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BLOWUP FOR BIHARMONIC NLS

BY Tuoomas BOULENGER anp Enno LENZMANN

ABSTRACT. — We consider the Cauchy problem for the biharmonic (i.e., fourth-order) NLS with
focusing nonlinearity given by

idu = A%u — pAu — |u®®u for (r,x) € [0,T) x RY,

where 0 < 0 < ocoford < 4and0 < o < 4/(d —4) ford > 5;and u € R is some parameter to
include a possible lower-order dispersion. In the mass-supercritical case o > 4/d, we prove a general
result on finite-time blowup for radial data in H 2(R“’) in any dimension d > 2. Moreover, we derive
a universal upper bound for the blowup rate for suitable 4/d < o < 4/(d — 4). In the mass-critical
case 0 = 4/d, we prove a general blowup result in finite or infinite time for radial data in H2(R%). As
a key ingredient, we utilize the time evolution of a nonnegative quantity, which we call the (localized)
Riesz bivariance for biharmonic NLS. This construction provides us with a suitable substitute for the
variance used for classical NLS problems.

In addition, we prove a radial symmetry result for ground states for the biharmonic NLS, which
may be of some value for the related elliptic problem.

RESUME. — On considére le probleme de Cauchy pour NLS biharmonique (i.e., d’ordre quatre)
focalisante définie par

idu = A?%u — pAu — [ul®®u for (r,x) € [0,T) x R4,

avec0) <o <oopourd < 4et0 <o < 4/(d —4) pourd > 5;et u € R est un parametre destiné
a éventuellement inclure un terme dispersif d’ordre inférieur. Dans le cas sur-critique 0 > 4/d, on
prouve un résultat général d’explosion en temps fini pour des données radiales dans H 2(]Rd) en toute
dimension d > 2. On déduit par ailleurs une borne supérieure universelle pour la vitesse d’explosion
moyennée en temps pour certains indices 4/d < o < 4/(d — 4). Dans le cas critique 0 = 4/d, on
prouve ensuite un résultat général d’explosion en temps fini ou infini, toujours pour des solutions a
données radiales H2(R?). On utilise 1 de fagon cruciale I'évolution temporelle d’'une quantité positive,
que nous baptisons la bivariance (locale) de Riesz pour NLS biharmonique. Cette quantité nous sert
de substitut avantageux a la variance classiquement utilisée pour I’étude des problémes NLS.

On prouve enfin I'existence d un ground state radial pour NLS biharmonique, qui pourra s’avérer
utile pour I’étude du probléme elliptique associé.

0012-9593/03/© 2017 Société Mathématique de France. Tous droits réservés doi:10.24033/asens.2326
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504 T. BOULENGER AND E. LENZMANN

1. Introduction and main results

In this paper, we consider the Cauchy problem for the biharmonic (i.e., fourth-order) NLS
with focusing power-type nonlinearity given by

i9;u = A%u — uAu — |u|*“u,

(D u(0,x) = ug(x) € H*(R%), u:[0,T)xR? - C,

where 0 <0 <ooford <4and0 <o < ﬁ for d > 5. Here the parameter u € R allows
us to include a possible lower-order dispersion of classical NLS type.

The biharmonic NLS provides a canonical model for nonlinear Hamiltonian PDEs with
dispersion of super-quadratic order. Historically, the study of biharmonic NLS goes back
to Karpman and Karpman-Shagalov [21, 22] in the physics literature, followed by the work
of Fibich-Ilan-Papanicolaou [15], where the rigorous analysis of these models was initiated.
In recent years, a considerable amount of work has been devoted to the study of (1.1). For
instance, we refer to the works by Ben-Artzi-Koch-Saut [5] and Pausader [33, 32, 34] on well-
posedness and scattering for biharmonic NLS; see also [35, 30, 36].

Despite the fact that problem (1.1) bears a lot of resemblance to the classical NLS, several
key questions have been out of scope by rigorous analysis up to now. Here, as a chief open
problem addressed in this paper, we mention the existence of blowup solutions for problem
(1.1), which has been strongly supported by a series of numerical studies done by Fibich and
coworkers [3, 2, 1] for mass-critical and mass-supercritical powers ¢ > 4/d. In the present
paper, we shall give an affirmative answer to the existence of blowup solutions for radial data
in H2(R9) satisfying criteria that appear natural from known results on blowup for NLS and
nonlinear wave equations (NLW). As another main result, we also derive a universal upper
bound on the blowup rate in the mass-supercritical case for suitable exponents o > 4/d.

Before we turn to the statement of the main results, let us mention some general features of
the evolution problem considered in this paper. Similar to the classical NLS, equation (1.1)
can be viewed as an infinite-dimensional Hamiltonian system, which enjoys the conservation
of mass M [u] and energy E[u] that are given by

(1.2) Mu] = /Rd lu|? dx,

! 1
a3 E=g [ alar+t [ vepar- s [,
2 R4 2 R4 2(7+2 R4

Let us emphasize the fact that (1.1) does not possess any Galilean or Lorentz symmetry in
contrast to classical NLS or NLW, respectively. With regard to classification of the criticality
level for problem (1.1), let us define the number

d 2
1.4 ===
(1.4 Sc 2 o
If we suppose for the moment that 4 = 0 holds in (1.1), we have the exact scaling invariance
so that u(z, x) can be mapped to another solution given by

(1.5) wa(t, x) = AT u(\*, Ax)  with A > 0.

This rescaling preserves the homogeneous H *¢-norm of the original solution u(z). Note that

sc = 2 corresponds to the endpoint case 0 = ﬁ in (1.1) for dimensions d > 5. In view
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BLOWUP FOR BIHARMONIC NLS 505

of the conservation laws above, we refer to the cases s, < 0, s, = 0, and s, > 0 as mass-
subcritical, mass-critical, and mass-supercritical, respectively. The endpoint case s, = 2 is
energy-critical.

From [33] we recall the local well-posedness of the Cauchy problem (1.1) holds for s, < 2.
Furthermore, if s, < 2, we have the following blowup alternative: Either the solution
u € C°[0, T); H2(R?)) of (1.1) extends to all times ¢ > 0, or we have that

lim || Au(z =
lim | Au(0)] 2 = +o0

for some finite time 0 < T < 4o00. In the energy-critical case s, = 2, we have a blowup
alternative that involves a critical Strichartz norm in space-time; see Theorem 4 below for
more details.

Finally, we mention that, in the mass-subcritical case s, < 0, the conservation laws
for M[u] and E[u] together with an interpolation estimate (see (1.6) below) imply that all
solutions u(¢) of problem (1.1) extend to all times, and thus blowup cannot occur in the mass-
subcritical case s, < 0 in analogy to well-posedness theory for classical NLS. The present
paper will show that, for s, > 0, we do have blowup for biharmonic NLS for radial solutions
in H? that satisfy suitable criteria.

1.1. Blowup for mass-supercritical case

First, we discuss the case of mass-supercritical powers in (1.1) below the energy-critical
level, i.e., we suppose that
0<se. <2.

In view of the conservation laws for mass and energy, we recall the Gagliardo-Nirenberg
(GN) interpolation inequality

od 2 (d—4)
(1.6) [)12552, < CaollAull 2 llul;,?
valid for all u € H?(R?) and where Ci,s > 0 denotes the optimal constant; we refer to
Appendix A for more details. It is known that (1.6) has optimizers Q € H?(R?), which we
refer to as ground states throughout the following. By rescaling, we can assume that any such

ground state Q € H2(R%) solves the nonlinear elliptic equation
(1.7) A2Q+0— |00 =0 inR?,

We remark that uniqueness of Q (modulo translation and phase) is not known. In fact, to
the best of our knowledge, it has not even been known whether Q can be chosen radially
symmetric, since classical methods (e. g., moving planes or rearrangement techniques in
x € R¥) are not applicable for Equation (1.7) due to the presence of the biharmonic oper-
ator A2. But if we assume that 0 € N holds, we show that Q can always be chosen to be
radially symmetric and real-valued, by using rearrangement techniques in Fourier space; see
Appendix A for more details. Actually, we will not make use of this fact shown here. But this
symmetry result for ground states Q seems to be new and it is perhaps of some independent
value.

Our first main result gives sufficient criteria for finite-time blowup for (1.1) in the class of
radial initial data.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



506 T. BOULENGER AND E. LENZMANN

THEOREM 1 (Blowup for mass-supercritical case). — Letd > 2, u € R, and 0 < s, < 2
with o < 4. Suppose that ug € H*(R?) is radial and satisfies one of the following conditions.

(1) If u # 0, we assume that

0 for u >0,
E[u()] < 2
—xuMlug] foru <O,
with some constant x = x(d,o) > 0.
(i) If u = 0, we assume that either E[ug] < 0 or, if E[ug] > 0, we suppose that

Efuol* Muo]>~* < E[Q]* M[Q]*™*,
and
1Auo 135 uoll72% > 1AQ155 1 Q1175
Then the solution u € C([0,T); H2(R?)) of (1.1) blows up in finite time, i.e., we have
0 <T < +ooandlimyr |Au(t)||2 = 4o0.

REMARKS. — 1. The extra condition o < 4 arises from the use of the Strauss inequality
(i.e., a radial Sobolev inequality) in R? with d > 2. An analogous condition on the exponent
o appears in the blowup proof of Ogawa and Tsutsumi [31] for classical NLS.

2. Note that if i > 0, the negative energy condition E[ug] < 0 is sufficient.

3. By time reversal symmetry, the equivalent blowup result holds for negative times.

4. For 0 < s. < 2 and initial data uy € H?(R?) (which are not necessarily radial) with
energy E(ug) > 0 such that

E[uO]S(»M[uO]Z—SC < E[Q]s(,M[Q]Z_SC,

and

18Ul ol 7% < IAQIS Q172"
the corresponding solution u € C°([0, 00); H2(R?)) of (1.1) exits for all times ¢ > 0 with
an a priori bound sup, |[Au(t)|| 2 < +oo. This is a consequence of the conservation laws
for mass and energy combined with the sharp version of the GN-inequality (1.6). Note that
quantities E[Q]* M[Q]*~* and [ AQ||}5 O ||2§S” do not depend on the particular choice of
a ground state Q € H2(R%) solving (1.7) thanks to Pohozaev identities; see Appendix A.

5. For ¢ € N, we show that ground states Q = Q(|x|) can be chosen radial; see
Appendix A. In this case and with =0 in (1.1), we conclude that solitary waves
u(t, x) = e* Q(x) are unstable due to nearby finite-time blowup solutions. Indeed, it is
straightforward to check that radial initial data uo(]x|) = AQ(|x|) with A > 1 satisfy
the assumptions of Theorem 1. On the other hand, we deduce global-in-time existence
for uo(|x]) = AQ(]x|) when A < 1 by the remark made above. Thus, in this case, the blowup
conditions for radial ug € H*(R?) are sharp.

6. Similar blowup and/or scattering conditions for classical NLS involving products of
suitable powers of E[Q] and M [Q] were derived in [19, 14, 20, 18].

7. In [1], the authors investigate (by means of asymptotic analysis) self-similar blowup
solutions for mass-supercritical biharmonic NLS. Assuming a conjecture to hold for the
solvability of a certain nonlinear ODE for a self-similar blowup profile Sp, the results in [1]
yield the existence of singular solutions u, (¢, x) for (1.1) when u = 0 and ¢ > 4/d; these
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proposed explicit singular solutions u(¢) ¢ L?(R¢) become singular in finite time in the
space L29+t2(R9). It is an interesting open question to rigorously prove the existence of Sp
and to understand how a suitably perturbed profile of Sp may lead to explicit finite-time
blowup solutions in energy space.

The next main result establishes a universal bound on the blowup rate in the class of radial
data. The precise statement is as follows.

THEOREM 2 (Universal upper bound on blowup rate). — Suppose d > 3, u € R, and
0 <sc <2withe < min{3+1 &} Letuy € H*(R?) be radial and assume that the
corresponding solutionu € C([0, T); H2(R?)) of (1.1) blows up in finite time 0 < T < +o0.
Then, for any time t € [0, T), we have the bound

T 28
/ (T — )| Au()|22 dt < C (T —1) s
t

with some constants C = C(ug,d,c) > 0and = B(d,o) > o, where
4—o

T od-1)

Moreover, it holds that B = o + O(s¢) — a as s¢ — 0.

o

REMARKS. — 1. Our strategy to prove Theorem 2 is inspired by the remarkable proof of
Merle-Raphaél-Szeftel [28], where a (sharp) universal upper bound for the blowup rate for
mass-supercritical classical NLS is established. However, the proof in [28] makes use of the
variance algebra for classical NLS, which is not at our disposal for biharmonic NLS and
hence cannot be directly adapted to the present situation. To overcome this, we introduce a
suitable nonnegative quantity %y, [u], which we refer to as the (localized) Riesz bivariance;
see below for more information on this.

2. We need to impose the extra condition o < min{% + %, g} in order to control certain
nonlinear interaction terms (which are not present at all for classical NLS). See below for
more details on this. Note that this technical assumption on o is automatically satisfied when
d > 12, since we have 0 < ﬁ in the energy-subcritical case.

3. In the proof of Theorem 2 given below, we give an explicit formula for § = 8(d,0) > «;
see Section 6 for more details.

4. The numerical analysis in [3] suggests that the sharp upper bound is § = «. It seems a
challenging open problem to prove this observation by rigorous means.

1.2. Blowup for mass-critical case
We now consider the mass-critical case s, = 0in (1.1), i.e., we assume that 0 = 4/d holds.

We have the following result on finite- and infinite-time blowup for radial data.

THEOREM 3 (Blowup for mass-critical case). — Letd > 2, u > 0, and s = 0. Let
ug € H2ZR?) be radial with E(ug) < 0. Then the solution u € C°([0;T); H*(R?)) of
problem(1.1) satisfies the following.

(1) If u > 0, then u(t) blows up in finite time.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



508 T. BOULENGER AND E. LENZMANN

(i1) If u = 0, then u(t) either blows up in finite time or u(t) blows up in infinite time such that
|Au(t)|| 2 = Ct* fort > to,

with some constants C = C(ug) > 0 and ty = to(ug) > 0. Moreover, in the latter case
and for dimensions d > 5, it holds that

limsup (¢ 7" || Au(®)||2) = +oo,

t—>-+o0
for any v < vy, where
400 ford =8, 10 ford =6,
T4 ford=7, T )4 ford=5.
REMARKS. — 1. When u > 0, the proof is a slight modification of the proof of Theorem 1
and exploits the fact that the exponent ¢ = % is “mass-supercritical” with respect to the

lower-order NLS type dispersion —uA. On the other hand, we are presently not able to deal
with the case u < 0.

2. For u = 0 and 0 = 4/d, Equation (1.1) becomes invariant under L?-mass preserving
rescaling. In this case, the analysis turns out to be much more delicate, and we are currently
not able to conclude that radial negative energy solutions must blowup in finite time. The
proof for the growth estimate utilizes the localized Riesz bivariance.

3. This blowup result for 4 = 0 complements the analysis of Pausader and Shao [35],
where global-in-time well-posedness for radial initial data uy € L2(R?) with [[uo|,2 < [| O]l 2.
which implies that E[ug] > 0, was shown by implementing the Kenig-Merle method-
ology [23].

4. In view of well-known blowup results for negative energy data for focusing mass-critical
NLS, it seems natural to conjecture that we always have finite-time blowup for u = 0.

5. Lower bounds on blowup rates (as dictated by local well-posedness), convergence
properties to a blowup profile (given by Q), and L2?-mass concentration were shown in [3] for
finite-time blowup H 2-solutions for the L?-critical biharmonic NLS (1.1) with © = 0 and
o = 4/d. These results are in direct analogy to known results for L2-critical classical NLS.
In particular, the proofs in [3] follow from an adaptation of arguments in [29, 40] developed
for L2-critical NLS.

6. After finalizing this paper, we learned from the recent work by Cho et al. [12], where
existence of finite-time blowup solutions for fourth-order L2-critical NLS of the specific
form id,u = (A? — A)u — |x|"2|u|@u with « > 0 was shown for sufficiently high
space dimensions d, by means of a (non-localized) virial/variance type argument. For local
nonlinearities, the arguments used in [12] strongly exploit the fact that the nonlinearity is of
the form —p(x)|x|~2|u| Zu with non-increasing radial p(x).

1.3. Blowup for energy-critical case

As the final main result in this paper, we turn to the energy-critical case s, = 2, i.e.,
we assume that d > 5 holds and choose 0 = ﬁ. For this endpoint case, we recall the
homogeneous Sobolev inequality

(1.8) el 2, < CallAu2.
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BLOWUP FOR BIHARMONIC NLS 509

valid for allu € H?(R?) and where C; > 0 denotes the optimal constant. From Appendix A,
we recall the following known facts: It is a classical result that inequality (1.8) has an opti-
mizer W € H?(R?) that is unique (up to scaling and translation). Furthermore, it is known
that W e H2(R?) is radial, nonnegative and it solves the nonlinear elliptic equation

(1.9) A2W —|W|a5W =0 inRC.
In fact, we have the explicit formula
d—4
(d(d —4(d>—4)F) °
1.10 W(x) = .
(1.10) (x) ( o

As an aside, we remark that W ¢ L2(R?) for 5 < d < 8 due to its slow algebraic decay
at infinity. The reason why ground states for (1.9) are much better understood than for the
elliptic problem (1.7) is due to the conformal invariance of Equation (1.9).

We have the following blowup result for the energy-critical case, which is a close variant
of Theorem 1 above.

THEOREM 4 (Blowup for energy-critical case). — Letd > 5, u € R, and s, = 2. Suppose
that uy € H*(R?) is radial and satisfies one of the following properties.

(1) If u # 0, we assume that
0 foru >0,

Elup] <
[uo] —xpu*Mug] for p <0,

with some constant x = x(d) > 0.
(1) If u = 0, we assume that either E[ug] < 0 or, if E[ug] > 0, we suppose that

Eluo] < E[W] and |Auoll2 > |AW 2.
Then the solution u € C°([0,T); H2(R?)) blows up in finite time, ie., it holds that

0<T < +ooand
T 2(d+4)
/ / lu(t,x)| 4=+ dxdt = 4o0.
0o JRr4

REMARK. — This blowup result complements the works on the focusing energy-critical
biharmonic NLS in [32, 30], where global-in-time well-posedness in H2(R¢) for radial data
with Efug] < E[W]and ||Augllz2 < ||AW| 2 is established by implementing the Kenig-
Merle rigidity method (see, e. g., [23]) for biharmonic NLS.

1.4. Comments on the proofs

Let us give some explanations about the strategies behind the proofs in this paper, which
are based on exploiting (localized) virial and variance-type identities for the biharmonic
NLS. To simplify the following discussion, we suppose that the lower-order dispersion term
is absent in (1.1), i.e., we assume that

u=0.

We begin with some formal observations. To this end, we suppose that u = u(¢,x) is a

sufficiently regular and spatially localized solution of (1.1) for the following quantities to
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510 T. BOULENGER AND E. LENZMANN

make sense. Then, as a simple consequence of the exact scaling behavior, we formally obtain
the virial law given by

(1.11) % (2 Im /Rd u(t)x - Vu(t) dx) = 4doEuo] — (2do — 8)[|Au(t)]|7,.
In addition, a calculation shows that the nonnegative quantity

(1.12) Du@®)] = |||V|_1x1,t(t)||]2d2 = /Rd w(t)x - (—=A) " xu(t) dx
formally satisfies the differential law

(1.13) % V@u(t)] = 8Im /Rd u(t)x - Vu(t) dx + Error[u(t)],

where Error[(¢)] denotes some error term due to the nonlinearity in Equation (1.1). When
combined with the virial law (1.11), this identity turns out to be a viable substitute for the
variance law used for classical NLS. Since the quantity “V[u] scales like the fourth moment
[ |x|*u(t)|?, we refer to V[u] as the Riesz bivariance for the biharmonic NLS. As an aside,
we remark that the use of the fourth moment | |x|*|u(z)|? itself (or localized versions thereof)
do not seem to give any insight, which was already pointed out in [3]. To conclude our formal
discussion, we remark that for a (sufficiently regular and localized) solution v(z, x) of the free
biharmonic Schrodinger equation id;v = A2v, we can combine the identities in (1.11) and
(1.13) to obtain the conservation law

[(IVI7 x + 4itV|V]) v(l)”i2 = const.

which is an analog to the celebrated pseudo-conformal law for classical NLS (see [17]).

Let us now explain how to rigorously exploit the formal identities above for the nonlinear
biharmonic NLS in some detail. The proofs of Theorems 1 and 4, which address the mass-
supercritical case s, > 0, are inspired by a strategy that was introduced by Ogawa and
Tstutsumi [31] to show blowup for radial solutions for mass-supercritical NLS with radial
data ug € H'(R?) with infinite variance (i.e., we may have xuo ¢ L2(R?)). The adaptation
of this argument to biharmonic NLS requires a careful analysis of the time evolution for the
localized virial quantity

(1.14) Mo [u(1)] = ZIm/ u(t)Vog - Vu(t) dx,
R4

Here ¢g(r) is a suitably chosen radial cutoff functions with Vpg(x) = x for |[x| < R and
Vegr(x) = 0 for |x| > R. Imposing the assumptions of Theorem 1 and recalling that we
assume u = 0 for simplicity, we obtain the differential inequality

(1.15) %@ka[u(t)] < 4doE[ug] — (28 +or(D) [ Au(®)[7> + or(1)

with § = do — 4 > 0 and error terms og(1) — 0 as R — oo uniformly in ¢. In fact, such an
upper bound for time evolution for ¢}, [u()] is reminiscent to blowup proofs for classical
NLS (see[31]) and finite time blowup follows by integrating (1.15) and ODE comparison. But
due to the presence of the biharmonic operator A? here, the calculational efforts to arrive
at such an inequality requires some work that makes use of commutator identities. Let us
also mention that [35, 30, 33, 32] have already made use of a localized virial quantity for
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biharmonic NLS with less detail. However, the point here is to work out the signs of certain
errors terms, which turn out to be essential when proving a blowup result.

On the other hand, the proof of Theorem 2 and parts of Theorem 3 both depend on a new
ingredient, which is perhaps the most interesting aspect of this work. Here we introduce the
localized version of the Riesz bivariance defined as

(116 Vyplu)i= [ T0OTVR: A Tyru dx = ||V (Vi3]

with some cutoff function such that Vyg(x) = x for [x| < R and Vig(x) = O for |x| > R.
A subtle fact to be kept in mind is that the cutoff function ¥ g (r) appearing in the definition
of Uy [u] is not identical to g used in the localized virial ¢}, [u]. Instead, these cutoff
functions are related via the nonlinear equation d,¥gr(r) = +/2¢r(r). A calculation then
yields an identity of the form

d
(1.17) 77 DurluO] = 4cMy u(O] + N rlu ()] + o),

where the commutator term
HNru(@)] = /R LA [P, Vyr - (=0T VY] u(@) dx,

with [X, Y] = XY — YX arises from the nonlinearity in (1.1). Compared to classical NLS,
the presence of ¢V g[u] substantially complicates the analysis. However, by exploiting the
radial symmetry of u, we are able to derive certain bounds on /¥ g[u] that will be essential in
the proofs of Theorems 2 and 3 below. With the nonnegative quantity %y ,[u] and suitable
bounds on N g[u] at our disposal, we are in the position to implement the remarkable
strategy of Merle-Raphaél-Szeftel [28] (developed for mass-supercritical NLS) to obtain the
universal upper bounds on blowup rates for biharmonic NLS in Theorem 2 above.

As a further application of the Riesz bivariance Uy, [u], we obtain the quantitative lower
bounds on the infinite-time blowup rates in Theorem 3 for the delicate case © = 0. In
particular, for dimensions d > 8 and the mass-critical exponent o = 4/d, the term o/ g[u] is
“almost” controlled by L2-mass conservation, since we find that, for arbitrary & > 0,

| N RUON Seituol,» RENAu@)]2.

With the help of this bound, we deduce that radial infinite-time blowup solutions u(¢) with
Elug] < 0 in the mass-critical case and dimensions d > 8 must grow (at least along
subsequences f, — +00) faster than any polynomial in 7.

1.5. Outlook and future problems

We think that this paper contains many points of departure for future work. Let us briefly
mention some of them as follows.

Of course, it would be desirable to remove the radial symmetry assumption in R?. In fact,
both the localized virial and Riesz bivariance identities hold true without imposing radiality.
However, at the moment, it is not clear to us how to effectively control the error terms without
radial symmetry. However, if we consider the biharmonic NLS (1.1) posed on a bounded
domain © c R?, we are able to remove the radiality assumption for the existence of blowup
solutions, as shown in our companion paper [7]. But the case of non-radial data in R¢ seems
to be a challenging open problem.
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Furthermore, it seems natural to conjecture that finite-time blowup always occurs in the
setting of Theorem 3, at least in sufficiently high dimensions. Another open problem that
seems worthwhile attacking is to try to improve that upper bounds in Theorem 2 to the rate
B = «, which is strongly indicated by numerics (see [3, 2]). So far, the fact that we can only
conclude that 8 > « is due to the bounds derived for ¢/ z[u]. We may speculate that, by
exploiting delicate cancelations and sign properties in the commutator term o/ g[u], that one
may eventually prove that 8 = « holds.

Another line of future research would be to study the blowup dynamics of collapsing
solutions close to ground state solitary waves u(z, x) = e’ Q(x) for the biharmonic NLS
(1.1) for w = 0. Here, as a starting point, a much better understanding of the related
nonlinear elliptic problem (1.7) is needed (e. g., a proof of non-degeneracy and uniqueness
of ground states).

Finally, we think that the strategies developed in this paper can be extended (with some
effort) to polyharmonic and fractional NLS of the form

(1.18) id;u = (—A)u —|u|>**u with (1, x) € R x R4,
where s € N is an integer (polyharmonic case) or s > 0 is a non-integer number (fractional

case); see [6]. A formal computation shows that the corresponding (localized) variance-type
quantity for Equation (1.18) is found to be

(119) Vo] = [ TOVYR- A7V dx

with Vyr(x) = x for |x| < Rand Vig(x) = 0 for |x| 3> R. Note that in the half-wave case
s = 1/2 and with mass-critical Hartree type nonlinearity, the nonlocalized version of “7)5;;
(i.e., we replace Viyg by the unbounded function x) was used by Frohlich and Lenzmann

[16] to prove finite-time blowup for radial solutions of the Boson star equation.
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2. Preliminaries and plan of the paper

For later use, we recall the following radial Sobolev inequality found by Strauss [38]: For
every radial function u € H'(R?) with d > 2, we have the pointwise bound

d—1 1 1 3 1
2.1 ]2 (o)l < 2Mull 2 1Vullfo < 20ull 1 Aull,  for x # 0,

where for the second inequality we additionally assume that u € HZ2(R%) holds; we refer
to [10] for a simple proof of the first inequality; the second inequality is a direct consequence
1 1

of the fact that || Vul|2 < |lull?, | Aull 2, foru € H*(R?).
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Throughout this paper, we make the standard abuse of notation by writing f = f(r) with
r = |x| for a radial function f : RY — C. Moreover, we use the convention that we sum
over repeated indices from 1 to d, e. g., we have xi y; = Zzzl X Yk etc. Furthermore, we
shall write

X<y
to denote that X < CY holds with some constant C > 0 that depends only on d, ¢, and the
radial cutoff function ¢ : R¢ — R introduced in Section 3 below.

This paper is organized as follows. In Section 3, we derive a localized virial identity for
the biharmonic NLS. In Section 4, we will prove Theorems 1 and 4. The localized Riesz
bivariance identity for the biharmonic NLS is derived in Section 5. In Sections 6 and 7, we
give the proofs of Theorems 2 and 3, respectively.

3. Localized virial identity

Let ¢ : RY — R be a radial function with regularity property V/¢ € L%®(R?) for
1 < j < 6 and such that

(3.1) 72 RSl e <t 50
. r) = an ry<lforr >0,
¢ () const. forr > 10 v
For R > 0 given, we define the rescaled function g : R¢ — R by setting
_p2 (T
(3.2) ¢r(r) 1= R%¢ (R) :

We readily verify the inequalities

/
(3 1-ghnzo, 1- &0
;

>0, d—Apr(r)>0 forallr >0.

Indeed, this first inequality follows from ¢%(r) = ¢”(r/R) < 1. We obtain the second
inequality by integrating the first inequality on [0, ] and using that ¢%(0) = 0. Finally, we
find that d — Apgr(r) = 1 — @} (r) + (d — 1){1 — L9k (r)} > 0 holds thanks to the first two
inequalities in (3.3).

For later use, we record the following properties of g, which can be easily checked:

r)x %x forr <R

v — R '(— L =
eR)=ROAZ) =)0 forr > 10R

(3.4) IV/ grllLee < R¥7 for0< j <6:
{|x| < 10R} for j =1,2
{R < |x| <10R} for3<j<6. '

)

supp (V' gr) C {
For u € H*(R?), we define the localized virial of u to be the quantity

(3.5) Myplu] = (u,—i(Vor -V + V- Vop)u) = ZIm/d uVeg - Vu,
R

where the last equality above follows from a simple integration by parts. In fact, we shall use
both expressions depending on the situation. By the Cauchy-Schwarz inequality, we have
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|Qﬂfl¢, r [u]| S R|ullz2IVu|lL2. In particular, the localized virial ¢}, [u] is well-defined
foru € H*(R%).

LemMa 3.1 (Time evolution of oMg). — Letd > 2 and R > 0. Suppose that u € C([0,T),
H2(R?)) is a radial solution of (1.1). Then, foranyt € [0, T), we have the differential inequality

%e%w ()] < 4doEluo] — (2do — 8)[|Au(®)[7> — 2do — 4)u|Vu(®)|7, + Xpu[u(0)]

+ O (R™ + RZ2[Vu@)|2> + R4 Va5 + 1nR2).

where
0 forpu >0,

lulIVu@)|7. forp <0,
with some constant A > 0 that only depends on ¢.

Xpfu] <

REMARKS. — 1. For non-radial solutions u € C([0,T); H2(R%)) and any d > 1 and
o > 0, the above differential inequality also holds formally true except for the error term
O(...), whose bound crucially relies on the radiality of u(¢, r) and the condition d > 2.

2. Localized virial identities for biharmonic NLS have already appeared in [35, 30, 33, 32].
However, the point here is that we show by a careful analysis that certain terms can be shown
to have a certain sign, which will be essential for proving blowup theorems based on oM g[u].

Proof. — We split the proof of Lemma 3.1 into the following steps.
Step 1 ( Preliminaries and commutator identities). — First, we recall that
Mgu(t)] = (u(), T u(t)) with Ty, :=—i (Vor-V + V-Vog).

By taking the time derivative and using that i d,u is given by (1.1), we deduce

d
(3.6) T M = AV O] + FP ] + Blu(0)]
with
AR ] = (@), [A% i Ty Ju). AR Tl := (). [-nd. i Ty Ju(o).
Brlul = (u(r), [=u]*?,iTylu(t)).

Since A2u € H 2(R?) and T',,u € H'(R?) in general, we note that the term 7" [u] is not
well-defined for u € H2(R?). Therefore, the following calculations require some higher regu-
larity of u(z); e. g., it suffices to assume that u € H3(R?) holds. The claimed identities and
inequality then follow by an approximation argument and passing to limits. (For instance,
we could employ a Yoshida type approximation with u, = (—sA 4+ 1)~'u and pass to the
limit ¢ — 07.) We omit the details of such a standard procedure.

As a further preliminary step, we collect some commutator identities that will come in
handy below. First, we observe that
(3.7 [A%iTyg] = A[A,iTye] + [A,iTp]A = 20 [A,iTyg]dk + [3k. [0k, [A. i Ty 1l
Note that we used the fact that A4 + AA = 20y Adx + [0k, [0k, A]] for an operator A. Next,

a calculation yields the known commutator formula

(3.8) [A,iTyr] = [A,Vor -V + V- Vor] = 43, (37,0r)3 + A%@r.
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If we plug this back into (3.7), we obtain the identity
(3.9 [A2,iTy,] = 807,(37,0R) 02, + 40k (97, ApR)D; + 20k (A%9R) Ik + A’pg.

We are now ready to divide the analysis of the terms 0%(1) [u], AP [u], and B[u] into the
following steps.

Step 2 (Dispersive parts C%g) and c%g) ). — We start by recalling that the Hessian of
sufficiently regular and radial function f : R¢ — C is given by
XpX]

d,
(3.10) 2, f = ((sk, — r_2> f + 2y

’
Applying this to ¢g(r) and u(z, r), a calculation combmed with integration by parts yields
that

TRACRAAELY <az,m<a,2mm><afnku>
-1 8r(.‘)R
— 2 2,12
=8 [ (on i+ T T )
0y d—1
=8/ |Au|2—(1—af<pR)|afu|2—(1— g"R) _
R4 r

r

Here we also used the identity [pq [Au|* = [pa {|8§u|2 + dr;zl |8ru|2} forradialu € H2(R%),
which follows from integration by partsin » = |x|. In view of the inequalities (3.3), we deduce
the bound

(3.11) (u ak,(almm)amku) 8/]1;(1 |Au|2.
Furthermore, straightforward arguments yield that
(e, 9% (33, Apr)dru)| < 1107 A‘PR||L°°||V””L2 S R Vullza,
(3.12) \(u, 9 (A?@R) k)| S [IA%@RILoo | Vul|72 S R72 (VU2
|, Apru)| S 18%pr Lo llull7> S R4 U7

By combining the bounds in (3.11) and (3.12), we conclude that
(3.13) (%;’[u(t)] < S/Rd |Au(@)]> + O (R™* + R Vu()|3-) -
Next, let us turn to (ﬁg) [u]. Here we use (3.10) and (3.8) and find by calculation that
AW =4 [ @@~ [ (%ol
= [ @orioal —p [ (@ oniP
= [ VuP + X 0) = [ @2l

with

(3.14) Xl =~ [ (= prloul
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From (3.3) and (3.4) we recall that 1 —d2¢g > 0 and |1 —9?¢gr| Lo < C with some constant
C > 0 that only depends on ¢. Hence,

0 foru >0,
(3.15) Xuul <A

lIVul22 for <0,

with some constant A > 0 that only depends on ¢. Since ||A2¢g|lzc < R72, we finally
obtain

(316 ARZWON =4y [ Va0 + X))+ 0 (IR )

Step 3 (Nonlinearity term JBg[u] and conclusion). — Here we note that integration by parts
yields
Bali) =~ . [P Vor -V + V- Vorl) =2 [ PV V(ul)
R
20
— A 20’+2’
= [ v

where we also made use of the identity V([u[?°72) = ZELV(ju|2%)|u|?. Since pr(r) = r?/2
for r < R and hence Apgr(r) —d = 0 for r < R, we obtain

20d 20
Brlu] = — / o+ - 20 f (Agg — d)u?°+?
R4 |x|>R

o+1 o+1
20d —o(d—
=25 [P (RO V).
R

where the last step follows from ||Apr — d| L= < 1 and applying the Strauss inequality,
which gives us

2 2 2 2 —o(d—1 2
/| P S e el S R IV
x|

Finally, we combine (3.13) and (3.16) with the estimate for Bg[u] to deduce that

20d

d 2 2 20+2
Gt <8 [ 1auoP +ap [ 19ul = 225 [ 4 o)

+ 0 (R™ + R2[Vu@)|2> + R4 |Vu(@), + [1|R )
= 4doE[uo] - (2do — )| Au(0)|} - (2do — Hu||Vu() 7> + Xuu(0)]
+ 0 (R™ + R Vu@)|2> + R4V Vu())g + 1R 2),

where we also used the conservation of energy E[u(z)] = E[uo].
This completes the proof of Lemma 3.1. O

4. Existence of blowup for mass-supercritical case

In this section, we will prove Theorems 1 and 4. With Lemma 3.1 at hand, we can follow a
strategy that has been introduced by Ogawa and Tsutsumi to show blowup for radial (infinite-
variance) solutions for NLS; see also [39] for a review on this method as well as [23, 24] for

4¢ SERIE - TOME 50 — 2017 - N° 3



BLOWUP FOR BIHARMONIC NLS 517

energy-critical NLS. Although the proofs of Theorems 1 and 4 are very similar, we give them
separately for the sake of clarity.

4.1. Proof of Theorem 1

Let us assume that d > 2, 0 € R,and 0 < s, < 2 with o < 4. Suppose that
uo € H2(R?) is radial and let u € C°([0; T); H2(R%))) be the solution of (1.1).

For R > 0, we let pr(7) = ¢(r/R) be the radial cutoff function introduced in Section 3
above. For notational convenience, we write

MRU@)] = Mg u(®)]
to denote the localized virial defined in Section 3 above. Furthermore, we define the number
4.1) §:=do—4

for notational convenience. We split the rest of the proof according to the following three
cases, which clearly cover the assertions (i) and (ii) in Theorem 1.

Case 1: i > 0 and Efug] < 0. — From Lemma 3.1, we deduce that
d
77 MrluO] < 4doEfuo] — 28| Au(@)|I7

+ 0(R™ + R Au@)L + RV au)lgh + |ulR?),
where we also used that [[Vu(t)||l,> < C(uo)|Au(r)[|}5. Since o < 4 and E[uo] < 0 by
assumption, we can choose R > 0 sufficiently large such that

d
(4.2) - MR[u(0)] < 2d0E[uo] - S| Au()|?, fort e[0,7).

We are now ready to argue by contradiction as follows. Suppose that 7" = 400 holds. From
(4.2) we conclude that o g[u(z)] < 0 for all ¢+ > t; with some sufficiently large time #; > 0.
In particular, we have oM g[u(f1)] < 0. Hence, by integrating (4.2) on [¢, ¢] with ¢ > #; and
using that Efug] < 0, we get

t
Halu®] <=5 [ I8uts)Z ds <o.
5]
Next, by the Cauchy-Schwarz inequality,

1
MR S IVerlLe lu@llp2[IVu@)lig2 < Cuo) RIIAU@)| ;-
Thus we find

Melu(®)] < —A /tt | Mrlu(s)]|* ds  with A := C(S, R) > 0.

Let us define z(¢) := fttl | Mg [u(s)]|4 ds fort > t;. Clearly, the function z(¢) is strictly
increasing and nonnegative. Moreover, we have oM glu(t)] = z/(t) > A*z(t)*. Hence, if we
integrate this differential inequality on [z, ¢], we obtain

—Az(t)
(1= 34%2(1)3(t — 1))

Melu(t)] < —Az(t) <

forallt > ;.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



518 T. BOULENGER AND E. LENZMANN

But this shows that M g[u(t)] — —ocoast — t, for some finite time 7, < +o00. Therefore, the
solution u(¢) cannot exist for all ¢ > 0. By the blowup alternative for the energy-subcritical
case s, < 2, this completes the proof of Theorem 1 for u > 0 and E[ug] < 0.

Case 2: u < 0. — We apply Lemma 3.1 to find
—o%R[u(t)] 4doEluo] — 28||Au(t)|72 + Alul|Vu@)|7.
+ O(R™ + R Au)ll2 + ROV au() |72 + IulR2)
with some constant A > 0 that only depends on ¢ (but not on R > 0). Now we use

IVul7, < 55 lull} + 3l AullL> with n = 26/(A|ul), which yields

2/1“2 )
25 Mol =8 Au®)ll7

+ 0 (R + R Aum)l2 + RV Au@) |75 + |ulR?)
= 4do (E[uo] + x> Muol) — 8| Au()[ 7
+ O(R™ + R2|Au@)L + RV au)lg5 + |ulR?),

%WR[M(I)] < 4doEfuo] + 4

where we have set x := A42/(168do). Thus if we assume that E[ug] + xu?M [ue] < 0 and
choose R > 0 sufficiently large, we deduce

%Q]MR[M(Z)] < —c—=Au@)|l7, forallz €[0,7)

with some positive constants ¢ > 0 and §’ > 0. If we now use the arguments presented
following (4.2) above, we deduce that u(¢) must blowup in finite time.

Case 3: u = 0 and E(ug) > 0. — Suppose that 4 = 0 holds and assume that E(ug) > 0
satisfies the conditions

(4.3) Euol* Muol>™* < E[QI* M[Q]*™* =: A[Q],
(4.4) 1Ao7 luoll75° > 1AQIS Q175
Next, by using energy conservation, we notice the lower bound

- +2|| D172 > F ([Au@)z2).

where the last inequality follows from L2-mass conservation M [u(t)] = M [uo] and the
interpolation inequality (1.6) with the function F : [0, c0) — R defined as

@5 Elul = 3lau0)l. -

1 Cio
4.6 F(y) = 5y — =25 M]ug) 2 @) y2tose,
(4.6) ) =5" =55 [140] y

Here Cz, > 0 denotes the optimal constant for inequality (1.6). It is straightforward to
check that F(y) has a unique global maximum attained at

al-

1 _2—s¢ . 4(0 + 1
@.7) Ve = (Ko % Mluo] 55 with  Kgg = (22 D)7
doCq
and
(4.8) F(ymax) = d = VEax-
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On the other hand, by Pohozaev identities, we obtain

Sc

Kao = 1801551015 = ()~ A1,
Using this, we conclude that the conditions (4.3)—(4.4) imply that
Efugl < F(ymax) and |[Auo|l 2 > Ymax-
In view of (4.5) and by continuity in time, we deduce that
4.9) [Au(t)|lp2 > ymax forallz €[0,7),

since otherwise there exists #, € (0, T') such that | Au(+)| .2 = Ymax, Which contradicts (4.5)
and Efug] < F(Ymax)- Next, we choose 1 > 0 sufficiently small such that

Efuol® M [uo]>™* < (1—n)* A[Q].
Using (4.9) and (4.7), an elementary calculation yields that
28(1 = )| Au(0)||7> > 4doEfue] forallt € [0,T),

where we recall that § = do —4. Thus from Lemma 3.1 and the previous discussion we obtain
from inequality (4.2) the upper bound

d
T Mrlu(t)] < 4doEuo) 28| Au()]}
4.10) + 0(R™ + R Aum)l2 + RV au@)75)

< = @n+or() [Au@®)|7> + or(1),

with og(1) — 0 as R — oo uniformly in ¢. Thus by choosing R > 0 sufficiently large and
using the uniform lower bound (4.9), we conclude

@.11) %CMR[W)] < —%’7||Au(z)||§2 forall ¢ € [0, T).

We are now ready to argue by contradiction as follows. Suppose that T = 400 holds. Using
the uniform lower bound ||Au(?)||;2 > Ymax > 0 forallz > 0 and integrating (4.11), we
conclude that oM glu()] < 0forallz > 1 with some sufficiently large time 7; > 0. In
particular, we have oM p[u(t1)] < 0. Hence, by integrating (4.11) on [z, ¢t] with ¢ > 1, we get

S t
Ml ) <=5 [ 18w ds <o

As before, this integral inequality implies that u(¢) blows up in finite time.
The proof of Theorem 1 is now complete. O

4.2. Proof of Theorem 4

Letd > 5and o = ﬁ, i.e., we assume that s = 2 holds. Suppose uy € H2(R?) is
radial and let u € C°([0, T); H%(R%)) denote the corresponding solution of (1.1). Since the
proof of Theorem 4 is very similar to the one given for Theorem 1 above, we only discuss the
following case and leave the remaining (simpler) cases to the reader.

Let us suppose that i = 0 holds and assume uo € H2(R?) is radial with

4.12) 0< E[uo] < E[W] and ||Auol2 > |AW ]|
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For notational convenience, we set p = dz—i. By energy conservation and Sobolev’s
inequality, we have the lower bound

1 1
(4.13) Eluo] = S 1Au@)I7> — —llu@l7, = F (|Au()]L2),

2 P

where the function F : [0, 00) — R is given by
p

1, C
(4.14) F(y) = 5y2 = —%y7.
p

Recall that C; > 0 denotes the optimal constant for inequality (1.8). Again, we notice that
F(y) has a unique global maximum given by

2 . 1\ 4
F(ymdx) ymdx with Ymax = C_
d
On the other hand, by the Pohozaev identities (A.11),
[AW |2 = ymax and F(ymax) = E[W].
Thus from (4.12) we infer that
Efuo] < F(ymax) and [[Aug[lp2 > [[AW]|z2.

By a simple continuity argument, we deduce that ||Au(t)||;2 > [|[AW |2 forallt € [0,T),
as in the proof of Theorem 1. Next, from Lemma 3.1 we obtain

16d
SRlo] < 72 (Efwl - F1an 012
(4.15)
+ O(R + R Au)|| 2 + R IIAu(t)II )
Now we choose n > 0 sufficiently small such that
Eluo] < (1 —n)E[W].
Since ||Au(t)||z2 > [|AW |2 and E[W] = §||AW||22, we deduce

2
(1- YI)E”A”(f)Hiz > Elug] forallt €[0,7).
Going back to (4.15) and choosing R > 0 sufficiently large, we conclude

(4.16) C MRl] < M) forall 1 € [0.7T),

where we also made use of the uniform lower bound ||Au(t)||;2 > ||AW| .2 to absorb the
error term O(R~*). With estimate (4.16) at hand, we can now conclude that u(¢) cannot exist
for all times ¢t > 0, in the same fashion as we did with (4.11) in the proof of Theorem 1 above.

This completes the proof of Theorem 4. O
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5. Localized Riesz bivariance and estimates

Let ¢ : R? — R be a radial function as in Section 3 above. In addition, we suppose that
o(r) >0 forr>0 and ¢(r)=0 forr > 10,

5.1 .

-1 V/ /o € L*°(RY) for0< j <6.

For details on how to choose such a function ¢(r), we refer to Appendix B. For R > 0, we
define the rescaled function

or(r) = R0 ().

Now we introduce another radial cutoff function ¥g : R¢ — R that is given by

(5.2) VR(r) = /0 V29R0) ds.

It is elementary to check that

r2/2 forr <R x forr <R
VR = {const, forr > 10R VVR() = {0 forr > 10R °
(5.3) IV/YrlLee SR>/ for0< j <6;
{lx| < 10R} for j =1,2

su v/ C .
PPOVIVRI C ik < x| < 10R} for3 < j <6

Furthermore by differentiating ¢ (r) = %|V¢R )= %(ak YRr)(0r¥R), we deduce that

(5:4) d1or = (04, VR) Bk VR).
for!/ =1,...,d. This identity will be used below.

For the rest of this section, we assume that d > 3 holds. We define the localized Riesz
bivariance by setting

(5.5) Vyplu] == {u, Vg - (=D) 7' Vyru) = (e ¥R, (=A) "' 9 Y RU).
Using that (—A)~! = |V|72 and by Plancherel’s theorem, we discover that
56) Vil = 97 Tyl = [ 1672 (T @) ds.

Clearly Yy . [u] > 0 is nonnegative and finite for u € H2(R?), since we have

5.7) Vyrlul = IIVITH (VYR < ClIx|(VYru)l7> < Clllx|VYRIZoo 17>
< RHulZ..

using the Hardy-type inequality |||V|™! fll,2 < C|||x|f]l.2 valid in dimensions d > 3.
(Notice that Uy, 1] is already finite if we only assume that u belongs to L2(R%).)

Suppose now that u € C°([0; T'); H2(R?)) solves (1.1) and let ¥/ be as above with R > 0
given. For the rest of the section, let us denote the localized Riesz bivariance and the localized
virial by

(5.8) Vrlu@)] = Vyplu@®)].  Mpu@)] = My [u(@)],

respectively.
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REMARK. — We emphasize that we use the different cutoff functions ¥ g and g for Vg[u]
and oM g|u], respectively, where the relation (5.4) will be important.

We have the following technical main result.

LEMMA 5.1 (Time evolution of Vg). — Let d > 3 and suppose u € C([0, T); H2(R?)) is
a radial solution of (1.1). Then, for any t € [0, T), it holds that

© Valu(t)] = 4 Malu(0)] + HNale)] + 0 (1 + ul K%,
where

N rlu] = —i (u(@). [, 9 yr(=A) " Ok yrlu(r)).

REMARK. — In Lemma 5.2 below, we will derive estimates that will in particular show
that oV g[u] is finite for u € H2(R?).

Proof. — For notational convenience, we define the pseudo-differential operator

Wg = O YRr(=A)" YR,
which corresponds to a localized version of the Riesz potential (—A)~!.
We divide the proof of Lemma 5.1 into several steps as follows.

Step 1 ( Regularity and preliminaries). — By using thatid,u = A%u—puAu—|u|**u, a simple

computation yields

(5.9) S DRu(] = LYW + LR O] + Nl

with

(5.10) L) = (u, [A% i Urlu), T[] = —p (u, [A, i WRu)
(5.11) Nrlu] := —(u, [[ul>*, i Wglu).

Note that all expressions involved here are well-defined due to the smoothing properties
of the pseudo-differential operator Wg. For instance, since A>u € H2(R?), we see that
Z%)[u] is finite provided that Wg (1) belongs to H2(R?). To see this, we first note that, by
Sobolev inequalities and the fact that Vi g is bounded and compactly supported,

(5.12) IVyrullLr < COR)Iull g2

forr € [1,00]ifd = 3,7 € [1,00)ifd = 4,and r € [1, dz—i] if d > 5. Thus, by the weak
Young inequality, we deduce

(5.13) I=2)" (VYR llLe < CWR)Iull g2,

forg € (;%55.00)if3< d < 8andq € (3%, 24)ifd > 9. Likewise and using the Mikhlin
multiplier theorem, we conclude

(5.14) IVEA) T (VYR e S IIVIT (VYR e S CWR)ullf2.
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forg € (;%.00)if3< d < 6andq € (7%, 24)if d > 7. We now use (5.13) and (5.14) to
find that
IR g2 S IAVYR(=A) T (VYR 12 + [(V2YR) - V(=A) T (VYru)l| 2
+[IVYr - A=A (VYRW 2 + VYR - (=) (VYR 2
SHAVYRI LA (=) (VYrW) Lot + V2 YrILe VI (VYRU) [ L22
+ IVYRIZoollull2 + IVYRILP II(=A) T (VYRU) | La3
S CWr)ullge.

where 1/p; + 1/q; = 1/2fori = 1,2,3. We readily verify that (p;,q;) = (4,4) for
i = 1,2,3 is an admissible choice when 3 < d < 4. For dimensions d > 5, we can take
(pi,qi) = (00,2) fori =1,2,3.

By following similar arguments as above, we see that the remaining terms in (5.9) are well-
defined for u € H2(R?). We omit the details.

Step 2 (Analysis of %g) ). — We now discuss the term Zg) appearing on the right side
in (5.9). Using that [4, BC] = [A, B]C + B[A, C] and [A2, (—A)™!] = 0, we note

[A2,iUR] = i[A%, 0k YRI(—A) "0k YR + ik YR(—A) A%, O yr] =:i(Z — Z¥)

where we set Z :=[A2 0x¥r|(—A)"19x¥g. Next, by iterating with the identity
[AB,C] = A[B,C] + [A, C]B, we obtain that

[A%, 0y R] = A[A, 3k YR] + [A, 0k WRIA = 2[A, R YrIA + [AL[A, 3 YR]]
= 2(0;[01. O YRl + [01, 0k Y RIO) A + [A,[A, 0 YR]]
= 22097, 0k VR] + [[01. Ok ¥R]. 01]) A + [A, [A, 0k YR]]
= 40, (03, VR)A — 2(AdYR)A + [A, [A, 0k YR]).
We proceed to study the last term on the right side. Here we observe that
[A, 3k yr] = 91[97, 0 WR] + [01, Ik YRIO = 31 (37, ¥R) + (3, VR):-
If we apply identity (3.8) with d; ¥ g instead of g, we find
(A A, R = 491 (331 W R)Im + A0 YR
= 4031, VR, + 4001, (331, WR)Im] + A28k YR
= 4(0,,, VR)7,, + 4(ADZ,, WR)Im + A0 YR,
Next, we use —A(—A)~! = 1 and combine the identities above to conclude that
Z = [N, B yrI(=D) " Yk
(5.15) = —431 (03, VR VR + 2(AB YR YR + 4331, VR, (— D) YR
+ (AR, YR Im (—2) T YR + (A0 Y R) (D) O Y.

By plugging this into %g) ] = (u,i(Z — Z*)u) = —21m (4, Zu) and recalling the identity
(5.4), an integration by parts for the top order term 4 d; (8% JVR) (O ¥R) yields

4
T[] =4 Mplu] =Y Roulul.

v=1
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with the remainder terms

Rlu] = 4Tm /R ARy R Oyl
Riolu] == 8Im /l;d (33, ¥R)7, (—A) (k¥ R)uU,
Ralu)i=81m [ (AT )0 () @,

Raluli=21m [ 720000 ) @,

As a next step, we claim that

(5.16) | Rulul| < llull7> = O(1).
forv =1,...,4. Indeed, we first note that
R lu] =0,

since the integrand is real-valued. To estimate (R [u], we use |87 (=A) 7! fll2 S I f 2
and the Cauchy-Schwarz inequality to get

3 2 -1 2 2
| Ralull S N0k pm ¥Rz 0 VRILoull;> S R - Rlulps < llullz-.

Next, we use that [0, (—A) " fl2 <l (—A)_% f |12 together with the Cauchy-Schwarz and
the weak Young inequalities. This gives us

—1
| Ralu]l S (A8, Rl 21| (—=2) 2 Bk yru) |2 S IIAai,,,lelLooIIMIILz||3kauI|LdzTng2
S 1A, VRl 0k ¥rlLallul}> S R7? - RP|lull7> < llull7-.

using that |0 VrllLe < R-[{]x| < 10R}|$ < R? thanks to (5.3). Finally, we note (—A)~! =
(—A)_% (—A)_% and apply the weak Young inequality once again to find that

_1 _1
| Ralull S N(—=A)"2 (A2 r)ull 2 [I(—A) "2 Bk Yru) | 22
S ||(A23k1/fR)M||Ldqu2 ||3k1/fRM||Ldzig2 SNA?3 YRl La 0¥ rlLallul; -
SR Rully S lulls.

since we have | A20; VR« <R3- |{]x] < 10R}|5 < R2by(5.3)and ||0x ¥Rl « < R? as
shown above. This completes the proof of estimate (5.16).

Step 3 ( Analysis of %%2) ). — Letusnow turn to term 22;%) arising from the commutator of Vg
with the lower-order dispersion.

By using that [A, (—=A)™!] = 0 and [4, BC] = [A. B]C + B[A. C], we calculate
[AiUR] = i[A, 0k VRI(—A) 0k VR + i 0k VR(—A) A, 0 WR] =: i (Z — Z*)
with Z := [A, 9k r](—A)~19x ¥ r. We proceed by noticing that
[A, 0k r] = [01, 0¥ RIO + 0:[01. Ok Y]
= 2[0;, 0 VRO + [07, [01, Ok YR]] = 237, ¥R)I1 + Adx Y.
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Since Z[u] = —p(u.i(Z — Z*)u) = 2uIm (u, Zu), we obtain
L) = Ralu] + Ralu]
with

Rolul = 4 Im /R @Ry D) Dy

Roalu] = 2 Im / WARY R -A) e yru.
R
Next, we claim that
(5.17) | Rolu]] < || R?|[ull7, = O(Ip|R?)

for v = 1,2. To see this, we use that [|0;(—A)"! fll,2 < ||(—A)*%f||Lz and apply the
Cauchy-Schwarz and weak Young inequalities to deduce

z _1
| Rl S 1l 3F ¥R ull 2 (=A) "2 @k YR U2 S |M|||ailWR“L°°“””LZ”akWRMHL%
Sl VRl 19k wrlLa lull72 S [0 R [[ull7 2,
since |92, Y|z < 1and |0 yrllLe < R Next, by writing (~A)™" = (—A)~2(=A)~3
again, another application of the weak Young inequality likewise yields that
z _1 _1
| R2[u]l S 11l (=A) "2 (A Y R)IW L2 [ (=A) "2 (YR 2

SInllAhyRull 20 10Vl 20 S 1AV R La |0k VR La 7
S IR [[ul)? 2,

using the bounds [|[AdxYr| ¢ < 1and ||0x¥Rr| L« < R?. This shows that (5.17) holds.

The proof of Lemma 5.1 is now complete. O

Next, we prove the following bounds for the nonlinear commutator term o/ g[u] in the
class of radial functions.

LeEMMA 5.2 (Bounds for ¢Ng). — Let d > 3. Suppose
ford < 4ando, = ;% ford > 5. Define§ = do —
u € H2(R?), it holds that

;,i < 0 < 04 With o, = +0
4 > 0. For any radial function

16+a)
| Nrlu]l S Ce(llull2) R AullZ ™,

where
e+aop(d,o) ford > 6,
a=436-d

— for3 <d <5,

with any 0 < & < 2 and
0 ford >3,
ao(d,o) = 30 ford =Tando € [.04),
0 ford =6ando € [17—0,0*),
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and

7
5(7— 120) ford =7ando € [%% s
ap(d,o) =

§(7—100) ford =6ando € [2,1—70 .

REMARKS. — 1. By scaling arguments, it is easy to see that for the estimate | N g[u]| <
C(|lull2)R*||Au(r) ||22 to hold, the exponents a and b have to satisfy the relation

(5.18) —a+2b=3.

In particular, if we assume that a > 0, we get the lower bound 26 > § with § = do —4. Aswe
will see in the proof of Theorem 2 below, the condition b < 1 naturally enters, which leads
to the upper bound § < 2 meaning that o < g holds. Note that the bounds of Lemma 5.2
will in fact impose the condition 0 < min{3 + 1, $} in order that b < 1 holds. Note that
this extra condition on o becomes redundant for d > 12, since o < 04 = ﬁ.

2. The proof of Lemma 5.2 given below will make use of Newton’s theorem (in particular,
we will make essential use of this fact for d > 7.). Alternatively, one could avoid making use
of this special identity for (—A)~! at all and only work with the weak Young, Strauss and
Gagliardo-Nirenberg inequalities at the expense of obtaining weaker bounds for o g[u].

Proof. — First, we note that
JVR[M] = -2 Im/d ﬁaka(—A)_laka|u|2"u.
R
We discuss the cases 3 < d < 5,d = 6, and d > 7 separately as follows.

Case 1:3 < d < 5. — First, we recall the pointwise bound
_ 1
(5.19) (7 ) 0] 5 s ([, 170ldy)  whenx 20

for any radial function f € L'(R?) and d > 3. This bound can be deduced from
Newton’s theorem, see identity (5.21) below and the references given there. Alternatively, a
more stable argument that yields the pointwise bound (5.19), and can be generalized to Riesz
potentials (—A)™*, 1/2 < « < d/2, can be inferred from [13, Corollary 2.3].

Applying (5.19) to the radial function f = |dxvr||u|>**T! € L'(R?) and using that
[0k Vr| < |x| and supp (k¥ r) C {|x| < R} by (5.3), we deduce

u(x)] . 20+1 .
|V rlull < (/|x|sR 3 dx) (/y|5R Iy llu(y)] dy) =:A-B.

Next, we note that

6—d
S lull2R 2,
L2(x|SR)

AT fullz2

|x|d—3
and

d—1 2y B »
Bséﬂﬂzwm)wwwﬂwwswwywb
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where we have used the Strauss inequality and introduced the exponents
1
y = -1 and f:=20+4+1-2y.

Notice that § € [2,204+2) foro € [%, ox)and 3 < d < 5. Thus we can apply the Gagliardo-
Nirenberg inequality to bound ||u||; s in B, whence it follows that

6—d ( )— (5+)
| Nrlull S Cllullp2) R || Aul; 2||Au||2 TIE Z C(ullp2) R Au 12,

6—d

witha = 2 , which is the bound asserted in Lemma 5.2 when 3 < d < 5.

Case 2:d = 6. — Let A and B be as above. Since the function |x|~¢*3 does not belong
to L (R4) anymore for d > 6, we modify the previous argument to control A4 as follows.

Let ¢ € (0,2) and we estimate

1
|x|3—s

(5.20) A<C IVIFullL2 < CelllullL2)RE (| AullZ,

L2(Ix|SR)

where we used the Hardy-type inequality |||x|%ul|;2 < Ce|l|V|°u| 2 and |[|V|®u|2 <
1—-& £
llull 2 1 Aull7, for & € (0,2).

Next, welet y = 715 = 1 and f = 20 + 1 — 2y as above. However, we notice that

_ 7
B=20+1-2y<2 1f <0< {5

Thus we cannot make use of the Gagliardo-Nirenberg inequality (1.6) to control B when
o € [2, 1—70). Instead, by making use of the Strauss inequality and Holder’s inequality, we
obtain

7—100

d—1 2y 1
B[ (b |u|) )P dy S Cluli) ([ vav) el
[YISR lyISR

30—
S CllullL2)R

“lAu || 125
provided that o € [ 7 10)- In view of (5.20), we deduce the claimed bound for /¥ g[u] when
d=6ando € [3 10

Let us now consider o € [, 04). In this case, we have 8 € [2, 20, + 2) and hence we can

10°
use the GN-inequality to bound ||u || 15 and we obtain

L(8+e)
| VeIl S A B < Clullg2. o) Rl Aul 2,

This completes the proof of Lemma 5.2 for d = 6.

Case 3:d > 7. — We shall now fully exploit Newton’s theorem, which states that

! f)
(2D (NN = s /y|<|x| roray+ [ gz v forx £0,

xl<lyl |y

for any radial f € L' (R?, (x)2~9dx) and d > 3; see, e. g., [27, Theorem 9.7] and the proof
given there. By making use of (5.21) with the radial function f = |3y r|lu|?>°*!, and the
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estimate |dx ¥ r| < |x| we deduce that

1
[N ru]l ,S/ [u(x)|]x] ?/ Iy|[u(y)|2° T dy
x|SR x| lyl<Ix|<R

1
+f )Pt dy | d.
lxl<lyI<R [V

Let us first assume that d > 8 holds. In this case, we observe that

(5.22)

IVlliLeqyi<ixi<r) < ||y||L”(|y\<|x\) SIx'*% for p € [1,00],

d
5 |X| @=3) 7
L7 (xI<[y])

”W forpe(%,oo].

Using these bounds with p = oo for d = 8 and with p = d g ford > 8, we apply Holder’s
inequality to (5.22) and find that

<f——
L2 (x|<|y|<R) ” |y[4=3

|U(X)| 8
| N rlu]| < ( /| gz x| U2 oy S CellullL) RNV ulla] Aul
XN

§
< Collhul) R Al 7,
for any 0 < ¢ < 2. Note we used the Hardy-type inequality |||x| %ull;2 < Cell|V[fu| 2 <
Ce([lullL2)I|Au|f , to estimate the compactly supported integral above. Notice also that in
the second inequality above we used the GN-inequality, which is applicable here due to the

fact that 224: (20 + 1) € [2, 20+ + 2) holds for o € [4,0,), as one easily checks.

It remains to discuss the case d = 7. Here we have to modify the previous arguments with
the use of the Strauss inequality as follows: Going back to (5.22) and splitting |y| = |y]| 3 [y 3 ,

we find that
|u ()] 1
el < ([ Eax) ([ iuopetay
<R X VISR
(5.23)
£ 1 1
S Ce(llull2) RENAul Lo I Aull /5 / ()T "s dy |.
IyI<R

Now, we note that 20 + 1 — £ < 2for o € [, ). Therefore, in this range of o, we use

Holder’s inequality and the compact support to get the bound

7—120

12
(5.24) / (P76 dy < / Ldy hulle < R75T
[YISR [¥ISR

provided that o € [7, 12) Furthermore, from the GN-inequality (1.6) we obtain

llull 2,
_l 77
(5.25) / (P75 dy S Cllullg2) | Aull,, **
VISR

wheno € [%, 0+«). If we plug the bounds (5.24) and (5.25) into (5.23), we obtain the claimed
bounds for N g[u] ford =17.

The proof of Lemma 5.2 is now complete. O
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We conclude this section by showing a space-time bound for ¢/ g [u] for mass-supercritical
exponents o > %, which will be essential in the proof of Theorem 2 in the next section.

LEMMA 5.3 (Space-time bounds for ¢Vg). — Let d >3, % <o <o«, and define
§ =do —4>0. Suppose u € C°([0,T); H>(R?)) is radial. Let a > 0 be as in Lemma 5.2
and assume that

b::%(8+a)<1.

Furthermore, we define

13}
I(t1,ty) :=/ (t1 — Dl Au(@)|3 - dt
11

0

Jor [to,t1] C [0, T). Then we have

/, " |V RluO]| d < Cluo)

1

1 —t9)? 401
(587 et )

for any n > 0 and the exponent
o(d—1)
4—0
REMARK. — The role of the exponent 0 < «a < 1 will become clear in the proof of
Theorem 2 below.

Proof. — From Lemma 5.2 we recall that
| N R ] < Cluo) R Au)]3,

with some constants ¢ > 1 and 0 < b < 1. Integrating this bound on [f¢, #;] and using
Holder’s inequality, we find

/, N RlO] dt < Cluo) R /

)

5] b % 5] %
< Clug) R (/ (zl—r)z—bdz) (/ m—ouAu(r)nzzdz)

_ b
= C(uo)R(t1 — 10)' 21 (10, 11)2.

t

1
lAu(@)II7 > dt

We let n > 0 and invoke Young’s inequality twice to deduce that
n 1,24 20-b)
[ 1t ar < Cuo) (17 R 0 - 055 + 0 Go.0)
fo

(t —t9)?

41—
< C(up) (712R—4/a +R2a+a(1 b) +7’]I(l1,l0)) ,

where we used that
1—b

_ —_ )2\ 2—b
RZ% (1) — 10) 52 = Rty Ca+20-b) (_(“ ‘o) )
4
R«
< w + nR2a+g(1—b).
nR«
The proof of Lemma 5.3 is now complete. O

(5.26)
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6. Universal upper bound on blowup rate

This section is devoted to the proof of Theorem 2. Inspired by the work on classical NLS
by Merle-Raphaél-Szeftel in [28], we will make essential use of the localized Riesz bivariance
estimates, derived in Section 5 above.

6.1. Proof of Theorem 2
We assume that d > 3, u € R, and 0 < s, < 2 with the additional condition that
4 < 0 < min 3 + Lo
— <0 -4+ -, =
d d 2°d
Letuo € H?(R?) be radial and suppose the corresponding solution u € C2([0, T); H*(R%))
of (1.1) blows up at some finite time 0 < T" < 4o00. Furthermore, we let
(6.1) 0<R <min{1,|y,|—1/2}

be a constant that will be chosen sufficiently small depending on ug, d, and o.

REMARK. — In the proofs of Theorems 1 and 4 above, we took R > 1 to be sufficiently
large to ensure that certain error terms could be neglected. In contrast to this, we emphasize
that we will have to choose R « 1 to be sufficiently small below.

Following the notation in Section 5 above, we use

MRlu@)] := My [u®)] and  Vr[u(0)] := Uy [u(t)]

to denote the localized virial and Riesz-bivariance defined where ¢ g and ¥ g were defined in
(5.1) and (5.2) respectively. Finally, we suppose that

O<to<ty <T

are two times that will be chosen below sufficiently close to 7' depending only on ug, d,and .
Without loss of generality, we assume that |t — #1| < 1 holds. For the rest of the proof, we
let C(uo) > 0 denote a constant that only depends on ug, d, and o.

The proof of Theorem 2 will now be arranged into two steps as follows.

Step 1 (Integral bounds). — We start by bounding the error term (including those in O(|u|))
in Lemma 3.1 as follows

O(R™ + (R + 1) IVu @72 + RV VU |2 + 1l R2)

o) < Cluo) (R + R VU2, + R4 vu()g, )
< Cluo) (1 R+ 7 R )l Auo)13,)

< Cluo) (1 R 4 )l Au(o)13,)

1 1
where we used that | Vu| 2 < |Ju|| ZZ | Aull 22 together with Young’s inequality to insert some
small number 1 > 0 to be chosen later. Moreover, we set the following interpolation exponent
4—o
6.3 o= —"7.
(6.3) o(d-1)
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Note that in the last step above, we used that 0 < a < 1 thanks to the fact that 4/d <o < 4
by assumption.
Thus, by choosing 0 < 1 < §/2 sufficiently small (recall we set § := do —4), the differential
inequality in Lemma 3.1 yields that
d 2 C(MO)
g ML) < 4doE o] = 25 = m) |AuOI2 + i
C(uo)
77R4/ot
provided that 7o < T is sufficiently close to 7" and using that |Au(?)||;2 - +ooast — T.
Integrating this bound on an arbitrary time interval [fo, ] C [to, t1] leads to

Halu] < =5 [ 1AuCOs dr + cHMlutiol + St s~ o)

< =8llAau@))z + fort € [to, T).

1d

177 Urlu(o)]

t
<=5 [ laul e+
fo

(t1 — o)
77R4/o{

4 Cluo) ( 1t R“uAu(ro)niz) ,

with some a > 0and 0 < b < 1, where we made use of Lemma 5.1 and 5.2. If we use the
identity in Lemma 5.1 once again and integrate the previous inequality on [z, 1], we obtain

D ()] + 48 / 1 [ |Au(@) |2, dr di — / " Nrlu())de

(ty — 10)?
nR4/(x

(6.4)

< Dafutio)] + Cluo) + (1 RAU@ ) (0~ 0))

Note that integration by parts on F(t) = ftto |Au(z) ||i2 dt yields that

151 t 151
[ / |Au)|2, dr di = / IO
to to 1o

Next, we combine the facts that Dg[u(t1)] = 0 from (5.6) and Vgr[u(ty)] < C(ug)R*
from (5.7) with the previous bound (6.4). Furthermore, we use the time-averaged bound
for oV g[u(?)] in Lemma 5.3 with > 0 sufficiently small to deduce that

t
/ (6 — O Au()|- di
6.5 "%
(t1 —19)?
n2R4/Ot

Since 0 < b < 1, we can apply Young’s inequality to get

<t + (14 R (1 = 10) + R0 4 Y.

_q ., 2a 20-h)
R Au(to) |55t —to) S 7 RZ=5(ty —19) 275 + (11 — t0)? || Au(to) |2

(66) (tl —t )2
A 2a+ 5 (1-b) 2 2
~ n2R4/a +R + U(fl IO) ”AM(IO)”LL
where we used (5.26) for the last step. Next, we note that
(11 —t0)? 4/a o 1 — 10)* 4
(6.7) (tl_IO),SW_‘_R ,SW_'—R’
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since we have R*/* < R*dueto0 < a < 1and 0 < R < 1. By inserting the bounds (6.6)
and (6.7) into (6.5) with n > 0 sufficiently small, we obtain

(6.8)
= Dl Au) |22 de < C (=10 o Au) |2, + RO+ R
’ (11 = D[ Au(@)|l;» dt < C(uo) ;7213—4/‘x+'7(l_ o) [[Au(z)ll;> + R +
where we introduce the exponent
4
(6.9) p:i=2a+ —(1->b).
o
Now we claim that
34a .
(6.10) 4>,o>4—(T)8 with§ = do —4 € (0, 1),

which, in particular, implies that R* < R° for 0 < R < 1. To show (6.10), we apply the

identities
1 od-1) 446

o 44—  4-6/d-1)

1
and b= E(a +6),

which lead us to

4+6
6.11 =2 2Q—a—§8§)———F.
(6.1) p=2a+20—a=8) g
As an aside, we remark that this identity shows that
(6.12) p—>4as §—0.

Furthermore, we deduce the lower bound

8 3
p>2a+2e—a—&a+ﬂm)=4_§@+a+&5>4_( ;a)&

using that 0 < § < 1. On the other hand, an elementary calculation shows that

26((2d —4) +8(d — 1) + da) -0
4d—-1)—6

Thus we have shown that (6.10) holds and we finally obtain

(t1 — 10)?
772 R4/

Step 2 (Conclusion). — First, we note that right side of (6.13) has a finite limit when we take

t; > T < +o0. Furthermore, we make the optimized ansatz

p—4=

6.13) / ' = Dl Au()|2, di <C(uo>(

0

s — 10| Au(io) |25 + R,,) .

(6.14) R = R(ty) := (T — 1o) 5@,

so that (T — #9)2R™*/® = RP, and we choose 1, < T sufficiently close to T in order to
guarantee that (6.1) holds. With this choice of R = R(#p) > 0 and by taking n > 0 sufficiently
small, we deduce

T 2pa
6.15) / (T — D Au@)|P2 di < Cluo)(T — 1) + (T — 10 Aulio) 125

Fort € [ty, T), we now define the function

T
(6.16) g@)?=L‘(T-ﬂHAu@NEzdt
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Then the integral estimate (6.15) can be written as

g(t) + (T — 1)g'(t) < Clug)(T —1)*¥sa.

Thus we find
d (&) g0+ (T -1g'@) 20 o
— = <C T —t)3+pa™=,
dt (T —t (T —1)2 (o)( )i
Hence by integration on [fo, ] it follows that
g(?) 200,
—— K — o
T < Cluo) (14 (T = b ).
Note that 42-f§a < 1, since pa < 4 by (6.10) and @ < 1. Therefore, we have
(6.17) g(t) < Cuo)(T —1)¥¥5a = C(ug)(T —1)T¥5  with B := Lpa,

fort < T sufficiently close to T'. By choosing C(uo) > 0 larger if necessary, we trivially
extend the bound (6.17) to all times ¢ € [0, T').

Finally, we note that 8 — « as§ — 0 (i.e., as 0 — 4/d) in view of (6.12). This concludes
the proof of Theorem 2. O

7. Existence of blowup for mass-critical case

Letd > 2, u >0, and s, = 0, i.e., we consider the mass-critical exponent
4

(7.1) o=
We divide the proof of Theorem 3 into the following steps.
Case 1 (Blowup for © > 0). — In this case, the proof of finite-time blowup for radial data
ug € H2(R?) with E(ug) < 0is similar to the proof of Theorem 1 for the mass-supercritical
case. In fact, we just exploit the observation that the exponent ¢ = 4/d is mass-supercritical
with respect to the lower-order NLS dispersion —p A in (1.1).

Let ogr = ¢(r/R) with R > 0 be a cutoff function as chosen in Section 3 above. Moreover,
we use the short-hand notation o Mgu(t)] = oMy, [u(t)] for the localized virial. From
Lemma 3.1 we obtain that

d
& )] < 16E o) ~ 41 Vut0) 2
4
(1.2) iy (R—“ LR IVuOI2: + R a1, + IMIR_Z)

< 8E[uo] — 2u||Vu(®)||7, fort €0,7T),

provided we choose R > 0 sufficiently large, where we used that EJug] < O and o = % <2
by assumption.

Suppose now that T = +o0 holds. Since E[uo] < 0, we see that Mg[u(t;)] < 0 for all
t > t; with some sufficiently large time ¢; > 0. By integrating (7.2),

(73) M) < —2u / IVu(s)]12 ds
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forallt > t,. By the Cauchy-Schwarz inequality, we get | M p[ull < [|Vor|l2 lull2]| V2
and thus we arrive at

(7.4) Melu(t)] < _A./z | MRlu(s)]|*ds with A := C(ug, ) > 0.

As in the proof of Theorem 1 above, we deduce that oM g[u(t)] — —oo ast — i, for
some finite time ¢, < +o00. This shows that u(¢) cannot exist for all # > 0. By the blowup
alternative, we have finite-time blowup of u(¢).

Case 2 ( Blowup for . = 0). — In this case, the absence of the lower-order dispersion in (1.1)
requires a more refined analysis of the problem.

In what follows, we choose the cutoff function ¢(r) that satisfies some additional proper-
ties needed, as done in Appendix B. Going back to the proof of Lemma 3.1 (see, in particular,
the proof of Step 2 there), we first observe that

(0,06 0% D)) + 20 0u(A2 i) = ~4 [ 28w ol =2 [(@2gwloul?
R

using integration by parts and the Formula (3.10). Thus from the calculations in Steps 2 and 3
of the proof of Lemma 3.1, and the sign properties (3.3) of pr we infer

L M glu() < 16E () — 8 [, (1= or) 2

(1.5) at
8
—/ AR|aru|Z+/ BR|u|H+2+/ (AR luf?
R4 R4 R4

with the radial functions
8d
(7.6) AR(r) := 402 Agr + 20%@R(r), Bg(r) := ird (d — Aggr(r)) .

Note that Bg(r) > 0 is nonnegative for all r > 0 with Br(r) = 0 for r < R.

Next, we integrate by parts twice using that 9y = —d, — @ and obtain

1 d—1)\?
/l;d AR|8ru|2 - _/;w ﬁARa%u + 2 /Rd <(8, * T) AR) |”|2-

Since ||8{AR||Loo < R™27J for j = 0,1,2 and suppAg C {|x| > R}, we can apply Holder’s
and Young’s inequality to find that

(. [ Arlou| < SRS AR + 07 R

for arbitrary n > 0.

Next, we recall that Bg(r) = 0 for r < R and we invoke the Strauss inequality (2.1),

which yields
849 2 % %
BRrlu|4 < ”u”LZ “BRM||L°°(|X|>R)
R4 ]

(7.8)

—4+4 12 € §oNNd
SR llull72lI1Bg u”Lz”ar(BR u)||L2(\x|>R)'
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d d d
Since |3, (Bg u)|* < |8, B )ul® + | B 9,u|?, a similar argument combining integration by
parts with Young’s inequality, as we used to derive (7.7) gives us, for any n > 0,

d d
10, (BS w22 < R ull2 +/ B |ull32ul
(7.9) R4

_1 _ 1.4
S (74 + R72) 2, + 8o 1B 02u) 2.

. od ) 4
where we used the bounds ||} Bg [|pee < R/ for j = 1,2 and ||, B} [|r> < R™! (see
Appendix B) together with the fact that Bg(r) = 0 for |x| R. Going back to (7.8), we
readily deduce from Young’s inequality for d = 2 and R >

8
/ BRluld™?
RrRd

For d > 3, a further use of Young’s inequality (inserting the small parameter 34 > 0) now
yields
(7.11)

'[ Brlu|d+2
1 p— 1
< Cluo) (1 R+ %) + 8] B 2ul 2.

provided that R > 1 and 0 < 5 < 1. Note that estimate (7.11) implies (7.10) also for d = 2
if we choose R > 1 and n < 1. Thus by plugging this back into (7.5) and recalling that
[A%¢R(|Lee S R™2, we obtain

& Malu)] < 16ETuo] —8/

R4

(7.10)

_ _1 _
< R (7% R2) s + 8 R ul320 B o2ull.

< _%R 21 2(551:'_22) % %R—2 8 B482 2
S full, 5= + (02 +n lll72 + 8nl B 97ull;,

(7.12) (1 — R —n {R“(AR)2 + (BR)%}> |02u)?

+ Cluo) (1 R+ ),
forR>1,0<n<l,andd >2

As a next step, we claim that there is some 79 > 0 sufficiently small and independent
of R > 1 such that

(7.13) 1= 82pr(r) = 10 {R*(AR()* + (Br()E | >0 forr >0

The proof of this inequality is worked out in Appendix B.
Since E[up] < 0 by assumption, we can now choose 0 < n < 7o sufficiently small and
R > 1 sufficiently large to conclude from (7.12) that

(7.14) %QMR[M(I)] < 8E[ug] forallz €0, 7).

Assume now that T = +o0o holds. Then we have oM g[u(¢)] < 0 for all ¢ > o with some
sufficiently large time #y > 0. On the other hand, by the Cauchy-Schwarz inequality and
integrating,

(7115) = [Vorllzee ol 221 Au()12, < Malu()] < —8|Eluollt —10) forallr > 1o
Thus we conclude the following: Either u(t) exists for all times ¢ > 0 such that

(7.16) AU 12 > Cluo)(t —to)* forall ¢ > to,
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or the solution u(¢) blows up in finite time.

Improved Bounds for u = 0. — We consider the localized Riesz bivariance

Vrlu@®)] = (u(@®), ey r(=A) " Qe yruU(1)),

with the cutoff function ¥ g defined in terms of g via (5.2), where gg is chosen as above.
Choosing R > 0 sufficiently large as above, we use Lemma 5.1 together estimate (7.14) and
we find that, by integrating in time,

t
(7.17) Vrlu(t)] < 16E[ug)t? +/ Nrlu(s)]ds + C(ug)(1 +1¢) fort > 0.
0
Moreover, by Lemma 5.2, we have the estimate
(7.18) |V rlull < Cluo, R D) Aul?,
where the exponent b > 0 is given by
€ ford > 8, L—i—e ford =6,
(7.19) h=11 b= éo_d
5 T ford=7, 279 ford =3.4.5,

with arbitrary 0 < ¢ < 2.

Let v > 0 and suppose there is some constant C > 0 such that
(7.20) lAu(@)|2 < C(A+1)” fort >0.
Using the bound (7.18), we deduce from (7.17) that
Vrlu@)] < 16Efuole® + C1(1+ )™ + (1 +1) fort >0,
with some constants C; = Cy(ug, R,b,v) > 0 and C; = C5(ug) > 0. Suppose now that
bv < 1.

Since E[ug] < 0 by assumption, we see that Vg[u ()] < 0 for some sufficiently large time
t« > 0. But this is a contradiction. Hence the bound (7.20) cannot hold if bv < 1. Therefore,
we conclude

(7.21) limsup (¢ V|| Au(t)||z2) = +oo,
t—>+00
provided that
too ford > 8. 10 ford =6,
0Ky < O0<<v< 4
24 ford = 7a m ford = 3, 4, 5.

Ford > 5, wenote that (7.21) gives extra information that cannot be deduced from the lower
bound (7.16).

The proof of Theorem 3 is now complete. O

4¢ SERIE - TOME 50 — 2017 - N° 3



BLOWUP FOR BIHARMONIC NLS 537

Appendix A

Ground states for biharmonic NLS

A.1. Energy-subcritical case.

Letd > 1and assume that 0 < 0 < 04, Where o, = +o0ifd < 4and o, = d%ifd > 5.

4
For u € H?(R?) with u # 0, we define the Weinstein functional

20+2
17552

dg  20+2-42"°
w2 flull 2" 2

(A.1) Wy ou] =

and we consider the corresponding maximization problem given by

(A.2) Cio = sup Wi olul

0#ucH?2(RY)
It can be shown this supremum is attained; see, e.g., [4] and also below for a simple
proof when o € N. By construction, the number C;, > 0 is the optimal constant for
the Gagliardo-Nirenberg (GN) interpolation inequality

do
20+2—%

do
20+2 2
(A3) lull7 %o < CaollAull S lull;,

valid for all u € H?(R?). Following standard convention, we say that 0 # Q € H2(R%)isa
ground state if Q optimizes (A.3); or, equivalently, if Q is a maximizer for (A.2). A calculation
shows that any ground state QO € H2(R?) must satisfy (after a rescaling Q — uQ(A-) with
suitable constants p, A > 0) the nonlinear equation

(A.4) A0+ 0 —-101*0Q0 =0 inR?,

It should be remarked that (in contrast to NLS with A instead of A?) radial symmetry of
ground states Q is not known. However, what is known is that, if Q is assumed to be radial
and real-valued, then positivity of Q cannot hold, since an asymptotic expansion shows that
Q(r) changes its sign infinitely often as r — oc; see, e. g, [15]. In general, the delicate issue
of uniqueness of Q (modulo symmetries) as well as the non-degeneracy of the associated
linearized operator are completely open questions.

ProrosITION A.1 (Pohozaev-type identities). — Let d > 1 and 0 < 0 < 0« For any
solution Q € H*(R?) of (A.4), we have

d d
1801 = (75— ) 101322 = (550 ) 1212

with s, = % - % If moreover Q € H2(R?) is a ground state, then
_ Se\"d se _se
Kao = 180151015 = () * E101% MIQ)' ™%,
where
1
4(c +1)\°
Kao=(—or=)".
dOCd,g

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



538 T. BOULENGER AND E. LENZMANN

Proof. — If we integrate Equation (A.4) against Q and x - VQ, we find
1AQ17. + 107. = 1217552 =0,
2d
4= DIAQIE —dIQlL: + 5~ 12175 = 0.
Note that, by standard arguments, we check that x - VQ has sufficient regularity and spatial
decay that justifies this calculation. The rest of the proof follows from direct computations,

using also that a ground state O € H2(R?), which, by definition, turns (A.3) into an equality.
O

A.2. Radial symmetry of ground states

The aim of this subsection is to prove a radial symmetry result for ground states Q for the
biharmonic NLS. To the best of our knowledge, nothing is known in that respect. We present
an argument based on symmetric-decreasing rearrangement in Fourier space. By using this
approach, we will be able to treat the case of integer exponents o € N.

For u € L2(R?), we define its Fourier rearrangement to be given by
—1
ut = FH(Fu),
where f* denotes the symmetric-decreasing rearrangement of a measurable function
f :R? — C that vanishes at infinity, i.e., the level sets {| f(x)| > ¢} < R? have finite

(Lebesgue) measure for every ¢ > 0; see, e. g., [27] for a review of rearrangement techniques.
For the Fourier transform &7, we use the convention that

(F@ = [ uee =< ar,

and thus the inverse Fourier transform is given by (& 'v)(x) = Jra v(§)e? X E g,
Note that we always have that |Ju¥|| 12 = |lu|l 2 by Plancherel’s theorem and the fact that
| £*Il.2 = || fll.2. Furthermore, the function u*(x) is radially symmetric, since it is the
(inverse) Fourier transform of the radially symmetric function ( Fu)* on R?.

LEmMA A.1. — Ford > 1, the following inequalities hold.
() Ifu € H*(R%) withs > 0, then u* € H*(R?) and
(=AY ufll 2 < [(=A)ul 2.

Moreover, for s > 0, we have equality if and only if |u| = |ul*.
(i) Let m > 1 be an integer. If u € LY(R%) N L>™(R?) with fu € L'(R?), then
uf e L2"(R?) and
lllzom < [l 2m.

Proof. — To prove assertion (i), we first note that u# € L2(R%), since Fu € L2(R?) and
(Fu)* € L2(R?). Thus we have 7 (u*) = (Fu)*. Next, we recall the well-known property
of the symmetric-decreasing rearrangement that (| £|>)* = (| f|*)?. Thus, by Plancherel’s
theorem, the claimed inequality in (i) is equivalent to the estimate

(A5) [, rropayieay < [ roemr
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for any nonnegative measurable function f > 0 on R that vanishes at infinity. By the layer
cake representation, we can write f(y) = fooo Xir>ry(y) dt for almost every y € R (see,
e. g., [27]). Therefore, it suffices to prove that

(A.6) f S (I2my [P dy < / a2y dy
R4 R4

for any measurable set A C R¢ with finite measure, where 4* denotes the symmetric-
decreasing rearrangement of 4, i.e., the set A* = Br(0) C R? is the (open) ball around
the origin with radius R > 0 such that u(Br(0)) = u(A). (If u(A) = 0 we take A™ = @.)
The proof of (A.6) is a simple exercise in measure theory. For the reader’s convenience, we
give the details here. From (A \ 4*) = w(A4) —pu(ANA*), u(A*\ A) = n(4*)—u(AN A4*),
and pu(A) = u(A*), we deduce that u(A4 \ A*) = u(A* \ A). This gives us

(A7) / VP dy > RPu(A\ A%) = R¥u(A*\ 4) > / 2 dy.
A\A* A\ A

using that |y|** is monotone increasing in [y|. Hence [, [y[** = [4\ 4« [Y[** + [y [V1** =
S 1P+ [ynax [917 = [y« [¥]>. This shows (A.6) and hence (A.5), which yields in
particular that u* € HS(R?).

Now suppose that s > 0 and that equality in (A.7) holds. In particular, we have the strict
inequality |y|?* < R?S for y € A* = Bg. Suppose now that u(A4* \ A) > 0. Then
/ a4 | y|**dy < R*u(A* \ A), but this gives a contradiction if equality holds in (A.7).
Thus we conclude that equality in (A.7) can hold only if u(4* \ A) = u(A\ 4*) = 0, which
means u(A N A*) = 0, since u(A) = u(A*). In summary, we deduce that equality in (A.5S)
can only hold if the level sets of f > O satisfy { f > ¢t} = {f > t}* (up to a zero measure
set) for almost every ¢ > 0. If we apply this to f = | fu|, we complete the proof of (i).

We now turn to the proof of (ii). We start by showing that u# € L2"(R?) as follows.
Since u € L'(RY) N L?>"([R4) with m > 1, we have u € L2(R%). Consequently,
Fu € L2(R?) and therefore (Fu)* € L2(R?). Also, since Fu € L'(R?) by assumption,
it holds that (Fu)* € L'(R9). Thus (Fu)* € L'(R?) N L?*(R%), which implies that
ut e L2(R?) N L°(R?), which shows that u* € L2 (R?).

Next, because 2m is an even integer, we can write

[ P dx = F@Pm0) = (Fue Fixeee s Fux FOO)

using the convolution theorem 7 (fg) = & f « g for F f, Fg € L'(R%) N L2(R?)
iteratively m — 1 times. Now, by the Brascamp-Lieb-Luttinger inequality [8] (the generalized
Riesz’ rearrangement inequality), we have that

(Fur Fur-x Fux Fu)0) < ((Fu)* * (Fu)* - x (Fu)* * (Fu)*)(0)
= ((Fu)* * (Fu)* %+ x (Fu)* * (Fu))0).
In the last step, we used the fact that (¢Fu)* = (Fu)*, since the functions (sfu)(§) and
(/OZE)(E) = Fu(—§) are equimeasurable. Next, we recall that (Fu)* = F(u¥) and
u?) € LY(R%) N L2(R?). Applying the convolution theorem again, we deduce that
lul7% < (F @) x F@h) x - x F@h) « F@HO) = F(uFP™)(0) = [ub]75,,.

whence assertion (ii) follows. The proof of Lemma A.1 is now complete. O
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ProrosiTiON A.2 (Radial symmetry of ground states). — Letd > 1,0 < 0 < 04, and
assume also that o € N. Then there exists a ground state Q € H*(R?) with Q = Q% Asa
consequence of this, the following properties hold.

(1) Q(x) is radially symmetric, real-valued, and continuous.
(i) 0(0) > |0Q(x)| forall x € R?.

Proof. — Let Q € H 2(R?) be a ground state, i.e., a maximizer for problem (A.2). We
claim that its Fourier transform Q = &0 belongs to L'(R?). Without loss of gener-
ality we can assume that Q solves (A.4). By iterating the associated integral equation
0 = (A% + 1)"1(Q0)° Q using Sobolev’s inequalities and that o is an integer, we find that
QeH k(R9) for all k € N. In particular, we can choose an integer k > d/2 to conclude
101t < &) *N2146)* Qll2 < ClQlIgx < oo.

Thus, we can apply Lemma A.1 to Q withm = 0 + 1 € N to deduce that ‘?/)d,U[Q”] >
W4 (0] and hence Q¥ € H?(R?) maximizes (A.2) too. Therefore, we can choose Q = Q*
to be a ground state for (A.2).

The rest of the proof follows from Bochner’s theorem (see, e. g., [37]). Since Q = Q* has
a nonnegative Fourier transform ¢Z(Q¥#)(£) > 0 with (0% e L'(R?), we deduce that
0 : R4 — Cis a positive-definite function. That is, Q is a bounded and continuous function
with the following property: For every integer m > 1 and any points x, ..., X, € R?, the
matrix (Q(x; — xj))lf'szl is positive semi-definite on C™, i.e.,

m
> O(xi—x)Git; >0 forallf eCm.
ij=1
If we take m = 1 and x; = 0, we deduce that Q(0) is real with Q(0) > 0. Moreover, by
taking m = 2 with x; = 0 and x, = x with arbitrary x € R? (and considering the vectors
= (0(x),iQ(x)) € C?and ¢ = (iQ(0), Q(x)) € C?), we conclude that

(A.8) 000 > 10> and Q(—x) = O(x).

Next, since the Fourier transform &7 (Q)(€) is radially symmetric in £, we deduce that Q (x) is
radially symmetric in x € R?. In view of the second equation in (A.8), this implies that O (x)
must be real-valued. This completes the proof of Proposition A.2. O

REMARKS. — 1.) The previous symmetry result also provides a simple existence proof for
ground states for integer 0 € N and d > 2 as follows. Indeed, let (u,),>1 C H 2(R%) be a
maximizing sequence for problem (A.2), normalized such that ||u,|;2 = ||[Auy|;2 = 1 for
all n. By density, we can assume that u,, € §(R?) are Schwartz functions for alln > 1. From
Lemma A.1 we have W, 4 [uf,] > Wg4,s[un] and hence we can replace u, by uf, Without
loss of generality, we can renormalize such that ||uf‘, 2 = |l Auﬁ llz2 = 1. Since uﬁ are radial
functions uniformly bounded in H'(R?), an application of the Strauss inequality (2.1) now
yields a uniform spatial decay for this sequence and we easily deduce that the sequence u;,
converges (up to subsequences) strongly in H2?(R%) to a maximizer for problem (A.2).

2.) Note also that under the assumptions of Proposition A.2, we can also conclude that
any ground state Q must have a modulus |§ ()| in Fourier space that is radially symmetric
in £ thanks to Lemma A.1 (i).
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A.3. Energy-critical case
Let d > 5. We recall the Sobolev inequality
(A9) lull, 22, < CallAull2

for all u € H2(R?), where C; > 0 denotes the optimal constant. We recall the following
result about existence and uniqueness of optimizers.

LEMMA A.2. — Ford > 5, we have equality in (A.9) if and only if u(x) = AW (u(x — xo))
for some A € C, 1 > 0, and xo € R%, where

dd - 4y@d> -\

Proof. — If we let f = (—A)"'u, we see that (A.9) is equivalent to the following
instance of the weak Young (or Hardy-Littlewood-Sobolev) inequality ||(—A)™! ||L 24, <
Call fllz2- Uniqueness of optimizers and the explicit form of W(x) now follows from Lieb’s
result [26]; see also [9] for a different approach using the method of competing symme-
tries. O

A calculation shows that the optimizer W(x) from above solves the equation
(A.10) A2W —|W|a=W =0 inRC.

Let us also mention the symmetry results in [11, 25], where it is shown that any nonnegative
solution of (A.10) in L>24/d=4) (R?) equals W(x) up to translation and rescaling.

loc
Finally, we derive some Pohozaev identities for W as follows. Integrating Equation (A.10)
against W yields || AW (|7, = W], with p = 24 Since W optimizes (A.9), we also have
W, = CZIAW|]Z,. Thus, we find the Pohozaev identities

NI

1 1 d-—4 2
() 18w = (o) and B = (5= 57 ) 1AW = ZIAW ..
Appendix B

On the choice of cutoff functions

Let ¢ : R — R be a cutoff function as in Section 3. It is easy to see that we can choose
¢(r) > 0to be nonnegative for all » > 0 with compact support such that ¢(r) = 0 forr > 10.
Furthermore, we can choose ¢(r) > 0 such that V/ /g € L%(R4) for 0 < j < 6. Hence the
additional properties (5.1) for ¢(r) used in Section 5 hold.

Let us now discuss that we can choose ¢ () with some further additional properties used in
the proof of Theorem 3 for u = 0. In particular, we need to choose ¢(r) such that inequality
(7.13) holds for no > 0 sufficiently small, i.e., we have

(B.1) 1= 820r(r) =10 {R*(AR(r)? + (Br(r)} >0 forr > 0.
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Recall that Ag(r) = 402A¢r + 2A%¢g(r) and Bgr(r) = 4+d (d — Apgr(r)) > 0. Since
@R = R?¢(r/R), the claimed lower bound (B.1) is equivalent to

[NV

(B.2) 1—¢"(r)—no {4 (A2<p(r) + 483Ag0(r))2 + (4§_—dd) (d — A(p(r))‘zl} >0

for r > 0. Let us now take ¢(r) > 0 such that

r for0<r <1,

S — r—(r—1° forl <r<1+1/36,
¢’ (r) smooth with ¢”(r) <0 for1+1/36 < r < 10,
0 for r > 10.

Because 1 — ¢”(r) = A%p(r) = 0?A¢(r) = d — Apg(r) = 0for 0 < r < 1, it remains to
show that (B.2) holds for r > 1. Since we have
1—¢"(r)>1 and |A%p(r)| +|0?A¢(r)| + |d — Ap(r)| < C forr >1+1/7/6,
we can find 59 > 0 sufficiently small such that (B.2) is true for » > 1 + 1/ /6. In the region
1 <r <1+ 1/%/6,acomputation yields 1 —¢”(r) = 6(r — 1)° and
(B280(m)* + (A%0()? < Cr=1)°,  |d = Ap(r)]|* < C(r—1)"%

Since d > 2, we deduce that we can choose 19 > 0 sufficiently small to ensure that (B.2)

holds for 1 < r < 14 1/ /6 as well.
Finally, with the choice of ¢(r) above, we have that Br(r) = B(r/R), where

0 for0<r <1,
B(r)= 1 84 d-1(@r -1
-1’6+ ——F———
4+4+d +a" Y ( * r )
and B(r) is smooth for » > 141/ /6 with B(r) = const. for r > 10. Since d > 2, we deduce
4 . a
the bounds |3} By ||Lec < R/ for j = 1,2 and |3, Bj ||z~ < R7L

forl <r<1+1/36,
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