ISSN 0012-9593

quatriéme série - tome 49 Jascicule 6 novembre-décembre 2016

ANNALES

SCIENTIFIQUES
de

I/ ECOLE
NORMALE
SUPERIEURE

Jérémie SZEFTEL

Sharp Strichartz estimates for the wave equation on a rough background

SOCIETE MATHEMATIQUE DE FRANCE



Annales Scientifiques de I'Ecole Normale Supérieure

Publiées avec le concours du Centre National de la Recherche Scientifique

Responsable du comité de rédaction / Editor-in-chief

Antoine CHAMBERT-LOIR

Publication fondée en 1864 par Louis Pasteur Comité de rédaction au 1¢ janvier 2016
Continuée de 1872 a 1882 par H. SAINTE-CLAIRE DEVILLE N. ANANTHARAMAN I. GALLAGHER
de 1883 a 1888 par H. DEBRAY P. BERNARD B. KLEINER
de 1889 a 1900 par C. HERMITE E. BREUILLARD E. KowALSKI
de 1901 a 1917 par G. DARBOUX R. CErRF M. MUSTATA
de 1918 4 1941 par E. PICARD A. CHAMBERT-LOIR L. SALOFF-COSTE

de 1942 4 1967 par P. MONTEL

Rédaction / Editor

Annales Scientifiques de I’Ecole Normale Supérieure,
45, rue d’Ulm, 75230 Paris Cedex 05, France.
Tél. : (33) 144 32 20 88. Fax : (33) 1 44 32 20 &0.

annales@ens.fr

Edition / Publication Abonnements / Subscriptions
Société Mathématique de France Maison de la SMF
Institut Henri Poincaré Case 916 - Luminy
11, rue Pierre et Marie Curie 13288 Marseille Cedex 09
75231 Paris Cedex 05 Fax : (33) 0491 41 17 51
Tél. : (33) 01 44 27 67 99 email : smf@smf.univ-mrs.fr

Fax : (33) 01 40 46 90 96
Tarifs
Europe : 519 €. Hors Europe : 548 €. Vente au numéro : 77 €.

© 2016 Société Mathématique de France, Paris

En application de la loi du 1° juillet 1992, il est interdit de reproduire, méme partiellement, la présente publication sans ’autorisation
de I’éditeur ou du Centre frangais d’exploitation du droit de copie (20, rue des Grands-Augustins, 75006 Paris).

All rights reserved. No part of this publication may be translated, reproduced, stored in a retrieval system or transmitted in any form or
by any other means, electronic, mechanical, photocopying, recording or otherwise, without prior permission of the publisher.

Directeur de la publication : Stéphane Seuret

ISSN 0012-9593
Périodicité : 6 n°s / an



Ann. Scient. Ec. Norm. Sup.
4 série, t. 49, 2016, p. 1279 a 1309

SHARP STRICHARTZ ESTIMATES FOR THE WAVE
EQUATION ON A ROUGH BACKGROUND

BY JErEMIE SZEFTEL

ABSTRACT. — In this paper, we obtain sharp Strichartz estimates for solutions of the wave equation
Og¢ = 0 where g is a rough Lorentzian metric on a 4 dimensional space-time J/. This is the last step of
the proof of the bounded L? curvature conjecture proposed in [3], and solved by S. Klainerman, I. Rod-
nianski and the author in [7], which also relies on the sequence of papers [15] [16] [17] [18]. Obtaining
such estimates is at the core of the low regularity well-posedness theory for quasilinear wave equations.
The difficulty is intimately connected to the regularity of the eikonal equation g*?d,udsu = 0 for a
rough metric g. In order to be consistent with the final goal of proving the bounded L? curvature con-
jecture, we prove Strichartz estimates for all admissible Strichartz pairs under minimal regularity as-
sumptions on the solutions of the eikonal equation.

RESUME. — Dans cet article, nous obtenons des estimations de Strichartz optimales pour les
solutions de 1’équation des ondes Lg¢p = 0 ou g est une métrique lorentzienne peu réguliere sur
un espace-temps M de dimension 4. Il s’agit de la derniere étape de la preuve de la conjecture de
courbure L? proposée dans [3], et résolue par S. Klainerman, I. Rodnianski et I’auteur dans [7],
qui repose également sur la série d’articles [15] [16] [17] [18]. De telles estimations sont au cceur
de la théorie de I’existence locale pour les équations d’ondes non linéaires en faible régularité. La
difficulté est intimement liée & la régularité de I’équation eikonale g®? d,udsu = 0 pour une métrique
peu réguliére g. Avec pour but final la preuve de la conjecture de courbure L?, nous prouvons des
estimations de Strichartz pour toutes les paires admissibles sous des hypothéses minimales de régularité
pour I’équation eikonale.

1. Introduction

In this paper, we obtain sharp Strichartz estimates for solutions of the wave equation
Og¢ = 0 where g is a rough Lorentzian metric on a 4 dimensional space-time /. This is
the last step of the proof of the bounded L? curvature conjecture proposed in [3], and solved
by S. Klainerman, I. Rodnianski and the author in [7], which also relies on the sequence of
papers [15] [16] [17] [18]. Obtaining such estimates is at the core of the low regularity well-
posedness theory for quasilinear wave equations. The difficulty is intimately connected to
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1280 J. SZEFTEL

the regularity of the eikonal equation g*?0,udgu = 0 for a rough metric g. In order to
be consistent with the final goal of proving the bounded L? curvature conjecture, we prove
Strichartz estimates for all admissible Strichartz pairs under minimal regularity assumptions
on the solutions of the eikonal equation.

Since we are ultimately interested in local well-posedness, it is enough to prove local in
time Strichartz estimates. Also, it is natural to prove Strichartz estimates which are localized
in frequency (V. Finally, an L{° L2 type bound in the context of the bounded L? curvature
conjecture follows from the analysis in [16] [18], so we will assume that such a bound holds
in this paper @. Thus, we focus in this paper on the issue of proving local in time Strichartz
estimates which are localized in frequency assuming an a priori L$° L2 bound. In particular,
this turns out to be sufficient for the proof of the bounded L? curvature conjecture.

We start by recalling the sharp Strichartz estimates for the standard wave equation
on (R'*3 m) where m is the Minkowski metric. We consider ¢ solution of

(1.1) {D¢=0, (t,z) € R* x R?

#(0,.) = 99, 0:9(0,.) = ¢1,
where
O=0m=-02+A,.
Let (p, ¢) such that p,q > 2, ¢ < +00, and

111
p g 2
Let r defined by
3 1 3
r=——-—-
2 p q

We call (p,q,r) an admissible pair. Then, the solution ¢ of (1.1) satisfies the following
estimates, called Strichartz estimates [13] [14]

(1.2) ¢l ze@+,La®e)) S Dol grr(ray + 1011 -1 (ga)-

Strichartz estimates allow to obtain well-posedness results for nonlinear wave equations
with less regularity for the Cauchy data (¢, ¢1) than what is typically possible by relying
only on energy methods (see for example [8] in the context of semilinear wave equations).
Therefore, as far as low regularity well-posedness theory for quasilinear wave equations is
concerned, a considerable effort was put in trying to derive Strichartz estimates for the wave
equation

(1.3) Ogp =0

(U The standard proof of Strichartz estimates in the flat case proceeds in two steps (see for example [11]). First,
one localizes in frequency using Littlewood-Paley theory. Then, one proves the corresponding Strichartz estimates
localized in frequency.

@ The standard proof of Strichartz estimates in the flat case relies in particular on an interpolation argument
between the L§® L2 bound and a dispersive bound. The L§® L2 bound is usually obtained by other methods - for
the wave equation in Minkowski, it follows from the conservation of energy - so we will focus in this paper on the
derivation of the dispersive estimate.
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SHARP STRICHARTZ ESTIMATES FOR THE WAVE EQUATION 1281

on a space-time (M}, g) where g has limited regularity, see [9], [2], [1], [19], [20], [4], [5], [10]. All
these methods have in common a crucial and delicate analysis of the regularity of solutions
u to the eikonal equation

g% 9, udpu = 0.

To illustrate the role played by the eikonal equation, let us first recall the plane wave
representation of the standard wave equation. The solution ¢ of (1.1) is given by:

(1.4) / / ei(—tHaw)A 2 (9};5 (Ow) + 9’¢1(>\w)> A2d\dw
SQ
/ / z(t+ac W)X = <g¢ ()\ ) gﬁél(Aw)) )\Qd)\dw7
S2

where & denotes the Fourier transform on R3. The plane wave representation (1.4) is the sum
of two half waves, and Strichartz estimates are derived for each half-wave separately with an
identical proof so we may focus on the first half-wave which we rewrite under the form

“+o0
(1.5) / / e TN £ (AW AZdAdw
S22 Jo

where the function f on R? is explicitly given in term of the Fourier transform of the initial
data. Note that —¢ + x - w is a family of solutions to the eikonal equation in the Minkowski
space-time depending on the extra parameter w € S2. The natural generalization of (1.5) to
the curved case is the following representation formula - also called parametrix

+oo
(1.6) / / M2 £ (XY A2dAdw
Sz J0o

where v is a family of solutions to the eikonal equation in the curved space-time (JH, g)
depending on the extra parameter w € S2. Thus, our parametrix is a Fourier integral
operator with a phase u satisfying the eikonal equation ®.

Assume now that the space-time ¥ is foliated by space-like hypersurfaces 3; defined as
level hypersurfaces of a time function ¢. The estimate for the parametrix (1.6) corresponding
to the Strichartz estimates of the flat case (1.2) is

+oo
/ / ePub29) £(Aw)A2d\dw
S2 Jo

Since we are ultimately interested in local well-posedness, it is enough to restrict the time
interval to [0, 1], which corresponds to local in time Strichartz estimates. Also, it is natural
to prove Strichartz estimates which are localized in frequency (see footnote 1). Finally, an
L$° L2 type bound in the context of the bounded L? curvature conjecture follows from the
analysis in [16] [18], so we will assume that such a bound holds in this paper. Thus we focus on
proving Strichartz estimates on the time interval [0, 1] for a parametrix localized in a dyadic
shell for which an a priori L L2 bound is assumed. Let j > 0, and let ¢ a smooth function
on R supported in

(1.7)

SN fllz2 sy
Lp(R+,La(S,))

<A<2

N | =

3 We refer to [16] [18] for a precise construction of a parametrix of the form (1.6) which generates any initial data
of (1.3) and for its control in the context of the bounded L? curvature theorem of [7]
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1282 J. SZEFTEL

Let ¢; the scalar function on /i defined by the following oscillatory integral:

(1.8) 0;(t,z) = / / eMET@) (279N F(Aw) A2 dAdw.

s2 Jo
We will prove the following version of (1.7), both localized in time and frequency
(1.9) leillze  raemy S 2719277 fll 2@y

[0,1]
assuming that we already know that (1.9) holds in the case (p, ¢,7) = (+00,2,0).

The Strichartz estimates (1.9) are a consequence of the oscillations of the phase u of
the Fourier integral operator ¢;. Thus, one should expect to have to perform integrations
by parts to obtain (1.9). In turn, this requires v to have enough regularity to be able to
perform these integrations by parts. But of course, the rougher the space-time (i, g) is, the
less regularity one can extract from the solution u to the eikonal equation. Our goal is to
prove (1.9) in the context of the bounded L? curvature theorem obtained in [7]. This forces
us to make assumptions on u which are compatible with the one derived in the companion
papers [15] [17]. In particular, we may assume the following regularity for u

(1.10) Byou € L, 8y 400u € L.

Now, the standard procedure for proving (1.9)—which we shall follow here—is to use the
TT* argument to reduce (1.9) to an L'-L* estimate by interpolation ®, and finally to a
L estimate for an oscillatory integral with a phase involving u. One then typically uses the
stationary phase to conclude the proof. This would require at the least ®

(1.11) O pu € L™, 0y ,0%u € L.

(1.11) involves unfortunately one more derivative than our assumptions (1.10) and we thus
are forced to follow an alternative approach ® to the stationary phase method inspired by
[9] and [10] in order to prove (1.9) under the regularity assumption (1.10) for w.

Acknowledgments. — The author wishes to express his deepest gratitude to Sergiu Klainer-
man and Igor Rodnianski for stimulating discussions and encouragements. He also would
like to stress that the way this paper fits into the whole proof of the bounded L? curvature
conjecture has been done in collaboration with them.

2. Assumptions on the phase u(t, z,w) and main results

2.1. Time foliation on M

We foliate the space-time M by space-like hypersurfaces ¥; defined as level hypersurfaces
of a time function ¢. We consider local in time Strichartz estimates. Thus we may assume

@ Assuming that the L L2 bound, i.e., the case (p, g,7) = (+00,2,0) in (1.9), is already known to hold.

® The regularity (1.11) is necessary to make sense of the change of variables involved in the stationary phase method
(see Remark 4.1).

(©) We refer to the approach based on the overlap estimates for wave packets derived in [9] and [10] in the context
of Strichartz estimates respectively for C1:1 and H?%¢ metrics. Note however that our approach does not require
a wave packet decomposition.
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SHARP STRICHARTZ ESTIMATES FOR THE WAVE EQUATION 1283

0 <t < 1sothat

2.1) M= J =

0<t<1

We denote by T the unit, future oriented, normal to ;. We also define the lapse n as
(2.2) n~! =T(t).

Note that we have the following identity between the volume element of J/ and the volume
element corresponding to the induced metric on %

(2.3) dM = nd3, dt.
We will assume the following assumption on n

(2.4) % <n<2
which together with (2.3) yields

(2.5) dM ~ d¥; dt.

REMARK 2.1. — The assumption (2.4) is very mild. Indeed, even for the very rough space-
time (M, g) constructed in[7], (2.4) is satisfied, and one has the additional regularity Vn € L°°,
where V denotes the induced covariant derivative on 3.

REMARK 2.2. — In the flat case, we have M = (R'*3 m), where m is the Minkowski
metric, and we can take for example ¥y = {t} x R®. This choice yields n = 1 so that
n satisfies (2.4) in this case.

2.2. Geometry of the foliation generated by « on /i

Remember that u is a solution to the eikonal equation g*#d,udsu = 0 on M depending
on a extra parameter w € S2. The level hypersurfaces u(t, z,w) = u of the optical function
u are denoted by J¢,,. Let L’ denote the space-time gradient of u, i.e.,:

(2.6) L' = g*f95ud,.
Using the fact that u satisfies the eikonal equation, we obtain:
2.7 D, L' =0,
which implies that L’ is the geodesic null generator of /.
We have:
T(u) = £|Vu|
where |Vul? = Z?=1 le;(u)|? relative to an orthonormal frame e; on X;. Since the sign
of T'(u) is irrelevant, we choose by convention:
(2.8) T(u) = —|Vul
so that u corresponds to —t + z - w in the flat case.
Let
2.9 L=bL"=T+N,

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



1284 J. SZEFTEL

where L’ is the space-time gradient of u (2.6), b is the lapse of the null foliation (or shortly null
lapse)

(2.10) bl =— < L' \T>=—-T(u),

and N is a unit vector field given by

u
(2.11) = é—M
Note that we have the following identities:
LEmMa 2.3. — We have
(2.12) L(u) =0, L(0,u) =0
and
(2.13) g(N,d0,N) =0.

Proof. — Using the Definition (2.6) of L’ and the fact that u satisfies the eikonal equation,
we have

L' (u) = g*?0qudsu = 0.
In view of the Definition (2.9) of L, we deduce
(2.14) L(u) = 0.
Also, differentiating the eikonal equation with respect to w yields
g% 0,udpd,u = 0

which yields

L'(G,u)=0
and thus

L(d,u) = 0.
Together with (2.14), this implies (2.12).

Also, we have in view of the Definition (2.11) of N

g(N,N)=1.
Differentiating in w, we obtain
g(N, auN) =0,
which is (2.13). This concludes the proof of the lemma. O

4¢ SERIE - TOME 49 — 2016 — N° 6
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2.3. Regularity assumptions for u (¢, z, w)

We now state our assumptions for the phase u(t, z,w). These assumptions are compatible
with the regularity obtained for the function u(t, z,w) constructed in [17]. Let 0 < e < 1 a
small enough universal constant (. b and N satisfy

(2.15) b= 1] poe + [|0ub]l = S e
(2.16) |g(0uN,0,N) — ||~ S e
(2.17) IN(,w) = N(,o")| = Jw — o'|(1 + O()).

REMARK 2.4. — In the flat case, we have M = (R'*3 m), where m is the Minkowski
metric, u(t,z,w) = —t+z-w,b=1 N =wand L = 0; + w - 0,. Thus, the assumptions
(2.15) (2.16) (2.17) are clearly satisfied with € = 0.

REMARK 2.5. — Note that there is a slight abuse of notations in the assumption (2.16).
Indeed, considering the standard spherical coordinates system (0, @) on S%, we have in the flat
case N = w, and hence, denoting 8,N = (0N, 0,N), we obtain

1 0
80N, 0.N) = (0 (sin9)2>

so that g(0,N,0,N) = I only at 0 = /2. However, note that up to suitably choosing the axis
of the spherical coordinates, one can always ensure that g(0,N,0,N) = I3 in the flat case at
a given point of S. Thus, the L* norm in (2.16) is taken in (t,x) and holds for an arbitrarily
chosen w € S%. (2.16) will be used in (5.4) and (5.13), and in both cases, the L> norm in (2.16)
is indeed taken in (t,x) at a fixed w.

REMARK 2.6. — In terms of the regularity of u(t,z,w), the assumptions (2.15) (2.16)
correspond to
Vu € L*® and Vo ,u € L™

which is very weak. In particular, the classical proof for obtaining Strichartz estimates for the
wave equation relies on the stationary phase for an oscillatory integral involving w as a phase,
and typically requires at the least one more derivative for u (see Remark 4.1).

2.4. A global coordinate system on X,

Forall0 <t < 1,andforallw € S?, (u(t,z,w), 8,u(t, r,w)) is a global coordinate system
on Y;. Furthermore, the volume element is under control in the sense that in this coordinate
system, we have

1
(2.18) 3 < y/detg <2

where g is the induced metric on X;, and where det g denotes the determinant of the matrix
of the coefficients of g.

(M The fact that we may take e small enough is consistent with the construction in [17] and results from a standard
reduction to small data for proving well-posedness results for nonlinear wave equations (see [7] for details on this
procedure in the context of the bounded L? curvature theorem)

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



1286 J. SZEFTEL

REMARK 2.7. — In the flat case, we have u(t,z,w) = —t + = - w and we can take
¥ = {t} x R3 so that (u(t, z,w), d,u(t, =,w)) is clearly a global coordinate system on %y and
det g = 1in this case. These assumptions are also satisfied by the function u(t, x,w) constructed
in [17].

2.5. Main results

We next state our main result concerning general Strichartz inequalities in mixed space-

time norms of the form Lfo 1]L‘J(Et) defined as follows,

1
1Pl 2o = ( / ||F(t,-)||ip(gt)dt>

THEOREM 2.8. — Let (p, q) such that p,q > 2, ¢ < 400, and

1
P

1 n 1 < 1
p g~ 2
Let r defined by
3 1 3
r=_——-—— .
2 p ¢

Assume that the parametrix localized at frequency j defined in (1.8) satisfies the following
L$°L2 bound

(2.19) leillze

[0,1

L2(2) S 1277 X) fll L2 rs)-

Then, @; satisfies under the assumptions (2.4), (2.15), (2.16), (2.17) and the assumptions in
Section 2.4 the following Strichartz inequality

(2.20) leiller  rasy S 270 QRTIN) fll2re)-

[0,1]
We also obtain the following corollary which is needed in the proof of the bounded
L? curvature conjecture [7].

COROLLARY 2.9. — The parametrix localized at frequency j defined in (1.8) satisfies under
the assumptions (2.4), (2.15), (2.16), (2.17), the assumptions in Section 2.4, and (2.19), the
Sollowing L*(M) Strichartz inequalities

(2.21) losllzacn S 25 197N fllz2@s),
and
35 .
(2.22) IVeillLacn <272 Y27 AN fllrzms)-
Furthermore, assume that v satisfies the following additional assumption
(2.23) sup  [|V2ul| e @) S 1y
wES? ugER

where for w € S* and ug € R, W H ,, denotes the level hypersurface of u(.,w)
(w)ﬂuo = {(t,ZL‘) /u(t,x,w) = U’O}'
Then (1.8) satisfies the following L*(M) Strichartz inequality
55 .
(2.24) IV2@illzsca < 22 192N Fllzee)-
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REMARK 2.10. — Recall that the L°L? bound (2.19) in the context of the bounded
L2 curvature conjecture follows from the analysis in [16] [18].

REMARK 2.11. — The additional regularity assumption (2.23) is compatible with the regu-
larity obtained for the function u(t,z,w) constructed in [17]. Note that it also holds in the flat
case since we have u = —t + x - w and hence V?u = 0.

The rest of the paper is organized as follows. In Section 3, we use the standard TT™* argu-
ment to reduce the proof of Theorem 2.8 and Corollary 2.9 to an upper bound on the kernel
K of a certain operator. This kernel is an oscillatory integral with a phase ¢. In Section 4,
we prove the upper bound on the kernel K provided we have a suitable lower bound on ¢.
Finally, in Section 5, we prove the lower bound for ¢ used in Section 4.

3. Proof of Theorem 2.8 and Corollary 2.9
3.1. Proof of Theorem 2.8

Let a(t, z,w) a scalar function on /M x S%. Let T; be the operator, applied to functions
f € L*(R3),

(3.1 T;f(t,x) =/ / e g (¢ a2 w)h(27IN) F(Aw) N 2d A dw.
s2 Jo
Tj satisfies the following estimate.

ProrosITION 3.1. — Let (p, q) such that p,q > 2, ¢ < +00, and

1,11
p g 2
Let r defined by
3 1
r= == - — —
2 p
Assume that the scalar function a satisfies
(3.2) lallre <1
and
(3.3) 1T fllzes 220 S 19277 X) fll L2 ms)-

Then, the operator T; defined in (3.1) satisfies the following Strichartz inequality
(3.4 1T fllre  pacsay S 277 N027IN) Fll L2 rs).-

[0,1]

The proof of Proposition 3.1 is postponed to Section 3.3. Let us now conclude the proof
of Theorem 2.8. Note that T satisfies

T,f = pjifa(t,z,w) = 1 forall (t,r,w) € M x S

where ¢, is the parametrix localized at frequency 27 defined in (1.8). Thus, the estimate (2.20)
follows immediately from (3.4). This concludes the proof of Theorem 2.8.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE
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3.2. Proof of Corollary 2.9

Note first that (2.21) follows immediately from Theorem 2.8 by choosingp = ¢ = 4
in (2.20), and noticing in view of (2.1) and (2.5) that
(3.5) Lip 1y L* (%) = L*(M).

Next, we turn to the proof of the estimates (2.22) and (2.24) starting with the first one. In
view of the Definition (1.8) of ¢;, we have

(3.6)  Vg;(t,z) =12’ /S . /0 h MGyt 2, w) (27N (27IN) FAw) A 2dAdw.

Note that
Ve, =i2T;f,
with ¢(A) replaced by Ay(A), and with the choice
a(t,z,w) = Vu(t,z,w).
Since we have Vu = b~ 1N in view of (2.8), (2.10) and (2.11), we deduce from the assumption
(2.15) that
lallze= S Vullz= S0z $1
so that a satisfies the assumption (3.2). Thus, (3.4) with the choice p = g = 4 yields in view
of (3.5)

/ / ei)\u(t,x,w)vu(t7 z, w)(2_j)\)1/)(2_j)\)f()\w))\2d)‘dw
sz Jo

<22 ([ (279N) £l L2 (o).
L4 (m)

Together with (3.6), we obtain

35 )
IVeillacn <27 19277 A) fll L2 @)
which is the desired estimate (2.22).
Finally, we turn to the proof of the estimate (2.24). Differentiating (3.6), we obtain

(3.7)
Vlewj (t’ I) =

—22j/ / eMET Tyt 2, w)Viu(t, 2, w) (277 N) %P (279 ) f Aw) A\2dAdw
52 Jo

+ i27 / / MGG 7ty 2, w) (27 N)B(27IN) fF(Aw) A2dAdw.
Sz Jo

Next, we estimate the two terms in the right-hand side of (3.7) starting with the first one.
Note that

/ / e BT (L, 2, w)Vu(t, ,w) (27I0) 29 (27IN) fOw) A 2dAdw = T f,
s2 Jo
with ¥ () replaced by A23()), and with the choice
a(t,z,w) = Viu(t, z,w)Vpu(t, z,w).
Since we have Vu = b~' N, we deduce from the assumption (2.15) that

lallzee S IVullZe S M6~ S 1
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so that a satisfies the assumption (3.2). Thus, (3.4) with the choice p = ¢ = 4 yields in view
of (3.5)

/ / ei)\u(t,w,w)vlu(t’ z, w)vmu(t’ z, w)(2*])\)Zw(Q*J)\)f()\w))\zd)\dw
s2 Jo

LA ()
(3.8) <25 Y(279N) fllr2(es).-
Next, we estimate the second term in the right-hand side of (3.7). We have
(3.9) ‘ / / eMETOT T u(t, z,w) (277N P(27IN) f(Aw) AN2dAdw
s2.J0o LA(n)
< / ( / ePMuBT@) (975 \)oh(279 ) f(Aw)Azd)\> ViVou(t, ,w) dw
S2 0 LA(m)

= i —j —j 2
S/S/O eM(27IN)P(27IN) fF(Aw) A d)\’

||V2u(., W)l La(,)dw
L

dw,
Ly,

< / / e (27IN)Y(27IN) F(Aw) AZdA
s2 [IJo
where we used in the last inequality the assumption (2.23) on VZu. Now, we have

/ h e (27IN)Y(27IN) F(Dw) A2dA
0

Ly

1
2

5 ‘

/ h e (27IN)Y(27IN) F(Dw) A2dA
0

Ly
1
2
X

/ h (27N (27IN) F(Aw) AZdA
0

Lz
< (25 @ NNl ) @I NN E
< 25|27 NA2f| 2

where we used Cauchy-Schwartz in A to evaluate the L° norm and Plancherel to evaluate
the L2 norm. In view of (3.9), this yields ®

‘// eMETOT 7tz w) (277N Y27 f (Aw) A2dAdw
s2 Jo

2t [ eIl d
52 A

(3.10) <27 (27N £l L2y

where we used Cauchy-Schwarz in w in the last inequality. Together with (3.7) and (3.8), we
finally obtain

LA ()

57 .
V2051l Loy S 27 (277N £l L2 ey

® In the proof of (2.24), note that (3.10) leads to a 2% room while (3.8) is sharp. One should compare with the
corresponding estimates in the flat case where (3.8) is sharp while the analog of (3.10) would display a 27 room.

33 .
Some of this room - i.e., 27 of the 29 room - is exploited to obtain (3.10).
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which is the desired estimate (2.24). This concludes the proof of Corollary 2.9.

3.3. Proof of Proposition 3.1 (the 77" argument)

We start with the following remark.

REMARK 3.2. — Fixing a global system of coordinates x = (x',22%,23) in Xy, such as
the one described in Section 2.4, we note in view of (2.18) that (3.4) is equivalent with the
same inequality where the norm L1(3;) on the left-hand side is replaced by the corresponding
euclidean norm in the given coordinates. More precisely we can assume from now on that

1

1 % q
||F||Lf0 gLa(s) = (/ < IF(t,x)|‘1dm> dt>
0 R3

which we will denote by a slight abuse of notation by

I s

0,117 (R?)

Note also that in the (t, z) coordinates M = [0,1] x R,

To prove Proposition 3.1, we rely on the standard 77 argument for the Fourier integral
operator (3.1). Note that the operator T} takes real valued functions h on J to complex
valued functions on R?

* —q —iAu(s,y,w
T7h(Aw) = (2 J)\)/ma(s,y,w)e (v@) (s, y)dsdy.

Therefore, the operator U; := T}T} is given by the formula,

Ujh(t,z) = / / / ePrulbmw)=dusy@) gt o w)a(s, y, w)b(27IN) (s, y) A2 dAdwdsdy.
SZ
Note, in view of Remark 3.2, that (3.4) is equivalent to the following estimate

(.11 1U;h| e

N
Lo @) S 2R s

where p’ (resp. ¢’) is the conjugate exponent to p (resp. q). Observe that,

o0 . .
o (L 2) <2 B0y (L2 ) a (5 8 )
217 2i o - 27723 217 29

X (\)2h (i] 7) A2dAdwdsdy

with 271 = [0,27] x R? relative to the rescaled variables (s, y). Thus, setting,

Nu(G ) (g ) (LT )
t.fU /Sz/ /21% 2772 a<2j72j;w a/<2j72J7CU)
x(AX)2h(s, y) \2d dwdsdy

we have
T

T _9-igp. , _n(l Y

Ush <2j 2j> = 27T AR (t, ), hi(s,y) = h (2j, 23') .
We easily infer that (3.11) is equivalent to the estimate,
(3.12) ARl e Loms) S ||h|| Lo’ (R9)"
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REMARK 3.3. — Note in view of the assumption (3.3) that (3.12) holds in the particular case
(,q) = (+0,2)

(3.13) HAh”LF;’zj]L?(R?’) N ||h||L[10,2j]L2(R3)'
We introduce the kernel K of A
(3.14) K(t,x,s,y):/ / N u( g w)—in2lu( g, 5 ow) i i’w a(i,i,w)
s2 Jo 2
x P(N)2N2dAdw.

REMARK 3.4. — In the flat case, we have u(t,z,w) = —t + = - w so that
. t =
J —
27y <2j, 2j,w> = u(t, z,w).

In particular, in the case a = 1, K is independent of j
K(t, z, s, y) — / / ei)\u(t,z,w)fi)\u(s,y,w)¢()\)2)\2d)\dw‘
s2 Jo
We have the following proposition.

PROPOSITION 3.5. — The kernel K of the operator A satisfies the dispersive estimates,

(3.15) |K(t,2,8,9)| <

| ~ m, V(t,:L‘) S 2j7%, V(S,y) c 29 M.

The proof of Proposition 3.5 is postponed to Section 4. We now conclude the proof of
Proposition 3.1. (3.12) follows from (3.15) and (3.13) using interpolation and the Hardy-
Littlewood inequality according to the standard procedure, see for example [11] and [12].
Finally, in view of the discussion above, (3.12) yields (3.11) which in turn implies (3.4). This
concludes the proof of Proposition 3.1.

4. Proof of Proposition 3.5 (bound on the kernel K)
Let ¢ the scalar function on M x M x S? defined as

(41) ¢(t7xa57y7w) :u(t7$7w) —u(s,y,w).

In view of (3.14), we may rewrite K as
I T P
K(t,x,s,y)—/SQ/O e 2772772772 a<2j,2j,w alg 95w PY(A)* AN dMdw.

After integrating by parts twice in A, and using the assumption (3.2) on a and the size of the
support of v, this yields

4.2) K (t,2,5,y)] < / ! do.
S

. 2
1+ 20 (5 B g )

The next section is dedicated to the obtention of a lower bound on |¢| which will allow us to
deduce (3.15) from (4.2).
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REMARK 4.1. — It is at this stage that we depart from the standard strategy for proving
Strichartz estimates. Indeed, the usual method consists in using the stationary phase method
to derive (3.15). To this end, one considers the neighborhood in S? of stationary points wy, i.e.,
such that 6w¢|w:wo = 0. One then needs an identity of the type

4.3) ¢ = (s —t)A(w —wo) - (w—wo) + 0 ((s — t)(w — wo)?)
for w in the neighborhood of wy and for some 3 x 3 invertible matrix A. (4.3) then allows to
perform a change of variables in w which ultimately leads to (3.15). In particular, the standard
method requires at the least ® 8; ,02u € L™ just to derive (4.3).

Our assumptions correspond only to 0y z0,u € L. Thus, in order to obtain (3.15), we
instead integrate by parts in X to obtain (4.2), and then look for a suitable lower bound on ||
In particular, we obtain lower bounds of the following type (see details in Lemma 4.9)

(4.4) 6] 2 |s = t[|w — wol?

for w in the neighborhood of some wy € S?. The fundamental observation is that, as it turns
out, the inequality (4.4) requires less regularity than the equality (4.3).

4.1. The key lemma

Let (t,x) and (s,y) in U, and let w € S2. In this section, we obtain a lower bound
on ¢(t,z,s,y,w). We may assume

0<t<s<l1.

DEFINITION 4.2. — For any w € S? and o € R, let 7, () denote the null geodesic
parametrized by proper time and with initial data

7,(0) = (t,2), v, (0) = b~ (¢, z,w)L(t, z,w).

Recall from (2.7) and (2.9) that b~ L is geodesic. Thus, for any w € S? and any o € R, we
have

4.5) U('Yw(g)aw) = u(tvx7w)’ 7:;(0') = b_l(’YW(U)vw)L(’YW(U)vw)'
DEFINITION 4.3. — For any (t,x), let us define the subset Sy 5 s of s as
(4.6) Stas = |J (s — 1)}
weS?

Note that Sy 5 s depends on (t,z) since all geodesics vy, originate from (t,x). To ease the
notations, we drop the indices t, x, s in the rest of the paper and simply refer to this set as S.

We also define for all (s, z) € X4
4.7 m(s,z) = man(u(s, z,w) —u(t, z,w)).
wes?
We have the following lemma characterizing the zeros of m.

LeEmMA 4.4. — We have
S={peXs /mp) =0}

© One also needs to take care of the contribution to K of the angles w € S? corresponding to the exterior of the
neighborhood of stationary points which may increase the needed regularity.
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The proof of Lemma 4.4 is postponed to Appendix A. Next, we define the following two
subsets of X

(4.8) At = {p € Zs /m(p) < 0}, Aext = {p € X5/ m(p) > 0}.
Note in view of Lemma 4.4 that
(49) ES - S |_| Aint |_| Aext-

REMARK 4.5. — In the flat case, the picture is the following:

1. The null geodesics 1 ~,, span the light cone from (t, z). In particular, the null geodesics v,
do not intersect except at (t, ).

2. S is the intersection ™V of the forward light cone from (t,x) with {s} x R3,

3. Ajnt and Aext correspond respectively to the interior and the exterior of S.

Note that we do not need to prove these statements in our case. This is fortunate since these
statements—while probably true in our general setting—would be delicate to establish (see for
instance [6] for a proof of (1) on a space-time (M, g) with limited regularity ).

Next, we introduce some further notations. First, we denote by mg the value of m at (s, y),
1e.,

(4.10) mo = magx(u(s,y,w) —u(t,z,w)).
wes?

We also denote by wp an angle in S? where the maximum in (4.10) is achieved, i.e.,
(411) mo =u(57y)w0) _u(tvanO)‘
REMARK 4.6. — In the flat case, wy is unique and corresponds to the angle of the projection

of (s,y) on S. Again, while this may be also true in our general setting, we do not need to prove
this statement in our case.

Note that if (s,y) € Aext, the function u(s, y,w) — u(t, z,w) may change sign as w varies
on S?. We define

4.12) D ={we $?/u(t,r,w) = u(s,y,w)}.
The following lemma gives a precise description of D.

LEMMA 4.7. — Let (s,y) € Aext. Let D defined as in (4.12). Let (8, @) denote the spherical
coordinates with axis wo. Then, there exists a C* 2w-periodic function

11 0,27) — (0,7)
such that in the coordinate system (0, ), D is parametrized by
D={0=0:(p), 0 < ¢ <2r}.
The proof of Lemma 4.7 is postponed to Appendix B.

REMARK 4.8. — In the flat case, recall that u(t,z,w) = —t + x - w. In this case, one easily
checks that D is a circle of axis wg on the sphere S which is generated by the tangents to S
through y (see Figure 1).

(10) Which are straight lines in this case
(1D S is a sphere in this case
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FIGURE 1. Representation of D in the flat case

Let w € S?. According to Lemma 4.7, the great half circle on S? originating at wy and
containing w intersects D at a fixed point w;. Let 6 and 6; respectively denote the positive
angles between wy and w (resp. wg and wy).

In order to obtain a lower bound for |¢$|, we will argue differently according to whether
(s,y) belongs to the region S, Ajn Or Aext-

LEMMA 4.9 (Key lemma). — |@| satisfies the following lower bounds
1. If (s,y) € S, we have

1
(413) |¢(t7x737y’w)| Z 1|t—s||w—wo|2
2. If (s,y) € Aing, we have
1
(414) |¢(t,az,s,y,w)| Z §|t—s||w—w0 2-
3. If (s,y) € Aext and 01 < 0 < 7, we have
1
(4.15) lo(t, x, s,y,w)| > Z|t—s||w—w1|2.
4. If (s,y) € Aext and 0 < 0 < 61, we have
1 — cos(f — 61)
4.1 > [P T U
“.16) 606,25, 2\ T ooniary

The proof of Lemma 4.9 is postponed to Section 5.

REMARK 4.10. — The proof of Lemma 4.9 is inspired by the overlap estimates for wave
packets derived in [9] and [10] in the context of Strichartz estimates respectively for C:1
and H?*¢ metrics. Note however that the estimates in these papers rely heavily on a direct
comparison of various quantities with the corresponding ones in the flat case. Such direct
comparisons do not hold in our framework. Here, the closeness to the flat case manifests itself
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in the small constant ¢ in the right-hand side of (2.15), (2.16) and (2.17), and in the existence
of the global coordinates systems of Section 2.4.

4.2. Proof of Proposition 3.5

Recall that we need to show that the kernel K defined in (3.14) satisfies the upper
bound (3.15). To this end, we will use the estimate (4.2) for K together with the estimates
provided by Lemma 4.9. We argue differently according to whether (s, y) belongs to S, Ajy
or Aext.

4.2.1. The case (s,y) € S. — If (s,y) belongs to S, we have the lower bound (4.13) for |¢|
1
|¢(t,ZL’, S,y,W)| > Z|t - S||w - W()|2,
where wg € S? is an angle satisfying (4.11). Then, we deduce

t x s Yy 1 2 sy
> |t — — — =
¢( )’ |t s||w w0| for all ( 7 j) € S.

J Ty oy W =
2372372172

Together with (4.2), this yields

d
K (t,2,5,1)] < / =
S

2 14 [t — s]?jw — wol*’

Using the spherical coordinates (6, ) with axis wy, we obtain

sin(0)df
1+ |t — s[?(1 — cos(6))?

Kt S [
0
Performing the change of variables

z = |t — s|(1 — cos(h))

we obtain
1 oo 4z

K(t < )

| <,x,s,y>|w|t_s|/0 -
This implies

1 ) sy

417 K(t z,s,y)| < V(t,z) € 29m, v(f,,f) S
(4.17) Ktz syl S p—gp Y(bo) €2, V(g5.57) €

which is the desired estimate.

4.2.2. The case (s,y) € Ains. — If (s,y) belongs to Ajug, we have the lower bound (4.14)
for |¢|

1
|¢(t7m787y7w)| > §|t - S||w - w0|27

where wy € S? is an angle satisfying (4.11). Arguing as in the previous case, we obtain

1 . s vy
< - J _ .
(4.18) |K(t, z,s,y)] < Tt V(t,z) € 22 M, ¥ (2j, 2j) € Ajng.-
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4.2.3. The case (s,y) € Aext- — If (s,y) belongs to Aey, recall that wy is in D such that w,
wy and wp are on the same half great circle of S2, and that § and 6, denote respectively the
positive angles between wg and w (resp. wy and wy ).

The case §; < 0 < 7. If 6; < 6 < 7, we have the lower bound (4.15) for |¢|
1
|¢(t,x,s,y,w)| > §|t - 3||UJ — W1|2.

Then, we deduce

J

t z s y 1 9
¢(2j>2j52j72j)w>'22|t—3||w_w1

Together with (4.2), this yields

d
K (t,2,5,9)| < / v
S

2 1+ |t — 82w —wr ]t

Using the spherical coordinates (6, ¢) with axis wg, we parametrize S? by (6 —61 (), @) where
© — 01() is defined in Lemma 4.7. We obtain

2m e sin(f — 01(¢p))
K(t,z,s,y 5/ / dod
Ko slS [0 ) T PO = cos(0 — Ga(@)) 0¥

and thus
u sin(6)
Kt < de.
| ( ,ZL‘,S,Z/)|N/O 1+|t_5|2(1—COS(0))2

Performing the change of variable

z = |t — s|(1 — cos(0))

we obtain
1 T dz
K(t < .
| (am7say)|w|t_s|/0 1+ 22
This implies
1 4
@19) K (259 S [y Yt2) €20, ¥ (2% 2%) € Aues with 6 < 6 <7

which is the desired estimate.

The case 0 < § < 6;. Finally, if 0 < 6 < 6, we have the lower bound (4.16) for |9

1 — cos(6 — 01)m
1—cos(6y)

6 (350 o) | 220y Tl B,
207237237 23 1 — cos(61)
where m; is defined as

o sy t x
my = max (55 5500) —u (5 50) )
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Together with (4.2), this yields

9 .
! sin(6)
Kol S [ 0 s,
o 1+2 ij 1—cos(61)
Performing the change of variable
2= 2im, 1—cos(6 —0,)
1 — cos(6)

noticing that

2sin(61)4/1 — cos(61) sin(f) /1 — cos(d — ;)

. d
2im; sin(6,)  sin(0—0;)

sin(6)df =

and using (5.20) and the fact that

1 —cos(6; — 0) an m
sin(¢, —0) sin(6,) ™~ - T T2

we obtain

1— +oo . 9 1= 9
@20)  |K(t,z,s,y) < RO \/Tel/ 1+z2 < sin(6) cos(61)

2]m] Qij

Now, in view of (5.19), we have

sin(61)y/1 — cos(61) < w

2Im;
Together with (4.20), we obtain

1

K(t S ——

which implies

Y

(421)  |K(t=z,sy)| S Y

| Y(t,z) € 2, v( )eAextw1th0<0<61.

Finally, (4.9), (4.17), (4.18), (4.19) and (4.21) yield (3.15) which concludes the proof of
Proposition 3.5.

5. Proof of Lemma 4.9 (Lower bound for |¢|)

5.1. A lower bound for |¢| when (s,y) € S (proof of (4.13))

In view of the definition of S, there is wy € S? such that
(8,Y) = Yo (8 = 1).
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In view of (4.5), this yields
(51) U(S,y, w) - u(t> z, UJ)
= u(f)/wo (3 - t),LU) - u(ta z, LU)

= [ suaL, (oo

= /OS_ b_l(%}"(a)’w)b_1(7w0(0)7WO)g(L(’on(U),w),L(’ywo(a),wo))dg

1

= _5 /Os_ b_l('on (U)vw)b_1(7w0(0)7w0)|N('7w0 (U)’w) - N('Vwo (J),w0)|2d0'

1
< _Z|t — 8|jw — wo?,

where we used in the last inequality the estimates (2.15) and (2.17) with € > 0 small enough.
(5.1) implies for all (s,y) € S and all w € S?

1
(5.2) lo(t, x, s, y,w)| > Z|t—s||w—w0|2,

which is the desired estimate (4.13).

5.2. A lower bound for |¢| when (s,y) € A, (proof of (4.14))
Recall that mg < 0 since (s,y) € Ans. Let wg € S? an angle satisfying (4.11). Then, we
have in particular
60)“(87 Y, (U()) = 8wu(ta Z, LU())~
Together with (2.12), this yields

(5.3) 0t (8, Y, wo) = Out(Yuo (s — t),wo)-
In view of the assumption (2.16), the 2 x 2 matrix
g(d,N,0,N)
is invertible. We define the map ag from X, to T'S? as
(5.4) ao = g(0,N(wo, .), 0N (wo,.)) " 1d,b(wp, .).
Note in view of (2.15) and (2.16) that aq satisfies the estimate
(5.5) laoll L S e.

For ¢ € R, let us consider the curve (o) defined by
{ ' (o) = b(u(o), wo) N (1(0),wo) + ao(p(0)) - 0N (u(o), wo),
#(0) = Yo (s — ).

REMARK 5.1. — In the flat case, the curve p is simply the segment of straight line between
Yo (8 — t) and (s,y) (see Figure 2).

(5.6)

LEMMA 5.2. — Let u the curve defined in (5.6). Then, we have
(5.7) (s,9) = p(mo).
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The proof of Lemma 5.2 is postponed to Appendix C. (5.7) yields
u(s,4,0) = ult, 2, w) = ulp(mo),w) — w(u(0), @) + Uy (5 — £),0) — u(t, z,0)
= [ eTututo). )@z + [ aDutry (o)) 1L, 0o
- / 0 0. ) (1) )N (), 0), N () )
+ao(1(0)) - (0N (1(0), o), N(1(0),)) )
+ / 5 0 (0. )6 (0 )L (1 (), 0), L (0), )
We obtain

|mol
(s, ) = uttzw) == [ (BOV((0).), Np(o) ) + OE) ) do

5 [ N (0.9 = N o), o) (1 + O(e))do

where we used the estimates (2.15) and (5.5), the fact that s > ¢, and the fact that mg < 0
since (s,y) € Aint. Together with (2.17), this yields

1
(5.8) wu(s,y,w) —u(tz,w)= —§|t — 8||lw — wo|2(1 + O(e)) — |mo|(w - wo + O(e)).
In particular we deduce for € > 0 small enough
1
(5.9) u(s,y,w) —u(t,z,w) < —i|t — 8|Jw — wp|? for all w such that w - wy > T

We now consider the case w - wy < 1/4. Since wy is an angle where the maximum in the
Definition (4.10) of my is attained, we have for all w € S?, in view of (4.11) and (5.8), and

S

(t.z)

FIGURE 2. The case (s,y) € Ain¢ in the flat case

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



1300 J. SZEFTEL

the fact that mg < 0
1
—lmo| 2 =5t = sllw — wol*(1+ O(e)) = mo|(w - wo + O(e)).

This yields

9 14+ 0(¢)
l—w-wy+O0(e)

Injecting back in (5.8), we obtain for € > 0 small enough

1
mol < 51t = sllw — wl

u(s,y,w) —u(t,z,w) < —é|t — ||w — wp|? for all w such that w - wy < i
Together with (5.9), we finally obtain for all w € S?
(5.10) 6(t,2,5,5,0)| 2 glt = sllo — wol?

which is the desired estimate (4.14).

5.3. A lower bound for |¢| when (s,y) € Aext (proof of (4.15) (4.16))

Let my defined in (4.10). Let wy € S? an angle satisfying (4.11). Note that mo > 0 since
(s,y) € Aext. In particular, proceeding as in Section 5.2, we obtain the following analog of
(5.8)

GAD uls,y,0) — ult,w) = — 5t — sllw — wol?(1 + O(E)) + mo(w - wo + O(E)).
Recall the Definition (4.12) of the set D
D={weS?/u(t,z,w) = u(s,y,w)}
In view of (5.11), if w; € D, then
1+ 0(e)
1+ 2211+ 0e))

(512) 1—w; Wy =

Next, we consider w; € D. In view of the assumption (2.16), the 2 x 2 matrix
g(0,N,0,N)
is invertible. We define the map a; from ¥ to T, S? as
(5.13) a1 = g(0,N(w1,.), 0, N(wi, ) (Buu(s,y,wr) — Ouu(ye, (5 — t),w1)).
Let us consider the curve n(o) defined by

{W@J=Mﬂ®wﬂmwwﬁ~%wa%m%

5.14
G19 1(0) = s (5 — 1)

REMARK 5.3. — In the flat case, the curve n is simply the segment of straight line between
Yo, (s — t) and (s,y) (see Figure 3).

LEmMA 5.4. — Let n the curve defined in (5.14). Then, we have
(5.15) (s,9) =n(1).
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The proof of Lemma 5.4 is postponed to Appendix D. (5.15) yields

u(s,y,w) - u(t7$7w) = U(U(l)aw) - U(W(O)aw) + u(7w1 (S - t)7w) - u(t’x’w)

1 s

- / &(Vu(n(o),w), ' (0))do + / &(Du(7 (0),w), 7., (0))do
1

- / b= (1(0), @)b(n(0), w1 )&(N (1(0), ), a1 - BN (1(0), w1))

+f B (s (0, )5 (s (), 1) (L (s (0),0), Ly (), 01))-

We obtain

u(s,y,w) — u(t, z,w) =/0 g(N(n(o),w) = N(n(o),w1),a1 - 0uN(n(o),w1))(1 + O(e))

5 [ W (0).0) = N, (@), )P0+ O(e))do

where we used the estimates (2.15) and the identity (2.13). Together with the assumptions
(2.16) and (2.17), this yields

(5.16)
u(s, ,) = ult, 7,0) = 3|t — sllw — 1*(1 + 0(e))
+ (w—w1) - (Buuls,y,w1) = Buu(ye, (s — 1),w1))(1 + O(e)).
We introduce the notation v, for the following vector in R3.
(5.17) v1 = 0,u(s,y,w1) — Opt(Vuw, (8 — t),w1).
Recall that wg € S? is an angle satisfying (4.11). In view of (5.16), this yields

mo = _%lt — 8||lwo — w1|2(1 +0(¢g)) + (wo —w1) - v1(1 + O(e)).

Ywq (S_t)

(5,9)

FIGURE 3. The case (s, y) € Aext in the flat case
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F1GURE 4. Definition of the angles 1 and a1

We deduce

5.18)  |u|= |w0—w11| st <m0+;|t—s||w0—w1|2(1+0(5))> (1+0(e)),

where «; denotes the angle between v; and w; — wy. Let us denote by 6; the angle between
wo and w1. In view of (5.12), we have

14+ 0(¢)
1+ =21 4 0(e))

(5.19) 1 —cos(61) =

and we deduce in particular

(5.20) 0<6; < g +0(e).

Note also in view of the Definition (5.17) that v; belongs to T,,, S? so that
(5.21) v -wy = 0.

Simple considerations on angles imply () (see Figure 4)

_0

a1 5

Together with (5.18), this yields

(5.22) lvi| = 1 7 <m0 + 1|t — 8||lwo — w1 2(1 + O(a))) (1+ O(e)).
|lwo — wy | cos (%) 2

Let w € S2. According to Lemma 4.7, the half great circle on S? originating at wy and
containing w intersects D at a unique point w;. Let € denote the positive angle between

(2 Let ¢ the angle defined on Figure 4. Then 2¢1 +61 = 7, and @1 +a1 = 7 in view of (5.21). Hence 61 = 2a
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S2

F1GURE 5. Definition of the angles 6 and «

wp and w and let a denote the angle between v; and w; — w. In view of (5.21), simple
considerations on angles imply 3 (see Figure 5)

101 — 0|
5
Together with (5.16), the definition of ¢, and the Definition (5.17), we have either

(529) 6lt,.5,0,0) = —lt=sllo—wr (1+0(E)) + -l os (L5 ) (1400,

if0 <0 <64, or

(5.24) ¢(t,x,s,y,w) = —%|t—s||w—w1|2(1+0(5))—|w—w1||v1| cos <6 _291> (1+0(e)),
if 0; < 0 < m, where we have used the fact that (see Figure 5)

(w—wy) v >20if0<0<0and (w—wq) v <0ifb) <6 <.
We consider the two cases in the next two sections.

5.3.1. The case 8; < 6 < w. — We are in the case (5.24), so that we have for ¢ > 0 small
enough

1
¢(t,az,s,y,w) < _th - S||w - w1|2'
In particular, we obtain
1
(525) |¢(t7$737y7w)| > Z|t_3||w_w1 ?

which is the desired estimate (4.15).

@3 Let  the angle defined on Figure 5. Then 2¢ + |1 — 0] = =, and ¢ + o = 7 in view of (5.21). Hence
|01 — 0] = 2«
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5.3.2. The case 0 < 0 < 6;. — We are in the case (5.23), which together with (5.22) yields

|w —wy| cos (52

" |wo —w1| cos (92—1)

(5.26) o(t,z,s,y,w) )mo(l + O0(g))

+%It = sllw — wi|A(W)(1 + O(e)) + |t = sllw — w1*O(e)

where A is given by

CcoS (9_91)

2
cos (02—1)
Since 6 is the angle between w and wy, and 6, is the angle between w; and wy, we have

(5.28) lw — wi] = V24/1 — cos(8 — 61), |w1 — wo| = V24/1 — cos(6y).

Together with (5.27), we obtain

Aw) = VaTFom@=01) (V [—cos() _ v/T—cos(0 —eo)

V/1+cos(6;) +/1+cos(6—6)

(5.27) Aw) = ~lw — | +

|w0—w1|.

which yields
A(w) > 0forall0 <8 < 6.

Together with (5.26), we obtain

— 0—0
P(t,z,s,y,w) > w = wi| cos !
|wo — w1 2

In view of the fact that from (5.20) we have

) mo(1+ O(e)) + |t — s||w — wi|?O(e).

059§91§g+0(e),

we deduce

2 —
(5.29) Bt.,,p0) > L=l 14 06 + = sl - wnPOGE)
2 |w0 — (.(J1|
Evaluating (5.11) at w = w; and using the fact that w; € D so that the left-hand side of (5.11)
vanishes, we obtain
|t — s||lw1 — wo|® < my
which together with (5.29) and the fact that
lw— w1 < |wo — w1]

yields for € > 0 small enough

¢(t7$787y7w) Z M 0-

|wo — wi

In view of (5.28), we deduce

1 —cos(f —0y)

(5.30) 96,8 9,90) 2N\ T cos@n)

mo

which is the desired estimate (4.16).
Finally, in view of (5.2), (5.10), (5.25) and (5.30), we have obtained the desired estimates
(4.13), (4.14), (4.15) and (4.16). This concludes the proof of Lemma 4.9.
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Appendix A
Proof of Lemma 4.4
If p € S, then, there is wg such that
P = Yo (s — ).
In view of (4.5), this yields
(A ulp,w) —ut,z,w) = u(Yw, (s — t),w) — u(t, z,w)

/0 g(Du ’on 0))do

::Jﬁ ( (0), )™ (g (0): 0) 2 (L (Y (0), ), L (0), w0}l

where we used in the last inequality the fact that the scalar product of 2 null vectors is negative

g(L(’yUJO (U)v w)v L('on (0')7 WO) <0.

Also, (A.1) in the special case w = wy yields

u(p, wo) — u(t, z,wo) = /S_tb‘Q(MD(U),wo)g(L(%O (@), w0), L(7wy (9), wo))do
(A2) o
since L(7y,(0),wo) is null. In view of (A.1) and (A.2), we finally obtain
(A3) Sc{pes,, /mp) =0}
Conversely, let p such that m(p) = 0. Let wg € S? an angle where the max in the
Definition (4.7) of m is attained. Then, we have at w = wy:
(A4) u(p,wo) = u(t, z,wp), Ouu(p,wo) = O,u(t, z,wp).
Also, in view of (2.12), we have
U(Yuo (8 — t),wo) = u(t, z,wo), Ouwte(Yu, (s —t),wo) = duu(t, z,wo)
which together with (A.4) implies
u(p, wo) = u(Yuo (s — £),wo), Bur(p, wo) = Butt(Yuy (s — 1), wo).

Since u(s, .,wp), d,u(s, .,wy) forms a global coordinate system on X in view of the assump-
tion in Section 2.4, we deduce

D="Tu(s—t) €S
and thus
{peXs, /m(p) =0} CS.
Together with (A.3), this concludes the proof of Lemma 4.4.
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Appendix B

Proof of Lemma 4.7

Let (0, ) denote the spherical coordinates with axis wy. Note from the Definition (4.12)
of D and the definition of ¢ that D is given by

(B.1) D={weS? /ot s,y w) =0}
Recall that
o(t,x,s,y,wo) = mo > 0.
Also, we have from (5.11)
B(t,z,8,y, —wo) = —2|t — s]>(1 + O(e)) + mo(—1 + O(¢)) < 0.

Thus, since ¢ is continuous, we deduce from the mean value theorem that
(B.2) Yy € [0,2m), there exists at least one 6; € (0, ) such that (61, ¢) € D.
Also, note in view of (5.25) and (5.30),

Vo € [0,27), there exists at most one §; € (0, 7) such that (61, ) € D.
Together with (B.2), we deduce the existence of a 2r-periodic function

61 :[0,2m) — (0,7)
such that in the coordinate system (6, ¢), D is parametrized by
D ={6=0:(p), 0< ¢ <2r}.
To conclude the proof of Lemma 4.7, it remains to prove that 8; is C'. Let w; € D.

Let (61, 1) the coordinates of wy. By a slight abuse of notations, let us identify wy with
(61, ¢1). Then, since

w — ¢(t7 x? 87 y’ w)
is a C'! function from our assumptions on u, and since
¢(t7 z, s, y’ wl) = 0

in view of the fact that w; belongs to D, we have

. t,.’E, S, 707
(B3) 00607, y,00) = Jimg LEE2VLA1)

Now, (5.23) and (5.24) imply
6(t,7,5,5,0,1) = [01](1+ O())(6 — 61) (1 + o(1)) as § — 6,
which together with (B.3) yields
(B.4) Op9(t,x, 8,y,w1) # 0.
Finally, in view of (B.4) and the fact that ¢ is C*, the implicit function theorem implies that

6, is a C! function. This concludes the proof of Lemma 4.7.
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Appendix C
Proof of Lemma 5.2
Note that
u(p(o),wo)” = g(Du(p(o),wo), i'(0))
=1
by the definition of Du, p/, the identity (2.13), and the fact that NV is unitary. This implies
(C.1) u(p(0),wo) = 0 + u(Yu, (t — ), wo).
Also, we have
(C2)  Owu(p(o),wo)’ = g(DAu(u(c),wo), i'(c))
= g(=b720,bN (u(0), wo) + b~ uN (u(0), wo), 1'(0))
=0,

where we used in the last inequality the Definition (5.6) of 1’ and the Definition (5.4) of ay.
Recall the Definition (4.10) of mg

(C3) mo = u(s,y,wo) - u(tvxa“‘)O)'
In view of (5.3) and (5.6)-(C.3), we have
u(,u(mo), "‘)0) = U(S, Y, “‘)0)» awu(/u'(mO)a WO) = awu(sa Y, WO)'

Since u(s, .,wp), O,u(s, .,wy) forms a global coordinate system on X in view of the assump-
tion in Section 2.4, we deduce

(s,9) = pu(mo)
which is the desired estimate. This concludes the proof of Lemma 5.2.

Appendix D
Proof of Lemma 5.4

Note that
u(n(o),w1)’ = gDu(n(o),w1),n'(c))
=0
by the definition of Du, n" and the identity (2.13). This implies
u(n(o),w1) = u(yw, (s —1),w1) = u(t, z,w1),
which together with the fact that wy € D implies from the Definition (4.12) of D
(D.1) u(n(o),wr) = u(s,y,wq) forall o € R.

Also, we have

awu(n(a)awl)l = g(DawU(n(U),Wl),U,(U))
= g(~b720,bN (1(0),w1) + 0710, N (n(0),w1),n'(0))
= awu(sa y)wl) - awu('yuh (5 - t)’wl))
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where we used in the last inequality the Definition (5.14) of n/, and the Definition (5.13) of a;.
This implies

(D2) 3w“(77(0)7wl) = 80.1“(70.:1 (8 - t)vwl) + a(awu(37 val) - 6w“(’7w1 (S - t)7w1))'

In view of (D.1) and (D.2), we have

u(n(l)awl) = U’(Sayawl)» awu(n(]')awl) = Bwu(s,y,wl).

Since u(s, .,w1), d,u(s, .,w1) forms a global coordinate system on X in view of the assump-
tion in Section 2.4, we deduce

(s,9) =n(1)
which is the desired estimate. This concludes the proof of Lemma 5.4.
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