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THE OBSTACLE PROBLEM
FOR THE TOTAL VARIATION FLOW

BY VEreENA BOGELEIN, FrRank DUZAAR
AND CHRISTOPH SCHEVEN

ABSTRACT. — We prove existence results for the obstacle problem related to the total variation flow.
For sufficiently regular obstacles the solutions are obtained via the method of minimizing movements.
The results for more general obstacles are derived by approximation with regular obstacles in the sense
of a stability property of solutions with respect to the obstacle. Finally, we present the treatment of
the evolutionary counterpart of a classical stationary result concerning minimal surfaces with thin
obstacles by means of the (n—1)-dimensional variational measure introduced by De Giorgi, Colombini
and Piccinini.

RESUME. — Nous démontrons des résultats d’existence pour le probléme de 1’obstacle 1ié au flot de
variation totale. Pour les obstacles suffisamment réguliers, nous obtenons les solutions via le procédé
de minimisation des mouvements. Les résultats pour les obstacles plus généraux sont dérivés par
approximation avec des obstacles réguliers dans le sens d’une propriété de stabilité de solutions relative
al’obstacle. Enfin, nous présentons le traitement de la contrepartie parabolique d’un résultat classique
concernant les surfaces minimales avec des obstacles minces au moyen de la mesure variationnelle
(n—1)-dimensionnelle introduite par De Giorgi, Colombini et Piccinini.

1. Introduction and results

The total variation flow
(1.1) Byu — div (HI;—Z') —0
is an important prototype example of a nonlinear parabolic equation. The equation is one
of the borderline cases of the parabolic p-Laplacian equation, namely the case p = 1, and
therefore (1.1) is often called the parabolic 1-harmonic flow. Formally, the equation can be
interpreted as the L2-gradient flow associated to the 1-energy. As it is well known, problems
with linear growth find their natural formulation in the framework of functions of bounded
variation, for short BV-functions. The precise setup shall be given later in §1.1.

There is a large interest concerned with this equation, and we refer to [3, 4, 5, 6, 7, 10] for
the first generalized (weak) formulations of (1.1); see also the monograph [8]. These concepts
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1144 V. BOGELEIN, F. DUZAAR AND C. SCHEVEN

rely on the Anzellotti pairing [9] and the existence proofs are based on nonlinear semi-
group theory, in particular on techniques of completely accretive operators and Crandall &
Liggett’s semigroup generation theorem. Another approach, introduced by Lichnewsky &
Temam in [32], suggests the interpretation of (1.1) in terms of the generating 1-energy in
the sense that solutions of the associated Dirichlet problem solve a variational inequality.
Roughly speaking and on a purely formal level, a solution v = wu(z,t) to the Dirichlet
problem associated to (1.1) on a space-time cylinder Q7 = Q x (0,T") (22 a bounded domain
in R™ and T' > 0) for given initial values u,: @ — R, can be interpreted as a solution of the
variational inequality

//QT | Du|dzdt < //QT [0,0(v — u) + | Dv|] dadt

(1.2) = 2l = WD)l (0) + 3110(0) = wollZz o

for any (sufficiently regular) comparison function v: Q27 — R coinciding with u on the lateral
boundary 9 x (0,T). According to [32] solutions of the variational inequality are termed
pseudo solutions or variational solutions. The viewpoint of pseudo solutions to variational
inequalities has been adopted in [13] for the treatment of gradient flows related to functionals
arising in image restoration problems, for example the famous Rudin, Osher & Fatemi image
denoising model [36]; see also [12] for flows related to convex, coercive variational integrands.

In this work, we are concerned with the so-called obstacle problem related to the total
variation flow equation, meaning that we are interested in solutions of (1.1) subject to
the additional pointwise obstacle constraint that they lie above a given obstacle function
1¥: Qr — R. For the obstacle function at the initial time one poses the compatibility
condition ¥(0) := (-,0) > wu, on . This leads to the variational inequality (1.2) in the
sense that a function u solves the obstacle problem to the total variation flow if u >
on Qr and the variational inequality (1.2) holds true for any comparison map v with the same
boundary values as u on the lateral boundary and such that v > ; see Definition 1.1 below
for the precise notion of solution. Classic references for the obstacle problem related to the
parabolic p-Laplacian, respectively the porous medium equation are [1], the monograph [34],
and more recent ones [14, 15, 16, 37]. An alternative approach to obstacle problems would
be the construction of the smallest supersolution to the total variation flow equation staying
above the obstacle function . This point of view, which plays a fundamental role in any
nonlinear potential theory, is applied for parabolic p-Laplacian (type) equations in [31, 33]
and more recently for the porous medium equation in [30].

Our main concern in this paper is to build up a satisfactory existence theory for the
obstacle problem for the total variation flow. The challenge here is to find the proper
formulation of the obstacle problem, making possible a sufficiently general existence theory,
which, for example, allows the treatment of obstacle functions modeling thin obstacles. Such
a theory could also be one of the building blocks for the definition of a parabolic 1-capacity.

1.1. Formulation of the obstacle problem

The rigorous formulation takes place in the parabolic function space L%, (0, T; BV(Q)),
consisting of those maps v: (0,7) — BV(Q2) which are weakly*-measurable and such that
t — ||Dv(¢)||() is in LP(0,T); see § 2 for the precise definition and the notion of the total
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OBSTACLE PROBLEM FOR THE TOTAL VARIATION FLOW 1145

variation ||Dv(t)||(2). As it is well known, dealing with boundary values for functions of
bounded variation is a delicate issue, since the trace operator is not continuous with respect
to the weak* convergence in BV (). To overcome this problem, we consider a slightly larger
reference domain 2* compactly containing the bounded open set 2. Then, given a reference
function u, € BV(Q*), the Dirichlet boundary condition u = wu, on 952 for a function
u € BV(Q*) is defined by requiring that u = u, a.e. on Q* \ Q. For functions with this
property we write v € BV,,_(£2) for short. The space L%,.(0,T; BV, (2)) is defined as the
space of functions v € L%,,(0,T;BV(2*)) such that for almost all time slices ¢ the map
u(t) := wu(-,t) belongs to BV, (). In terms of the described notion of boundary values
the obstacle problem for the total variation flow can be formulated as follows. We consider
initial data u,: Q* — R with

(1.3) u, € L*(Q*) NBV(Q¥),
and obstacle functions ¢: Q2% — R with
(1.4) Y e L*(Q%) N L, (0,T;BV,, (2)).

Moreover, we postulate that ¢ admits initial values (0) in the L?(Q2*)-sense, satisfying
the compatibility condition % (0) < wu, a.e. in Q*. Finally, we assume that there exists a
sufficiently regular extension g of the initial datum wu, to Q}, more precisely a mapping
g: % — R such that
9 € Ly, (0,T; BV, (Q)) with 0,9 € L(Q7),
(1.5)
9(0) = u, and g > ¢ a.e. on Q.

The following definition gives the notion of variational solution to the obstacle problem for
the total variation flow, that we will use in this paper. In a certain sense, the concept here
seems to be the natural extension of the classical definition of pseudo solutions given by
Lichnewsky & Temam in [32].

DEerINITION 1.1 (Variational Solutions). — Assume that the Cauchy-Dirichlet datum u,
and the obstacle ¢ fulfill the hypotheses (1.3) and (1.4). Moreover, assume that the compat-
ibility condition (1.5) holds true. We identify a measurable map u: % — R in the class

u € L*([0,T); L*(Q*)) N L%, (0, T; BV, () with u > ¢ a.e. in Qp
as a variational solution to the obstacle problem for the total variation flow if and only if the
variational inequality

/ ||Du||(Q*)dt§/ 8tv(v—u)dwdt+/ | Dol|(Q*)dt
0 Qx 0

(1.6) = 3l = w(NZ2 (@) + 3110(0) = uoll72(0r)
holds true, for a.e. 7 € [0,T] and any v € L., (0,T;BV,, () with 8;v € L*(Q%),
v(0) € L2(*) and v > ¢ a.e. in Q.

Observe, by assumption (1.5) the map g is an admissible comparison function in the
variational inequality (1.6). This allows the testing of (1.6) by v = g, and leads to certain
energy bounds. In particular one can conclude that variational solutions attain the initial
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1146 V. BOGELEIN, F. DUZAAR AND C. SCHEVEN

datum u, in the L?(Q*)-sense; see Lemma 2.5 below. Our first main result concerning the
obstacle problem to the total variation flow is the following:

THEOREM 1.2. — Assume that Q C R™ is a bounded Lipschitz domain with Q € QF,
and moreover that u,, satisfy (1.3), (1.4), (1.5) and the compatibility condition ¥(0) < u,
a.e. in Q*. Then there exists a variational solution

u € L%(0,T; L*(2%)) N Ly, (0, T3 BV, (2))

with u > ¥ a.e. on Qr of the obstacle problem in the sense of Definition 1.1. Furthermore, the
solution attains the initial datum u, in the usual L*(Q2*)-sense.

A second main result deals with obstacles for which ¥ — u, is lower semicontinuous.
In particular, in the case v, = 0 this means that the obstacle function itself is lower
semicontinuous. We note that in contrast to our other two existence results, in this case we
need not require any regularity of the boundary of the domain. The precise result reads as
follows:

THEOREM 1.3. — Assume that Q@ C R™ is a bounded domain with Q € Q*, that the initial
values satisfy u, € L2(Q*) N WHY(Q*) and the obstacle function ¢ : Q% — R fulfills the
requirement that

(1.7) Y — u, is lower semicontinuous on Qr with spt(v — u,) € Q.

Moreover, we assume that the compatibility condition (1.5) is satisfied. Then there exists a
variational solution w € L>(0,T;L?*(Q*)) N LL,(0,T;BV,, (Q)) withu > ¢ a.e. on Qr
of the obstacle problem in the sense of Definition 1.1.

The third main result of the present paper is concerned with the class of obstacle functions
for which ¢ — u, is upper semicontinuous, so that in particular thin obstacles that are
concentrated on lower-dimensional sets are included. For thin obstacles, the variational
formulation of the obstacle problem described before in general has no solution. The classical
elliptic case is analyzed in [17], with the result that it is necessary to pass to a relaxed version
of the total variation functional. Roughly speaking, this functional penalizes the violation
of the obstacle constraint on lower dimensional sets. The relaxed functional is defined via
De Giorgi’s measure o (see §3.4 and (3.39) for the rigorous definition of the De Giorgi
measure) that was originally introduced for the study of obstacle problems in the setting of
geometric measure theory, see [19, 20, 35], and also [28] for corresponding results in metric
spaces. Our main result in this case is as follows:

THEOREM 1.4. — Assume that Q C R"™ is a bounded Lipschitz domain with Q € Q* and
that the initial values satisfy u, € L*(Q*) N WH1(Q*). For the obstacle function ¢: Q% — R
suppose that

(1.8) Y — u, is upper semicontinuous on Qp with spt(y — u,) € Q.
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Then there exists a solution u € L*(0,T;L*(Q*)) N LL,(0,T;BV,, () of the relaxed
obstacle problem in the sense that

(1.9) /OT||Du||(Q*)dt+/OT [/Q(«/;—u+)+da] dt

S/ G‘tv(v—u)dxdt—i—/ || Dv||(€2*)dt
Qx 0

= 3l = W)(T)|Z2 (@0 + 310(0) — wolZ2(ar)

holds for a.e. 7 € [0,T] and every v € L. _(0,T;BV, (Q)) with v € L*(Q%) and
v(0) € L2(Q*) for which

(1.10) v — u, is lower semicontinuous on Qp
and v > 1 holds everywhere in Qr.

As mentioned already, by o we denote the De Giorgi measure, and u™: Q* — R stands
for the upper approximate limit of u € BV,.(2*) defined by

ut (x) = inf {)\ € R : limsup 2" ({u > A} N Br(z)) _ 0}_

rl0 rT

Observe that u™ equals the Lebesgue values of u in the approximate continuity points and
the larger of the two jump values in the approximate jump points. The solution of the
obstacle problem may violate the obstacle constraint w > 1. This is penalized by the integral
involving the De Giorgi measure. However, as a consequence of the variational inequality the
exceptional set E = {ut < ¢} is small, in the sense that

H-dim(ENR" x {t}) <n—1 forae. te[0,T]

For the proof we refer to Remark 3.9. Finally, we point out that since the De Giorgi measure
is not o-finite, Fubini’s theorem does not apply to the double integral involving the De Giorgi
measure, cf. Remark 3.8. It is therefore important to evaluate the double integral as indicated
in (1.9) by first integrating with respect to o over each time slice and then to integrate with
respect to time.

REMARK 1.5. — The lower semicontinuity assumption (1.10) on the comparison
map v in (1.9) is natural—even in contrast to the upper semicontinuity condition for
the obstacle 1»—in order to prescribe the obstacle condition v > 1 pointwise. This can be
seen by the simple model example of boundary values u, = 0 and a time-independent thin
obstacle ¥(z,t) = xm(x), where M € Q is a closed (n — 1)-dimensional submanifold. In
this situation, the usage of lower semicontinuous comparison maps allows us to compare the
solution to the thin obstacle problem with characteristic functions v(x,t) = xy(z) of open
neighborhoods U O M. This is also reminiscent of the definition of the De Giorgi measure,
cf. Definition 3.7, where a thin set is approximated by open sets from outside. In particular,
to assume (1.10) seems to be more natural than to prescribe upper semicontinuity for the
comparison maps. In the model case described above this allows us to take comparison
maps v € L}, (0,T;BV(Q*)) by thickening the obstacle by open sets.
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1148 V. BOGELEIN, F. DUZAAR AND C. SCHEVEN

REMARK 1.6. — A few words concerning uniqueness of solutions are in order. Uniqueness

is quite easy to obtain for strong variational solutions to problems with regular obstacles,
i.e., obstacles ¢ such that 9,y € L%*(Q%) and (2.12) hold true. For strong variational
solutions—introduced in Definition 2.7—we require the additional regularity property
u € C°([0,T]; L*(92*)). This is the main difference to the concept of solutions introduced
above and is crucial for the proof of the uniqueness that follows from the comparison
principle in Lemma 2.12. In Theorem 3.1 we give an existence result for unique strong varia-
tional solutions for obstacles that are sufficiently regular in the sense that 9,9 € L?(Q%) and
0;Dy € L'(2,R™) hold true. These solutions are the building block for the construction
of solutions to more general obstacles by suitable approximation schemes, during which
the uniqueness property possibly is lost. The proof of uniqueness for these solutions fails
because we do not have the property v € C°([0,T]; L?(Q*)) at our disposal, which we
clearly cannot expect if the obstacle function fails to have the same property. Anyway, we
chose to treat obstacle functions that are irregular with respect to time because our aim was
to include obstacles of the form ¢ = x4 for A C Qrp, since these constitute the building
blocks for a parabolic potential theory for the total variation flow. This, however, forces us
to weaken the notion of solution, i.e., to abandon the assumption u € C°([0,T]; L?(Q*))
and require instead only u € L>(0,T; L?(Q2*)). This is exactly the technical point where the
proof of the uniqueness of the solutions in Theorem 1.2 fails.
Our existence result Theorem 1.4 for the case of thin obstacles is again motivated by possible
potential theoretic applications. We are interested in obstacle functions of the type ¥ = xx
for a compact subset K C Qr and initial datum u, = 0, which corresponds to our assump-
tion on upper semicontinuity of ¢. In particular, we wish to include thin obstacles that are
moving in time such as ¢ (z,t) = xam@)(z), where M(t) denotes a moving hypersurface.
Such obstacles do not satisfy a regularity assumption such as 9,10 € L2(%), which is the
reason why the proof of uniqueness fails in this case.

However, our goal in the present work is to establish existence results in the most general
cases that are accessible by our methods, even if the uniqueness property is not available. In
any case, uniqueness of solutions in the case of irregular obstacles is a major open problem.

1.2. Methods of proof

The key ingredient in the proofs is a basic result concerning regular obstacles 1. Regular
means, that

Y € WH(Q3), 0w € L*(Q7), and 8, Dy € L' (27, R™)

with ¢ = wu, on (2* \ Q) x (0,T). For such obstacles the concept of variational solutions
allows a stronger version, which we call strong variational solutions. The difference to Defi-
nition 1.1 consists in the facts that on the one hand the variational solution is assumed to
satisfy the additional regularity requirement u € C°([0, T]; L?(Q2*)), and on the other hand
that the variational inequality is only imposed on the whole time interval [0, T']. The latter is
natural, since the C°— L2-continuity of u and the strong regularity assumptions on v allow
the localization of the variational inequality to any sub cylinder 2%; see §2.7.1. The main
existence result for strong variational solutions is contained in Theorem 3.1. It guarantees
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the existence of a unique strong variational solution to the obstacle problem to the total vari-
ation flow on €27, the uniqueness being a consequence of the comparison principle for strong
variational solutions and regular obstacles.

For the construction of the strong variational solution in §3.1 we use a time discretiza-
tion procedure, also called the method of minimizing movements. In our setting this works
as follows: For a fixed integer £ € N we sub-divide the interval (0,7] into subintervals
((4 — 1)h,ih] with i € {1,...,€}, where h := Z. We also let ¢; := 9 (ih). We then induc-
tively construct a sequence u; € L?(Q*) N BV, () of minimizers to the elliptic variational
functionals

* 2
F;[v] := || Dv||(2") + Tlh/ﬂ v —u;_1|"da

in the non-empty class of functions v € L?*(Q*) N BV, (Q) with v > ; a.e. in Q. Note
that g; := g(ih) is admissible. For ¢ = 0, then w, will be the initial datum. The sequence of
minimizers is glued together to a map (™ : Q* x (=h,T] — R by

uM(t) :=u;  forte ((i —1)h,ih] withi € {0,...,£}.

Using the minimizing property of the maps wu;, it is possible to derive an energy estimate
that ensures weak*-subconvergence of u(® to a limit map u € L., (0,T;BV,,(Q)). This
is the point where the regularity assumption on the obstacle is crucial, because it enables us
to construct suitable comparison maps that satisfy the obstacle constraint. Moreover, the
minimizing property of the u; can be translated into a variational inequality for u(*), and
passing to the limit, we infer that « is the desired strong solution.

For the proof of the existence result in Theorem 1.2, which deals with obstacles satisfying
the much weaker regularity assumption v € L?(Q%) N L}, (0,T; BV, ()), we employ a
two-step approximation procedure. In a first step, we mollify the obstacle in time to reduce
the problem to the case of obstacles with weak time derivatives 9;% € L?(Q%). The second
and more intricate step consists of a mollification of the obstacle in space. We define a
mollification operator M [¢/] (cf. (3.17)) in such a way that the mollifications converge strictly
in the sense that [, ||D(M.[¢])[|(Q)dt — [ [|Dy||(Q)dt holds in the limit ¢ | 0 and at the
same time, M.[¢] agrees with the mollification of u, outside of 2. The derivation of these
properties relies on some subtle properties of the traces of BV-functions, cf. Lemma 3.6.
Having this mollification operator at hand, we can then solve the obstacle problems for
the regular obstacles M.[¢)] and pass to the limit € | 0. Applying the same operator to a
comparison map v with v > 9 a.e. on 2, we obtain maps M.[v] > M,[¢] a.e. on 2 that are
admissible as comparison maps for the approximating solutions. Passing to the limite | 0, we
can thereby show that the limit map is a solution to the obstacle problem with the irregular
obstacle 1.

The approximation argument for lower semicontinuous obstacles 1) is straightforward
because such obstacles can be approximated monotonically from below by smooth obstacles
¥; 11 as i — oo. The assumption (1.5) provides us with energy bounds for the solutions u;
to the corresponding obstacle problems, from which we infer weak*-convergence to a limit
map v € L., (0,7;BV,, (). By construction, every comparison map v > 1 for u
also satisfies v > ); and is therefore admissible as comparison map for ;. Passing to the
limit ¢ — oo, we can thereby deduce the claimed variational inequality for the limit map u.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



1150 V. BOGELEIN, F. DUZAAR AND C. SCHEVEN

The case of upper semicontinuous obstacles is much more intricate, because it includes
the case of thin obstacles. For the exposition of the main ideas in this situation, which
is considered in Theorem 1.4, we restrict ourselves to the case of zero boundary values
u, = 0. Then, our assumptions on the obstacle are that ¢ is upper semicontinuous with
compact support in Q. This includes in particular obstacles whose support is a lower-
dimensional set. The upper semicontinuity of 1) makes it possible to approximate the obstacle
monotonically from above by regular obstacles. This approximation procedure can be made
explicit by means of the Yosida regularization sz of ¢ for k > k, € N, which is, roughly
speaking, the smallest Lipschitz continuous function with Lipschitz constant < k that lies
above v (cf. § 3.4, proof of Theorem 1.4 for the precise definition). An additional mollification
provides us with a sequence of regular obstacles 1, that converges monotonically to the given
obstacle 1. The obstacle problems for the 15 have solutions uy by the existence result from
Theorem 3.1 for regular obstacles mentioned before. At this stage, it is crucial that these
solutions satisfy a comparison principle, which implies that also u; converges monotonically
almost everywhere to a limit map u. Moreover, since the first obstacle function v, is an
admissible comparison map for the solutions uy, we easily infer an energy estimate ensuring
u € L*(0,T; L3(Q))NLL,(0,T;BV,, (Q)). However, the limit map may violate the obstacle
constraint on exceptional sets that are lower-dimensional in the sense of Remark 3.9. This
phenomenon was already observed in the elliptic setting in [17]. Following the approach
from [17], we add a penalization term to the total variation. More precisely, we penalize the
violation of the obstacle constraint on lower-dimensional sets by means of the De Giorgi
measure. Using the lower semicontinuity result from [17] separately on each time slice, we
are able to derive a variational inequality for the limit map u which contains the additional
penalization term, see (1.9). In a first step, this inequality is derived for Lipschitz continuous
comparison maps v > v, because they automatically lie above the Yosida-approximations QZ k
by their definition. In a second step, we then generalize the variational inequality to lower
semicontinuous comparison functions with v > 1 everywhere on Q2 with the help of the
mollification operator M, [v] mentioned above.

1.3. Plan of the paper

The article is organized as follows. In § 2 we first introduce some notation, parabolic func-
tion spaces and a mollification procedure with respect to time. As already mentioned, in § 2.5
we prove that variational solutions in the sense of Definition 1.1 attain the initial datum wu,
in the L2(Q*)-sense. In §2.7 we introduce the concept of strong variational solutions, used
throughout the existence proof, together with some properties of strong solutions. §3 is
devoted to the proof of the existence results from Theorems 1.2—1.4. We start in § 3.1 with
the existence of strong variational solutions to obstacle problems with regular obstacles; see
Theorem 3.1. This result is then used in the last subsections to prove the main results on
existence of variational solutions by different approximation procedures. In §3.2 we prove
the existence result from Theorem 1.2 for obstacles v € L., (0, T;BV,, (2)). The existence
in the setting of lower semicontinuous obstacles as considered in Theorem 1.3 is achieved
in §3.3. Finally, the existence result for upper semicontinuous obstacles from Theorem 1.4
is proved in §3.4.
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2. Preliminaries and notations

2.1. Notations

For p € [1,00] and an open set @ C R, the spaces LP(2), W?(Q) and W,*(Q)
denote the usual Lebesgue, respectively Sobolev spaces. Moreover, by Qp, with T' € (0, co0)
we denote the space-time cylinder 2 x (0,7). By BV(£2) we denote the space of functions
u € LY(Q) with finite total variation

@1 IDuf(@) = sup{ [ wdiveds: ¢ € CHORY, [€llieio < 1} < .
Q
The norm in BV(€?) is defined by

lullsv o) = llullzr(@) + [[Dul|(£2).

It is well known that boundary values for BV (£2)-functions are a delicate issue, since the
trace operator is not anymore continuous with respect to the weak* convergence in BV(Q2).
For instance, a sequence of characteristic functions of finite perimeter sets converging to
the characteristic function y demonstrates the occurring difficulties. One way out of these
difficulties is to consider a slightly larger domain 2* containing 2 on which the boundary
values can be extended, and then to formulate the boundary condition in terms of the
extension u, by requiring that v = wu, on Q* \ Q. To consider a larger reference domain
is natural, since in general the total variation of minimizers will charge the boundary 952
of . Instead of using the approach via the reference set 2*, one could use an integral
representation formula for the total variation containing a boundary penalty term. Such a
formula is well known for Lipschitz domains €2, and we could have followed also this path.
For more precise statements concerning the traces of BV-functions we refer to §3.2.1 below.
Our precise set up is as follows: Let {2 and 2* be two bounded open subsets of R™ such that
Q € O* and let u, € BV(Q*) be given. Then we define the space BV, (£2) as the space of
functions v € BV(Q*) such that u = u, almost everywhere in Q* \ 2.

2.2. Parabolic function spaces

We recall that a function v: I — X from an interval I C R to a Banach space X
is called strongly measurable if there is a sequence of simple functions vi: I — X with
|lve(t) — v(t)||x — Oforae. t € Task — oo. Forl < p < oo, we write L?(I; X) for the
space of strongly measurable functions v: I — X for which the function I 5 ¢ — |[v(t)| x
is contained in LP(I).
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2.2.1. Weak*-measurability. — The theory becomes more intricate in the case X = BV (),
because the space BV(Q2) is not separable. On the other hand, it is well-known that
BV(R) is the dual space of a separable Banach space X, whose elements can be written
as g — divG for g € CQ(Q) and G € CJ(Q,R™), see e.g., [2, Remark 3.12]. A function
v: I — BV(Q2) = X is called weakly*-measurable if the mapping I > ¢ — (v(¢), ) € Ris
measurable for every ¢ € Xy, where (-, -) denotes the dual pairing between BV () and Xj.
We note that for every weakly*-measurable function v: I — BV(2), the norm [|v(t)||sv ()
also depends measurably on ¢t € I, since it can be rewritten as

lv(®)llBvie) = sup {(v(t),¢) : ¢ € Xo, lollx, <1}

by the definition of the dual norm of X{. The right-hand side depends measurably on t € T
since by definition, ¢t — (v(t), ) is measurable and X is separable.

2.2.2. Weak* vs. strong measurability. — The weak*-version of Pettis’ theorem [22, Teorema
2.2] tells us that a function v: I — BV(Q) is strongly measurable if and only if it is
weakly*-measurable and almost separably valued. The latter means that there exists a
negligible set N C I so that v(I \ N) is a separable subset of BV(Q). This condition is
already violated by such simple examples as a characteristic function of a body of revolution
v(z,t) = XB,,, () with a non-constant function ¢ € C°(I, Rs). Since we certainly do not
want to exclude such functions as possible obstacles, we are forced to take weak*-measurable
functions into account. For a brief account on the different notions of measurability and
the related concepts of integration, we refer to [21, Chap. 2].

2.2.3. Weak*-Lebesgue spaces. — For 1 < p < oo we define

L2 (I;BV(Q)) := {v: I - BV(Q)

v is weakly*-measurable with }
te lv@®)lBvia) € LP(I)

Every v € L}, (I;BV(Q)) is Gel'fand integrable in the sense that for every measurable set
E C I there exists a Vg € BV(Q), called the Ge!fand or weak*-integral of v and denoted
by Vg = (G)- [, v(t) dt, with the property

(Ve,p) = / (v(t), p)dt for every ¢ € Xj.
E

This follows from the fact that the right-hand side defines a continuous linear functional
on X, and BV(2) = X{). We note that we have the embedding

LL.(I;BV(Q)) — LY(I; L*(Q)) ~ L' (2 x I).

Here, the strong measurability of u: I — L'(£) is a consequence of Pettis’ theorem and the
separability of L!(Q).

Since BV(Q) = X, we know from [27, Sect. VIL.4] that
L3.(LBV(Q)) = [LM(T X)),

and therefore, in the space LS, (I; BV(£2)) we have the usual notion of weak*-convergence
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at our disposal. By [22, Prop. 3.2] the convergence vy — v weakly* in L2, (I; BV(Q2)) is
equivalent to

o % v weakly* in [L1(I;C2(2))] and
D,vy, % D;v weakly* in [L*(I;C3(2))]' foranyi € {1,...,n}.

2.3. Mollification in time

Variational solutions in the sense of Definition 1.1 are in general not admissible as
comparison maps in (1.6), since they do not obey the necessary regularity with respect to
time. To overcome this problem, one is forced to use a mollification procedure with respect
to time, to construct testing functions with the correct regularity with respect to time. One
standard possibility is the usage of Steklov averages. However, Steklov averages have the
disadvantage, that they are not preserving the initial condition at ¢ = 0, which is crucial in
case of global arguments. Much more suitable is the construction of the mollification [vy]y,
h > 0, to a given function v, such that it (formally) solves the ordinary differential equation

2.2) B [vln = — L ([o]n — v)

with initial condition [v],(0) = v,. The precise construction is as follows. Let X be a sepa-
rable Banach space and v, € X in the applications we will have X = L%(Q) for ¢ > 1
and the related parabolic space L"(0,T; L4(Q2)). Later on, we need the non-separable
space X = BV(Q2) and the corresponding parabolic space L}, (0,7;BV(Q2)); recall that
functions v € L., (0,T;BV(£)) belong to L'(0,T; L' () = L1 (7). Now, we consider
v e L"(0,T; X) forsomel < r < oo, and define for h € (0,T] and ¢ € [0, T| the mollification
in time by

¢ t
(2.3) [W]a(t) = e Fv, + %/ e 7 u(s)ds.
0

The basic properties of the mollification [- ], are provided in the following Lemma, cf. [29,
Lemma 2.2], or [11, Appendix B] for the proofs of the particular statements.

LEMMA 2.1. — Suppose X is a separable Banach space andv, € X. If v € L™(0,T; X) for
some T > 1, then the mollification (v, defined in (2.3) fulfills [v];, € L"(0,T; X) and for any
t, € (0,T] there holds

1
11l 0.0,y < N0l + [ 2 (1 = €= %) | leollx.

In the case r = oo the bracket |. ..]% in the preceding inequality has to be interpreted
as 1. Moreover, in the case r < oo we have [v], — v in L"(0,T;X) as h | 0. Finally,
if ve C%0,T); X) and vy = v(0), then [v], € C°([0,T); X), [v]x(0) = v,, and moreover
[v]p — vin CO([0,T); X) ash | 0.

For maps v € L™(0,T; X) with ;v € L"(0,T; X) we have the following assertion.

LEMMA 2.2. — Let X be a separable Banach space andr > 1. Assume thatv € L"(0,T; X)
with Oyv € L"(0,T; X). Then, for the mollification in time defined by

[v]n(t) := e~ 7 v(0) + %/0 e v(s)ds
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the time derivative can be computed by

t
B[] (t) = %/ e 7 O,v(s)ds,
0
and, moreover we have that

||8t[v]h”Lr(0’T;X) < ||8t/U||L’"(O,T;X)

holds true.

The next Lemma ensures the convergence of the total variation ||D[v]| — ||Dv|| in the
limit 4 | 0, provided thatv € L., (0,T;BV(£)). The proof can for instance be deduced from
[13, Lemma 2.6].

LEMMA 2.3. — Let T > 0. Assume that
v e LL,(0,T;BV(Q), and v, € BV(Q).

Then, we have
[Vl € Ly, (0, T; BV(9)),
with the estimates || D[v]n (-, t)||(2) < [||Dv(-, t)||(Q)]p for any t € (0,T) and
T

T
lim ||D[U]h(t)||(9)dt:/0 [ Du()]|(2)de.

nlo Jo

2.4. Lower semicontinuity of the integrated total variation

LEMMA 2.4. — Assume that the sequence u; € L., (0,T; BV (Q)) satisfies u; — u weakly
in L (Q7) as i — oo, for some u € L' (Q7), and

T
liminf/ | Du; ()] (£2)dt < oo.
11— 00 0
Then we have u € LY (0, T;BV(2)) and

T

T
(2.4) / | Du(t)(@)dt < lim nf / |Dus Ol ().

Proof. — Since v € L*(Qr), the map [0,T] 3 t — [, u(-,t)div{dz is measurable for
any fixed ¢ € C}(£2,R™). Because C& (2, R™) is separable, also the supremum of the above
integrals over ¢ € C}(Q,R™) with |||z~ < 1 is measurable, from which we infer that the
total variation ¢ — || Du(t)||(2) depends measurably on time.

Next, we consider the time mollifications [u;], from §2.3 with v, = 0, for any h € (0, T.
We observe that for a fixed h, the weak convergence u; — u in L!(Q7) implies

(2.5) [uiln(t) — [u]n(t)  weakly in L1(Q) for every t € (0,T), as i — oo.

Next, we use the lower semicontinuity of the total variation defined in (2.1) with respect to
weak L'-convergence. This can be checked by noting that the integrals in (2.1) are continuous
with respect to weak L'-convergence and consequently, their supremum is lower semicontin-
uous. In view of (2.5), we thereby obtain

D[l ()|(2) < lim inf [ Dfula (9] () < liminf [ Dus [(©)], (1
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for any ¢t € (0,T). The last estimate is a consequence of Lemma 2.3. Fatou’s lemma further
implies

T T
2.6) | 1Dt @@t < timint [ [Duf )], ()
0 11— 00 0

T
< liminf/ (| Du; ()| (£2)dt,
11— 00 O

forevery h € (0, T, where in the last estimate, we used Lemma 2.1 with » = 1. For a sequence
0 < he | 0 we have [u]n,(t) — wu(t)in L1(Q) for a.e. t € (0,T) and thereby, for every
¢ € Cj(2,R™) with |[¢]| e () < 1 we get

[ woyaivao = Jim [ ful, (0 divcda < fim DLl (/@)

by the definition of the total variation. Next, we take the supremum over ¢ on the left-hand
side and integrate over (0,7"). Then we use first Fatou’s lemma and then (2.6) in order to
estimate

@7) [ ipui@ar < [ i Dl @l@)a
<timint [ 1Dl (@)t
< 1ig£f/0 1Dui (1) ()dt < oo.

This proves (2.4) and implies in particular u(t) € BV(Q) for a.e. t € (0,T). It remains
to prove the weak*-measurability of u: [0,7] — BV(Q). Because of u € L'(Qr) we
know that ¢ — [, u(t)edz is measurable for any ¢ € C§(€). Since u(t) € BV(Q) for
a.e.t € (0,7, an approximation argument implies that ¢t — (u(t), ¢) is measurable for any
¢ of the form ¢ = g — div G with (g, G) € CJ(Q,R"*1). Consequently, u: [0,7] — BV(Q)
is weakly*-measurable and because of (2.7) we have u € L}, (0,T; BV(Q)). O

2.5. The initial condition

Here we establish that variational solutions to the obstacle problem in the sense of Defi-
nition 1.1 fulfill the initial condition u(0) = u, on Q* in the L2-sense. This follows from the
fact that the difference ||u(t) — uo||2Lg(Q) depends continuously on the time ¢ > 0 for a.e. ¢,
cf. the estimate (2.8) below.

LEmMMA 2.5. — Assume that u,, v satisfy (1.3), (1.4), (1.5) and the compatibility condition
¥(0) < u, a.e. in Q*. Then, any variational solution u to the obstacle problem for the total
variation flow in the sense of Definition 1.1 fulfills the initial condition u(0) = wu,, in the L?-sense,

that is
h

: 1 2
1}51& n ; ||u(t) — uo”L?(Q*)dt = 0
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Proof. — Since u is a variational solution in the sense of Definition 1.1, it satisfies the
variational inequality (1.6) for a.e. 7 € [0, T]. Therefore, choosing v = g in (1.6), where
g is from (1.5), we obtain for a.e. 7 € [0, T] that

/0 1Dul(@) dt + 11I(g — )T
< // Brg(g — wydedt + / | Dgll(@*)at
Q: 0

2.8) < [[[ o + 19+ 1uP)asar+ [ 1Dgl(@)at.
Q: 0

Here, we discard the energy term in the left-hand side, which is non-negative. Now, we
let h € (0,T), integrate with respect to 7 over (0, k) and divide both sides of the resulting
inequality by A to infer that

h h
5 [ 1o =0lsqndr < [[ (0wl +lo + luP)asdt+ [ IDgl@)at

Since the right-hand side vanishes as b | 0 and g € C°([0, T]; L2(Q*)) with g(0) = u,, this
proves the claim. O

2.6. Energy estimates

LEMMA 2.6. — Assume that v € L*>(0,T;L?(Q*)) N L}, (0,T;BV,, () withu > o
a.e. on Qr is a variational solution of the obstacle problem in the sense of Definition 1.1, and
that v € L} ,(0,T;BV,, (Q)) is an admissible comparison map, i.e., it holds d,v € L*(Q%),
v(0) € L%(Q) and v > 1 a.e. on Q. Then the solution satisfies the energy bound

T
S ARCIT / | Dul|(9)dt

tel0,T
T
< 16(/ 100 (-, )l L2 (@) dt)
0

+2 sup [[o(t)[172qny + 8110(0) = uollF2(qny-
t€[0,T]

2 T
4 16/ Dol (2")dt
0

Proof. — Since v is admissible as comparison function in the variational inequality (1.6),
we deduce the estimate

3ll(v =) (T)ll720r) +/0 ([ Dul|(27) dt
< / Ov(v — u)dzdt + / | Dv||(2*)dt + 3 [v(0) — u0||2Lg(Q*)
Qr 0

< i sup [ =w)®lFzan
t€[0,T]

T
i ( | 10t Dlzzo dt)
0
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for a.e. 7 € (0,T]. Taking the supremum over 7 € (0,T] on the left-hand side we can re-
absorb the first term of the right. We therefore obtain

T
L osup Ju®)2aqey + / | Dufj(2")dt

t€[0,T]
T
<o [ 1otlle o)
0

(2.9) + 5 sup Jvu(®)lFzqe) + 10(0) — ol 2 (qr)-
t€[0,T] ( )

2

T
+ 2/ |l D] (S2*)d¢
0

This implies the claim. O

2.7. Strong variational solutions

In this section we consider some sort of strong variational solutions. By this we mean
that the regularity requirement u € L* ([0, T]; L?(Q*)) from Definition 1.1 is replaced by
the stronger assumption u € C°([0,T]; L?(2*)). In this case it suffices to assume that the
variational inequality (1.6) holds on the whole time interval [0, T']. In this context we consider
obstacle functions v : 7. — R satisfying the stronger assumption

(2.10) ¢ € L1, (0,T; BV, (%)) and 8,9 € L*(23).

The following definition now describes the concept of strong variational solutions to the
obstacle problem for the total variation flow that will be used for obstacles as in (2.10).

DEFINITION 2.7 (Strong variational solutions). — Assume that « fulfills (2.10), that u, is
as in (1.3), and moreover, that the compatibility condition ¥(0) < u, a.e. in Q* holds true.
Furthermore, suppose that (1.5) is in force. In this situation a measurable map u: 5 — R
in the class

u e C°([0,T]; L>(2*)) N L., (0,T; BV, () withu > 1 a.e. in Qr

is called strong variational solution to the obstacle problem for the total variation flow if and
only if the variational inequality
T

T
/ I1Dul|(27)dt < / Byv(v — u)dxdt+/ 1Dol|(2%)dt
0 Qs 0
(2.11) = 31w = w) D)1z 0y + 30(0) = wollZ2(ary
holds for any v € L} (0,T;BV,,(Q)) with 8,v € L*(Q%), v(0) € L?(2*), and v > 1 a.e.

in QT.

2.7.1. Localization. — In this section our aim is to ensure that a strong variational solution «
to the obstacle problem in the sense of Definition 2.7 on the cylinder Q7 is also a variational
solution on the smaller cylinder 2, for any 7 € (0, 7). This will hold, provided the obstacle’s
regularity guarantees

T
(2.12) lim [ || Dy — Dly]a[|(27)dt = 0.
10 Jo

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



1158 V. BOGELEIN, F. DUZAAR AND C. SCHEVEN

We let 7 € (0,T) and start with a testing function v € L, (0, 7; BV, (Q2)) with 8;v € L?(Q22),
v(0) € L?(Q*), and v > v a.e. in Q.. For 6 € (0, 7) we consider the cut-off function

€o(t) == X0,r—61(t) + T3 X (r—0,7)(1)-
As comparison function in (2.11) we choose
¥ = &+ (1= &) ([u = ¢ln + ) € Ly, (0, T; BV, (),

where [u — ], is defined according to (2.3) with u, — 9(0) instead of v,. Choosing this
comparison function (whose admissibility can be checked easily; observe that ¥ is a convex
combination of two functions, each satisfying the pointwise constraint and the Dirichlet
boundary condition on the lateral boundary) we get

T

T
/ ||Du||(Q*)dt§/ 8t17(z7—u)dxdt+/ | Do|(Q)dt
0 Qx5 0

(2.13) +510(0) = wollZ2 — 3l (fu = ¥l — (u =) (D)7

Our next aim is to pass to the limit 8 | 0. Therefore, we analyze the first two terms of the
previous inequality. The first one can be rewritten to

/ 0:0(0 — w)dzdt
Qr

N //Q*X(O,T—O) Orw(v —u)dadt
- //*X(T,T) e ([u = ln +9) ([u — ¥]n — (u — ))dzdt

- /A*X(T_G’T) €o8olv — 1 — [u— ¢]h|2dxdt
4 //Q*X(TM € ([u = ¥ln — (u— 1)) (v — ¥ — [u — ¥]n)dadt

+ //Q*X(r—o,T) [€00¢v + (1 — £9)04 ([u — Y] + )]

(€0 —u) + (1= &) ([u — ¢l — (u— )] dadt
= Ip + 11+ 111y + IV + V,,

where the meaning of the terms Iy, IT and ITIy - Vy is obvious in this context. Note, that
I1is independent of #. Further, using (2.2) we conclude that

O ([u— ¥ln + ) ([u— ¥]n — (u— 1))
— —Lfu— ol — (w—)|* + 0 ([u— Pln — (u— )
<0 ([u—¥ln — (u—v)),
so that
II O ([u — — (u— dzdt.
< [[..., Bl —la o) dacs
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In the limit 6 | 0 the terms Iy, ITIy - V4 show the following behavior, for a fixed A > 0:
lim T, = // Opo(v —w)dedt, LmIIly = - (v =% = [u— ) (1) 52
*x(0,7)

and

lim Vo =0, lirglsoup Vo < [|([u—9]n — (u=9)) (v =¥ = [u—9]n) (7)]| .-

The second term appearing on the right-hand side of the minimality condition (2.13) can be
decomposed as follows:

T T—6
(A ”DMHQ)dt:uA |Dull(@)at
+ [ Dl + (=)t b+ )] (@

T
+ [ 1D = vl + Dylj@)ar

Since o € LL,(0,T;BV,,(R2)) the second integral on the right-hand side vanishes in the
limit @ | 0, and therefore we conclude that

T T T
lim [ | Do]|(Q7)dt = IIDUII(Q*)dt+/ [ Dlu — ¢]n + Dy||(27)dt
0 0 T

Summarizing, in the limit # | 0 we conclude from the variational inequality (2.13) that

/ | Dul|(Q2*)dt < // 3tv(v—u)dmdt+/ (| D] (2*)d¢
0 *x(0,7) 0

— (0= = [u =) (7|22 + LlI0(0) — woll2
— Y[ (fu = ¢ln — (=) (D)2
+ [ (fu = ¢ln = (w =) (v =¥ = [ = 9]n) (7)1

// Y([u — Ylp — (u —9))dadt
*x (7,T)

+/ ID[all(@") = | Dul|(2*) + DY — Dlla ()] at

Taking into account the facts that [u — 9], — u — v in L>°(0,T; L?(Q*)) by Lemma 2.1,
that fTT |ID[u]n|| (2*) dt — f || Dul|(£2*) dt by Lemma 2.3 and the assumption (2.12) we see
that the terms in the last four lines vanish in the limit 4 | 0. Moreover, for the third term we
have the convergence ||(v — ¢ — [u — ¥],)(7)[|2: — ||(v — u)(7)||2.. This ensures that u is
a variational solution to the obstacle problem also on the smaller cylinder 2., provided the
obstacle 1 fulfills the assumption (2.12).

2.7.2. The initial condition. — Here we establish, assuming again (2.12), that strong varia-
tional solutions to the obstacle problem in the sense of Definition 2.7 fulfill the initial condi-
tion u(0) = u, on Q* in the C°— L2-sense. Note that this property is stronger than the one
from Lemma 2.5 for weak variational solutions. The reason is that here we can show that
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llu(t) — UOH%Q(Q) depends continuously on ¢ > 0, whereas in Lemma 2.5 the corresponding
estimate holds only for a.e. ¢ > 0.

LeEmMA 2.8. — Assume that the obstacle ¢ fulfills the hypotheses (2.10) and (2.12). Then,
any variational solution u to the obstacle problem for the total variation flow in the sense of
Definition 2.7 fulfills the initial condition u(0) = u, in the C°— L?-sense, that is

. 2 _
ltlf(r)l ”U(t) — UOHL2(Q*) = 0

Proof. — From § 2.7.1 we know that u is a variational solution on any sub-cylinder
witht € (0,T). We fix t € (0,7) and test the minimality condition (1.6) for Q; with v = g,
where g is from (1.5). As in the proof of Lemma 2.5 (see estimate (2.8)), we can show that

t
@ = 0Olsey < [[ (0P + 19 + uP)azdr+ [ |Dgl27)ar

holds true for any ¢ € [0,T]. Letting ¢ | 0 in the right-hand side and recalling that g(0) = u,,
this proves the claim that « satisfies the initial boundary condition «(0) = u,. O

2.7.3. A comparison principle. — For the proof of the comparison principle we need the
following simple property of BV-functions, which can for example be deduced from [24,
Theorem 2.8 (iii)].

LEMMA 2.9. — For two functions v,w € BV(Q) we have min{v, w}, max{v,w} € BV(Q)
and

1D min{v, w}[(€2) + || D max{v, w}|[(€2) < || Dv[|(2) + [[Dw||(£2).
LeEmMMA 2.10. — Assume that the obstacle 1 fulfills the hypotheses (2.10) and (2.12).
Further, let u be a strong variational solution to the obstacle problem for the total variation
flow in the sense of Definition 2.7 and let [u]y, respectively []n for h > 0 denote the time

mollification of u respectively 1 as defined in (2.3) with the initial datum u,, respectively 1(0)
instead of v,. Then, there holds

hlO

(2.14) lim%//* (OT)y[u—zp]h_(u_zp)fdxdt:o.

Proof. — Since [u — ] + 1 is an admissible comparison function in (2.11) (this can be
seen from the properties of the time mollification and Lemma 2.3), we have

T
D@ at + 4t = b = (= )
< //* O ([u—¥ln +¢) ([u — ¥]n — (u — ¢))dadt

T
+/ 1D (ju — ] + ) || (@) dt.
0
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Applying (2.2) and Lemma 2.3 and utilizing the assumption (2.12) we therefore find that
lim L // [ — ] — (u — )| dedt
Qr

h10

<tipint | [ (IDI@) = 1Dl @] di-+ [ [[Dv — Dl @)ae

ol

This proves the claim. O

O (fu—plp — (u— w))dmdt] = 0.

*
T

REMARK 2.11. — In (2.14) it is possible to eliminate the terms involving the obstacle.
Indeed, using (2.2) and Lemma 2.2 we conclude that

lim # // | — [zp]hfdxdt = limh// \at[¢]hy2dxdt < E%hnatwniz =0.
Q5 7

hl0 hl0

Using this in (2.14) we deduce
. 2
1,%{%}11//} |[u]n — u|"dzdt = 0.

Having arrived at this stage we have all ingredients at hand to prove the comparison
principle. The corresponding result for the obstacle-free case can be found in [25, Thm. 3.1].

LeEmMA 2.12 (Comparison principle). — Let u,, @, fulfill the assumptions (1.3) and (1.5)
and suppose that wu, <, ae in Q. Furthermore, let 1 € L. (0,T;BV,, ()),
Y e LL,(0,T;BVy, (Q)), with dp, 0 € L*Q%) and & < b ae in Q and let
U, satisfy (2.12). Finally, let u,@ be the strong variational solutions to the associated
obstacle problems in the sense of Definition 2.7 with initial and lateral boundary values u,, i,
and obstacles 1, 1 respectively. Then, we have

u<u ae inQy.

REMARK 2.13. — The above comparison principle implies in particular that strong varia-
tional solutions are unique for given Cauchy-Dirichlet data u, € L?(Q*) N BV(Q*), provided
the obstacle function satisfies (2.10) and (2.12).

Proof. — Let [u]n, [¥]n, [@]n, [¥]n be defined as in (2.3) with u,,¥(0), @, ¢(0) instead
of v, and abbreviate uy, := [u — ], + ¢ and @y, := |G — zz]h + QZ Taking vp, := min{up, Gp, }
as comparison function in the variational inequality for v and w;, := max{up,u} as
comparison function in the variational inequality for 4, we obtain, after adding the resulting
inequalities, that for any 7 € [0, T'] there holds:

T

/OT [1 Dull(€) + |Dall(27)]dt < /0 [ Do ][(2°) + | Dws | ()] dt

+ //QT [Gtvh(vh — u) + Gywp (wp, — a)]dxdt

(2.15) = 3lltvn = w) ()72 = 3l (wn — B (7)II7--
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Here, we also used that v, (0) = u, and wj,(0) = @,. The aim of the following is to estimate
the first and second term on the right-hand side of (2.15). We start with the term involving
the time derivatives. On {(z,t) € Q% : up(z,t) < Gy (z,t)} we have

Opvp (v, — ) + Opwp (wy, — )
=0, ([u—ln +v) ([u—¥n — (w— ) + 8 ([@ — P]n + ¥) ([@ — P]n — (@ — 1))
= 1wl — (w—)|* = L@ — gl — (@ P)|°
+ 0 ([u = Yln — (u—1)) + 0 ([@ — Pln — (@ — 1))
< Ayp(up — u) + 04 (ip — ).

For the second conversion we used (2.2). On the other hand, on the complement, i.e., on
the set {(z,t) € QF : up(z,t) > n(z,t)}, we compute, using again (2.2), the facts that
Oy, = O — 1 (@, — @) and dyup = 041 — +(up, — u) and moreover Young’s inequality, that
Opvp (v, — u) + Gpwp (wp, — G)

= 8t17,h(ﬁh - u) + 6‘tuh(uh — 17,)

= atﬂh(’fbh — ’Lbh) + 8tﬁh(uh — u) + 8tuh(uh — ﬂh) + 8tuh(dh — ﬂ)

= 0y(un — @n) (un — ) + O (un — w) + Optp(itn — @) — 7 (iin — @) (un — u)

< L0fun — nl® + O (un — w) + Ot (iin — @) + +|an — Gl + F|up — ul®.
Joining the preceding inequalities, we have shown that the term involving the time derivative
is estimated as follows:

// [8tvh(vh — u) + 8twh(wh — ﬂ)] dzdt < %/ Bt(uh — ﬂh)idl‘dt + I, + 11,
b 0

= %/ (uh — ’ah)ﬁ_dl‘ + Ih + IIh
Q*x {7}
with the abbreviations
Twi= [ [blhun — ul + (0] in — 3] + [0l jun — ul + 00| — st
Q:
and
II, == // [%mh —|® + Ljuy, — u|2]dmdt
Q:

for the remainder terms. We note that limp|oI;, = 0 by Lemma 2.1 and limp oI, = 0
by Lemma 2.10. Next, we consider the L2(2*)-terms appearing in the third line of (2.15).
Restricting the domain of integration we obtain

“Y(on - w) (DI < —%/Q o s
*x{r}n{up>un

S —% / (’LLh — ’[Lh)ﬁ_dl‘ + IIIh,
Q*x {7}
where

II1;, = / [%|uh —ul?® + |y — ul|up — u||dz.
Q*x{r}
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Note that limy, o III;, = 0 since up, — u = [u — Y]y — (u — ) — 0in L>(0,T; L3(Q*)) as
h | 0 by Lemma 2.1. Similarly, we can show that

Sl wn = DOy < -3 [ (- @ de Vs,
Q*x {71}
where we abbreviated this time
V), = / [ an — af? + fun — all, — ] da.
Q*x{r}

As before, we can conclude limp, o IV}, = 0. Joining the preceding estimates with (2.15) and
applying Lemma 2.9, we find that

| i@y + i@ ar s} [ - a2
0 Q*x {1}

< /OT [HDuhH(Q*) + IIDﬁh||(Q*)]dt+Ih + 11, + IIT, + TV,
g/o [IDlulall@*) + | Dl (27)] at

+/0 1Dy = DIla[| (") + | D& — Dlal| (")) at

+ I, + I, + 111, + IV,

Here, we let b | 0 and use Lemma 2.3, @, — % and up, — wuin L>(0,T; L?(2*)) and the
assumption (2.12). In this way we end up with

/ (u—@)2 dz < 0.
Q*x{r}

Since 7 € [0, T] was arbitrary, this proves the claim that v < @ a.e. in Q7 and finishes the
proof of the lemma. O

3. Proof of the existence results

3.1. Existence of solutions for regularized obstacle problems
Our aim in this section is to prove the following
THEOREM 3.1. — Assume that initial and boundary values u, € L?(Q*) N BV (Q*) with

Uslgg € WLL(Q* \ Q) are given and the obstacle v € WY (Q%) with ¢ = u, a.e.
on (2*\ Q) x (0,T) satisfies

3.1) dp € L2(05) and 8,Dvp € L} (%, R™),

and moreover 1(0) € L2(2*) with(0) < u, a.e. on Q*. Then there exists a strong variational
solution

u € L, (0, T; BV, (Q)) with 8yu € L ()

*
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to the obstacle problem for the total variation flow subject to the obstacle 1 and with initial
boundary data u, in the sense of Definition 2.7. Moreover, there holds

%//* |0su|?dzdt + sup || Du(t)]|(2%)

t€[0,T]

(3.2) <IDwl@)+ [[ i1l + piDulldedr

REMARK 3.2. — Some remarks concerning the assumptions on the obstacle’s regularity
are in order. Firstly, 8;Dy € L(2%,R™) implies that Dy € C°([0,T]; L*(2*,R™)), so
that ¢ € C°([0, T); Wh1(Q*)). Secondly, since d;3p € L?(2%) and (0) € L*(Q*) we have
¥ € C%= ([0, T); L*(2*)), which in particular yields ¢ € L2(Q%) = L2(0,T; L*(Q*)). As a
consequence of the above reasoning we have on the time slices that ¥ (t) € L2(Q*) N WH1(Q*).
Finally, in the setting of Theorem 3.1 in which 9,3 € L?*(Q%.), the assumption (1.5) on g is
satisfied, since we may choose g = max{#, u, } in this case.

For the proof we shall proceed in several steps. We start with the construction of

3.1.1. A sequence of minimizers to elliptic variational functionals. — We fix a step size h>0 and
write ¢; 1= 9 (ih) € L2(Q*)NW11(Q*) for each i € N, with ih < T for the time-discretized
obstacle. Our goal is to inductively construct a sequence u; € L2(2*) N BV, (Q) of
minimizers to certain elliptic variational functionals. The construction is as follows. Suppose
that u;_; € L?(Q*) N BV, (Q) for some i € N has already been defined. If i = 1, then
ug = U, is the initial boundary datum. Then, we let u; be the minimizer of the variational
functional

F;[v] := ||Dv||(2") + ﬁ/ﬂ |v — u;_1|*dz

in the class of functions v € L?(Q*) N BV, () with v > ; a.e. in Q. Note that this class
is non-empty since v = 1); is admissible. The existence of u; can be deduced by means of
standard compactness arguments. We note that u; > v; a.e.in Q forany i € Ny, withih < T,
by construction.

3.1.2. Energy estimates. — We first observe that u;_; + ¥; — ¥;_1 > 1; is an admissible
comparison function in the functional F; for any ¢ € N. Therefore, using the minimality
of u;, we find that

Filu;] < Fifuic1 + v — ¥i1]

=5 /Q* |vs — 1/1i—1|2d56 + || Dui—1 + Dvp; — Dp;_1 || (%)

< 3 | 19— via do + IDu () + | D — Dyica (@),

ih
/ Ayt
(i—1)h

Taking into account that
L/ s — s |2d — L/
2k i T Pi-1] AT = g5
Q- Q-
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and

| D — Daps 1 || (%) = /Q | Dy — Dy |da
_ / dz < // |6, Dy | dzdt,
Qx Q* X [(i—1)h,ih]
we conclude that

ﬁ/ﬁ | — wi_q|2dx + || Dugl| ()

ih
/ 8, Dyt
(

i—1)h

< Ipul@) + [[ [L10:0 + 0, Dy[]dadt.
*x[(i—1)h,ih]

Summing up this inequality from¢ = 1,..., £ for some £ € N with ¢h < T, we find that

¢
(3.3) 53 [ lui—uia e+ 1 Du ) < w(h),
i=1 78
where we have abbreviated
U(r) = ||Duo||(Q*)+// [210:¢]? + |0, D3| dzdt
o

for 7 € (0,T]. From (3.3) we also conclude that

‘ 2
/ |uz|2dx§/ 2[Z|ui—ui_1|] dz+2/ |uo|® dx
o o L o
14
SQEZ/ |ui—ui_1|2d1:+2/ [uo)? da
z:1 * Q*

(3.4) < 40h U (Lh) + 2|32 (ge) »

for any £ € N with ¢h < T. From now on, we consider only such values h € (0, 1] that satisfy
¢:= L € N. Then we define a function u®: Q* x (—h,T] — R by

(3.5) uM (., t):=u;  forte ((i —1)h,ih] withi € {0,...,£}.
From (3.3) and (3.4) we know that

= / / lu®™ (t) — u®™ (¢ — h)|*dadt
o

+ WA, o + Du™ ()l (*
t:[%’pT]”U ()HL(Q) tes[l(lJ?T]H U ()H( )

(3.6) < 2(1 +27)U(T) + 2|0l 32 (0-)-

3.1.3. Thelimitmap. — The energy estimate (3.6) ensures that u(" is bounded in L>(0, T; L*(Q*))
and in L2, (0,T; BV, (€)) and therefore there exists a subsequence (h)ren With by | 0 as
k — oo and a function u € L*(0,T; L?(2*)) N L, (0, T; BV, (2)) such that

*

uhs) X 4 in L2,(0,T; BV, (),

(3.7)
wh) 20 in L(0, T; LA(9Q)),
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in the limit k& — co. Next, we define a second function @(® : Q* x (—h,T] — R by linearly
interpolating u;_; and u; on the interval (( — 1)h, ih], i.e., by

aM (1) == (i — Y)umr + (L =i+ £)u; fort € (i — 1)h, ih] withi € {1,...,¢},
and @M (-,t) := u, for t € (—h,0]. Fort € ((i — 1)h,ih] we compute
BaM (-, t) = L(u; —us_1) € L*(Q7)

which together with (3.3) yields

(3.8) L[ ot anar+ swp [[Da® @)@) < wr),
Q. t€[0,T]

This implies that the sequence @™ is bounded in L, (0,T;BV,, () and that 8,a™ is
bounded in L?(Q%). Hence @™ is bounded in BV(Q%). Therefore, there exists a subse-
quence (hy)reny With by, | 0as k& — oo and a function & € L, (0,T; BV, (2)) with
oyt € L%(Q%), so that
ahe) — g strongly in L*(Q%.),

(3.9) ahe) 2 g weak* in L2, (0,T; BV, (Q)),

ayuhe) — 9,4 weakly in L2(Q%.),
in the limit £ — oo. Since

|(’L](h) - U(h))(t)| < |U1 — ui_1| fort e ((’L - 1)h,ih],

we conclude from (3.3) that

N

// |u(h) (h)| dzdt < h Z/ |u; — ui_1|>dz < 2h2W(T),

which by Holder’s inequality implies

// |a™) — u™|dzdt < hy/20(T)|Q%].
5

Together with (3.9); this shows that also u(**) — @ strongly in L' (%) as k — oo and hence
4 = u. By weak lower semi-continuity and (3.8) we infer that

%// |0sul?dedt + sup || Du(t)||(*) < ¥(T).
b te[0,7T)

Moreover, for a further subsequence we get that u(**) — v a.e. in Q% in the limit ¥ — oo.
Since u® > ¢ where 9™ is defined as in (3.5) with ¢ instead of u, and ") — ¢ a.e.
in (%, (after passing to another not relabelled subsequence) we conclude that v > 9 a.e.
in Q..
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3.1.4. Minimizing property of the approximations. — Here, we first observe that (" is a
minimizer of the functional

F®[y / / —u® (¢ — )|’ dadt + / " IDool©@)ar
0

in the class of functions v € L2(Q%) N LY, (0,T;BV,, (Q)) with v > 9™ a.e. in Q. This
can be seen from the following computation.

F® [u(h)]

ih
(i—1)h *

ih
/(z l)hF wildt < Z/ F;[v(t)]dt

Il
I M:\e I M:m I M:m

/u i [ h/ﬂx [o(t) = ™ (¢ = B)|da + | Du(t >||(Q*)]dt
(h)

which holds true for any function v as above. In turn we used the definition of u® from (3.5),

the minimizing property of u;, and the very definition of the functional F(*), The minimality
property of u(® can be re-written in the form

T
[ Ipu®)@
0
T
S/O ||Dv||(Q*)dt+ﬁ//Q* [|v—u(h)(t—h)|2— |u<h>—u<h>(t—h)|2}dxdt
T
T
=/ ||Dv||(Q*)dt+%// [%|v—u<h>|2+(v—u<h>)(u<h>—u<h>(t—h))}dxdt
0 Qz

for any v € L2(Q%) N L, (0, T; BV, (Q)) with v > 9" a.e. in Q.. We note that for any s € (0,1)
the function w™® := u™ + s(v — u™) still satisfies w™ € L?(Q%) N LL,(0,T;BV,, ()

and w® > () a.e. in Qk. Therefore, we are allowed to replace v by w(®) in the preceding
inequality, which yields that

/ CIDu®(@%)ar
0
/T |Du™ + s(Dv — Du™)||(Q*) dt
// 5 |v—u | +s( )( (r) _ (h)(t—h))]dxdt
g/o [ 1— s)||Du® (@) +s||Dv||(Q*)}dt
+ %// [%h} — u(h)|2 + s(v — u(h))(u(h) —uM(t - h))]dxdt,
o5
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or equivalently (after re-absorbing the first integral appearing on the right-hand side on the
left and dividing the result by s > 0)

T
/ | Du |0 )at
° T
< [ Ipoli@ar
0
%// [%}v — u(h)|2 + (v— u(h)) (u(h) —uM(t - h))] dzdt.
QF

We extend v to negative times by letting v(t) := v(0) € L?(Q*) for t < 0. Letting s | 0, we
find that
T
| 1D @
0

/||Dv|| *)dt + + // v —u™) (u® — ™ (¢t - h))dadt

/ | Dol (@)t + & // (0= u®) (0 — ot — b)) dadt

ﬁ// |v—u(h)| (t—h)—|v—u ”dxdt
Qr

— // v —v(t — k) —u® 4+ u®(t — h)|*dzdt
Qr
T
< / | Dol (Q*)dt + %// (v —u™) (v —v(t - h))dzdt
0 T
(3.10) - o // |v — u(h)|2d$dt + 5= // |v — u,|?dadt .
Q*x[T—h,T)] *x [—h,0]

3.1.5. Variational inequality for the limit map. — Now we consider a comparison map
v e LL,(0,T;BV,,(Q)) with 0,v € L2(Q%), v(0) € L2(Q*), and v > ¢ a.e. in Qr. Again,
we extend v to negative times by letting v(t) = v(0) € L?*(Q*) for ¢t < 0. Then we use
vp = v+ " — ¢ > ") as comparison map in (3.10). In the limit » | 0, we have

T T
/ ||Dvh||(Q*)dt§/ ||Dv||(Q*)dt+// |Dy® — Dp|dzdt
0 0 Qr

T
G.11) _>/ | Dw]|(Q)dt
0
For the convergence of the time term, we observe that
+(vn —vp(t — h)) — 8o + Opp — Opp = Oy strongly in L%(Q%),

since O,v,0¢p € L?(Q%) by assumption. Together with (3.7) and v, — v in L*(Q%), this
implies

(3.12) % // (vh — u(h)) (vh —up(t — h))dmdt — // Ov(v — u)dzdt
*x[0,T7] *x[0,T7]
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as h | 0. Next, we turn our attention to the last two integrals of the right-hand side in (3.10).
Using the fact vy, (t) = v(0) for t € (—h,0) the last integral in (3.10) takes the form

3% // v — u,|*dedt = %/ |v(0) — uo|*dz.
* X [—h,0] Q*

For the second last integral we observe that v € C°([0, T]; L?(Q*)) implies

limi// v—v(T 2dacdtzO.
hio 2k *x[T—h,T) | ( )|

This allows us to replace in the second last integral of the right-hand side of (3.10) the
function v by its time slice v(T'). Since also u(")(t) is constant on (T — h,T], it remains to
consider the integral

/ (1) - uM(T)|de.

At this stage we claim that " (T) — w(T) weakly in L?(Q*). Indeed, observing that
uM(T) = a™(T) and @™ (0) = u, = u(0) we conclude for any € L?(Q*) that

/ u(T)nda:z/ atundxdt—{—/ uondx
* Q} *

:lim/ 8tﬂ(h)77dxdt—|—/ uondz
r1o J Jox Q-

=1i i (T)nd
im | @ (T)ndz

holds true. By lower semicontinuity we therefore have

(3.13) /Q |o(T) — u(T)|2da: < lir}?l'}]nf/* (T — u(h)(T)’2dx.

Using (3.11), (3.12) and (3.13) in (3.10), we find after passing to the limit h | 0 that
T T
/ | Dul|(Q2*)dt < / || Dol (2*)dt + / Opv(v — w)dzdt
0 0 Q.
= 310 =) (D22 () + 310(0) = uo|Z2 )
for any v € L} (0,T;BV,,(Q)) with dv € L*(Q%), v(0) € L*(Q*), and v > 9 a.e. in Q.
This means that u is a variational solution of the obstacle problem, as claimed. The asserted

energy estimate (3.2) follows by letting & | 0 in (3.8) and using lower semi-continuity. This
concludes the proof of Theorem 3.1. O

3.2. Approximation by regular obstacles: Proof of Theorem 1.2

In this section, we give the proof of the existence result from Theorem 1.2.
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3.2.1. Preparatory results. — The existence result in Theorem 1.2 relies on the assumption
that Q2 is a bounded Lipschitz domain. From [2, Thm. 3.87] we know that under this assump-
tion, we have bounded inner and outer trace operators

To:BV(Q) = L'(89Q) and  Tyag:BV(R™\ Q) — L'(89).

The inner trace Tg, is characterized by the condition

(3.14) lim g—"/ lu(y) — Tou(z)| dy =0
0l0 QNB,(z)

for #" '-a.e. z € 8, and analogously for the outer trace. For the extension of a BV -func-

tion outside of 2, we have

LemMma 3.3 ([2, Cor. 3.89)). — Assume that Q@ C R"™ is a domain with bounded Lipschitz
boundary, u € BV (Q) and v € BV(R" \ Q). Then the function
u(z), forz € Q,
w(z) = ‘ _
v(z), forxzeR™\Q,
belongs to BV(R™), and its derivative is given by the measure
Dw = Du+ Dv + (Tgu — TRn\ﬁv) Vgﬂ"_l L0,

where vq denotes the generalized inner unit normal to Q. In the above formula, we interpret
Du and Dv as vector-valued measures on the whole R™ that are concentrated in Q, respectively
inR™ \ Q.

The following lemma can be retrieved from [2, Prop. 3.21].

LeEmMA 3.4, — Assume that Q C R™ is a domain with bounded Lipschitz boundary. Then
there is a bounded linear extension operator E : BV(Q) — BV (R™) with the properties
(i) Tgn\g(Eu) = Tqu holds H" " -a.e. on O for every u € BV(Q);
(ii) ifu € L*(Q) NBV(Q) then Eu € L?*(R"™) N BV(R").

Proof. — The extension operator constructed in [2, Prop. 3.21] satisfies | D(Ewu)||(0Q) = 0.
In view of Lemma 3.3, this is equivalent to (i). The operator is constructed by locally flat-
tening the boundary and then reflecting the function across the flat boundary. Hence, it
can be easily seen from the construction that Eu € L?(R") holds for any v € L%(f). This
yields (ii). O

For a cut-off procedure, we will need the following parabolic variant of [17, Lemma 7.2].

LeEmMA 3.5. — Assume that Q@ C R™ is a bounded open subset with Lipschitz boundary and
let Q. = {x € Q : dist(z,00) > €} for any e > 0. Then for any u € L}, (0,T;BV(Q)) we

have
lim sup % // |u|dzdt < // | Tqu|d#™ *dt.
€l0 (Q\Q.) % (0,T) 89 (0,T)

The proof follows by applying the arguments from [17, Lemma 7.2] separately on each
time slice and using the fact fOT | Du(t)]|(2\ Q)d¢t — 0 in the limite | 0.
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3.2.2. Regularization in space. — In this section we will give the proof of Theorem 1.2 under
the additional assumption d;¢p € L%(Q%). Without loss of generality, we may restrict
ourselves to the case 2* = R”, since otherwise, we can replace u, € L*(2*) N BV(Q*) by a
map in L?(R"™) N BV(R™) that agrees with u, in a neighborhood of Q.

We begin by introducing the mollification procedure with respect to the spatial variable.
We apply Lemma 3.4 to R™ \ Q instead of Q in order to find an extension w, € L*(R") N BV(R")
of Uo|gn\3 € L2(R™\ Q) NnBV(R™ \ Q) with

(3.15) Tow, = Tgmgtio A" '-a.c. on OQ.
Then we define 4, € L2(R™ x (0,7)) N L, (0,T; BV, (Q2)) by
(3.16) U := max{w,, ¥} in R” x (0,7).

Asin Lemma 3.5 we write Q. := {z € Q : dist(z,00) > ¢} for e > 0. We define a cut-off
function n. € W1*°(R",R>0) by n. =0 onR" \ Q., 7. = Lon €, - and

_ dist(z,00Q) — ¢
We fix a standard mollifier ¢ € C§°(B1,R>0) and abbreviate ¢.(z) := e "¢(Z). Then we
define a mollification with respect to the spatial variables by

(3.17) M [v] := [77511 +(1- 775)120] * P

for any v € L},(0,T;BV,,()). We list the main properties of this mollification in the
following

for e < dist(z,09) < e+ /.

LEMMA 3.6. — Let @ C R™ be a bounded domain with Lipschitz boundary. Then for any
v e L*(R"x(0,T)) N LL,(0,T;BV,, () we have:

(1) Mc[v] = Mc[u,] on (R™\ Q) x (0,T) for every e > 0;
(ii) if v > a.e. on Qp, then M. [v] > M. [¢] a.e. on Qrp;
(iti) Mc.[v] — vin L2(R"x(0,T)) ase | O;
T T
@iv) / | DML [v])||(R™)dt — / | Dv||(R™)dt in the limit e | 0,
0 0
(v) if v, € L=(0,T; L2(R™)) then for every € > 0 we have

sup [|Me[v(®)]]| 2 gny < sup (l0(B)llz2(Rm) + ¥ O L2@n)) + l[wollL2(rr);
te[0,T] te[0,T]

(vi) if Opv € L?(Qr), then 8;(M.[v]) — O in L?(Qr) ase | 0.

Proof. — The properties (i)—(iii) are straightforward consequences of the definition of M,
and standard properties of mollifications. For the proof of (iv), we first note that by the lower
semicontinuity of the total variation with respect to L'-convergence (cf. Lemma 2.4), we have

T T
(3.18) / | Dv||(R™)dt < liml%)nf/ | D(M:[w))|| (R™)dt.
0 e 0

For the reverse inequality, we observe first that

(3.19) | DML [o](®)||(R™) < ||D[nev(t) + (1 — ne)ao(2)] || (R™)
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holds for a.e. ¢ € [0,T]. In order to bound the right-hand side further, we estimate for any
¢ € C(R™,R™) with ||¢|lr~ < 1

/ v + (1 — 1), div (dx

R™x{t}

= / vdiv(n.{)dz + / Go div((1 — ne)¢)dz — / (v — 1) Ve - (dz
R™x{t} R™x{t} R x{t}

< [Dv(®)(Q) + | Dito (O (R™ \ Qey 2) + 2 /Q\Q v — dio|d.
e+veE

Taking the supremum over all functions ¢ as above and integrating with respect to time, we
deduce

T
I+ (=] e
T T
< / | Dol(@)dt + / IDa (R \ 9., 2)dt
(3.20) + 1 / / |v — | dzdt.
Ve (\Q2.4,z)%x(0,T)

For the last integral, we infer from Lemma 3.5 that

lim sup 1~ / / v — i, |dedt < / / (T — Toi,|ds"dt.
€l0 (2.4 2)x(0,T) 80x(0,T)

According to Lemma 3.3 and the definition of i,, we have

T
tim [ DR\ 9 )t
- // |Tatio — Trm\gtto|dH ™™ dt + || Du,||(R™ \ Q).
o0 x(0,T)

Finally, the left-hand side of (3.20) can be estimated from below using (3.19). Consequently,
from (3.20) we infer

T
(3.21) limsup/ ||D(M€[11])H(]R")dt
€l0 0
T T o
< [ Ipel@ar+ [ |Duf R\
0 0
+// [|Tgv—Tgaoy+|TQaO—TRn\§uO]]dﬂ"‘1dt.
o0 x(0,T)

Since the function max{-, -} is Lipschitz continuous on R?, we deduce from the characteri-
zation (3.14) of the trace and (3.15) that

Tat, = To max{w,, ¥} = max{Tow,, Toy} = max{T; n\ﬁuo,Tmp}
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holds #™ *-a.e. on 8Q and at a.e. time ¢ € [0, T. Distinguishing whether Tq) is larger or
smaller than T, \alo and using Tov > Tq1, we thus deduce from (3.21) that

T
imsup /0 1DV [o]) || (R)dt

T T
g/ ||Dv||(Q)dt+/ | D, || (R™ \ﬁ)dt+// |Tqu —TRn\ﬁuo|dﬂ"*1dt
0 0 N x(0,T)

~ [ Dol yar
0

according to Lemma 3.3. Together with (3.18), this completes the proof of (iv).
The estimate (v) follows from
MOy < [17008) + (1= 1) (8) | 2 ey
< @) ll2@ny + 19 @)l L2@ny + lwollL2®n)

fora.e. ¢t €[0,T].
For the remaining part (vi), we recall that 7. and ¢, are independent of time and therefore
WM, [v] = [n:0sv + (1 — 1e)Oiii] * ¢e. This implies

// |o:M Btv|2dxdt
Qr

< 3// |[7755‘w — atU] * ¢a|2 + |8t'u * e — atv|2 + H(l _ na)atao] . ¢>5|2dwdt
Qr

< 3// |(776 - 1)3tv|2 + |0 * g — 3tv’2 + |(1 = 1)y o 2
Qr
in the limit € | 0, which completes the proof of the lemma. O

3.2.3. Proof of Theorem 1.2 in the case Oy2p € L?>(Qr). — The proof is divided into several
steps.

Step 1: Regularization. — First observe that ¢ =u, on (R"\ Q) x (0,T), so that
Oub € LA(R™ x (0,T)), and also d;1p € L*(R™ x (0,T)). The same holds true for i, = max{w,, ¥},
ie., @, € L*(R™ x (0,T)) N L?(R™ x (0,T)). Now, for some sequence 0 < ¢; | 0 asi — oo,
we define mollifications

Uo,i = Mai [uo] and 1/% = MEi [1/)]

of the initial values and the obstacle, where the operator M., from (3.17) is applied only on
the slice R™ x {0} in the first case, and slice-wise on the time slices R™ x {t} (exactly as
in (3.17)) in the latter case. By Lemma 3.6 (iii) we have the convergences
Py — b in L2(R™ x (0,T)) in the limit i — oo,

(3.22)

Uoi — Uo in L?(R™) in the limit i — oo.
Moreover, as stated in Lemma 3.6 (i), we have ¢; = M., [u,] = u,,; on (R™\ Q) x (0,T) and
$;(0) < u,; holds a.e. on Q. Since d;1p; = [ne, 01 + (1 — e, )O4io] * P, and 8y1p € L2(Q7),
we have 1; € WHL(R™ x (0,T)) and

Op; € LYM(R™ x (0,7)) N L*(R™ x (0,T)) and 8;Dvy; € L*(R™ x (0,T),R™)
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for each i € N. Note also that u,; € L*(R") N WHH(R™), so that the hypotheses of
Theorem 3.1 (concerning the initial and boundary values and the obstacle function) are
fulfilled for u, ; and ;. We may therefore apply Theorem 3.1 to the obstacles ¢; and initial
and boundary data u,; in order to obtain solutions u; € C°([0, T}; L*(R™)) N L3y, (0, T; BV, ,(2))
with dyu; € L2(R™ x (0,T)) and u; > 1); a.e. on Qr of the variational inequalities

T T
/ | Du; || (R™)dt < // O (v — u;)dzdt + / | Dv||(R™)d¢
0 " x(0,T) 0

(3.23) = 5l = u) (D) Zo@ny + 319(0) = uoillZ2(an

for any comparison function v e C°([0,T]; L*(R™))N LY, (0,T;BV,, ,(Q)) with
v € L2(R™ x (0,T)) and v > 1; a.e. in Q7.

Step 2: Weak convergence. — The obstacle functions ¢; fulfill the Hypothesis (2.12) by
Lemma 3.6 (iii), since v; € L1 (0, T; WH(R™)). Hence, we know from § 2.7.1 that the map u;
is also a variational solution on any smaller cylinder €2, for any 7 € (0,7]. Therefore,
applying Lemma 2.6 to the variational solution u; and the comparison function v = ; we
deduce the energy estimate

T
(3.24) sup ||ui(t)||%2(ﬂ*)+/ (| D || (€2%)dt
te[0,T] 0

T
< 16T// |8t1/)i|2dxdt+16/ | D || (2*)dt
QT 0
+2 sup [[9i(t)lZ2(qx) + 81%:(0) — wo,illZ2(ar),
t€[0,T]

for any ¢ € N. According to Lemma 3.6 (v), we have
sup sup |9 (t)[|72n) < 00,
i€N te[0,T)

and the remaining terms on the right-hand side of (3.24) converge to the corresponding terms
with ¢, u, instead of ¢;, u, ; in the limit as ¢ — co. Consequently, the sequence u; is bounded
in the spaces L>(0,T; L?(R™)) and L., (0,T; BV(R™)). By passing to a subsequence, we
can thus ensure convergence u; — u in L*(0,T; L?(R™)) as i — oo for some limit map
u € L*(0,T; L2(R™)). From Lemma 2.4 we infer that u € L. (0,7; BV(R")) with

to

to
(3.25) / ||Du||(]R”)dt§Ii_minf/ | Dus]| (R™)dt
O 11— 00 O

for every t, € [0,T]. Moreover, from the convergences u; — wu in L°(0,T; L?(R")) and
Uo,i — U, in L?(R™) as ¢ — oo and the fact that u; € L, (0,T;BV,, ,(Q)) for any i € N
we conclude that w € L}, (0,7;BV,, (). Combining the weak* convergence u; — u
in L*>°(0,T; L?(R™)) with (3.22) we infer

/ (¥ —u)idedt = / (¥ —w)(¥ — u)ydzdt
Qr Qr

(3.26) =lim [ (¢; —u;)(¢ —u)pdzdt <0,

11— 00 QT
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since the maps u; satisfy the obstacle constraint with the obstacles ;. We deduce that the
obstacle constraint u > v a.e. on Q7 also holds for the limit map.

Step 3: Variational inequality for the limit map. — Finally, we prove that the limit map w is a
variational solution. To this end, we consider an arbitrary comparison function
ve LL,(0,T;BV,, () with v > ¢ a.e. on Qr, dyw € L?(Q%), and v(0) € L?(Q*). The
mollifications v; := M, [v] for i € N satisfy v; > 9; a.e. on Qr and 9;v; € L2(R™ x (0,T))
by Lemma 3.6 (vi). Moreover, we have v; = Mg, [u,] = u,,; a.e. (R™\ Q) x (0,T), which
implies v; € L,(0,7;BV,,,()). Hence, the map v; is admissible in the variational
inequality (3.23) for w;, from which we infer

/ || Du; |[(R™) dt < // atvi(v,-—ui)dxdt—i-/ | Dv; || (R™)d¢
0 nx (0,7) 0

= 3ll(vi = u) (N 2@y + 310:(0) = wo,ill72(zn

for any T € (0, T']. Before passing to the limit ¢ — oo, we integrate both sides of the inequality
over T € (to,t, +9) C (0,T) and take means. This provides us with the estimate

to to+6 T
/ | D || (R™)d¢ 3][ [// Opv; (v; — u;)dzdt —|—/ ||Dvi||(R”)dt] dr
0 to nx(0,7) 0

to+9d
@.27 1= O dr + 31050) = ol
t

o

According to (3.25) the left-hand side is lower semicontinuous. From Lemma 3.6 (iii) we
obtain v; — v in L2(R™ x (0,T)), and moreover, we have weak* convergence u; —~ u
in L>°(0, T; L*(R™)). This implies the weak convergence v; —u; — v —uin L2(R™ x (0, T)),
from which we infer that the second last integral on the right-hand side of (3.27) is also lower
semicontinuous. Finally, the remaining terms on the right-hand side converge by Lemma 3.6
(iii), (iv) and (vi). Letting ¢ — oo, we therefore arrive at

to+9d to
H 0= 0O e+ [ IDuE a
t

o

to+0 T
<L - st [T 1D0lE ] ar + 30) — wol e

to " x(0,7) 0

forevery t, € (0,7) and é € (0,7 — ¢t,]. Letting § | 0, we deduce
to
628 3w — 0t + | 1DUIR" )
to
< [[  awt-uwdsdi+ [ IDUIE"AE+ 300) - wolEaqery
" x(0,t0) 0

for a.e. t, € [0,7T], which is the desired variational inequality. This completes the existence
proof under the additional assumption d;3) € L?(Q%).

3.2.4. Regularization in time: Proof of Theorem 1.2 in the general case. — As above, we divide
the proof in several steps.
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Step 1: Regularization. — We consider a sequence 0 < h; | 0 and let&; := +/h;. Fora
standard mollifier ¢.(z) := e~ "¢(%) we define mollifications of the initial values by

Uo,i = Uop * (bsm 1/10,1' = ¢(0) * ¢€i and Go,i ‘= g(O) * ¢si in Q,

and extend all three functions by u, outside of Q, so that u, ;, Yo, go.i € BV, (). Then we
let

i = [Y]n, and gi = [9]n,; foranyi € N,

where the time mollifications [-]5, are defined according to (2.3) with initial values ¢, ;,
respectively g, ;. Lemma 2.1 implies

¥; =1 in L*(R™ x (0,T)) when i — oo.

From the construction, it is clear that g; > ; holds a.e. on Q7 for every ¢ € N. The mollified
obstacles satisfy

Yi(0) = Yo,i > Uo,
and ¢; € L*(Q%) N LY, (0,T;BV,,(9)), as well as
Ohi = 1= (¥ — i) € L*(927).

Step 2: Solutions of the regularized problem. — We are therefore in the situation covered by
the preceding §3.2.2, in which we already proved the existence result. We therefore obtain
solutions

u; € L°°(0,T; L*(Q*)) N LL,.(0,T; BV, (Q))
of the variational inequalities

/ ||Dui||(Q*)dt§/ 8tv(v—ui)d:z:dt+/ [|Dv]|(2*)d¢
0 Q: 0

(3.29) = 3ll(v = w)(7)l[72(00) + 5110(0) = o il Z20r)

fora.e.7 € [0,T] and every v € L., (0,T; BV,, (Q)) with v > v, a.e. on Q, v € L2(Q%),
and v(0) € L?(2*). In particular, we can apply Lemma 2.6 to the variational solutions wu;
and with the comparison functions v = g; in order to deduce the estimate

T
(3.30) sup ||Ui(t)||%z(g*)+/ || Dw;| (2*)de
t€[0,T] 0

T 2 T
316(/ ||atgi<-,t>||L2<a>dt) +16 [ [Dgil(@)at
0 0

+2 sup |lgi(t)lZ2(qx) + 8119:(0) — wo,ill72(0r)-
t€(0,T]

From the definition of g;, Lemma 2.3 and Lemma 2.1 with » = 1 we infer
T T
| 1pai@yae< [ pgi@)], o

T
(3.31) < / | Dgll ()t + hil| Dgo s|(2°).
0
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For the estimate of the last term in the preceding inequality, we use Lemma 3.3 and the
boundedness of the trace operator to infer that

hill Dgo,il[(27) < hi [IID%II(Q* \ Q) +|Dlg(0) * ¢c.]

(€)

[ ol + Tn(o(0) 65"

< Chi ||| Du, | (0 \ @) + || DIg(0) * .,]]| ()]

.= Ch
< Chil| Duo |0\ ) + = / l9(0)|dz

= Chill Duol| (@ \ Q) + CVhi | 19(0)|dz — 0
in the limit 4 — oo, by our choice of ¢; = v/h;. Combining this with (3.31), we deduce
(3.32) lim sup / " D@t < / " Dl < oo.
Furthermore, by the properties of the time mollification from Lemmas 2.1 and 2.2, we
know that also the other terms on the right-hand side of (3.30) are bounded independently

of i € N. We deduce that the sequence u; is bounded in the spaces L>(0,T; L?(Q2*)) and
LL.(0,T5BV(Q7)).

Step 3: Passage to the limit. — By passing to a subsequence, we can achieve convergence
(3.33) u; = u in L>(0,T; L?(Q*)), as i — oco.

Keeping in mind the bound (3.30), i.e., the part concerning the integrated slice-wise total
variation of u;, we deduce from Lemma 2.4 that u € L} , (0, T;BV(Q2)) with the estimate

T T
/ || Du||(2%) dt < liminf/ || Du; ||(2%) dt < oo.
0 e Jo

As in (3.26) we infer that the obstacle condition is preserved under weak* convergence
and therefore, v > 1 holds a.e. on Qr. Finally, we have to check that u is a variational
solution of the obstacle problem. To this end, we consider an arbitrary comparison map
v € L,(0,T;BV,,(Q)) with 0,0 € L*(Q%), v(0) € L2(Q*), and v > 9 a.e. in Qr. For
any ¢ € N, we define time mollifications v; := [v]}, according to (2.3) with initial values
v(0) * ¢, in Q,
Vo,i =
uo IO\ Q.

)

Since the mollifications v; of ¥ had been defined in exactly the same way, we know that
v; > ; holds a.e. in Q for every ¢ € N and therefore, v; is admissible as comparison map
in the variational inequality (3.29) for w;. This means that for a.e. 7 € [0, T] we have

Ulwi — ) () P + / |Du(@) dt

(3.34) < / [ oo~ ui)dadt + / Do)t + 3 [03(0) = w22 qe-
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Next, we note that according to Lemma 2.1 and Lemma 2.2 we have v; — v as ¢ — oo in the
sense that

v — v in L*(0,T; L?(Q*)),
(3.35)
Oww; — O in L1(0,T; L?(Q*)).
For the last convergence, we used the fact

T T
/ 10:(e™ i (vo,i — v(0)))|l L2y dt = / ae mdt v —v(0)| L2y — 0
0 0
as i — 00.
Analogously to (3.32) we deduce
T T
tmsup [ Dul(@)de < [ Do),
i— 00 0 0
and since the lower semicontinuity of the total variation provides us with the reverse estimate,
we infer even that

T T
(3.36) ,nm/ ||Dvi||(Q*)dt:/ | Dol (2*)dt
71— 00 O 0

holds true. Now we proceed analogously as in (3.27). We take the means of both sides of the
inequality (3.34) over 7 € (t,,t, + 0) and let i« — oo. Using the lower semicontinuity of the
left-hand side and (3.33), (3.35), (3.36) and the fact u, ; — u, in L?(Q*) on the right-hand
side, we deduce

to+5 to
%f Hw—wmﬁmmw+/IWWMﬂﬁ

to 0

to+0 T
g][ [/ Ow(v — u)dadt + / ||Dv||(Q*)dt} dr + 1v(0) — u0||2Lz(Q*)
t Qr 0

o

for any t, € (0,7) and § € (0,T — t,]. Letting § | 0, we infer
3w =) (t)lZ2 ey + /Oto [ Duf|(€27)de
< /Q Ov(v — u)dzdt + /Oto | Dv||(92*)dt + [v(0) — u0||2Lz(Q*)
for ae. t, € [0,T). "ljhis means that u is the desired variational solution to the obstacle

problem. This concludes the proof of the existence result from Theorem 1.2 in the general
case.

3.3. Lower semicontinuous obstacles: Proof of Theorem 1.3

A further application of Theorem 3.1 leads to an existence result for the obstacle problem
for the total variation flow in cases where the obstacle is given by a lower semicontinuous
function.
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Proof of Theorem 1.3. — Since ¥ — u,: 27 — R is lower semicontinuous, there exists a
sequence of smooth functions ¢} € C*°(Qr, R) with

¥ (2) T (¥ — u,)(2) monotonically increasing for every z € Qr, as i — oo.

Since spt(¢ — u,) € Q7 by assumption, we can achieve spt(1)) € Qr by a standard cut-off
procedure. Then the regularized obstacles v; := 1] + u, € Wh(Q4) satisfy

O = O € L*(Qp) and 9, Dy; = 8, Dy} € L'(Q7)

and
Y, <¢YonQr and 1P; = u, in a neighborhood of 94Qr.
Consequently, Theorem 3.1 is applicable to the obstacles v; and the initial and boundary
values u,, from which we obtain solutions u; € C°([0,T]; L?(Q*)) N L. ,(0,T;BV,,(Q))
with u; > 9; a.e. on Q7 of the variational inequalities
T

T
/ ||Dui||(Q*)dt§/ 6tv(v—ui)dxdt+/ | Dol|(2*)dt
0 Qz 0

(3.37) — 3110 = u) (D) 220y + 3110(0) = o2 (0

for any comparison map v € C°([0, T]; L?(2*))NLL, (0, T; BV, (2)) withv > 9, a.e. in Qp
and 8;v € L*(Q%). From §2.7.1 (note that +; fulfills the Hypothesis (2.12)) we know that this
inequality is also satisfied on every smaller domain 2, forany 7 € (0,7"). According to (1.5),
we have g > 1 > 4;, and hence, v = g is an admissible comparison map in (3.37) for every
i € N. From Lemma 2.6 we thus infer the energy estimate

T
sup IIUz'(t)Iliz(m)Jr/ ([ Dus | (27)dt
t€[0,T] 0

T
< 16T// |8tg|2dwdt+16/ | Dgl|(2*)dt
Qr 0
+2 sup [|g(t)1 720 + 8119(0) — uoll72(q-)-
t€[0,T]

After extraction of a subsequence we thereby get convergence
(3.38) u; = u weakly* in L (0, T'; L*(Q*))
in the limit i — oo for a limit map v € L°°(0,7; L?(2*)) which in addition satisfies by
Lemma 2.4 that u € LY, (0,T; BV, (Q)) with the estimate
T T
/ | Dul|(©Q)dt < liminf/ | Dw;| (2)dt.
0 i—oo Jo
Using (3.38) and the monotone convergence ; T v, we deduce
/ (Y —u)idz = / (¥ —u)(¢p —u)ydz = lim (i —u;) (¢ —u)4dz <0,
Qr Qr 71— 00 Qr

which implies that w > 1 a.e. on Qr. In order to verify that u is the desired variational
solution, we consider an arbitrary v € L}, (0, T; BV, (Q)) with v > 1 a.e. on Qr, dv € L2(Q%),
and v(0) € L2(2*). Because of v > 9 > ; a.e. on Q7 for every i € N, this map is also
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admissible in the variational inequality (3.37) for w;, on any sub-cylinder 2, C Q7. We
therefore have

3ll(v = w) ()72 @) +/0 ([ Dus | (27)dt

§/ (v —ui)dxdt+/ [Dv[|(2%)dt + 5 [[0(0) = uollZ2 ()
Qx 0

forevery 7 € (0,7) and any+ € N. For the passage to the limit i — oo, we take mean integrals
of both sides with respect to T € (t,, t, + d) for some ¢, € (0,7) and é € (0,T —t,]. Letting
first i — oo and then ¢ | 0, we argue similarly as for the derivation of (3.28) and arrive at

to
3l = w)(to)lZ20r) +/0 [ Dul[(27)dt

to
< / dv(v — u)dzdt + / | D[|(2%)dt + 5[[0(0) — wo|1Z2(qr)
Q;, 0
for a.e. t, € [0, T]. This completes the proof of the theorem. O

3.4. Upper semicontinuous obstacles: Proof of Theorem 1.4

In this section, we consider a bounded Lipschitz domain £2 C R™ and an obstacle function
¥: Qp — R such that ¢ — u, is upper semicontinuous. According to [18], the De Giorgi
measure can be defined as follows.

DEerINITION 3.7. — For any € > 0, we define a measure o, on R” by letting
0e(E) :=inf {P(B) + 1 £"(B) : B C R"is open with B D E}
for every E C R™ and then

(3.39) o(E) =limo.(F) =supo.(E).
elo e>0

From the analysis in [20] it follows that ¢ is a Borel regular measure which satisfies
o(E) =2#""(E)

for every Borel set E that is contained in a countable union of (n — 1)-dimensional regular
surfaces. However, a counterexample in [26] shows that this is not true for arbitrary Borel sets.
Nevertheless, the De Giorgi measure is comparable to the Hausdorff measure in the sense
that
CiH" N (E) < o(E) < Co#H" H(E)
holds for every subset E C R™ and dimensional constants C;(n), C2(n) > 0, cf. [20].
For a function u € BV (Q2*) we define the upper approximate limit by

i i su L"({y € Byr(z) 1 u(y) > \}) _
ut(z) = f{/\E]R.l Tlop e 0}.

This defines a Borel function u™: Q* — R, which equals the Lebesgue values of u in the
approximate continuity points and the larger of the two jump values in the approximate jump
points of u. Motivated by [17, § 5], we define the functional

TV (u) = | Dull(@7) + /ﬂ (% — u*)4do
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for any u € BV, (), where we used the abbreviation (¢ — u™); := max{y) — u™,0}.
This choice of the functional is justified by [17, Thm. 7.1], which implies that the func-
tional TV, is the relaxation of the functional TV,,: BV, (£2) — [0, co] defined by

/ |Duldz if u € WHH(Q), u = u, on Q*\Qand u > ¢ H" '-ace.,
TVy(u) = *

0 otherwise,

provided this functional is not constantly infinite. To be more precise, the functional TV, is
the greatest functional smaller than TV, that is lower semicontinuous with respect
to L'-convergence. Therefore, one of the consequences of [17, Thm. 7.1] is the fact that

(3.40) TV (u) < liminf TV (u;)

holds whenever u; € BV, (Q2) is a sequence with u; — u € BV, (Q) in L'-norm in the
limit ¢ — oo.

REMARK 3.8. — We note that the penalization term in (1.9) is well-defined, since

t— (¢ —uF)4do
Qx{t}

is a #'-measurable function on [0, T]. This can be checked by observing that the defini-

tion (3.39) implies

/ (¢ —ut);do = lim (¢ —u™) do.,
Qx{t} el0 Jax{t}

and the right-hand side depends measurably on ¢ by Fubini’s theorem, because the
measures o, are o-finite on R"”.

However, we note that Fubini’s theorem is not applicable to the double integral

(3.41) /OT [/ﬂ(w —u+)+da} dt

that appears in the formulation (1.9) of the variational inequality in the case of thin
obstacles. This becomes evident from the example of the characteristic function of the
cone C := {(x,t) € B} x (0,1) : |z| = t}, for which we have

1 1
/ [/ XC(:c,t)dt} do =0, but / [/ Xc(m,t)do] dt = %&’("—1(83{‘).
By LJo o LJBr

Consequently, it is crucial to evaluate the integrals in (3.41) only in the specified order.

REMARK 3.9. — The solution u constructed in Theorem 1.4 may violate the obstacle
constraint u > 1. However, as a consequence of the inequality (1.9), the exceptional set

E:={(z,t) € Qr:u'(z,t) <¢(z,0)} = {(z,t) € Ur: (Y —uT); #0}
is small in the sense that

(3.42) H-dim(E) <n—1 forae te[0,T),
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where J(-dim denotes the Hausdorff-dimension and E; := E N (2 x {t}). In fact, if (3.42)
did not hold, the sets E; would not be o-finite with respect to "~1 and therefore

[ weutdozon [ meut)an T = o
Qx{t}

Qx{t}

on a set of times with positive # '_measure, in contradiction to the variational inequality (1.9)
which guarantees the finiteness of the penalization term.

Proof of Theorem 1.4. — Step 1: Yosida regularization. — We consider the Yosida regular-
izations of ¢ := ¥ — u,, which are defined by

Bu(2) == sup [p(w) — |z — wl]
weQT

for each z € Qr and k£ € N. Since ¢ is upper semicontinuous with compact support, the
sequence @y is nonincreasing with @, (z) | ¢(z) for every z € Qr (cf. [23, Thm. 9.85]).
Moreover, it is well-known that the Yosida regularization is Lipschitz continuous with
Lip(@x) < k. Finally, we observe that for each z € Qr with dist(z,spt ) > £ sup ¢, we
have &, (z) = 0, which implies

spt (Px) € Qr forany k > k,,

if we choose k, € N sufficiently large. An additional smoothing procedure of the strictly
decreasing sequence o + % yields a sequence of smooth functions ¢;, € C§°(2r) with
pr — @ pointwise in Q7 as k — oo, and

(3.43) ori1 < or <P+ 2 foranyk e N.
Now we apply Theorem 3.1 to the obstacles ¢ := ¢ + u, for k > k, (observe that the
hypotheses in (3.1) are satisfied by the obstacles 1x; in particular 1, € W11(Q%)) and infer

the existence of solutions uy € L, (0,T; BV, (Q)) with d;uy, € L?(Q%) of the variational
inequality

/ || Dug|| (£2) d¢ g/ Opv(v —uk)dasdt-l-/ [|Dv||(€2*)dt

0 Qr 0

(3.44) — 10 = ur) (D Bagaey + Al10(0) — uolZary

for every 7 € [0,7] and any v € L, (0, T; BV, () such that 6,v € L%(Q%), v(0) € L2(Q*),
and v > 1y, a.e. in Qp. The variational inequality holds for every 7 € [0, T] as a consequence
of §2.7.1, since assumption (2.12) is fulfilled by the obstacle functions v, € Wh(Qh).

Since Y11 < ¢y, for every k > k,, the comparison principle from Lemma 2.12 implies

(3.45) Ug4+1 < up a.e.on Qp forany k > k,.
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3.4.1. Step 2: Weak convergence. — Since 1y, is an admissible comparison function for
each ug with k > k,, Lemma 2.6 provides us with the energy bound

T
sup ||Uk(t)||%2(m)+/ [ Dug[|(27)dt
t€[0,T] 0

<16 / / |T10wp, I + D, || dadt
Qr

+2 sup [, ()l 2(q-) + 8119k, (0) — toll72(qe)-
t€[0,T]

We infer that the sequence (ug)r>k, is bounded in the spaces L>°(0,T;L*(Q*)) and
LL.(0,T;BV,, (). Therefore and because of the monotonicity (3.45) we can find a
subsequence {k;} and a limit map u € L>(0,T; L*(Q*)) with

uk, — win L*>(0,T; L2(Q*)),

ug;, — uwin L1(Qr) and a.e.,

in the limit i — oo. Lemma 2.4 implies v € L} ,(0,T;BV,,_(£)). Since for a further subse-
quence, we have convergence ug, (t) — u(t) in L1(2) in the limit i — oo for a.e. t € [0, 7,
the lower semicontinuity (3.40) implies

IDu@l@)+ [ (- ut) do

Qx{t}

< tminf |1Du, 1@ + [ (0= uf) do
1o Qx{t}

for a.e. t € [0, T]. Next, we note that the obstacle condition uy, > 1y, a.e. on Qr implies by
the definition of the approximate upper limit that uzi > zp,ji = 1, holds everywhere on Q
fora.e. t € [0,T]. For the last identity we used that 1y, is smooth. In particular, we have that
u;i > i, > 1 holds true o-a.e. on Q x {t}, for a.e. t € [0, T]. Consequently, the last integral
in the preceding formula vanishes, and we deduce

IDuo)l @)+ [

(v — u+)+dcr < liminf || Duy, ()] (£2*)
Qx{t} 1—00

fora.e.t € [0, T]. Integrating the preceding estimate and applying Fatou’s lemma, we deduce
/ || Dwl| (£2*)dt +/ [/ (v — u+)+da} dt
0 0 Q
(3.46) < / lim inf || Duy, || (2%)dt < lim inf/ | Dug, || (Q2*)dt
0 11— 00 11— 00 0

for every 7 € [0, T7.

Step 3: Variational inequality for Lipschitz comparison maps. — For the proof of the varia-
tional inequality (1.9), we begin with a comparison map v satisfying

(3.47) v > 1 everywhere on Qr and v — u, is Lipschitz continuous.
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For any k € N with k£ > Lip(v — u,) and any w, z € Qr we observe that
(W) — bz — w] = $(w) - uy(w) — klz — w] < v(w) — up(w) — k|2 — vl
v(z
<w(z

holds true. Taking the supremum over w € Qr and keeping in mind (3.43), we deduce

) — uo(2) + [Lip(v — Up) — k] |z — w|
) — uo(2)
v(2) + § 2 Br(2) + uo(2) + 7 = ¢i(2) +uo(2) = Yi(2)

for every z € Qr. We therefore may choose v + 2 (extended by u, on (2*\ Q) x (0,T)) as
comparison map in the variational inequality (3. 44) for uy,, which means

v+ & —we) (D2 0r) +/0 ([ Dug, [|(27) dt

g/izmw+%—umma+/|mwmﬂa+%ﬂ“%mn
Qx 0

1 2 2
3llv +E_“0HLz(m)
— / Opv(v — u)dzdt + / (| Do (2)dt + %HU(O) - uo||2Lz(Q*)
Qx 0

holds true in the limit ¢ — oo for every 7 € [0,7]. On the left-hand side, we use the
convergence ux, — u a.e. on 27 and Fatou’s lemma in order to pass to the limit in the first
term. For the second term on the left-hand side, we apply (3.46), with the result that

o= Ol + [ IDul@ s [7] [ - ut), ao]a

(3.48) // Ov(v —u) dscdt+/ | Dov||(£2*) dt + 1v(0) — uo||%2(9*)

holds true for a.e. 7 € [0,T]. This establishes the claimed inequality under the additional
assumption (3.47), i.e., v — u, € C%*(Q7) and v > 1 everywhere on Q.

Step 4. Variational inequality for more general comparison maps. — Finally, we consider (as
claimed in the statement of Theorem 1.4) a general comparison function v € L, (0, T;BV,, (Q))
with ;v € L2(Q%) and v(0) € L2(Q*), for which v — u, is lower semicontinuous
in Q7 and v > 4 holds everywhere in Q. In order to approximate it with more regular
comparison maps, we recall the mollification defined in (3.17). Since u, € W11(Q*) and
spt(¢ —u,) € Qp, we can discard the complicated construction of 4, in the definition of M,
and use u, instead. Then the definition reads

ME[U] = [77511 + (1 - ns)uo] * ¢6

for e > 0 sufficiently small, where ¢.(z) € C§°(BZ,R>¢) denotes a standard mollifier in
space. From Lemma 3.6 we know that M [v] = M.[u,] = u, * ¢ holds outside of Qr, as
well as 9;(Mc[v]) — v in L%(Qr) ase | 0, and

T T
(3.49) lim [ ||[DM.[])(Q%)dt = / | Do (2*)dt
0 0

€l0
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For the mollification procedure in time, we choose a mollifying kernel (. (t) := 1¢(%) with
¢ € C§°((—e,€),R>0) and extend v to Q* x [-T,2T] by letting v(—t) := wv(t) and
v(T +t) .= v(T —t) for every ¢t € [0,T]. For a sequence ¢; | 0 we then define

U 1= [Msi ['U] - Msi [uo] + uo] * Csi = Msi [U] * Csi — Up * ¢z—:7-, + Uo,

where the last equality holds because u, is independent from time. Then we have v; = wu,
on (2* \ Q)r, the map v; — u, is Lipschitz continuous and we have convergence

(3.50) v; >V ?n L?(Qy) and a.e. on Q7,
v;(0) — v(0) in L2(Q),

as well as

(3.51) Ov; = [O M, [v]] % ¢, — Bo in L2(Qy)

in the limit ¢ — oo. Moreover, we use standard properties of mollifications and (3.49) to
deduce

T T+e;
/0 | D (*)dt g/ | DML, [v]]|(©2 )dt+T/Q* |D(uo * ¢e, — uo)|dz

e
T
(3.52) - / 1Dw]| (")t
0
in the limit ¢ — oco. Next, we claim that for each « > 0 there exists ¢,(x) € N such that
(3.53) Y <v;+k inQpforanyi > i,(k).

In fact, if this did not hold, after passing to a subsequence we could find x, > 0 and a
sequence z; € Qr so that

(3.54) (Y —uo)(2i) > (vi — uo)(2i) + Ko
= ([778, (U - UO)] * ¢8z) * CEi (ZZ) + Ko
> inf [nai (’U - uo)] + Ko

e; (%4

by the properties of the mollifying kernels ¢ and ¢, where we abbreviated Q.,(z;) :=
B, (z;) x (t; — €i,t; + ;) for z; = (x;,t;). By passing to another subsequence we can
achieve z; — 2z € Qr asi — oo. In the case 2 & spt(¢ — u,), the preceding inequality
implies the contradiction
0> inf : [nai('u — uo)] + Ko > Qin(f ) [nai(w — uo)] 4+ Ko =FKo >0
for sufficiently large ¢ € N. On the other hand, in the case z € spt(¢) — u,) € Qr, we have
Ne; = 1 on Qg (2;) for large i, so that (3.54) implies
(¢ — uo)(2) = limsup (¢ — uo)(2i)

> liminf inf (v—1wu,)+ Ko
i—00 in (21)

> (v —uo)(2) + Ko.
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Here we used the upper semicontinuity of ¢ — u, and the lower semicontinuity of v — u,.
However, this contradicts the obstacle condition v > 1 on Q7, so that we reach a contradic-
tion in either case. This establishes the claim (3.53). Hence, we know that v; + k—extended
by u, on Q* \ Q—is admissible as comparison map in (3.48) for every k > 0 and ¢ > 4,(x),
from which we infer

%H(vZ + K- u)(T)“QLQ(Q*) + /0 | Dwl| (£2*)dt +/O [/Q (w - u+)+do} dt
< // Ov; (v; + k — uw)dzdt + / | Dovg || (%) dt + krH™ 1 (09)
Q. 0

+ 5 [|vi(0) + 5 — UOHiZ(Q*)

fora.e. 7 € [0,7] and ¢ > i,(x). Letting ¢ — oo and using (3.50), (3.51), and (3.52), we
deduce

%H(U-i-lﬁ—u)(T)HiﬂQ*)‘f‘/o ||DU||(Q*)dt+/0 [A(w_u+)+d0]dt
< //QT &ﬂ)(v—}—m—u)dxdt—}—/o ||D”||(Q*)dt+575’[”_1(39)

+3[v(0) + 5 — u"“i%ﬂ*)

fora.e. 7 € [0,7] and every x > 0. Letting | 0, this yields the claimed inequality (1.9) and
finishes the proof of the theorem. O
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