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KNOTTED STRUCTURES
IN HIGH-ENERGY BELTRAMI FIELDS
ON THE TORUS AND THE SPHERE

BY ALBERTO ENCISO, DANIEL PERALTA-SALAS
AND Francisco TORRES pe LIZAUR

ABSTRACT. — Let & be a finite union of (pairwise disjoint but possibly knotted and linked) closed
curves and tubes in the round sphere S? or in the flat torus T3. In the case of the torus, & is further
assumed to be contained in a contractible subset of T2. In this paper we show that for any sufficiently
large odd integer A there exists a Beltrami field on S® or T3 satisfying curl u = Au and with a collection
of vortex lines and vortex tubes given by &, up to an ambient diffeomorphism.

RESUME. — Soit & une collection finie de courbes et de tubes fermés, disjoints deux a deux mais
pouvant étre noués et entrelacés, dans la sphére ronde S ou dans le tore plat T3. Dans le cas du tore,
on suppose davantage que & est contenu dans un sous-ensemble contractile de T3. Dans cet article
on montre que, pour tout entier impair A suffisamment grand, il existe un champ de Beltrami dans S3
ou T3 satisfaisant curlu = Au et qui a une collection de lignes et tubes de vorticité donnés par ¢,
modulo un difféomorphisme ambiant.

1. Introduction

An incompressible fluid flow in R3 is described by its velocity field u(x, ), which is a time-
dependent vector field satisfying the Euler equations

du+ wu-Vu=-VP, divu =0

for some pressure function P(x,?). When the velocity field does not depend on time, the
fluid is said to be stationary. This paper concerns stationary solutions of the Euler equations,
which describe equilibrium configurations of the fluid.

A central topic in topological fluid mechanics, which can be traced back to Lord Kelvin
in the 19th century [20], concerns the existence of knotted stream and vortex structures in
stationary fluid flows. The most relevant of these structures are the stream lines, vortex lines
and vortex tubes of the fluid. We recall that a stream line and a vortex line are simply a
trajectory (or integral curve) of the velocity field u and the vorticity w := curl u, respectively,
while a vortex tube is the interior domain bounded by an invariant torus of the vorticity.

0012-9593/04/© 2017 Société Mathématique de France. Tous droits réservés doi:10.24033/asens.2337
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996 A. ENCISO, D. PERALTA-SALAS AND F. TORRES DE LIZAUR

The existence of topologically complicated stream and vortex lines is a central topic in
the Lagrangian theory of turbulence and in magnetohydrodynamics, and has been studied
extensively in the last decades (see e.g., [13, 15] for recent accounts of the subject).

Our understanding of the set of stationary states of the Euler equations in three dimen-
sions is much more limited than in the two-dimensional situation [4, 17]. This is due to the
fact that, in two dimensions, the vorticity is a scalar quantity, whereas in the three dimen-
sional case it is a vector field, which can exhibit a much richer behavior. In particular, the exis-
tence of stationary solutions in R* having stream lines, vortex lines and vortex tubes that are
knotted and linked in arbitrarily complicated ways has been established only very recently [7,
8, 9]. Following a suggestion of Arnold [2, 1] related to his celebrated structure theorem, to
prove these results one does not consider just any kind of solutions to the stationary Euler
equations, but a very particular class that are called Beltrami fields. A Beltrami field in R3 is
a vector field satisfying the equation

(1.1) curlu = Au

for some nonzero constant A. Notice that stream lines and vortex lines coincide in the case
of a Beltrami field, and that a Beltrami field is automatically smooth (even real analytic) by
the elliptic regularity theory.

The stationary solutions in R3 that one can construct using the techniques in [7, 8] fall
off at infinity as 1/|x|, this decay being sharp for Beltrami fields but not fast enough for the
velocity to be in the energy space L2(R?). In fact, the incompressibility condition ensures
that there are no Beltrami fields in R® with finite energy even if the proportionality factor A
is allowed to be nonconstant, as has been recently shown in [18, 3].

On the contrary, Beltrami fields in a closed Riemannian 3-manifold M (or a bounded
domain of R3) are stationary solutions to the Euler equations that do have finite energy.
If & is a union of (possibly knotted and linked) closed curves and embedded tori in the
3-sphere, in this setting one can use contact topology to show [10] that there is a Riemannian
metric g on the sphere with an associated Beltrami field u having a collection of vortex lines
and vortex tubes given precisely by &. The main ideas of the proof are that the Reeb field of
a contact form is in fact a Beltrami field in some adapted metric and that one can indeed
construct contact forms on the sphere whose Reeb fields have the collection of periodic
trajectories and invariant tori given by &. Notice that, as it is a Reeb vector field, a Beltrami
field obtained in this fashion does not vanish. Conversely, any nonvanishing Beltrami field
on the sphere is the Reeb vector field of some contact form.

Our goal in this paper is to establish the existence of knotted and linked vortex structures
in Beltrami fields on compact manifolds with a fixed Riemannian metric. Specifically, we will
consider Beltrami fields in the flat 3-torus T2 and in the unit 3-sphere S3; in fact, the former
is the most fundamental space considered in the fluid mechanics literature other than R3
and the latter is perhaps the simplest example of a closed Riemannian 3-manifold from a
geometric point of view.

It is worth emphasizing that, for a fixed Riemannian structure, the problem is much
more rigid than when one can freely choose a metric adapted to the geometry of the set
of lines and tubes that one aims to recover from the trajectories of a Beltrami field. An
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KNOTTED STRUCTURES IN BELTRAMI FIELDS 997

obvious reason is that, analytically, Beltrami fields in a closed Riemannian manifold arise as
eigenfields of the curl operator, which defines a self-adjoint operator with discrete spectrum
and a dense domain in the space of divergence-free L? fields. In the context of spectral theory,
the proportionality constant A, or rather its absolute value, can be thought of as the energy
of the Beltrami field, although of course it is in no way related to the L? norm of the latter.

Our main theorem asserts that there are “many” Beltrami fields u in the sphere and in
the torus with vortex lines and vortex tubes of any link type. Furthermore, these structures
are structurally stable in the sense that any vector field on the torus or the sphere which is
sufficiently close to u in the C* norm and which preserves some smooth volume measure will
also have this collection of periodic trajectories and invariant tori, up to a diffeomorphism.
To state this result precisely, let us call a tube the closure of a domain (in S* or T?) whose
boundary is an embedded torus. Throughout, diffeomorphisms are of class C°, curves are
all assumed to be non-self-intersecting, and we will agree to say that an integer is large when
it is large in absolute value.

THEOREM 1.1. — Let & be a finite union of (pairwise disjoint, but possibly knotted and
linked) closed curves and tubes in S or T3. In the case of the torus, we also assume that § is
contained in a contractible subset of T>. Then for any large enough odd integer X there exists a
Beltrami field u satisfying the equation curlu = Au and a diffeomorphism ® of S or T3 such
that ®( &) is a union of vortex lines and vortex tubes of u. Furthermore, this set is structurally
stable.

An important observation is that the proof of this theorem yields a reasonably complete
understanding of the behavior of the diffeomorphism ®, which is, in particular, connected
with the identity. Oversimplifying a little, the effect of @ is to uniformly rescale a contractible
subset of the manifold that contains & to have a diameter of order 1/|1|. In particular, the
control that we have over the diffeomorphism & allows us to prove an analog of this result
for quotients of the sphere by finite groups of isometries (lens spaces). Notice that ®( &) is
not guaranteed to contain all vortex lines and vortex tubes of the Beltrami field. It is also
worth mentioning that, if & only consists of curves, the condition that the perturbation of
the Beltrami field be volume-preserving is not necessary for the structural stability of ®(&),
and the smallness in C* can be replaced by a C' condition.

In S? and T3, Theorem 1.1 proves a conjecture of Arnold [2] asserting that there should
be Beltrami fields having stream lines with complicated topology. Furthermore, it should be
noticed that the helicity of the vorticity, that is, the quantity [14]

H(curlu) ::/ u-curlu,
M

is proportional to its eigenvalue A, so the Beltrami fields constructed in the main theorem
have very large helicity. More precisely, the quantity

SH(curlu)

hellZ

)
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998 A. ENCISO, D. PERALTA-SALAS AND F. TORRES DE LIZAUR

which is given by A in the case of a Beltrami field, becomes arbitrarily large. This is fully
consistent with Moffatt’s interpretation [14, 15] of helicity as a measure of the degree of
knottedness of the vortex lines in the fluid flow.

The proof of the theorem involves an interplay between rigid and flexible properties of
high-energy Beltrami fields. Indeed, rigidity appears because high-energy Beltrami fields in
any 3-manifold behave, locally in sets of diameter 1/, as Beltrami fields in R3 with parameter
A = 1doin balls of diameter 1. The catch here is that, in general, one cannot check whether
a given Beltrami field in R actually corresponds to a high-energy Beltrami field on the
compact manifold. To prove a partial converse implication in this direction (Theorem 2.1),
it is key to exploit some flexibility that arises in the problem as a consequence of the fact
that large eigenvalues of the curl operator in the torus or in the sphere have increasingly high
multiplicities. For this reason the proof does not work in a general Riemannian 3-manifold.

One should notice that the techniques introduced in [7, 8] to prove the existence of
Beltrami fields in R3 with a prescribed set & of closed vortex lines and vortex tubes do not
work for compact manifolds. The reason is that the proof is based on the construction of a
local Beltrami field in a neighborhood of &, which is then approximated by a global Beltrami
field in R3 using a Runge-type global approximation theorem. For compact manifolds the
complement of the set & is precompact, so we cannot apply the global approximation
theorem obtained in [7, 8]. In fact, as is well known, this is not just a technical issue, but
a fundamental obstruction in any approximation theorem of this sort. This invalidates the
whole strategy followed in [7, 8] and makes it apparent that new tools are needed to prove
the existence of Beltrami fields with geometrically complex vortex lines and vortex tubes in
compact manifolds.

The paper is organized as follows. In Section 2 we will prove the main theorem assuming
that Theorem 2.1 holds. Theorem 2.1 will be proved in Section 3 in the case of the sphere,
with the proof of some technical results relegated to Sections 4-6, and in Section 7 in the case
of the torus. The paper concludes with some remarks that we present in Section 8, where in
particular we prove an analog of the main theorem for lens spaces.

2. Proof of the main theorem

For the ease of notation, we shall write M3 to denote either T3 (the standard flat 3-torus,
(R/277Z)%) or S (the unit sphere in R*). A Beltrami field u in M3 is an eigenfield of the curl
operator, which satisfies

curlu = Au,
for some nonzero constant A. Itis known (see e.g., [11]) that the spectrum of curl in the sphere
consists of the integers of absolute value greater than or equal to 2. In the case of T? it is easy
to check using Fourier series that the spectrum consists of the real numbers of the form

A= £[k|

for some k € Z3. In particular, the spectrum of curl in T3 contains the set of integers. Here
and in what follows, | - | denotes the usual Euclidean norm of a vector.
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The following theorem, whose proof'is presented in Section 3, shows that a Beltrami field v
in R3 can be approximated, up to a suitable rescaling, by a high-energy Beltrami field u in M3,
This fact is key to the proof of Theorem 1.1 as it implies that the dynamics of any Beltrami
field of R? in compact sets can be reproduced in a small ball of M3 by a high-energy Beltrami
field on the manifold, provided that the dynamical properties under consideration are robust
under suitably small perturbations. For concreteness, we will henceforth assume that A is
positive; the case of negative A is completely analogous.

For the precise statement of the theorem, let us fix an arbitrary point py € M? and take a
patch of normal geodesic coordinates W : B — B centered at py. Here and in what follows,
B, (resp. B,) denotes the ball in R? (resp. the geodesic ball in M) centered at the origin (resp.
at po) and of radius p, and we shall drop the subscript when p = 1. The theorem will be
then stated in terms of the vector field W.u on B, which is just the expression of the Beltrami
field u in local normal coordinates. If u’ (x) are the three components of W, u in the Cartesian
basis {e;}7_, of R3, i.e.,

3
Yu(x) = Zui(x) e,

i=1
we will make use of the rescaled vector field
3
‘-Il*u(x) = gui <X) e .
THEOREM 2.1. — Let v be a Beltrami field in R3, satisfying curlv = v. Let us fix any

positive numbers ¢ and m. Then for any large enough odd integer A there is a Beltrami field u,
satisfying curlu = Au in M3, such that

.1 H Wu(x) —v

<é.

C"(B)

Let us now show how this result can be exploited to prove the main theorem. For this,
let &' be a diffeomorphism of M? mapping the set & into the ball By, and the ball B/,
into itself. (In S3, the existence of such a diffeomorphism is trivial, while in the case of T? it
follows from the assumption that & is contained in a contractible set.) We can now define a
set 3" of finitely many closed curves and tubes in the ball By, as

S i=(Pod)(F).
The following result is a straightforward consequence of the main theorem in [§]:

THEOREM 2.2. — There is a Beltrami field v in R? satisfying curlv = v and an orientation-
preserving diffeomorphism ®y of R3, which coincides with the identity in the complement
of Bijz, such that ®o(&’ ") is a union of vortex lines and vortex tubes of v. Furthermore, this
set is structurally stable.

Proof. — It was shown in [8] that there is a Beltrami field ¢ in R3, satisfying

curl b = Ad
for some small positive constant A < 1, and an orientation-preserving diffeomorphism @
of R3 that is the identity in the complement of B; /2 such that &(J" ") is a set of closed
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1000 A. ENCISO, D. PERALTA-SALAS AND F. TORRES DE LIZAUR

vortex lines and vortex tubes of v. The closed vortex lines are elliptic trajectories of ¥ and
the boundaries of the vortex tubes are KAM-nondegenerate invariant tori of v. Given a
positive number A let us denote the rescaling with factor A by ®4 (x) := Ax. The theorem
follows setting v(x) := #(x/A), which satisfies the equation curlv = v in R3, and noticing
that (O3 o 5)(5 ") is a set of closed vortex lines and vortex tubes of v. Since this set is
contained in By, because A < 1, it is standard that there exists a diffeomorphism &, of R3
mapping &’ onto ;o &($”) which is the identity in the complement of Bj/,. The closed
vortex lines in the set ®¢($”’) are structurally stable under C'-small perturbations because
they are elliptic[16, Section 2.1], while the vortex tubes are structurally stable under C #-small
volume-preserving perturbations by the KAM theorem. O

Let us now combine Theorems 2.1 and 2.2 to conclude the proof of Theorem 1.1.
Theorem 2.1 guarantees that, for any large enough odd integer A, the Beltrami field v
constructed in Theorem 2.2 can be approximated in the sense of Eq. (2.1) by a Beltrami
field u defined on M. Then it is not hard to see that the structural stability of the set ®o( ")
of closed vortex lines and vortex tubes of v implies the existence of a diffeomorphism @,
of R3, which is the identity in the complement of B /2, such that (&’ "y C By /2 is a set of
structurally stable closed vortex lines and vortex tubes of the rescaled field

2.2) W*u<i).

Indeed, because of the ellipticity of the trajectories, this claim is immediate in the case of
closed vortex lines provided that the number m appearing in the approximation estimate (2.1)
is at least 1. For the case of vortex tubes one can use that the Beltrami field u is divergence-
free in M3, which ensures that the field (2.2) preserves a smooth volume 3-form in B that is
a small perturbation of the Euclidean one, namely

Wan)(5) = mo+ 07,

Here p and o respectively denote the canonical volume 3-forms of M3 and R3. Hence,
taking m > 4 in the approximation estimate (2.1), this enables us to apply the KAM
theorem for volume-preserving fields in R3, which ensures the existence of the aforemen-
tioned diffeomorphism @, yielding the desired set of vortex tubes of the rescaled field (2.2).
(For the benefit of the reader let us recall that, in order to prove this KAM result, one takes
a Poincaré section transversal to the tube of v under consideration, thereby reducing the
problem to perturbations of a nondegenerate twist map of the annulus with the intersection
property. It is then standard that one can apply a Moser-type twist theorem to guarantee the
preservation of the invariant tori. The details, which go as in [8, Section 7.4], are omitted.)

It follows from the above discussion that the diffeomorphism ® of M3 can be then defined
as

@' (x) if x ¢ @ (B),

d(x) := _ )
(U100 p0d0Wod)(x) ifxed (B),

where @1 /2 1s a smooth diffeomorphism of R3 which is equal to the rescaling ©, /2 in the
ball B/, and is the identity in the complement of the ball Bj,4. This ensures that ® is a
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KNOTTED STRUCTURES IN BELTRAMI FIELDS 1001

smooth diffeomorphism of M3 such that the set ®(&) is the union of structurally stable
closed vortex lines and vortex tubes of the Beltrami field u, so the main theorem follows.

3. Proof of Theorem 2.1 in the sphere

In this section we show that for any Beltrami field v in R3 satisfying curl v = v there exists
a Beltrami field u in S satisfying curl u = Au whose dynamics in a ball of radius A =1 is very
close to the dynamics of v in the unit ball. The proof is divided in three steps. In the first step
we show that the Beltrami field v can be approximated in B by a field w that is a finite sum of
spherical Bessel functions jo(|x —x,|) centered at different points x,, € R3 (Proposition 3.1).
The field w is not generally a Beltrami field, however. In the second step we show that one
can take three spherical harmonics Y7, Y5, Y3 in S3 of energy A(A — 2) whose behaviors in
a ball of radius 1/ respectively correspond to those of the three components of the field w
in a ball of radius 1, provided that A is large enough (Proposition 3.2). Finally, in the third
step we construct a Beltrami field u in S* of energy A, using as key ingredients the spherical
harmonics Y; and a basis of Hopf fields, so that u approximates the field v in the sense of
Eq. (8.1) (Proposition 3.3).

For notational convenience, in this section we will write A := A —2. Notice that A is then
a large integer.

Step 1: Approximating the Beltrami field v by sums of shifted spherical Bessel functions. —
The first step of the proof of Theorem 2.1 consists in showing that there is a finite sum w
of spherical Bessel functions jo centered at different points that approximates the Beltrami
field v in the unit ball of R3. The field w is not a Beltrami field but, just as v, it satisfies the
Helmholtz equation

Aw+w =0.

ProprosITION 3.1. — For any § > 0, there is a finite radius R and finitely many constants
{en}N_ | CR3 and {x,}_, C Bg such that the field

N
w =Y ¢ jo(|X = xn|)

n=1

approximates the Beltrami field v in the ball B as
||U — W||Cm+2(B) <$§.
The proof of this proposition will be presented in Section 4.

Step 2: Approximating the field w by high-energy spherical harmonics. — Let us write the
vector field w in terms of its components w’ in the Cartesian basis {e; }7_, of R3:

3
w = Z w'e; .
i=1
Each component w' is a solution of the Helmholtz equation Aw’ + w? = 0in R3. We now
show that for any large enough integer A, there exists a spherical harmonic ¥; on S* with
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energy A(A + 2) that behaves in the ball By, as w’ does in the unit ball. The proof of
this result is based on the asymptotic expressions for the ultraspherical polynomials, which
are the building blocks for any spherical harmonic on S3, and exploits in a crucial way the
expression for w as a finite sum of spherical Bessel functions that we obtained in Step 1:

PROPOSITION 3.2. — Given any positive constant §, for any large enough integer A there is
a spherical harmonic Y; on S® with energy A(A + 2) such that

Hwi —Y; 0 \I—’_I(A;)

The proof of this proposition is given in Section 5.

<4.

Cm+2(B)

Step 3: Construction of the Beltrami field on S* using spherical harmonics and Hopf fields. —
Let us consider the three positively oriented orthonormal Hopf vector fields in S? that, in
terms of the Cartesian coordinates of R*, are explicitly given by

hy = (—x4, X3, —X2,X1),
hy 1= (—x3, —X4, X1, X2) ,
h3 = (—x2, X1, X4, —X3) .
It is well known that they are curl eigenfields with eigenvalue 2, that is,
curlh; = 2h; .
We have taken the Cartesian basis e; of R3 so that W,/; (0) = e;.

In the following proposition we show how to construct a Beltrami field on S using
the spherical harmonics Y; obtained in Proposition 3.2 and the Hopf fields /; so that it
approximates the Beltrami field v in a suitable sense.

PROPOSITION 3.3. — The vector field on the sphere

1
u .= m curl(curl+A) (Y]h] + Y2h2 + Y3/’l3)

is a Beltrami field satisfying curlu = (A + 2)u and approximates v as

‘\y*u(x) —v

provided that A is sufficiently large.

<C§,
C™(B)

Here C is a constant depending on m but not on §. Since rescaling W..u by A is essentially
equivalent to rescaling it by A because

11 1+2
A A A)’

Theorem 2.1 then follows from Proposition 3.3 provided A is sufficiently large and § is chosen
small enough for C§ not to be larger than ¢/2. The proof of Proposition 3.3 is given in
Section 6.
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4. Proof of Proposition 3.1

Since the Beltrami field v satisfies the Helmholtz equation Av + v = 0, upon expanding
the components of v in a series of spherical harmonics it is elementary to realize that v can
be written in the ball B, as a Fourier-Bessel series of the form

[e.o]

1
(4.1) V=" bim ji(r) Yim()

=0 m=-I

that converges in L2(B,). Here r := |x| € RT and w := x/r € S? are spherical coordinates,
Jj1 is the spherical Bessel function, Y}, are the spherical harmonics and b;,, € R? are constant
vectors.

Since the series (4.1) converges in L2(B5), for any §’ there is an integer /o such that the
finite sum

lo 1
V1= Y Y b j1(r) Yim(@)

I=0m=—I
approximates the field v in an L? sense, that is,

(42) lor = vllz2ay <8
Next, let us observe that the properties of the spherical Bessel functions imply that the
field v; falls off at infinity as |v;(x)| < C/|x|. In particular, it then follows from Herglotz’s

theorem (see e.g., [12, Theorem 7.1.27]) that v, can be written as the Fourier transform of a
distribution supported on the unit sphere of the form

43) v ) = fS AE) e do (),

where do is the area measure induced on the unit sphere S? := {£ € R3: |§| = 1} and f; is
an R3-valued function in L2(S?).

By the density of smooth functions in L?(S?), we can approximate f; by a smooth
function f, : S — R3 so that their difference is bounded as

Ifi = fallLeeey < 6.
Therefore the field

(44 )= [ @ o).
approximates v; uniformly, as for any x € R3 the Cauchy-Schwarz inequality yields

43 | -nE@)] = ] [ (©- fiene da(f)’ <Cllfs = filliag < €8

Our next objective is to show that for any &’ there is a radius R > 0 and finitely many
constants {c,}2_, C R?and {x,}_; C Bg such that the restriction to the unit sphere of the
smooth field in R?

N .
fE) =) cpemE
n=1
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approximates the field f; in the C° norm, that is,
(4.6) If = fallcoszy < 8.

To prove this claim, we first extend £, to a smooth vector field g : R? — R3 with compact
support. This can be done by setting

g(€) = x(€D fz(é—|) ,

with y(s) a smooth function which is equal to 1, say, if [s—1] < % and vanishes for |s—1| > %
Since the Fourier transform g of g is Schwartz, we easily infer that there is a radius R such
that the L! norm of g is essentially contained in By in the sense that

/ lg(x)|dx <&
R3\BRr

It then follows that the Fourier integral representation of g can be essentially truncated to

an integral over the ball Bg, i.e., one has the uniform bound

¢©)- [ gweax
Bpr

4.7 sup <§.

£e€R3

Now, an easy continuity argument allows us to uniformly approximate the integral
/ g(x)e ™€ dx
BRr

by a finite sum

N
(4.8) fE) = et

n=1
with constants ¢, € R3 and x, € Bpg in such a way that the error introduced in the
approximation is bounded by

4.9) sup
£es?

fB gx)e ™ dx — f(&)] < 6.

Indeed, let us cover the ball B by finitely many closed sets {U,, },11"=1 with piecewise smooth
boundaries and pairwise disjoint interiors such that the diameter of each set is at most §”. The
function e~*¢ g(x) being smooth, it then follows that for each x, y € U, one has

sup [g(x) e — g (y) e < €8,

£es?
where the constant C depends on g (and therefore on §’) but not on §”. It is then straight-
forward that if x,, is any point in U, and we set ¢, := g(x,,) |Uy,| in (4.8), one has

sup
£es?

N
/B gx)e ™ dx — f(E)‘ < Z/ sup |g(x) e 7 — g(xn) e ¥ | dix

=1 U, ges?
g C(S//5

where again C depends on §’ and R but not on §” or N. Hence one can take §” small enough
so that C§” < §', thereby proving the estimate (4.9).
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Putting together the estimates (4.7) and (4.9) we infer that

If = gllcog2y < C8,

with a constant independent of §’. Since the restriction to S? of the function g is precisely f5,
the estimate (4.6) then follows.

Finally, if we define the vector field

N N
w(x) i= / J®e*Edo(E) =Y e / ST do(§) =) en jo(lx —xul).
s n=1 §? n=1
we conclude from Eq. (4.6) that
= valleog < [ 176 =A@l do@ <4,
so we readily infer from Egs. (4.2) and (4.5) the L? bound

(4.10) [lv = wllz2ez,) < Cllw = v2llco@s) + Cllva = villco@s) + llvi — vlz2(s,) < €8

Furthermore, as the Fourier transform of w is supported on S?, w satisfies the Helmholtz
equation
Aw+w=0

in R3. Since the Beltrami field v also satisfies the Helmholtz equation Av + v = 0, standard
elliptic estimates enable us to promote the L2 bound (4.10) to the C™*+2 estimate

[v—wlemizp) < Cllv—wllp2p,) < C§,

so the proposition follows upon choosing C§’ < 4.

5. Proof of Proposition 3.2

For any positive integer A, let Cy (¢) be the ultraspherical (also called Gegenbauer) poly-
nomial of dimension 4 and degree A, which can be defined in terms of the Jacobi polyno-
mials P[(\“’ﬂ) as

Ve T(A+1) (1L
5.1 Ca(t) = ———— P22 (1),
(5.1) MO = T T
where we are using the normalization Cx(1) = 1 for all A (see e.g [19, Chapter 1V,
Section 4.7]).

If p,q € S? are two points in the 3-sphere, understood as the subset {| p| = 1} of R*, the
addition theorem for ultraspherical polynomials shows that Cp(p - ¢) can be written as a
linear combination of spherical harmonics. Specifically,

(A+1)2

2 2
a Z Yaj(p) Yaj(q).
j=1

(5.2) Ca(p-q) = N

where {Yy; }1(1;41-1)2 is an arbitrary orthonormal basis of spherical harmonics of energy A(A + 2)

and p - ¢ denotes the scalar product in R* of the unit vectors p, q. Notice that (A + 1)? is

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



1006 A. ENCISO, D. PERALTA-SALAS AND F. TORRES DE LIZAUR

precisely the multiplicity of the eigenvalue A (A + 2) of the Laplacian on S* (or, equivalently,
the dimension of the space of spherical harmonics of energy A(A + 2)).

Let us write the i-th Cartesian component of the vector field w as
N
w'(x) =Y ek jollx — xal).
n=1

where cf, is the i-th component of the constant ¢, € R3 and the points x,, are contained in
the ball Bg. Let us set, for any p € S3,

N
Yi(p) =) ¢y Ca(p- pn).

n=1

X
pn =V I(X")

Note that p, is well defined provided A is bigger than R. It is obvious from Eq. (5.2) that
Y; is a spherical harmonic of energy A(A + 2).

with

In order to study the asymptotic properties of the spherical harmonic Y; we first observe
that, if we restrict our attention to points of the form

()

with x € Bg and A > R, we then have

|Xx — xa| + 0(/\_1))

(5.3) p - pn = cos (distgs (p, pp)) = cos ( x

as A — oo. Here distgs (p, pn) denotes the distance between the points p and p, as measured
on the sphere S3 and the last equality stems from the fact that ¥ : B — B is a patch of normal
geodesic coordinates. We will henceforth use the notation

(5.4) Ti(x) = Y o W (%) .

Since for A large we have the asymptotic behavior
ra+h _ 1
FrA+3) VA
we conclude from Eq. (5.3) that
VT 230) p b [x — x| + 0(ATY)
5.5 C . =|—=+0(A"2)|P,>?2 .
(55 Calp-pn) (NK+ ) PED(cos :

Now Darboux’s asymptotic formula for the Jacobi polynomials [19, Theorem 8.1.1] implies

O(A™3),

1 4. H ry 2 . 1
ﬁpA (cosx)—ﬁjo(t)-i-O(A ).
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which holds uniformly for compact sets (e.g., for |¢| < 2R). Therefore Eq. (5.4) can be written
by virtue of Eq. (5.5) as

M=

Yi(x) =

|x — xn| + 0(/\‘1)>)

cf,CA(cos( A

3
Il
-

¢k jo(|x = xu]) + O(A™Y),

I
M=

3
Il
-

provided that A is sufficiently large and x, x,, € Bg. This proves that for any 6’ > 0 and all A
large enough we have the uniform bound

(5.6) lw' - Yillcomy < &'

To get the C™%2 bound stated in the proposition, we notice that the eigenvalue equation
AY; + A(A+2)Y; =0
for the spherical harmonic Y; in S* can be written in terms of the rescaled function Z as
MoFi +T; = AT,
where the coordinates x are assumed to take values in B, Ay 1= ) ; 3;25,» is the flat space
Laplacian acting on the x coordinates and A is a scalar second-order operator of the form
AY; := —2Y; + G1 DY; + G, D?Y; .

Here the functions G; (x, A) are (possibly matrix-valued) functions that depend smoothly on
all their variables and whose derivatives are bounded independently of A for x € B, i.e.,

(5.7) sup |[DEGi(x, A)| < Cy .

xX€B

Here the constant C, depends on the multiindex « but not on A.
By construction, the function w’ satisfies the Helmholtz equation
Aowi +w = 0,
and hence the difference w' — Y; satisfies the equation
Do’ = T)) + (' —T) = L AT;.
Therefore, in view of the uniform bounds (5.6) and (5.7), standard elliptic estimates yield

- o C ~
[lw* = Yillgm+2.0(83) < Cllw" = Yillcom) + 7 1AYillcmas

C., = C i
< C8 + Flw' = Yillemowpy + Ll lemizacs) .
which implies that

C ||wi ||Cm+2.a
A
provided that A is large enough (which in turn implies that §" is small). This completes the

proof of the proposition.

lw' = Y;llcm+2p) < C8' + <8
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6. Proof of Proposition 3.3

We start by defining a vector field % on S using the Hopf fields #; as
=Y hi+Yyhy +Y3hs,

where the functions Y; are the spherical harmonics obtained in Proposition 3.2. In the
following lemma we compute the action of the Laplacian on the vector field % using the
properties of the Hopf fields. The Laplacian on vector fields that we need to consider is
defined as the dual of the Hodge Laplacian on 1-forms, and can be computed as

A = —curlcurl +V div,
where V and div are the gradient and divergence operators, respectively.
LEMMA 6.1. — The Laplacian of the vector field W is
—AU = AA+2)u+2curlu.
Proof. — The proof is simpler if we work with differential forms, so let us denote by E
and o; the 1-forms that are dual to % and h;, respectively, with respect to the canonical
metric on S3. We recall that the dual of curl is the 1-form xd 8, with x being the Hodge

star operator. The 1-form Eis given by F = Y; a;, where summation over repeated indices is
understood throughout. The Laplacian of f is then

—AB:=dd*B+d*dB =—d xd  (Y; ;) + *d » d(Y; a;) .

Using that xdo; = 20; because ¢; is the dual 1-form of the Hopf field #;, and that the
differential of Y; can be written as dY; = h;(Y;) «j, where h; (Yy) denotes the action of the
vector field /2; on the scalar function Y%, we readily obtain

1
dxdx ;o) = Ed * (h; (Yi)a; Ada;).
Observing that o A doy; = 205 A xa; = 284 (., where p stands for the Riemannian volume
3-form on S3, it follows that
(6.1) dxdx(Yia;) =d(hi(Y;)) = hjhi(Y;)o; .
Analogously, a straightforward computation using that x(a; A ;) = €07, where g5

stands for the Levi-Civita permutation symbol, and the identity &;m;€jx1 = 8ij0mik — SikSm;
yields

(6.2) *d(Yi o) = €jith; (Yi) oy + 2Yi o,
(6.3) *xd xd(Y;io;) = =hjh;(Y;)o; + hihj(Y;)a; +4ejihj(Yi) oy +4Y a5 .
Finally, adding Eqgs. (6.1) and (6.3) we obtain
—AB = —hjhi(Yi)aj + hihy (Vi) @y — hih; (Vi) i + 4ejih; (Y;) o + 4Y; o
=AA+2)Y 0 +2¢j51hj(Yi) oy +4Y;

where we have used that AY; = —A(A + 2)Y; and that the commutator of Hopf fields is
[hi, h;] = —2¢;j1h;. The lemma then follows upon noticing that

2e50hj(Yi)ay +4Yi0; =2 % df
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by Eq. (6.2). O
Using this lemma, it is easy to check that

1
U= A2 curl(curl +A)u

is a Beltrami field with eigenvalue A + 2. Indeed, a straightforward computation shows that

1 1
curlu = A2 curl curl(curl + A)u = A2 curl(—A + A curl)w’
A+2 —
= % curl(curl +A)u = (A + 2)u.

To prove the C™ estimate of the proposition, it is convenient to introduce the following
auxiliary vector field in the unit ball B of R3

1(x) == Y1(x) er + Ya(x) ez + Y3(x) e,

where x € B and Y; was defined in (5.4). There is no loss of generality in choosing
the orthonormal basis e; of R3 compatible with the Hopf fields &; in the sense that
W, (h;)(0) = e;. It is then easy to check that for x € B one has:

\I/*(curlﬁ)(i) = (curlo U+ %u + %Du)

. Gy G G
‘y*(curlcurlm(x) = Az(curlo curlp u + Tu + —SD + —6D2 )

Here curly denotes the Euclidean curl operator, acting on the variables x, and the func-
tions G;(x,A) are (possibly matrix-valued) functions that depend smoothly on all their
variables and whose derivatives are uniformly bounded as

(6.4) sup | DEG;i(x,A)| < Cqy .
X€B

Here the constant C, depends on the multiindex & but not on A.

These identities and the fact that (curlg curly + curlg)v = 2v then permits us to write

nyu(x) Hcm(m Hz(curlocurlo—f-curlo)(u—v)“ +%||a||cm+2(3)

C™(B)

_ C
< C”M — v||cm+z(3) + X||u — w||Cm+2(B)

C C
(65) + X”U - w||C’"+2(B) + X||U||Cm+2(3) .
To conclude, notice that it stems from Propositions 3.1 and 3.2 that
v —wlcm+2p) <8
||12 — lU||Cm+2(B) <35 y
so in particular

i —vllemtzgy < U —wllemizgy + v —wlemzp) < 46.
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Hence the proposition follows from the estimate (6.5) upon noticing that v is a fixed vector
field (so its norm is independent of A) and choosing A large enough, which also allows us to
take § as small as one wishes.

7. Proof of Theorem 2.1 in the torus

Arguing as in the proof of Proposition 3.1 we can readily show that for any § > 0, there
exists a vector field v; on R? that approximates the Beltrami field v in the ball B as

(7.1) v = vlcomy < 6.

and that can be represented as the Fourier transform of a distribution supported on the unit
sphere of the form

e = [ 16 da).
Again S? denotes the unit sphere {§ € R3 : |£| = 1} and f is a smooth R3-valued function
on S2.

Let us now cover the sphere S? by finitely many closed sets {U, },’lv=1 with piecewise smooth
boundaries and pairwise disjoint interiors such that the diameter of each set is at most ’. We
can then repeat the argument used in the proof of Proposition 3.1 to infer that, if &, is any
point in U, and we set

cn = f(n) |Unl,
the field

N
w(x) ;= Z cpelnx

n=1
approximates the field v; uniformly with an error proportional to §’:

||w — V1 ”CO(B) < C(S/ .

The constant C depends on § but not on §’, so one can choose the maximal diameter §’ small
enough so that

(7.2) [w—villco) <9.
In turn, the uniform estimate
[w—vlcomy < llw—villcoy + lv—villcom) <28
can be readily promoted to the C”*2 bound
(73) ||w — U||Cm+2(B) < C§.

This follows from standard elliptic estimates as both w (whose Fourier transform is
supported on S?) and v satisfy the Helmholtz equation:

Av+v=0, Aw+w =0.

Furthermore, replacing w by its real part if necessary, we can safely assume that the field w is
real-valued.

Let us now observe that for any large enough odd integer A one can choose the points
£, € U, C S? so that they have rational components (i.e., £, € Q3) and the rescalings A,
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are actually integer vectors (i.e., A§, € Z3). This is because rational points £ € S> N Q3 with
A§ € 73 are uniformly distributed on the unit sphere as A — oo through odd values [6].

Choosing &, as above, we are now ready to prove Theorem 2.1 in the torus. Without
loss of generality, we will take the origin as the base point p, so that we can identify the
ball B with B through the canonical 2rr-periodic coordinates on the torus. In particular, the
diffeomorphism W : B — B that appears in the statement of Theorem 2.1 can be understood
to be the identity.

Since A€, € Z3, it follows that the vector field

N
u(x) = Z cpet M

n=1

is 27r-periodic (that is, invariant under the translation x — x + 27 a for any vector a € Z3).
Therefore it descends to a well-defined vector field on the torus T3 := R3/(27Z)3, which we
will still denote by u.

Since the Fourier transform of % if now supported on the sphere of radius A, u then
satisfies the Helmholtz equation on the flat torus T3 with energy A2,
AT+ AU =0.
A straightforward calculation then reveals that the vector field on the torus

_curl curl ' + A curlw
N 2A2

u:

satisfies the equation
curlu = Au,

so it is a Beltrami field on T3 with eigenvalue A := A.

Let us now notice that, with some abuse of notation,

Ti(%) = w(x)

for all points x, say, in the ball B. In particular, as the derivatives of the rescaled vector
field u(-/A) behave as

curli?(k) = Acurlw,
curl curl 'LT(X) = A%curlcurlw,

it then follows that

H A2 curlcurlw + A% curlw
= —v

- 2A2

C™(B) C™(B)
curl curl(w — v) + curl(w — v)

2

C™(B)
< Cllw —vllem+2(p)
<C§,
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where we have used the identity curl curl v + curl v = 2v to pass to the second equality and
the estimate (7.3) to derive the last inequality. The theorem then follows provided that § is
chosen small enough for C§ < e.

8. Concluding remarks

To conclude, let us make a few simple observations about our main result that follow from
its proof:

There are many Beltrami fields with closed vortex lines and tubes of a given link type. —
Indeed, since our construction works for any large enough odd integer A and Beltrami fields
corresponding to different eigenvalues are L? orthogonal, there are many non-proportional
Beltrami fields with closed vortex lines and tubes realizing any given link.

In the sphere, the result holds true for any large enough eigenvalue A. — Indeed, the fact that
A is odd was never used in the proof of Theorem 2.1 in S? (cf. Section 3), so it stems that,
given any finite union of closed curves and tubes o, for any integer A with |A| greater than
certain constant A (&) there is a Beltrami field with eigenvalue A having a structurally stable
set of vortex lines and vortex tubes diffeomorphic to .

In our Beltrami fields on the sphere, knots and links appear in pairs. — In fact, using the Hopf
basis {&; }l.3=1 introduced in Section 3, any Beltrami field ¥ on S3 with eigenvalue A := A +2,
with A a nonnegative integer, can be written as

u=Fh + Fhy+ F3hs,

where F; are smooth functions on the sphere. It is then easy to check using Eq. (6.2) that
F; must be a spherical harmonic of energy A(A + 2). Since such a spherical harmonic is
known to have parity (—1)?, in the sense that

Fi(=p) = (=D Fi(p)
for all points p in the unit sphere S3, and the Hopf fields 4; are odd (i.e., h; (—p) = —h; (p)),
we conclude that a Beltrami field on the sphere with eigenvalue A has parity (—1)**1, so it is
either even or odd. Therefore, the fact that (&) is a set of vortex lines and vortex tubes of the

Beltrami field u diffeomorphic to & and contained in a ball of small radius 1/A automatically
implies that so is the antipodal set —® ().

The result carries over to lens spaces. — In order to see why, the key is that in the sphere the
statement of Theorem 2.1 can be refined to include localizations around different points of
the sphere. More precisely, let us fix / points Py, ..., P; in S3, none of which are antipodal
to another (that is, P; # —Pg), and denote by ¥; : B(P;, Ro) — Bg, a patch of normal
geodesic coordinates centered at the point P;. Here B(P;, Ry) denotes the geodesic ball in
the sphere of center P; and radius

1
Ro := — mindistg (P, Py) .
o 1= 3 mindistss (P, Pr)

The approximation theorem can then be stated as follows:
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THEOREM 8.1. — Let {v; }5.:1 be Beltrami fields in R3, satisfying curlv; = v;. Let us fix
any positive numbers € and m. Then for any large enough integer A there is a Beltrami field u,
satisfying curlu = Au in S3, such that

.1) (‘Ifj)*u(j) — v

<é

C"(B)
foralll < j <1

Proof. — Arguing as in Proposition 3.2 we infer that for any large enough integer A there
are spherical harmonics Y;; of energy A(A + 2) such that

i~ 7007 ()

where w; is a vector field of the form

<34,

cm+2(B)

N
w; = ch” j0(|x —Xjn|)
n=1
that approximates the Beltrami field v; in C™*2(B) as in Proposition 3.1, and w; 1<i<3)
denotes its i-th Cartesian component. Noticing that the Jacobi polynomial behaves as

11 O(A7!
A" Pl(f’z)(cost) = ( )

uniformly for A™' < ¢t < 7w — A7![19, Theorem 7.32.2], it stems that the ultraspherical
polynomial Cp is uniformly bounded as

a

ICalp-9) < =F

>

for any points p, ¢ in S? such that
distgs(p,q) = p and distgs(p,—q) = p,

with a constant C, that only depends on the positive constant p.

Using the formulas of Section 5 it is now easy to show that for any j and any fixed positive

radius p we have

A c,
IYijllcows\@p; oum-p;on < 1

for large A, with a constant that depends on p (and, of course, on v and §). If we now define
!
Y=Y Y.
Jj=1
and choose p small enough so that the sets B(P;, p) U B(—P;, p) are disjoint for all j, the
same reasoning that we employed in the proof of Proposition 3.2 shows that

. 1/

foralll < i < 3and1 < j < [, which plays a role completely analogous to that
of Proposition 3.2 in the generalized context that we are now considering. The rest of the
argument remains exactly as in Section 3, so the result follows. O

<C§

Cm+2(B)
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In particular, this yields the existence of Beltrami fields in the sphere having prescribed
sets of closed vortex lines and tubes (modulo diffeomorphism) around any finite number of
points Pi,..., P;. These lines and tubes are contained in balls of radius 1/A. This line of
reasoning also allows us to prove an analog of Theorem 1.1 in any lens space L(p, q):

THEOREM 8.2. — Let & be a finite union of (pairwise disjoint, but possibly knotted and
linked) closed curves and tubes contained in a contractible subset of a three-dimensional lens
space L(p, q). Then for any large enough even integer A there exists a Beltrami field u satisfying
the equation curlu = Au and a diffeomorphism ® of L(p, q) such that ®( &) is a union of vortex
lines and vortex tubes of u. Furthermore, this set is structurally stable.

Proof. — The lens space can be written as

L(p.q) =S°/G,
where G is a finite isometry group isomorphic to Z,. We can assume that G is generated by
certain isometry g. Let us now fix a point py € S* and set
pPj =g 7+ po
for0 < j < p—1.If Wis a patch of normal geodesic coordinates around pg, we will also set
W, (x) := W(g™/ x). Notice thatif p is odd there are not any points in the set { P; }]’.:é that are
antipodal to each other, while for p even P; and Py are antipodal if and only if | j —k| = %.

Let us fix a Beltrami field v in R3 as in Theorem 2.2. Theorem 8.1 then ensures the
existence of a Beltrami field % in S3 such that

Wir(5) v

<e,

C™(B)

where 0 < j < p’ — 1 with p’ := pif pisodd and p’ := £ if p is even. Here vy := v and
vj :=0for1 < j < p’—1. Notice that, as A is even, we saw in the previous remark that % is
odd, i.e., (x) = —u(—x), so that u is equivariant under the isometry x ~ —x. Hence, by
construction, the vector field

p'—1
wi= ) (g))
j=0

is G-equivariant, and therefore it defines a vector field in the quotient space L(p.q) = S*/G
that we still denote by u with some abuse of notation. Arguing exactly as in the proof of
the main theorem one can show that the vector field ¥ on L(p,q) indeed has the desired
properties, so the statement then follows. O

In the torus, the distribution of rational points on the 2-sphere is key. — The proof that we
have given holds provided that the eigenvalue A is an odd integer of sufficiently large absolute
value. It does not say anything about even integers, or about eigenvalues that are not integers.
This assertion can be refined a little, however. We have seen that for any eigenvalue A of the
curl operator in T3 there is a set of points {£, },]:lzl lying on the unit sphere S? of R3 such
that A&, € Z3 (this is obvious from the fact that one can write A = |k| with k € Z3).
Therefore, in the proof of Theorem 2.1 for the torus (cf. Section 7) one can substitute the
collection of odd integers A by any subset of eigenvalues A for which there is a set of points
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{£,}M_, C S? (depending on A and such that the rescalings A&, are in Z3) that becomes
dense in the sphere as |A| — oo along this subset of eigenvalues. In particular, replacing the
density condition by the more stringent assumption that {&,} becomes equidistributed on
the sphere, it turns out that the characterization of the numbers A that satisfy this property is
somehow related to the celebrated Linnik problem in number theory. In particular, since the
aforementioned equidistribution property holds for any eigenvalue for which the integer 12
is square-free [5], we immediately infer that the statement of Theorem 1.1 also holds for any
large enough eigenvalue A of curl (possibly even or non-integer) for which A? is square-free.

Another interesting point to consider is whether the above methods apply to tori of the
form T?L, := R3/(2n Z), where Z is a general lattice in R3. As above, the key in this case is to
have a density or equidistribution result at disposal, but this time not for rational points on
the sphere and integer eigenvalues, but for a set of points {&, },Ilvzl C S? and real eigenvalues A
such that A&, € Z', where € is the so called reciprocal lattice to Z, which is defined as the
set of points k € R3 such that k - x € Z for all x € Z. In some very particular cases, e.g., for
lattices of the form Z := aZ3 with a € R\{0}, the previous equidistribution results directly
hold for a sequence of eigenvalues of the form A /a with A an odd integer. In general, however,
the authors are not aware of any results in this direction.
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