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ANOMALOUS PARTIALLY
HYPERBOLIC DIFFEOMORPHISMS I:

DYNAMICALLY COHERENT EXAMPLES

 C BONATTI, K PARWANI
 R POTRIE

A. – We build an example of a non-transitive, dynamically coherent partially hyperbolic
diffeomorphism f on a closed 3-manifold with exponential growth in its fundamental group such that
fn is not isotopic to the identity for all n 6= 0. This example contradicts a conjecture in [13]. The main
idea is to consider a well-understood time-t map of a non-transitive Anosov flow and then carefully
compose with a Dehn twist.

R. – Sur une 3-variété fermée dont le groupe fondamental est à croissance exponentielle,
nous construisons un exemple de difféomorphisme f , partiellement hyperbolique, dynamiquement
cohérent, non transitif, et dont aucune puissance fn, n 6= 0, n’est isotope à l’identité. Cet exemple
infirme une conjecture de [13]. L’exemple est obtenu en composant avec soin le temps t d’un flot
d’Anosov non transitif bien choisi avec un twist de Dehn.

1. Introduction

In recent years, partially hyperbolic diffeomorphisms have been the focus of considerable
study. Informally, partially hyperbolic diffeomorphisms are generalization of hyperbolic
maps. The simplest partially hyperbolic diffeomorphisms admit an invariant splitting into
three bundles: one of which is uniformly contracted by the derivative, another which is
uniformly expanded, and a center direction whose behavior is intermediate. A more formal
definition will soon follow. In this paper, we shall restrict to the case of these diffeomorphisms
on closed 3-dimensional manifolds.

The study of partially hyperbolic diffeomorphisms has followed two main directions.
One consists of studying conditions under which a volume preserving partially hyperbolic
diffeomorphism is stably ergodic. This is not the focus of this article. See [11, 14] for recent
surveys on this subject.

This work was partially supported by a grant from the Simons Foundation (#280151 to Kamlesh Parwani).
R. Potrie was partially supported by FCE-2011-6749, CSIC grupo 618 and the Palis-Balzan project.
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1388 C. BONATTI, K. PARWANI AND R. POTRIE

The second direction, initiated in [3, 4], has as a long term goal of classifying these
partially hyperbolic systems, at least topologically. Even in dimension 3, this goal seems quite
ambitious but some partial progress has been made, which we briefly review below. This
paper is intended to further this classification effort by providing new examples of partially
hyperbolic diffeomorphisms. In a forthcoming paper ([2]) we shall provide new transitive
examples (and even stably ergodic); their construction uses some of the ideas of this paper
as well as some new ones. Another viewpoint might be that these new examples throw a
monkey wrench into the classification program. In light of these new partially hyperbolic
diffeomorphisms, is there any hope to achieve any reasonable sense of a classification?

1.1. Preliminaries

Before diving into a detailed exposition of these examples, we provide the necessary
definitions and background. Let M be a closed 3-manifold, we say that a diffeomorphism
f : M →M is partially hyperbolic if the tangent bundle splits into three one-dimensional (1)

Df -invariant continuous bundles TM = Ess ⊕ Ec ⊕ Euu such that there exists ` > 0 such
that for every x ∈M :

‖Df `|Ess(x)‖ < min{1, ‖Df `|Ec(x)‖} ≤ max{1, ‖Df `|Ec(x)} < ‖Df `|Euu(x)‖.

Sometimes, the more restrictive notion of absolute partial hyperbolicity is used. This means
that f is partially hyperbolic and there exists λ < 1 < µ such that:

‖Df `|Ess(x)‖ < λ < ‖Df `|Ec(x)‖ < µ < ‖Df `|Euu(x)‖.

For the classification of such systems, one of the main obstacles is understanding the
existence of invariant foliations tangent to the center direction Ec. In general, the bundles
appearing in the invariant splitting are not regular enough to guaranty unique integrability.
In the case of the strong stable Ess and strong unstable Euu bundles, dynamical arguments
insure the existence of unique foliations tangent to the strong stable and unstable bundle (see
for example [8]). However, the other distributions need not be integrable.

The diffeomorphism f is dynamically coherent if there are 2-dimensional f -invariant
foliations W cs and W cu tangent to the distributions Ess ⊕ Ec and Ec ⊕ Euu, respectively.
These foliations, when they exist, intersect along a 1-dimensional foliation W c tangent toEc.
The diffeomorphism f is robustly dynamically coherent if there exists a C1-neighborhood
of f comprised only of dynamically coherent partially hyperbolic diffeomorphisms. There is
an example of non dynamically coherent partially hyperbolic diffeomorphisms (2) on T3 (see
[12]). This example is not transitive and it is not known whether every transitive partially
hyperbolic diffeomorphisms on a compact 3 manifold is dynamically coherent. See [7] and
references therein for the known results on dynamical coherence of partially hyperbolic
diffeomorphisms in dimension 3.

Two dynamically coherent partially hyperbolic diffeomorphisms f : M →M and
g : N → N are leaf conjugate if there is a homeomorphism h : M → N so that h maps

(1) One of the advantages of working with one-dimensional bundles is that the norm of Df along such bundles
controls the contraction/expansion of every vector in the bundle. Compare with definitions of partial hyperbolicity
when the bundles are not one-dimensional [14].
(2) We should remark that this example is not absolutely partially hyperbolic. Moreover, it is isotopic to one of the
known models of partially hyperbolic diffeomorphisms.
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ANOMALOUS PARTIALLY HYPERBOLIC DIFFEOMORPHISMS I 1389

the center foliation of f on the center foliation of g and for any x ∈ M the points h(f(x))

and g(h(x)) belong to the same center leaf of g.
Up to now the only known example of dynamically coherent partially hyperbolic diffeo-

morphisms were, up to finite lift and finite iterates, leaf conjugate to one of the following
models:

1. linear Anosov automorphism of T3;
2. skew products over a linear Anosov map of the torus T2;
3. time one map of an Anosov flow.

It has been conjectured, first in the transitive case (informally by Pujals in a talk and then
written in [3]), and later in the dynamically coherent case (in many talks and minicourses
[13]) that every partially hyperbolic diffeomorphism should be, up to finite cover and iterate,
leaf conjugate to one of these three models. Positive results have been obtained in [3, 4,
7] and some families of 3-manifolds are now known only to admit partially hyperbolic
diffeomorphisms that are leaf conjugate to the models.

1.2. Statements of results

The aim of this paper is to provide a counter example to the conjecture stated above. Our
examples are not isotopic to any of the models.

In order to present the ideas in the simplest way, we have chosen to detail the construc-
tion of a specific example on a (possibly the simplest) manifold admitting a non-transitive
Anosov flow transverse to a non-homologically trivial incompressible two-torus; the inter-
ested reader should consult [5] for more on 3-manifolds admitting such non-transitive
Anosov flows. Our arguments go through directly in some other manifolds, but for treating
the general case of 3-manifolds admitting non-transitive Anosov flows further work must
be done.

T 1.1. – There is a closed orientable 3-manifold M endowed with a non-transitive
Anosov flow X and a diffeomorphism f : M →M such that:

– f is absolutely partially hyperbolic;
– f is robustly dynamically coherent;
– the restriction of f to its chain recurrent set coincides with the time-one map of the Anosov

flow X, and
– for any n 6= 0, fn is not isotopic to the identity.

The manifold M on which our example is constructed also admits a transitive Anosov
flow (see [1]).

As a corollary of our main theorem, we show that f is a counter example to the conjecture
stated above in the non-transitive case (see [13, 7]):

C 1.2. – Let f be the diffeomorphism announced in Theorem 1.1. Then for all n
the diffeomorphism fn does not admit a finite lift that is leaf conjugate to any of the following:

– linear Anosov diffeomorphisms on T3;
– partially hyperbolic skew product with circle fiber over an Anosov diffeomorphism on the

torus T2;
– the time-one map of an Anosov flow.

ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE



1390 C. BONATTI, K. PARWANI AND R. POTRIE

1.3. Organization of the paper

The paper is organized in the following manner. In Section 3 we describe a modified
DA diffeomorphism of T2. This particular DA diffeomorphism of the torus may not seem
the simplest but it has the necessary properties that make our example easy to present
using only elementary methods. In Section 4, we detail the construction of a non-transitive
Anosov flow, following the construction of Franks and Williams in [6]. In Section 5 we
establish coordinates in a model space in order to prepare for the appropriate perturbation
diffeomorphism—a Dehn twist along a separating torusT1. Then, in Section 6, we choose the
length of the neighborhood of the separating torus T1. We present the example in Section 8
after providing criteria for establishing partial hyperbolicity in Section 7. Then, in Sections 9
and 10 we show that the example is dynamically coherent and not leaf conjugate to previously
known examples; it is also not isotopic to the identity. Next, in Section 2, we informally
outline the construction of our specific example.

2. Informal presentation of the example

The example is constructed in the following manner. We begin with a DA map with
two sources instead of one. This choice makes it possible to easily show that our partially
hyperbolic diffeomorphism has no non-trivial iterate isotopic to the identity. Next, we build a
non-transitive Anosov flow (après [6]) transverse to a torus T1 (this is always the case for non-
transitive Anosov flows [5]). Then our example is obtained by composing the timeN -map of
this Anosov flow with a Dehn twist along a neighborhood of the torus T1 of the form⋃

t∈[0,N ]

Xt(T1),

which is diffeomorphic to [0, 1]× T2.
The neighborhood and the time N is chosen in order to preserve partial hyperbolicity.

In a nutshell, the idea is that a small C1-perturbation always preserves partial hyperbolicity,
and so, if we make the perturbation in a long enough neighborhood of T1, by insuring that
the time interval [0, N ] is sufficiently large, the effect of the Dehn twist can be made to
appear negligible at the level of the derivative, even though the C0-distance cannot be made
arbitrarily small (3). More precisely, we obtain conditions under which transversality between
certain bundles are preserved under this kind of composition which allows to show partial
hyperbolicity.

Since the perturbation is made in the wandering region of the time-N of the Anosov
flow, the properties of the chain-recurrent set are preserved and it is possible to study the
integrability of the center bundle by simply defining it in the obvious way and showing
that it plays well with attracting and repelling regions as it approaches them. The fact that
center leaves cannot be fixed when they pass through the fundamental region where the
perturbation is made becomes a matter of checking that the new intersections cannot be
preserved by the altered dynamics.

(3) Note that these statements are not precise and the remarks in this section are intended to impart our intuition to
the reader.

4 e SÉRIE – TOME 49 – 2016 – No 6
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There are some reasons for which we present a specific example:

1. Even though most of our arguments are quite general and our Dehn twist perturbation
can be applied to infinite family of Franks-Williams type Anosov flows, it is easier to
first see these ideas presented for a single example. The construction of the perturbation
and the fact that it preserves partial hyperbolicity is much easier to check in a specific
case and we believe that this narrative makes the global argument more transparent.

2. It is possible to apply these techniques to other types of examples at the expense of
having to check a few minor details. However, to perform the examples in any manifold
admitting a non-transitive Anosov flow, some more work is required to guarantee the
transversality of the foliations after perturbation. We believe this is beyond the scope
of this paper and relegated to a more detailed study in a forthcoming article.

3. Mainly, for the specific example it is quite easy to give a direct and intuitive argument to
show that the resulting dynamics has no iterate isotopic to the identity. This is carried
out in Section 10 where we use the fact that the torus T1 is homologically non-trivial
and just utilize elementary algebraic topology to show that the action on homology
is non-trivial. For the general case, showing that the perturbation is not isotopic to
the identity requires more involved arguments. We remark that the paper [9] solves this
problem in many situations, but in a less elementary manner. Again, these details are
best left to be expounded in another article.

3. Modified DA map on T2

Our construction begins with a diffeomorphism of the torus. We use a modified DA map,
with two sources instead of one.

We simply state the properties of the required map below. The classical construction of
the Derived from Anosov (DA) diffeomorphism is well known—see [10] for instance. Our
modified DA map is obtained by lifting (some iterate of) the classical DA map to some
2-folded cover of T2. Alternatively, one may begin with a linear Anosov diffeomorphism
with 2 fixed points and then create two sources by “blowing up” these fixed points and their
unstable manifolds.

P 3.1. – There exists a diffeomorphism ϕ : T2 → T2 with the following
properties:

– the non-wandering set ofϕ consists in one non-trivial hyperbolic attractorA and two fixed
sources σ1, σ2;

– the stable foliation of the hyperbolic attractor coincides with a linear (for the affine
structure on T2 = R2/Z2) irrational foliation on T2 \ {σ1, σ2}.

4. Building non-transitive Anosov flows

In this section, we briskly run through the relevant details of the classical Franks-Williams
construction in ([6]) of a non-transitive Anosov flow. Note that the map φ in [6] is the
standard DA map with a single source, and so, the presentation below has been adapted to
our context.

ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE



1392 C. BONATTI, K. PARWANI AND R. POTRIE

Let (M0, Z) be the suspension of the DA-diffeomorphism ϕ given in Theorem 3.1. We
denote by γi the periodic orbit of the flow of Z corresponding to the sources σi, and by AZ

the hyperbolic attractor of the flow of Z.

L 4.1. – There is a convex map α : (0, 1
2 ) → R tending to +∞ at 0 and 1

2 , whose
derivative vanishes exactly at 1

4 , and so that, for any i ∈ 1, 2 there is a tubular neighborhood Γi

of γi whose boundary is an embedded torus Ti ' T2 so that

– Ti is transverse to Z, and therefore to the weak stable foliation W cs
Z of the attractor AZ;

We denote by F s
i the 1-dimensional foliation induced by W cs

Z on Ti;
– there are coordinates θi : T2 → Ti so that, in these coordinates:

• F s
i has exactly 2 compact leaves {0} × S1 and { 1

2} × S
1;

• given any leafL of F s
i in (0, 1

2 )×S1 there is t ∈ R so thatL is the projection on T2

of the graph of α(x) + t;
• given any leafL of F s

i in ( 1
2 , 1)×S1 there is t ∈ R so thatL is the projection on T 2

of the graph of α(x− 1
2 ) + t.

Proof. – See page 165 of [6].

Notice that the expression ofF s
1 andF s

2 are the same in the chosen coordinates. We denote
by Fu

i the image of F s
i by the translation (x, y) 7→ (x+ 1

4 , y).

C 4.2. – F s
i andFu

j are transverse. MoreoverF s
i andFu

i are invariant under any
translation in the second coordinates (that is (x, y) 7→ (x, y + t), t ∈ R).

F 1. Gluing of the two foliations making them transverse. Notice that both
foliations are invariant under vertical translations.

4 e SÉRIE – TOME 49 – 2016 – No 6
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We are now ready to define our manifold M and the vector-field X on M .

Let M+ be the manifold with boundary obtained by removing to M0 the interior
of Γ1 ∪Γ2, and we denote by Z+ he restriction of Z to M+. We denote by T+

i the boundary
component of M+ corresponding to the boundary of Γi. Notice that T+

i are tori transverse
to Z+ and Z+ points inwards to M+.

Let M− be another copy of M+ and we denote by Z− the restriction of −Z to M−. We
denote by T−i the boundary component ofM−, there are transverse to Z− and Z− is points
outwards of M−.

We denote by ψ : ∂M+ → ∂M− the diffeomorphisms sending T+
i on T−i , i = 1, 2, and

whose expression in the T2 coordinates are (x, y) 7→ (x+ 1
4 , y).

We denote by M the manifold obtained by gluing M+ with M− along the diffeomor-
phism ψ. We can now restate Franks-Williams theorem in our setting:

T 4.3. – There is a smooth structure on M , coinciding with the smooth structures
on M+ and on M− and there is a smooth vector-field X on M , whose restrictions to M+ and
M− are Z+ and Z− respectively.

Furthermore X is an Anosov vector-field whose non-wandering set consists exactly in a
non-trivial hyperbolic attractor AX contained in M+ and a non-trivial hyperbolic repeller RX

contained in M−.

A non-singular vector fieldX on a 3-manifold is an Anosov vector field if the time-tmapXt

is partially hyperbolic for some t > 0 (see [5, 6] for the classical definition). It is easy to show
that the time t-map of an Anosov flow will always be absolutely partially hyperbolic.

R 4.4. – Since the bundle generated by X must be necessarily the center bundle
of Xt it follows that the center direction is always integrable for Anosov flows. Indeed, it is a
classical result (see e.g., [8]) that Anosov flows are dynamically coherent (4). We callW cs

X and
W cu

X the center stable and center unstable foliations (sometimes called weak stable and weak
unstable foliations in the context of Anosov flows) and W ss

X and Wuu
X the strong stable and

unstable foliations respectively. We denote as Ecs
X , Ecu

X , Ess
X and Euu

X to the tangent bundles
of these foliations.

The above construction immediately generalizes to examples arising from DA maps with
n sources instead of 2, where n ≥ 1. We call these flows Franks-Williams type Anosov flows.
The arguments in the next sections are very general and apply to all Franks-Williams type
Anosov flows.

(4) This is not the way it is usually stated. Dynamical coherence is modern terminology.

ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE



1394 C. BONATTI, K. PARWANI AND R. POTRIE

5. A perturbation on a model space

In this section we shall perform a perturbation in a certain model space.

Consider the torus T1 andX1(T1) whereX1 is the time one map of the flow ofX. Then T1

and X1(T1) bound a manifold diffeomorphic to [0, 1]×T2, which is a fundamental domain
of X1. We shall use the convention that sets of the form [a, b]×{p} are horizontal and those
of the form {t} × T2 are vertical.

The projection of the vector-field X on this coordinates is ∂
∂t .

We denote by F ss and F uu the 1-dimensional foliations ({t} × F s
1 )t∈[0,1] and

({t}×Fu
1 )t∈[0,1] and by F cs and F cu the 2-dimensional foliations [0, 1]×F s

1 and [0, 1]×Fu
1 .

L 5.1. – Let G : [0, 1] × T2 → [0, 1] × T2 be the diffeomorphism defined as
(t, x, y) 7→ (t, x, y + ρ(t)). Where ρ : [0, 1] → [0, 1] is a monotone smooth function such
that it is identically zero in a neighborhood of 0 and identically 1 in a neighborhood of 1.

Then G( F cu) is transverse to F ss and G( F uu) is transverse to F cs.

Proof. – This is a direct consequence of Lemma 4.1, Corollary 6.3 and the fact that
G makes translations only in the y-direction of the coordinates given by that lemma.

6. The strong stable and unstable foliations on a fundamental domain of XN for large N

For any N > 0 we consider the fundamental domain UN of the diffeomorphism XN

(time N of the flow of X) restricted to M \ (AX ∪RX) bounded by T1 and XN (T1).

This fundamental domain UN is canonically identified with [0, N ] × T1: the projection
of T1 is the identity map on {0} × T1 and the projection of X is ∂

∂t .

The intersection of the weak stable and weak unstable 2-foliations W cs
X , W cu

X as well as
the (1-dimensional) strong stable and strong unstable foliationsW ss

X andWuu
X with UN ; will

be denoted by W cs
N , W cu

N W ss
N , Wuu

N .

L 6.1. – The expression of the tangent space of W cs
N , W cu

N W ss
N , Wuu

N at a point
(t, x, y) ∈ [0, N ] × T1 only depends on (x, y) ∈ T1 : it depends neither of t ∈ [0, N ] nor
on N .

Proof. – This follows from the fact that the bundles are invariant under the flow and the
vector-field X is ∂

∂t in this coordinates.

We denote by HN : UN → [0, 1] × T2 the diffeomorphisms defined by HN (t, p) =

( t
N , θ

−1
1 (p)).

We denote F cs
N = HN (W cs

N ), F cu
N = HN (W cu

N ), F ss
N = HN (W ss

N ), F uu
N = HN (Wuu

N ).

L 6.2. – For every N > 0, F cs
N = F cs and F cu

N = F cu, where F cs and F cu are the
2-dimensional foliation on [0, 1]× T2 defined in Section 5.

The tangent bundle to F ss
N and to F uu

N converges in the C0 topology to the tangent bundle
to the foliations F ss and F uu, defined in Section 5, as N goes to +∞.
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Proof. – The first assertion is a direct consequence of the fact that F cs
N and F cu

N are
saturated by the orbits of the flow and Lemma 6.1.

The second assertion follows from the fact that the diffeomorphism is independent of N
in the first coordinate and compresses the t coordinate by 1

N .

As a direct consequence of Lemmas 5.1 and 6.2 we obtain

C 6.3. – Let G be the diffeomorphism defined in Lemma 5.1. Then, there is
N0 > 0 so that for any N ≥ N0 one has:

G( F cu
N ) is transverse to F ss

N and G( F uu
N ) is transverse to F cs

N .

7. Establishing partial hyperbolicity

We just recall a classical criterion for partial hyperbolicity. As before, we remain in dimen-
sion 3 for simplicity.

Let g be a diffeomorphism on a compact 3-dimensional manifoldM . Assume that there is
a codimension 1 submanifold cutting M in two compact manifolds with boundary M+ and
M− so that M+ is an attracting region for f (i.e., f(M+) ⊂ Int(M+)) and M− is a repelling
region (i.e., attracting region for g−1).

Assume that the maximal invariant set A in M+ and the maximal invariant set R in M−

admit a (absolute) partially hyperbolic splitting Ess ⊕ Ec ⊕ Euu.

Then Ess and Ess ⊕ Ec admit a unique invariant extension Ess and Ecs on M \ R and
symmetricallyEuu andEc⊕Euu admit a unique invariant extensionEuu andEcu onM \A.

R 7.1. – Assume that g coincides with an Anosov flow Z in a neighborhood U
of A. Then, the bundles Ecs and Ess in M \ R coincide exactly with the tangent spaces of
the foliation f−n(W cs

Z ∩U) and f−n(W ss
Z ∩U). A symmetric property holds forEcu andEuu.

Notice that the center bundle cannot be a priori extended to these sets.

A compact set U will be called a fundamental domain of M \ (A ∪ R) if every orbit of g
restricted to M \ (A ∪R) intersects U in at least one point.

T 7.2. – Let g : M →M be a C1-diffeomorphism. Assume that:

– there exists a codimension one submanifold cutting M into an attracting and a repelling
regions with maximal invariant setsA andR which are (absolutely) partially hyperbolic;

– there exists a compact fundamental domain U ofM \(A∪R) such that ifEss
A , E

cs
A denote

the extensions of the bundles Ess and Ess ⊕Ec of A to M \R and Euu
R , Ecu

R denote the
extensions of Euu, Ec ⊕ Euu of R to M \ A then Ecs

A is transverse to Euu
R and Ecu

R is
transverse to Ess

A at each point of U.

Then g is (absolutely) partially hyperbolic on M .
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Proof. – We have a well defined splitting Ess ⊕ Ec ⊕ Euu above A and R and we can
define the bundles Ess and Euu everywhere as Ess := Ess

A and Euu := Euu
R in M \ (A∪R).

The transversality conditions we have assumed on U allows us to define the Ec bundle
inM \(A∪R) as the intersection betweenEcs

A andEcu
R . These intersect in a one-dimensional

subbundle thanks to our transversality assumptions.

Now, let us show that the splitting we have defined is (absolutely) partially hyperbolic. To
see this, it is enough to show that the decomposition is continuous. Indeed, if this is the case,
one can use the fact that given a neighborhood U of A ∪ R there exists N > 0 such that
every point outside U verifies that every iterate larger than N belongs to U . Together with
continuity of the bundles and the partially hyperbolicity alongA∪R this allows to show that
if g|A∪R is (absolutely) partially hyperbolic, then it must be (absolutely) partially hyperbolic
globally.

To show continuity of the bundles, notice first that since for a point x ∈ M \ (A ∪
R) the bundle Euu

R is transverse to Ecs
A one has that as one iterates forward the point

gn(x) approaches A while the bundle Dxg
n(Euu

R ) must approach Euu by the transversality
and domination. The same argument shows that Ess is also continuous. The fact that Ec

glues well with Ec along A follows from the fact that Ecs
A is invariant and Ec is transverse

toEss
A inEcs

A . The symmetric argument gives continuity ofEc as one approachesR and this
concludes the proof.

8. The example: perturbation of the time N of the flow

In this section we construct the example announced in Theorem 1.1 and prove it is
(absolute) partially hyperbolic.

We fix N ≥ N0 as in Corollary 6.3.

Consider M \ (AX ∪RX). Let V1 be the X-invariant open subset of M consisting in the
point whose orbit crosses T1.

Consider the diffeomorphism G on [0, 1] × T2 defined in Lemma 5.1. We consider
G : M → M defined as the identity outside UN and G = H−1

N ◦ G ◦HN in UN . Then G is
a smooth diffeomorphism from how G was defined.

Define the diffeomorphism f : M →M :

f = G ◦XN .

We will prove that the diffeomorphism f defined above satisfies all the conclusion of
Theorem 1.1. We begin by first demonstrating that f is partially hyperbolic.

T 8.1. – The diffeomorphism f is absolutely partially hyperbolic.

Proof. – First notice that the chain recurrent set of f coincides with the non-wandering
set ofXN and thus ofX, that isAX∪RX . Furthermore the dynamics of f coincides with the
one of XN in a neighborhood of AX ∪ RX . In particular, f is absolute partially hyperbolic
in restriction to AX ∪RX .
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According to Theorem 7.2 we must check that the extension Ess
A and Ecs

A of the bundles
Ess

X ,Ecs
X inAX and the extensionsEcu

R ,Euu
R ofEcu

X andEuu
X onRX satisfy the transversality

conditions between Ecs
A and Euu

R and Ess
A and Ecs

R in a compact fundamental domain U.

Recall that Ess
A , Ecs

A in a neighborhood of AX are the tangent bundles to the strong
stable and center stable foliations of AX and Ecu

R , Euu
R coincide with the tangent bundles

to the strong unstable and center unstable foliations of RX (see Remark 7.1 and notice that
f coincides with an Anosov flow in neighborhoods of AX and RX ).

Notice that f admits a fundamental domain having two connected components, one
(denoted as ∆1,N ) bounded by T1 and XN (T1) and the other bounded by T2 and XN (T2)

(denoted as ∆2,N ). ThereforeM\(AX∪RX) has two connected componentsV1 andV2 which
are the sets of points whose orbits pass through one or the other fundamental domains.

On V2 the diffeomorphism f coincides with XN and the bundles coincide with the
invariant bundles of X, so that we get the transversality conditions for free.

Thus we just have to show the transversality in ∆1,N = UN .

Notice that f coincides with XN on ⋃
t≥0

Xt(T1).

As
⋃

t≥0Xt(T1) is positively invariant and the orbits tends toAX the stable and center stable
foliations of f coincide on that set with those of X.

In particular, Ecs
A and Ess

A in UN coincide with Ecs
X and Ess

X respectively.

Notice also that f coincides with XN on⋃
t≤−N

Xt(T1).

As
⋃

t≤−N Xt(T1) is negatively invariant and the negative orbits tends to RX the unstable
and center unstable foliations of f coincide on that set with those of X.

In particular, we obtain that Ecu
R = G∗(E

cu
X ) and Euu

R = G∗(E
uu
X ) in UN which satisfy

the transversality conditions thanks to Corollary 6.3.

The bundles of f will be denoted asEss
f ,Ec

f andEuu
f . As usual, we denoteEcs

f = Ess
f ⊕Ec

f

and Ecu
f = Ec

f ⊕ Euu
f .

9. Dynamical coherence

We are now ready to prove that the diffeomorphism f is robustly dynamically coherent
and that it cannot be leaf conjugate to the time one map of an Anosov flow. Furthermore,
the same result holds for any iterate and any finite lift of f .

L 9.1. – There exists K > 1 so that for any unit vector v ∈ Ec
f and any n ∈ Z one

has
1

K
< ‖Dfn(v)‖ < K.
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Proof. – Notice that given any neighborhoodsUR andUA ofRX andAX , there is n0 > 0

so that fn0(M \ UR) is contained in UA.

We choose UA as being a positively Xt-invariant neighborhood of AX on which f coin-
cides withXN . InUA the bundlesEss

f andEcs
f coincide withEss

X andEcs
X . AsEc

f is transverse
to Ess

f on the compact manifold M , we get that any unit vector of Ec
f in UA has a compo-

nent in RX uniformly bounded from below and above and a component in Ess
X uniformly

bounded (from above). Therefore, the positive iterates of v by Df are uniformly bounded
from below and above.

The same phenomena occur in a neighborhood UR of RX when we consider backward
iterates. Now the result is established by using the invariance of Ec

f and the fact that any
orbit spends at most n0 iterates outside UR ∪ UA.

The inequalities of Lemma 9.1 force the curves tangent to the center direction to possess
a very useful dynamical property; this is the content of Corollary 9.3. First, let us recall a
definition.

D 9.2. – Consider a diffeomorphism gwith an invariant bundleE ⊂ TM , one
says that g is Lyapunov stable in the direction of E if given any ε > 0 there is δ > 0 so that
any path γ tangent to E of length smaller than δ verifies that the forward iterates gn(γ) have
length smaller than ε.

As a direct consequence of Lemma 9.1 one gets:

C 9.3. – The diffeomorphism f is Lyapunov stable in the directionEcs
f . Symmet-

rically, f−1 is Lyapunov stable in the direction Ecu
f .

Proof. – Just notice that for any unit vector v tangent toEcs
f the forward iteratesDfn(v)

have uniformly bounded norm.

This permits us to demonstrate

T 9.4. – The diffeomorphism f is robustly dynamically coherent. Moreover, the
bundle Ec

f is uniquely integrable.

Proof. – We refer the reader to [8, Section 7] or [11, Section 7] for precise definitions of
some notions which will appear in this proof (which are classical in the theory of partially
hyperbolic systems). Related arguments appear in [4].

It is shown in [11, Theorem 7.5] (see also [8, Theorem 7.5]) thatEcs
f is tangent to a unique

foliation provided f is Lyapunov stable with respect to Ecs
f . Therefore, by Corollary 9.3 the

bundle Ecs
f is tangent to a unique foliation tangent to Ecs

f . Moreover, it is also established
that under this assumptions, the unique foliation W cs

f must be plaque-expansive in the sense
of [8, Section 7].

Applying the same result for f−1 and Ecu
f we deduce dynamical coherence, and using

[8, Theorem 7.1], we may conclude that the center-stable and center-unstable foliations are
structurally stable (in particular, they exist for small C1 perturbations of f ). This concludes
the proof of robust dynamical coherence.
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Finally, unique integrability ofEc
f follows by classical arguments using the fact that curves

tangent to Ec
f are Lyapunov stable for f and f−1 because of Lemma 9.1 (see also [11,

Corollary 7.6]).

Now we are ready to prove that the example cannot be leaf conjugate to the time-one
map of an Anosov flow—this is the result advertised in Corollary 1.2. However, first we must
establish an important property about the leaves of the center-foliationW c

f of f . Recall from
the previous section that UN =

⋃
0≤t≤N Xt(T1).

L 9.5. – The connected components ofW c
f ∩ UN are arcs which join T1 withXN (T1)

with uniformly bounded length.

Proof. – This follows immediately from the fact that the perturbation preserves the
T2 ×{t} coordinates (in the coordinates given by HN ) and the original center direction was
positively transverse to those fibers. Since T2 × [0, 1] is compact, one obtains that these arcs
are of bounded length and join both boundaries of UN .

We can now show:

T 9.6. – There are center leaves which are not fixed for no iterate of f . Conse-
quently, there is no finite lift or finite iterate of f which is leaf conjugate to the time-one map of
an Anosov flow.

Proof. – Using unique integrability, one knows that the f -invariant foliationW c
f tangent

to Ec
f is obtained by intersecting the preimages of W cs

X with the forward images of W cu
X ,

where W cs
X and W cu

X are defined in neighborhoods of AX and RX respectively.

In particular, we get that restricted to UN which is a fundamental domain for f in the
complement ofAX ∪RX , we have thatW c

f consists ofW cs
X ∩G(W cu

X ) which is an arc joining
T1 and XN (T1) as proved in Lemma 9.5.

Notice that f coincides withXN in a neighborhood of T1 (andG = id in a neighborhood
of T1) so that W c

f consists of horizontal lines (i.e., of the form [0, ε)×{p} or (1− ε, 1]×{p}
in the coordinates given by HN ) in neighborhoods of T1 and f(T1). Moreover, one has that
the image of the center line which is of the form [0, ε)×{p0} in a neighborhood of T1 is sent
by f to the arc of W c

f which is of the form (1 − ε, 1] × {p0} (again because G = id in a
neighborhood of T1 and XN (T1)).

On the other hand, those arcs cannot be joined inside W cs
X ∩ G(W cu

X ) if they are not
the leaves corresponding to circles in T1, and so, it follows that the center leaves cannot be
fixed by f . The same argument implies that this is not possible for fk for any k ≥ 0 since
f coincides with XN once it leaves UN .

R 9.7. – This in stark contrast with the results of [3] where it is shown that when
f is transitive, if certain center leaves are fixed, then all center leaves must be. It is also
important to note that in this example the leaves of both the center-stable and center-unstable
foliations are fixed by f but the connected components of their intersections—the center
leaves—are not.
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Since the 3-manifold M admits an Anosov flow, π1(M) has exponential growth, and so,
the manifold M does not support a partially hyperbolic diffeomorphisms isotopic to an
Anosov diffeomorphism or a skew product. This is because Anosov diffeomorphisms only
exist on T3 in dimension 3 (see for example [7] and references therein) and skew products are
only defined (in [3]) on circle bundles over T2-–both these types of 3-manifolds are associated
with polynomial growth in their fundamental groups. These growth properties are immune
to taking finite covers, and so, the same holds true for any finite cover of M . Therefore, if
a finite lift or iterate of f were leaf conjugate to one of the three models, it would have to
be the time-one map of an Anosov flow. In this case, there would exist an iterate of f on a
finite cover that would fix every center leaf. We have shown that this is not the case, and thus,
Theorem 9.6 implies Corollary 1.2.

10. Non-trivial isotopy class

In this section we will complete the proof of Theorem 1.1 by showing that no iterate of f
is isotopic to the identity. It is at this point only that we shall use the fact that the original
DA-diffeomorphism has at least two sources since this provides a curve intersecting the torus
where the modification is made which is homologically non trivial. So we restrict ourselves
to the case where there are exactly two sources, but it should be clear that all we have done
until now works with any number of such sources.

T 10.1. – For every k 6= 0, fk is not isotopic to the identity. More precisely, the
action of fk on homology is non-trivial.

Proof. – It suffices to show that the action on homology is not trivial.
To establish this, first note that for the suspension manifold M0 the periodic orbits where

we did the DA-construction are homologically non-trivial. This implies that after removing
the solid torus, the circles in the same direction in the boundary are still homologically
non-trivial. The gluing we have performed preserves this homology class, so that it remains
homologically non-trivial after the gluing too (5).

Notice moreover that there is a representative γ1 of this homology class which does not
intersect T1 simply by making a small homotopy of this loop which makes it disjoint from T1.

Consider a closed curve γ2 intersecting T1 only once (it enters by T1 and then comes back
by T2) we know that γ2 is not homologous to γ1. This can be shown by considering a small
tubular neighborhood U of T1 and a closed 1-form which is strictly positive (6) in U and
vanishes outside U . It is clear that such a 1-form has a non-vanishing integral along γ2 and
a vanishing one along γ1 proving the desired claim.

From how G was chosen it is clear that Gk
∗([γ2]) = [γ2] + k[γ1]. Since XN is isotopic to

the identity, we also have that (G ◦XN )∗ = G∗.
This implies that for every k 6= 0, the map (fk)∗ = (G ◦XN )k

∗ = Gk
∗ is different from the

identity.

(5) A way to see this is by constructing a closed 1-form in each piece which integrates one in the desired circle. These
1-forms glue well to give a closed 1-form integrating one in the same curve.
(6) If U ∼ T1 × [−1, 1] and we call θ to the variable on [−1, 1] it suffices to choose f(θ)dθ with f smooth, positive
on (−1, 1) and vanishing at ±1.

4 e SÉRIE – TOME 49 – 2016 – No 6



ANOMALOUS PARTIALLY HYPERBOLIC DIFFEOMORPHISMS I 1401

Acknowledgements

We would like to thank the hospitality of IMERL-CMAT (Montevideo, Uruguay) and
the Institut de Mathématiques de Burgogne (Dijon, France) for hosting us in several stages
of this project.

BIBLIOGRAPHY

[1] C. B, F. B, B. Y, Building Anosov flows on 3-manifolds, preprint
arXiv:1408.3951, to appear in Geom. and Topol.

[2] C. B, A. G, R. P, Anomalous partially hyperbolic diffeomor-
phisms II: stably ergodic examples, preprint arXiv:1506.07804, to appear in Invent.
math.

[3] C. B, A. W, Transitive partially hyperbolic diffeomorphisms on
3-manifolds, Topology 44 (2005), 475–508.

[4] M. B, D. B, S. I, On partially hyperbolic diffeomorphisms of 3-mani-
folds with commutative fundamental group, in Modern dynamical systems and appli-
cations, Cambridge Univ. Press, Cambridge, 2004, 307–312.

[5] M. B, Separating the basic sets of a nontransitive Anosov flow, Bull. London
Math. Soc. 25 (1993), 487–490.

[6] J. F, B. W, Anomalous Anosov flows, in Global theory of dynamical
systems (Proc. Internat. Conf., Northwestern Univ., Evanston, Ill., 1979), Lecture
Notes in Math. 819, Springer, Berlin, 1980, 158–174.

[7] A. H, R. P, Classification of partially hyperbolic diffeomorphisms
in 3-manifolds with solvable fundamental group, J. Topol. 8 (2015), 842–870.

[8] M. W. H, C. C. P, M. S, Invariant manifolds, Lecture Notes in Math.
583, Springer, Berlin-New York, 1977.

[9] D. MC, Virtually geometrically finite mapping class groups of 3-manifolds,
J. Differential Geom. 33 (1991), 1–65.

[10] C. R, Dynamical systems: Stability, symbolic dynamics, and chaos, Studies in
Advanced Math., CRC Press, Boca Raton, FL, 1995.

[11] F. R H, M. A. R H, R. U, A survey in partially
hyperbolic dynamics, in Partially Hyperbolic Dynamics, Laminations and Teich-
müller Flow (G. Forni, M. Lyubich, C. Pugh, M. Shub, eds.), Fields Institute
Communications 51, 2007, 35–88.

[12] F. R H, M. A. R H, R. U, A non-dynamically
coherent exampleT3, Ann. Inst. H. Poincaré Anal. non linéaire 33 (2016), 1023–1032.

[13] F. R H, M. A. R H, R. U, Partial hyperbolicity in
3-manifolds, http://www.impa.br/opencms/pt/eventos/extra/2013_balzan/
attach/apresentacao_maria_alejandra_hertz.pdf.

ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE

http://smf.emath.fr/Publications/AnnalesENS/4_49/html/ens_ann-sc_49_6.html#1
http://arxiv.org/abs/1408.3951
http://smf.emath.fr/Publications/AnnalesENS/4_49/html/ens_ann-sc_49_6.html#2
http://arxiv.org/abs/1506.07804
http://smf.emath.fr/Publications/AnnalesENS/4_49/html/ens_ann-sc_49_6.html#3
http://smf.emath.fr/Publications/AnnalesENS/4_49/html/ens_ann-sc_49_6.html#4
http://smf.emath.fr/Publications/AnnalesENS/4_49/html/ens_ann-sc_49_6.html#5
http://smf.emath.fr/Publications/AnnalesENS/4_49/html/ens_ann-sc_49_6.html#6
http://smf.emath.fr/Publications/AnnalesENS/4_49/html/ens_ann-sc_49_6.html#7
http://smf.emath.fr/Publications/AnnalesENS/4_49/html/ens_ann-sc_49_6.html#8
http://smf.emath.fr/Publications/AnnalesENS/4_49/html/ens_ann-sc_49_6.html#9
http://smf.emath.fr/Publications/AnnalesENS/4_49/html/ens_ann-sc_49_6.html#10
http://smf.emath.fr/Publications/AnnalesENS/4_49/html/ens_ann-sc_49_6.html#11
http://smf.emath.fr/Publications/AnnalesENS/4_49/html/ens_ann-sc_49_6.html#12
http://smf.emath.fr/Publications/AnnalesENS/4_49/html/ens_ann-sc_49_6.html#13
http://www.impa.br/opencms/pt/eventos/extra/2013_balzan/attach/apresentacao_maria_alejandra_hertz.pdf
http://www.impa.br/opencms/pt/eventos/extra/2013_balzan/attach/apresentacao_maria_alejandra_hertz.pdf


1402 C. BONATTI, K. PARWANI AND R. POTRIE

[14] A. W, Conservative partially hyperbolic dynamics, in Proceedings of the Inter-
national Congress of Mathematicians. Volume III, Hindustan Book Agency, New
Delhi, 2010, 1816–1836.

(Manuscrit reçu le 5 novembre 2014 ;
accepté, après révision, le 20 novembre 2015.)

Christian B

Institut de Mathématiques de Bourgogne
Université de Bourgogne

UMR CNRS 5584
Équipe Géométrie et Systèmes Dynamiques

Dijon 21004, France
E-mail: bonatti@u-bourgogne.fr

Kamlesh P

Department of Mathematics
Eastern Illinois University

Charleston, IL 61920, USA
E-mail: kparwani@eiu.edu

Rafael P

Centro de Matemática
Facultad de Ciencias

Universidad de la República
11400 Montevideo, Uruguay

E-mail: rpotrie@cmat.edu.uy

4 e SÉRIE – TOME 49 – 2016 – No 6

http://smf.emath.fr/Publications/AnnalesENS/4_49/html/ens_ann-sc_49_6.html#14

	1. Introduction
	2. Informal presentation of the example
	3. Modified DA map on T2
	4. Building non-transitive Anosov flows
	5. A perturbation on a model space
	6. The strong stable and unstable foliations on a fundamental domain of XN for large N
	7. Establishing partial hyperbolicity
	8. The example: perturbation of the time N of the flow
	9. Dynamical coherence
	10. Non-trivial isotopy class
	Acknowledgements
	Bibliography

