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MODERATE DEVIATIONS FOR THE RANGE
OF A TRANSIENT RANDOM WALK:
PATH CONCENTRATION

BY AMINE ASSELAH anDp Bruno SCHAPIRA

ABSTRACT. — We study downward deviations of the boundary of the range of a transient walk
on the Euclidean lattice. We describe the optimal strategy adopted by the walk in order to shrink the
boundary of its range. The technics we develop apply equally well to the range, and provide pathwise
statements for the Swiss cheese picture of Bolthausen, van den Berg and den Hollander [7].

RESUME. — Nous étudions les déviations qui réduisent la frontiére du support d’une marche
transiente sur le réseau euclidien. Nous décrivons en particulier une stratégie optimale pour réduire
la frontiére du support. Les techniques employées s’appliquent aussi bien au volume du support
lui-méme, et fournissent des énoncés mathématiques qui illustrent I'image du « fromage suisse » de
Bolthausen, van den Berg et den Hollander.

1. Introduction

In this paper we study downward deviations of the boundary of the range of a simple
random walk (S,, n € N) on Z9, with d > 3. The range at time n, denoted R, is the set
of visited sites {So, ..., Sy}, and its boundary, denoted 9 R, is the set of sites of &, with
at least one neighbor outside R,. Our previous study [3] focused on the typical behavior
of the boundary of the range, whereas this work is devoted to downward deviations and
applications to a hydrophobic polymer model. The zest of the paper is about describing the
optimal strategy adopted in order to shrink the boundary of the range, and our approach
shed some light on the shape of the walk realizing such a deviation. In [3], we emphasized
the ways in which, for a transient walk, the range and its boundary share a similar nature.
Thus, even though the boundary of the range is our primary interest, we mention at the outset
that the technics we develop apply equally well to the range. Since this last issue has been the
focus of many celebrated works, let us describe first the state of the art there.

0012-9593/03/© 2017 Société Mathématique de France. Tous droits réservés doi:10.24033/asens.2331
ANNALES SCIENTIFIQUES DE ’ECOLE NORMALE SUPERIEURE



756 A. ASSELAH AND B. SCHAPIRA

1.0.0.1. Deviations of the range.— A pioneering large deviation study of Donsker and
Varadhan [11] establishes asymptotics for downward deviations of the volume of the Wiener
sausage ¢ — W?2(t), that is the Lebesgue measure of an a-neighborhood of the standard
Brownian motion. The main result of [11] establishes, in any dimension and for any 8 > 0,
the following asymptotics

d+2 IB(ZA_D)(;LH,

(1.1) tlggoz—#z logEfexp (— BW*(1))] = — T

where Ap is the first eigenvalue of the Laplacian with Dirichlet condition on the boundary
of a sphere of volume one. The asymptotics (1.1), obtained in the random walk setting
in [12], correspond to downward deviation of the volume of the range {| R,| < f(n)} where
| Rn| denotes the volume of R, and f(n) is of order n diﬂ. They suggest that during time
n arandom walk is localized in a ball of radius (n/) @+2 filled without holes. Bolthausen [9]
and Sznitman [23], with different technics, extended the result of [11] to cover downward
deviations corresponding to f(n) = n'~% for any § > 0. A consequence of their analysis
isthatfor0 <y <2
(1.2) lim ¢~ @5 logElexp (— B 1457 W(1))] = —wﬂ(MD

t—00 dp
Then, three deep studies dealt with the trajectory conditioned on realizing a large deviation
by Sznitman [24], Bolthausen [10] and Povel [21]. The case y = 0 in (1.2) was recognized
as critical by Bolthausen [9], and indeed a different behavior was later proved to hold [7].
The series of papers on downward deviations culminated in a paper of Bolthausen, van den
Berg and den Hollander [7] which covers the critical regime {| R,| — E[| Rnl] < —en}.
The latter contribution offers a precise Large Deviation Principle, but no pathwise statement
characterizing the most likely scenario. The present paper is a step towards filling this gap
and providing answers to their motto How a Wiener sausage turns into a Swiss cheese? Let us
quote their mathematical results. In dimension d > 3, E[W¢“(¢)] grows linearly and the limit
of %]E[W“ (t)] is denoted «, (the Newtonian capacity of a ball of radius a). It is proved in [7]
that forany 0 < e < 1

(1.3) tlim d1_2 log]P’[W“(t) —E[W*@)] < —8/<al] = —1I,(g),
—00 7=

where

(1.4)

1
La(e) = Sz IV f 2 feH' @[z =1, /R (1—exp(=f2(@)dx = 1—e},

A similar result for simple random walks is obtained in Phetpradap’s thesis [20]: x, becomes
the non-return probability say k4, and the factor 1/ 2/(2/ @ in (1.4) becomes 1/2d /cf/ ¢ When
d =3 ord = 4, the minimizers of (1.4) are strictly positive on R?, and decrease in the radial
component. This is interpreted as saying that Wiener sausage “looks like a Swiss cheese” with
random holes whose sizes are of order 1 and whose density varies on scale t'/¢ . On the other
hand, when d > 5, and when the parameter ¢ in (1.3) is small, there is no minimizer for the
variational problem (1.4), suggesting that the optimal strategy is time-inhomogeneous.
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MODERATE DEVIATIONS FOR THE RANGE OF TRANSIENT RW 757

1.0.0.2. Boundary of the range.— The boundary of the range, in spite of not receiving much
attention, enters naturally into the modeling of hydrophobic polymers. Indeed, a polymer is a
succession of monomers centered at the positions of the walk (and thus covering <R,), the
complement of the range is occupied by the aqueous solvent, and being hydrophobic means
that the monomers try to hide from it. A natural model is then the following polymer measure
depending on two parameters: its length 7, and its inverse temperature S,

96— ! _
AT} = 5 5 IR By,
where P, denotes the law of the simple random walk up to time n and Zn (B), the partition
function, is a normalizing factor. Biology suggests that as one tunes j, for a fixed polymer
length, a phase transition appears. The recent results of Berestycki and Yadin [6] treat an
asymptotic regime of length going to infinity, and suggest that for any positive 8 a long
enough polymer, that is under @5 , is localized in a ball of radius p, with p,‘f“ of order n.
Thus, to capture the insight from Biology, we rather scale 8 with n>/¢, when n is taken to

infinity. We therefore consider

(1.5) 40 = 5 exp (= 25z (9Ru] = BB Ral)) P
The centering of |0 R, | is a matter of taste, but the scaling of 8 by n2/¢ is crucial, and
corresponds to a critical regime for the boundary of the range reminiscent of (1.2) fory = 0.
Indeed, understanding the polymer measure is linked with analyzing the scenarii responsible
for shrinking the boundary of the range on the scale of its mean. However, before tackling
deviations, let us recall some typical behavior of the boundary of the range. Okada [19] has
proved a law of large numbers in dimension d > 3, and when dimension is two, he proved
that ,
A (1521 R
2 T n—oon/(logn)?

Note that Benjamini, Kozma, Yadin and Yehudayoff [5] in their study of the entropy of the
range have obtained the correct order of magnitude for E[|d R,|] in d = 2, and have linked
the entropy of the range to the size of its boundary.

In addition, a central limit theorem for the boundary of the range was proved in [3] in
dimension d > 4. When dimension is three, the variance is expected to grow like n logn,
and only an upper bound of the right order is known [3]. We henceforth focus on the ways
in which a random walk reduces the boundary of its range.

1.0.0.3. Capacity of the range.— A key object used to probe the shape of the random walk is
the capacity of its range. We first define it, and then state our result. For A C Z¢, let HX be
the time needed by the walk to return to A. The capacity of A, denoted cap(A), is

(1.6) cap(A) = » Pr[H} = oo].

xXeEA

Let us recall one of its basic property. There exists a positive constant cc,p, such that for all
finite subset A C Z4

(1.7) Ceap |A['"@ < cap(A) < |A.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



758 A. ASSELAH AND B. SCHAPIRA

The upper bound follows by definition and the lower bound is well known (see the proof of
Proposition 2.5.1 in [16]). In a weak sense, the capacity of a set characterizes the shape of a
set: the closer it is to a ball, the smaller is its capacity. In view of (1.7), this is captured by the
index 74, defined for finite subsets A in Z4, by

cap(A)
Al=d

(1.8) Ja(A) =

It is known that the index .74 of a ball is bounded by some constant, independently of the
radius of the ball (see (5.1) below). On the other hand, the capacity of the range R, has
been studied in [4, 14, 16, 22], and it is known that its mean is of order /n in dimension
three, of order n/logn in dimension four, and grows linearly in dimension five and larger.
Thus typically, for a transient walk, 74 (Ry) goes to infinity with n.

1.0.0.4. Results.— We have found that the strategy for shrinking the (size of the) boundary
of the range |0 R, | below its mean by ¢n is different in dimension three and in dimensions
five and larger. In dimension three (see (1.9) below), the walk has to spend a positive fraction
of its time in a set with .7;-index of order 1 and volume of order n/e, whereas in dimensions
five and larger (see (1.11) below), it has to spend a fraction of order ¢ of its time in a set
of 74-index of order 1 and volume of order n.

In addition, we prove that spending a positive fraction (resp. a fraction ¢) of the time in a
ball of radius (n/g)'/4 (resp. n'/?), leads to reducing the boundary of the range by a factor ¢
in dimension three (resp. four and larger), and this gives us the lower bounds for the large
deviations in (1.10), (1.12) and (1.14), see also Section 4 for more details.

For a subset A of Z¢, we denote by £, (A) the time spent by the walk inside A up to time 7.
For an integrable random variable X, we also denote by X the centered variable X — E[X].

THEOREM 1.1. — Assume that d = 3. There exist o € (0,1) and C > 0, such that for
all e € (0,v3/2),
(1.9)
Jim IP’[EA C 73 Lu(A) > an, Ja(A) < C, é <|A| < cg ) 10 Rn| < —sn] —1.

n—>00

Moreover, there exist positive constants k5 and k3, such that for all ¢ € (0,v3/2), and n large
enough

(1.10)  exp(—&s-ein?) < ]P[|ay%,,| CE[Jd R ] < —8n] < exp(—ky-e3n%).

THEOREM 1.2. — Assume that d > 5. There exist @ € (0,1) and C > 0, such that for
alle € (0,v4/2),
(1.11)
lim }P’[EIA cZ : L,(A) > aen, J4(A) <C, % <|A|<Cen ‘ [0 Rp| < —en] =1.

n—00

Moreover, there exist positive constants k ; and kg, such that for all ¢ € (0,v4/2), and n large
enough

(1.12) exp (= Ra- em)'4) = P10 Rl — BII R = —en| < exp(—kg- ) 7H).
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MODERATE DEVIATIONS FOR THE RANGE OF TRANSIENT RW 759

In dimension 4, our result is slightly less precise: our upper bound for the large deviations
is larger than the lower bound by a factor |loge|'/2, and we only describe the localization
phenomenon for & away from 0 and vy.

THEOREM 1.3. — Assume that d = 4. For any ¢ € (0,v4/2), there exist« = a(e) € (0, 1),
and C = C(g) > 0, such that
(1.13)
lim IP’[EIA CZ%: ly(A) > an, Ja(A) <C, % <|Al <Cn ‘ 10 R < —sn] ~ 1.

n—>00

Moreover, there exist positive constants k4 and K4, such that for all ¢ € (0,v4/2), and n large
enough

1 1/2
(1.14)  exp (—/z4-(en)f) < P[|3Rn| —E[ldRnl] < —en] < exp (—&'&ﬁ)'

REMARK 1.4. — Our theorems play with two parameters n and ¢, and consider the regime
where n is large and ¢ is small. They suggest that conditioned on having a small boundary of
the range, in dimension three a (large) fraction of the walk is localized in a ball of volume /¢,
whereas in dimension five or larger a length en of the trajectory is localized in a ball of volume
of order en. This is the time-inhomogeneous nature of the trajectory that was mentioned
earlier.

REMARK 1.5. — We state the results for |0 R,|, and they stand as well for | R,|. In
this case, (1.9), (1.11), and (1.13) are new, and complement the results of van den Berg,
Bolthausen, and den Hollander [7]. Our proof is based on a recursive slicing of a strand of
random walk, as we explain in Section 2, whereas the proof of [7] consists of many steps: (i)
first a compactification obtained by wrapping the trajectory on a Torus of side An'/¢, with A
large, (ii) fixing the position of the walk at times multiple of n2/¢, the so-called skeleton, and
using concentration to showing that the range and averaged range conditioned on the skeleton
are close and finally (iii) representing the averaged range conditioned on the skeleton as a
continuous functional of the pair empirical measure, and invoking Donsker Varadhan Large
Deviation Theory. Note that step (ii) uses that the range is a union of ranges over periods of
length n2/¢, and thus a Lipshitz function of the collection of smaller ranges. The boundary
of the range is neither a union of boundaries, nor a monotonous function of time, and we
had to follow a rougher but more robust method (see below for a sketch of our approach).

REMARK 1.6. — Itis noted in [7] that there is an anomaly in the scaling of the rate func-
tion for ¢ close to zero, which does not connect with the central limit theorem. We quote
from [7] “The anomaly for d > 3 is somewhat surprising. It suggests that the central limit
behavior is controlled by the local fluctuation [...], while the moderate and large deviations
are controlled by the global fluctuations.” This is exactly what our decomposition shows: the
central limit theorem obtained in [3], and the downward deviations obtained here correspond
to two distinct parts of the slicing down of a random trajectory: the self-similar independent
parts contribute to the fluctuations, whereas the mutual-intersection parts contribute to down-
ward deviations. We will come back on this later.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



760 A. ASSELAH AND B. SCHAPIRA

The capacity of the range plays a central role in our results. Our main technical contri-
bution, interesting on its own, is the following estimate which generalizes an inequality (1.8)
of [2], as well as Proposition 1.5 of [1]. We bound the probability of multiple visits to non-
overlapping spheres, all of the same radius, and our bound involves the capacity of the union
of the spheres. Let us first introduce handy notation. For x € Z? and r > 0, we denote
with B(x, r) the Euclidean ball of radius r and center x, and for any subset C C Z¢, we let

B(C.r) := U B(x,r).
xel
Additionally, for r > 0, ¢Z(r) is the collection of finite sets of centers defining non-
overlapping spheres of radius 2r

(1.15) Hr):={Cc2%: |Cl <oo and |x —y| > 4rforallx # y € C}.

ProOPOSITION 1.7. — Assume that d > 3. There exist positive constants C and k, such that
foranyt > 1,r > 1, Ce€ A(r), andn > t|C|, one has
(1.16)

]P’[Zn(B(x,r)) >t forallx € 0] < C (|Cn)% exp (—K- dll >+ Ja(B(C, r))) .

|B(C.r)|a
This result is useful when the combinatorial term in (1.16) is innocuous, and using (1.7)
we see that this holds when for a constant § small enough

(1.17) |B(C,r)[*¥1logn < §t.

Note also that on the right hand side of (1.16), ¢| C| is a lower bound for the total time spent
in B(C,r), under the event of the left hand side. If this total time is comparable with the
volume of B(C, r), then the estimate discriminates sets of comparable volume with different
indices .7 4. This is exactly the kind of situation we will encounter here. To be more precise we
will use (1.16) in cases where both ¢| C| and | B(C, r)| are of order n. In these cases, (1.17) holds
when r? > Cn?/4 logn, for some large enough constant C, and (1.16) becomes

(1.18) P[@n(B(x,r)) > ¢ forall x € 0] < Cexp(—«'+ Ja(B(C.7r))-n'"2/4),

with «’ some other positive constant. Now in our Results (1.9), (1.11) and (1.13), the set A
will be a certain union of balls as here, and thus (1.18) explains why its .74-index should be
bounded.

1.0.0.5. Sketch of our approach (in d = 3).— Our approach treats separately the upper
and lower bounds of the downward deviation in (1.10). The upper bound relies on the
inequality (3.1) which roughly bounds the centered boundary of the range by self-similar
terms, whose deviations are costly, minus an increasing process &,(7") (defined in (3.12))
measuring the folding of the trajectory over small strands of length 7. Since this term is the
key term driving the moderate deviations, let us mention that it can be written in terms of
Green’s function up to time 7', denoted Gy and defined later (and the ~ means that the
correct definition of &, (T") requires more notation),

G~ 3 Y Griz— S,

k=1 zec%k
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MODERATE DEVIATIONS FOR THE RANGE OF TRANSIENT RW 761

What we show first is that a decrease in d SR, most likely translates into an increase of &, (T'),
for an appropriate scale T . Then, we show that the event that &, (7") large means that many
balls are visited often by the walk: see (2.20) and Lemma 2.4 for a precise statement. The
probability of this latter event is controlled by the capacity of the collection of balls as in
Proposition 1.7. We believe that a similar structure shows up in the capacity of the range
in dimension five or more, which has been the focus of recent studies (see [4] and references
therein). The lower bound has a different flavor, and relies on a covering result saying that
when the walk is localized in a ball of volume n/e¢, it likely visits an e-fraction of all fixed
large subsets of the ball (see Proposition 4.1).

1.0.0.6. Application to the polymer measure.— Recall that

22(p) = | exp (= =177 (0] ~ ElORI)) |

Note first that by Jensen’s inequality, one has Z,(8) > 1, for all 8 > 0. Thus one can define
for § >0,

F+(ﬂ) = lim sup > log Z,(B),
n—oo nl_ﬁ
and
1
F~(B) = liminf = log Z,(B).
n—o00o 11177

Denote by ¢Z(r, v) (with v > 0) the subset of ¢Z(r), whose elements C satisfy |B(C,r)| < v.

THEOREM 1.8. — Assume that d > 3. The following statements hold.

1. The functions F* and F~ are non decreasing in B. As a consequence there exist
0< ,3; < B, =< +oo, such that
FEB)=0 forB<PBs and F*(B)>0 forB> B
2. In fact ,3; and B are positive and finite.
Let (rn,, n € N) be any fixed sequence of reals satisfying n®/? (logn)? < r,fl < lo’én, for
alln > 1. Then,

3. Forany B < ,3;' a € (0,1)and A > 0,

ILm Q4 [30 € Arn, An) : L, (B(x, 1)) > oe|%|for all x € 01| =0.
Moreover, for any € € (0,v3),
lim Q [10 Rl — E[19Rnl] < —en] = 0.
n—>o0
4. Forany B > B, there exists e(B) € (0,vq), such that
Jim Q7 [1dRn| — E[1d Ral] < —(B)n] = 1.

Moreover, when d = 3, there exist o € (0, 1) and A > 0, such that
(1.19)
An n

lim 0f [ace w20y = Ta(B(C.r)) < A and by (B(x. 1) =

73 |8|f0rallx60]=l.
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762 A. ASSELAH AND B. SCHAPIRA

When d > 4, there exist a € (0,1) and A > 0, such that
(1.20)

lim Qf [30 € Hra, An). Ja(B(C.rn)) < A and Ly (B(x, ry)) = ae(B)

n
€I

5. In the previous part, one can choose e(B) such that e(B) — vg, as f — +oo.

forall x € 0] =1

The rest of the paper is organized as follows. Section 2 sets the preliminaries, where
Lemma 2.4 is our key technical tool, interesting on its own. Section 3 presents the upper
bounds for our large deviation estimates, and Section 4 presents the corresponding lower
bounds. A large part of Section 4 deals with the three dimensional case and proves Proposi-
tion 4.1 which establishes lower bound on the probability of covering fraction of domains.
Section 5 introduces capacities, and contains the proof of Proposition 1.7, as well as estab-
lishing statements (1.9), (1.11) and (1.13). Finally, our application to hydrophobic polymer,
that is Theorem 1.8, is explained in Section 6.

2. Preliminaries

2.1. Notation
For any integers n < m we write
R, m) ={Su....,Sm}.
We denote by || - || the Euclidean norm on R?, and by
B(z,r) = {y ez4 . lz—=y| < r},
the (discrete) ball of radius r centered at z. For z € Z¢ and A a subset of Z¢, we write
d(z,A) =inf{|z —y[| + y €A},

for the distance between z and A, and let | A| be the size (which we also call the volume) of A.
We also define

A=1{zeA :dzA)=1 and A+=Au{zeZd L d(z,A) = 1}.
Furthermore,
Hy =inf{k >0 : S € A},
is the hitting time of A, that we abbreviate in H, when A = {z}. and we recall that forn > 0,
La(A) = |tk <n : Sk e A},
is the number of steps spent in A before time n. We next consider Green’s function,

G(z) =Y P[Sk =z] =P[H: < o0] x G(0)  forz 2,
k>0

and its restricted version for any positive integer T

T
Gr(z) =Y P[S; =z].
k=0
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MODERATE DEVIATIONS FOR THE RANGE OF TRANSIENT RW 763

2.2. Range and its boundary.

A powerful idea, going back at least to Le Gall [18], is to cut a trajectory into two pieces,
and read the total range as a union of two ranges minus the mutual intersection of two
independent strands. From a set-theoretical point of view, the volumes satisfy an exclusion-
inclusion formula:

2.1) A1 UAs| = |A1] 4 |Az| —|A1 N Ay forall Ay, A, C Z2.

The key probabilistic point is that if Ay = {Sp,..., Sy} and Ay, = {S,,..., Sy+m}, then by
translating sets by S, we have

(2.2) IA1 N Azl = |{So—Sn.S1— Sn.....0} N {0, ..., Susm — Su}|.

and the two sets on the right hand side are independent. It is then possible, using the
symmetry of the walk, to compute the expectation:

23) E[[A1NAaf] = ) P[H: < n]P[H; < m].
zezd

In view of (2.1) and (2.2), it is no surprise that Bolthausen, van den Berg and den Hollander
studied at the same time downward deviations of the Wiener sausage [7] and upward devi-
ation of the intersection of two Wiener sausages in [8]. The second paper is independently
motivated by an older paper of Khanin, Mazel, Shlosman, and Sinai [15] studying bounds
for the intersection of two independent ranges in an infinite time-horizon, a problem which
is still open.

Now, the boundary of the range does not quite satisfy the exclusion-inclusion equality (2.1).
However, if z € BAI\A;, then the neighbors of z are not in A,, and at least one of them is
not in A;. This means that z € d(A; U A,), and therefore

(2.4) (AA1\AT) U (3A\AT) C (A1 U A).
When taking the volume, this reads

03 [0(A1 U A2)l Z[0A1] + [0A2] = (10A1 0 AT] + AT N A )
>|0A 1] + [0A2] = 2|AT N AT

On the other hand, if z & dA, but z € Ay, then {z}* C A1, and z is not in the boundary
of A1 U A,. In other words,

(2.6) 19(A1 U A2)| < [9A1] 4 |9A2] = [A1 N 3A].
Thus, (2.5) and (2.6) make up for the equality (2.1).

By exploiting (2.5), it has been shown in [3] that there exist positive dimension-dependent
constants vy and Cy, such that

(2.7 |E[10 Ronl] — van| < Ca va(n),
for alln > 1, where
(2.8) Y3(n) = V/n, Ya(n) = logn, Ya(n) =1 ford = 5.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



764 A. ASSELAH AND B. SCHAPIRA

Moreover, using Le Gall’s decomposition (as in Section 4.1 of [3]), one can show that there
is a constant C such that for any subset A C Z3,

(2.9) Var[| R N A|] < Cn(logn)> and Var[|d R, N A|] < Cn(logn)?.

2.3. On Green’s function

First, we recall the asymptotics of Green’s function (see [17, Theorem 4.3.1])
—)
L+ 242"

For Green’s function restricted to the first 7' steps, the following holds.

(2.10) G(z) = O(

LEMMA 2.1. — Assume that d > 3. There exist positive constants ¢ and C, such that for

anyT>OandzeZd,
T [l z]|?
G < C——exp| - .
R

Proof. — One can assume that ||z|| > /7, as otherwise the result follows from (2.10).
One result of [13] ensures that there exist constants ¢ and C, such that

1
(2.11) P(S, =z)<C 73 exp(—c||z||?/n) forallzandn > 1.
n

This implies the following bound.

T T
Gr(z) =) PlSk=z]= C ) k™ exp(—c|z[*/k)
k=1 k=1

T
_ c T c
< Clzl™ Y exp(=51217/k) = € o exp(=5 217/ D). O
k=1
For x € Z4 and r € N, we consider the discrete cube centered on x and of side r:

O(x,r) = (x+]—r,r1%) nze.
The elements of a partition of Z¢ obtained from translates of Q(0, r) is denoted P, with
(2.12) P, ={0(x,r): x € 2r7%}.
For T > 0, we denote by 2, (T) the elements of 2, whose intersection with B(0, T) is not

empty. We will need the following covering result.

LEMMA 2.2. — Assume that d > 3. There exists a constant C > 0, such that for any r > 1,
y € (0, 1), and any collection of subsets {A g, Q € P,} satisfying

(2.13) Ao CQ and |Ao|<yr?  forall Q e P,,

one has forall T > r,

(2.14) Y > Gre) = (Y2 +yT).
QePr zeAo
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Note that since the elements of 2, form a partition of the space (in particular they
are disjoints), the left hand side of (2.14) is also equal to the expectation of the time spent
before T in the union of all the Ag, with O € ;. In particular, when Ap = A N Q for
some set A, then the left hand side of (2.14) is simply the expected value of the number of
steps spent in A before time 7.

Proof. — We denote by C a constant whose value might change from line to line. We
decompose the sum in the left hand side of (2.14) into X; + X7, with

2[ = Z Z GT(Z) and E]] = Z Z GT(Z).

Qe P, (VT) Z€h0 Qe Pr(T\Pr(VT) Z€A0
For X; we use (2.10) and (2.13). This gives

< Y Grio+ > > Gr()

2€A0(0.1) 0P, (VTI\{Q(0.r)} 2€A0
d
<C|lAoonl? + > W
0e P, (VT\QO.r)}
2/d .2 d[ﬁ/rHl k4!
<C|y7“r"+yr 2 k2

< C(yz/drz + VT)»

where at the second line we used a well known bound for the first sum (see for instance the
proof of Proposition 2.5.1 in [16]). We deal now with X;; and use this time Lemma 2.1 instead
of (2.10). This gives

Z exp (—cd(0,0)*/T)

Yy < CyréT
m=s d(0, 0)4

Qe P (T\Pr(VT)

[T/r]+1
cCpr Y g SRR

kr)d
k=[VT/r] k)
1 k2 2
<CyT Z %exp(—c ;)
k=[VT/r]
<CyT. O

2.4. Rolling a Ball
The main result of this section requires further notation. For V a subset of Z¢, define
(2.15) FKn(Vit) =k e{l,....n}: Lx(Sk + V) >1}.

Thus, as the set V rolls along the random walk trajectory, &, (V, t) records the times before n
when the number of visits in the moving window V' exceeds ¢. We use here only the case where
V is a ball, and our first concern is to express {| &, (V,1)| > L} in terms of occupation of
non-overlapping balls.
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LEmMA 2.3. — Forany v € 79 r>1,t>0,L>0andn > 1, there is a random subset
C € A(r), which is measurable with respect to 6(S1, ..., Sy), such that

(2.16) {| Fn(B(v,r).0)| > L} C {£u(B(x+v,r) =1t forallx € C} N {Ly(B(C,4r)) = L}.

Proof. — Assume {| &, (B(v,r),t)| > L} and define
ki = inflk >0 : x(Sk + B(v,r)) > 7).

Since L > 0, we have k; < n, and we set Oy = {Sk,}. If all the elements Sy with
k € Fn(B(v,r),t) are in B((q,4r), set C = (. Otherwise, proceed by induction and
assume that fori > 1, C;—; € ¢Z(r) and k;_; satisfy

2.17) e, (B(x + v,r)) >t forallx € Gi_,.
If €,(B(Ci—1,4r)) > L, then C = C;_,. Otherwise, define
ki i=inflk > ki_1 : Sk & B(Ci_1,4r) and & (S + B(v,r)) > 1.

Note that k; < n, and define &; = C;—; U {Sk, }. Since k; > k;—1 + 1, the construction stops
in a finite number of steps and yields a finite set C € o#(r). O

We introduce now some new notation. For any positive integers n and m, and any posi-
tive r, t and L, define

(2.18) Gutrntomy:= | {e,,(B(x,r)) > ¢ forall x € 0},
Cedd(r):|Cl=m
and
(2.19) Fur.Lomy:= {e,, (B(c, 4r)) > L}.
Cest(): |Cl=m

Note that ¢, (r,t,m) C ¢, (r,t,m — 1) whereas ¢#,(r,L,m — 1) C &/, (r, L, m). Therefore
(2.16) implies that for any positive integer m

(2.20) {Hn(Bv.r).0)| > L} C G, (r.t.m) U &y (r. L.m).

We recall next a useful inequality proved in [2, Lemma 1.2]. There exist positive constants kg
and C, such that for all > 0 and all (nonempty) subsets A C Z¢,

t
We are now ready to estimate the probability of the event {| &, (B(v,r),t)| > L}.

LEMMA 2.4, — Assume that d > 3. There exist positive constants k and C, such that for
anyr>1,L>1,t>1,andn > 2, satisfying

2/d t
(2.22) (1 + 7) logn < k —,
"

t L\
w—(1+= :
Kr2(+t)

we have for any v € 79,

(2.23) B[| Fa(Bw.r).0) = L] < C exp
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Moreover, for all K > 0, there exists § € (0, 1), such that

l_l
(2.24) IP’[|§6,,(B(v,r),t)| > L, c};(r,t,[SL/z])] <C e><p§_1<r’_2 (1 N £) d}’

t

with the convention that (, (r,t,0) is the empty set.

Proof. — We start with the proof of (2.23). First note that if 0 < L < 7, then on the event
{| Fn(B(v,r),1)| > L}, there is k < n such that £,,(B(S; + v,r)) > ¢, and then (2.21) gives
the result. Thus we can assume that L > ¢, and in fact also that L < n (as otherwise there is
nothing to prove). Similarly by taking « small enough, one can assume that r < n. Choose
now m* = 1 4+ [L/t] and note that if « is small enough, then (2.22) implies that

\2/d 1o0(an) < <O L
(m”™) og(n)_lgdr,

with «g as in (2.21). Now, inclusion (2.20) gives
(2.25) P[|Fn (B, 7). 1)| > L] < P[Hp(r. L.m*)| + P[,, (r.1,m¥)].

By (2.21), (noting that B(x,r) can be visited before time n only if ||x|| < 2n, and that its
cardinality is smaller than (3r)%),

PG, reeml = > Plt(BCr) zm*]

Ce FA(r):|Cl=m*
(2.26) < C(4n)dm* exp (—%0 (m*)l_% ! )

72

t
< Cexp (—Il(—; (m*)l_% —2) )
r

Likewise, if (2.22) holds with « small enough, one has

L
* 1+2/d1 10 < Ko -
() logl0n) = g7 2

and as in (2.26) this leads, for any m < m™*, to

P[ Sy (r. L. m)] > Plu(BCan)=L]

CeA(r):|Cl=m

Ko L
C (10n)dm exXp (—m W)

C Ko L
P18 16 m2/dr2

ko 1+ L/t t
36-16  m2/d 2 )’
where at the last line we used that L/t > (1 + L/t)/2 (which holds since L/t > 1). Then
(2.23) follows from (2.25), (2.26) and (2.27).

To prove (2.24), note that (2.20) implies that

{Fn(B(,r),0)| = Ly N Gu(r,t,[8L/1]) C &Hu(r, L, [SL/1)).
Then take § small enough, so that ko/(36-166%/?) > K, and use (2.27) withm = [§L/t]. O

IA

IA

(2.27)

A

A
A
@
>
o
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3. Upper Bounds

3.1. Slicing of a trajectory and first estimates

The main idea is that by slicing a trajectory into small pieces, the boundary of the range
divides into a sum of boundaries of these pieces minus mutual intersections. The main result
here is the following lower bound on |3 Ry |.

ProrosITION 3.1. — For any positive integers T and n with T < n, we have
G T = SaD+ MM =23 T Grz— S0+ En(D)
. nl — n n T T(Z k n s
k=1 ZGC%];LWL

where &, (T) behaves like a sum of n/ T independent centered terms bounded by T with variance
bounded by (log T)?, and oM., (T) behaves like a martingale with increments bounded by T and
conditional variance bounded by (log T)?. In particular there exists a positive constant c, such
that for any positive €, any T = T (n) going to infinity with n, and n large enough, we have

(3.2) P[Su(T) + My(T) < —en] < Texp (- c%).
Moreover, E,(T) = O(T + nyrg(T)/T), with y4() as in (2.8).

Proof. — Recall that for any subsets Ay and A, in 74, one has

|0(A1 U Ag)| = [0A1] + [0A2] —2|Af N AT

Now, if we consider N subsets {A1,..., Ay}, by induction one obtains
N N

(3.3) 0(A1U---UAN)[ =) [10A] =2 IAF 0 (AL
i=1 i=2 j<i

Applying this to the boundary of the range, this gives for any positive integers 7 < n, any
i € {—1,...,T — 2}, and with the notation K,(T) = |n/T]| — 2,

Kn(T)

(3.4 |0 Ron| = Z DR + T+ 1i+( + DD | = Xk,()(i. T) = OT),
j=o0

with for k < K,(T)

k
(3.5) XeG.T) =2 | R jr VR G+ T + 1+ (j + D).
j=1

Moreover, the elements of the sum in (3.4) are i.i.d. and distributed like |0 R7_;|. For
simplicity, denote the j-th term of this sum by U; ;(T'). Now, using (2.7) leads to

Kn(T)

(3.6) Rl = | X Uif(D) | = Xk (. 1) = O(T + Zva(D)).

J=0
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Denote by o7 (i, T) the o-field generated by {Sy, ..., Sitxr} for 1 < k < K,(T). Then,
for k < K,,(T), define My (i, T) by
(3.7)

k
Xe(,T) = My, T) + zZE[m;jT NR G+ T+ 1.i+( + DT)] ‘ (. T)].
j=1

Note that for each (i, T), (Mx(i,T), k < K,,(T)) isan (f (i, T), k < K, (T))-martingale.
On the other hand, using that

AT NAS| <2d |ATT N Ayl forall nonempty Ay, A, C Z9,

with AT = (A1), we get

(3.8)

E[| R N R G+ T+ 10+ G+ DDI| Frpjr] =24 Y Psiyyp[l = Ho 7]
ZEC%;TJ‘T

<2d Y Gr(z—Siyj7).

zeﬁfjﬂ.

Now, define

1 T—2 Kn(T) 1 T-2
Su(T) = 7; ; Ui j(T) and oM, (T) = _7,-;_ My (i, T).

so that using (3.6), (3.7), and (3.8), we establish (3.1). Now assume that T = T'(n) satisfies
T(n) — oo, asn — oo. Then, using that |U; ;(T)| < T, Bernstein’s inequality and (2.9) we
see that for any 7, 7', and n large enough

Kn(T)

—_— en en
(3.9) P ,Z(:) Uiy(1) === | <exp(=57)-
Therefore a union bound gives
| =22 K@ en ( sn)
(3.10) Pl—> Y U ;(I)<——|<Texp(—=).
L 2 2T

Likewise, using this time Azuma’s inequality, one obtains for some constant ¢ > 0,
3.11) IP’[M,,(T) > %] < Texp (—c 87”)

Inequality (3.2) follows. O

It remains now to evaluate the probability that the remaining sum in (3.1) be larger
than en, which we will do in the next subsections. But let us already introduce the notation

(3.12) B =23 Y Grie—sn.

k=1 zEC%IJ(rJr
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3.2. Case of dimension d = 3
The desired estimate on &, (7)) will be derived from the following lemma.
LEMMA 3.2. — There exist positive constants 1, ¢ and C, such that for any ¢ € (0,v3),
n>2 andanyr < T, satisfying
(3.13) C ¢33 /3 logn < r?® < ¢ (‘91/2T3/2 A 83/211),
the two following statements hold. First
J
(3.14) &M =eny < |J Y HJ@ (B(x,r), ne2’ rs)‘ > 4} :
, 2327
J=0xez3

with J the smallest integer such that 27 > 1/(ne). Furthermore, there is k3 such that for
any0<j <J,

(315 P U{‘%(B(x,r),nszfﬁ)(z

xez3

’: . } <C exp (_K3 .pJ/6 82/3711/3) .

257

REMARK 3.3. — The upper bound in (1.10) follows from (3.1), (3.2), and Lemma 3.2.
Indeed one can just take 7 = &'/312/3, and then any r satisfying (3.13), for instance
r = c/3¢1/231/3 with ¢ thereof.

Proof. — For j < J, let

tj =8d%*ne2’r® and L; =n273/2,
with 7 to be determined later. We first observe that, once 7 is fixed, if 3 < c&3/2n, with ¢ small
enough, then L;/¢t; > 1, for all j < J. Moreover, it is not difficult to see that if in addition
the lower bound in (3.13) holds with C large enough, then (2.22) is satisfied for t = ¢; and
L = L;, forall j > 0. Thus, with these choices of C and c, (3.15) follows from (2.23) in
Lemma 2.4 and a union bound. Now, for (3.14), we have to show that when 7 is small enough,

ﬂ ﬂ {‘Wn (B(x,r), 12’ ) ‘ < L‘j} C {&.(T) < en}.

0=<j=J xez3

To see this, we rather work with cubes Q € 2,/, with r’ = r/ Vd — 2, and one assume
that r’ > 1, since this is a consequence of (3.13) when C is large enough. The reason to
introduce r’ is that we want

(3.16) AcC[-r.r¢ = AtTCBO.r).
which holds for this choice of r’. Now for j € {1,..., J}, define

Hn(Q.)i={k e llion) o < [RET N (Se+ Q) <.

and
Fn(0.0) = {k e {1...on} | R N (Sk+ Q) = to}
Note that oy
R nol
b(Q7) = =

4¢ SERIE - TOME 50 — 2017 - N° 3



MODERATE DEVIATIONS FOR THE RANGE OF TRANSIENT RW 771

and combined with (3.16), this shows that

%:(Q,j) C Fn (B(x,r),neZ-/r3) forall j > 0.
Note now that by definition of J, one hast; > 8r3 > |Q]|, for O € 2, and therefore

J
(3.17) {I.....n} ¢ |J Q. ).

j=0
Then, let
Enrne)= () () (0. )<L}
0<j<J Qe P,
For j € {0,...,J}and Q € P, letk* € F,(Q. j) be the index which maximizes the
sum Zze(—Sk-i-c%,'(H')ﬂQ G7(z), and define

Ag(j) = (=Sg= + R+ )N Q.

Note that by definition of ¥, (Q, j), one has |Ag(j)| < y;r3, with y; = 8d%ne2/. Hence,
by using Lemma 2.2 and (3.17), we see that on the event E,(r, 1, €), for some constant 4 > 0,
using the trivial bound | %, (Q,0)| < n.

J
<z Y Y S Grio)

J=00eP ke F;(Q,)) ze(—Sk+RTHNQ

J
Yo 1E @D Y. Gr2)
i=00

€ P,s zeAo (j)

(3.18) <2

~|

J
A 2/3 2/3
71" 72+V0T)+;LJ' (Vj V2+VJ'T)

IA

Now, if 73 < ¢£'/2T3/2, with ¢ small enough, then yj.2/3r2 < y;T, forall j > 0. Therefore
(3.18) shows that if 7 is small enough, then

(3.19) En(r.n.e) C {.(T) < enj.
Together with (3.19) this concludes the proof of the lemma. O

3.3. Case of dimensions d > 5
The following is an analog of Lemma 3.2:

LemMaA 3.4, — Assume that d > 5. There are positive constants 0, kg, ¢ and C, such that
foranye € (0,vg), n > 2, and any r < T, satisfying

24

_7)2
(3.20) Ce 5T n2ld logn < r? < ¢ (e(d 5 Td/z/\sn),

the two following statements hold. First

J .
G2 G zeny < |J U {|#(Ba.n27rd) = 2770,

Jj=0xezd
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with J the smallest integer such that 23792 > 1/e. Furthermore, for any 0 < j < J,

322 P|J {|56n(3(x,r),n2—frd)| zng%zn} < C exp (—Kd.ﬁ (gn)l—%).

xezd

Proof. — Since the proof is entirely similar to the case of dimension 3, we will not repro-
duce it here. One just has to use this time #; = (842)n2~7/r¢ and L; = £23/@=2y forj < J.
O

Note that here, for proving the upper bound in (1.12), one can choose 7 = (en)?/4.

3.4. Case of dimension d = 4

In this case we obtain a weaker statement.

LEMMA 3.5. — Assume that d = 4. There are positive constants 1, k4, ¢ and C, such that
forany e € (0,v4), n > 2, and any r < T, satisfying

(3.23) C e logel??n'/? logn < r* < cL(Tz/\n),
[loge]

the two following statements hold. First

J .
(3.24) ey = ent © U U {1(Bnnn ) = Zenl

Jj=0xez4

with J the smallest integer such that 2’ > J /e. Furthermore, for any 0 < j < J,

: /
62 Pl {|6an(3(x,r),n2—jr4)| - ?(m} <C exp (_K4_ (en)'/? )

xez4 |loge|!/2

Proof. — Since the proof is entirely similar to the previous cases, we leave the details to
the reader. Just for (3.25) one can notice that J is of order | log ¢| by definition. O

4. Lower bounds

4.1. Lower bound in dimension d > 4

This is the easiest case. We impose that the walk stays a time aen in a ball of volume en /2,
with « = 2/vg4. During this short time, the boundary of the range is necessarily smaller
than en/2, and the rest of the trajectory cannot make up for this loss. To be more precise,
first write

|8c%)/n| = |a<y\)/(xsn| + |3$(aen,n)|,
which gives after centering and using (2.7),
10 Rn| < 10 Raenl + 10 R(aen, n)| + Ologn).

Let p,, be the maximal radius such that | B(0, p,)| < en/2. On the event { Rger C B(0, py)},
one has

en
|acy?/asn| < |B(0, pp)| < 7,
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and therefore also (remembering that = 2/v,)
10 Rn] < —2en + % + 13 Raen, )| + Cllogn).

Hence, for n large enough

@1 Pl0Ral < —en] = P[Raen C B(O. p)] - P[|a$(aen,n)| > %sn]

Then one can use Okada’s results [19] which show that upper large deviations have exponen-
tially small probability. More precisely, his results imply in particular that for any ¢ > 0, there
exists a constant ¢ = ¢(g) > 0, such that

(4.2) P[10Rn] = en] < exp(—cn),

for n large enough. On the other hand it is well known that there exists a constant x > 0,
such that forany r > 1 and n > 1,

n
4.3) P[Rn C BO.7)] = exp (- r_2> .
Combining (4.1), (4.2) and (4.3) gives the lower bounds in (1.12) and (1.14).

4.2. Lower bound in dimension d = 3

This case is more delicate than the previous one. We distinguish two regimes: when ¢ is
small, say ¢ < &g, for some small enough constant &g, and when ¢ € (g¢, v3/2). The latter
case can be handled using the same argument as in higher dimensions, and we omit it, and
rather concentrate on the former.

We will see that to shrink the boundary of the range, the random walk needs to localize a
time n in a ball of radius p, with p3 of order n/e. The heuristics behind this picture relies on
the following key relation already mentioned in Subsection 2.2: for any integers n and m

4.4) 0RO, n+m)| < |0 R(0,n)] + |0 R, n +m)| — | R(0,n) N3R(n,n + m)|.

Without constraint, the intersection of two strands | £/(0,n) N 3 R(n,2n)| is typically of
order +/n in dimension three, and does not influence the (linear) growth of the boundary
of the range. However, when the walk is localized in a ball of volume 7 /¢, it likely visits an
e-fraction of all fixed large volume—see Proposition 4.1 below for a precise statement—so
that the former intersection is typically of order en when we choose m = n, and realize that
|0 R(n,2n)| is typically of order n. The fact that this scenario leads to the correct cost follows
from the bound (4.3), which was already instrumental in higher dimensions.

Let us give now some details. The proof is based on the following covering result.

PRrROPOSITION 4.1. — There are positive constants ¢, C, and gy, such that for all € € (0, g¢),
and n large enough, we have
4.5)

C
]P’[|J%n NA|> 8|A|] > exp(— 2303 forall A C B(o,c(f)m) with |A| = =.
€ €
Before proving this result, let us deduce the desired lower bound.
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Proof of the lower bound in (1.10). — We center the variables of (4.4) using (2.7) to obtain
19 6R(0,2n)| < |9 RA0, )| + |3 RAn, 2n)| — | RA0, n) N AR, 2n)| + O(V/n).

By invariance of time-inversion and using the Markov property, we see that the intersection
term in this inequality is equal in law to the intersection of two independent ranges. Hence
Okada’s large deviations estimate (4.2) yields, for n large enough,

P[0 Ron| < —26n] > Pl| Rip N dRp| > 4en] — 2P[[0 Rn| > £n/2]
> Pl Ry N 8;%,,| > 4en] — 2 exp(—cn),

with ;%n an independent copy of R, and ¢ = c(¢) > 0 a constant. We are therefore left
with showing the existence of ¥ > 0 such that for all ¢ small enough and n large enough

(4.6) P[|Rin N 0 Rn| = en] = exp(—k £2/3n1/3).

To this end, we first claim that localizing a random walk a time n inside B(0, p,) with p3 of
order n/¢ still produces a boundary of the range of order n. Indeed,

P[1d Rn| = v3n/2, Ron C B, pn)] = P[Ron C B(O, pn)] — P13 R < v3n/2].
Then using (4.3), we get
4.7) P[Rn C BO. pn)] = exp(—k e2/°n'/?),

for some constant ¥ > 0 (here we take p, = c(n/e)!/3, with ¢ as in Proposition 4.1) and
from our upper bound, we have for some constant £’ > 0,

IP[|8:%,,| < V3n/2] < exp(—«'n'/?).
Thus, if we take ¢ small enough, we see that for some possibly larger constant x > 0
(4.8) P[|a%n| > v3n/2, Rm C B(o,p,,)] > exp(—k £2/3n1/3).
Then by using the independence between R, and ;%n, Proposition 4.1, and (4.8) we have
P[| R N 0Ra| = en] = 3 B[] R (V] = en] x B3Ry = V]

VCB(0,01), [VI=v3n/2
> exp(— 230 2) x P[|0 R = v31/2. Ron € B(O. pn)]
> exp(—(1 4+ «) 82/3111/3).
This proves (4.6). O

We are left with proving Proposition 4.1.

Proof of Proposition 4.1. — Define p, and K, by p, = c(n/¢)"/?, and K,, = Kep,, with
¢ and K some constants to be chosen later. Observe that a walk covers a fraction ¢ of a set
A C B(0, p,), if it makes K, excursions between B(0,2p,) and dB(0, 5p,) before time n.
Indeed, each excursion has a chance of order 1/p, to visit any given site of B(0, p,) (since
on 1s the typical distance between such site and dB(0, 2p;)), so that K, independent excursions
have a chance of order K¢ to cover any given site. If K is large enough, one deduces well that
K, excursions cover at least a fraction ¢ of A. Now, a Gambler’s ruin estimate shows that
the probability to hit the ball B(0,2p,) before exiting B(0, 8p,) starting from dB(0, 5p,) is

4¢ SERIE - TOME 50 — 2017 = N° 3



MODERATE DEVIATIONS FOR THE RANGE OF TRANSIENT RW 775

bounded away from 0, so this happens K, times at a cost exp(—Kj,) which is of the right
order.

Finally note that the length of a typical excursion is of order p2, so that with high proba-
bility K, of them have to occur before time n, provided ¢ is small enough, and this concludes
the heuristics of the proof.

Let us proceed now to the details. We first define the excursions in a standard way as
follows. Set 09 = 0, and then fori > 0,
7 ;= 1inf{t > 0; : S; ¢ B(0,5p,)},
and
oi+1:=1inf{t > 1; : Sy € B(0,20,)}.
Also define 7* to be the exit time from B(0, 8p;).
The number of excursions (after ty) from dB(0, 2p,) to dB(0, 50,) is defined to be

N :=sup{k >0 : ox < oo}

Recall that K, = Kepy, for K to be fixed later. Let { .y be the sigma-field generated by ¢/,
and the starting and end points of the excursions.

Gy =0 (N Xoy. X 1 < ).
Define A; = A, and fori > 1, define

RV ={Xgy.... Xy} and  Ajy = AN\ (R nA).
J<i

Then, set
(4.9) X; = | R N Ai| 115, <00

Notice that conditionally on § oy the variables {X;, i < ¢/} are independent of the
event {ok, < t*}. Therefore,

(4.10)
Kn

Ky
P [Z X; > ¢|A|, ok, < r*:| —E [1{&,{”}1@[2)& > &|A| ‘ QW]P[% < | QW]} .
i=1

i=1 _

Let ¢/#; the sigma-field generated by the walk up to the stopping time o;. Define

NAKy
(4.11) My = Y (X —E[Xi | Fi. G).
i=1
and note that
NAKy
(4.12) EM, | 031=0 and E[M]|(;1<2 > E[X?| ¢yl

i=1

Now, for any i < ¢V, we have

@13)  EIX | P Gl = Y Plxe RV ¢yl = D Plve RY | Xop. Xq |,

X€EA; X€EA;
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since (conditionally on ¢ ), the law of X; depends on &#; only through A;. Moreover, as
a consequence of the Harnack principle there exists a constant ¢y > 0, such that for any
X € B(O’ pﬂ)>

(4.14) Plx € R | Xo,, X] = coPlx € R | Xo,].
Indeed, for any y € dB(0, 5p,), the Markov property yields
Plx € RV | Xo;0 Xy = y] =P[x € R | Xo;] x Px [XHan,Spn) =y].

and now the Harnack principle, see [17, Theorem 6.3.9], shows that there exists ¢g > O,
independent of x, y and X,;, such that almost surely,

Prx[XHyp0.50) = V] Z CoP[Xy; =y | Xo,],

which proves (4.14). Then for any z € dB(0, 2p,), by using standard estimates on the Green’s
function (see [17, Theorem 4.3.1]), we can write

Pix e RV | X, =21 > P,[Hy <oo]— sup P,[H, < oo
y€3B(0,501)

c c 1
> Gr _ sup Gr _ 0 (_2)
Ix =zl yeaB.50m) Iy — x| P
> CGr _ CGr _ O(L)
3pn  4pn oa
CGr
200,

=

for some constant cg; > 0, and n large enough. Combining this with (4.13) and (4.14), we
obtain that for any i < ¢/, almost surely

(4.15) E[X; | S Gyl > ;—1|Ai|,

for some constant ¢; > 0. Now, choose K := 4/cq, and use the previous inequality. This
shows that on the event {cV > K},

194
D EIXi | Fhis Oy = 4elAk, .

i=1

Since |Ak, | = |A] — Zle”fl X;, we have for any ¢ < 1/2, on the event { oV > K},

Ky
P[Z Xi < e[A| ‘ Qc]v:|

i=1
P(|Mu| = €|Al | § 4]
@16 _E[M16,)

82|A|2

2 &
= B0 Gl

K,
IP’|:Z Xi < ¢|Al, |[Ak,| = |A]/2 ‘ ge/v:|

IA
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using (4.12) at the last line. Moreover, for any i < ¢/, using again the Harnack inequality
at the third line, and (2.10) at the last line,

4.17)
E[X? | H;. 0= Z P[z c RV e R0 | Xo,. Xr,-:l
(Z,Z’)EA,‘XA,‘
=2 Z ]P)I:Z € %(i)v ' e ﬁ(i)» H; < Hy | Xq;, er:l
(Z,Z’)EA,'XAZ'
< G Z ]P)[Z € ﬁ/(i)s z' e jl)/(i), H; < Hy | Xoi:l
(z,z/)eA; xA;
1
< C Px, [H; < Hy <o0] < C _
p> [z <Ho<od < G0 D, oo,

(z,2/)eA; xA; z,2’€A;

for some constant Cy > 0. Now it is not difficult to see that for any set A, and any y € Z¢,
onehas Y .., 1/(|z—y| +1) = O(|A|*/3), with an implicit constant which is uniform in A
and y, since the worst case is easily seen to be reached when A is a ball and y is the center of
this ball. Therefore (4.17) gives
/
E[X? | S Gy < p—" |AIP3,
n

for some constant C;, > 0. Together with (4.16) if we assume that |[A| > C/&3, with
C := (4KC})?, one deduces that, on the event {c/V > K},

K,
“ 2KC} 1
P E X; <e|lA ‘ < — 0 <_
|:i=1 r=elfl Qc}/:| TElAlR T2

Coming back to (4.10) we get

K
" 1
]P’|:Z X; > ¢|A|, ok, < t*:| > —IP[UKn =< T*]

i=1

v

[\

(4.18)

v

1
3 exp(—« - Kcll3. 82/3I’l1/3),

for some constant ¥ > 0, since for any x € dB(0, 5p,) the probability starting from x to
hit the ball B(0, 2p,) before t* is bounded away from 0 (see [16, Proposition 1.5.10]). Now,
observe that

PllRa N Al = €|Al]

%

Ky
P |:Z X; >¢lAl, 0k, <15, 1%, <T" /\n:|

i=1

(4.19)

%

K,
P |:ZX,- > ¢|A|, 0k, < r*i| —Pn <, <t¥.
i=1

We now bound the last term in the right hand side of (4.19). To this end we let

gi = (0i+1 A Tt — Ti)l{rl-<oo} and gi = (Ti - Ui)1{0i<oo} fori >0,
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and observe that for any integer £ > 1, on the event {7 < t*}, we have
~ k_l ~
(4.20) wo=E&+ Y (& +E&)

i=0

Then we claim that the random variables (&;/p32) and (§,~/ p2) are (up to a multiplicative
constant) dominated by i.i.d. geometric random variables. To see this, one can use that
(IS 1I> = n)nso is a martingale. It implies, using also the optional stopping time theorem,
that for any x € B(0, 8p,),

(8pn + 10 = B[S, pagosz || 2 Ex [7 A 20007] = 20002 Po[* = 20003].

Hence for any x € B(0, 8p,),
Pr[r* < 20003] = 1/2.

We deduce that there exist (G;) and (G;), i.i.d. geometric random variables with param-
eter 1/2, such that

£/(20002) < G; and £/(200p2) < G; foralli > 0.

Now assume that ¢ < 1/(2000K), so that 1/(200K¢) > 10. Then with (4.20), and using
Markov’s exponential inequality, this gives

Kll
~ n
*
Pr<tg, <t7]< P [;(Gi +Gi) > 200,0%]

IA

1 & 1
Pl— ) (G +G;) >
[K,, ;( i+ l)_200K0:|
< exp(—k - c72/3 . g23p1/3),

for some constant ¥ > 0. Finally by taking ¢ small enough and using (4.18) and (4.19) this
proves the desired lower bound. O

5. Bound on the capacity

In this section, we prove Proposition 1.7, and then use it for proving (1.9), (1.11)
and (1.13).

We first recall some important property of the capacity of a ball (see (2.16) in [16] for a
stronger statement): there is a positive constant Cg,p, such that for all x € Z4 andr > 0

(5.1) cap(B(x,r)) < Ceap |B(x,r)|'72/4,

Proof of Proposition 1.7. — First, consider the case when 74 (B(C, r)) is bounded above by
some constant C. Then by using (2.21) (see [2, Lemma 1.2]), we obtain
P[ln(B(x.r)) =t forallx € C] <P[{,(B(C.r)) =1|Cl]

|Cle
= o (=0 g,y )

(5.2)
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which proves the desired inequality (1.16), with x = ko/C. Henceforth, we assume that

cap(B(C,r))

(53) |C[i=2/d -2

> 2Ccqp.

We need now a few intermediate lemmas. We first show that spending a time ¢ in a ball B(x, r)
implies making order ¢ /r? excursions from dB(x, r) to dB(x, 2r), with high probability. So
as in the proof of Proposition 4.1, set gg(x,r) = 0, and for j > 0,

Ti(x,r) :=1inf{t > 0;(x,r) : S; € 0B(x,2r)},
and
ojt1(x,r) :=nf{t > r;(x,r) : S; € B(x,r)}.
Then forn > 1, let
Np(x,r):=sup{j : g;(x,r) <n}.

LEMMA 5.1. — There exists a constant ¢ > 0, such that for any r > 1, C € A(r), and
n>1,

P [€,(B(x.r)) =t and Ny (x,r) < ct/r* forall x € C] < exp(—c|C| :—2)

Proof. — Exactly as in the proof of Proposition 4.1, one can see that there exist i.i.d.
geometric random variables {G;(x), j € N,x € C}, with parameter 1/2, such that for any
jeN,andx € C,

(tj (x. 1) = 0 (X, 1) Lo, (x,r) <00} < 100r>G (x).

Moreover, for any x € C,

Np(x,r)

L(B(x,r) < ) ((x,r) —0;(x, 7))

j=0
Indeed, we include the 0-th order term 7o(x,r) to cover the case where the walk starts

in B(x,2r). Therefore, by standard large deviation estimates, for any § € (0, 1/400), there
is y > 0 (independent of n, ¢ and r), such that

8t/r?

t
IP’|:Z,,(B(x,r)) >t Ny(x,r) < 8—2 forall x € G] <P Z Gj(x) > 00,2 forallx € C
r r
j=0
8t/r?
1 26t
= l_[]P) Z Gj(x) > 5008 72
xel Jj=0
t
=< exp(—y|Cl3).
The result follows as we take ¢ = min(é, y). O

The next result relates the probability to never return to B(C, r) starting from a boundary
point of B(x,2r) to the probability of the same event starting from a uniformly chosen site
on dB(x,r).
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LeEmMA 5.2. — With the notation and hypothesis of Proposition 1.7, there exists 6 > 0
(independent of r and C € A(r)), such lhatﬁ)r any x € Cand z € 9B(x,2r),

Z Py[Hg o,y = +09].

yEBB(x r)

IP)Z[I'IB(G,r) = +oo] >0-

Proof. — We first argue that there exists ; > 0, such that for any z’ € dB(x, 2r)
G4 P,[Hpe,ry = +00] = 01 -Pr[Hpe,r) = +00].

To this end, let t be the exit time from the annulus B(x,5r/2)\ B(x,3r/2). By using the
optional stopping time theorem, we obtain

P.[Hpcry = +00] = Y P:[Se = v]Py[Hp(er) = +00].
v
Then, Harnack’s inequality (see [17, Theorem 6.3.9]) shows that there exists a constant 6,
such that for all z’ € dB(x,2r) and v,
P.[S; =v] = 01 -P[S; = v].

Inequality (5.4) follows. Now using Proposition 1.5.10 in [16], we see that there exists 6, > 0,
such that

(5.5) Py[Hap(x,2r) < HBB(x r)] = ril,

for all y € 0B(x,r). Next, using Lemma 6.3.7 and Proposition 6.4.4 in [17], we deduce that
there exists 63 > 0 satisfying for all y € dB(x,r) and w € dB(x, 2r),

1 .
(5.6) Py[Sy = w] < 05- p with v/ = H;é(x’zr)UB(x,r).
Then by using that the size of the boundary of a ball of radius r or 2r is of order r%~!, we
deduce that
1
= Y PulHpn =+00] = ba- Y. BylHj,, = +ool.
|[0B(x,2r)| g
weIB(x,2r) y€dB(x,r)

Combining this with (5.4) gives the result. O

LEMMA 5.3. — For x € C, define

=exp(— min P,[H = +4o0]|.
qx p( seiDin 2[Hp(c,r ])

Then, for any xo € C, any y € dB(xo,2r), and any integers nand (ny,x € 0),

(5.7) Py [Na(x.r) = ny forallx € C] < ]"[ 5

mmxed‘]x

As a consequence, we have

(5.8) Py [Na(x.r) = ny forallx € €] < nlfl % TT gm
My gx
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Proof. — We only need to prove (5.7), since (5.8) follows immediately using that in any
ball B(x,r), there can be at most n excursions before time n. So we prove (5.7) by induction

on
N = an.

xel
First assume that N = 0. Then we just bound the left-hand side in (5.7) by 1, and observe
that the right-hand side is equal to g,/ miny gx, which is well always larger than or equal to
one. Next assume that N = 1. In this case the left-hand side in (5.7) is bounded above by

Py[Hp(er) =n] <1 =Py [Hper) = +00] < exp(—Py[Hp(e.r) = +00]) < gx,
which proves the case N = 1. We now prove the induction step, and assume for this that
N > 2. We write Py, ,(nx, x € C) for the term on the left-hand side of (5.7), and define

v =inf{t > Hpc,) : S: € 0B(C,2r)}.

Now, by the Markov property

n
Py y(ny, x € 0) = Z Z Z Pyt =k, Sc =z] Ppp(nx —Lix=yxy, X € 0),
x'€Ck=1z€dB(x’,2r)
where the first sum is over all centers x’, such that n,, > 1. By using the induction hypothesis,
this gives
[liee qx"

Mminyee dx
and we conclude as in the case N = 1. O

Puy(ne, x€0) < x Py[Hpe.r) < nl,

We are now in position to give the proof of Proposition 1.7.

Proof of Proposition 1.7. Let ko be the integral part of cap(B(C, 1))/ (2Ccapr®2), with Ceqp
as in (5.1). Note that by (5.3), one has ko > 1, and therefore

1 cap(B(C, 1)) < ko < 1 cap(B(C,r)) .
4Ceap rd—2 - = 2Ccap rd—2
Now, for x € C define

capy(B(C,r) := Y Py[Hg,,, = +ol.
y€IB(x,r)

(5.9)

Using (5.1), one can see that for any x € C,
cap,(B(C,r)) < cap(B(x. 1)) < Ceap 1472,
Moreover, by definition,
cap(B(C.r)) = Y _ cap,(B(C.1)).
xel
Therefore for any subset I C C with cardinality m — ko, one has
cap(B(C,r))

(510) D" cap,(B(C.r)) = cap(B(C.r)) —koCeap r?™> = .

xel
Next let
E ={{,(B(x,r)) >t forallx € C},
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and
F = {N,,(x, r) > ct/r2 for at least | C| — ko elements x € 0} ,

with ¢ as in Lemma 5.1. By using Lemma 5.1 we get for some positive constant C,

(5.11) P[ENF¢] < C-<|c|)-exp(—c-ko-L).
ko r2

On the other hand Lemma 5.2, (5.8) and (5.10) show that for some positive constant C,
with 0 as in Lemma 5.2,

(5.12) P[F] < C - (|kc|) . nlCl=ko exp (_9(: ) cap(B(C,r)) L)
0

2 rd
Then, (5.9), (5.11) and (5.12) prove the proposition. a

5.0.0.1. Proofof (1.9), (1.11) and (1.13).— We only give the proof of (1.9) which corresponds
to the case of dimension d = 3. The other cases are similar and we leave the details to the
reader.

Define
(5.13) En(e) = {laty-\)/n| _E”ac%nl] < —en},
and
3 n An
(5.14) Fu(a, A, e) ={3A CZ° : Ly(A) = an, Ja(A) < A, o= Al = —3.
€ )
We have to prove the existence of « € (0, 1) and A > 0, such that for any ¢ € (0, v3/2),
(5.15) P[F,(a, A, )¢ | Ex(e)] — 0,
as n — oo. Our strategy for this is to define five sets E, 1,..., En5 with E, 1 = E,(¢),
E,s5 = Fy(a, A, e),and
(5.16) PlE,; N Efl’jH] = o(pn) forj=1,...,4,

with py = P[Ep.1] = P[E,(e)]. This will well prove (5.15), since

4
EnyNESs C | EnjNE; 41

j=1
Set T = n5/%. Since T = o(n?/?), Proposition 3.1 and the lower bound in (1.10) show that
(5.17) P[Eni N ES,] =o0(pa)  with Enp= {gn(T) > %}

Now take 1 as in Lemma 3.2 and define

(5.18) ri=n"* and 1:= %r3,

so that (3.13) is satisfied for n large enough. Let j, be the smallest integer such that
2J0/6 > 25ic3 /i3, with k3 and k3 as in (1.10) and (3.15) respectively. Then (3.14) and (3.15)
show that

(5.19)  P[En2NEfs]=o(pn)  with Ena= |J{|Ha(Br.r).0] = 5753

xezd
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Observe next that with our choice (5.18) and L = n/ 237/ 2
1/3 2/371/3
L BT S O ansgmio2ggg2/3 . 213,10,
r2 t - r2
Therefore a union bound and (2.24) show that, with the notation of Lemma 2.4,

(5.20) P[EnsNES4] =0(ps)  with Eng= (,(r.1,[SL/1]),

where § is the constant associated to K = 2 - 1002/3jc3~2/3270/2

Finally let o = (§/2)-27%0/2 so that t[§L/t] > §L/2 = an, for n large enough. Note that
if A is the union of mg = [6L/t] disjoint balls of radius r, then at least for n large enough,

we have
10%a n

n e

A = max 27011 /3y 10%a
81/3712/3/(’ n ’

ms(r//3)* < |A| < ms(3r)® <

Therefore, if we take

with « as in Proposition 1.7, then this proposition and a union bound show that
P(En,4 N ES 5) = 0(py), using also that L/t = O(n'/*), to remove all the combinato-
rial terms, and (2.21) for the lower bound on the volume of A. Combining this with (5.17),
(5.19) and (5.20) gives (5.16), and concludes the proof of (1.9). O

6. Proof of Theorem 1.8

We start with the proof of the first statement. Define the positive part of a real x as
x4+ = max(x,0) and x_ = x4 — x = max(—x,0). Define now

Z;(B) =E [exp (—n% (19 Rl —Enac%n|1)+)] ,

and
28 =& [exp (577 (01~ DR ) |.

Since e™* = e*~ 4+ e¢7*+ — 1, we have the following simple relations (using also Jensen’s
inequality)

ZB)=ZFB)+Z,B)—1. 0<Z;(B) <1 and 1=Z,(B)<Z;(P).
Thus

. 1 _ . 1
FT(B) = limsup prE=r] log Z,T(ﬁ) and F~(B) = llrnmfnl_—z/d log Z,T(ﬁ).

The result follows since Z, is nondecreasing in 8 by construction.

For the second statement, note first that

2,(8) = exp(P2 w1214 B [[9 R0 — (10 Ral) < ~2].
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Then the fact that 8 is finite follows from the lower bounds in (1.10), (1.12) and (1.14). On
the other hand, using this time the upper bounds in the latter inequalities, one get

[log; &l

Zn() = P £ YT exp(B2 ) P (10 R | — Bl Rl] = —27Fn
k=1
|log; & —2k/3

< P LS exp ((ﬂZ_k“ -

K —)'nl—Z/d .
=1 d,/k10g2 )

So we see that for 8 small enough, one has for all ¢ > 0,

Zy(B) <

for some positive constants ¢ and C. The fact that ﬁ; is positive follows.

en! =2/ 4 C|loge| exp(—ce¥/4n1=2/4)y,

Let us prove the third statement now. So let 8 < ,3;, a € (0,1),and A > 0 be given.
Since r, > n2/4(logn)?2, Proposition 1.7 shows (see the discussion after its statement in the
Introduction, in particular (1.18)) that there exists a positive constant ¢ = c(«, A), such that

]P’[HG € Hrn, An) : Ly(B(x,12)) = ¢ 1-2/d),

forall x € 0] < exp(—cn

|0|

at least for n large enough. Then, we have
6.1)

i\-)

1

Qﬁ |:30 € cAry, An) : €y (B(x,1y)) > Olm Vx e 8:| eZ &

The first term on the right-hand side goes to 0, since Z,(f) > 1. For the second term, define
B’ = (B + B})/2, and note that for any & > 0,

08 0] < 0]

0f [Bl = —en] <200 08 oy ern (— L2 DTN
(6.2)
Za(8) -
=Zp P (P,

Then by using that 8’ < ﬂ;, we deduce that this last term goes to 0 as n tends to infinity.

We prove now the fourth statement. Fix 8 > B7. By definition, there exists ¢ > 0, such
that for n large enough,

(6.3) Zn(B) > exp(en'™2/9).
It follows that as n — oo, with ¢ = ¢/(2f), we have
(6.4) QB [10Rn| — E[|d Rnl] = —en] — 0.

Now, the arguments used for the proof of (1.9) in the previous section show that there exist «
and A, such that

P[|ayan| < —en, minLy(B(x, rm)) < 2
xel

o forall C e rn, An) satistying 4 (B(C, r)) < A]

< exp(—28n'"7),
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for n large enough (in the proof of the previous section, take for instance T = T(n) =
(n//logn)?/4, so that ré = o(T%/?)). Using again that Z, (8) > 1, this implies that
@[ min £, (B(x, ) < =
xel | 8|
as n — 00, and this proves (1.19). The proof of (1.20) is similar and left to the reader.

It remains now to prove the last statement. In fact as the proof above shows, it suffices to
see that for any fixed y € (0, 1), (6.3) holds true with ¢ = ¢(8) = (1 — y)Bvy, for all 8 large
enough (since then the proof of the previous statement works as well with ¢ = (1 — y)c/B).
For this, notice that (4.3) shows that there exists a constant C > 0, such that for n large
enough,

(6.5) P[1dRnl — E[ld Rnl] < —(1 — x/2)van] = exp(—Cn'~2/%),

as if the walk spends the first n steps in a ball of volume (y/4)vyn, then using also (2.7) we
deduce that |0 R;,| is smaller than (/2 — 1)vgn, for n large enough. Therefore, for B large
enough

Za(B) = exp ((B(1 = x/2va = Cn' /) = exp (B = pyvan' >4,
which concludes the proof. |
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for all C € A(ry, An) satisfying J4(B(C,ryp)) < A] — 0,
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