of the Hankel functions for large r;

1
HO () = o5+ D () e 4 of
mr

|~

N

r
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(see for example [35, Section 5.16]), and then Lemma A.1 tells us that

1 . 2 ,(—1)”
_ C(_n\ntm+1 2 _ — _
16( Z) ﬂ_(ﬂn,m an,m) ? St An, m-

To see that the sums converge note that, by Holder’s inequality, we have
|an,m| < CollVI2lTn (5] - DL 8,) | Tm (6] - D= (B,),
Brm| < NGV llz2s,x B IV 22l Tn (8] - DIz~ 8,1 m (5] - Do (5,)-
At this point we deviate from [51] as there seems to be less local knowledge regarding Gy in
two dimensions. Instead we can rewrite (25) as
GV(" y) = G0(7y) - (_A +V - H2 - ZO)_l[VG0(7y)]7
and use that the resolvent is bounded from L2((1+|-]?)%) to L2((1+|-|?)~%) with § > 1/2
(see [1, Theorem 4.2]). Thus, using that V' is compactly supported, and taking ; =  + ¢
with large p so that 1 — 2 = s,
<|Go( ) le2s,) + ColVGo(, )l 22(B,)
<NGo(5 Y2,y + ColVIgGo (s 9)lle(m,)
< Go(,9)lL2(,) + CollVIia:1Go (s 9)ll e (5,),
by the Hardy-Littlewood-Sobolev inequality. Integrating again with respect to y, and re-
calling that the singularity of Hél) at the origin is logarithmic, we see that ||Gv||z2(B,xB,) < C.
Then, using the Taylor series expansion for the Bessel function,

2j+|n| 1 /p In|
- <c,—(£)", o<r<y,
nl = ‘Z |n|+] ( ) Pl \2 P

IGv (-, 9)llz2(B,)

we see that

ol < GVl (2) " 2 (2)™

In[tA2/ |m[! 12

Brm| < Co(1+ |V II3.) — 1 ( )' nl 1 ( >\m|.

[nlt\2/  [m|t\2
Finally, we require the Hankel function estimate,
) In|
HOG) < rlnl ()", R<r,

which is proven in [2, Lemma 2.3]. The sums (26) and (27) are then bounded by a constant

multiple of
> Y () ()"

n=>0m>=0

which is convergent when |z| > |y| > R > 3p, and so we are done. O
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