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FLUX-LIMITED SOLUTIONS FOR QUASI-CONVEX
HAMILTON-JACOBI EQUATIONS ON NETWORKS

BY CyrRIL IMBERT aAnND REcis MONNEAU

ABSTRACT. — We study Hamilton-Jacobi equations on networks in the case where Hamiltonians
are quasi-convex with respect to the gradient variable and can be discontinuous with respect to the
space variable at vertices. First, we prove that imposing a general vertex condition is equivalent to
imposing a specific one which only depends on Hamiltonians and an additional free parameter, the
flux limiter. Second, a general method for proving comparison principles is introduced. This method
consists in constructing a vertex test function to be used in the doubling variable approach. With such
a theory and such a method in hand, we present various applications, among which a very general
existence and uniqueness result for quasi-convex Hamilton-Jacobi equations on networks.

REsuME. — Nous étudions des équations de Hamilton-Jacobi posées sur des réseaux dans le cas
d’Hamiltoniens quasi-convexes en la variable gradient et qui peuvent étre discontinus en la variable
d’espace au niveau des sommets. Nous prouvons d’une part qu'imposer une condition de jonction
générale est équivalent a en imposer une de type controle optimal, qui ne dépend que des Hamiltoniens
et d’un parameétre libre additionnel, le /imiteur de flux. Nous introduisons d’autre part une méthode
générale pour montrer des principes de comparaison. Cette méthode repose sur la construction d’une
fonction sommet destinée a remplacer dans la méthode de dédoublement des variables la fonction
quadratique habituelle. Nous présentons ensuite un large éventail d’applications, et notamment un
résultat d’existence et d’unicité trés général pour les équations de Hamilton-Jacobi quasi-convexes
posées sur les réseaux.

1. Introduction

This paper is concerned with Hamilton-Jacobi (HJ) equations on networks associated
with Hamiltonians that are quasi-convex and coercive in the gradient variable and possibly
discontinuous at the vertices of the network in the space variable.

Space discontinuous Hamiltonians have been identified as both important/relevant and
difficult to handle; in particular, a few theories/approaches (see below) were developed to
study the associated HJ equations. In this paper, we show that if they are assumed to be quasi-
convex and coercive in the gradient variable, then not only uniqueness can be proved for very
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358 C. IMBERT AND R. MONNEAU

general conditions at discontinuities (referred to as junction conditions), but such conditions
can even be classified: imposing a general junction condition reduces to imposing a junction
condition of optimal control type, referred to as a flux-limited junction condition. As far
as uniqueness is concerned, a comparison principle is proved. We show that the doubling
variable approach can be adapted to the discontinuous setting if we go beyond the classical
test function |x — y|2/2 by using a vertex test function instead. This vertex test function can
be used to do much more, like dealing with second order terms [31] or getting error estimates
for monotone schemes [33].

We point out that the present article is written in the one-dimensional setting for peda-
gogical reasons but our theory extends readily to higher dimensions [29].

1.1. The junction framework

We focus in this introduction and in most of the article on the simplest network, referred
to as a junction, and on Hamiltonians which are constant with respect to the space variable
on each edge. Indeed, this simple framework leads us to the main difficulties to be overcome
and allows us to present the main contributions. We will see in Section 5 that the case of a
general network with (¢, x)-dependent Hamiltonians is only an extension of this special case.

A junction is a network made of one vertex and a finite number of infinite edges. It is
endowed with a flat metric on each edge. It can be viewed as the set of N distinct copies
(N = 1) of the half-line which are glued at the origin. Fori = 1,..., N, each branch J;
is assumed to be isometric to [0, +00) and

(1.1) J= |J & with JinJ;={0} for i#
i=1,.,N
where the origin 0 is called the junction point. For points x,y € J, d(x,y) denotes the

geodesic distance on J defined as

|x — y| if x, y belong to the same branch,

d(x,y) =

x| + || if x, y belong to different branches.

For a smooth real-valued function u defined on J, d;u(x) denotes the (spatial) derivative of u
at x € J; and the “gradient” of u is defined as follows,
0; if J¥ = J;i \ {0},
(1.2) Uy () o= ) oxe =i\
(01u(0), ..., dNu(0)) if x=0.

With such a notation in hand, we consider the following Hamilton-Jacobi equation on the
junction J
u; + Hi(ux) =0for te€(0,4+400) and xeJ,

1.3
(13) U+ Fuy) =0 for t€(0,400) and x =0

subject to the initial condition
(1.4) u(0,x) = up(x) for xelJ.

The second equation in (1.3) is referred to as the junction condition. In general, minimal
assumptions are required in order to get a good notion of weak (i.e., viscosity) solutions.
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HAMILTON-JACOBI EQUATIONS ON NETWORKS 359

We shed some light on the fact that Equation (1.3) can be thought as a system of Hamilton-
Jacobi equations associated with H; coupled through a “dynamical” boundary condition
involving F. This point of view can be useful, see Subsection 1.5. As far as junction func-
tions are concerned, we will construct below some special ones (denoted by Fj4) from the
Hamiltonians H; (i = 1,..., N) and a real parameter A.

We consider the important case of Hamiltonians H; satisfying the following structure
condition:

(1.5) Fori =1,...,N, H,; continuous, quasi-convex and coercive.

We recall that H; is quasi-convex if its sub-level sets {p : H;(p) < A} are convex. In
particular, since H; is also assumed to be coercive, there exist numbers p? € R such that

H; nonincreasing in (—oo, p?]

H; nondecreasing in [p?, +00).

1.2. First main new idea: classification of junction conditions

In the present paper, two notions of viscosity solutions are introduced: relaxed (viscosity)
solutions (see Definition 2.1), which can be used to deal with all junction conditions, and
flux-limited (viscosity) solutions (see Definition 2.2) which are associated with flux-limited
junction conditions. Relaxed solutions are used to prove existence and ensure stability. Flux-
limited solutions satisfy the junction condition in a stronger sense and are used in order
to prove uniqueness. Our first main result states that relaxed solutions for general junction
conditions are in fact flux-limited solutions for some junction conditions of optimal-control
type.

We now introduce the notion of flux-limited junction condition. Given a flux limiter
A € R U {—o0}, the A-limited flux through the junction point is defined for p = (p1,..., pn)
as

(1.6) F4(p) = max (A, '_maxN Hi_(p,-))

=1,...,

where H;~ is the nonincreasing part of H; defined by
Hf()=§Hi(q) it ¢=<p
’ Hi(p?) if ¢q> p}.
We now consider the following important special case of (1.3),

u; + Hi(ux) =0for te€(0,+00) and xeJ',

1.7
(47 U; + Fg(uy) =0for ¢t e (0,400) and x =0.

We point out that the flux functions F4 associated with A € [—o0, Ag] coincide if one
chooses

(1.8) Ap = max min H;.
i=1,.,N R

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



360 C. IMBERT AND R. MONNEAU

As announced above, general junction conditions are proved to be equivalent to those
flux-limited junction conditions. Let us be more precise: a junction function is a function
F:RYN — R satisfying

(1.9) F : RY — R is continuous and non-increasing with respect to all variables.

THEOREM 1.1 (General junction conditions reduce to flux-limited ones)

Assume that the Hamiltonians satisfy (1.5) and that the junction function satisfies (1.9). Then
there exists Arp € R such that any continuous relaxed (viscosity) solution of (1.3) is in fact a
flux-limited (viscosity) solution of (1.7) with A = Af.

REMARK 1.2. — Assumption (1.9) is minimal, at least “natural”; indeed, monotonicity is
related to the notion of viscosity solutions that will be introduced. In particular, it is needed
in order to construct solutions through the Perron method [32].

REMARK 1.3. — Relaxed and flux-limited solutions are respectively introduced in Defi-
nitions 2.1 and 2.2.

REMARK 1.4. — Relaxed solutions of (1.3) are assumed to be continuous in Theorem 1.1.
This assumption can be weakened, see Proposition 2.12 below.

The special case of convex Hamiltonians. — In the special case of convex Hamiltonians H;
with different minimum values, Problem (1.7) can be viewed as the Hamilton-Jacobi-Bellman
equation satisfied by the value function of an optimal control problem; see for instance [30]
when A = —oo. In this case, existence and uniqueness of viscosity solutions for (1.7)-(1.4)
(with A = —o0) have been established either with a very rigid method [30] based on an
explicit Oleinik-Lax formula which does not extend easily to networks, or in cases reducing
to H; = H; for all i, j if Hamiltonians do not depend on the space variable [40, 1]. In
such an optimal control framework, trajectories can stay for a while at the junction point.
In this case, the running cost at the junction point equals — max; (min H;). In this special
case, the parameter A consists in replacing the previous running cost at the junction point
by min(—A, min; L;(0)). In Section 6, the link between our results and optimal control
theory will be investigated.

1.3. Second main new idea: the vertex test function

The second main contribution of this paper is to provide the reader with a general yet
handy and flexible method to prove a comparison principle, allowing in particular to deal
with Hamiltonians that are quasi-convex and coercive with respect to the gradient variable
and are possibly discontinuous with respect to the space variable at the vertices.

It is known that the core of the theory for HJ equations lies in the proof of a strong
uniqueness result, i.e., of a comparison principle. It is also known that it is difficult to
get uniqueness results for discontinuous Hamiltonians. Indeed, the standard proof of the
comparison principle in the Euclidian setting is based on the so-called doubling variable
technique; and such a method, even in the monodimensional case, generally fails for piecewise
constant (in x) Hamiltonians at discontinuities (see the last paragraph of Subsection 1.5).
Since the network setting contains the previous one, the classical doubling variable technique
is known to fail at vertices [40, 1, 30].
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HAMILTON-JACOBI EQUATIONS ON NETWORKS 361

Before discussing the method we develop to prove it, we state the comparison principle.

THEOREM 1.5 (Comparison principle on a junction). — Assume that the Hamiltonians
satisfy (1.5), the junction function satisfies (1.9) and that the initial datum ug is uniformly
continuous. Then for all (relaxed) sub-solution u and (relaxed) super-solution v of (1.7)-(1.4)
satisfying for some T > 0 and Ct > 0,

(1.10)
u(t,x) <Cr(1+4d,x)), v(,x)>—-Cr(1+d@,x)), forall (t,x)€][0,T)xJ,

and foralli =1,...,N,

u(t,0) = limsup  u(s,y)
(5,9)—>(2,0),yeJ *

we have
u<v in [0,T)xJ.

Combining Theorems 1.1 and 1.5, we get the following one.

THEOREM 1.6 (Existence and uniqueness on a junction). — Assume that the Hamilto-
nians satisfy (1.5), that F satisfies (1.9) and that the initial datum uq is uniformly continuous.
Then there exists a unique continuous (relaxed) viscosity solution u of (1.3), (1.4) such that
for every T > 0, there exists a constant Ct > 0 such that

[u(t,x) —uo(x)| < Cr forall (¢t,x)e[0,T)xJ.

As we previously mentioned it, we prove Theorem 1.5 by remarking that the doubling
variable approach can still be used if a suitable vertex test function G at each vertex is
introduced. Roughly speaking, such a test function will allow the edges of the network to

. . . . 32 .
exchange the necessary information. More precisely, the usual penalization term, % with

& > 0, is replaced with ¢G (¢7'x, ' y). For a general HJ equation

ur + H(x,uy) =0,
the vertex test function has to (almost) satisfy,
H(y,—Gy(x,y)) — H(x,Gx(x,y)) =0

(at least close to the vertex x = 0). This key inequality compensates for the lack of compat-
ibility between Hamiltonians (V. The construction of a (vertex) test function satisfying such
a condition allows us to circumvent the discontinuity of H(x, p) at the junction point.

As explained above, this method consists in combining the doubling variable technique
with the construction of a vertex test function G. We took our inspiration for the construc-
tion of this function from papers like [25, 7] dealing with scalar conservation laws with
discontinuous flux functions. In such papers, authors stick to the case N = 2.

A natural family of explicit solutions of (1.7) is given by

u(t,x) = pix—At if xeJj
(I Compatibility conditions are assumed in [40, 1] for instance.
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362 C. IMBERT AND R. MONNEAU

for (p, A) in the germ ¢, defined as follows,

(1.11)

c {(p.}) e RN xR, H(pi) = Fa(p) =L forall i=1,....N} ifN =2,
=

T l(p. ) eRXR, Hi(p1) =A> A} N = 1.

In the special case of convex Hamiltonians satisfying H; > 0 the vertex test function
G is a regularized version @ of the function A + G°, where G is defined as follows: for
(x.y) € Ji x Jj,

(1.12) GOx.y) = sup (pix—piy—7).
(P, A)ECY

In particular, we have 4 + G%(x, x) = 0.

1.4. The network setting

We will extend our results to the case of networks and quasi-convex Hamiltonians
depending on time and space and to flux limiters A depending on time and vertex, see
Section 5. Noticeably, a localization procedure allows us to use the vertex test function
constructed for a single junction.

In order to state the results in the network setting, we need to make precise the assump-
tions satisfied by the Hamiltonians associated with each edge and the flux limiters associ-
ated with each vertex. This results in a rather long list of assumptions. Still, when reading
the proof of the comparison principle in this setting, the reader may check that the main
structure properties used in the proof are gathered in the technical Lemma 5.2.

As an application of the comparison principle, we consider a model case for homogeniza-
tion on a network. The network ¢/, whose vertices are ¢Z¢ is naturally embedded in R¥.
We consider for all edges a Hamiltonian only depending on the gradient variable but which
is “repeated 7 -periodically with respect to edges”. We prove that when & — 0, the solution
of the “oscillating” Hamilton-Jacobi equation posed in ¢/, converges toward the unique
solution of an “effective” Hamilton-Jacobi equation posed in R?.

A first general comment about the main results. — Our proofs do not rely on optimal control
interpretation (there is no representation formula of solutions for instance) but on PDE
methods. We believe that the construction of a vertex test function is flexible and opens many
perspectives. It also sheds light on the fact that the framework of quasi-convex Hamiltonians,
which is slightly more general than the one of convex ones (at least in the evolution case),
deserves special attention.

1.5. Comparison with known results

Hamilton-Jacobi equations on networks. — There is a growing interest in the study of
Hamilton-Jacobi equations on networks. The first results were obtained in [40] for eikonal
equations. Several years after this first contribution, the three papers [1, 30, 41] were
published more or less simultaneously. In these three papers, the Hamiltonians are always
convex with respect to the gradient variables and optimal control plays in important role (at
least in [1, 30]). Still, frameworks are significantly different.

@ Such a function should indeed be regularized since it is not C ! on the diagonal {x = y} of J2.
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HAMILTON-JACOBI EQUATIONS ON NETWORKS 363

Recently, a general approach of eikonal equations in metric spaces has been proposed in
[28, 5, 24] (see also [36]).

In [1], the authors study an optimal control problem in R? and impose a state constraint:
the trajectories of the controlled system have to stay in the embedded network. From this
point of view, [1] is related to [21, 22] where trajectories in RV are constrained to stay in a
closed set K which can have an empty interior. But as pointed out in [1], the framework from
[21, 22] implies some restricting conditions on the geometry of the embedded networks. Our
approach can now handle the general case for networks.

Our approach is also used to reformulate “state constraint” solutions by Ishii and Koike
[33] (see Proposition 2.15).

The reader is referred to [14] where the different notions of viscosity solutions used in
[1, 30, 41] are compared; in the few cases where frameworks coincide, they are proved to be
equivalent.

In [30], the comparison principle was a consequence of a super-optimality principle (in
the spirit of [35] or [42, 43]) and the comparison of sub-solutions with the value function of
the optimal control problem. Still, the idea of using the “fundamental solution” ) to prove
a comparison principle originates in the proof of the comparison of sub-solutions and the
value function. Moreover, as explained in Subsection 3.3, the comparison principle obtained
in this paper could also be proved, for A = —oo and under more restrictive assumptions on
the Hamiltonians, by using this fundamental solution.

The reader is referred to [1, 30, 41] for further references about Hamilton-Jacobi equations
on networks.

Networks, regional optimal control and stratified spaces. — We already pointed out that the
Hamilton-Jacobi equation on a network can be regarded as a system of Hamilton-Jacobi
equations coupled through vertices. In this perspective, our work can be compared with
studies of Hamilton-Jacobi equations posed on, say, two domains separated by a frontier
where some transmission conditions should be imposed. Contributions to such problems
are [9, 10, 38, 37, 2]. This can be even more general by considering equations in stratified
spaces [12, 11].

We first point out that the framework of these works is genuinely multi-dimensional while
in this paper we stick to a monodimensional setting; still, our method generalizes to a higher
dimensional setting [29]. Another difference between their approach and the one presented
in the present work and in papers like [1, 41, 30] is that these authors write a Hamilton-Jacobi
equation on the frontier (which is lower-dimensional). Another difference is that techniques
from dynamical systems play also an important role. We mention that the techniques from [2]
can be applied to treat the cases considered in our work.

Still, results can be compared. Precisely, considering a framework were both results can
be applied, that is to say the monodimensional one, we will prove in Section 7 that the
value function U~ from [10] coincides with the solution of (1.7) for some constant A that is
determined. And we prove more (in the monodimensional setting; see also extensions below):
we prove that the value function U™ from [10] coincides with the solution of (1.7) for some
(distinct) constant A which is also computed.
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364 C. IMBERT AND R. MONNEAU

Hamilton-Jacobi equations with discontinuous source terms. — There are numerous papers
about Hamilton-Jacobi equations with discontinuous Hamiltonians. The first contribution
is due to Dupuis [19]; see also [18, 26, 16, 17]. The recent paper [27] considers a Hamilton-
Jacobi equation where specific solutions are expected. In the one-dimensional space, it can
be proved that these solutions are in fact flux-limited solutions in the sense of the present
paper with A = ¢ where ¢ is a constant appearing in the HJ equation at stake in [27]. The
introduction of [27] contains a rather long list of results for HJ equations with discontinuous
Hamiltonians; the reader is referred to it for further details.

Contributions of the paper. — In light of the review we made above, we can emphasize the
main contributions of the paper: compared to [40, 41], we deal not only with eikonal equa-
tions but with general Hamilton-Jacobi equations. In contrast to [1], we are able to deal with
networks with infinite number of edges, that are not embedded. In contrast to [1, 30, 40,
41], we can deal with quasi-convex (but not necessarily convex) discontinuous Hamilton-
Jacobi equations with general junctions conditions. For such equations, flux-limited solu-
tions are introduced and a flexible PDE framework is developed instead of an optimal control
approach. Eventhough, the link with optimal control (in the spirit of [1, 9, 10]) and with
regional control (in the spirit of [9, 10]) are thoroughly investigated. In particular, a PDE
characterization of the two value functions introduced in [10] is provided, one of the two
characterizations being new.

Several applications are also developed: the extension to the network setting and some
homogenization results.

Perspectives. — More homogenization results were recently obtained in [23]. An example of
applications of this result is the case where a periodic Hamiltonian H (x, p) is perturbed by a
compactly supported function of the space variable f(x), say. Such a situation is considered
in lectures by Lions at Collége de France [34]. Rescaling the solution, the expected effective
Hamilton-Jacobi equation is supplemented with a junction condition which keeps memory
of the compact perturbation.

We would also like to mention that our results extend to a higher dimensional setting (in
the spirit of [9, 10]) for quasi-convex Hamiltonians [29].

1.6. Organization of the article and notation

Organization of the article. — The paper is organized as follows. In Section 2, we introduce the
notion of viscosity solution for Hamilton-Jacobi equations on junctions, we prove that they
are stable (Proposition 2.4) and we give an existence result (Theorem 2.14). In Section 3, we
prove the comparison principle in the junction case (Theorem 1.5). In Section 4, we construct
the vertex test function (Theorem 3.2). In Section 6, a general optimal control problem on
a junction is considered and the associated value function is proved to be a solution of (1.7)
for some computable constant A. In Section 7, the two value functions introduced in [10]
are shown to be solutions of (1.7) for two explicit (and distinct) constants A. In Section 5,
we explain how to generalize the previous results (viscosity solutions, HJ equations, exis-
tence, comparison principle) to the case of networks. In Section 8§, we present a straightfor-
ward application of our results by proving a homogenization result passing from an “oscil-
lating” Hamilton-Jacobi equation posed in a network embedded in an Euclidian space to a
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HAMILTON-JACOBI EQUATIONS ON NETWORKS 365

Hamilton-Jacobi equation in the whole space. Finally, we prove several technical results in
Appendix A and we state results for stationary Hamilton-Jacobi equations in Appendix B.

Notation for a junction. — A junction is denoted by J. It is made of a finite number of edges
and a junction point. The N edges of a junction, Jy,...,Jy (N € N\ {0}) are isometric
to [0, +-00). The open edge is denoted by J;* = J; \ {0}. Given a final time 7 > 0, J7 denotes
0,7T)x J.

The Hamiltonians on the branches J; of the junction are denoted by H;; they only depend
on the gradient variable. The Hamiltonian at the junction point is denoted by F4 and is
defined from all H; and a constant A which “limits” the flux of information at the junction.

Given a function u : J — R, its gradient at x is denoted by u,; it is a real number if x # 0
but it is a vector of RV at x = 0. We let |u,| denote |d;u| outside the junction point and
max;—1,.. n |0;u| at the junction point. If now u(¢, x) also depends on the time ¢ € (0, +00),
u,; denotes the time derivative.

Notation for networks. — A network is denoted by V. It is made of vertices n € % and
edges e € €. Each edge is either isometric to [0, +00) or to a compact interval whose length
is bounded from below; hence a network is naturally endowed with a metric. The associated
open (resp. closed) balls are denoted by B(x, r) (resp. B(x,r)) for x € ¢/ and r > 0.

In the network case, an Hamiltonian is associated with each edge e and is denoted by H,.
It depends on time and space; moreover, the limited flux functions A can depend on time ¢
and the vertex n: A, (t).

Further notation. — Given a metric space E, C(E) denotes the space of continuous real-
valued functions defined in £. A modulus of continuity is a function w : [0, +00) — [0, +00)
which is non-increasing and w(0+) = 0.

2. Relaxed and flux-limited solutions

This section starts with the introduction of two notions of viscosity solutions in the
junction case and of their studies. Relaxed (viscosity) solutions are first introduced; they are
defined for general junction conditions. They naturally satisfy good stability properties (see
for instance Proposition 2.4). Flux-limited solutions are associated with flux-limited junction
conditions. They satisfy the junction condition in a stronger sense (see Proposition 2.5). The
main contribution of this section is the proof of Theorem 1.1. It relies on the observation that
the set of test functions for flux-limited solutions can be reduced drastically: it is enough to
consider test functions with fixed space slopes (Theorem 2.7).

2.1. Definitions

In order to introduce the two notions of viscosity solution which will be used in the
remaining of the paper, we first introduce the class of test functions. For 7 > 0, set
Jr = (0,T) x J. We define the class of test functions on (0, T') x J by

C'(Jr) = {¢ € C(Jr), the restriction of ¢ to (0,T) x J; is C' fori = 1,...,N}.
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366 C. IMBERT AND R. MONNEAU

We (classically) say that a test function ¢ touches a function u from below (respectively
from above) at (¢,x) if u — ¢ reaches a minimum (respectively maximum) at (¢,x) in a
neighborhood of it.

We recall the definition of upper and lower semi-continuous envelopes u* and u, of a
(locally bounded) function u defined on [0, T') x J,

u*(t,x) = limsup u(s,y) and ux(f,x) = liminf u(s,y).
(s,y)—>(,x) (5,9)—>(t,x)

DEerINITION 2.1 (Relaxed solutions). — Assume that the Hamiltonians satisfy (1.5) and
that F satisfies (1.9) and letu : [0,T) x J — R.

1) We say that u is a relaxed sub-solution (resp. relaxed super-solution) of (1.3)in (0, T) x J
if for all test function ¢ € C!(J7) touching u* from above (resp. from below) at
(to, x0) € J, we have

¢+ Hi(px) =0 (resp. >0) at(f.Xo)
if xo # 0, and
either ¢; + F(px) <0 (resp. >0)

at (fo, xo)

or or + Hi(0;¢) <0 (resp. >0) forsomei

if X0 = 0.
i1) We say that u is a relaxed sub-solution (resp. relaxed super-solution) of (1.3), (1.4)
on [0, T) x J if additionally
u*(0,x) <up(x) (resp. u«(0,x) > ug(x)) forall xeJ.
iil) We say that u is a relaxed solution if u is both a relaxed sub-solution and a relaxed super-
solution.

We give a second definition of viscosity solutions in the case of flux-limited junction
functions Fj4: the junction condition is satisfied “in a classical sense” for test functions
touching sub- and super-solutions at the junction point.

DEerINITION 2.2 (Flux-limited solutions). — Assume that the Hamiltonians satisfy (1.5)
andletu :[0,T) xJ — R.

1) We say that u is a flux-limited sub-solution (resp. flux-limited super-solution) of (1.7)
in (0,T) x J if for all test function ¢ € C!(Jr) touching u* from above (resp. from
below) at (¢9, x9) € Jr, we have

¢r + Hi(px) =0 (resp.  =0) at (f,Xo) if xo € J;*
2.1 @+ F(px) <0 (resp. >0) at(z,x0) if xo = 0.

i1) We say that u is a flux-limited sub-solution (resp. flux-limited super-solution) of (1.7), (1.4)
on [0, T) x J if additionally

u*(0,x) <up(x) (resp. u«(0,x) > ug(x)) forall xeJ.

iii) We say that u is a flux-limited solution if u is both a flux-limited sub-solution and a flux-
limited super-solution.
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2.2. The “weak continuity” condition for sub-solutions
If F not only satisfies (1.9) but is also semi-coercive, that is to say if
2.2) F(p) > 400 as max (max(0,—p;)) = +o0
1

then any F-relaxed sub-solution satisfies a “weak continuity” condition at the junction point.
Precisely, the following lemma holds true.

LEmMMA 2.3 (“Weak continuity” condition at the junction point)
Assume that the Hamiltonians satisfy (1.5) and that F satisfies (1.9) and (2.2). Then any
relaxed sub-solution u of (1.3) satisfies for allt € (0,T) and alli € {1,...,N},

u(t,0) = limsup  u(s, y).
(5,)—>(t,0),yeJ

Proof. — Since u is upper semi-continuous, we know that for all# € (0, 7) and i,

u(t,0) > limsup  u(s,y).
(s,)—>(2,0),yeJ*
Assume that there exists ¢t* and io such that

u(r*,0) > lim sup u(s, y).
(5:)=>@*,0),yeJ7

Since u is upper semi-continuous, we know that we can find ¢, arbitrarily close to ¢* such
that u(t,0) is arbitrarily close to u(z*,0) and such that there exists a C! function ()
(strictly) touching u(¢, 0) from above at ¢y. In particular, we can ensure
(2.3) u(ty,0) > lim sup u(s,y)

(5:3)=(10,0),y€J;7
and
u(t,0) < W(t) fort elto—ro,to+ ro]\ {to}
u(to,0) = ¥().
In particular, since (¥ — u)(#y =£ ro, 0) > 0, there exist §; > 0 and r; > 0 small enough such
that

2.4) u(to £ ro,x)+8; <W(tg£re) forxe BO,r;)CJ.
We now consider the test function ¢(z,x) = W(t) + p;x for x € J;. We claim
that for i # ip and for p; = p;(r;) large enough, u — ¢ reaches its maximum M; on

Qo =[to—ro,to +ro] x[0,r1] C (0, T)xJ; at (t,0). We first remark that
M; > u(ty,0) — W(ty) = 0. Moreover, for (ty & ro, x) and x € [0, r1], (2.4) implies that

u(to £ro,x) —W(tg £ ro) — pix < =61 < M;.
For (¢, x) € Q¢ and x = ry, we have for p; large enough
u(t,x) —W(t) — pix < |u™||Leo(g) + IVIlLoo(to—romto+ro)) — PiT1 < Mi.

Hence the supremum is reached either for x = 0 or x in the interior of Q. In the latter case,
this yields the viscosity inequality

() + Hi(pi) <0
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which cannot hold true for large p;. We conclude that

u(t,x) <W()+ pix inQg\{(t,0)}
u(to,0) = W(io).

We now get

u(t,x) < () + pix in [[0 —ro,to + ro] X [O,rl] \ {([0,0)} with pi >0 if i ?é io
u(t,x) < W(t) + piox infto —ro,to + ro] x [0, 71] \ {(t0, 0)} with p;, < 01ifi =iy
u(to,0) = Y(to),

where we have used (2.3) for any negative p;, and any small enough r; = r1(p;,). This implies
that

W(to) + F(p1,---s Pigs---» PN) <0

which cannot hold true for p;, very negative because of (2.2). The proofis now complete. [J

2.3. General junction conditions and stability

The first stability result is concerned with the supremum of relaxed sub-solutions. Such a
result is used in the Perron process to construct relaxed solutions. Its proof is standard so we
skip it.

PrOPOSITION 2.4 (Stability by supremum/infimum). — Assume that the Hamiltonians H;
satisfy (1.5) and that F satisfies (1.9). Let ¢/ be a nonempty set and let (ug)qe 5z be a family
of relaxed sub-solutions (resp. relaxed super-solutions) of (1.3) on (0, T) x J. Let us assume
that

u=supu, (resp. u= inf u,)
ac A acdAl

is locally bounded on (0, T) x J. Then u is a relaxed sub-solution (resp. relaxed super-solution)
of (1.3)on (0,T) x J.

In the following proposition, we assert that, for the special junction functions Fy, the
junction condition is in fact always satisfied in the classical (viscosity) sense, that is to say
in the sense of Definition 2.2 (and not Definition 2.1).

ProposITION 2.5 (flux-limited junction conditions are satisfied in the classical sense)

Assume that the Hamiltonians satisfy (1.5) and consider A € R. If F = Fy4, then relaxed
super-solutions (resp. relaxed sub-solutions) coincide with flux-limited super-solutions (resp.
flux-limited sub-solutions ).

Proof of Proposition 2.5. — The proof was done in [30] for the case A = —oo, using the
monotonicities of the H;. We follow the same proof and omit details.
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The super-solution case. — Let u be a relaxed super-solution satisfying the junction condition
in the viscosity sense and let us assume by contradiction that there exists a test function ¢
touching u from below at Py = (fp, 0) for some ¢y € (0, T), such that

2.5 0 + Fa(px) <0 at Po.

Then we can construct a test function ¢ satisfying ¢ < ¢ in a neighborhood of Py, with
equality at Py such that

@1(Po) = ¢:(Po) and 0;¢(Po) = min(p}. d;p(Pg)) for i=1... N.
Using the fact that Fy(px) = Fa(¢x) = H;7(3;¢) = H;(0;¢) at Py, we deduce a
contradiction with (2.5) using the viscosity inequality satisfied by ¢ for somei € {1,..., N}.

The sub-solution case. — Let now u be a sub-solution satisfying the junction condition in
the viscosity sense and let us assume by contradiction that there exists a test function ¢
touching u from above at Py = (¢9, 0) for some ¢y € (0, T), such that

(2.6) 0 + Fa(px) >0 at Py.

Let us define
I={ie{l..N}. H(p)<Falps) at Po}

and fori € I,letg; > p? be such that
H;(qi) = Fa(px(Po))

where we have used the fact that H;(4+00) = +o0. Then we can construct a test function ¢
satisfying ¢ > ¢ in a neighborhood of Py, with equality at Py, such that

5 - max(q;, 0; (P if iel,
G:(Po) = ¢i(Po) and  ,¢(Py) = | "X 19 (Fo))

d;p(Po) if idl.
Using the fact that F4(¢x) = F4(@x) < H;(9;p) at Py, we deduce a contradiction with (2.6)
using the viscosity inequality for ¢ for somei € {1,..., N}. O

The last stability result is concerned with sub-solutions of the Hamilton-Jacobi equa-
tion away from the junction point and which satisfy the “weak continuity” condition. The
following proposition asserts that such a “weak continuity” is stable under upper semi-limit.

ProPOSITION 2.6 (Stability of the “weak continuity” condition)

Consider a family of Hamiltonians H® satisfying (1.5). We also assume that the coercivity
of the Hamiltonians is uniform in €. Let u® be a family of subsolutions of

ur+ Hf(ux) =0 in(0,T)x J*
foralli =1,..., N such that, for all i,

2.7) u(,0) = limsup  u®(s,y).
(5,9)=>(2,0),yeJ*

If the upper semi-limit i = limsup® u® is everywhere finite, then it satisfies for all i
u(t,0) = limsup  u(s,y).

(5,)—>(,0),yeJ
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Proof. — We argue by contradiction by assuming that there exists ip and t* € (0, T') such

that
u(t*,0) > lim sup u(s, y).
(5,3)=(10,0).y€J;7

Our goal is first to use a perturbation argument to get a test function W(¢) touching
strictly # from above at a time ¢y where the previous inequality still hold true. Using the
upper semi-continuity of i, we can keep # away from W(z) in a neighborhood of the point
corresponding to the boundary of the time interval where u and W are strictly separated.
From the definition of i, we also get a sequence of points (., x.) realizing the value u (g, 0).
Considering now W(¢) + px for p positive and very large, we use the sequence (¢, x.) in
order to get a contact point of u® with this test-function away from x = 0. This will lead to
the desired contradiction since p is arbitrarily large.

We now make precise how to use the previous strategy. Since u is upper semi-continuous,
we know that we can find 7y arbitrarily close to ¢* such that u(z,0) is arbitrarily close
to i(t*, 0) and such that there exists a C! function v/ (¢) (strictly) touching i (¢, 0) from above
at fo. In particular, we can ensure

(2.8) u(tg,0) > lim sup u(s,y)
(5,3)=(t0,0),y€ 7%

and

L_l(l,O) <\IJ(I) fort € [lo—ro,l0+r0]\{lo}

u(to,0) = W(lo).
In particular, since (¥ — i) (f9 =& rg,0) > 0, there exist §; > 0 and r; > 0 such that

ﬁ(tozl:ro,x)—i—Zé}l §‘IJ(ZO:I:r0) for x € B()C(),Vl)CJ.
Since i is the upper relaxed-limit of u®, this implies in particular that for ¢ small enough,
(2.9) ub(to £ ro,x) + 681 < W(top £ r9) forx € B(xg,r1) C J.
We claim that
W(to,0) = 1(tg,0) > limsup u®(s,0).

e—>0,5—>19
Indeed, if the previous inequality is replaced with an equality, this would contradict (2.7). In
particular, reducing r¢ and §y if necessary, we can further assume that for ¢ €]0, ¢/,

(2.10) Vi € [to —ro.to +rol \ {fo}, u®(1,0) + 8o < W(to).
Let (¢¢, x:) — (to,0) be such that
it(tg, 0) = lim u®(z,, x¢).
£—>0
By (2.10), we know that x, # 0 for ¢ small enough. We also know that there exists jo such

that x, € J j’g for ¢ small enough (along a subsequence) with jo # io. Indeed, if x, € Ji’g (at
least along a subsequence), then

ii(to. 0) = limu® (t,. x,) < limsupii(fe.x;) < limsup (s, y)
(S,J’)—>(t0,0),yeji’g

which is in contradiction with (2.8).
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We now consider W(¢) + px with p > 0 and we consider the point (s%, y¢) where the
maximum of u® — W(¢) — px is reached in Q¢ = [to — ro.%0 + o] X [0,7r1] C (0,T) x Jj,.
Remark that for x = 0 and (¢, x) € Qy, (2.10) implies that

ub(t,0) — W(r) < -8y < 0.
Analogously, for t =ty &+ r¢ and (¢, x) € Qo, (2.9) implies that
ub(tg £ ro,x) — W(ty £ 1r9) — px < =61 < 0.
Finally, for x = r; and (¢, x) € Qg, we have for ¢ small and some §, > 0,
ut(1,0) = W(t) — pr1 <u(t,0) + & + [[W]oo — pri.

Since u is locally bounded from above (because it is upper semi-continuous), we conclude
that we can choose p large (depending on 6, + ||V||e and a local bound of % from above)
such that for x = r; and (¢, x) € Q¢, we have for ¢ small and some 5, > 0,

u®(t,0) — W) — pr; < —6;.
Finally, the maximum M ¢ of u® — W(t) — px in Qy satisfies
M?® < u®(te, x¢) — W(te) — pxe — u(lo,0) — V(o) = 0.
We conclude that (s¢, y*) belongs to the interior of Q¢ which entails
W(se) + Hj, (p) <0

which cannot hold true for p very large because of the uniform coercivity of Hj . The proof
is now complete. O

2.4. Reducing the set of test functions

We show in this subsection, that to check the flux-limited junction condition, it is suffi-
cient to consider very specific test functions. This important property is useful both from a
theoretical point of view and from the point of view of applications.

We consider functions satisfying a Hamilton-Jacobi equation in J \ {0}, that is to say,
solutions of

(2.11) ur + Hi(ux) =0 for (t,x) € (0,T)x J*
fori = 1,..., N. The non-increasing part H;~ of the Hamiltonian H; is used in the definition
of flux-limited junction conditions. In the next theorem, the non-decreasing part HZ.Jr is
needed. It is defined by
_ VHi(g) if ¢=>pp,

Hi(p) if g<p}

where we recall that p? is a point realizing the minimum of H;.

H,‘+(Q)

THEOREM 2.7 (Reduced set of test functions). — Assume that the Hamiltonians satisfy
(1.5) and consider A € [Ag, +oo[ with Ay given in (1.8). Given arbitrary solutions p;“ € R,
i=1,...,N,of

(2.12) Hi(p{) = HF (p") = A.
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let us fix any time independent test function ¢o(x) satisfying
0io(0) = p".
Given a functionu : (0,T) x J — R, the following properties hold true.
1) If foralli =1,..., N, u is an upper semi-continuous sub-solution of (2.11) and satisfies

(2.13) u(t,0) = limsup  u(s,y),
(5,9)—>(2,0),y€J*
then u is a Ag-flux limited sub-solution.
i) Given A > Ag andty € (0,T), if foralli = 1,..., N, u is an upper semi-continuous sub-
solution of (2.11) and satisfies (2.13) and for any test function ¢ touching u from above
at (to, 0) with

(2.14) @(t,x) = Y (1) + ¢o(x)
for some Y € C1(0; +00), we have

¢ + Fa(px) <0 at (t,0),

then u is a A-flux-limited sub-solution at (1, 0).
i) Giventy € (0, T), if u is lower semi-continuous super-solution of (2.11) and if for any test
Sfunction ¢ touching u from below at (ty, 0) satisfying (2.14), we have

(2.15) @1 + Falpx) 20 at (t0,0),

then u is a A-flux-limited super-solution at (ty, 0).

REMARK 2.8. — Theorem 2.7 exhibits (necessary and) sufficient conditions for sub- and
super-solutions of (2.11) to be flux-limited solutions. After proving Theorem 2.7, we realized
that this result shares some similarities with the way of checking the entropy condition at the
junction for conservation law equations associated to bell-shaped fluxes. Indeed it is known
that it is sufficient to check the entropy condition only with one particular stationary solution
of the Riemann solver (see [13, 7, 6]).

COUNTER-EXAMPLE 1. — The set of test functions can be reduced to a single one for flux-
limited sub-solution only if the “weak continuity” condition (2.13) is imposed. Indeed, if this
condition is not satisfied, then the conclusion is false. Consider for instance Hamiltonians
reaching their minimum at p? = 0 and such that 49 = 0 and consider 4 > A9 = 0 such

that AT < 1 and consider
1—At for(t,x) e (=T,T) x {0}
u(t,x) =
0 elsewhere.

We remark that u does not satisfy (2.13) but it trivially satisfies (2.11). Now consider p; < 0
such that H;(pf) = &~ 1; the test function defined as

o, x)=1—At + pix for xelJ;
touches u from above at any (¢, 0) and if u were a A-flux-limited solution, we would get

—A+Avel<o
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which is false for ¢ small enough. If now u is touched from above by a test function
¥ (t) + ¢o(x) at (¢, 0), then ¥'(t) = —A so that

¥(t)+A<0.
In order to prove this result, the two following technical lemmas are needed.

LeEmMA 2.9 (Super-solution property for the critical slope on each branch)

Letu : (0,T)x J; — R be asuper-solution of (2.11) for somei = 1,...,N. Let ¢ be a test
function touching u from below at some point (to,0) with ty € (0, T). Consider the following
critical slope

pi=sup{p eR:3Ir >0, ¢(t,x) + px <ult,x) for (t,x) € (to —r,to +r) x[0,r) with x € J;}.
If pi < 400, then we have
(2.16) ¢ + Hi(0i¢p + pi) =0 at (to,0) with p; >0.

Proof. — From the definition of p;, we know that, for all ¢ > 0 small enough, there exists
8 = 8(¢) € (0, &) such that

u(s,y) > ¢(s,y)+ (pi —e)y forall(s,y) e (—46,t+6)x][0,8) with y € J;
and there exists (7, x;) € Bs/»(t,0) such that
ule, xe) < P(le, xe) + (Pi + €)xe.
Now consider a smooth function ¥ : R? — [—1, 0] such that
0 inBy0),
—1 outside B;(0)

U =

and define
(pi +e)y ifyel;

O(s,y) = ¢(s,y) +2eWs(s, y) + :
if not

with W (s, y) = 6W(s/§, y/8). We have
O(s.y) = ¢(s.y) =u(s.y) for(s,y) € Bs(z,0)and y ¢ J;
and
(s, y) = ¢(s.y) =288 + (pi + &)y <u(s,y) for(s,y) € (8Bs(1.0)) N (R x J;),
D(s,0) < ¢(s,0) < u(s,0) fors e (t —46,t +9)
and
P(te, xe) = P(le, xe) + (Pi + €)xe > u(le, Xe).

We conclude that there exists a point (¢, X;) € Bs(¢,0) N (R X Ji*) such that u — ® reaches
a minimum in B (z,0) N (R x J;). Consequently,

Dy (15, %) + Hi(0; D(fe, Xe)) = 0
which implies
br(ts, Xe) + 26(W5), (fe, Xe) + Hi(0i (e, Xe) + 220y (W5) (e, Xe) + Pi + ) = 0.
Letting € go to 0 yields (2.16). This ends the proof of the lemma. O
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LEMMA 2.10 (Sub-solution property for the critical slope on each branch)

Letu : (0,T) x J; — R be a sub-solution of (2.11) for somei = 1,...,N. Let ¢ be a test
function touching u from above at some point (ty,0) with ty € (0,T). Consider the following
critical slope,

pi=inf{p e R:3r >0, ¢(t,x)+px > u(t, x) for (t,x) € (to—r, to+r)x[0,r) with x € J;}.
If u satisfies (2.13) then —oo < p; < 0 and
(2.17) ¢: + Hi(0ip + pi) =0 at (t0.,0).

Proof. — We only prove that p; > —oo since this is the only main difference with the proof
of the previous lemma.

Assume that p; = —oo. This implies that there exists p, — —oo and r, > 0 such that
¢+ ppx >uin B, = (to—rp, to +rn) X [0,r,) C Rx J;. Remark first that, replacing ¢ with
¢ + (t — t9)? + x2 if necessary, we can assume that

(2.18) u(t,x) < ¢(t.x) + pux if (¢, x) # (to. 0).

In particular, there exits §,, > 0 such that ¢ 4+ p,x > u+4§, on 9B, \ {(¢o, 0)}, where we recall
that by definition of dB,, (inside Jr) does not contain (ty — rg, Zo + ro) x {0}. Since u satisfies
(2.13), there exists (#;, xg) — (o, 0) such that x; € J;* and u(tp,0) = lim,_o u (%, X).

We now introduce the following perturbed test function
Wt x) = $(0.3) + pax + T

where n = n(e) is a small parameter to be chosen later. Let (s¢, y.) realizing the infimum
of ¥ —u in B,. In particular,
(2.19)

(@ + pn()) —u)(Se, ye) < W(se, ye) — ulse, ye) < W(te, xe) —u(te,xs) >0 as e—0
as soon as (&) = o(x,). In particular, in view of (2.18), this implies that (s., y.) — (20, 0) as
& — 0. Since u is a subsolution of (2.11), we know that

¢1(Se, ye) + H; (be(Ss’ Ye) + Pn — y_nz) <0.

&€

Hence we can pass to the limit as ¢ — 0 in the viscosity inequality and get

¢:(t0,0) + H;(¢px(to,0) + pd) <0
where p? = liminf, ¢ p, — y% € [—00,0]. The previous inequality implies in particular
that p? > —oo and p? is bounded from below by a constant C which only depends on H;

and ¢;, ¢, at (fo,0). But this also implies that p, > C which is the desired contradiction.
The proof of the finiteness of p; is now complete. O

We are now ready to make the proof of Theorem 2.7.

Proof of Theorem 2.7. — We first prove the results concerning sub-solutions and then turn
to super-solutions.
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Sub-solutions. — Let u be a sub-solution of (2.11). Let ¢ be a test function touching u from
above at (f9, 0). Let ¢;(t9,0) = —A. We want to show

(2.20) Fq(py) <A at (tp,0).
Notice that by Lemma 2.10, for alli = 1,..., N, there exists p; < 0 such that
(2.21) Hi(di¢p + pi) <A at (,0).

In particular, we deduce that
(2.22) Ag < M.
Inequality (2.21) also implies that at (g, 0)
Fa(¢x) = max(4. max H; (39))

=1,...,
< max(4, max H; (0i¢ + pi))

1=

.....

< max(4, max H;(3;¢ + pi))

i=1,...,

< max(4, 7).

In particular for A = Ay, this implies the desired inequality (2.20). Assume now that (2.20)
does not hold true. Then we have
Ap < A < A.

Then (2.21) implies that
319 (to, 0) + pi < pt = 3:¢o(0).
Let us consider the modified test function
o(t,x) = ¢(t,0) + po(x) for xeJ

which is still a test function touching u from above at (g, 0) (in a small neighborhood). This
test function ¢ satisfies in particular (2.14). Because A > Ag, we then conclude that

0r + Fa(px) <0 at  (¢,0)

1€,
—-A+A<0

which gives a contradiction. Therefore (2.20) holds true.

Super-solutions. — Let u be a super-solution of (2.11). Let ¢ be a test function touching u
from below at (79, 0). Let ¢, (z9,0) = —A. We want to show

(2.23) Fa(px) = A at (t,0).
Notice that by Lemma 2.9, there exists p; > 0 fori = 1,..., N such that
(2.24) Hi(0i¢ + pi) = A at (t,0).

Note that (2.23) holds true if A < A or if there exists one index i such that H;7(0;¢ + p;) =
H;(0;¢ + pi). Assume by contradiction that (2.23) does not hold true. Then we have in
particular

(2.25) Ao < A<A<HT@i¢+pi) at (5.0), for i=1,...,N.
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From the fact that H;”(3;¢ + p;) < H;(0;¢ + p;) for all index i, we deduce in particular that
i d(to.0) + pi > pit = di$o(0).
We then introduce the modified test function
@(t,x) = ¢(t0,0) + go(x) for xeJ

which is a test function touching u from below at (¢, 0) (this is a test function below u in
a small neighborhood of (¢y, 0)). This test function ¢ satisfies in particular (2.14). We then
conclude that

@r + Falpx) =20 at  (7.0)
1e.,
—A+A>0
which gives a contradiction. Therefore (2.23) holds true. This ends the proof of the theorem.

O
2.5. An additional characterization of flux-limited sub-solutions

As an application of Theorem 2.7, we give an equivalent characterization of sub-solutions
in terms of the properties of its trace at the junction point x = 0.

THEOREM 2.11 (Equivalent characterization of flux-limited sub-solutions)

Assume that the Hamiltonians H; satisfy (1.5). Let u : (0,T) x J — R be an upper semi-
continuous sub-solution of (2.11). If u is a A-flux-limited sub-solution then for any function
¥ € CY(0, T) such that  touches u(-,0) from above at ty € (0, T), we have

(2.26) Vi +A<0 at t.
Conversely, if (2.26) holds true for any W as above and if u satisfies for all i,

u(t,0) = limsup  u(s,y),
(5,)—~>(,0),yeJ

then u is a A-flux-limited sub-solution.

Proof of Theorem 2.11. — We successively prove that the condition is necessary and suffi-
cient.

Necessary condition. — Let v € C1(0,T) touching u(-,0) from above at (fo,0) with
to € (0,T). As usual, we can assume without loss of generality that the contact point is
strict. Let ¢ > 0 small enough in order to satisfy

(2.27) é > pf!
where p! is chosen as in (2.12). Let

o(t,x) = w(z)+§ for xeJ; for i=1,...,N.
Forr > 0,8 > 0, let

Q:=(ty—r,tg + 1) x Bs(0)
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where Bs(0) is the ball in J centered at 0 and of radius §. From the upper semi-continuity
of u, we can choose r, § small enough, and then & small enough, so that

sup(u — ¢) > sup(u — ¢).
Q QR

Therefore there exists a point P, = (z,, x;) € 2 such that we have
Slglzp(u —¢) = (u—@)(Pe).
If x, € J;*, then we have
¢+ Hi(0i) <0 at P
1.e.,
Y/ (te) + Hi(e7) < 0.

This is impossible for & small enough, because of the coercivity of H;. Therefore we have
xe = 0, and get

$r + Fa(¢x) =0 at Pe.
Because of (2.27), we deduce that F4(¢) = A and then
Yty + A <0 with f, € (to—r.to+71).
In the limit » — 0, we get the desired inequality (2.26).

Sufficient condition. — Let ¢ (¢, x) be a test function touching u from above at (79, 0) for some
to € (0,T). From Theorem 2.7, we know that we can assume that ¢ satisfies (2.14). Then
¢(t,0) touches u(z, 0) from above at ty. Therefore we have by assumption

¢:(10,0) + A < 0.
Because of (2.14), we get the desired inequality
¢t + Fa(dx) <0 at (t0,0).

This ends the proof of the theorem. O

2.6. General junction conditions reduce to flux-limited ones

ProPOSITION 2.12 (General junction conditions reduce to flux-limited ones)

Let the Hamiltonians satisfy (1.5) and F satisfy (1.9). There exists Ar € R such that

— any relaxed super-solution of (1.3) is an A p-flux-limited super-solution and any relaxed
sub-solution of (1.3) such that foralli =1,...,N,

u(t,0) = limsup  u(s,y)
(5,)—>(,0),yeJ

is a Ap-flux-limited sub-solution;
— any A -flux-limited sub-solution (resp. super-solution) is a relaxed sub-solution (resp.
super-solution) of (1.3).
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COUNTER-EXAMPLE 2. — If the “weak continuity” condition does not hold, then the
conclusion of the proposition is false. Indeed, consider N = 1 and H{(p) = |p|and F = 0.
In this case A9 = 0 and Ar = 0. Then the function

(%) 1 ifx=0,
u(t,x) =
0 ifx>0

is a relaxed solution of (1.3) but it does not satisfy the “weak continuity” condition. More-
over, it is not a O-flux-limited sub-solution: indeed, ¢ (¢, x) = 1 + p;x for x € J; touches u
from above and ¢; + Fa(¢x) = Fa(p) which is not necessarily non-positive since p can be
chosen arbitrarily.

The flux limiter AF is given by the following lemma.
LeEMMA 2.13 (Definitions of A and p). — Let p° = (p¥,..., p%) with p? > p? be the
minimal real number such that H; (13?) = Ay with A given in (1.8).

— IfF(p°) > Ay, then there exists aunique Ar € R suchthat there exists p = (p1,..., pN)
with p; > p? > p? such that

Hi(pi) = HY (pi) = AF = F(p).
— If F(p°) < Ao, weset Ap = Ag and p = p°.
In particular, we have
(2.28) {Vi:pi=pi} = F(p) < Af,
(2.29) {Vi:pi < pi}y = F(p) = AF.
Proof of Proposition 2.12. — Let A denote A . We first prove that relaxed super-solutions

are flux-limited solutions. We only do the proof for super-solutions since it is very similar for
sub-solutions.

Without loss of generality, we assume that u is lower semi-continuous. Consider a test
function ¢ touching u from below at (¢, x) € (0, +00) x J,

¢ <uin Bgr(t,x) and ¢(t,x)=u(t,x)

for some R > 0. If x # 0, there is nothing to prove. We therefore assume that x = 0. In
particular, we have

(2.30) #:(t,0) + max(F (¢« (t,0)), max H;(3;¢(t,0))) = 0.
By Theorem 2.7, we can assume that the test function satisfies
(2.31) 9ip(1.0) = pi
where p; is given in Lemma 2.13. We now want to prove that
¢¢(2,0) + A= 0.
This follows immediately from (2.30), (2.31) and the definition of p; in Lemma 2.13.

4¢ SERIE - TOME 50 — 2017 — N° 2



HAMILTON-JACOBI EQUATIONS ON NETWORKS 379

We now prove that flux-limited sub-solutions are relaxed sub-solutions. Once again, we
only do the proof for sub-solutions since it is very similar for super-solutions. Consider a
test function ¢ touching u from above at (¢, 0). Then

Af vmax Hi (pi) < A
13

with p; = 0;¢(¢,0) and A = —¢,(¢,0). We distinguish three cases.
Assume first that for all i, p; > ni+(AF). Then F(p) < F(nT(Af)) < Ap < A.

If there exists io such that p;, < niJg (Ar) and H;,(pi,) < Ar, we have H; (pi,) < A.

If there exists ip such that p;, < 71;(: (Afr) and H;,(p;,) > AF, then we have H;,(p;,) =
H; (pig) = A. The proof is now complete. O

2.7. Existence of solutions

THEOREM 2.14 (Existence). — Let T > 0 and J be the junction defined in (1.1). Assume
that Hamiltonians satisfy (1.5), that the junction function F satisfies (1.9) and that the initial
datum ug is uniformly continuous. Then there exists a relaxed viscosity solution u of (1.3)-(1.4)
in[0,T) x J and a constant Ct > 0 such that

lu(t,x) —uo(x)| < Cr forall (t,x)el0,T)xJ.

Proof of Theorem 2.14. — The proof follows classically along the lines of Perron’s method
(see [32, 15]), and then we omit details.

Step 1: Barriers. — Because of the uniform continuity of ug, for any ¢ € (0, 1], it can be
regularized by convolution to get a modified initial data u§ satisfying

(2.32) lug —uol <& and |(ug)x| < L

with Ly > nllax |p,-0|. Indeed, if we consider #; : R — R such that u; (x) = (uo)| i (x)
i=1,...,

forx > 0and u;(x) = u;(0) for x < 0, we can get u{ such that |uj — ug| < &/2

on J; and |(uf)x| < L. In particular, [u$(0) — u¢(0)| < &/2. We can now define u§(x) =

ui (x) —u$(0) 4+ uo(0) and get ug such that (2.32) holds true. Let

ngmax( max max |H;(p;)|, max F(pl,...,pN)).
i=1,...,N |p;|<Ls¢ |pil<Le¢

Then the functions
(2.33) uf(t,x) = us(x) £ Cet £ ¢
are global super and sub-solutions with respect to the initial data uy. We then define

ut(t,x) = inf uf(t,x) and u™(t,x) = sup u;(t,x).
£€(0,1] £€(0,1]

Then we have u~ < u™ with u=(0,x) = wuo(x) = ut(0,x). Moreover, by stability of
sub/super-solutions (see Proposition 2.4), we get that u™ is a super-solution and u ™ is a sub-
solution of (1.3) on (0, T) x J.
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Step 2: Maximal sub-solution and preliminaries. — Consider the set
S={w:[0,T)xJ - R, wisasub-solutionof (1.3)on (0.7)xJ, u <w=<ut}.
It contains u~. Then the function

u(t,x) = sup w(t, x)
weSs

is a sub-solution of (1.3) on (0, 7') x J and satisfies the initial condition. It remains to show
that u is a super-solution of (1.3) on (0,7) x J. This is classical for a Hamilton-Jacobi
equation on an interval, so we only have to prove it at the junction point. We assume by
contradiction that u is not a super-solution at Py = (f9, 0) for some ¢ty € (0, T'). This implies
that there exists a test function ¢ satisfying v, > ¢ in a neighborhood of Py with equality
at Py, and such that

F <0,
(2.34) or + Fex) at  Po.
¢+ Hi(0;9) <0, for i=1,...,N

We also have ¢ < ux < uj. Asusual, the fact that u™ is a super-solution and condition (2.34)
imply that we cannot have ¢ = (1 1) at Py. Therefore we have for some r > 0 small enough

(2.35) ¢ <) on B.(Py)

where we define the ball B,(Py) = {(r,x) € (0,T)xJ, |t—1o|*+d?(0,x)<r?}.
Substracting |(t, x) — Pp|? to ¢ and reducing > 0 if necessary, we can assume that

(2.36) @ <uyx on B.(Py)\{Po}.

Further reducing r > 0, we can also assume that (2.34) still holds in B, (Py).

Step 3: Sub-solution property and contradiction. — We claim that ¢ is a sub-solution of (1.3)
in B, (Py). Indeed, if ¢ is a test function touching ¢ from above at P, = (¢1,0) € B,(Py),
then

Vi(P1) = ¢:(P1) and 0;¥(P1) = dip(P1) for i=1,....N.
Using the fact that F' is non-increasing with respect to all variables, we deduce that
Y+ F(Yyx) <0 at P

as desired. Defining for § > 0,

max(§ + ¢,u)  in B,(Po).

Usg = .
u outside

and using (2.36), we can check that us = u > § + ¢ on 0B, (Py) for § > 0 small enough. This
implies that ug is a sub-solution lying above u~. Finally (2.35) implies that ug < u™ for§ > 0
small enough. Therefore us € S, but it is classical to check that us is not below u for § > 0,
which gives a contradiction with the maximality of u. O
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2.8. Further properties of flux-limited solutions
In this section, we focus on properties of solutions of the following equation
(2.37) u; + H(uyx) =0

for a single Hamiltonian satisfying (1.5). We start with the following result, which is strongly
related to the reformulation of state constraints from [33], and its use in [3].

ProrosITION 2.15 (Reformulation of state constraints). — Assume that H satisfies (1.5).
Letu : (0,T) x [a,b] — R. If u satisfies

ur+ H(uyx) =0 for (t,x)€(0,T)x (a,b),
(2.38) U+ H (uy) =0 for (t,x) € (0,T) x{a},
u; + H (uy) =0 for (t,x) € (0,T) x {b}

in the viscosity sense if and only if

us + H(uy) >0 for (t,x) € (0,7) x €,

(2.39)
U+ H(uyx) <0 for (t,x) € (0,T)xQ

in the viscosity sense and

(2.40) u(t,c) = lim sup u(s,y) for c=a,b.
(5:9)—>(t,¢),y€la,bl

Proof of Proposition 2.15. — Remark first that only boundary conditions should be
studied.

We first prove that (2.39) implies (2.38). From Theorem 2.7-i), we deduce that the
viscosity sub-solution inequality is satisfied on the boundary for (2.38) with the choice
A=Ay =min H.

Let us now consider a test function ¢ touching u, from below at the boundary (¢, xo).
We want to show that u, is a viscosity super-solution for (2.38) at (¢9, x¢). By Theorem 2.7,
it is sufficient to check the inequality assuming that

o, x) =¥ () + ¢(x)
with
H(px) = H"(¢x) = Ao at xo if xo=a,
H(¢x) = H (¢x) = Ao at xo if xo=0b.
(The second equality involves H ~ instead of H ™ because, locally around b, the domain looks
like |b—e, b] and not [b, b+e¢[.) Remark that we have in all cases H(¢x) = H 1 (¢x) = H™ (¢x)

at xo. We then deduce from the fact that u, is a viscosity super-solution of (2.39), that u, is
also a viscosity super-solution of (2.38) at (¢, xo).

We now prove that (2.38) implies (2.39). The second line of (2.39) is easy to get. As far as
the first line is concerned, it follows from the fact that H > H*. This ends the proof of the
proposition. O
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ProposITION 2.16 (Classical viscosity solutions are also solutions “at one point”)

Assume that H satisfies (1.5) and consider a classical Hamilton-Jacobi equation posed in the
whole line,

(2.41) ur+ Huy) =0 forall (t,x)e€(0,T)xR

1) (Sub-Solutions) Let u : (0, T) x R — R be a sub-solution of (2.41). Then u satisfies
(2.42) ur(t,0) + max(H ¥ (ux(t,07)), H (ux(t,07))) < 0.

i1) (Super-Solutions) Let u : (0,T) x R — R be a super-solution of (2.41). Then u satisfies
(2.43) u(2,0) + max(H 1 (uyx(t,07)), H (ux(t,0%))) > 0.

REMARK 2.17. — We remark that the reverse implication holds true since, when testing
with C! function, u,(z,07) = u,(¢,07) and H = max(H™*, H").

Proof. — Sub-solutions. In order to apply Theorem 2.7-i), we first remark that the
following lemma, whose proof is postponed, implies that u satisfies the “weak continuity”
condition (2.13) with the choice H, = H3 = H and H,(p) = H(—p).

LEMMA 2.18 (“weak continuity” condition with C! test functions)

Given two Hamiltonians Hy, H, satisfying (1.5) and Hj continuous and coercive, let
u:(0,T) xR — R be upper semi-continuous such that all C' function ¢ touching u from
above at (t, x) satisfies

¢[(I,X)+H1(¢)x(l,)€))§0 lfx<07

¢t(t9x)+H2(¢x([7x))§0 lfx>07

¢:(1,x) + H3(¢x(t,x)) <0 if x =0.
Then forallt € (0,T),

u(t,0) = limsup u(s,y)= limsup u(s,y).
(s,y)—>(,0),y>0 (5,y)—>(2,0),y<0

Thanks to Theorem 2.7-i, we deduce that u is a Ag-flux-limited sub-solution with
Ay = min H, which implies (2.42).
Super-solutions. We do not have to use Lemma 2.18, but instead we have to check (2.15) with
A = A and a good choice of a test function ¢9 on J = J; U J,. Indeed, we simply choose

¢o(y) for y=xeJ; if x>0,

P(x) = do(y) for y=—xeJ, if x <0,

such that ¢ is C! on R and H(¢;(0)) = min H = Ay. This implies (2.43) and ends the proof
of the proposition. O

We now prove Lemma 2.18.
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Proof of Lemma 2.18. — Assume first that there exists * such that

u(@*,0)>  limsup u(s,y) and u(t*,0)> limsup  u(s,y).
(5,)—>(*,0),y>0 (5,)—>(*,0),y<0
Since u(z,0) is upper semi-continuous, there exists ¢y arbitrarily close to t* with u(zp, 0)
arbitrarily close to u(¢*, 0) such that there exists a C'! function W(¢) (strictly) touching u(z, 0)
from above at (zy, 0). In particular, we can get §¢o and ro such that

u(l,0) = u(s, y) + 8o for (s, y) € By, (¢,0). y # 0.
In this first case, the test function W(z)+ px (with p arbitrary) touches u from above at (¢g, 0).
This implies
W'(t0) + H3(p) <0
which contradicts the coercivity of Hs.

Assume now that

u(@*,0) = limsup u(s,y) and u(t*,0)> limsup  u(s,y).
(5,)—>(*,0),y=0 (5,)—>(*,0),y<0

In this case, we can argue as in the proof of Lemma 2.3, the intervals (—oo, 0] and [0, +00)
playing the role of J; fori # ig and J;, respectively; in particular, we construct a test function
W(t) + px with p very negative and get a contradiction with the coercivity of H>.

The remaining case is similar to the previous one. The proof is now complete. O

ProrosITION 2.19 (Restriction of sub-solutions are sub-solutions)
Assume that H satisfies (1.5). Let u : (0, T) x R — R be upper semi-continuous satisfying
(2.44) u; + Huy) <0 forall (t,x) € (0,T)xR.
Then the restriction w of u to (0, T) x [0, +00) satisfies
wy + H(wy) <0 forall (t,x) € (0,T) % (0,+00),
wy + H (wy) <0 forall (t,x)e (0,T)x{0}.
Proof of Proposition 2.19. — We simply have to study w at the boundary. From Proposi-
tion 2.16, we know that u satisfies in the viscosity sense
u; +max(H T (ux(¢,07)), H (ux(t,07))) <0.
By Theorem 2.11 with two branches, we deduce that v(¢) = u(z, 0) satisfies
v, +min H <0.

Again by Theorem 2.11 (now with one branch) and because v(t) = w(z,0), we deduce that
w satisfies
wy + H (wy) <0 forall (¢,0)€(0,T)x {0}
which ends the proof. O
REMARK 2.20. — Notice that the restriction of a super-solution of (2.37) may not be a
super-solution on the boundary, as shown by the following example: for H(p) = |p| — 1,

the solution u(¢, x) = x solves u; + H(uyx) = 0 in R but does not solve u; + H (uy) > 0
atx = 0.
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3. Comparison principle on a junction

This section is devoted to the proof of the comparison principle in the case of a junction
(see Theorem 1.5). In view of Propositions 2.12 and 2.5, it is enough to consider sub- and
super-solutions (in the sense of Definition 2.2) of (1.7) for some A = AF.

It is convenient to introduce the following shorthand notation
3.1) Hix,py = i) for = e s

Fq(p) for p=(p1,...,pn) 1if x=0.

In particular, keeping in mind the definition of u, (see (1.2)), Problem (1.7) on the junction
can be rewritten as follows

u; + H(x,uy) =0 forall (¢,x) € (0,400)xJ.

We next make a trivial but useful observation.

LeEmMMA 3.1. — It is enough to prove Theorem 1.5 further assuming that

(3.2) pd=0 for i=1,...,N and 0= H;(0)> Hy(0)>...> Hy(0).

Proof. — We can assume without loss of generality that

Hi(p)) = ... = Hy (p}).
Let us define
u(t,x) =u(t,x)+ p?x —tH (pY) for xeJ;.
Then u is a solution of (1.7) if and only if % is a solution of (1.7) with each H; replaced
with H;(p) = Hi(p + pY) — Hi(p?) and Fy4 replaced with Fl; constructed using the
Hamiltonians H; and the parameter A = A — H,(p?). O

3.1. The vertex test function
Then our key result is the following one.
THEOREM 3.2 (The vertex test function — general case). — Let A € RU {—o0} and y > 0.

Assume the Hamiltonians satisfy (1.5) and (3.2). Then there exists a function G : J> — R
enjoying the following properties.

1) (Regularity)
G(x,) e CY(J) forall xelJ,
G(,y)eCYJ) forall yel.

i1) (Bound from below) G > 0 = G(0, 0).
iii) (Compatibility condition on the diagonal) For all x € J,

3.3) 0<G(x,x)—G(0,0) <y.

GeC(J? and

iv) (Compatibility condition on the gradients) For all (x,y) € J?,
(3.4) H(y,=Gy(x,y)) — H(x,Gx(x,y)) =y

where notation introduced in (1.2) and (3.1) are used.
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v) (Superlinearity) There exists g : [0, +00) — R nondecreasing and s.t. for (x,y) € J?

(3.5) gd(x,y)) <G(x,y) and lim 8@ = +4o00.

a—+o0o d

vi) (Gradient bounds) For all K > 0, there exists Cx > 0 such that for all (x,y) € J?,
(3.6) d(x,y) <K = [Gx(x,y)| + |Gy(x,y)| < Ck.

REMARK 3.3. — The vertex test function G is obtained as a regularized version of a
function G° which is C! except on the diagonal x = y. It is in fact possible to check
directly that G° does not satisfy the viscosity inequalities on the diagonal in the sense of
Proposition 2.16 (when it is not C! on the diagonal).

3.2. Proof of the comparison principle

We will also need the following result whose classical proof is given in the appendix for
the reader’s convenience.

LEMMA 3.4 (A priori control). — Let T > 0 and let u be a sub-solution and v be a super-
solution as in Theorem 1.5. Then there exists a constant C = C(T) > 0 such that for all
(t,x),(s,y) €[0,T) x J, we have

(3.7 u(t,x) <v(s,y)+ CA +d(x,y)).
We are now ready to make the proof of the comparison principle.

Proof of Theorem 1.5. — As explained at the beginning of the current section, in view of
Propositions 2.12 and 2.5, it is enough to consider sub- and super-solutions (in the sense of
Definition 2.2) of (1.7) for some A = Af.

The remaining of the proof proceeds in several steps.
Step 1: the penalization procedure. — We want to prove that

M = sup  (u(t,x) —v(t,x)) <0.
(¢,x)€[0,T)xJ
Assume by contradiction that M > 0. Then for «,n >0 small enough, we have
M;o >3M/4 > 0foralle, v > 0 with
(3.8)

Mgy = sup u(t,x)—uv(s,y)—eG (
(t,x),(s,y)€[0,T)xJ

xy) (t —s)° Ui adz(O,x)
¢ e 2v T—t 2

where the vertex test function G > 0 is given by Theorem 3.2 for a parameter y satisfying
O<y <min(i,%).
272’ 8¢
Since M, > 3M/4, the supremum can be taken over points (x, y) such that the corre-
sponding value is larger than M/2. Thanks to Lemma 3.4 and (3.5), these points satisfy

d(x,y) (t —s)? U d?(0, x)
e )_ 2w T-1 Y7 2

(3.9) 0< % <C+d(x,y) —eg (
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which implies in particular that

(3.10) sg (@) < C(1 +d(x.y)).

Because of the superlinearity of g appearing in (3.5), we know that for any K > 0, there
exists a constant Cxg > 0 such that foralla > 0

Ka - Ck < g(a).

For K > 2C, we deduce from (3.10) that

(.11 d(x,y) < inf

C C
{K—C —i-?Ke% =: w(e)
where w is a concave, nondecreasing function satisfying w(0) = 0. We deduce from (3.9) and
(3.11) that the supremum in (3.8) is reached at some point (¢, x, s, ¥) = (ty, Xy, Sy, Yv)-

Step 2: use of the initial condition. — We first treat the case where t, = OQors, = 0. If
there exists a sequence v — 0 such that #, = 0 or s, = 0, then calling (x¢, yo) any limit
of subsequences of (xy, yy,), we get from (3.8) and the fact that M, , > M/2 that

0< % < w0(x0) — 10 (¥0) < @o(d(xo, o)) < w0 0 ()

where wy is the modulus of continuity of the initial data u and w is defined in (3.11). This
is impossible for ¢ small enough.

Step 3. use of the equation. — We now treat the case where ¢, > 0 and s, > 0. Then we
can write the viscosity inequalities with (¢, x,s,y) = (¢, xy, sy, ¥y) using the shorthand
notation (3.1) for the Hamiltonian,

n

t—s _ _
(T_t)z + v +H(vax(8 lx’g 1y)+ad(0,x))§0,

t—s
- + H(y, —Gy(s_lx, ely)) > 0.
Substracting these two inequalities, we get

T2 < H(y,—G, (e 'x,e7y)) — H(x, Gr(e 7 'x,e71y) + ad (0, x)).

Using (3.4) with y € ( , 2T2> we deduce for p = G, (¢ x,e71y)

(3.12) < H(x,p)— H(x, p + ad(0, x)).

272 =
Because of (3.6) and (3.11), we see that p is bounded for ¢ fixed by |p| < C ) - Finally,
for e > O fixed and ¢ — 0, we have a¢d(0,x) — 0, and using the uniform continuity

of H(x, p) for x € J and p bounded, we get a contradiction in (3.12). The proof is now
complete. O
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3.3. The vertex test function versus the fundamental solution

Recalling the definition of the germ (4 (see (1.11)), let us associate with any (p, 1) € (4
the following functions fori, j = 1,..., N,

up’A(t,x,s,y) =pix—pjy—At—s) for (x,y)elixJ;, t.seR.
The reader can check that they solve the following system,
u; + H(x,uyx) =0,

(3.13)
—us + H(y,—u,) =0.

Then, for N > 2, the function G°(¢, x, s, y) = (t — 5)G° (7%, %) can be rewritten as

t—s’
(3.14) G(t,x,s,y) = sup uPr(i,x,s,y) for (x,y)eJxJ, t—s>0
(P,A)eCy
which satisfies
- 0 it x=y,
(3.15) GO(s,x,s,y) = * .y
+o00 otherwise.

For N > 2and A > Ay, it is possible to check (at least in the smooth convex case—see
(4.1) below) that G° is a viscosity solution of (3.13) for t — s > 0, only outside the diagonal
{x = y # 0}. Therefore, even if (3.14) appears as a kind of (second) Hopf formula (see for
instance [8, 4]), this formula does not provide a true solution on the junction.

On the other hand, under more restrictive assumptions on the Hamiltonians and for
A= Agand N > 2 (see [30]), there is a natural viscosity solution of (3.13) with the same
initial conditions (3.15), which is (¢, x,s,y) = (t — ) Do (7. %) where Dy is a cost
function defined in [30] following an optimal control interpretation. The function &)y is
not C! in general (but it is semi-concave) and it is much more difficult to study it and to
use it in comparison with G°. Nevertheless, under suitable restrictive assumptions on the
Hamiltonians, it would be also possible to replace in our proof of the comparison principle
the term eG(¢7'x,e71y) in (3.8) by e Do (e x, e 1y).

4. Construction of the vertex test function

This section is devoted to the proof of Theorem 3.2. Our construction of the vertex
test function G follows the same pattern as the particular subcase of normalized convex
Hamiltonians H;.

4.1. The case of smooth convex Hamiltonians

Assume that the Hamiltonians H; satisfy the following assumptions fori = 1,..., N,
H; € C3(R) with H/ >0 on R,
@.1) H/ <0 ;r(lp) (—00,0) and H]>0 on (0,+00),
|pl—>+o00 {PT - e

It is useful to associate with each H; satisfying (4.1) its partial inverse functions 7

4.2) for A > H;(0), H;(zF(A)) =1 suchthat +xF(1)>0.

+.
i -
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Assumption (4.1) implies that nii € C?(min H;, +00) N C([min H;, +00)) thanks to the
inverse function theorem.
We recall that G° is defined, fori, j = 1,..., N, by
GO(x,y)= sup (pix—pjy—2) if (x.y)€JixJ
(P MGy
where {4 is defined in (1.11). Replacing 4 with max(4, A¢) if necessary, we can always
assume that A > Ay with A given by (1.8).

ProrosiTION 4.1 (The vertex test function—the smooth convex case)

Let A > Ag with Ay given by (1.8) and assume that the Hamiltonians satisfy (4.1). Then
GO satisfies

1) (Regularity)

G'eCl({(x.y)eJ xJ, x#y},

0 2
GTecth G°(0.) € C'(J) and G°(,0)eC'(J):;

ii) (Bound from below) G° > G°(0,0) = —4;

iii) (Compatibility conditions) (3.3) holds withy = 0 for all x € J and (3.4) holds withy = 0
for (x,y) such that either x # y orx =y = 0;

iv) (Superlinearity) (3.5) holds for some g = g°;

v) (Gradient bounds) (3.6) holds only for (x, y) € J? such that x # y or (x,y) = (0,0);

vi) (Saturation close to the diagonal) Fori € {1,..., N} and for (x,y) € J; x J;, we have
GO%x,y) =Li(x —y) with{; e CR)NCY(R\ {0}) and

ani+(A)—A if0<a<zt

i

li(a) = ,
an; (A)—A ifz; <a<0

where (z;7,z;") := (H/(n7 (A)), H!(r;" (A))) and the functions = are defined in (4.2).

i°%i

Moreover G® € C'(J; x J;) if and only if 7,7 (A) = 0 = 77 (A).

REMARK 4.2. — The compatibility condition (3.4) for x # y, is in fact an equality with
y = 0when N > 2.

The proof of this proposition is postponed until Subsection 4.4. With such a result in
hand, we can now prove Theorem 3.2 in the case of smooth convex Hamiltonians.

LeEmMA 4.3 (The case of smooth convex Hamiltonians). — Assume that the Hamilto-
nians satisfy (4.1). Then the conclusion of Theorem 3.2 holds true.

Proof. — We note that the function G° + A satisfies all the properties required for G,
except on the diagonal {(x,y) € J x J,x = y # 0} where G° may not be C!. To this end,
we first introduce the set / of indices such that G® ¢ C!(J; x J;). We know from Proposi-
tion 4.1 vi) that

I={ie{l,....N}., nt(A)>n(4)}.
Fori € I, we are going to construct a regularization G% of G° in a neighborhood of the
diagonal {(x, y) € J; x J;, x = y # 0}.
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Step 1: Construction of G%' fori € I. — Let us define

aﬂi+(A) if a=>0,

L,‘Cl =
@ am; (A) if a<Oo.

We first consider a convex C! function L; : R — R coinciding with L; outside (z7. ziJr ), that
we choose such that

4.3) 0<Li—L;<1.
Then for ¢ € (0, 1], we define

eL; (%) —A if ace€ [szi_,szi‘"],

li(a) otherwise.

¢£(a) = §

which is a C'(R) (and convex) function. We now consider a cut-off function ¢ satisfying for
some constant B > 0

§ e C(R),

§'>0,

(>0 in (0,4+00),

(=0 in (—o0,0],

(=1 in [B,+0o0),

+zE <1 in (0, 400)

4.4)

and for ¢ € (0, 1], we define for (x, y) € J; x J;:
G (x.y) = £ (x - ),

Step 2: First properties of G%'. — By construction, we have G% € C1((J; x J;) \ {(0,0)}).
Moreover we have

G% =G on (Ji xJ)\&
where

8 = {(x,y)e Jix Ji, ez C(x+y)<x—y <szi+§(x+y)}

is a neighborhood of the diagonal

{(x,y)eJixJi, x=y#0}.
Because of (4.3), we also have
4.5) 0<G"-G% <=
As a consequence of (4.4), we have in particular

(Ji x J)\& D (Ji x{0}) U ({0} x J;)

and moreover G%' coincides with G° on a neighborhood of (J* x{0}) U ({0} x J;¥), which
implies that

(4.6) G =G° GY =G) and G)' =Gy on (J; x{0})U ({0} x Jy).
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Step 3: Computation of the gradients of G%. — For (x,y) € 87, we have

~ ) x —
G o) = ) ) ot ) 6 s )
ef(x +y)
—G% (x,y) = (€ECETY (x —y) — el (x + ‘(—x—y
y (x.y) = (¢ J(x—y)—el(x+y)é& St
with
§(b) = Li(b) = bLj(b)
while if (x, y) € (J; x J;) \ 6] we have
Gy (x,y) = =G (x, ).
Given y > 0, and using the local uniform continuity of H;, we see that we have for ¢ small
enough
Hiy(GY)) < Hi(=GY)+y in J*xJ!
and using (4.6), we get
(4.7) H(x,GY(x.y)— H(y. -Gy (x.y)) <y forall (x.y)eJ;xJ.
Step 4: Definition of G. — We set for (x,y) € J; x J;:

Go(x.y)+ A if i#j or i=j¢l,

G(x,y) =1 ...
(x.7) G%(x,y)+ A if i=jel.

From the properties of G°, we recover all the expected properties of G with g(a) = g°(a)+A.
In particular from Proposition 4.1-(iii), (4.7) and (4.5), we respectively get the compatibility
condition for the Hamiltonians (3.4) and the compatibility condition on the diagonal (3.3)
for & small enough. As far as (3.5) is concerned, we remark that G(x, y) coincide with
GO(x,y) + A when d(x, y) is large. As far as (3.6) is concerned, Gy and G, coincide with
GYand G) if x € J;and y € J; withi # j; hence we can apply Proposition 4.1-(v). In
the case where x and y belongs to the same branch, G(x, y) is a smooth function of x — y
when x + y > 1 (since {(r) = 1 for r > 1). In particular, G, and G, are bounded as soon
as |x — y| is so. Finally, when x + y < 1, (x, y) is in a compact set and Gx and G, are also
bounded. O

4.2. The general case
Let us consider a slightly stronger assumption than (1.5), namely

H; € C3(R) with H/(p}) >0,

(4.8) H/ <0 on (—oo,p) and H/>0 on (p? +o0),
lim  H;(q) = +oo.
lg|—>~+o0

We will also use the following technical result which allows us to reduce certain non-
convex Hamiltonians to convex Hamiltonians.
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LeEmMA 4.4 (From non-convex to convex Hamiltonians). — Given — Hamiltonians  H;
satisfying (4.8) and (3.2), there exists a function B : R — R such that the functions B o H;
satisfy (4.1) fori = 1,..., N. Moreover, we can choose B such that

4.9 B iscomvex, BeC?*R), BO)=0 and p >§>0.

Proof. — Recalling (4.2), it is easy to check that (8 o H;)” > 0 if and only if we have

"

(4.10) (InB"Y'(A) > 7 gf)z orE(A) for A > H;(0).

Because H;'(0) > 0, we see that the right hand side is negative for A close enough to H;(0).

Then it is easy to choose a function g satisfying (4.10) and (4.9). Indeed, since we impose
B(0) = 0, we only need to find a non-decreasing C! function 8’ bounded from below by
some 8§ > 0. Let B’ be written in the form e®. We impose (¢5)(0) = § and (4.9) is satisfied
if B’ is bounded from below in [H; (0), +00) by a given function which is negative at H; (0).
The subtle point is that 8 should not depend on i. It is enough to take the supremum of
these lower bounds, add a small constant which preserves the “room” at H;(0) and consider
a smooth function above this supremum.

Finally, compositing f with another convex increasing function which is superlinear
at +oo if necessary, we can ensure that 8 o H; is superlinear. O

LEMMA 4.5 (The case of smooth Hamiltonians). — Theorem 3.2 holds true if the Hamil-
tonians satisfy (4.8).

Proof. — We assume that the Hamiltonians H; satisfy (4.8). Thanks to Lemma 3.1, we can
further assume that they satisfy (3.2). Let 8 be the function given by Lemma 4.4. If u solves
(1.7) on (0, T) x J, then u is also a viscosity solution of

BGur) + Hi(ux) =0 for t€(0,T) and xeJ,

(4.11) - R
B(us) + Fy(uy) =0for 1€(0,7) and x=0

with F ; constructed as F4 where H; and A are replaced with I:Ii and A defined as follows

A

H =BoH;, A=p(A)

and B(1) = —B(—A). We can then apply Theorem 3.2 in the case of smooth convex Hamilto-
nians (namely Lemma 4.3) to construct a vertex test function G associated to problem (4.11)
for every y > 0. This means that we have with H (x, p) = B(H(x, p)),

H(y,—Gy) < H(x,Gyx) + 7.
This implies

H(y.—Gy) < B (B(H(x,Gx)) + ) < H(x.Gx) + PI(B™") Lo

Because of the lower bound on B’ given by Lemma 4.4, we get [(B7!)/|Loo®) < 1/8 which
yields the compatibility condition (3.4) with y = y/§ arbitrarily small. O

We are now in position to prove Theorem 3.2 in the general case.
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Proof of Theorem 3.2. — Let us now assume that the Hamiltonians only satisfy (1.5). In
this case, we simply approximate the Hamiltonians H; by other Hamiltonians H; satisfying
(4.8) such that

|H; — Hi| < y.

We then apply Theorem 3.2 to the Hamiltonians H; and construct an associated vertex test
function G also for the parameter y. We deduce that

H(y,—G)) < H(x,Gyx) + 3y
with y > 0 arbitrarily small, which shows again the compatibility condition on the Hamil-

tonians (3.4) for the Hamiltonians H;’s. The proof is now complete in the general case. [

REMARK 4.6 (A variant in the proof of construction of G®). — When the Hamiltonians
are not convex, it is also possible to use the function § from Lemma 4.4 in a different way by
defining directly the function G° as follows

G'(x,y)= sup (pix—pjy—BQA).
(MG

4.3. A special function

In order to prove Proposition 4.1, we first need to study a special function &. Precisely,

we define the following convex function for z = (zy,...,zx) € RV,
B(z)= sup (p-z—A).
(P, V)€Y

We remark that if +z; > 0 then the supremum will select & p; > 0 if the two vectors
(p1,---,%xpi,... pn) belong to the germ ¢ ,. Moreover, in view of the definition of the germ,
see (1.11), we know that (p,A) € (, if and only if p; = 77" (1) for some o; € {—, +},1 > 4
and (oq,...,058) # (4,...,+) for A > A. These facts explain why we will assume that
o # (+,...,+) in the two next lemmas.

Foro = (01,...,0n) € {£}", we consider the following subsets of RV,

Q0={Z=(21,...,ZN)E]RN: 0izi >0, i=1,...,N}

N
Aa={2=(21,...,zN)eQU:ZZ

where 29 (A) = o0; H/ (7] (A)) > 0 and the functions 7 are defined in (4.2). We also make
precise that we use the following convenient convention,

|0 it z;,=0,
Z0(A) |40 if Z >0 and Z9(4) =0.

4.12)

LeEmMA 4.7 (The function & in Qy). — Under the assumptions of Proposition 4.1, we have,
forany o € {£}N witho # (+.....+) if N > 2:

i) 8isC! on Qu (up to the boundary).
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il) Forall z € Qy, there exists a unique A = £(z) > A such that

B(z)=p-z—2A
V@(Z) =p= (plv"'va)
pi =7 (1)

with (p,A) € (4. In particular, p; is unique.
i) Forallz € Q4, £(z) = Aifandonly ifz € Ag. Inparticular, & is linear in Ay forz € Ag,
() =Y, 7 (A)z — A
Before giving global properties of &, we introduce the set

R if N =1,

4.13 Q=
*13) RN\ (0, +00)N if N > 2.

LeEmMA 4.8 (Global properties of & and £). — Under the assumptions of Proposition 4.1,
the function & is convex and finite in RN, reaches its minimum —A at 0 and the function £ is
continuous in .

Proof of Lemmas 4.7 and 4.8. — Let o € {+}" and z € Q. We set
77(A) = (7 A), ... o (L).
Using the fact that (77 (4), A) € {4, we get &(z) > &(0) = —A.

Step 1: Explicit expression of . — Foro # (+,...,4) if N > 2, we have

(4.14) (p. M) el yN(QsxR) < A>A4 and p==°(d).
This implies in particular that
4.15) &(z) = sup (z- 77 (1) — Q).

A>A

Step 2. Optimization. — Because of the superlinearity of the Hamiltonians H; (see (4.1)), we
have for z # 0,

lim f°(A)=-o00 for f°(A):=z-7°(1)—A.
A—>+00

Therefore the supremum in (4.15) is reached for some A € [4, +00), i.c.,
B(z)=z-7°(1) — L.

Thenwehave A = AorA > A and (f°) (1) = 0. Note that for A > Ay, we can rewrite
(f9)'(*) =0as

Zi . zi = 0iz; > 0,
Z _Z—U =1 with z G o

Z; zy =z7(A) == 0; H(7;" (1)) > 0.

14

Moreover, we have
H]'(z] (1))

— >0
01 H} (w7 (1)

GYm =
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Z

Lzl

(A HW
FIGURE 1. The foliation of [0, +00)2 (N = 2) with sets PP () for A > A.

where the strict inequality follows from the strict convexity of Hamiltonians, see (4.1). More-
over, by definition of Z7, we have

lim z7(A) = +o0
A—>~+o00
because H; is convex and superlinear.

Step 3: Foliation and definition of £. — Let us consider the sets

zelo.+o0)V, Y =1l i A>4,
_ :

e
(4.16) P°(A) =
Z.
z € |0, N L <1 if A=4
z € [0, +00) iZIZNZ;T(A)_ i

(keeping in mind convention (4.12)). Because for A > A, the intersection points of the piece of
hyperplane P?(A) with each axis Re; are Z7 (A)e;, we deduce that we can write the partition
(see Figure 1)

[0.+00)Y = (] P7(M)
A>A

where P (A) gives a foliation by hyperplanes for A > A. Then we can define for z € Qy,
£%(z) ={A suchthat zZe P°(A\) for Z; =o0jz; for i=1,...,N}.
From our definition, we get that the function £% is continuous on Q, and satisfies

£9(0) = A. For z € Qg such that z;, = 0, we see from the definition of P given in
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(4.16) that the value of £7(z) does not depend on the value of 0;,. Therefore we can glue up
all the £9 in a single continuous function £ defined for z € Q by

L(z)=L%(z) if ze Q.
which satisfies £(0) = A.
Step 4: Regularity of & and computation of the gradients. — For z € Q5 C 2, we have

&(z) =sup (z- (L) — )
A>A

where the supremum is reached only for A = £(z). Moreover & is convex in RY. We just
showed that the subdifferential of & on the interior of Q. is the singleton {w?(A)} with
A = £(z). This implies that & is differentiable in the interior of Q, and

V&(z) =n%(A) with A = £(2).
The fact that the maps 7% and £ are continuous implies that &g is C'. O

4.4. Proof of Proposition 4.1

We now turn to the proof of Proposition 4.1.

Proof of Proposition 4.1. — By definition of G°, we have
G%x,y) =6(Z(x,y)) with Z(x,y) := xe; — yej € Q if (x,y)elJ;x J;
where (eq, ..., en) is the canonical basis of RY and € is defined in (4.13).

Step 1: Regularity. — Then Lemmas 4.7 and 4.8 imply immediately that G® € C(J?) and
G € C(R) for each region R given by

Ji x Jj if i # j,
4.17) R=U X i

TFE={(xy)eJixJi, £(x—y)z0y if i=
This regularity of  implies in particular the regularity of G° given in i).
Step 2: Computation of the gradients. — We also deduce from Lemma 4.8 that

Ax,y) = £(Z(x,y))
defines a continuous map A : J2 — [A, +00) which satisfies
(4.18) Alx,x)=A
because of Lemma 4.7-iii) and Z(x, x) = 0. Moreover, for each R given by (4.17) and for all
(x,y) € R C J; x J; we have
G(x,y) = pix—pjy — A
and
(GlR)x(x,y) = pi and (GR)y(x,y) = —p;

with A = A(x,y) and (p,A) € ¢, and
(), 77 (L) if R=JixJ;  with i# ],

4.19 0 p) =
*-19) (P py) (xE().7E() if R=T* with i = .
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Step 3: Checking the compatibility condition on the gradients. — Let us consider (x, y) € J?
withx = y = 0or x # y. We have

0:;G°C.y)(x) € {z" (M)} and —(3;G°(x.))(y) € {mF7 (M)} with A =A(x,y) > A.
We claim that
(4.20) H(x,G2(x,y)) = A.
If x # 0, then H(x,G%(x,y)) = H; (nii()t)) = A. If x = 0 and there exists i such that
oi = —, then H7(0YG%(0,y)) = H; (w; (1)) = A and Hj_(a;‘GO(O, y)) = Hj_(n;” 1) <A
Hence we also have in this case that (4.20) holds true. We are left with treating the case where
4.21) x=0 and (3;G°(,»))(0) = nt(d) forall i=1,...,N.
If0 # y € J;, then (x,y) = (0,y) € T~ and (3;G°(-, ))(0) = nj_()u). Therefore (4.21)
only happens if y = 0 and then
H(0,G%(0,0)) = A4
which still implies (4.20), because A = A(0,0) = A.
In view of (4.20), (3.4) with equality and y = 0 is equivalent to
(4.22) H(y,—G)(x,y)) = A.
Arguing like we did to get (4.20), we can treat all cases except the following one
(4.23) y=0 and —(3;G%x,-)(0) = JT;_()L) forall j=1,...,N.
If x € J; and N > 2, then we can find j # i such that —(3;G%(x,-))(0) = nj_()t). Therefore
(4.23) only happens if N = 1 and then
H(0.—-G)(x,0)) = A < A.
Step 4: Superlinearity. — In view of the definition of G°, we deduce from (4.19) that for all
A=A,
+ _ —_ _ . . .
GOx.y) > xm; (M) V7§ A —-r if i #j,
(x—y)nii()t)—)t if i=j and £ (x-—y)>0.

Setting
') = L in +7E(1) >0,
s 1=

.....

we get

G%(x,y) = d(x, y)m°(X) — 4.
From the Definition (4.2) of nii and the assumption (4.1) on the Hamiltonians, we deduce
that

7%1) = o0 as A — +oo

which implies that for any K > 0, there exists a constant Cgx > 0 such that
G°(x,y) = Kd(x,y) — Ck.

Therefore we get (3.5) with

g°(a) = sup(Ka — Cx).
K>0
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Step 5: Gradient bounds. — Note that
> 1Zilx.y) =d(x.y).

Because each component of the gradients of G® are equal to one of the {7 (1)}, ,_, 4

with A = £(Z(x, y)), we deduce (3.6) from the continuity of £ and of the maps n,@t.

Step 6: Saturation close to the diagonal. — Point vi) in Proposition 4.1 follows from
Lemma 4.7-iii), from the definition of & and from the regularity of G°. In particular,
for (x,y) € Tii, Z = (x — y)e; belongs to P?(A) U Ay, with o; = +. Hence, Lemma 4.7-iii)
implies that G%(x, y) = 75 (4)(x — y) — A for £(x — y) € [0, £zF] with zEF = H](zE(A)).
We recall that z7 = :I:ZijE > 0 appears in the definition of P?(A) and A,. O

4.5. A second vertex test function

In this subsection, we propose a construction of a second vertex test function G¥ (see
Theorem 4.12 below), that can be seen as a kind of approximation of the original vertex
test function G. This test function is somehow less natural than our previous test function,
but it has the advantage that it is easier to check its properties. Moreover, it can be useful in
applications.

We introduce the following

DEFINITION 4.9 (Piecewise C' Regularity). — We say that a function u belongs to C “#(J),
ifu € C(J), and if for any branch J; fori = 1,..., N, there exists a sequence of
points (a};)keN on the branch J; satisfying

_ i i i i
O0=ag<ay <--<a<ag, ,—>+oo as k— +oo

such that
1(1,i i .
Uil i, 1 € € (lay.ap,q]) forall keN, i=1,..N.

The smooth convex case. — Following what we did in order to construct the first vertex test
function, we first construct G* in the smooth convex case and we then derive the general case
by approximation. In the smooth convex case, we first consider

(4.24) G**(x.y) = sup ( sup (pix — pjy — kk)) if (x,y) €JixJj
keN \(p,Ax)Ely

for an increasing sequence (Ax)ren satisfying for some constant yy > 0

(4.25) %)&0 =A and Ay > 400 as k — 4o

Aky1 — Ak <yo forall k >0.

LEMMA 4.10 (Piecewise linearity). — The function G%¥ is piecewise linear. More precisely,
- For (x,y) € J; x Jj,
G (x,y) = li(x = y)
with {; € C(R) and
amt ) —re  ifzft <a <z

rall k>0
an () —hp i <ok | SRS

li(a) = {
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and

Aks1 — A
(4.26) =0 and fPVE= [ THLTOE forall k>0
7 (A1) — 7 (Ag)

(recall that JTl-i is defined in (4.2) ). We have in particular for all k > 1
4.27) zf“’_ <zf’_ <z?’_ =0:z?’Jr <zf’Jr <zf+l’+.
- For (x,y) e Ji x J; withi # j,
GO (x.y) = xm () =y (i) = Ak

for (x,y) € A;‘j with

k X Y X y
(4.28) A = 4(x,y) € Ji x Jj, T =2 1, Sy s g 1
z; zj z; z;

Proof. — Remark that Ay = H; (nijE (Ak)). Therefore the definition of zf £ and the
convexity of H; imply inequalities (4.27). It is then easy to check the explicit expressions
of GO, O

We recall that if u € C'#(J) and u isnot C! ata point x € J*, then Proposition 2.16 can
be used in order to understand H as follows

(4.29) H(x,uy) = max (H;" (0;u(x7)), H 0;u(x"))).

This interpretation will be used to check inequality (3.4) at points where G%#(x, y) isnot C!
with (x, y) € J; x J; withi # j.

ProrosiTION 4.11 (The second vertex test function—the smooth convex case)

Let A > Ao with Ay given by (1.8) and assume that the Hamiltonians satisfy (4.1).
Let (Ag)ren be any increasing sequence satisfying (4.25) for some given yo > 0. Then the
function GO* : J2 — R defined in (4.24) satisfies properties i) and iv) listed in Proposition 4.1,
together with the following properties

i") (Regularity)

G%%(x,) e CYH(J) forall xeJ,

G eC(J? and
Oy GO (,y)yeCY () forall yelJ.

iii’) (Compatibility conditions) On the one hand, (3.3) holds with y = 0 for all x € J.
On the other hand, (3.4) holds with 'y = vy, for all (x,y) € J?, except possibly for all
points on the diagonals x = y € J* fori € {1,...,N}.

Moreover, at points (x,y) € J; x J;j withi # j, where the functions G (x,) or
GO* (-, y) are not C*, inequality (3.4) has to be understood using convention (4.29);
V') (Gradient bounds) Estimate (3.6) holds for all (x,y) € J? if we understand it as
a bound for both left and right derivatives, at points where the functions G%¥(x,-) and
G4 (., y) are not C.
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Proof. — The regularity i) follows immediately from the previous lemma. Moreover
points ii) and iv) listed in Proposition 4.1 follow easily, and similarly for the gradient
bounds v’). Also (3.3) holds clearly for y = 0.

The only important point is to check inequality (3.4) in iii’) with y = yj.

Step 1: checking on J* x J*. — Inequality (3.4) is clearly true for (x,y) € J* x J*,if
k+1,%
i

xX—y# zf £ Let us check it if x — y=z # 0. We distinguish two cases.

Case 1: (x,y) € J* X JX WITHX — y = zf+1’+ > 0. The only novelty here is that the
function G%¥ is not C! at those points, and we have to use interpretation (4.29) to compute
it. We get

H(x, GI*(x, ) = max(H; (GIHx™, ) H (GRF(x*, 7))
(4.30) = max(H;" (7;" (M), H (7" (Ak11))
and

08 _ +/ 0.4 - —(_ 04 +
H(y,—Gy"(x,y)) = max(H;" (=G, (x, y7)), H; (=G, (x, y™)))
(4.31) = max(H;" (7;" Ax+1)), H (7" (M)
= Ak+1-

This implies inequality (3.4) for y = yo > Ag+1 — Ak-

CASE2: (x,y) € J x J* WITHX —y = zf“’_ < 0. We compute

H(x. G2 (x,y)) = max(H; (G2* (x=, ), H7 (G )
(4.32) = max(H;" (7] (Ak+1)), Hi (77 (1))
and

0.4 _ + 0.8 - - 0.4 +
H(y, =Gy (x,y)) = max(H;" (=Gy™ (x, 7)), Hi (=G, (x,y™)))
(433) = max(H;" (x; (4). Hy (17 (A1)
= Ak+1
which gives the result.
Step 2: checking on Af‘l fori # j. — This inequality is also obviously true if (x, y) € Int Af.‘j
fori # j. We then distinguish six cases.
CASE 1: x = y = 0. This case is similar to the study of G° and we get immediately
H(0.-GY#(0,0)) = —4 = H(0.G2%(0,0)).

{C,+ <x <sz+1’+'

CASE2: (x,y) € Afj WITH y = 0 AND 2
H(0,—G*(x,0)) = Ak = H(x,G¥*(x,0)).
CASE 3: (x,y) € A, WITH x = 0 AND —z]’."_ <y< —zj].‘“’_.

H(y,—GY*(0,y)) = b = H(0,GY*(0, y)).
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CaSE 4: (x,y) € (8Af.‘j)\ ((Ji x {0}) U ({0} x J;)). Let us consider the subcase where
x y
Zl(c+1,+ - Z]1;+1,—

compute again:

= 1 (the other case with k + 1 replaced by k being of course similar). We

H(x,GPH(x,y)) = max(H;H (G (x=. y)). H (G (xF, y)))
= max(H;" (m;t W), Hi (177 (k1))
= A
and
H(y.—Gy*(x.y)) = max(H;' (—=Gy*(x. y7)). Hy (=Gy*(x, y+))
= max(H;" (7 (\). Hy (77 (A1)
= Ak+1.
This implies again inequality (3.4) for y = yo > Agy1 — A

Case 5: (x,y) € Af.‘j WITH y = 0 AND x = zf+1’+. Again, we check easily that

H(0,—GY*(x,0)) = At 41, and H(x, G2F(x,0)) = Ay, as in Case 4.

CASE 6: (x,y) € Afj WITH x = 0 AND y = —ij+1’_. We have H(y,—G}(,)’n(O,y)) = Ak+1
as in Case 4, and H (0, Gg’”(O, y)) = Ag. O

The general case. — Then we have the following

THEOREM 4.12 (The second vertex test function). — Let A € R U {—oo} and y > 0.
Assume that the Hamiltonians satisfy (1.5) and (3.2). Then there exists a function G* : J> — R
enjoying properties ii) to vi) listed in Theorem 3.2, and property i’ ) given in Proposition 4.11.

In particular, at points (different from the origin) where functions G*(x,-) and G*(-, y)
are not C', we get bounds (3.6) on both left and right derivatives. Moreover, at those points,
inequality (3.4) has to be interpreted in the sense of Proposition 2.16. Moreover, there exists
some & > 0 such that we have

434) G*=G% on JA\S with S;=q(x.y)e |J JFxJ' |x—y|<e
i=1,...N

where GO is given in Proposition 4.11, with y = yy.

Proof of Theorem 4.12. — In the smooth convex case, we define G¥ as in (4.34). On

J* x J¥, we simply define G¥ as a regularization of G%¥ along each line x = y € J*,
following the procedure described in the proof of Lemma 4.3 for ¢ < y = yy. The general
case follows by approximation. O

REMARK 4.13. — With the help of Proposition 2.16, it is straightforward to check that
the proof of the comparison principle works as well with this second vertex test function G#
given by Theorem 4.12.
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5. Extension to networks

5.1. Definition of a network

A general abstract network oV is characterized by the set £ of its edges and the set %) of
its vertices (or nodes). It is endowed with a distance.

Edges. — & is a finite or countable set of edges. Each edge e € € is assumed to be either
isometric to the half line [0, 4-00) with de = {eo} (where the endpoint e° can be identified
to {0}), or to a compact interval [0, /] with

(5.1) infl, >0
el

and de = {e° e'}. Condition (5.1) implies in particular that the network is complete. The
endpoints {e°}, {e'} can respectively be identified to {0} and {/.}. The interior e* of an edge
e refers to e \ (de).

Vertices. — It is convenient to see vertices of the network as a partition of the sets of all edge

endpoints,
U de = U n;

el ne

we assume that each set n only contains a finite number of endpoints.

Here each n € 9 can be identified as a vertex (or node) of the network as follows. For
every x,y € ,cg €, we define the equivalence relation:

X~y <=((x=y or x,yenec)
and we define the network as the quotient

(5.2) Jvz(Ue)/~ = (Ue*)ucz).

ecf ec&

We also define forn € <V
En={eec &, neoae}

and its partition &, = &, U & with

8_={e€8n,n=eo}, 8+={e€8n,n=e1}.

n n

Distance. — We also define the distance function d(x, y) = d(y, x) as the minimal length of
a continuous path connecting x and y on the network, using the metric of each edge (either
isometric to [0, +00) of to a compact interval). Note that, because of our assumptions, if
d(x,y) < 400, then there is only a finite number of minimal paths.

REMARK 5.1. — For any ¢ > 0, there is a bound (depending on &) on the number of
minimal paths connecting x to y forall y € B(y,¢) = {y € o/, d(y,y) <¢}.
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5.2. Hamilton-Jacobi equations on a network

Given a Hamiltonian H, on each edge e € &, we consider the following HJ equation on
the network ¢/,

U + He(t,x,uy) =0for te€(0,400) and x €e*,

5.3

>3) U + Fq(t,x,ux) =0for te€(0,+00) and x=ne Y
supplemented with an initial condition

(5.4 u(0,x) = up(x) for x e N.

The limited flux functions F,4 associated with the Hamiltonians H, are defined below. We
first make precise the meaning of u, in (5.3).

Gradients of real functions. — For a real function u defined on the network o/, we denote
by deu(x) the (spatial) derivative of u at x € e and define the “gradient” of u by

deu(x) if xee*=e)(de),
((Qeu(x))eee; (aeu(x))eegj) if x=new.

The norm |uy| simply denotes |d.u| for x € e* or max{|d.u| : e € £} at the vertex x = n.

Ux(x) := {

Limited flux functions. — We also define for (¢, x) € R x de,

H; (t,x,q) = {He(t’x"”o %f q < pg(t,x),
H(t,x, p2(t,x)) if g > p(t,x)

and

H,(t.x. pg(t.x)) if ¢ = pg(t.x).

He(t,x,q) it q> po, x).

Given limiting functions (A, ),ew, we define for p = (pe)ece,,»

Hf(t,x.q) ={

FA(t5nvp):max <An(t), m%)_( He_(tvnvp(,’)v ma)j_ H;(l»n,pe))

€€y, e€8,,

In particular, for each n € 9, the functions F4(z,n,-) are the same for all 4, (¢) € [—oo, A2(7)]
with

(5.5 Ag(t) ;= max (max H, (t,n, pg(t,n)), max Hj(t,n, p?(l,n))) .
ecly et
A shorthand notation. — As in the junction case, we introduce
(5.6)
H,(t,x,p) for peR, teR, if xee”
Hy(t,x, p) = Card .
Fa(t,x,p) for p=(peece, eREIGE 1t eR, if x=ne D

in order to rewrite (5.3) as

(5.7 ur + Hpy(t,x,ux) =0 forall (¢,x) € (0,4+00) x N.
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5.3. Assumptions on the Hamiltonians

For each e € £, we consider a Hamiltonian H, : [0, +00) x e x R — R satisfying
— (HO) (Continuity) H, € C([0, +00) x e X R).
— (H1) (Uniform coercivity) Forall T > 0,

lim H,(t,x,q) = +00
lg|—+o0

uniformly with respecttor € [0, T]and x € e € &.
— (H2) (Uniform bound on the Hamiltonians for bounded gradients) For all 7, L > 0,
there exists Cr,z, > 0 such that

sup |Hy(t, x, p)| < Cr,L.
t€l0,T], pe[—L,L],x€N\V

— (H3) (Uniform modulus of continuity for bounded gradients) For all 7, L > 0, there
exists a modulus of continuity wr,z such that for all |p|,|¢q| < L,t € [0,T] and
xeee €,

|He(t.x, p) — He(t. x.q)| = or,L(Ip —4q)).

— (H4) (Quasi-convexity) For all n € %, there exists a (possibly discontinuous) function

t + p2(t,n) such that
H,(t,n,-) isnonincreasingon (—oo, p2(z,n)],
H,(t,n,-) isnondecreasingon [p2(¢,n), +00).

— (H5) (Uniform modulus of continuity in time) For all T > 0, there exists a modulus of
continuity wr such that forallz,s € [0,T], pe R, x €e € €,

H,(t.x, p) — He(s, x, p) < or (|t —s[(1 + max(H,(s, x, p),0))).

— (H6) (Uniform continuity of A%) For all T > 0, there exists a modulus of continuity
@t such that for all ¢, s € [0, T] and n € U,

EHORRHO RS )]
As far as flux limiters are concerned, the following assumptions will be used.

— (A0) (Continuity of A) Forall T > 0andn € %, A, € C([0,T]).
— (A1) (Uniform bound on A) For all T > 0, there exists a constant Cy > 0 such that
forallt € [0,T]and n € V
|An(t)] < Cr.
— (A2) (Uniform continuity of A) For all T > 0, there exists a modulus of continuity or
such that for allz,s € [0, T] and n € %,

|4 (t) — An(s)| < or (|t — s).
The proof of the following technical lemma is postponed until appendix.

LEMMA 5.2 (Estimate on the difference of Hamiltonians). — Assume that the Hamilto-
nians satisfy (H0)-(H4) and (A0)-(A1). Then for all T > 0, there exists a constant Ct > 0
such that

(5.8) |p2(t,x)| <Cr forall t€[0,T], xe€de, ecf,
(5.9) |A%() < Cr forall te[0,T], ne .
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If we assume moreover (HS5)-(H6) and (A2), then there exists a modulus of continuity &t such
that for allt,s € [0, T], and x, p

(5.10)  Hoy(t,x. p) — Hy(s.x. p) < &r (|t — s|(1 + max(0, Hy(s. x, p))).

REMARK 5.3. — From the proof, the reader can check that Assumptions (H5)-(H6) and
(A2) in the statement of Theorem 5.8 can in fact be replaced with (5.10).

REMARK 5.4 (Example of Hamiltonians with uniform modulus of time continuity)

Condition on the uniform modulus of continuity in time in (HS5) is for instance satisfied
by Hamiltonians of the type for ¢ > 0 and § > 0 such that for all x € e € £ we have

He(t,x, p) = ce(t,x)|p|? with 0<8 <ce(t,x) <1/8

with ¢, Lipschitz continuous in time and continuous in space.

5.4. Viscosity solutions on a network

Class of test functions. — For T > 0, set N7 = (0,T) x /. We define the class of test
functions on (0, T) X o/ by

C'(Nr) = {p € C(cNr), the restriction of ¢ to (0,T) x eis C', foralle € £} .
DEFINITION 5.5 (Viscosity solutions). — Assume the Hamiltonians satisfy (H0)-(H4)
and (A0)-(Al) andletu : [0,T) x oV — R.

i) We say that u is a sub-solution (resp. super-solution) of (1.7) in (0, T) x oV if for all test
function ¢ € C1(N7) such that

u* <¢ (resp. us > ¢) inaneighborhood of (79, x¢) € N7
with equality at (¢g, x¢), we have
0+ Hy(t,x,0x) <0 (resp. >0) at(f,Xo).

il) We say that u is a sub-solution (resp. super-solution) of (1.7), (1.4) in [0,T) x W if
additionally

u*(0,x) <up(x) (resp. u«(0,x) > ug(x)) forall x € V.

iil) We say that u is a (viscosity) solution if u is both a sub-solution and a super-solution.

REMARK 5.6 (Touching sub-solutions with semi-concave functions)

When proving the comparison principle in the network setting, sub-solutions (resp. super-
solutions) will be touched from above (resp. from below) by functions that will not be C'!, but
only semi-concave (resp. semi-convex). We recall that a function is semi-concave if it is the
sum of a concave function and a smooth (C? say) function. But it is a classical observation
that, at a point where a semi-concave function is not C!, we can replace the semi-concave
function by a C! test function touching it from above.

As in the case of a junction (see Proposition 2.4), viscosity solutions are stable through
supremum/infimum. We also have the following existence result.
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THEOREM 5.7 (Existence on a network). — Assume (HO0)-(H4) and (A0)-(Al) on the
Hamiltonians and assume that the initial data wo is uniformly continuous on oJN. Let T > 0.
Then there exists a viscosity solution u of (5.7),(5.4) on [0, T) x oW and a constant Cy > 0
such that

lu(t,x) —uo(x)| < Cr forall (t,x)€][0,T)x M.

Proof. — The proof follows along the lines of the ones of Theorem 1.5. The main differ-
ence lies in the construction of barriers. We proceed similarly and get a regularized initial
data u{ satisfying

g —uol <& and |(ub)sl < Le.
Then the functions
(5.11) uf(t,x) =uS(x) £ Cot £¢

are global super and sub-solutions with respect to the initial data uq if C, is chosen as follows,

(5.12) Co =max| sup sup|max(A,,(t),A2(t))|, sup sup sup |He(t, x, pe)l | ;
t€l0, Tl new t€[0,T] ec€ xe€e, |pe|<Le

indeed, we use (5.9) in Lemma 5.2 to bound the first terms in (5.12). O

5.5. Comparison principle on a network

THEOREM 5.8 (Comparison principle on a network). — Assume the Hamiltonians satisfy
(HO0)-(H6) and (A0)-(A2) and assume that the initial data ug is uniformly continuous on V.
Let T > 0. Then for all sub-solution u and super-solution w of (5.7), (5.4) in [0,T) x oV,
satisfying for some Ct > 0 and some xg € N
(5.13)

u(t,x) < Cr(1 +d(xo,x)), w(t,x)>—-Cr(l+d(xg,x)), forall (t,x)€][0,T)x W,

we have
u<w on [0,T)x N

As a straighforward corollary of Theorems 5.8 and 5.7, we get

COROLLARY 5.9 (Existence and uniqueness). — Under the assumptions of Theorem 5.8,
there exits a unique viscosity solution u of (5.7), (5.4) in [0,T) x oW such that there exists
a constant C > 0 with

lu(t, x) —uo(x)| < C forall (t,x)€[0,T)x N.

In order to prove Theorem 5.8, we first need two technical lemmas that are proved in
appendix.

LeEMMA 5.10 (A priori control—the network case). — Let T > 0 and let u be a sub-
solution and w be a super-solution as in Theorem 5.8. Then there exists a constant C = C(T) > 0
such that for all (¢, x), (s, y) € [0, T) x oV, we have

(5.14) u(t,x) <w(s,y)+ C( +d(x,y)).
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LeEmMA 5.11 (Uniform control by the initial data). — Under the assumptions of Theo-
rem 5.8, forany T > 0 and Ct > 0, there exists a modulus of continuity f :[0,T) — [0, +o0]
satisfying f(01) = 0 such that for all sub-solution u (resp. super-solution w) of (5.7), (5.4)
on [0, T) x oW, satisfying (5.13) for some xo € NN, we have for all (t,x) € [0,T) x oV,

(5.15) u(t, x) <uo(x) + f(2)  (resp. w(t,x) = uo(x) = f(1)).

We can now turn to the proof of Theorem 5.8. The proof is similar the comparison prin-
ciple on a junction (Theorem 1.5). Still, a space localization procedure has to be performed
in order to “reduce” to the junction case. From a technical point of view, a noticeable differ-
ence is that we will fix the time penalization (for some parameter v small enough), and then
will first take the limit ¢ — 0 (¢ being the parameter for the space penalization), and then
take the limit « — 0 (« being the penalizaton parameter to keep the optimization points at
a finite distance).

Proof of Theorem 5.8. — Letn > 0 and 6 > 0 and consider
M(0) = sup {u(t,x) —w(s, x) — %, xeeVN, tsel0,T), |t—s|=< 9}.
We want to prove that
M = {}im M@) <0.
—0

Assume by contradiction that M > 0. From Lemma 5.10 we know that M is finite.

. P d?(x9,)
Step 1: The localization procedure. — Let ¢ denote =522,

LeEmMA 5.12 (Localization). — The supremum

f— )2
My = sup u(t,x) —w(s,x) —ay(x) — n__ (=9
1.5€[0.T1,t<T T —1 2v
X€E€N

is reached for some point (ty, So, Xo). Moreover, for o and v small enough, we have the following
localization estimates

(5.16) My > 3M/4> 0
(5.17) d(xo. xa) < =
. 0 Aa) = \/a
(5.18) 0<rv§ta,sa§T—%
)2
(5.19) fim (lim sup M) —0
v—>0 a—0 2v

where C is a constant which does not depend on a, €, v and 1.

Proof of Lemima 5.12. — Choosing o small enough, we have (5.16) for all v > 0. Because
the network is complete for its metric, the supremum in the definition of M, is reached at
some point (fy, ¢, Xo ). From Lemma 5.10, we deduce that

U (fa — Sa)z

3IM
0<>— <M, <C-— - -
4 = [0 a-(//(xﬂt) T_ta 21)
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and then

n (ta _Sa)z
5.20 o <C.
(520) o) + o+

This implies (5.17) changing C if necessary.

On the one hand, we get from (5.20) the second inequality in (5.18) by choosing v such
that ~/2vC < 5/2C. On the other hand, we get from Lemma 5.11

0< M = f(ta) + f50) = -
In particular,
% <2f(t + V2vC)
where T = min(z,, ¢). If both 7 and v are too small, we get a contradiction. Hence the first
inequality in (5.18) holds for some constant 7, depending on v but not on «, € and 7.
We now turn to the proof of (5.19). We know that for any § > 0, there exists 6(8) > 0
(with 6(8) — 0 as 8 — 0) and (¢%, 5%, x%) € [0, T) x [0, T) x /¥ such that

n

gz M8 and | 5| <06).

u(t‘s,x‘s) — w(s‘s,x‘s) -

Then from (5.20) we deduce that

to — Sq)? 0(8)|?
M2C) — S =57 L o syt — OO
2v 2v
and then
_ 2 0 2
imsup =5 _ a5+ PO
a—0 2v 2v

Taking the limit § — 0, we get

. (fe — Sa)2

lim sup — <M~V2C)—M

a—>0 v

which yields the desired result. O

Step 2: Reduction when x, is a vertex. — We adapt here Lemma 3.1.

LemMA 5.13 (Reduction). — Assume that xo, = n € V. Without loss of generality, we can
assume that 8: = @ and p2(ty, xo) = 0 for each e € E, withn = xq.

Proof of Lemma 5.13. — The orientation of the edges e € £}, can be changed in order to
reduce to the case £ = @. In particular, for p = (pe)ece,

F4(t,n, p) = max (An(t), max He_(t,n,pe)) :
ee n

We can then argue as in Lemma 3.1. This means that we redefine the Hamiltonians (and the
flux limiter A,) only locally for e € &),. Using (5.8), we can check that the new Hamiltonians
(locally for e € £,) and A, still satisfy (HO)-(H6) and (A0)-(A2) (with the same modulus
of continuity, and with some different controlled constants Cr,z,). We also have (5.13) with
some controlled different constants. O
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Step 3: The penalization procedure. — We now consider for ¢ > 0 and y € (0, 1)

Mus=  sup {ulex) —w(sy) —ay(x) - ——
(£.%).(s.0)€0. TIxB(xa .1) -t
t<T
(t — )
2v

=GV (x,y) —¢*(t.5.x)
where the function ¢“

1
©*(t,5,x) = 3 (It —ta]?® + |s — sa|* + d*(x, Xa))

will help us to localize the problem around (fy, Sg, X¢), and B(xq,7) is the open ball of
radius r = r(a) > 0 centered at x4 ; besides, we choose r € (0, 1) small enough such that
B(xq,1) C eifxy € e\ V. Lemma A.2 ensures that ¢ and ¢p* are semi-concave and therefore
can be used as test functions, see Remark 5.6.
We choose
G2 (x.y) = GV (.67 y)

with

(x —y)? .

Ga,)/(x’y) — 2 lf Xa (S 0]‘/\ C?),
G Y (x,y) if xq € U,

where G**Y > 0 is the vertex test function of parameter y > 0 given by Theorem 3.2, built

on the junction problem associated to the vertex x, at time #y, i.e., associated to junction
tosXa

problem for the Hamiltonian Hg;*"* given by

H.(ty,n, if c ith e,
(5.21) HS" (x, p) 1= e(ta,n, p) i x e\{n} with ee &,
FA(ta,n,p) if x=n.

The supremum in the definition of M,  is reached at some point
(t.x).(s,y) € [0, T] x B(xq,r)

with ¢t < T'. These maximizers satisfy the following penalization estimates.

LEmMMA 5.14 (Penalization). — For e € (0,1) and y € (0, M/4), we have
(5.22) Mye> My —cy>M/2>0
(5.23) d(x,y) < w(e)
O0<t <s5,t<T—o0y

Sfor some modulus of continuity w (depending on o and y ) and v, and o) not depending on (g, y).
Moreover,

(t,s,x,y) = (ty, Sa» Xa» Xo)  as (g,7) — (0,0).

In particular, we have x,y € B(xq, 1) for e,y > 0 small enough.

Proof of Lemma 5.14. — For all e,v > 0, the compatibility on the diagonal (3.3) of the
vertex test function G*<-¥ yields the first inequality in (5.22). Then for € € (0, 1], with a choice
of y such that 0 < y < M/4, we have the second one.
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Bound on d(x,y). — Remark that

e (@) < G¥(x, y)

where

aZ

— if € v,
g@) =12 1ot N
grY(a) if xq € 9,
and where g*«¥ is the superlinear function associated to G**'¥ and given by Theorem 3.2.
Thanks to Lemma 5.10, we deduce that the maximizer (z, x), (s, y) satisfies
t
0< M/2 = C(L+d(x.y) = G (x.y) = = = == —ay (¥)

(5.24) -
SC(1+d(x,y))_8g(d():y))_(x 2 ]

which implies in particular that
d(x,
eg (%) <C(+d(x,y)).
This gives (5.23) as in Step 1 of the proof of Theorem 1.5.

First time estimate. — From (5.24) with G¢"¥ > 0 and (5.23), we deduce in particular that
fore € (0, 1]

0<M/2<C — =9 1
- 2v T —1t
This implies in particular that
(5.25) T—tz%, T—sz%—«/ZvC’z%zzon>0

for v > 0 small enough, and up to redefine o, for the new constant C’ > C.

Second time estimate. — From Lemma 5.11, we have with

0<M/2< f(t)+f(s)+uo(X)—uo(y)—%—%

2
< JO)+ ) +opowe) — L - L2

where wy is the modulus of continuity of uq. Let us choose ¢ > 0 small enough such that
(5.26) wpow(e) < %
As in the proof of Lemma 5.12, for t = min(z, s), we get

% <2f(r + VIOO).

For v small enough (with 7 fixed), we then get a contradiction if t converges to 0 as v does.
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Convergence of maximizers. — Because of (5.22) and using the fact that Gg*¥ > 0, we get
fore € (0, 1]

Mo =y < Mae < u(t,x) = w(s, y) —a(x) = 7— — S — g(1,5,).
’ T —1t 2v
Extracting a subsequence if needed, we can assume
(t.x,s,y)— (£,x,5,x) as (g,7) — (0,0)

for some 7,5 € [t,, T —0y], ¥ € B(xq,1). We get
My < u(, %) — w(E.X) — ey () — —— — ~——— — ¢%({.5.%) < My — ¢*(7.5.%)
— v
which implies that (7,5, X) = (f4, Sa» Xa)- O

Step 4: Viscosity inequalities. — Then we can write the viscosity inequalities at (¢, x) and
(s, y) using the shorthand notation (5.6),

t—s
(5.27) ﬁ £ (= ta) + Hop (43 pE7 + 0 () + 98 (15.)) <0
t—s
T - (S _SOK) + H(’]V(S’y’p;t’y’s) > 0
where
PEVE = GO (e x, 671 y),
P = —Gy (e x e y).
We choose ¢, y small enough such that (Lemma 5.14) we have
n
[t —tal, |5 — Sal §m~
Substracting the two viscosity inequalities, we get
n
(5.28) ﬁ S HJV(S, Y, p;’yae) — chy([, X, p;{’y"e + (X'lpx(x) =+ (pz(t, S, .x))

Step 5: Gradient estimates. — We deduce from (5.27) that
PP = P+ @ () + 92(15.%)
satisfies
(5.29) Holtor p7) < L bty < L4 .
Hence (H1) implies that there exists a constant C, (independent of «, ¢, y, but depending
on 7, v) such that
X7 =Cy if x#Exa or xo & U,
%ﬁfﬁ’y’s >-C) if x=xq and x,€ .
From (5.17), we deduce that
(5.30) oy (x) + @5 (2,5, %) < C/a +d(x,x0) < C
for o < 1 (using (5.17)). Therefore, we have for some constant C,, (independent of «, ¢, y):
§|Pg’y’s| <C, if x#xq or x4 ¢ U,

pVt > —C, if x=x, and x, € Y.
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From the compatibility condition of the Hamiltonians satisfied by G*? if x, € %, or the
definition of G*V if x, ¢ %, we have in both cases,

(53D H'eXe (y, p2Ve) < H'eXe (x, p@7F) 4y

where
HS"(x,p) if xq=ne,

Ho(ty,xo, p) if xq & UV, x4 € e*.
We deduce that py"* satisfies (modifying C, if necessary)

Iy I=C i y#Exa orxa g V.
PEVE>—C, if y=x, and x4 € Y.

H'™*>(x, p) = §

Forz = x,y € U, p2’"* is a vector and its components are only bounded from below, see
above. But when writing viscosity inequalities, they appear as variables of the non-increasing
part of Hamiltonians. Hence, if they are too large, they can be replaced with the point
minimizing the Hamiltonian, without changing the viscosity inequalities. This is the reason
why we truncate each component of this vector by a well chosen constant K. Precisely, we
define for z = x, y,

e (min (K (pE7)2),0,, 0f z=x and xg €V

p = .
z pore if not.

with, in the case where x, € 9, the constant K given by

K = max (p2(5.x0), pd(ta, Xa). P2 (1. Xa) + C)) < Cr + C

(C comes from (5.30) and Cr from (5.8)). We then have
P27 <C+Cr+C=:Cyr
and

(5.32) < Hoy(s, y. pO79) = Hoy (1,6 527 4 o (x) + 921, 5.)),

n
272 =
—1 T
(5.33) H oy (t, x, py7® + ae(x) + @5 (1,5, %)) < ST tlo—t=—+T
(5.34) H'* % (y, pire) < H'e e (x, pyre) +y.

Step 6: The limit (¢, y) — (0,0) and conclusion as « — 0.— Up to a subsequence, we get in
the limit (e, y) — (0,0) for z = x, y:

pyrt — p7 with |pf] = Cyr.
Moreover, passing to the limit in (5.32) and (5.33), we get respectively
;2 < H y(Sq, Xa, Py) — H y(t, Xq, px + ayx(xq))
and -
_ Sa — Iy
HJV(ta,xa’Pg"i'awx(xa))f - =< o

On the other hand, passing to the limit in (5.34) gives
Ha (xg, p2) < H@ (g, 5%).
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Because
HJV([a’ X, p) = H e (Xa, p)
we get for any p,
n
372 <h+1I

with

11 = HJV(SOU-XOU ﬁg) - HJV(SOU-XO[? 13;( + O‘Wx(xa)),

I = H y(sq, Xa, ﬁff +ayx(xa)) — H oy (ta, Xa, 13;[ + ayx(xa)).
Thanks to (H3) and (5.17), we have |« (xq)| < Cy,7 and we thus get
(5.35) Iy < wrac, 7 (@Px(xe)) < 0120, (CAa).

Now thanks to Lemma 5.2, we also have

I < o7 (Jte — so|(1 + maX(HJV(totame_g + a¥x(xq)),0)))

~ Sa — 1,
< &1 (|te — 50| (1 + max( - » “ ,0))).
Then taking first the limit « — 0 and then taking the limit v — 0, we use (5.19) to get the
desired contradiction. This achieves the proof of Theorem 5.8. O

6. First application: link with optimal control theory

This section is devoted to the study of the value function of an optimal control problem
associated with trajectories running over the junction.

6.1. Assumptions on dynamics and running costs

As before, we consider a junction J = |J;_, _y Ji- We consider compact metric
spaces A; fori = 0,..., N and functions b;,¢; : [0,T] x J; x A; - Rfori =1,...,N
and bo, Lo : [0,T] x Ag — R. The sets A; are the sets of controls on each branch J;*
fori = 1,..., N, while the set A is the set of controls at the junction point x = 0. The
functions b; represent the dynamics and the ¢;’s are the running cost functions.

Fori =1,..., N, we follow [10] by assuming the following

b; and ¢; are continuous and bounded

b; is uniformly continuous w.r.t. (¢, x) uniformly w.r.t. o;

(6.1) ¢; is uniformly continuous w.r.t. (¢, x) uniformly w.r.t. o;

Bi(t,x) :={(b;i (t,x,0;),£; (¢, x,0;)) : a; € A;}is closed and convex
Bi(t,x) = {bi(t,x,0;) : @; € A;} contains [—4, §]

for some § independent of (z, x).

It is easy to check the following lemmas.
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LeEmMA 6.1 (Hamiltonians). — Assume (6.1). Then giveni € {1,..., N}, the Hamilto-
nian H; defined by

H;(t,x, p;) = sup (b;i(t,x,a;)pi —4;(t, x,0;))

o €A;
satisfies Assumption (1.5).

LEMMA 6.2 (Non-increasing Hamiltonians). — Assume (6.1). Giveni € {1,..., N}, then
the non-increasing part of H;(t,0, p;) with respect to p;, is given by

H(t, pi) = sup (b;(t,0,0;)p; —£i(2,0,0;))

o; €A;

= sup (b;(t,0,a;)p; —Li(t,0,;))

o GAi<
where A7 = {a; € A; 1 bi(1,0,0;) <0} and A7 = {o; € A; 1 b;(¢,0,0;) <0}
As far as the dynamics and running costs at the junction point are concerned, we also
assume that
(6.2) bo and Iy are continuous bounded, A, C R%

for some dg > 1, and define

Bo(t) = {bo(t,a0) : o € Ag}.

We also define

(6.3) Ao(t) = ;max r;léﬂfg} H;(t.0, p).
We set

sup (—Lo(t,a0))  if Ao(r) # 0,
(6.4) Hy(t) = { @o<ho(®)

—00 if Ag(t) =0

with
(6.5) Ao(t) = {ao € Ao, bo(t,0) = O},
and we assume that
(6.6) Hy : t — max(Ho(t), Ao(1)) is continuous in [0, T].

6.2. The value function
We then define the general set of controls,
A=Ayx---xAy
and define for o = (ag,...,any) € Aand (¢,x) € [0,T] x J,

b(t.x. ) = bi(t,x, ;) ?f xelJr,
bo(l,ao) if x=0.
Similarly, we define
0t x.a) = it x,04) %f xeJr,
EQ(Z‘,O{Q) if x=0.
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ForO0 <s <t <T and y, x € J, we define the set of admissible dynamics
(X (), a()) € Lip([s, t]; J) x L=([s, t]: A),
(6.7) gi; = X)) =y, X)) =x,
X(7) = b(z, X(1),a(r)) forae te(s, 1)

Then we consider the value function of the optimal control problem,

(6.8) u(t,x) = inf inf E§(X, )
& (XO.a()NeTGx

with
t
E§(X,a) = uo(X(0)) + / L(t, X(1),a(r)) dt
0
where the initial datum u is assumed to be globally Lipschitz continuous.

Note that if & f)); = (J, then we have iItlf (...) = +o0o. More generally and for later use,

0,z
we set

(6.9) ENX,0) = u(s, X(5)) + /ZZ(I, X(7),a(r)) dr.

6.3. Dynamic programming principle

The following result is expected and quite standard.

ProPOSITION 6.3 (Dynamic programming principle). — For all x € J,t € (0,T] and
s € [0,1), the value function u defined in (6.8) satisfies

u(t,x) = inf inf El(X,a)
eI (X(a(Neg L,

where E! and & ;f, are defined respectively in (6.9) ansd (6.7).
Proof. — Let V(t,x) denote the right hand side of the desired equality. Consider
(X().a() € Jg2 and (X().&() € I Then

(X(v),a(r)) ift €]0,s]

(X(7),a(7)) = (X (), a(r)) ifte(s,1]

liesin & f)); In particular,
u(t,x) <up(z) + /t L, X(v).,a(r))dt
Os t ~
<ug(z) + / L, X(1),a(z))dt + / £(t, X (v),a(r))dr.
0

S

Taking the infimum, first with respect to (X(-), () and z, and then with respect to (X (), @(-))
yields u(z, x) < V{(¢, x).
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To get the reversed inequality, consider, for all ¢ >0, an admissible dynamics
(X°().0%(-)) € & o7 such that

t

u(t,x) > uo(X°4(0)) +f Uz, X%(1),a%(1))dTt — ¢
OS t
> up(X°(0)) +/ L, X(1), 0% (1)) dT +[ L, X8(1),af(1))dT — ¢
0 s

>u(s, X°(s)) + /t L, X%(1),af(1))dT — ¢
>V(t,x)—e.

Since ¢ is arbitrary, we conclude. O

6.4. Derivation of the Hamilton-Jacobi-Bellman equation
We will show that the value function u solves the following problem

us + Hi(t,x,ux) =0 forall (r,x) € (0,T)xJS,

(6.10)
ur + Fpgyo(t.ux) =0 forall (1.x) € (0,T) x {0}

with

.....

Fio (6 ux(2,07)) := max (Ho(t), _max H(t, 0;ul(t, 0+)))

and with initial condition

(6.11) u(0,x) = up(x) forall x e J.
We also consider the following condition fori =1,..., N
(6.12) b; 1s Lipschitz continuous w.r.t. t uniformly w.r.t. (x, ;).

THEOREM 6.4 (The value function is a flux-limited solution). — Assume (6.1), (6.2) and
(6.6). Let us also consider H;, H; and H, respectively defined in Lemmas 6.1 and 6.2 and
in (6.6). Assume also that the initial datum uy is globally Lipschitz on J.

1) (Existence). The value function u defined by (6.8) is a solution of (6.10), (6.11).
i1) (Uniqueness). If we assume moreover (6.12), then u is the unique solution of (6.10), (6.11).

In order to prove this theorem, two technical results are needed. Their proofs is postponed
until the end of the proof of Theorem 6.4.

LEmMMA 6.5 (A measurable selection result). — Assume that by and £q satisfy (6.2). For
some [a,b] C (0,T), let us also assume that
@ #£ Ao(t) :={ap € Ao, bo(t,0) =0} forall 1 €la,b]

and that

T Ho(t) := sup (—Lo(t,a9)) is continuouson |[a,b].
ap€A(T)

Then there exists a measurable selection &y € L™ ([a, b]; Ag) such that

Qo(t) € Ag(r) and Hy(t) = —Lo(z,do(r)) forae t€]a,b].
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PRrOPOSITION 6.6 (Checking assumptions for the comparison principle)

Assume (6.1), (6.2), (6.6) and (6.12). Let us also consider H;, H;” and Hy respectively defined
in Lemmas 6.1 and 6.2 and in (6.6). Using notation from Section 5 on networks, let us consider
the network o) = J,withedges & = {J,...,Jn} = &, where the unique vertex n is identified
to the junction point 0. We set H,(t, x, p) := H;(t,x, p) and H; (t, p) = H (t, p) fore = J;
foreachi =1,...,N. We also set A, (t) := Hy(t). Then assumptions (HO)-(H6) and ( A0 )-
(A2) are satisfied.

Proof of Theorem 6.4. — We will show that u™ is a super-solution and u is a sub-solution
on (0, T') x J. Deriving the Hamilton-Jacobi-Bellman equation outside the junction point is
known and standard. This is the reason why we will focus on the junction condition. As in
the standard case, it relies on the dynamic programming principle.

Step 1: the super-solution property. — Consider any test function ¢ such that
@ <uxin(0,+00)xJ and ¢ =u,at(,0) with 7€ (0,7).
Our goal is to show that
(6.13) 0:(7,0) + Fg (7, ¢x(7,07)) = 0
The proof of this inequality proceeds in several substeps.
STEP 1.1: THE BASIC OPTIMAL CONTROL INEQUALITY. Let (¢,, x,) € (0, T) x J be such that
(tn,xn) — (,0) and u(ty,x,) — u«(f,0) as n — +oo.

Let s € (0,7). Then the dynamic programming principle yields

tn
u(ty,x,) = inf inf {u(s,X(s)) +/ (T, X(1),a(1)) dr}.
YES (X()a()eg P s

This implies that

In
o(ty, xn) + 0, (1) > inf inf {(p(s, X(s)) + / (1, X(1), a(7)) dr}
YES (X(a()eg P s

where 0, (1) — 0 as n — +o0. Therefore, we have

(6.14) S, 1= sup sup K'"(X,a) > —o0,(1)
YT (X().a()eginin

where
615 KU(X.0) = pltn, X(tn)) — @(5. X(s)) / " e, X(0), (o) de
with
Oltn, X (1)) — (s, X(s)) = / "4t toue. X(0) + pu(r X@)b(r. X(0). ao)}

Here, we take the convention that the product ¢,b equals 0 if X(r) = 0. This makes sense
for almost every t, because by Stampacchia’s truncation theorem, we have

(6.16) 0= X(r) = b(t, X(1),a(r)) = bo(t,29(r)) a.e.on {t € (s,t,), X(r) =0}
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which implies in particular
(6.17) ao(t) € Ap(r) a.e.on {t €(s,ty), X(r) =0}

where A is defined in (6.5). This shows that we can write

K'(X.0) = / " 4t k(e X(0),a (@)
s

with for (7,x) € (0,7) x J and 8 = (Bo,...,Bn) € A:

(T, x, B) = @i (1. x) + ¢x (7, X)b(7, x, f) — £(T. X, B)
with the convention that
%(px(r,x)b(r,x,ﬁ)zo oy —o.

Bo € Ao(7)

STEP 1.2: FREEZING THE COEFFICIENTS. We now freeze the coefficients at the point
(,0) € (0,T) x J, defining for any (z,x) € (0,7) x J and B € A:
@:(2,0) + 0;(7,0)b; (1,0, ;) — €i (1,0, ;) if x € J7,
@:(t,0) — Lo(, Bo) if x=0,

with the convention that By € Ag(7) if x = 0. From structural assumptions (6.1) and (6.2),
there exists a (monotone continuous) modulus of continuity @ (depending only on ¢ and the
quantities b;, £; fori = 0,..., N) such that

lk(t,x,B) —«(z,x,B)| <w(f —t| +d(x,0)) forall (r,x,8) € (0,T)xJ xA.

(6.18) ©(t,x,B) = {

Since trajectories are uniformly Lipschitz, there exists a constant Cy > 0 such that for all
T € (5,1),
d(X(1),0) < d(xs,0) + Colta — 7| = 0a(1) + Colt —7|.

Defining
tn
(6.19) K"(X,a) = f dt k(t, X(1), a(1))
s
we get that
(6.20) |I€§" (X,0) — KI"(X, )| < |tn —s|w(ox(1) + C1]f —s]) with C; =1+ Co.

STEP 1.3: APPLICATION TO A QUASI-OPTIMIZER. Let us consider a quasi-optimizer
tn,
(X", a") € F 57" for some y, € J such that

5,y
K (X", o) = Sy —on(1).
By (6.14) and estimate (6.20), this implies
(6.21) K (X", ") = —0n(1) = |tn — s|w(0a(1) + C1]7 — s]).
In order to evaluate K2 (X", a™), we naturally define the following sets. Let
Ts ={te(s.tn), X"(r)=0}
which is a (relative) closed set of (s, ?,), and let us set fori = 1,..., N:

T} ={t € (s,tn), X"(v) € J}
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which are open sets. We have
Kir(x".o"y= Y K!' with KJ:= / dt ik(r, X" (1), " (1)).
i=0,....N 7
We next study each term K I of the previous sum.
STEP 1.3.1: CONVERGENCE FOR i = 1,..., N. We now use an argument that we found

in[10]. Fori = 1,..., N, by convexity of the set 3; (7, 0) defined in (6.1), we deduce that
there exists some @' € A; such that

1
T

(6.22) /;r” dt (bi(1,0,a" (7)), 4 (,0," (1)) = (bi (7,0,a]'), £ (1,0,&]"))

and then
K = |T{ {g:(i,0) + 0;9(,0)b; (7,0, 07) — £ (7, 0,0)} -
Moreover, decomposing the set T in a (at most countable) union of intervals (ax, b ) (with

possibly ap = s or by = t, for some particular value of k), we see that we have with
Xp = X(tn)
/ dt bi(7,0,a"(x)) = | dt X"(v)
T} T}
0— X"(s) if X"(t,) &JF, X"(s)eJS,
= X(tn) = X"(s) if X"(tn) € J*, X"(s)elJ],
X(ty) —0 if X"(t,) e J*, X"(s) € Jr.

Up to a subsequence, we have @ — a;, |T?| — T; for some 7; > 0. It is convenient to
write 7; as |T;|. Remark in particular that we have

N
YOI =1i-s.
i=0

Next, we get that the sequence of trajectories X" (-) converges uniformly to some X(-) such
that
3 *
|T; |b; (7,0,a;) = ?) X6 ii ig; ;ji*’
1
and therefore
bi(f,O,di) <0 if |T;|#O.

This implies
K!' — K;
with
K; := |Ti| {9 (7, 0) + 0; (7, 0)b; (7,0, @) — £ (7,0,8)}
(6.23) < |Til {o:(7.0) + H7 (i, 0;0(7,0))}
< [Tl {0 7.0) + Fiy (1. 91,07}

STEP 1.3.2: CONVERGENCE FOR i = 0. We have

Kl = /1;" dt ik(t,X"(7),a" (1)) = /1;'1 dt {g:(t,0) — Lo(z, af ()}

0
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Because of (6.17), we know that o () € Ag(r) for almost every v € T which implies
Ry = [ dv @0+ o) < [ dr o0+ o)
6 o
where Hy and H, are defined in (6.4) and (6.6) respectively. Since the function Hy is assumed

to be continuous, see (6.6), there exists some (monotone continuous) modulus of continuity,
that we still denote by w, such that

K§ < |T1 {@:(7.0) + Ho(tn) + o(|ta — s])} -
Up to a subsequence, we have |Tf| — |To| and then
lim sup,, . 1 oo K§ < [To| {¢:(7,0) + Ho() + (I — s])}
= ITol {01 (7. 0) + Fio (6921, 0%) + (17 = s))} .

STEP 1.4: coNcLUSION. From (6.21) on the one hand, and from (6.23), (6.24) on the other
hand, we deduce that

—|7 = slo(C1| = s|) < limsup Y K
=400 ;o N

(6.24)

IA

STl | {0rF.0) + Fayo (1 0x(t.09)} + [Tolo((7 = ).

Using the fact that ) ;o n |Ti| = | —s| and C; > 1, and dividing by | — 5|, we deduce
that
_26()(C1 |f - Sl) S 2 (f’ O) + F}_IO([)(I’ §0x(tv O+)
Passing to the limit s — 7, we deduce (6.13).
Step 2: the sub-solution property. — Consider any test function ¢ such that
@ >u*in(0,+00)xJ and ¢ =u"at(,0)€ (0,T)xJ, with 7€ (0,7).
Our goal is to show that
(6.25) @((7,0) + Fr (7, 9x(7,07)) <0.
STEP 2.1: THE BASIC OPTIMAL CONTROL INEQUALITY. Let (¢,, x,,) € (0, T) x J such that
(tn,xn) — (7,0) and u(ty,x,) — u*(,0) as n — +oo.
From the dynamic programming principle, we get that for all (s, y) € (0,t,) x J and all
(X(ha() e 5™,
tn
u(ty, xn) < EP(X,0) = u(s, X(s)) + / L(t, X(1),x(7)) dr.
N
This implies
th
@(tn, xn) —0on(1) < @(s, X(5)) + / £z, X(v). a(r) dr
s

1e.,
K"(X, o) < 0,(1)
with K (X, o) defined in (6.15).

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



420 C. IMBERT AND R. MONNEAU

STEP 2.2: FREEZING THE COEFFICIENTS. Using (6.20), this implies
tn _ _
(6.26) / dt k(t, X(1), (1)) = KI"(X, @) < 0,(1) + |tn — s|w(0x(1) + C1|f —s])
s
with i defined in (6.18).

STEP 2.3: INEQUALITIES FOR iyg = 1,...,N. Foreachi = 1,..., N, let us choose some
a;,o; € A; such that

(6.27) bi(1,0,&;) <0 and b;(7,0,e;) > 0.

We now fix some index iy € {1,..., N}.

Assume first that x, € J j* with j # iy. Then we look for a solution with terminal
condition X"(t,) = x,, which solves backward the following ODE

X"(v) = bj(r. X"(1).a;) for 1<ty
up to the first time 7] where X" reaches the junction point, where s precisely defined by
(6.28) 7] €(0.7,) suchthat X"(¢}) =0 and X"(r)eJ; forall 7€ (t].ul.
Note that such a trajectory X" (-) always exists, even if it may not be unique, because b; is not
Lipschitzin the; space variable x. By assumption (6.27) and the continuity of b;, we know that
we will have ;] — f as n — 4o00. Then we consider some o (-) € L*([s, t,]; A) such that
ol (1) =@, if relsql
od()y=g; if te () . ta].
Assume now that x,, € J;,. In this case, we require
aj (t) = @, forall T € [s, 1]
In both cases, we call X" (-) a trajectory such that (X”,a") € & ;’f};ﬁf(s).

Up to a subsequence, we get that X" converges uniformly towards some X, and
o converges to a = @;,, such that (using (6.26)),

|t — s {(p,(f, 0) + 0iy0(t,0)b;y (1,0, &) — Ly (2.0, o't,-o)} = IZE(X, a) < |t —s|lw(Cy|t —s]).
Dividing by |¢ — s| and passing to the limit s — 7, and taking the supremum on &;, € A,
such that b;, (7,0, @;,) < 0, we get
(6.29) @:(1,0) + H; (1, 0i59(7,0)) < 0.

STEP 2.4: INEQUALITY FOR iy = 0. We now assume that (6.25) does not hold true. Then
(6.29) implies that

(6.30) 0:(F.0) + Ho(F) > 0

and

By continuity of Hy = max(Hy, Ag) with A continuous defined in (6.3), we deduce that
there exists some sg < 7 such that Hy is continuous on [so, Z]. In particular, we have Ag(t) # @
forall € [sg,7]. By Lemma 6.5, there exists a measurable selection &g € L>®([so, f]; Ag) such
that

0_60(1’) S Ao(‘f) and Ho(‘f) = —Ko(‘[, 6[0(1’)) forae 1€ [S(), ﬂ
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If x, € Jj*, we now use the defintion of 7; given in (6.28) and consider some

a(-) € L*([sg, ty]; A) such that
oz_;’(r) =q; if e (‘L’,{,l‘n-],
al(t) = ao(r) if 7 € [so, 7]

If x,, = 0, then we simply choose some «” () € L*([so, t]; A) such that
ag(t) = ao(r) if 7 €lso,tnl

tn,Xn

Let s € [so,7). In any cases, we call again X" (-) a trajectory such that (X", a") € QS’X,, ()"
Similarly to Step 2.3, up to a subsequence, we get that X" converges uniformly towards
X =0, and o” converges to o = @;,, such that (using (6.26)):

|7 = slo(C1]7 —s|) = KE(X, @)

_ / d7 {g1(7,0) — Lo(t.d0(1))}

=/drmam+mmm
> [T = 51 {04 (. 0) + Ho(P) — (17 — s}

where w still denotes some modulus of continuity of Hy on [sg, f]. Dividing by |f — s| and
passing to the limit s — 7, we get

@:(£,0) + Ho(t) <0
which contradicts (6.30). This finally shows that (6.25) holds true.

Step 3: checking the initial condition and a priori bounds. — From the fact that u, is continuous
and the fact that b;, £; are bounded fori = 0, ..., N, we deduce easily from the representa-
tion formula (6.8) that the value function u satisfies

u*(0,x) = up(x) = u4(0,x) forall xeJ.

Again from the representation formula (6.8), the fact that b;,¢; are bounded for

i = 0,...,N, and the fact that ug is globally Lipschitz continuous, we also easily see
that there exists a constant C > 0 such that |u(f, x) — ug(x)| < Ct. In particular
(6.31) [u(t,x)| < Cr(1 +d(x,0)) forall (¢,x)€[0,T]xJ.

Step 4. conclusion. — The previous steps show that u solves (6.10) with initial condition
(6.11). We also have the sublinear property (6.31). Then, we apply Proposition 6.6 which
claims that our PDE satisfies the assumptions of Corollary 5.9. This implies the identification
of the function u to the unique solution of (6.10), (6.11). This ends the proof of the theorem.

O

We now turn to proofs of Lemma 6.5 and Proposition 6.6.

Proof of Lemma 6.5. — We consider the map f : [a, b] x Ag — R? defined by
f(r,00) = (bo(t,0), Ho(t) + £o(7, 20)).
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Recall that by (6.2), we have Ay C R%, with Ao compact. Then we define the multifunction
I : [a,b] = R% defined by

[(r) = {ao € Ao, f(zr.20) = (0.0)}

Because f is continuous, I'(7) is closed. Moreover our assumptions guarantee that I'(z) is
nonempty. We recall (see [39], page 314, beginning of Section 2) that I is said to be Z-measur-
able (Lebesgue measurable) if and only if its graph

G(T) = {(f, @) € [a,b] xRY, ag e r(f)}

is Z® B-measurable, i.e., belongs to the o-algebra generated by the product of Lebesgue sets
in [a, b] and Borel sets in R% . Here G(I') = f~1((0,0)) is a closed set of [a, b] x R%, so this
set is obviously Z ® 3-measurable. We now apply the measurable selection result cited as
the corollary on page 315 in [39]. This result states that for any Z-measurable multifunction
' : [a,b] = R%, which is closed-valued with I'(r) nonempty for almost every © € [a, b],
there exists a Z-measurable function &g : [a, b] — R? such that

ao(tr) € I'(r) foralmostevery t € [a,b].

This implies the result stated in the lemma and ends its proof. O

Proof of Proposition 6.6. — We check successively all assumptions.

STEP 1: CHECKING (HO) AND (H3). We set
P =(tx,p) and O;(a;, P) = pbi(t,x,0;) —L;i(t, x, ;).

We recall that
H;(P) = sup ®;(e;, P) = ®;(a;(P), P).

o €EA;

Let P/ = (¢, x’, p’). We assume that

Ipl.lql < L.

Using the fact that b;, £; are uniformly continuous with respect to (¢, x), uniformly with
respect to o; € A;, we deduce that there exists a modulus of continuity w7z, such that

H;(P') = ®;(&;(P), P') = ®;(@;(P), P) —wr,L(|P — P'|) = Hi(P) —wr,L(|P — P']).
Exchanging P and P’, we get the reverse inequality, which yields
(6.32) |Hi(P") — Hi(P)| < wr,.(|P — P'|)
In particular, this gives the continuity of H;.
STep 2: CHECKING (H1). By assumption (6.1), there exists some § > 0 and controls
ozii = oel.i (t, x) such that
+b;(t, x,aF) > § > 0.
Using the fact that £; is bounded, this implies that
(6.33) H;(t.x,p) = é|p|-C

for some constant C > 0.
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STEP 3: CHECKING (H2). Again, using the boundedness of b; and ¢;, we get the uniform
coercivity estimate

(6.34) |Hi(t,x, p)| = C(lpl + D).

STEP 4: CHECKING (H4). The quasi-convexity of H;(z, x, -) follows from its convexity.
STEP 5: CHECKING (HS5). We write with p’ = p, x’ = x, @; := &; (P’)
H;(P') — H;i(P) = ®(&;(P), P") — Hi(P)
< ®(a;, P") — P(a;, P)
= pbi(t', x,a;) = bi(t, x,0;)) — (L (', x,0) — i (1, x, &)
< Llpllt' —t| + a(|t" —1])
< L§71(C 4+ max(0, H;(t,x, p))|t' —t| + &(|t' —t])

where in the fourth line, we have used the fact that b; is L-Lipschitz continuous (by (6.12))
with respect to ¢, uniformly with respect to «;. We have also used the fact that there exists a
modulus of continuity @ for ¢; with respect to (¢, x), uniformly in ¢;. In the fifth line, we have
used the uniform coercivity estimate (6.33). The previous inequality implies easily (HS).

STEP 6: CHECKING (H6). Recall that H; is uniformly coercive by (H1), and continuous
by (HO). This implies that the map ¢ — min H;(z,0,-) is also continuous. This implies the
continuity of

Ad(t) = i—I?aXN min H;(¢,0,-).

STEP 7: CHECKING (A0). The continuity of A¢(t) = Ho(t) follows from (6.6).

STEP 8: CHECKING (A1) AND (A2). The bound on Ay(¢) and the uniform continuity
of Ag(t) are trivial since there is only one vertex.
This ends the proof of the proposition. O

7. Second application: study of Ishii solutions

This section is strongly inspired by the work [10] where one of the main contribution of
the authors was to identify the maximal and minimal Ishii solutions (in any dimensions), in
the framework of convex Hamiltonians, and using tools of optimal control theory. With our
PDE theory in hands, we revisit this problem in dimension one, but for quasi-convex Hamil-
tonians (in the sense of (1.5)) that can be non-convex. As a by-product of our approach, we
give a PDE characterization of both the maximal and the minimal Ishii solutions.

REMARK 7.1. — Combining results from Subsection 2.4 with the ones from this section,
we can easily see that for one-dimensional problems, the solutions in [9], [10], [38] and [37]
fall naturally in our theoretical framework; they coincide with some A-flux-limited solutions
for A well chosen.

7.1. The framework

Let us consider two Hamiltonians H; for i = 1,2 which are level-set convex in the sense
of (1.5). In particular H; is assumed to be minimal at p?.
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Ishii solutions on the real line. — In [10], Ishii solutions are considered. A function u is said
to be a Ishii sub-solution if its upper semi-continuous envelope u* solves

u; + Hi(uyx) <0 forx <0,

u; + Hy(uyx) <0 for x > 0,

u; +min(Hy(uy), Ha(uy)) <0  forx =0.
A function u is said to be a Ishii super-solution if its lower semi-continuous envelope u
solves

ur + Hi(uy) >0 forx <0,

u; + Hy(uy) > 0 for x > 0,

u; + max(Hy(uy), Ha(uyx)) >0 forx = 0.

An TIshii solution is a function ¥ which is both an Ishii sub-solution and an Ishii super-
solution.

Translation of flux-limited solutions in the real line setting. — The notion of solutions #(z, x)
from Section 2 on two branches J; U J, with two Hamiltonians

Hi(q) = Hi(—q) and Ha(q) = Hx(q)

is translated in the framework of the real line into functions u defined for (¢, x) € [0, +00) xR
by
u(t, x) for 0<x e J,,

ut,x) =9 _
u,—x) for 0<-—xe€Ji.

Then i solves (1.7) with Hamiltonians H; if and only if u solves

U, + Hi(uyx) =0 for (t,x) € (0, +00) x (—00,0),
(7.1) ur + Hy(uyx) =0 for (¢,x) € (0, 4+00) x (0, +00),

uy 4+ FaQue(1,07),ux(1,07)) =0 for (¢, x) € (0, +00) x {0}
with

Fa(q1.92) = max(A, H{ (q1), H; (42))
where
H; if Qs H; 0 if < 9’
H(g) = (@ if g<pi. H* (q) = (p;) if g=p

=) i g<p) Hi(q) if ¢>p}.
We have the following correspondence

HE(p1) = H (=p1) and  HFE(p2) = HE (p2).

Viscosity inequalities are now naturally written by touching u with test functions
¢ : [0,+00) x R — R that are continuous, and C! in [0, +0c0) x (—00,0] and in
[0, +00) % [0, +00).
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Ishii flux-limiters. — We recall the quantity

Ay = max (min Hi(q)) = max H;(p)
R i=1,2

i=1,2 \ g€
and define
A* = max (min(H,(q), H2(q)))
qech[pf.p3]
with the chord
ch[p}. p3] = [min(p?. p?). max(p{. p)].

Then we set
(7.2) A} = max(A*, Ao)
and

A+ if 0 0
(7.3) Ap=Q71 U opern

REMARK 7.2. — Notice that even if the points of minimum p{ of H; may be not unique,
it is easy to see that the quantities A;C are uniquely defined.

These two quantities A?E will play a crucial role here; they have been identified first in [10],
in a different way (see below).

7.2. Identification of maximal and minimal Ishii solutions

The main result of this section is the following.

THEOREM 7.3 (Identification of maximal and minimal Ishii solutions)
We assume that the Hamiltonians H; satisfy (1.5) for i = 1,2. We have Ay < A}' and the
following holds.
1) (Ishii sub-solution) Every Ishii sub-solution is a I*:Al—-sub-salution.
i) (Ishii super-solution) Every Ishii super-solution is a F '+ -super-solution.
1
iii) (Particular Ishii solutions) Every Fq-solution is a Ishii solution if A € [A}, AT ]
iv) (Maximal and minimal Ishii solutions) For a given uniformly continuous initial data,
the F A+-soluti0n is the minimal Ishii solution, and the FAI—-solution is the maximal Ishii
7

solution. Moreover the Ishii solution is unique if and only ;'fA}" = A7.
We prove successively 1)-iv) from Theorem 7.3.

Proof of Theorem 7.3-i). — Let u be a Ishii sub-solution. We want to check that u is a
F 47 -sub-solution. Lemma 2.18 implies the “weak continuity” condition. The only difficulty
is on the junction point x = 0. If A} = Ay, then the result follows from Theorem 2.7 i).
Assume now that

AI_ > A().
Then A; = A*, and pd < p{. In particular, we can choose p* € [ p3, p?] such that
(7.4) Hi(p*) = H{ (p*) = A" = A7 = Hy(p™) = H; (p").
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Now from Theorem 2.7 1), we see that, in order to show that u is a I:”AI—-sub—solution, it is
sufficient to consider a test function ¢ touching u from above at (¢, 0) for 7y > 0, with

o(t.x) =y (1) + p*x
with ¢ € C!, and to show that
(7.5) or+ A7 <0 at (t,0).
Indeed, such ¢ is now an admissible test function for Ishii sub-solutions. So we deduce that
¢ +min(H{ (9x(10.07)). Hy (px(t0.07))) <0 at (19.0)

which implies (7.5). We conclude that u is a ﬁA7-sub—solution and this ends the proof. [

Proof of Theorem 7.3-ii). — Let u be a Ishii super-solution. We want to show that u is a

v

F ut -super-solution.

Step 1: preliminaries. — We distinguish two cases.

CASE 1: A* > Ag. Then we have A} = A*. In particular, there exists p* € ch[p?, p3] such
that

(7.6) A* = Hi(p*) = Ha(p").
We set

(7.7) e(t,x) = y(@)+ p*x = ¢(t,x)
with ¢ € C1.

CASE 2: A* < Ap. This implies that there is a unique « € {1, 2} such that
Af = Ao = Ha(py)

and for a € {1,2}\ {«} we have
Ho(pg) > Ha(pY).

In particular,

(7.8) max(He(p2), Ha(pd)) = A} .

If @ = 1, then we set (p1,p2) = (pP, 7, (4o)); if @ = 2, then we set (p1, p2) =
(77 (Ao), pY). We remark that we have

Ha(p2) = Hyf (p2) = Ao = Af = Hi(p1) = H{ (p1)

and
P2 > p1.
We set
(7.9) @(t,x) == Y(t) + p1xlix<oy + p2xlpsoy = @(t,x) := Y () + pox
with ¢ € C.
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Step 2. conclusion. — Now from Theorem 2.7 iii), we see that, in order to show that u is a

v

F ,+-super-solution, it is sufficient to consider a test function ¢ (given either in (7.7) in case 1
or (7.9) in case 2) touching u from below at (¢, 0) for ¢y > 0, and to show that

(7.10) ¢ +AF >0 at (1.0).

Because we have ¢ > ¢ with equality at (¢y, 0), we deduce that ¢ is an admissible test function
for the Ishii super-solution u. Therefore, we have

¢r + max(Hi(¢x). H2(¢x)) =20 at  (70.0).
Using either (7.6) in case 1, or (7.8) in case 2, we deduce that
Vi +Af >0 at (to,0)

which implies (7.10). This implies that u is a F Ar-super-solution and ends the proof. O
We now state and prove a proposition which is more precise than Theorem 7.3-iii).

ProPoOSITION 7.4 (Relation between F,4 and Ishii sub/super-solutions)

Under the assumptions of Theorem 7.3, every Fa-subsolution (resp. FA—super-solulion )isa
Ishii sub-solution (vesp. Ishii super-solution) if A > Ay (resp. A < A}" ).

Moreover for every A € [Ao, AI_), there exists a Fyq-sub-solution which is not a Ishii sub-
solution. For every A > AI+, there exists a F., A-super-solution which is not a Ishii super-solution.

Proof. — We treat successively sub-solutions and super-solutions.
SUB-SOLUTIONS. Let u be a F4-sub-solution with A > Aj. Consider a C' function ¢
touching u from above at (¢, 0) for some ¢ > 0. Then

A+ Fa(q.q) <0
where A = 0,¢(¢,0) and ¢ = dx¢(¢,0). In particular, A + A < 0. We want to prove that
A + min(Hy(q). H2(¢)) < 0.

If ¢ < pY, then

min(Hi(q). H2(q)) = Hy (q) = Fa(q.q) < —A.
Similarly, if ¢ > p?, then

min(H,(q). H2(¢)) < H{' (q) < Fa(g.q) < —A.
If p9 < pY, and g € [p3. p?]. then by definition of A*, we have

min(H;(q), Ha(q)) < A* < Af = A] <A <-).

This shows that u is a Ishii sub-solution.

If A* < Ag or p9 > p?, there is nothing additional to prove. Assume now that p9 < p?
with A7 = A* > Ao, and we claim that for any A € [AO, AI_) = [Ap, A*), there exists a
F4-sub-solution which is not an Ishii sub-solution. Indeed, let us consider p* € [P, PY]
such that

A™ = Hi(p*) = Ha2(p").

Then there exists p < p, < p* < p; < p{ such that

(7.11) A= Hi(p1) = Ha(p2) = Fa(p1. p2).
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Let us now consider
u(t,x) =—At + P1xX1lx<0y + p2xlix>o)-
In particular u is F4-sub-solution because of (7.11).
Now the test function ¢ (¢, x) = —At + p*x touches u at (z,0) from above and does not
satisfy the inequality

0:¢(¢,0) + min(H; (3x$(2,0)), H2(0x¢(2,0))) < 0.
This shows that u is not a Ishii sub-solution.

SUPER-SOLUTIONS. Let u be a FA-super-solution with 4 < A;L. Consider a C! function
¢ : R — R touching u from below at (¢, 0) for some ¢ > 0. Then

A+ Falg.q) =0

where A = 9,¢(¢,0) and ¢ = 0,¢(z,0). Without loss of generality, we can assume that
A > Aop. We want to prove that

A + max(H1(q), H2(q)) = 0.
If Fa(q,q) = A, then we deduce from Lemma 7.5 below that
0<A+A=<A+ A <X+ max(H(q). H:(q)).
If now Fa(q,q) = H; (q), then
0 <A+ Falq.q) = A+ Hi(g) = A +max(H1(q), H2(¢)).
If finally F4(q.q) = H; (q), then
0 <A+ Falq.q) = A+ Ha(g) = A +max(H1(q), Hz2(¢)).

This shows that u is a Ishii super-solution.
Assume next that A > AF.If A* > Ay, let p* € ch[p}, p3] such that

AT = Hy(p™) = Ha(p").
Let us choose an index « € {1, 2} such that
max Hi(p}) = Ha(pg)-
Then we set
p* if A* > Ao,
pY if A* <Ay and o =1,
py if A* <Ay and o =2.

STl
Il

In particular we have
(7.12) max(H,(p). H2(p)) = Af .
Then for A > A}, there exist p; and p such that
p2 = max(p?, p3) = p = min(p}, p3) = p1
and
Hy(p2) = A = Hi(p1).

Let us now define
u(t,x) = —At + pixlie<oy + paxlixso-
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Thenuisa FA-super-solution because F4 (p1, p2) = A.

Now the test function ¢ (¢, x) = —At + px touches u at (¢, 0) from below and does not
satisfy the inequality

at¢(ts 0) + max(Hl (8x¢>(t,0)), H2(8x¢(t90))) > 0

because of (7.12). This shows that u is not a Ishii super-solution. This achieves the proof. [
In the previous proof, we used the following elementary lemma.
LeMMA 7.5 (Bound from above for A;’). — Forallg € R, AT < max(Hi(q), H2(q)).

Proof. — We recall that A7 = max(A4*, Ay). Assume first that max(4*, 4¢9) = Ao, then
Ao = min H, for some « € {1,2}. In particular, for all g € R, we have A7 = Ag < Hy(q) <
max(Hi(q), Ha2(q)).

If now max(4*, Ag) = A* > Ay, then there exists p* € [p}, p}] for some i, j € {1,2}
(i # J), such that
A* = H;(p*) = H;(p").
Moreover, H; is non-increasing in (—oo, p*] hence
Hj(q) > A* forq < p*;
similarly, H; is non-decreasing in [p*, +00) hence
Hi(q) > A" for g > p*.

This implies the expected inequality. O
We finally state a proposition which implies Theorem 7.3-iv).

COROLLARY 7.6 (Conditions for uniqueness of Ishii solution). — We work under the
assumptions of Theorem 7.3. Recall that AI+ > Ay, and let g be a uniformly continuous initial
data.

- IfAT = A7, then there is uniqueness of the Ishii solution with initial data g.
- If A} > Aj, then there exists a Lipschitz continuous initial data g such that there are
two different Ishii solutions with the same initial data g.

Proof. — If Af = Aj, then Theorem 7.3 i) and ii) imply that every Ishii solution u is a
Fy-solution for A = A;r. Given some uniformly continuous initial data, such a solution is
then unique.

On the contrary, if AI+ > A7, then
U™ (t,x) = —At + p1xlgx<oy + p2Xlix=0}
is a F4-solution with A = A;r with initial data g(x) = U~ (0, x) if
Af = A= H\(p) = Hx(p2). p2>p3. p1=<p).

On the other hand, U~ is not a FAF-solution because PV’AF (p1.p2) = A7 < A;r. O
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7.3. Link with regional control

In this subsection, we shed light on the consequence of our results in the interpre-
tation of the results from [10] when both frameworks coincide. Roughly speaking, the
one-dimensional framework from [10] reduces to our framework with two branches. In this
case, the value function U~ defined in [10, Eq. (2.7)] (see also (7.15) in the present paper) and
characterized in [10, Theorem 4.4] corresponds to the unique solution of (1.7) for 4 = A;r.
Similarly, the function U™ defined in [10, Eq. (2.8)] (see also (7.16) in the present paper)
corresponds to the unique solution of (1.7) for A = A; . This is shown in this subsection. We
also provide the link between our definition of A;r and A; and the tangential Hamiltonians
introduced in [10], coming from optimal control theory.

7.3.1. The optimal control framework. — The one dimensional framework of [10] corre-
sponds to

Q2 =(-00,0), #={0}, 2 =(0,+00).
In this case, (Hg) in [10] is satisfied. We refer to this framework as the common framework.
Hamiltonians. — As far as the Hamiltonian is concerned, the (¢, x)-dependence is not rele-

vant for what we discuss now; for this reason we consider the simplified case of convex Hamil-
tonians given fori = 1,2 by

H;(p) = sup (=b;i(a;)p — Li(a;))

ai€d;
for some compact metric space A; and b;,¢; : A; — R. In this simplified framework, (Hc¢)
reduces to the following assumptions fori = 1, 2:
b; and ¢; are continuous and bounded
(7.13) {(b; (@), i (a;)) : a; € A;}1s closed and convex
B; = {-b;i(v;) : a; € A;} contains [-8, §].

In particular, we see that B; is a compact interval. Introducing the Legendre-Fenchel trans-
form L; of H;, it is possible to see that this problem can be reformulated by assuming that
fori =1,2

H;(p) = sup(qp — Li(q))

qEB;
where L; : B; — R is convex where we recall that B; is a compact interval containing [—§, §].
Indeed the graph of L; on B; is the lower boundary of the closed convex set

{(bi(), Li(e)) i € Ai}
in the plane R2. In particular, we see that H; is convex, Lipschitz continuous and
H;(p) — +o0 as|p| — +oo. This last fact comes from the fact that £6 € B;. More-
over H; reaches its minimum at any convex subgradient p? of L; at 0 and satisfies
H; is non-increasing on (—oo, p?],
H; isnon-decreasingon [p?, +00).

Hence, H; satisfies (1.5).
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Tangential Hamiltonians. — Using notation similar to the one of [10], we define
/f:Alezx[O,l].

Now, fora = (a1, 02, 1) € A, we define
bgi(a) = pbi(ar) + (1 — w)ba(az),
Lagla) = pli(on) + (1 — p)la(a2)

and set

Ao ={a=(@r.02.) € A:0=bg(a)},
A® = {a = (a1,@2, ) € A : by (1) < 0,bz(a2) > 0and 0 = b gy(a)}.

In the common framework, the tangential Hamiltonians given in [10] reduce to constants,
and we can see that we can write them as follows

Hr = sup  (—tg(a)),
=(a1,02,0)EAQ
(7.14) . a
Hp® = sup (—Lg(a)).

ire
a=(aj,o2,n)EA,®

The value functions U~ and U. — We consider the following initial condition
u(0,x) =g(x) for xeR

with g globally Lipschitz continuous.

Fora = (a1,a2, ) € /f, and for x € R, we set

by(ar) if x € (—00,0) = Q,
b(x,a) = { by(az) if x € (0,+00) = Q,
bg(a) if xe cH=1{0}

and
Li(ay) if x e (—00,0) =Qy,
Ux,a) = { Ly(az) if x € (0,400) = Q.
tg(a) if xe€ f=1{0}.

We consider admissible controlled dynamics starting from the point (0, x) and ending at time
t > 0 defined by

(X(9),a(-)) € Lip(0,7;R) x L®(0,7; A) such that
Tx=1(x00) = x,
X(s) = b(X(s),a(s)) forae. se€(0,1)
and define the set of regular controlled dynamics as

reg (X(),a()) € gt,x such that
tx —

a(s) € AY® forae se(0,) suchthat X(s) =0
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Notice that the definition of &, , differs from the one given in (6.7), where now X takes the
value x at time O instead of at time ¢. Then we define

t
(7.15) U (x,t) = (X(.)’al(g)femx {g(X(l)) + /0 L(X(s),a(s)) ds}
and
t
(7.16) Ut(x,t) = inf %g(X(t)) + / L(X(s),a(s)) ds% .
X().a(NeT 1% 0

Then we have the following characterization of U~ and U *:

THEOREM 7.7 (Characterization of U~ and UT). — Under the previous assumptions,

U~ is the unique Fy-solution with initial data g for A = Hr. Similarly, U™ is the unique

Fy-solution with initial data g for A = Hp®.

Proof. — Theorem 7.7 is a straightforward application of Theorem 6.4. O

7.3.2. Tangential Hamiltonians and Ishii flux-limiters. — In this paragraph, we show that the
tangential Hamiltonians from [10] coincide with the Ishii flux-limiters.
We start with defining
Q%IBIXBzx[O,l],
0o = {(v1,v2, ) € A :v1vp <0and 0 = pvy + (1 — w)va},
reg

o =1(v1,v2, 1) € A :v1 <0,v2 > 0and 0 = pvy + (1 — p)va}.

Then we can see (with v; = b; («;)) that the tangential Hamiltonians given in (7.14) can be
written as follows

Hr = sup  (—uLi(v1) — (1 —p)L2(v2)),
(v1,v2,1)E Ao
Hp® = sup (=pLi(v1) — (1 = p)L2(v2)).

reg

(v1,v2,) € Ay
Indeed, we use here the construction of L and L, explained in the previous Paragraph 7.3.1.
In particular, for —b; € B;, there exists «; € A; such that v; = —b(«;). There are several
possible o; and hence several possible ¢; («;). The construction L;(v;) = ¢;(]) which is
smaller than all the possible ¢; («;).
ProrosiTiON 7.8 (Characterization of Hy). — We have
Hy = Af.
Proof. — REDUCTION. Remark that there exists p. € R such that A;r = H;.(p.) for some

ic € {1,2}. We then consider

H;i(vi) = Hi(pc + vi) — Af.
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In this case, using obvious notation, /I;i- = 0 and p. = 0. Remark that
Li(v) = S‘;p(viq — Hi(9))
= Sl;p(viq — Hi(pe + ) + Af
= sup(vig — Hi(q)) = pevi + Af

= Li(vi) — pevi + AF .

Then
Hr = sup (—pLi(vi) — (1 —p)La(v2))
(v1,v2,1)EAQ
=  sup (—uLi(v1) — (1 —p)La(v2)) — Af
(v1,v2,1)EAQ
= Hr — A}.

Hence, it is enough to prove
Hr =0.
From now on, we assume that A;L = 0 and p. = 0. We distinguish two cases.
FIRST CASE. Assume first that 0 = A = A* > Ao. Then 0 = A* = H;(p*) =
H(p*) = H;, (pc) with p* € ch[p?, p?]. Choosing initially p. = p*, we can assume that

A* = H{(0) = H,(0) = 0. In particular, L; > 0 and L, > 0. Hence Hyr < 0. To get the
reverse inequality, we observe that there exists v} € dH;(0),i = 1,2, with

vivs <0.
Indeed, if this is not true, this implies that for all v; € dH;(0),
U1V > 0

which is impossible because the graphs of H; and H, cross at p* and p* lies between p? and
pg where H; and H, reach their minimum.
Pick now u € [0,1] such that v} + (1 — w)vy = 0. Then (v{,v;,u) € cHy and
consequently,
Hr > —puL1(v7) = (1 = w)L2(v3) = pnH1(0) + (1 — ) H2(0) = 0.
Hence Hr = 0 in the first case, as desired.

SECOND CASE. We now assume that 0 = A;r = Ay > A*. In this case, there exists
a € {1, 2} such that

min H, = H,(0) =0,
with the initial choice p. = p2. This implies in particular
L, > L,(0)=0.

Moreover, for b # a,
min Ly = —H(0) > 0,
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where we have used the fact that A* < Ag. Hence, L, > 0 and L, > 0 and consequently,
Hr < 0. Moreover with v € 0dH;(0), we have, (0,v3,1) € ¢#y whena = 1 and
(v7,0,0) € ¢#y when a = 2. Hence, in both cases,

Hr > —L4(0) = 0.

Hence Hr = 0 in the second case too. The proof is now complete. O

PRrOPOSITION 7.9 (Characterization of Hy®). — We have

Hp® = A7

Proof. — The proof is similar to the proof of Proposition 7.8. We make precise how to
adapt it.

REeDUCTION. The reduction to the case A; = 0 and p. = 0 is completely analogous. We
now have to prove that Hp® = 0.

FIRST CASE. Assume first that 0 = A7 = A* > Ay. Note that this case only makes sense
either when p9 < p? or when p9 > p? and 0 = A7 = A* = A,. Similarly, we get H;® < 0.
To get the reverse inequality, we observe that there exists v/ € dH;(0),i = 1,2, with

k %k
Vv, <0.

We deduce that we can choose v > 0 and v} < 0, both in the case p9 < p¥ and the case
pY > pYand 0 = Ay = A* = A,. This implies that we can find (v, vy, u) € #,* and
similarly, we conclude that H® > 0. Hence Hr = 0 in the first case, as desired.

SECOND CASE. We now assume that 0 = A; = Ao. We set again for some a € {1,2}:
min H, = H,(0) = 0.
From our definition of a, we have again
Ly >L,0)=0 and p2=0.

We first prove that H;eg < 0. In order to do so, we now distinguish three subcases.

Assume first pJ < p?. Then we can assume that Ag > A* (otherwise we have Ag = A* and
we fall into the first case). Then we deduce, as in the proof of Proposition 7.8, that Hy® < 0.

Assume now that p9 > p? and a = 1. We deduce that 0 = p? < p3. But because H, is
minimal at p9, we have 0 € dH>(p9), and we deduce that 0 < p9 € L, (0). This implies that
Ly > L>(0) = —H»(p9) > 0 on RT. By definition of H, %, this implies that H® < 0.

Assume finally that p9 > p? and a = 2. This subcase is symmetric with respect to the
previous one. We deduce that 0 = p9 > p%. But because H; is minimal at p?, we deduce
that 0 > p? € 9L,(0). This implies that L; > L;(0) = —H;(p?) > 0 on R™. Again, by
definition of A}, this implies that A; < 0.

We now prove that H;® > 0. To do so pick some (0, v, 1) € #y* whena = 1 and some
(v1,0,0) € ¢#, ® when a = 2. Hence, in both cases, we get

HEE > —L,(0) =0,

Hence Hr = 0 in the second case too. The proof is now complete. O
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8. Third application: a homogenization result for a network

In this section, we present an application of the comparison principle of viscosity sub- and
super-solutions on networks.

8.1. A homogenization problem

We consider the simplest periodic network generated by Z<. It is in fact a lattice. Hence,
the network (or lattice) is naturally embedded in R?. Let us be more precise now. At scale
e = 1, the edges are the following subsets of R?: for k,l € Z4, |k — 1| = 1,

ey = {0k + (1—0): 0 [0, 1]}.

If (e1, ..., eq) denotes the canonical basis of R?, then for I = k + ¢;, ek, is oriented in the
direction of e;. The network ¢/, at scale & > 0 is the one corresponding to

Ee ={eers .k, 1 €24, k-1 =1}
Y, = 72

endowed with the metric induced by the Euclidian norm. We next consider the following

“oscillating” Hamilton-Jacobi equation on this network

ui + He(u}) =0, >0, x€ e*, e e &,

(8.1) . . .
ui + Fa(3,u3) =0,t>0, x € Vs

(for some A € R) subject to the initial condition
(8.2) u%(0, x) = up(x), X € oN,.
REMARK 8.1. — In this section, we choose the simplest periodic homogenization problem

but much more can be done. For instance, the cell can be larger or have a different shape,
Hamiltonians can depend on x, etc.

For m € Z4, it is convenient to define
g€, + EM = Ekym I4m-

Assumptions on H for the homogenization problem. — For each e € ), we associate a
Hamiltonian H, and we assume

— (H'0) (Continuity) For alle € £, H, € C(R).
— (H'1) (Coercivity) e € &7,

liminf H,.(q) = +o0.
lg|—>+o0

- (H'2) (Quasi-convexity) For all e € £, there exists a p? € R such that

H, isnonincreasing on (—oo, p?],

H, isnondecreasingon [p?, +00).

— (H'3) (Periodicity) For all m € Z¢, Hoym(p) = He(p).
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A homogenization result. — The goal of this section is to prove the following convergence
result for the oscillating Hamilton-Jacobi equation.

THEOREM 8.2 (Homogenization of a network). — Assume (H'0)-(H'3). Let ug be Lip-
schitz continuous and u® be the solution of (8.1)-(8.2). There exists a continuous function
H :R? — R such that u® converges locally uniformly towards the unique solution u® of

(8.3) u? + H(V,u®) =0, > 0,x € RY
(8.4) u®(0, x) = up(x), x € RY.

REMARK 8.3. — The meaning of the convergence u® towards u° is

lim  u®(s,y) = ul(t, x).
(.v,y)—)n(t,x)

yeNe
8.2. The cell problem

Keeping in mind the definitions of networks and derivatives of functions defined on
networks, solving the cell problem consists in finding specific global solutions of (8.1)
fore =1,1.e.,

w; + He(wy) =0, t€R, yee*eec &,

(8.5)
we + Fa(y,wy) =0,t R, y e V.

Precisely, for some P € R?, we look for solutions w(t,y) = At + P -y 4+ v(y) with a
74 -periodic function v; in other words, we look for (A, v) such that
A+ H,((P-y+v)y) =0 yee*ecl,

(8.6)
A+ Fa(y,(P-y+v)y) =0,y€ .

THEOREM 8.4. — For all P € R? there exists a unique A € R for which there exists a
74 -periodic solution v of (8.6). Moreover, the function H which maps P to —\ is continuous.

Proof. — We consider the following Z¢ -periodic stationary problem

av® + Ho (P -y +v%),) =0, yece*ecl,

(8.7)
av® + Fa(y, (P -y +v%),) =0,y € V.

We consider
C = max |He((P - )y)l.
ecé
Then the existence result and the comparison principle for the stationary equation (see
Appendix B) imply that there exists a (unique) Z¢-periodic solution v of (8.7) such that
laev®| < C.

Since H, is coercive, this implies that there exists a constant C such that for all @ > 0, v, is
Lipschitz-continuous and

vyl < C;
in other words, the family (v*)y>¢ 18 equi-Lipschitz continuous. We then consider

Vg = Vg — Vg (0).
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By Arzela-Ascoli theorem, there exists «, — 0 such that 3" := g, converges uniformly
towards v. Moreover, we can also assume that

On Vg, (0) > A.

Passing to the limit into the equation yields that (A, v) solves the cell problem (8.6).
The continuity of A is completely classical too. Consider P, — Py asn — oo and
consider (4,, v,) solving (8.6). We proved above that

[An| < C.

Hence, arguing as above, we can extract a subsequence from (A,,v,) converging
towards (oo, Vo). Passing to the limit into the equation implies that (Ao, Voo) solves
the cell problem (8.6). The uniqueness of A yields the continuity of H. The proof is now
complete. O

8.3. Proof of convergence

Before proving the convergence, we state without proof the following elementary lemma.

LeEmMa 8.5 (Barriers). — There exists C > 0 such that for all ¢ > 0,

[u(t, x) —uo(x)| < Ct.
We can now turn to the proof of convergence.

Proof of Theorem 8.2. — We classically consider the relaxed semi-limits

ﬁ(l, x) = lim SUPe—0.(s.3)—(1.x) us(sv y)’
yeNe

Z(Z, X) = lim infs—>0,(s.,v)—>(t.x) ug(s’ )’)
y€Ne

In order to prove convergence of u® towards u?, it is enough to prove that # is a sub-solution
of (8.3) and u is a super-solution of (8.3). We only prove that u is a sub-solution since the
proof for u is very similar.

We consider a test function ¢ touching (strictly) u from above at (¢, x¢): there exists ry > 0
such that for all (¢, x) € By, (to, x0), (¢, x) # (to, X0),

o(t,x) > u(t, x)

and ¢(tg, x9) = u(to, xo). We argue by contradiction by assuming that there exists § > 0
such that

(8.8) 3:(to, x0) — A = 3,910, x0) + H (Vxp(to, x0)) = 6 > 0.

We then consider the following “perturbed test” function ¢®: R x ¥, — R [20],
@5(t,x) = p(t,x) + ev(e ' x)

where (4, v) solves the cell problem (8.6) for P = Vy¢(to, X0).

LEMMA 8.6. — For r < ro small enough, the function ¢ is a super-solution of (8.1)
in B((to, x0),r) C (0, T) x N, and ¢* > u® + n, in dB((to, xo), ) for some n, > 0.
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Proof. — Consider a test function v touching ¢° from below at (¢, x) €]0, +o00[x cN,.
Then the function

Vels,y) = & (Y(s,6y) — p(s.£y))

touches v from below at y = £ € e. In particular,

8.9) Ay (t, x) = 0:(1, x),
(8.10) A+ H oy (v, ¢x(to, Xo) + ¥x(t,x) — @x (£, x)) > 0.

Combine now (8.8), (8.9) and (8.10) and get
0y (t,x) + Hy, (v, ¥x(t.x)) 20 + E

where

E = (p:(t. x) — @1 (1o, x0)) + (H oy, (v, Yx (1. %)) — H oy (v, Yx (1. x) + ¢x (0, X0) — ¢x (1. X))).

The fact that ¢ is C! implies that we can choose r > 0 small enough so that for all
(l, X) € B((Io, X()), 7’),
E > —6.

Moreover, since g is strictly above u, we conclude that ¢® > u® + n, on dB((fo, xo), r) for
some 7, > 0. This achieves the proof of the lemma. O
From the lemma, we deduce thanks to the (localized) comparison principle that
@(t. x) = u®(t,x) + ny.
In particular, this implies
u(to, Xo) = ¢(to, x0) = u(to, xo) + nr > u(to, xo)

which is the desired contradiction. O

8.4. Characterization of the effective Hamiltonian

We remark that, in view of (H'3), there are exactly d different Hamiltonians Hy,..., Hy
corresponding to eq », where (b;); denotes the canonical basis of R?. With such a remark in
hand, we can know give the explicit form of the effective Hamiltonian H .

ProrosiTION 8.7 (Characterization of the effective Hamiltonian)

Under assumptions of Theorem 8.2, for all P = (p1, ..., pa) € R?,

Proof. — Let i denote max(A4, max;—;
successively that u < i and i < .

.....
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Step 1: bound from above. — Consider the following sub-solution of (8.5)
w(t,y)=—pt+ P-y.
By comparison with
w(t,y)=—pt+ P-y+v(y)
where the bounded corrector v is a solution of (8.6) with A = —u, we deduce that
H(P)=p<p
by letting t — +o0.

Step 2. bound from below. — To deduce the reverse inequality, we first notice that the periodic
corrector v is Lipschitz continuous (by coercivity of the Hamiltonians), which implies
—p+ He(pe +vy,) =0 forae. yecec .

If H, is convex, we deduce that

1 1
/0 pdy = He(/0 (Pe + vy (y)) dy)
which implies

(8.11) > He(pe).
When H, is only quasi-convex, we still get the same inequality, because for any ¢ > 0, we
can find a Hamiltonian H} such that |H} — H,.| < ¢ with H, satisfying (4.8). By Lemma 4.4,
we know that there exists a convex increasing function S, such that 8, o H; is convex for all
e € &1, which implies again

Be(p + &) = Be o ﬁf(l’e)

Composing by B, ! and letting & go to zero, we recover (8.11).
Let us now consider what happens at the junction point y = 0. Since w(z, 0) = v(¢, 0)—put,
Theorem 2.11 implies
—u+A=<0.
Together with (8.11), this implies

H(P)=p = [ 0

Appendix A
Proofs of some technical results

A.1. Technical results on a junction

In order to prove Lemma 3.4, we need the following one.

LEmMA A.1 (A priori control at the same time). — Let T > 0 and let u be a sub-solution
and w be a super-solution as in Theorem 1.5. Then there exists a constant Ct > 0 such that for
allt € [0,T),x,y € J, we have

(A.1) u(t,x) <w(,y)+ Cr(l +d(x,y)).

We first derive Lemma 3.4 from Lemma A.1.
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Proof of Lemma 3.4. — Let us fix some ¢ > 0 and let us consider the sub-solution u and
super-solutions v, defined in (2.33). Using (2.32), we see that we have for all (z, x), (s, y) €
[0.T)x J

(A.2) uj(t,x) —u, (5,y) <2C,T +2e+ Lod(x,y).

We first apply Lemma A.1 to control u (¢, x) —u (¢, x), and then apply Lemma A.1 to control
u, (s, y) —w(s, y). Finally we get the control on u(¢, x) — w(s, y), using (A.2). O

We now turn to the proof of Lemma A.1.

Proof of Lemma A.1. — Let us define

p(x,y) = V1 +d3(x,y).

Then ¢ € C'(J?) and satisfies

(A.3) lox (X, Y. ey (x, y) = 1.
For constants C1, C, > 0 to be chosen, let us consider
M= sup  (u(t,x) —w(t,y) — Cat — Cro(x, y)).

t€l0,T), x,yeJ
The result follows if we show that M is non-positive for C; and C, large enough. Assume
by contradiction that M > 0 for any C; and C,. Then for n,a > 0 small enough, we have
My, > M/2 > 0 with
(A.4) ,
Myo = sup (u(t,x)—w(t,y)—Czt—Cltp(x,y)— Tn —otd (xo,x)).
t€[0,T), x,yeJ —1 2
From (1.10), we have

M(I,X) - w(tvy) = CT(2+ d(O,X) +d(09y))

which shows that the supremum in (A.4) is reached at a point (¢, x, y), assuming C; > Cr.
Moreover, we have (for 0 < o < 1)

(A.5) ad(0,x) < C = C(Cy).

From the uniform continuity of the initial data u, there exists a constant Cy > 0 such that

uo(x) —uo(y) = Cop(x,y)
and therefore t > 0, assuming C; > Cy. Then the classical time penalization (or doubling
variable technique) implies the existence of a,b € R (that play the role of u, and v;) such
that we have the following viscosity inequalities
a+ H (x,Crox(x,y) + ad(xo, x)) =0,
b+ H(y,—Cigy(x.y)) 20

(using the shorthand notation (3.1) and writing ad(xo.x) for a (d?(xo.x)/2)  for the
purposes of notation) with @ — b = C, + n(T — t)2. Substracting these inequalities yields
(AQ) G gty S HO=Cigy(x0) = H (v, Crge(x.y) + @d 0.2).

Using bounds (A.3) and (A.5), this yields a contradiction in (A.6) for C; large enough. [
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A.2. Technical results on a network

Proof of Lemma 5.2. — (H1) and (H2) imply the uniform boundedness of the p2(z, x),
i.e., (5.8). We also notice that because of (5.8), there exists a constant Cy > 0 such that for
allt €[0,T],e € Eandn € de,

(A7) |He(2,n, p¢(t,n))| < Co

from which (5.9) is easily derived.

We now turn to the proof of (5.10). In view of the definition of F4 and (A2), (H5), we see
that it is enough to prove that for all forn € U, t,s € [0,T], p = (pe)ece, € RC &n,
x € Y,

(A8) ARGt p) = A8, p) = a7 (|1 = 511 + max(0, 435, p))))-
where
Ap(t, p) i= max H (1.1, pe) = Ay (1)
ec&;,

or
A, p) = max Hf (t,n, pe) = Ap(1).

eeE,

We only treat the first case, since the second case reduces to the first one by a simple change
of orientation of the network.

We have
Ala.p) = H, (a.n,pe,) for a=t,s.
Let us assume that we have (otherwise there is nothing to prove)
0 < I(t.5) = Ap(t. p) — Ay(s. p).
We also have
H, (t.n. pe,) < Ap(t.p) = H, (1.1, p,)
and
H, (s,n, pe,) < Ag(s,p) = H, (s,n, pe,)-
We now distinguish three cases.
Case 1: He_t(s,n, De,) < He,(s,n, pe,). — We first note that
(A.9) 0<1(t,5) < Ap(t, p) — Ap(s).
Let us define
inf{o € [r.s]. Hg (0.n. pe) < He(o.n,pe,)y if 1<,
sup{o € [s.1], H; (0.n,pe,) < He (0,0, pe,)} if 1>
Let us consider a optimizing sequence o — t such that
He_t(ak,n,pet) < H,, (0%, n, pe,)-
Then we have

H (0.1, pe,) = He, (0k.n. p2, (0k.n)) < Aj(0k) < Ap (0%, p).
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Then passing to the limit & — +o0, we get (by convergence of the minimum values of the
Hamiltonians, even if the map 7 +— p2(7, n) is discontinuous)

(A.10) Hy (v.n pe,) = He,(r.n pl, (v.m)) < AY(2) < AO(x. p).
If T = ¢, then (A.10) implies that 4%(z, p) = A%(¢) (keeping in mind the definition of p,, ).
SUBCASE 1.1: t # t. This shows that
Hez(f’nﬁpet) EAE(T) and Het(t’n7pet)2A2(t)'
We now choose some 7 in between ¢ and 7 such that
He, (%7 n’ pé‘[) = Ag(%)
and estimate, using (A.9) and (A.7) and (H5)-(H6),
0 < I(t.5) < {AR(t. p) = He, (T.n, pe,)} + {AR (D) — A} (5)}
S {H€z ([s n, per) - Hez (‘E’ n, Pe;)} + {Ag(f) - Ag(s)}
< ar (|t = T|(1 + max(49(7),0))) + or (|7 —s|)
< or(|t —s[(1 + Co)) + ar(|t —s|).

SuBcASE 1.2: © = ¢. Then A%(¢, p) = A%(¢). Using (A.9), this gives directly
0<I(t,s) < Ap(1) — Ap(s) < ar (|t — s|).
Case 2: He_[(s,n, De,) = He, (5,1, pe,) and He_t(t,n, De,) = He, (t,n, pe,).— We have

0<1(t,s) = Hg (t,n, pe,) — Ay (s, p)
< H; (t,n,pe,) — H, (s,n, pe,)
= He, (1.1, pe,) — He, (5.1, pe,)
< or(|t —s|(1 + max(He, (s.n. pe,).0)))
< or(|t —s|(1 + max(H,, (s.n, pe,).0)))
< or(|t —s|(1 + max (4G (s, p),0))).
Case 3: H, (s,n, pe,) = He,(s,n, pe,) and H, (t,n, pe,) < He,(t,n, pe,).— Then

pgt (t,n) < pe, < pgr (s,n).
Because of (A.7) and the uniform bound on the Hamiltonians for bounded gradients, (H2),

we deduce that
He, (s,n, pe,) < Cy

for some constant C; > 0 only depending on our assumptions. Therefore, we have
0<1I(t.5) = H, (t.n, pe,) — AY(s. p)
< H, (t,n, pe,) — H, (5,1, pe,)
< Het (t,l’l, pEz) - He; (37 n, Pe,)
< or(lt —s|(1+ Cy)).

The proof is now complete. O

4¢ SERIE - TOME 50 — 2017 — N° 2



HAMILTON-JACOBI EQUATIONS ON NETWORKS 443

Semi-concavity of the distance. — In order to prove Lemmas 5.10 and 5.11, we need the
following one.

LEMMA A .2 (Semi-concavity of ¢ and d?). — Let o)V be a network defined in (5.2) with

edges & and vertices . Let
p(x.y) = vV1+d2(x,y)

where d is the distance function on the network o). Then ¢(x,-) and ¢(-, y) are 1-Lipschitz for
all x,y € N. Moreover ¢ and d? are semi-concave on e, x ep, for all e4, e € €.

Proof. — The Lipschitz properties of ¢ are trivial. Since r + 72 and r +— /1 +7r2
are smooth increasing functions in R™, the result follows from the fact that the distance
function d itself is semi-concave; it is even the minimum of a finite number of smooth
functions.

If e, = ep, then d?(x,y) = (x — y)? which implies that ¢ € C!(e, x e,). Then we only
consider the cases where e, # ep.

Case 1: e, and ey, isometric to [0, +00). — Then for (x, y) € e, X ep, we have
dix,y)=x+y+ d(eg,eg)
which implies that ¢ € Cl(e, x ep).

Case 2: e, isometric to [0, +00) and ep isometric to [0, p].— Reversing the orientation of e,
if necessary, we can assume that

dp := d(eg,eg) < d(eg,eg) =:d;
and then for (x, y) € e, X e, we have
d(x,y) =x +min(dg + y,dy + (I, — y)) = min(do + x + y,d1 + x + ([, — »)).
Then ¢ is the minimum of two C! functions, it is semi-concave.

Case 3: e, and ey, isometric to [0, l;] and [0, l]. — Changing the orientations of both e, and
ep if necessary, we can assume that

d(eg.ep) = min diy with di; = d(e, el).
i,j=0,
Therefore
d(x,y) = min(doo +x + y.dor + x + (lp — y). dio + (la —=x) + y.d11 + (la = X) + (Ip — )
and again ¢ is the minimum of four C' functions, it is therefore semi-concave. O

Proof of Lemma 5.10. — We first prove (5.14) for t = s by adapting in a straightforward
way the proof of Lemma A.1. The only difference is that for any e,, e; € £, the function

p(x,y) = V1 +d*(x,y)

may not be C'(e, x ep). But Lemma A.2 and Remark 5.6 ensure that this is harmless. The
remaining of the proof of Lemma A.1 is unchanged. In particular the uniform bound on the
Hamiltonians for bounded gradients is used, see (H2).

Now (5.14) is obtained for ¢ # s by following the proof of Lemma 3.4 and using the
barriers given in the proof of Theorem 5.7. O
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Proof of Lemma 5.11. — We do the proof for sub-solutions (the proof for super-solutions
being similar). We consider the following barrier (similar to the ones in the proof of
Theorem 5.7)

uf(t,x) = uf(x) + Kt + ¢
with
& J—

lug —uo| <& and |[(ug)x| < L,
and K, > C, with C; given in (5.12). It is enough to prove that for all (z,x) € [0, T) x oV,
u(t,x) < uj(t,x)
for a suitable choice of K, > C, in order to conclude. Indeed, this implies

u(t, x) <uo(x) + f()
with

f(t) = min(K¢t + ¢)

e>0
which is non-negative, non-decreasing, concave and f(0) = 0.
We consider forO0 <7 < T,
M = sup (u— u:)(t, X)
(t,x)€[0,T)x NV

and assume by contradiction that M > 0. We know by Lemma 5.10 that M is finite. Then
for any o, n > 0 small enough, we have M, > M/2 > 0 with

My=  sup ulex) —uf (0 - —— —ay )
(t,x)€[0,7)x N T—1
(we recall that ¥ = d?(xo,-)/2). By the sublinearity of u and u;", we know that this

supremum is reached at some point (¢, x). Moreover ¢ > 0 since u(0, x) < ug(x) < uJ (0, x).
This implies in particular that

d?(xo,
0<M/2< My, =ul(tx) —uj(t,x) _ —o ();0 x)
_
d?(xo,
< Cr(1 +d(xo, 1)) ~ uj(x0) + Led(x,x0) — o2
d?(xo,
< Cr(1 +d(xo. ) + luo(xo)] + ¢ + Led(r. x0) — o -0
d2
< Re(1 +d(xo, 1)) —a 000
with
Re = Cr + max(Le, [uo(xo)| + &).
Then z = ad(xg, x) satisfies

2 2

z 5 Z
§Rga+R€z§Rea+Rs+Z

2
which implies that for a < 1,

(A.11) od(xe,x) <2,/R: + R2.
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Writing the sub-solution viscosity inequality, we get

K + ch\/(l,x, (”(E))x(x) + oy (x)) <0.

We get a contradiction for the choice

K. =1+
max | sup sup |max(A4,(t), A2(¢))|, sup sup sup sup |He (2, x, pe)l
t€l0,T1new

tef0.T]eel xee [Pel<Le+24/ Re+R2

Appendix B
Stationary results for networks

This short section is devoted to the statement of an existence and uniqueness result for the
following stationary HJ equation posed on a network /¥ satisfying (5.1),

(B.1) u+ Hy(x,uy) =0 forall xe M.
For each e € &, we consider a Hamiltonian H, : ¢ x R — R satisfying
— (HO-s) (Continuity) H, € C(e x R).
— (H1-s) (Uniform coercivity)

liminf H,.(x,q) = 400
lg|—>+o0

uniformly with respect to x € e, e € €.

— (H2-s) (Uniform bound on the Hamiltonians for bounded gradients) For all L > 0,
there exists C;, > 0 such that

sup |H y(x, p)| = Cp.
pe[—L,L]l,xe N\V

— (H3-s) (Uniform modulus of continuity for bounded gradients) For all L > 0, there
exists a modulus of continuity wy, such that for all |p|,|g| < Landx € e € €,

|He(x, p) — He(x.q)| < oL(Ip —q)).
— (H4-s) (Quasi-convexity) For all n € 9, there exists a p?(n) such that
H,(n,) isnonincreasingon (—oo, p2(n)],
H,(n,-) isnondecreasingon [p2(n),+00).
As far as flux limiters are concerned, the following assumptions will be used.
— (A1-s) (Uniform bound on A) There exists a constant C > 0 such that for alln € %,
|[4n] < C.

The following result is a straightforward adaptation of Corollary 5.9. Proofs are even

simpler since the time dependance was an issue when proving the comparison principle in
the general case.
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THeOREM B.1 (Existence and uniqueness—stationary case). — Assume  (HO-s)-(H4-s)
and (A1-s). Then there exists a unique sublinear viscosity solution u of (B.1) in oM.
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