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NORM FORMS FOR ARBITRARY NUMBER FIELDS
AS PRODUCTS OF LINEAR POLYNOMIALS

BY Tim D. BROWNING AND LiLiaAN MATTHIESEN

ABSTRACT. — Given a number field K/Q and a polynomial P € Q[z], all of whose roots are in Q,
let X be the variety defined by the equation Ng (x) = P(¢). Combining additive combinatorics with
descent we show that the Brauer—Manin obstruction is the only obstruction to the Hasse principle and
weak approximation on any smooth and projective model of X.

REsUME. — Etant donnés un corps de nombres K/Q et un polynéme P € QJt], dont toutes
les racines sont dans Q, soit X la variété définie par I’équation Ng(x) = P(t). En combinant la
combinatoire additive avec la descente, nous montrons que 1’obstruction Brauer—Manin est le seul
obstacle au principe de Hasse et a I’approximation faible sur un modéle projectif et lisse de X.

1. Introduction

Let K/Q be a finite extension of number fields of degree n > 2 and fix a basis {w, ..., w,}
for K as a vector space over Q. We will denote by

Nk (x1,....xn) = Ngjo(x101 + -+ + Xpwp)

the corresponding norm form, where Nk,q denotes the field norm. The objective of this
paper is to study the Hasse principle and weak approximation for the class of varieties
X c A" satisfying the Diophantine equation

(1.1) P(t) = Nk(x1,...,Xn),

where P(¢) is a product of linear polynomials all defined over Q. If » denotes the number of
distinct roots of P, then P takes the form

.
(1.2) P@)=c ' [ —e)™.
i=1
forc € Q*, my,...,m, € Zs¢ and pairwise distinct ey, ..., e, € Q.
We let X¢ be a smooth and projective model of X. Such a model X¢ need not satisfy the
Hasse principle and weak approximation, as has been observed by Coray (see [5, Eq. (8.2)]).
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1384 T.D. BROWNING AND L. MATTHIESEN

Specifically, when P(z) = t(t —1) and K is the cubic extension Q(#), obtained by adjoining a
root 8 of x3 —7x2 4 14x —7 = 0, then the set X¢(Q) is not dense in X ¢ (Q-). It has, however,
been conjectured by Colliot-Théléne (see [3]) that all counter-examples to the Hasse principle
and weak approximation for X¢ are accounted for by the Brauer-Manin obstruction.

This conjecture covers the more general case where X arises from an equation of the
form (1.1), but the ground field may be an arbitrary number field & instead of QQ and the
polynomial need not factorize completely over k. In this more general setting the problem
of establishing Colliot-Théléne’s conjecture has been addressed under various assumptions
on the extension K/k and upon the polynomial P(¢). Thus the conjecture is now known to
be true for Chatelet surfaces ([K : k] = 2 and deg(P(¢)) < 4) by work of Colliot-Théléne,
Sansuc and Swinnerton-Dyer [8, 9], a family of singular cubic hypersurfaces ([K : k] = 3 and
deg(P (1)) < 3) by work of Colliot-Théléne and Salberger [5], the case where K/ k is arbitrary
and P (z) is split over k with at most two distinct roots (see [4, 22, 30, 33]) and the case where
K/Qisarbitrary and P(¢) is an irreducible quadratic polynomial over Q (see [1, 12]). Finally,
if one assumes Schinzel’s hypothesis, then it is true for K/ k cyclic and P (¢) arbitrary, by work
of Colliot-Théléne, Skorobogatov and Swinnerton-Dyer [10].

Suppose now that k = Q and P is given by (1.2). Until recently, Colliot-Théléne’s
conjecture was only known to hold unconditionally when r < 2. When r < 1, the variety X
is a principal homogeneous space for the algebraic torus R} /o> and so the conjecture
follows from work of Colliot-Théléne and Sansuc [6]. When r = 2, Heath-Brown and
Skorobogatov [22] prove it under the additional assumption that gcd(n,my, m,) = 1, while
Colliot-Theélene, Harari and Skorobogatov [4, Thm. 3.1] establish it in general. Our primary
result establishes the conjecture for any r > 1.

THEOREM 1.1. — The Brauer—Manin obstruction is the only obstruction to the Hasse prin-
ciple and weak approximation on X°.

By combining Theorem 1.1 with the Brauer group calculation in [4, Cor. 2.7] we obtain
the following corollary.

COROLLARY 1.2. — Suppose that gcd(mq,...,m,) = 1 and K does not contain a proper
cyclic extension of Q. Then X€(Q) # @ and X € satisfies weak approximation.

In [22], for the first time, Heath-Brown and Skorobogatov combined the descent theory
of Colliot-Théléne and Sansuc [7] with the Hardy-Littlewood circle method, in order to
study the Hasse principle and weak approximation. In joint work with Skorobogatov [2],
we introduced additive combinatorics into this subject and showed how it may usefully be
combined with descent. This approach allowed us to study the variety X when K/Q is
quadratic. The case n = 2 of Theorem 1.1 is a special case of [2, Thm 1.1]. Subsequently,
Harpaz, Skorobogatov and Wittenberg [21] succeeded in showing how the finite complexity
case of the generalized Hardy—Littlewood conjecture for primes, as established by Green and
Tao [17] and Green—Tao—Ziegler [20], can be used in place of Schinzel’s hypothesis to study
rational points on varieties using fibration arguments. Their work [21, Cor. 4.1] leads to a
version of Theorem 1.1 in which the extension K/Q is assumed to be cyclic, a fact that was
previously only available under Schinzel’s hypothesis, as a special case of work by Colliot-
Théléne and Swinnerton-Dyer [11] on pencils of Severi—Brauer varieties. Building on work
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NORM FORMS AND LINEAR POLYNOMIALS 1385

of Wei [34], they also handle (see [21, Thm. 4.6]) the case in which K is a non-cyclic extension
of Q of prime degree such that the Galois group of the normal closure of K over Q has a non-
trivial abelian quotient. We emphasize that the results of the present paper are unconditional
and make no assumptions on the degree of the field extension, nor upon the type of the
extension, other than that the ground field is Q.

Our approach is based upon the strategy of [2]. We use descent theory to reduce
Theorem 1.1 to establishing the Hasse principle and weak approximation for some auxiliary
varieties, which can be analyzed using additive combinatorics. To introduce these varieties,
let

fl,...,fr e(@[ul,...,us]
be a system of pairwise non-proportional homogeneous linear polynomials, with s > 2. For
each 1 < i < r, let K; denote a number field of degree n; = [K; : Q] > 2. Central to our
investigation will be the smooth variety ¥V C Ag tetnrdS | defined by

(1.3) 0# Nk, (xi) = fi(ur,....us), (1<i<r),

where x; = (X;,1,...,Xin,). For this variety we establish the following theorem, whose proof
forms the bulk of this paper.

THEOREM 1.3. — The variety %V defined by (1.3) satisfies the Hasse principle and weak
approximation.

In fact (see Theorem 5.2) we shall produce an asymptotic formula for the number of suit-
ably constrained integral points on % of bounded height. When % only involves quadratic
extensions, Theorem 1.3 recovers [2, Thm. 1.2]. The latter result was established using work
of the second author [26, 27]. We will build on this work in order to obtain the general case of
Theorem 1.3. When K1, ..., K, are all assumed to be cyclic extensions of QQ, a shorter proof
of Theorem 1.3 can be found in [21, Thm. 1.3].

1.1. Overview

We indicate how Theorem 1.3 implies Theorem 1.1 at the end of this introduction. The
remainder of this paper is organized as follows. The overall goal is to prove Theorem 1.3
by asymptotically counting points of bounded height in %)(Z), taking into account the
additional constraints that are imposed by the weak approximation conditions. The asso-
ciated counting function is introduced in Section 5. The asymptotic formula obtained in
Theorem 5.2 for this counting function may prove to be of independent interest. Theorem 5.2
is proved using Green and Tao’s nilpotent Hardy-Littlewood method (see [17]) in combina-
tion with the Green—Tao—Ziegler inverse theorem [20].

While containing mostly classical material, Section 2 fixes the notation for the rest of
the paper and describes a certain fundamental domain that is specific to our counting
problems. Section 3 contains a variety of technical results required at later stages in the
paper and may be consulted as needed. Section 4 studies the number of solutions to a
congruence Ng (x) = A (mod p™). These results are used in Section 5 in order to analyze
the non-archimedean local densities that appear in the statement of Theorem 5.2. Section 6
establishes those estimates for the Green—Tao method that correspond to the minor arc esti-
mates in the classical Hardy-Littlewood method. These are the estimates needed in order to
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1386 T.D. BROWNING AND L. MATTHIESEN

apply the Green—Tao—Ziegler inverse theorem [20]. Section 7 generalizes the construction
of the divisor function majorant from [25] to a fairly wide class of positive multiplicative
functions. Section 8 combines this majorant for a specific function with a sieve majorant (as
appears in Green and Tao’s work [17] on primes) to form a majorant for our main counting
function. Section 9 shows that this majorant is pseudorandom, which finally allows us in
Section 10 to employ the Green—Tao method in combination with the inverse result [20] to
prove Theorem 5.2.

1.2. Descent

We close our introduction with the deduction of Theorem 1.1 from Theorem 1.3. We use
the construction of “vertical” torsors due to Schindler and Skorobogatov [30]. These are
introduced in [30], in order to study varieties given by equations of a form similar to (1.3) via
the circle method. Let 7 : X — A! be the morphism which maps (¢;x) to ¢. Let Uy C Al be
the open subset on which []i_,(t —¢;) # Oandlet U = 7~ 1(Up). Let T = R}(/Q be the
torus given by the affine equation Nx (x) = 1. In [30, §2], a partial compactification Y of X is
constructed and vertical torsors & — Y are shown to exist. These are torsors & — Y
whose type is the injective map of Gal(Q/Q)-modules Tr — Pic(Y). It follows from [30,
Lemma 2.2] that the restriction & ¢y of & to U C Y is E x V, where E is a principal
homogeneous space for T and V C A" *! is defined by

t—e; =ANg(x;) #0, (1<i<r),

for A1,...,A, € Q*. Finally, it follows from [30, Thm. 2.1] that Theorem 1.1 holds when V is
shown to satisfy the Hasse principle and weak approximation for any A4,...,A, € Q*. But
V is isomorphic to the variety cut out by the system of equations

e1 —e;j = A Ng(x;) — A1 Ng(x1), 2<i<r).

By an obvious change of variables it suffices to establish the Hasse principle and weak
approximation for the variety in A" defined by the system of equations

0 # (e1 —ei) Nk (y) = 4 Nk (x;) — A1 Nk (x1), (2<i<r).
But this variety is isomorphic to the variety

v = Ng(y) #0,
u—eiv=2ANg(x)#0, (1<i<r),

which is a special case of the varieties % considered in Theorem 1.3. This concludes our
deduction of Theorem 1.1 from Theorem 1.3.

Notation

In addition to the usual asymptotic notations, we write U < V to mean that U <« V and
U > V,and we write V = U°® to express that V = O35(U?) for every § > 0. If U is a
finite set, then we define Eyeq, = | U™ Y, cq,r We will write 1, », or equivalently 1 o (u),
to denote the characteristic function of an element u satisfying property 2.
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2. Algebraic number theory

The purpose of this section is threefold. First, in Section 2.1, we recall mostly standard
material from algebraic number theory (as found in [23] and [24]), in order to fix the notation
for the rest of the paper. Next, in Section 2.2, we will turn to our specific situation. We
will ultimately require a counting function that assigns to each integer m its number of
representations by the norm form Ng/q(x1w1 + - -+ 4+ Xp@y,). Writing x = (x1,...,x,) and
® = (w1, ...,wy), this problem will be turned into a finite counting problem by identifying
representations m = Ng/g(X.@) and m = Ng,q(y.w) if X.w and y.@ are associated by a unit
in the ring of integers ogx of K. Such a unit is necessarily of norm +1. With this in mind,
we will need to describe a fundamental domain for the action by (the free part of) the group
of norm +1 units, and its properties relevant to us. In particular, in order to apply a lattice
point counting result from the geometry of numbers we will need to show that the regions
we work with have a sufficiently nice boundary. Finally, Section 2.3 collects together some
analytic information about the Dedekind zeta function.

2.1. Three ways to view a number field

Let K be a number field of degree n over Q. We let Dg denote its discriminant, let
0 = ok be the ring of integers and let Uk be the unit group. Given any « € K we will denote
its norm by Ng /g (o). For any integral ideal a C o we write N a = #o/a for its ideal norm.

Let r; (resp. 2r;) be the number of distinct real (resp. complex) embeddings of K.
Hence n = ry + 2r,. The r; distinct real embeddings are denoted by o4, ...,0,,, while
Ori+1,---,0r +2r, denote a complete set of 2r, distinct complex embeddings, with o, 4;
conjugate to oy, 4r,+; for 1 <i < rs.

The map ¢ : ¢ — (01(@),...,0r +r, () canonically embeds K into the n-dimensional
commutative R-algebra V' = K ®g R = R’ x C". We will typically write v®, for
superscripts 1 </ < rq 4 r,, for the projection of any v € V onto the /th component, which
is uniquely determined by ¢. Thus any v € V can be written v = (v(V, ..., vT1+72)) We
identify K with its image ¢(K) in V. Under this identification our fixed Q-basis {w;, ..., w,}
for K gives rise to an R-basis {¢(wy), ..., ¢(w,)} for V and we may consider V to be the set

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



1388 T.D. BROWNING AND L. MATTHIESEN

{x1w1 + -+ xpwy : x; € R}. This allows us to associate to v € V the corresponding vector
x € R” and vice versa. For v € V we define

Nm(v) = O v(r1)|v(r1+1)|2 o |v(r1 +r2)|2’

which in accordance with our convention, we shall also denote as Nm(x). This gives us a
formal extension of the norm form Ng : Q" — Q to R”. Indeed, if v = ¢(«) for some
o =x1w1+ -+ x,0, € K, then

Nm(g(a)) = Nk/g(@) = Nm(x) = Nk (x).

A third way of viewing K is through logarithmic coordinates (see [24, §5] for details).
Writing V* = (K®gR)* = (R*)"1 x(C*)"2, we define the homomorphism L : V* — R/1+72
to be

v > (log|v W], ... log v, 21og [v V], ... 21og [T 7)),

Composing L with the embedding ¢ from above, we obtain the diagram

K¥f —Vv*

4 L

R +r2

where v = L o ¢. For any @ € K*, the coordinate sum of ¥ («) is given by

¥ (@).1 = log | Ng/q(@)l.

where 1 = (1,...,1) € R"1*"2 In particular ¥ (Uk) is contained in the hyperplane
(2.1) H={veRM2 :y1=0} cR*"2,
Ifur4r, =(1,...,1,2,...,2) € R""*"2 thenu, 4., ¢ H. For any v € V* we may write

L) =ug + & +r,Ur 41,
for some ug € H and &, 4,, € R. This decomposition allows us to understand easily the
norm of an element v, since
(22) log | Nm(v)| = L(U)l = $r1+r2ur1 +r2~1 = ”grl +ry-

It follows that | Nm(v)| < 1if and only if &, +,, < 0. Finally, note that ker(y) = g, where
g < Uk denotes the subgroup of roots of unity. Thus the map L separates the free part of
the group of unity from its torsion part.

2.2. Units of norm +1

We are now ready to discuss the subgroup of Uk relevant to us and its action on V. Recall
that Ng,q(n) = £1 for any n € Ux. We shall work with the subgroup U, I((+) of n € Uk such
that Ng,g(n) = 1. Since U, I((+) is the kernel of the group homomorphism N /g : Ux — {£1},

we deduce that either Uy = U I((+) or Ug /U I((H ~ 7Z/27Z. In particular, Ug and U I({+) share
the samerank r = ry +1r, — 1.
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Let ug) be the norm +1 subgroup of g . Then we have decompositions

Uk = pg x Y, USY = u$ x v,

where Yg = YI((JF) >~ Z". The relation between these decompositions can be described
more precisely. This is only interesting in the case where U I((+) is a proper subgroup of Uk,
which we assume for now. If K has a root of unity of norm —1 then one can ensure that
each generator of Yx has norm 1, since each generator may be replaced by the product of
itself and a root of unity. This allows for decompositions where Yx = YI((H. If K has no
root of unity of norm —1, then ux = /Lg), and one can ensure that exactly one generator
of Yk has norm —1. To see this, suppose 7; ..., n, is a system of fundamental units such
that Ng/p(m1) = —1. We keep 71, but replace any other generator 7; of norm —1 by the
product 71 7;. The resulting system of units 71,7, .. ., 1,, say, still generates Yx and has the
required property. Furthermore, 2,7, ..., n, forms a system of generators for YI?L).

Our main interest in Y1(<+) lies in the action it induces on V and the associated coordinate
space R”. In general, the action of Ux on V' by multiplication induces a natural action on the
coordinate space R” as follows. For any pair (1,x) € Ux x R” we let n.x = y € R” denote
the coordinate vector of n(xjw; + -+ + Xpwy) = Y101 + -+ + Ypwy.

We require a fundamental domain §+ C V* for the action of (Y 1(<+)) on V* that is explicit
enough to allow lattice point counting arguments to be applied. In the case where YI((H is
replaced by Yk, the construction of such a domain is classical (see [24, §5,6]), and it is not
difficult to adapt the construction so as to apply to our situation. This construction builds
on the observation that the action of Uk is easier to understand in the logarithmic space. This
is useful since the restriction of L to (p(YI((Jr)) is an isomorphism, which allows us to describe
a fundamental domain for the action of <p(Y,£+)) on V* in terms of a fundamental domain
for the action of W(YI((JF)) on R"1+72,

Let 61,...,8, be generators for YI((JF) and letw; = ¥(§) forl < i < r; + rp. Then
(U 1((+)) = ¥, 1((+)) is a lattice of rank r contained in the hyperplane H that was defined
in (2.1). We denote this lattice by A4 and note that it is generated by uy, ..., 0, +,,—1. Let
F, C H be a fundamental parallelotope for A, and recall that the vector u, 4,, =
(1,...,1,2,...,2) € R"*2 does not belong to H. Thus Fy & Ru,, 4+,, describes a
fundamental domain for the action of ¥ (Y 1((+)) on Yy (K*) = Rt Since Y 1((+) maps
isomorphically onto A 4, an application of [24, Lemma 1 in §6] implies the following result.

LEMMA 2.1. — Theset§+ = {v e V* : L(v) € F1 @ Ru, 1, } is a fundamental domain
for the action Of(p(YI(<+)) onV*,

We now turn to the desirable properties of the domain §, that ultimately facilitate lattice
point counting. Recall that a region S C R” is said to be a cone when x € S if and only
if Ax € S, forany A € R.y. Moreover, if S C R” is bounded, its boundary is called
(n — 1)-Lipschitz parametrisable (see [24, p.166]) if it is contained in the union of the images
of finitely many Lipschitz functions f : [0,1]"~! — R”. It is easy to see that § is a cone.
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We are interested in the set
S+(1) ={v eF+: | Nm()| < 1}
={veV*:L(v) € Fx ® Rty 4.},

where the second equality follows from (2.2). The proof contained in [24, pp.168—172] applies
mutatis mutandis to our situation and establishes the following result.

LEMMA 2.2. — The domain § (1) has an (n — 1)-Lipschitz parametrisable boundary.

We will mainly be working in the coordinate space R”. The map

v R\ {0} — (R*)1 x (C*)"

that takes X to v(X) = xjw1 + -+ + xpw, = (WD, ..., v"1772)) is a linear isomorphism and
preserves Lipschitz parametrisability. In particular, if
(2.3) Dy ={xeR":v(x) € F+}

denotes the preimage of the fundamental domain in R”, and if
D4(1) ={xeDy [Nk (¥)| < 1},

then Lemma 2.2 implies that ®4 (1) has an (n — 1)-Lipschitz parametrisable boundary.
We slightly refine the sets under consideration. The sign of Ng is invariant under the action
of YIEJF). Thus, for € € {£} and T > 0 we define the sets

D¢ ={xeDy:0<eNg(x)}
and
(2.4) D (T) ={x €D :0 < eNg(x) < T}.

Since §4+ is a cone, the same is true for ®4 and D¢. We deduce that D¢ (1) has an
(n — 1)-Lipschitz parametrisable boundary from the same property for ®(1). Further-
more, we have D¢ (T) = TY/"D< (1).

Note that the same facts hold true in the classical setting for

(2.5) DT)={xe®:0<eNg(x) <T}
where ® = {x e R" : v(x) € §} and § C V* is the fundamental domain for ¢(Yg).

2.3. Dirichlet coefficients of {x

The construction of the majorant in Section 8 relies on a careful analysis of the sequence
of Dirichlet coefficients of the Dedekind zeta function of a number field K. Here we recall
the essential properties of (g and its Dirichlet coefficients, as found in Landau [23] or
Marcus [24], and deduce some preliminary facts required in Section 8.

The Dedekind zeta function is defined to be

1 s rK(m)
(2.6) (= Y —— =3 X
(0)#aCo (N Cl) m=1 m

for s € C with %i(s) > 1, with
rg(m) =#{a Co:Na=m}.
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The Dedekind zeta function admits a meromorphic continuation to all of C with a simple
pole at s = 1 and Residues—; {x (s) = hk, where & is the class number,

_ 2"'(2m)" Rk
luk|vIDk|

and R is the regulator. It follows from [24, Thms. 39 and 40] that
(2.8) > rk(m) = hex + 0(x'7m),

m<x

2.7)

so that the average order of rg is constant.

The function rg is multiplicative. To describe its behavior at prime powers, let p be any
rational prime and recall that the principal ideal (p) factorizes into a product of prime ideals
in 0. That is,

(2.9) (p) =1 ...p%"
where e; = ey, (p),r = r(p) € Z>o and each p; C o is a prime ideal satisfying Np; = pfi,
for some f; = fp, (p) € Zso. Asin [24, §3], we have > ;_, ¢; fi = n. Thus
r(p™) =#{p" ...l Co: fimi 4+ frm, =m},

for any m € Z~y. It follows from this that
(2.10) re(p™) < (m+ 1)".
At rational primes we obtain
(2.11) rk(p) =#ie{l,....rj: fi=1=#p[(p): /(p) =1}
In view of (2.11), we partition the set of rational primes into three sets

Po =1{p | D},
(2.12) 1 =1{p 1 Dk :3p|(p)suchthat f,(p) = 1},

P2 ={p1Dk: fpy(p) 22Vp|(p)}

The contributions to rg from Py U £P; and from P, will be dealt with separately.
We end this section with some technical results concerning the restricted Euler product

1\—1
(2.13) Fs)= [] (1 - F) :
PEP2
for s € C with i (s) > 1. The following result describes the analytic structure of F(s).

LEMMA 2.3. — There exists § € Q satisfying 1/n < 8§ < 1 such that P, has Dirichlet
density 8. Furthermore, there is a function G (s), which is holomorphic and non-zero in the closed
half-plane R (s) > 1, such that F(s) = £(s)' 3 G(s).

Proof. — The first part follows from the Cebotarev density theorem (cf. [29, Cor 13.6]),
with § = 1/n if and only if K/Q is a Galois extension. This implies that there exists a
function G (s), which is holomorphic and non-zero in the closed half-plane % (s) > 1, such
that

LI R PPRY
(2.14) pgl (1 ,,s) £(5)° G (s).
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On the other hand,
1\1 1 ~
pl—y‘f[% (1 ) F) ) g(S)peu“l:!h@z (1 - F) = LOF() 7 Ga(s).

where G, (s) is entire and non-zero. Combining these expressions we conclude the proof of
the lemma by taking G(s) = G1(s)"1Ga(s). O

COROLLARY 2.4. — We have

—1
l_[ (1 - %) = (log )4,

DEP2
p<T

Proof. — By means of the Tauberian theorem [28, Thm. 5.11], applied to the Dirichlet
series F(s), we deduce from Lemma 2.3 that

1 m 1\!
(logT)l—S o Z (25) (M) < l—[ (1 B _) .
m<T " PEP2 P
p<T

This gives the correct lower bound. To establish the upper bound, we deduce from (2.14) that

5 _ N Lo (m) N

m<T PEP
p<T
But then
1\ 1\
(logT)? H (1 — —) < l_[ (1 — —) <L logT,
PEP P PEPIU P2 P
p<T p<T
as required. O

3. Technical tools

3.1. Geometry of numbers

We will need to be able to estimate the number of lattice points in shifts of sufficiently
well-behaved expanding regions. Let n € Z- and let 3 be any bounded subset of R”. Write
T B ={Tx:x € B} for the dilation by T > 0. The following result is classical.

LEMMA 3.1. — Assume that B is bounded and that for any ¢ € (0, 1) the s-neighborhood
of the boundary 0 B has volume O(e). Leta € R" and let T > 1. Then

#(Z" N (T B+ a)) = vol(B)T" + O(T" ™).
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Proof. — Observe that the e-neighborhood of 3T .3 arises as dilation by T of the
eT~!-neighborhood of 8 3 and has volume O(sT"~!). The lemma follows (cf. [17, App. A])
since

#(Z" N (T B +a)) =vol((Z" N (TB+a)+[0,1)"),
and the set in the latter volume agrees with T 3 + a outside an O(1)-neighborhood
of T B + a. O

Itis not hard to see that any non-empty bounded set in R” whose boundary is (n — 1)-Lip-
schitz parametrisable satisfies the hypotheses of Lemma 3.1. This follows, for example, from
the proof of Lemma 2 in [24, §6]. Similarly, bounded convex sets in R” satisfy the hypotheses
of the lemma (see [17, Cor. A.2], for example).

Given a finite set of fixed regions Bj,..., B, to which Lemma 3.1 applies, the
hypotheses of the lemma are also met by any set which arises through unions and inter-
sections of these sets. In particular it applies to intersections of bounded convex sets with
bounded sets having (n — 1)-Lipschitz parametrisable boundary.

3.2. Complex analysis

Throughout this section we will write o for the real part of a complex number s € C. In the
course of Sections 8 and 9 we will encounter several truncated Euler products of the following
form. For a given constant C > 0, given x > 1 and a given multiplicative arithmetic function
h : Z-o — C, define the Euler product

k
Eersiy= [ [1+ 3222

sk
C<p<x k>1 p

for 0 > 1. Since the product is truncated, one expects that Ec (1 + so; k) is well approxi-
mated by its value at s = 1, provided that |so| is sufficiently small and one has some control
on h. The following result makes this statement precise.

LEMMA 3.2. — Let ¢ > 0 be a constant. Let H > 1 and suppose h : Z-o9 — Cisa
multiplicative function satisfying |h(p*)| < H¥ at all prime powers p*. Then the Euler product
E(s) = E3eH,x(s; h) satisfies

E(1 + 50) = E(1) + O(lso| (log ) °D).

uniformly in x, for so € C with |so| < x~¢. Furthermore, we have

3.1) EW = | ] (1+M).

3eH<p<x p
The implied constants in these estimates are allowed to depend on ¢ and H .
For h satisfying |h(p)| < H on the primes, we may combine (3.1) with Mertens’s theorem
to deduce that
(logx) ™ « |E(1)] <« (logx)H.
This shows that the main term dominates the error term in our asymptotic formula
for E(1 + s9), when |so| < x7¢.
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Proof of Lemma 3.2. — We allow our implied constants to depend onc and H. Let E(s) =
Eser x(s; h) and let s € C be such that |s| < (logx)~!. Then

Z h(Pk) < H
A+)k | > pl+o _ g °
1 p s p o H

This is at most 1/2 for 3eH < p < x, since

p1+a > pl—(logx)—l > pe—1 > 3H.

This shows that E(1 + s) is non-zero for s satisfying |s| < (logx)~! and, furthermore, that
E is holomorphic on a domain containing this disk. The Taylor expansion about 1 is given
by

()
E(l4s) =) s/ —= EY (1)
j=0

Cauchy’s inequality yields

EW1 .
LJ < (logx)!  max |E(1 + 5)].

[s|=(ogx)~

But the right hand side is bounded by

. |h(p")]
<(ogx) T[] (1+Z (- ilogx)k)

3eH<p<x k>1

. H
<(ogxy ] (1+TH)

1
3eH<p<x p leex —

<(ogxy T[] (1+ﬂ)
3eH<p<x

& (log x)/ 70,
Thus for |sg| < x~¢ we have

|E(1) = E(1 +50)] < Y_ Isol (log x)/ 0D < |so](log x)° .

Jj21

To check the final claim of the lemma, we recall that |1 (p*)| < H¥. Using the logarithmic
series we therefore deduce that

log | E(1) l_[ <1+@) = Z 10g(1+2h(;kk))—lo (1+ﬂ)

3eH<p<x 3eH<p<x k>1

- T (Bl

3eH<p<x k>2 p p

But this is O(1), which therefore concludes the proof. O
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3.3. Lifting lemmas

This section establishes two fairly general results of Hensel type, the second of which will
be applied in Sections 4, 5, 6 and 10. Let p denote a prime number and let v, (n1, ..., ny)
denote the p-adic order of the greatest common divisor of any s-tuple of integers (n1, . . ., ng).

LEMMA 3.3. — Let m,£,8 € Zxg, with
m>26+1, 0<8§<m—L.
Suppose we are given a polynomial F € Z[t1,...,t5), A € Zanda € Z*. Let

F(t) = A(mod p™), v,(VF() =6

Rs(p™ A pYy = te (z/p™L)* :
s(p™. A: p7) (2 p™Z) £ = a(mod pt)

Then we have
#Rs(p™, A; pY)  #Rs(p™ ' A+ kp™: pb)
pmG=D) - pm+DE=1) ’

uniformly for k € 7./ pZ.

Proof. — Forany t € Rs(p™, A; p*) and any t' € Z°, the condition m > 2§ + 1 implies
that
F(t+ p" %) = F(t) + p" %t .VF(t) (mod p™)
= A (mod p™).
Similarly, we deduce that

VFE(t+ p™ %) — VF(t) = 0 (mod p" %)

= 0 (mod p%*h),

and, since £ < m —§, we also have t + p" %t = a (mod p%). Thus Rs(p™, A; p%) consists of
cosets modulo p” .

Lett € (Z/p™*17Z)* such that t (mod p™) € Rs(p™, A; p*). Then t+ p™ =%t runs through
p* different cosets modulo p™*17% as t’ runs through Z*. Moreover, for any k € Z/ pZ, we
have t + p" =%t € Rs(p™*!, A + kp™; p*) if and only if

p(F(t) — A) 4+ p~t . VF(t) = k (mod p),
for which there are precisely p*~! incongruent solutions in t’ modulo p. This establishes the
lemma. 0
Now let G € Z[x1, ..., x,] be a homogeneous polynomial of degree n and let A € Z. For

givena € Z" and m, £ € Zx, let

G(x) = A (mod p™)

m A pYH =#{x¢e(Z/p"L)" :
y(p™. A: pY) (Z/p™"Z) x = a(mod p)

The counting function y satisfies the following lifting property.
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LeEmMA 3.4 (cf. [26, Cor. 6.4]). — Assume thatm > 1, A # 0 and
m
L+ vp(A) +vp(n) < 5

Then we have
y(p™, A:pb)  y(p" T A+ kp™; pb)

p’”(”_l) - p(m+l)(n—1) ’

uniformly for k € 7./ pZ.

Proof. — Let m>1 and let x(mod p™) be such that G(x) = A (mod p™) and
x = a(mod p*) and p® | VG(x), for some § > 0. Since x.VG(x) = nG(x) we conclude
that p™in{8m} | A, whence § < % — € under the hypotheses of the lemma. In particular this
inequality implies that m > 2§ + 1 and § < m — £. Observe that

y(p" Asphy = Y #Rs(p", A ph,
0<E< B~

y(P"TL A+ kp™ipY = > #Rs(p" T A+ kp™: ph).

0<% —

for any k € 7Z/pZ, in the notation of Lemma 3.3. The statement of Lemma 3.4 therefore
follows from Lemma 3.3 with F = G and s = n. O

4. Norm forms modulo p™

Throughout this section K/Q will denote a finite extension of degree n, with integral
basis {w1,...,wy} for the ring of integers 0 = og. Suppose we are given an integral ideal
a C o, with corresponding Z-basis {1, ..., o, }. These bases are both Q-bases for K/Q. We
let A(a,...,a,) = | det(o;(aj))|?, and similarly for {w1, ..., wn}. Let cx¢ € Z be such that

n
4.1) ar =) creop,
(=1

for 1 < k < n. Then according to [23, Satz 40 and 103], we have
Aoy, ..., 0n) = (Na)?|Dx| = | det(cko) > Aoy, . . ., wn).

In particular N a = | det(cke)|.
The norm forms we discuss in this section take the more general shape

4.2) N(x;a) = Ng/g(xiar + -+ + Xpn),

which defines a homogeneous polynomial of degree n with coefficients in Z. Note that

N(x; 0) = Nk (x) in our earlier notation, which we will often abbreviate by N(x). Given 4 € Z,

Xg € Z" and M, q € Z~¢ with M | g, we define the counting function

N(x;a) = A (mod

(4.3) ol A a: M) = #) x e @/qzyr : N8 = A modg)
X = Xg (mod M)
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Such counting functions appear naturally when analyzing weak approximation conditions
at non-archimedean places. In the special case a = o, we put

4.4 o(q, A; M) = 0(q,A,0; M).
Likewise, when M = 1, we set
0(q.A,a) = 0(q. A,a;1), o(q,A) = 0(q. A,0:1).

This section is devoted to a detailed analysis of the quantities o(g, A4, a) and o(g, A). When
M # 1 it will suffice for our purposes to note that o(q, 4, a; M) < o(q, A, a) and apply the
results for M = 1. By the Chinese remainder theorem we may consider o(¢, 4, a) and o(g, A)
in the special case ¢ = p™ for a rational prime p and m € Zo. We will mainly be concerned
with the situation for p  Dg N a. Our first result shows that any two norm forms are locally
equivalent.

LEMMA 4.1 (cf. [26, Lemma 4.2]). — Let m € Zs¢ and let p 1 N a. Then we have
o(p™. A.a) = o(p™. A).

Proof. — Let C € M, (Z) be the matrix with coefficients cx¢ asin (4.1). Since Na = |det C|,
it follows that p t det C, whence C and C’ are invertible in Z,. Let @ = (w1, ..., y). Then,
for any x € Z", we have

N(xC';0) = Ng/qg (@.(xC"))

= NK/Q ((C(z))X)
= N(x; a).

It follows that N(x; a) and N(x; 0) are equivalent over Z,, which suffices for the lemma. [
We now have everything in place to record our main result in this section.

LEMMA 4.2. — Let A € Z, let m € Zxy, let p be a prime and let k = v,(A). Then we have

", A .
% < min{k + 1,m}" .
Suppose that p t Dk and k < m. Then we have
o(p™. A) X 1\7! 1

plp

Proof. — Our proof of this result was suggested to us by the anonymous referee and is
based on the observation that o(p™, A) is equal to the number of @ € o, modulo p™, for
which Ng/g(a) = A (mod p™). It will be convenient to temporarily abbreviate Nx,qg by N
in what follows.

We first consider the special case where p™ | A. In this case every « that is counted
by o(p™, A) will have an ideal divisor q such that p™ | Ng, and with the property that
p™ 1 N ¢ for every proper divisor g’ | g. Thus q = [, p® for prime ideal divisors p | (p),
with e, < m for each p. Since there are at most n prime ideal factors of p, there are at
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most (m + 1)" possibilities for q. For each such ¢ the number of & (mod p™) with q | (@) is
p™/Ngq < p™=D_All together, this yields

4.5) o(p™, A) < (m + 1)npm(n—1) & mnpm(n—l)

whenever p™ | A.

Suppose now that p¥|| A with 0 < k < m. Then, for any « as above, p* || N(«) and there is
a unique ideal q containing «, with N q = p*. Note that q contains p¥. It follows that

o(p™. A) = ) #a(mod p™) 1 € q. N(@) = A(mod p™)},
q

where the sum is extended over integral ideals q of norm p¥. The next goal is to relate, for any
of these g, the cardinality above to o(p” %, B) for some B that is coprime to p. To this end,
recall that there exists a prime ideal ¢ in the ideal class [q] which is coprime to (p). Suppose
that q(8) = t(y), so that & € qif and only if By~ € t. We now have

#{a (mod p™) : @ € q, N(a) = A (mod p™)}
= #{a (mod p™) : afy~" € v, N(aBy™") = AN(By™") (mod p" N(By~"))}
= #{v (mod p" By~ :v er, N(v) = B (mod p" ¥ Nr)},

where B = Ap~* Nt, and where we note that p™fy~! € tsince p™ € q. Since Nt|N(v) for
any v € t, we can replace the final congruence condition above by N(v) = B (mod p” ).
Now choose a Z-basis {£1, . .., &, } for v and recall the Definition (4.2) of the associated norm
form N(x;t). Then the above counting function is equal to the number of integer vectors
x € Z" producing distinct v (mod p” By~1) for which N(x;t) = B (mod p”*). Our task
therefore falls to counting solutions of N(x;t) = B (mod p™~¥) lying in cosets of a certain
lattice. To describe this lattice, note that q | (p¥) and therefore p™*t | p™tq~!. Further, if
v and v’ agree modulo p™ ¥t then we have x = x’ (mod p™ %) and so N(x; t) and N(x/; t)
coincide modulo p™*. It therefore follows that

#{v (mod p" By~ ") :v er, N(v) = B (mod p™ %)}
_ N(p™tq™)
N(pm=Fv)

= pFVo(p™ k. B),

# {x (mod p™ %) : N(x;t) = B (mod pm_k)}

by Lemma 4.1, since p { N t. Observing that the number of ideals q of norm p* is just rg (p*),
we have therefore shown that for any prime p, there exists B = Ap™* Nt € Z such that p { B
and

(4.6) o(p™, A) = rx(p*) pFVo(p™*, B),
whenever 0 < k < m.

It remains to analyze o(p™, A) when p t A. Consider the group homomorphism
0:(/(p"™N* — (Z/(p™)*
that is induced by the norm. Since o(p™, A) = #6071 (4) < #Ker 6, we proceed by bounding
its kernel. Suppose first that p > 2 and let g be a primitive root for p™. Note that the image
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of @ contains the subgroup H generated by nth powers of elements of (Z/(p™))*. Hence

(/™) HY oy 927

(/)" = )] = S st

But #H = ¢(p™)/ ged(n, ¢(p™)), which readily implies that Im(6) has index at most n
in (Z/(p™))*. When p = 2 we argue similarly, using the fact that elements of (Z/(2™))*
can be expressed uniquely as (—1)¥5Y foru € {1,2} and v € {I,...,2™ 2}, to deduce
that [(Z/(p™))* : Im(0)] < 2n. For any prime power p™ it therefore follows that we have
Ker(9) < 2nex(p™)/e(p™), where ¢ is the Euler totient function associated to K. Hence

ek (™)
p(p™)
whenever p 1 A. We can be more precise when p is further assumed to be unramified.
Assuming that p  ADg, we claim that

o(p™, A) ! 1
o) )

plp

4.7) o(p™, A) < 2n < pmh,

Taking G = Nand £ = 0 in Lemma 3.4, we see that it suffices to establish this fact when
m = 1. The strategy is to show that the map 6 is onto, which immediately implies that
o(p,A) = #Ker(0) = px(p)/e(p), so that the case m = 1 of (4.8) follows. To show that
¢ is onto we must show that there exists x € I} such that N(x) = A4 (mod p). For this we
deduce from the Chevalley—Warning theorem (see [31, §1.2.2]) that the number of projective
solutions is divisible by p. Moreover, the number of solutions on the hyperplane at infinity
is

#{x € F, : N(x) = 0(mod p)} = p" —#{x e F : ptNx)} = p" — ¢k (p).

Since p t ¢k (p) for an unramified prime p, we may conclude that the number of affine
solutions to the congruence N(x) = A (mod p) is not divisible by p. This shows that 6 is
onto, as required.

We may now conclude the proof of Lemma 4.2. The second part follows from (4.6) and
(4.8). Recalling from (2.10) that g (p¥) < (k + 1)", the first part follows from (4.5), (4.6)
and (4.7). O

5. Counting points on systems of norm form equations

While the previous two sections described background, notation and technical tools, we
now begin with the proof of our main theorem. In the first two parts of this section we state
and discuss our main auxiliary result which may be interpreted as an asymptotic formula
for the number of integral points of bounded height on an integral model for the variety
PV C Ay o ES efined in (1.3). In the final part of this section we deduce Theorem 1.3
from this asymptotic formula.
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5.1. Representation function and asymptotic formula

After a change of variables we may assume that we are working with an integral model
for 9, defined by the system of equations

0 # Ng; (i) = fi(ur,...,us), (1<i<r),

where each K; is a number field of degree n; > 1, each f; is a linear form defined over Z, and
the forms f; are pairwise non-proportional. We further assume that each N, is defined using
a Z-basis {w; 1, . .., Wi, } for the ring of integers of o, , so that it too has integer coeflicients.

We will phrase the problem of counting integral points on < in terms of representation
functions R; : Z — Zx that, in the simplest instance, count the number of representations
m = Ng; (x;) of each non-zero integer m, where x; runs through equivalence classes with
respect to the action of the free part Y’ Igr) of U I(([H Our application to Theorem 1.3 requires
us to incorporate some flexibility into the definition of R; as to exactly which representations
are counted. To describe these restrictions, we use the notation of Section 2. In particular,
recall that

iy ={xeR" i x10i,1 + -+ Xn,0in, €Tit}

is a fundamental domain for the action of YI(J) on the coordinate space R" . Furthermore,
we recall from (2.4) that

D (T)={xe€D;+:0<eNg,(x) <T},
foree{x}and T > 1.
DEFINITION 5.1 (Representation function). — Leti € {1,...,r}andletX; C ®; y bea
cone such that each of the bounded sets X; 1D , (1) has an (n; —1)-Lipschitz parametrizable

boundary, unless it is empty. Let M € Z~¢ and letb; € (Z/MZ)" for 1 < i < r. For any
m € 7 we define

Nk, (x) =m
x = b; (mod M) .
We shall abbreviate R; (m) = R; (m; %;,b;, M), once X;,b; and M are fixed.

R,-(m;%,-,b,-,M) = lmaéO‘ H{xeZ" nx;:

Next, let & C R be any convex bounded set. Our interest lies in the counting function

(5.1) NTY = Y[R (f,

ueZ*NTHR i=1
u=a (mod M)

for given a € (Z/MZ)5. By unraveling the definition of R;, this is seen to express the
number of suitably constrained points in ?(Z). For technical reasons, we restrict attention
to a € (Z/M7Z)* such that p*»M) 4 f.(a) forany p | M and any 1 <i <r.

From now on we will view M, K1, ..., K;, together with a, b; and the coefficients of < as
being fixed once and for all. Any implied constants in our work will therefore be allowed
to depend on these quantities in any way. Moreover, the regions Xy,..., %, are also to
be considered fixed, with any implied constant being allowed to depend on the Lipschitz
constants of the maps parametrising the boundaries.
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Before revealing our asymptotic formula for N(T") we require a bit more notation. For
given g € Z-o and A € Z, with M | ¢, we let

outg. A1) = # ] e gz N - cil(ﬂn;‘)’d s
for 1 <i < r,asin (4.4). Moreover, for € € {+}, we define
={xeR:ex >0}
and
(5.2) Kf (%) = vol (D5 L () NX;).

Finally, we denote by f : R®* — R’ the linear map defined by the system f = (f1,..., f;) of
linear forms. Bearing this notation in mind we have the following result.

THEOREM 5.2. — Let f1,..., fr € Z[uy, ..., us) be pairwise non-proportional linear forms
and assume that | f; (R)| < 1, for1 <i < r. Suppose that M, b; and a are as above;, in particular,
prr (M) 1 fi(a) forany p | M and any 1 < i < r. Then we have

N(T) = Boo [ [ Bp-T* +0(T°), (T - o0),

where

,
Boo= Y VOl (RNE'(Re x -+ xRe,)) [ [ xf (%)
es{t}’ i=1
and

3 1—[ 0i (p™., f;(w); pv» ()

m(n,—l) ’

ﬂp o mh—r>noo pms

ue(z/pmz)s i=1
u=a (mod p?vrM))

for each prime p. Furthermore, the product ]—[p Bp is absolutely convergent.

We will show how Theorem 5.2 implies Theorem 1.3 in Section 5.3. The proof of
Theorem 5.2 takes up most of the remainder of this paper. The first part is established
in the course of Sections 610, while the final part is dealt with in Section 5.2 below.

REMARK 5.3. — Our proof uses the machinery developed in Green and Tao [17]. As such,
it in fact covers the case where in the statement of Theorem 5.2 each linear form f; is replaced
by a linear polynomial f; + a;, for an integer a; = O(T).

REMARK 5.4. — In the special case where X; = ®; yforl < i < rand M = 1
in N(T), it is straightforward to adapt the calculation in [24, §6] to find a precise value

for k§(D;,+) = vol (’Df +(1)). Let us drop the index i and work with a typical field K of
degree n. Let 81, ..., 8, +r,—1 be generators for Y, I((H. We define a modified regulator Rg)
to be the absolute value of the determinant of the (r; + ) X (r; + rp) matrix, whose rows
are given by ¥ (81), ..., ¥ (8r,+r,—1)s Ur, +r, € R T2 in the notation of Section 2.2. Then

one finds that

<®; ) = 0, ife =—andr; =0,
K
o 2n=l(2m)r2 R(+)/‘/|DK otherwise.
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Observing that ¥ (n3) = 2y (), furthermore, an inspection of the explicit choice of gener-
ators for Y1(< given in Section 2.2 shows that R(+) [Yx Ylg+)]RK. Theorem 5.2 recovers
[27, Thm. 1.1] when K1, ..., K, are all taken to be quadratic.

5.2. Convergence of the product of local densities

In this section we prove the absolute convergence of the product [ [, 8, from Theorem 5.2,
by establishing an asymptotic estimate for the local density 8, valid whenever p is large
compared to
(5.3) L= [max Al s r | D, 1}

and p 1 M. Here || f;|| denotes the maximum modulus of the coefficients of f;.

PROPOSITION 5.5. — We have B, = 1+ Or(p~2) whenever p t M and B, = Or (1) when
p | M. In particular, there exists L' = O (1), which is independent of M, such that 8, > 0
whenever p > L' and p 1 M.

This proposition immediately implies the convergence of the product [[, B,. The proof
of Proposition 5.5 splits into two cases according to whether p is large or small compared
to L, and follows that of [26, Lemma 8.3]. The main ingredients are the information that
Lemma 4.2 provides about o(g, A), and the properties of local divisor densities, which we
discuss next.

Let
G4 U = {u € (Z/p™Z)° : u = a(mod p» ™))},
for any m € Z,. For given ¢ € Z% ; and a given system f = (f1,..., fr) as above, we define

the local divisor density (cf. [17, p.1831] and [26 Def. 8.4]) to be

(5.5) an(p® o p) = e Y l_[ Ly iy
uE Uy i=1

where m = max{cy, ..., c,}. Let n(c) denote the number of non-zero components of ¢. Then

=1, ifn(c) =0,

| = pmaxileid ifp>»; 1, ptMandn(c) =1,

(56) af(pclv'--vpc') _ i i{ci+c;} . 1(

L prmaxizicitei o if p>»>p 1, pt M and n(e) > 1,

&g pmaxilei}, otherwise.

It is important to note here that even when p | M and n(c) > 1 the implied constant in
the final estimate does not depend on M. Moreover, here (and elsewhere) we take p > 1
to mean that p is sufficiently large in terms of L. An easy way to bound sums over divisor
densities uses the observation that there are at most rJ"~! choices of k € ZZ such that
max; k; = J and therefore

T+r 1 1 JT+r—l 1

(5.7) Z Z J—J <r Z LT,r,Jo ﬁ Z YA LT,r,Jo ﬁ

iz wemt, P 770 >0
max{ky,..., kyy=J

forany T, Jo > 0.
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Proof of Proposition 5.5. — We may write 8, = lim;;_sc0 Bp(m), with

l—[ 0i (p", fi(w); p*)

m(n,—l)

(5.8) Bp(m) =

uE€ Um

O v (fr =k

>

and © = v,(M). We begin by analyzing f, when p is small. In fact we will show that
Bp = Or(1), for any prime p, which suffices for Proposition 5.5.

Since

i (p™, fi(m): p*) < 0i (p™. fi(w),

an application of the first part of Lemma 4.2 in (5.8) shows that

’BP( m) < pms Z Z Z l_[ a (pm(nljzl(;l))

J>0 keZ’ u€ Um i=1
max(ky .y }= g Up (i @)=ki

CEY XYmoo

J>0 kezZ o ue%m
max{ky,...kyy=J pXi|f; )

Next we invoke (5.6) and (5.7) to obtain

min{m, J + 1}t +nr
Bpm)y <Ly ) { i < L.

J=20 keZ” P
max{ky,..., kyy=J

Taking the limit m — oo, this shows that 8, = O (1), as required for Proposition 5.5.

We proceed to analyze , when p > 1and p t M. In particular, we have © = 0 and
Um = (Z/p™Z)°. Let K1 = (ZN[0,m))" and let K = Z5, \ [0,m)". Accordingly, we
write f8,(m) = ﬂl(,l)(m) + ,BI(,Z) (m), where ,Bf,i)(m) is the contribution from k € %;.

Since p > 1, it follows from (5.3) that p { Dk, foreach 1 < i < r. Thus the second part
of Lemma 4.2 implies that

BV (m) = cp(K1).. ep(Ky)— s >y 1‘[rK<p)

ke X1 ue YU =

vp (fi (W)=k;
=cp(Ky)... 5 Z (HrK,«(Pki)) Z 1,
ke F \i=1 u€ U
vp (fi (W)=k;
where
1\! 1
cp(Ki) = (1——) I1 (1——).

p Np

plp,pCok;
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For given k € ¥, we have

1
Yo=Y (mpErtrtegphiter L phrter)

pms
ue Um e€{0,1}"
vp (fi (0)=k;
1—rp7' 4+ 0:(p7?), ifk=0,
)40 (07, ifk € {(1,0,...,0),...,(0,...,0, 1)},
| o, (pmmaxtkikey if p(k) = 1, max{ky, ... k) > 1,
O, (p~1—maxtkikr}y - otherwise,
by (5.6).

Since rg; (p*) = O((k + 1)"), by (2.10), we deduce from (5.7) that

>y - ]—[rK VAR DI D i ]j[HKi(pki) <r %.

J>2 ke F1 J>1 ke ¥
max{ky,....kr}=J max{ky,...kr}=J
nk)=1 n(k)>1

Hence (2.11) implies that

BV (m) = cp(K1) ...cp(Ky) (1 +>° 'k (p) — 1 Lo, (Lz))

i=1 4 4
1
—1+0.(-3).
r p2

Putting everything together, we conclude that
1
|By(m) — 1] <, st B (m).

The first part of Lemma 4.2 can be used to show that 8, (2) (m) 1s at most

(P fiw) i
pms Z Z nQ pm(n,—l)u Z Z

pms

ket WeUp i1 KEFo UEUpm
prilf;w) prilfi(w
B e S 4 Z Olf(pkl e pkr)
ke KXo
mhiitetnr
< plT’

by (5.6). Substituting this into our expression for 8, and taking the limit m — oo, this
completes the proof of Proposition 5.5 when p > 1. O
5.3. Deduction of Theorem 1.3

We proceed to show how Theorem 1.3 follows from Theorem 5.2. Our task is to establish
the Hasse principle and weak approximation for the smooth variety % C A&‘ Foetnrts
which after the reductions from the start of Section 5.1 is given by

0# Nk, (xi) = fi(ur,...,us), (1<i<r),

for pairwise non-proportional linear forms f1,..., f, defined over Z.
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Suppose that we are given a point (u,x;) € V(Q). Then each point in the orbit {(u, n; .x;) :
ni el I((j)} also belongs to V(Q). We will therefore content ourselves with looking for points
(u,x;) € V(Q) such that each x; lies in the fundamental domain ®; 4 which we constructed
in Lemma 2.1 and (2.3) for the free part of U I(J) We will call such points primary.

Let © denote the set of places of Q. We assume we are given points (u®, va)) € VQy)
for every v € . By possibly replacing the adelic point (x?’) Yveq by (ni.xgv))veg for an
appropriate 1; € UI(J), we may assume that xl(oo) belongs to ®; 4 foreach 1 < i < r. Let
S be any finite set of places, including the archimedean place as well as all non-archimedean
places corresponding to primes p < L’, where L’ = O(1) was determined in Proposition 5.5.

Let ¢ > 0. Then, in order to prove Theorem 1.3, it suffices to show that there is a primary
point (u, x;) € V(Q) such that
(5.9) u—u®|, <s  xi—x"), <6, (1<i<r),
for every v € S. Here, | - |, denotes the v-adic norm extended to vectors in the obvious way,
and we follow the convention that | - |0 = | - |-

On rescaling appropriately we may assume that the points (u®", xl(”)) that we are given

belong to Z," oS for every finite v € §. By the Chinese remainder theorem we can then
produce an integer vector (™), xl(M)) such that

(5.10) ™ —u®), <, M x|, <6, (1<i <),

for all finite v € S. We now seek integral points (u, x;) € U(Z) satisfying the following local
conditions. For the finite places we impose

(5.11) u=u™ mod M), x =x™ modM), (1<i<r),

for an appropriate modulus M € Z..( with the property that p { M whenever p & S. In view
of (5.10) these conditions imply (5.9). To guarantee that

(5.12) pr@M y f@Mforall p | M, (1<i<r),

it suffices to choose ¢ sufficiently small, since f; (™) # 0in Q,.

For the infinite place we impose that
(5.13) lu—Bu®| <¢eB, |x; — BY"x™| < eBYm  (1<i<r),
with B = P"1-" and P € Z-¢ tending to infinity such that P = 1(mod M). Thus any
point (u,x;) € V(Z) satisfying (5.11) and (5.13) gives rise to (B~'u, B~1/"ix;) € V(Q)
satisfying the original condition (5.9). We aim to detect the existence of integral points
satisfying (5.11) and (5.13) using Theorem 5.2. For this reason, we now proceed to replace
(5.13) by a condition that is more suitable for an application of the theorem.

Let1 < i < randletg > 0. We begin by defining a cone that is symmetric about x

via
g § .

Note that %,-(xfoo);s’) £ @, since x§°°) € ;4 by our work above. It follows from
Sections 2.2 and 3.1, that for € € {&} each D (1) N %i(xgoo); ¢’) is either empty or such

(00)

1 s

xeR"ND;4: - :
1 | Nk; (x)[1/ni | Nk, (XZ(OO))|1/"[

Bi(x:¢') =
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that Lemma 3.1 applies. Indeed, these sets arise as the intersection of a bounded convex set
with a set that has an (n; — 1)-Lipschitz parametrisable boundary. Moreover, we clearly have

(5.14) vol(D5 (1) N B (x\™; ) > 0
when € = sign(Nkg; (xgoo))). The second condition in (5.13) now holds whenever
(5.15) xi € B;(x°;¢') N {x € R : | Ng, (x) — BNg, (x°)| < ¢'B}
for sufficiently small ¢’ in terms of max;<;<, | Nk; (x§°°))|. We fix such a choice of ¢’ < ¢.
In view of the first part of (5.13), we define the convex bounded region
A" = fue R : lu—u®| < ¢},
for &” > 0. Observe that for sufficiently small &” < ¢, the condition u € BR(u®; ¢”) implies
both the first part of (5.13) and, furthermore,
|fiw) = B (™)) < ¢'B.
In conclusion, any point (u, x;) € V(R) with
(5.16) ue BRU®;¢") and x; € B;(x;¢)
satisfies (5.15) and therefore also (5.13).
With these choices of &', ”, we fix the representation functions
Ri(m) = R;(m; B; (x°; ), x{", M)
from Definition 5.1, for 1 < i < r. Itisclear that
| /i (R )| C [-H, H]
for H = s(1 + &)|u®| - max; || f;|. In particular, # < 1. Thus we observe that, on the one

hand,
N(HB) = > [TRi(fi(w)

weZ*NHB(H ' /(u*);e”)) i=1
u=uM) (mod M)

counts exactly the primary points (u, x;) € U(Z) which satisfy (5.11) and (5.16). On the other
hand, N(H B) takes the shape of the counting function (5.1) from Theorem 5.2, with

ﬁ — H_lﬁ(u(oo);g// , xi — %i (X§OO);8/)7 a— u(M)’ bi — XZ(M)
Moreover, all the conditions of Theorem 5.2 are satisfied. We conclude, for T = HB, that

N(HB) = (HB)*Boo [ | By + 0(B),
p

(M)

i

where the error term may depend on ¢/, ¢, M, K1, ..., K,, as well as on u™)_ u(*) x
xf‘x’) and on the coefficients of 9. All that remains now, in order to deduce Theorem 1.3, is
to show that

Boo [ 8o > 1.
p

Beginning with S, we recall that

K = kf (B (xse)) = vol (DE . (1) N Bix(™:¢)).
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Thus, (5.14) yields /cff > 0 when ¢; = sign(f; (u®)) for each 1 < i < r. Next we check that
for these choices of €1, . . ., €, we also have

Vol(H 'R ¢”) N (R, x -+ x Re,)) > 0.

Since f1,..., fy are linear homogeneous polynomials, the region £ 1(R., x --- x R,,) is a
cone. Thus

vol (Hflﬁ(u(“’); ) NI Re, x - xR,)))
= H vol (R e") N (R, x -+ x Re,)),

which is positive, since u(® is an element of the open set £~ (R, L X xR, ).
Turning to the local factors at the non-archimedean places p, we recall that

Z l—[Qz(P  fi(u); por D)

Bp = lim 1)

m—>o00 pmS ’

uE€ Uy i=1
where U, is given by (5.4), with a = u™)_ By construction, we have p t M whenever p ¢ S
and it follows from Proposition 5.5 that

[]8,>1.

PES
and that 8, = O(1) for p € S. This leaves us to show that 8, > 0 for every p € S in order
to complete the proof of Theorem 1.3. We will deduce this with the help of Lemma 3.4 from
the existence of local solutions at these primes. While we are primarily interested in p € S,
the following argument works for any prime p.
With Lemma 3.4 in mind, we fix a prime p and let

m' = 2(1+ 0 (M) + 3 0p (i) + 3 v, ().

i=1 i=1
Recall that we are given (u?, xl(p )) € V(Qp) such that (5.10) holds for v = p. By solving
this approximation problem for a smaller value of ¢, we can find (v’,x}) € Z"1++"r+5 guch
that
W, x}) = @™ xM) (mod p»™)  and  f;(u') = Nk, (x}) (mod p™).
Thus,
-

[Toi(™, fitw); pr®) > 1,

i=1
where each g; is defined with respect to xl(M). The technical condition (5.12) ensures that such
approximations u’ satisfy v, (f; (w')) = v, (f; @®™))) and f; (w') # 0.

The definition of m’ ensures that the conditions of Lemma 3.4 are satisfied when m > m’,

L=v,(M), A= fi(v'),a= x(M) and G = Nk, for any 1 <i < r. Hence we obtain

[ 2" fitw: p ) l_[Q’(p ﬁ(u’) o)
pmin—1) = o Gii—1)
i=1

1
Z pm’(m +-tny—r)’
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whenever u € %%, = {u € (Z/p™Z)* : u = u (mod p™)}. The set U, has pm—ms
elements and is clearly a subset of %/,,. Therefore

Ezfim@WﬁmXWAM)

Bom) > et

ms
P ue U, i=1

1
>
= pm (itetny +s—r)’

for every m > m’, which provides the desired inequality 8, > 0 for p € S.

6. W-trick and non-correlation with nilsequences

The balance of this paper is dedicated to the proof of Theorem 5.2. Our proof proceeds
via the methods from [17] and therefore splits into two tasks. This section accomplishes one
them. Recall Definition 5.1 of R; for 1 < i < r. We show here that the function R;, when
passing to suitable subprogressions and subtracting off its mean value, does not correlate
with nilsequences. In Sections 7 and 8 we deal with the second task and construct a pseu-
dorandom majorant for R;. To ease notation we shall drop the subscript i and consider the
representation function associated to a typical K of degree n.

In order for an arithmetic function to be orthogonal to nilsequences, it first of all needs
to be equidistributed in residue classes to small moduli. That is, its average value should not
change when passing to subprogressions with respect to small moduli. For this to be valid in
our situation, we will choose a product W of powers of small primes, split

Rm)= Y ROMW)lp=ag(moaw)
A (mod W)

and consider each of the functions m — R(Wm + A) separately. This operation is called the
“W-trick” and was introduced in [16].
Following [26, p.260], let w(T) = loglog T and let

(6.1) w= 1] »*?.
p<w(T)
where a(p) = [(C; + 1)log,logT] for a constant 1 < C; < 1 to be specified in
Proposition 8.2. In particular,
prP=1 < (log T)C1 1 < po@),

Taking T sufficiently large, we may henceforth assume that M | W. Moreover, it is clear that
W = o(T°W).

Our first result concerns the average order of the W-tricked functions m — R(Wm + A).

LEMMA 6.1. — Let R = R(m;X,b, M) and let € € {£} be such that X N D¢ # @. For any
q € Z~qo with M | q, we have

JATM _
> Rem = S0 o )

O<em<x
m=A (modq)

where o(q, A; M) is given by (4.3) and (4.4) with xg = b and k¢ = k(X)) is given by (5.2).
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Proof. — Letus write X(x) = XND< (x). Breaking the given sum over R(m) into residue
classes, we find that

> Rm)= > #{xeZ'NX(x):x=y(modg)}.
0<em<x YE(Z/qZ)"
m=A (modq) Nk (y)=A4 (mod q)
y=b (mod M)

The inner cardinality equals # (Z” Ng 1 (X(x) — y)), which in turn equals
K€ (X)x

qn
by Lemma 3.1. The statement of the lemma easily follows. O

+ O(ql—nxl—l/n),

The results that follow no longer hold for arbitrary residue classes A (mod W) and we will
be forced to work with the set of unexceptional residue classes

0 < vp(4) <vp(W)/3forall p < w(T)
(6.2) A =1AmodW):0< vy,(4) <vp,(M)forall p| M
o(W,A; M) >0

To justify this, we shall see in Proposition 8.2 that integers that are divisible by a large
prime power make a negligible contribution to the asymptotic formula in Theorem 5.2.
Consequently, such integers may be excluded from consideration altogether. Next, in view
of our assumption that p?»M)  f.(a) for any p | M and any 1 < i < r, it is clear that
there is no contribution from progressions {m = A (mod W)} such that v,(4) > v,(M)
for any p | M. Finally, when o(W, A; M) = 0 then R is identically 0 on the progression
{m = A (mod W)} and so we may exclude these residue classes A as well.

The next result shows that the function m +— R(Wm + A) is equidistributed in residue
classes to w(T)-smooth moduli whenever A (mod W) is an unexceptional residue.

LEMMA 6.2. — Let € € {£} be such that X N D¢ # 0. Let A be a representative of a
class from o/ such that 0 < €A < W, and let a,q € 7 be such that 0 < ea < q < T/W.
Suppose further that q is w(T)-smooth, and assume that T',T" € Z~q such that T' < T/W
and T" =< T /(gW). Then we have

Eocem<r' ROWm + A) = Eocemerr ROW(gm + a) + A) + O(g>T =1/ +o),

Proof. — Let E; denote the sum on the left hand side and let £, be the sum on the
right hand side. Since 7" is an integer, the summation range of E; may be written as
0 <em < T'—1. Since m and A are both of sign ¢, we deduce that 0 < e(Wm + A) <
(T"— )W + €A < T'W. Thus after a change of variable we have

Ey= 2 > R,

T
O<em'<T'W
m’'=A (mod W)
and, similarly,
1
B> = > R(m").

O<em'<T"Wgq
m’'=A+Wa (mod Wq)
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Recall that M | W. Two applications of Lemma 6.1 therefore imply that it suffices to prove
that
oW, A;M)  o(Wq, A+ Wa; M)

wn—1 - (Wq)”_l
But this follows from the Chinese remainder theorem and applications of Lemma 3.4 for
each prime p < w(7T). Indeed, let p < w(T), G = Nk, { = v,(M) and let m be any
integer such that m > v,(W). Since A describes an unexceptional residue class, we have
A # 0 (mod p?»M)) and furthermore

(6.3)

vp (W m
by (M) + 0y () + () < 257+ 01y < 2

provided T is sufficiently large. Hence, the conditions of Lemma 3.4 are satisfied for

large T and we deduce (6.3) by applying this lemma once for each value of m in the range

v, (W) <m < v,(Wq). O

The next goal is to establish that the normalized counting function
Wn—l

mre —————

oW, A; M)

does not correlate with nilsequences if A4 is unexceptional. A discussion of the various objects

appearing in the following proposition may be found in [26, §13-15]. A thorough treatment
is contained in [19], which is the paper that the results from [26, §14—16] build on and extend.

R(Wm + A)

ProPOSITION 6.3. — Let G/ T be a nilmanifold of dimension mg > 1, let G be a filtration
of G of degreed > 1, andlet g € poly(Z, G.) be a polynomial sequence. Suppose that G/ T" has
a Q-rational Mal’cev basis U for some Q > 2, defining a metric dgg on G/ T. Suppose that
F : G/T — [—1,1] is a Lipschitz function. Then for € € {x}, T' < T/W and A € 7 with
Amod W) e oZ and0 < eA < W, we have the estimate

W, A, M
[Bozamer (ROVm + ) S0 ) kg mpr|
oW, A; M) o @ L+ 1FlLip
-~ - 7 mg.d.E\Y) 7 Tk
Sma.dE g Q (logloglog T)E’

forany E > 0.

Exactly as in [26, Props. 17.1 and 17.2] we deduce the above proposition from a special
case involving only “minor arc nilsequences”. This reduction is modeled upon [18, §2] and
we will not give the details. The key ingredients are Lemma 6.2 and [26, Thm. 16.4], which is
a factorisation theorem for nilsequences. Due to the similar set-up, the choice of parameters
from the proof of [26, Prop. 17.1] remains unchanged.

PROPOSITION 6.4, — Lete € {£}, T' < T/W and A(mod W) € oA with0 < eA < W.
Suppose that § € (0,1/2) and S = O(T°W) are parameters such that §~* <, T, for all
t € Zso. Assume that (G/T',dg) is an mg-dimensional nilmanifold with a filtration Ge of
degree d and that g € poly(Z, G.). Finally, suppose that for every w(T)-smooth number § < S
the finite sequence (g(Gm)I")o<m<17/4 IS totally 8-equidistributed in G/ T.
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For every Lipschitz function F : G/T — [—1,1] satisfying fG/I‘ F = 0, for every
w(T)-smooth number ¢ = O(T°MV) and every 0 < b < q, for every T" < T/(Wq), there
exists ¢ X a 1 such that
o(W, A; M)

| Eo<em<rr ROW(gm +b) + A)F(g(Im)T)| < 8(1 + || FllLip) i

Proof. — To begin with we note that in the polynomial Ng € Z[X1,..., X,] the coefficient
of X" is given by Ng/g(w;) # 0,for 1 <i < n.

Our first step is to rewrite the given correlation as a sum over lattice points. A change of
variables yields

Eo<em'<r7 R(W(gm' + b) + A)F(g(|m'|)T")
(6.4) ! 3 R(m) F@(M)p),

T eW.
0<em<B 4
m=A+Wb (mod Wq)

for some B < T. Let

Y= \ye(@/WqL)" :

Nk(y) = A + Wb (mod Wq)
y =b(mod M) ’

so that #Y = o(Wq, A + Wh; M). The right hand side of (6.4) becomes

©5) %Z Z F(g(NK(WLIX tg/)q_A_Wb)F)’

YEY x€Z"
Wax+yeBl/ " x(1)

where X(1) = {x € X:0 < e Ng(x) < 1}.

Since the coefficient of X in Ng(X;. ..., X,) is non-zero, we obtain an integral polyno-
mial of degree n and leading coefficient € Ng /o (wn)(Wq)"~! when fixing all but the nth vari-
able in

Nxk(Wgx+y)—A—-Wb

eWq
Let # : R* — R"! denote the projection onto the coordinate plane {x, = 0}, and
let Pryy(x) = yo + --+ 4+ ypx" denote the above polynomial, for suitable coefficients

Yos---»Vn € Z, with y, = €Ng g(w,)(Wq)"~'. If Wgx +y € BY"%(1), then it follows
that y; < B®~D/"(Wgq)'~!, for 0 < i < n. Thus the hypotheses of [26, Prop. 15.4] are met.
We aim to employ this to bound (6.5) by splitting the range of the x-summation into lines on
which 7 (x) is constant. With this in mind, we proceed to investigate how such lines intersect
the domain X(1).

We have X(1) C (—a,a)” for some constant 0 < « = O(1). Leta = (ay,...,an—1),
with |a] < «, and consider the line £, : (—a, ) — R” given by £,(x) = (a,x). Fore > 0,
let 3.X(1) C R” denote the set of points at distance at most ¢ to the boundary of the closure
of X(1). We note that the set

{x € (-, ) : La(x) € X(1) \ doX(1)}
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is the union of disjoint open intervals. By removing all intervals of length at most ¢, we obtain
a collection of at most 2ae™! « ¢~! open intervals I1(a), ..., Ix@(a) € (—a, ) such that
any x € (—a, «) satisfies the implication

la(x) € X(1)\ 0:X(1) = x € [;(a) forsome j € {1,...,k(a)}.

We will choose a suitable value of ¢ at the end of the proof.

Observe that any interval (z9,z;) C (—a, ) can be expressed as a difference of intervals
in (—a, ) that have length at least 2«/3. Indeed, zo and z; partition (—«,«) into three
(possibly empty) intervals, at least one of which has length at least 2«//3. Thus, one of the
three representations

(zo,z1) = (=, z1) \ (=, zo] = (20, ) \ [21, )
has the required property. Foreachaand j € {1,...,k(a)},welet[;(a) = J j(l) (a)\J j(z) (a) be
such a decomposition, where J j(z) (a) is possibly empty.
Abbreviating a’ = B~/ (Wga + n(y)), we see that (6.5) equals
1 k(a)

™ Z Z Z Z {IB—I/aner;”(a/) - lB—l/"queJ;Z)(a/)}F<g(Pa=y(x))r)

Y aezn—1 j=1x€Z
66 TR
1 —1/n
yey

Here, the error term accounts for all points in the B'/”e-neighborhood of the boundary
of B1/"%(1), that were excluded through the choice of intervals / i (a). Observe that we made
use of the fact that | Fllec < 1. Since X(1) is (n — 1)-Lipschitz parametrisable, we have
vol(d,X(1)) =< e. Together with an application of (6.3) this shows that the error term is
bounded by

B A+Wb, M W, A; M
T//—l#cy J < SBT_I Q(Wq’ + ) ) < SQ( s 41, )
(Wq)r (Wq)r—1 wn=1

Turning towards the main term, [26, Prop. 15.4] implies that for every polynomial P,y
there is a w(7T')-smooth integer § € Z-o, with § < T°(1), and a constant ¢ =me.,a 1such
that for each 0 < » < ¢ the sequences

((Pay(@x + D)) (17 /yngmyi/n

are totally §¢-equidistributed in G/ ', provided that T is large enough. Recall that the leading
coefficient of P,y satisfies y, < (Wgq)"~!. Since the set

Wq . ~
{ xX€el: Bin (Gx +b) € Jj(l)(a/)}
is a discrete interval of length
Ve eI
#{XEZW(QX—FIJ)EJJ (a) /—\qu,
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we may employ the above total §¢-equidistribution property to deduce that

G-1
Y F(aPa)r) <Y ) F(g(Pa,y(éx+b))F>‘
X€EZL b=0 XEZL _

B~V/nwaxes V@) B/ "Wq(gx+b)et V@)

L GT"™(Wqg) 8| F ||uip
L TY"(Wq) ™ 8| F ||Lip-

The same holds for J j(l)(a') replaced by any non-empty J ].(2) (a’). Hence (6.6) is bounded by

T1/m\n—1 o(W, A: M)
7n—1 —11/ -1 . s L1y
< T y( o )T gyl + 62D
_ T oW, A; M)
-1 1
LT #ywé‘ SCHF”Lip + SW
oW, A; M) ( _
< W(S 8 FlLip + 8),
where we applied (6.3). Choosing ¢ = §¢/2 completes the proof. O

7. Majorants for positive multiplicative functions

The aim of this section is to construct for every multiplicative function f : Z-o — Rsg
whose growth is controlled in some precise sense, for every sufficiently small y € (0, 1) and for
any increasing infinite sequence & = {T} < T» < ...} of sufficiently large positive integers,
a family of majorant functions

M {1,.... T} > Rao)
(P Ty Re)
with the following properties:

() f(m) < Cv T (m) for all m < T and some absolute constant C > 0;
(i) En<r f(m) < Eper v (m); and
(iii) v has the structure of a truncated divisor sum. That is to say, it takes the form

vP@m) = > Aalajm,
d<T?

for suitable coefficients A; € R, for all m < T that lie outside a sparse exceptional set.

In [25] such majorant functions were constructed for the divisor function, building on work
of Erdos [13]. Shiu [32] observed that Erdos’ methods carry over to all multiplicative func-
tions f : Zso — R that satisfy the two conditions:

(@) f(p*¥) < H* for all prime powers; and
(b) f(m) <5 m?® forallm € Z~q and any § > 0.
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Equally, the majorant construction from [25, §4] has an analog for a more general class of
multiplicative functions, which we shall describe below. The results in this section do not
require condition (b). We employ this condition however in Section 9 when checking the
correlation condition. In order to ensure that condition (ii) from above applies to the type
of majorant we construct, we impose the further condition that g = p * f is non-negative

DEFINITION 7.1. — Let oM (H ) denote the set of multiplicative functions f : Z-o — Rxg
such that:

(a) f(p*) < H for all primes p and k € Z-;
(b) f(m) <5 m® forallm € Z-¢y and any § > 0; and
(©) f(p*) = f(p*1) for all primes p and k € Z-,.

Let oM (H) denote the set of non-negative multiplicative functions f satisfying (a) and (b).

Property (c) ensures that any f € oM(H) always takes positive values. Moreover,
given f € oM(H), we note that g = pu * f satisfies 0 < g(p¥) < H*.

REMARK 7.2. — Examples of functions which belong to ¢*(H), for suitable H, include
the generalized divisor functions 7, which appear as Dirichlet coefficients in ¢*(s), and
functions of the form 2 for any real number & > 1.

For technical reasons we replace all cut-offs, as in (iii) above, by smooth cut-offs. For this
purpose, let y : R — [0, 1] be a smooth function that is supported on [—1, 1], monoton on
both [—1, 0] and [0, 1], and satisfies y(x) = 1 for x € [-1/2,1/2].

DEerINITION 7.3 (Truncated multiplicative function). — Given a cut-off parameter 7 and
any multiplicative function f : Zso — Ry, let fy(T) :{lL,..., T} - Ry be defined by

K = 3 tama@x(),

%
ot logT

where g = % f.

Since g is non-negative if f € M(H), we have f,,(T)(m) < ZdeZ>0 laimg(d) = f(m)
for m < T. The fact that y(x) = 1 for x € [-1/2, 1/2] implies the lower bound

(7.1) LD = > Lameg(d),

d<TVv/2
which is an equality for m < T7/2. The following lemma generalizes a result of Erdés, in the
form of [25, Lemma 4.1].
LeEmMA 7.4. — Let f € JM(H) for H > 1, let Cy > 1 be afixed constant and let § < 1/2.
Furthermore, let T > 1 be an arbitrary integer, let m < T and suppose that
f(m) = H* £ (m).
for some k > 2/&. Then one of the following three alternatives holds:

1. m is excessively “rough” in the sense that it is divisible by some prime power p%, a > 2,
with p® > (log T)€1;
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2. m is excessively “smooth” in the sense that

1_[ pvn(m) > Té/loglogT;

png/(loglog 7)3
3. m has a “cluster” of prime factors in the sense that there is a A in the interval
log, k —2 < A < log,((loglog T)?) < 6logloglog T

such that m has at least £k (A + 3 —log, k) /100 distinct prime factors in the superdyadic

2)»+1

range I, = [T/ , Tl/zl] and is not divisible by the square of any prime in this range.

Proof. — Inview of (7.1), the proof of [25, Lemma 4.1] applies when replacing t,, by fz(gT )
in such a way that & takes the role of y. Two obvious changes are necessary:

fm) < HY f(m'y < H?E fom') < HPE £, 0m) < H* £ 0m),
and
f(m) < Haj+1+...+akf(m/) < H(r+1)/§'f2($T)(m) < H2r/$f2(ET)(m).

The rest of the argument is identical. O

The previous lemma allows us to extract majorant functions of truncated divisor sum
type, at least outside the following exceptional set.

DEeFINITION 7.5 (Exceptional set). — For fixed y > 0, let & = J¢,,r denote the set of
positive integers satisfying condition (1) or (2) of Lemma 7.4 with § = y/2. (This exceptional
set is identical to the exceptional set in the divisor function case [25] for y/2 instead of y.)

Lemma 7.4 will provide us with a majorant function of the correct average order for
functions f € M (H). However, in view of the W -trick from the previous section, we require
majorant functions for each of the functions m + f(Wm + A), where as in (6.1),

W = 1_[ pa(P)’
p<w(T)
with w(T') = loglog T and a(p) = [(C1 + 1)log,log T, and where 0 < A < W is such
that v,(A) < v, (W) for p < w(T). Since f(Wm + A) = f(A) f(Wm + A)/A’), where
A" = gcd(A, W), it suffices to study a function that ignores the contribution from small prime
factors. Define the function Ay : m — f(m/m'’), where
m’ — 1_[ pvp(m),
p<w(T)

for any integer m. Then A7 satisfies (a)—(c) in Definition 7.1 whenever f does.

PROPOSITION 7.6 (Majorant). — Let &/ = {T1 < T» < ...} C Z= be an infinite set of
positive integers, and let f be a non-negative multiplicative function. Assume that forallT € &
the function h : m v f(m/m’), wherem" =[], (r) pv? ™ belongs to M(H).

Fixy > 0of the form y = 27% for some z € Z~¢. For any positive integers A, k and T > 1
let

wOL.K) = "y/c(/\ + 3—log2/c)—‘

200
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and I, = [TY?*™ V2" and define the sets

{13}, ifk =4/y and A = logy k — 2,
UGk) = a, o ifk =4/y and A # log, k — 2,
pi € I, distinct primes} )
Pl Po(hi) - , ifk>4/y.
fpi) #1

Let the family of functions

(U}T) AL, Ty — Rgo)

Tes
be defined via
[(loglog T')3] [loga ((loglog T)3)]
vy =y 3 Y H Ny f)hD (H mvp(m)) + Lpeshr(m),
k=4/y  A=[logyk—2] ueU(A) plu P

where hg,T) is associated to ht via Definition 7.3 and where & = & ¢, 1 is the exceptional set
from Definition 7.5.

Then, for all sufficiently large T > 1 and for allm < T, we have the majorisation property
fm) < Hf(m' WP (m) < fom' " (m).
Furthermore, for any 0 < A < W such that v,(A) < v, (W) for p < w(T), we have

m<(T—A)yw Jf(Wm + A)
f(ged(A4, W) ’

as T — oo through & . The implied constant may depend on y and H, but not on T.

E
(7.2) Em<r—ayw vy (Wm + A) <

REMARK 7.7. — Apart from the term 1,,¢ sh7(m), the majorant v}T) has a truncated
divisor sum structure, since each u € U(A,«) satisfies u < T7, by remark (3) after [25,
Prop. 4.2].

REMARK 7.8. — In view of Definition 7.3 it is clear that hg,T) is a divisor sum. It is not
difficult to deduce some information on the set of positive integers d that cannot occur in
this sum. This is the set of integers d such that g(d) = u * hr(d) = 0. The definition of At
implies that g(d) = 0 whenever d has a prime factor that is smaller than w(7). Similarly,
g(d) = 0if d has a prime factor p > w(T), such that i7(p?»@)) = 1. The latter condition
certainly holds when f(p*) = 1 for all k € Z-¢. Thus the truncated divisor sum hE,T) only
runs through divisors that are free from prime factors of both these types. Moreover, we
remark that the definition of U(4, ) shows that the sum over u in v}T) only contains divisors
that are free from primes p with f(p) = 1.

Our proof of Proposition 7.6 does not actually require property (b) of Definition 7.1. This
property will be used when establishing the pseudorandomness of our majorant function in
Section 9.
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Proof of Proposition 7.6. — We define for each “level” ¥ > 0 an exceptional set
S(k) = {m < T :hr(m) > H DS (m)}.

For any m < T and any «( > 0, we then either have m ¢ S(kg), or else there is some integer
k = ko such that m € S(k) \ S(k + 1). For ko = 4/y + 1, this yields

(7.3) hy(m) < HYY R m) + " H g m)h (m).
Kk>4/y

We claim that Lemma 7.4, applied with § = y/2, provides an upper bound of the form

[log>((loglog T)3)]

Ls(e)(m) < > > Ly,

A=[logr k—21 uecU(A,k)

valid for everym € &.

Taking this claim on trust for the moment, let us first deduce that hp(m) < H v}T) (m).
Since H > 1, this bound is only non-trivial if m ¢ &. Note that if m € S(k) for some
k > (loglog T)3, then the third alternative from Lemma 7.4 is empty and we must have
m € &. Thus,if m ¢ &, we can truncate the summation in (7.3) at k = [(loglog T)3].
Further, if m ¢ & and u|m for some u € U(A, ), u > 1, then v,(m) = 1 for any p|u. Thus,
for any m ¢ &, the properties of y and Definition 7.3 imply

T vp(m T m T m
lu\mh§ d(m) < 1uth(gP rl ))hg, )(W) = 1u\th(u)h§, )(W)-
Inserting the claimed bound on 1g() () in all remaining terms of the sum in (7.3), making
use of the inequality above, and comparing with the definition of v}T) (m), we indeed obtain
that hr(m) < H v}T) (m), provided the summations in x and A in v}T) contain each at least
one term; i.e., provided T is sufficiently large.

To prove the claim it suffices to check that Lemma 7.4 guarantees for m ¢ & (that is,
for m which do not have property (1) or (2)) that there actually is a cluster of prime divisors
all satisfying f(p) # 1. Thus, suppose m € &. Every prime p that can appear in a cluster
satisfies p > TUogloeT)™%/2 \which is larger than both w(T) and (log T)C!, provided T is
sufficiently large. Hence f(p) = hr(p) for such primes and, furthermore, p? { m since

m ¢ SC],T' Let
q= [T »

p>T(loglog T)_3/2
Sf(p)=1, plm
Then g(d) = 0 for all d|m with ged(d,q) > 1, by Remark 7.8. This, in turn, implies that
hg,T) (m) = hg,T)(m/q). Since hr(q) = 1, we also have h(m) = hr(m/q). Hencem/q € S(x)
and we may apply Lemma 7.4 to m/q in order to obtain a cluster of prime factors as required.
It remains to check (7.2). We certainly have

m<(T—a)w f(Wm + A)
f(ged(4, W) ’

which reduces matters to considering the triple sum from v}T) . Since 2% < (loglog T)3, any

E
Em<(r-ay/w Wwmtaeshr(Wm + A) <

prime divisor p of an element u € U(A, k) satisfies p > T1/@Uoglog)?) which is larger
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than w(T) when T is large enough. Thus we may assume gcd(u, W) = 1. Let g = w * hp,
which is a non-negative multiplicative function. If P = {m < T : m = A (mod W)}, then

DD 1u|mhr<u>h<“(nl”;vp(m)) Sy Y o Y e @l

meP ueU(A,k) m<T/A ucU(A k) d<T?
A'meP gcd(d,u)=1

where A = ged(4, W). Note that g(d) = 0 unless ged(d, W) = 1, by Remark 7.8. Since
ged(du, W) = 1, the right hand side above is

<« ¥ hr (u) 3 @

ueU(A,k) u d<T?
ged(d,uW)=1
H*® g(d)
7.4 s
(7.4) < ) ) d
ueU(A,k) d<T”
ged(d,W)=1
Note that
oW HeAx) 1 @(4,6) (Hlog2 + 0(1))60(/\#)
Z u < w(A,k)! ; w(A,k)!
ueU(A,k) T \pel e

If ged(d, W) = 1and d < T7, then the number of integers x < T for which x = A (mod W)
and d | x has order T/(Wd). Since ht = 1 * g, we deduce that

3 gd) W )
d<T” m<T
ged(d, W)=1 m=A (mod W)

Hence the inner sum from (7.4) is bounded by T'W Y°, _p hr(m).

The above estimates allow us to bound the average value of U}T) (m) — Lyeghr(m) via

-1
(5] E

meP meP

=(ZhT(m)>_IZ > D HMwhPm

meP meP k>4/y A>logy k—2ueU(A k)

H* - (Hlog?2 + o(1))®*)
<2 ) w0
k>4/y A>logy k—2

200-e- (Hlog2 + o(1)) ¥Kj/200
< ¥ yue 22+ o))

K
K>a/y j>1 YKy

K
HK 200 -e - H 1() 2 + o 1 }/_]/200

Ky/ZOO
K>4/y i1 v

This converges absolutely, and hence completes the proof. O
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Our final objective in this section is to show that the exceptional set ¢, r is negligible
when evaluating correlations such as the counting function N(7T') given by (5.1), provided
C is sufficiently large.

Let ¥ = (Y1,...,¥,) : Z° — Z' be a system of non-constant linear polynomials whose
non-constant parts are pairwise non-proportional and have coefficients bounded by L in
absolute value. Let 8 C [—1, 1]® be such that ¥(T K) C (0, T]" and assume that

1
Emezsnt g lajy; m) <L 7

forany d € Z-g and each 1 < i < r. Since no y; is constant, the latter condition is
guaranteed to hold when R is convex or when £ has an (s — 1)-Lipschitz parametrisable
boundary. Then it follows from [13] (cf. [25, Lemmas 3.2 and 3.3]) that the exceptional set
satisfies

(7.6) Emezsnra Ly;myesc, r KL.c; (log T)1/2,

for each 1 < i < r. We shall combine this estimate with the following bound on the kth
moment of a non-negative multiplicative function f.

LeEmMA 7.9 (kth moment bound for f). — Suppose f satisfies Definition 7.1(a) and (b).
Let k be a positive integer and let V and R be as above. Then

,
Emezsnta l_[ Ry (m)) <k (log T)Ordeti (1)

i=1

Proof. — Let g = u x f. Then Holder’s inequality implies

r

r 1/r
Emezrnra [ | £4sm) < [ (Eweziora /4 s )

i=1 i=1

r rk r

< H Z Emezsnr s l_[ 14,1y, m8(d))

i=1 dl """ drkgT j=1
3 min{(d; ...d,)°, Hd1drin
lem(ds, ... dre)

<<L,s
dysesdrk <T

e [T|1+ X

p<T 815ees8rk 20
S1++8rk 21

min{ps(81+--~+8rk), H 81+ +8rk }

pmax{81 aaaaa Sric}

for any ¢ > 0. For given £ € Z- there are at most (1 4+ £)"% choices of 8., ..., 8, for which
max{8y,...,8,,k} = £. Taking ¢ = ﬁ, it follows that the right hand side is

<T] 1+Z(1+€)rkmi

p<T e>1 P

n{pZ/Z’ Hérk}
14
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(1+0)rk p—
< I |+ —m ) Il '+ ——
p<H?2rk £>1 p H2rk<p<T 1 p
L (log T) Okt @)
as required. )

ProprosiTION 7.10 (Reduction to unexceptional residues). — Let §¢, . be the excep-
tional set from Definition 7.5. Suppose that fi,..., fr 1 Z>o — R are functions that are all
bounded pointwise in modulus by some function f € M (H). Leti € {1,...,r}. Suppose
that f] : {1,...,T} — R denotes a function which agrees with f; on{1,...,T}\ &¢, r and
satisfies | f(m)| < f(m) for allm € &¢, 1. If the parameter Cy of the exceptional set is
sufficiently large depending on r and H, and if V and R are as above, then

e=| > Tlrwen- Y []A@im)| = or:dogT)= .

meZSNTRi=1 meZ*NTRi=1

Proof. — Since

E<2 Y Y Nymese, r | | SWim)),

meZsNTRi=1 j=1

the proposition follows by the Cauchy—Schwarz inequality from (7.6) and Lemma 7.9. O

8. Construction of the majorant

The previous section described the construction of majorants for a general class of positive
multiplicative functions. Returning to the proof of Theorem 5.2, we shall now consider the
representation functions R; from Definition 5.1. Building on the results from Section 7, we
construct for each of these representation functions a family of majorant functions

T
g t{l....T} > Roo)rey

with the properties (i)—(iii) described at the start of Section 7. (The cut-off parameter T € &~
will later correspond to the parameter 7 that appears in Theorem 5.2.)

We begin with an easy estimate for R; that relates it to the multiplicative function rg; (|m|)
whose values are given by the coefficients of the Dedekind zeta function (2.6) for the number
field K;/Q of degree n;.

LemMA 8.1. — We have R;(m) < 2|uk, |rk; (Im|), for non-zero m € Z.

Proof. — Replacing X; C ®; 4 by ©; 4 and dropping the congruence condition from
Definition 5.1, we obtain the upper bound

Ri(m) < #{xe€Z" NDj 4 : Nk, (x) =m}.
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The discussion of the unit groups Uk, and U I((:L) in Section 2.2 showed that the index of Ylg)
in Yk; is at most two, which implies that
Ri(m) <2#{x € Z" ND; : Nk, (x) = m}
< 2, # {x € 2" | Ug, : Nk, ®)] = m]} .
where D; is a fundamental domain (in the coordinate space) for the free part of Uk, . The

cardinality in the final line equals #{(«) C o : N(a) = |m|}, which itself is bounded
by rk; (Jm|), as required. O

Let &'c,,r be the set from Definition 7.5 and recall the Definition (5.1) of N(T).

ProPOSITION 8.2. — Foreach1 <i <r, let R; A=T,....T} = Ryq denote a function
such that R;(m) = R;(m) for all m satisfying m| € {1,....T}\ &'¢, r. and which further
satisfies 0 < R;(m) < R;(m) when |m| € &'c, r. If the parameter Cy of the exceptional set is
sufficiently large, then

N(T) = Boo [ [ Bo - T* + 0(T*)
p

if and only if
Y TR = oo [[ Bo - T +o(T?).
u;fl%;lgz;ﬁ) =1 P

Proof. — Wehave R; (m) < 2|uk;|t(Im|)" by Lemma 8.1 and (2.10), where t € oM(2").
Fore = (e1,...,¢) € {£}" welet Re = AN (R, x--- xR, ). Then we may decompose &
as the union of the 2" sets K, together with one set &y such that at each point u € Ky at
least one f; vanishes. We may discard £ since [];_, R;(f;(w)) = 0 at all of its integral
points. Proposition 7.10 may be applied separately to each of the 2" remaining sums, by
reinterpreting R; and R as functions on {1,..., T} via m > R;(e;m). O

Proposition 8.2 allows us to work with functions
Ri(m)’ 1f|m| ¢ évCI,T,
0, if |m| € &c,r,

instead of the original counting functions. Thus the majorant function only needs to
majorize R; outside the exceptional set.

(8.1) Ri(m) =

REMARK 8.3. — For later applications it is convenient at this point to note that
(8.2) Ejmi<r/w Ri(Wm + Awmiaese, » < (log T)"/*
and
Enecr—ayw REWm + A) = Epcrayyw Ri(Wm + 4) + 0 ((log T)=1/4)
_ oW A M)
<

The first bound follows from Proposition 7.10, applied with (cf. Proposition 8.2) r =5 =1,
f1 = R; and 1 (m) = m. The second part follows by combining (8.2) with Lemma 6.1.

(8.3)
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For most of the remainder of this section we consider a typical representation function
and will drop the index i in such situations. Lemma 8.1 implies that R(m) < rg(|m|). Taking
g = 1in Lemma 6.1, we deduce that for € € {£}

1
T Z R(m) ~ k¢, (T — 00),

0<em<T
whereas (2.8) yields
% Z rg(m) ~ he, (T — o0).
0<m<T
Hence R is majorised by rx and has the same average order as it.

Given T € Z-¢, consider P4 = {m = A(mod W)}, for A € o# given by (6.2) and W
asin (6.1). Lemma 4.2 only provides us with precise information on o(p™, A) when p t D
and v,(A4) < m. This limits our ability to deduce that R and rx have the same average order
on progressions P4 unless gcd(A4, D) = 1. For this reason we will need to refine the bound
on R from Lemma 8.1 to one that is tighter at integers m with gcd(m, Dg) > 1. We set

Wo = 1—[ pd(P)
rlDk
and proceed to establish the following result.

LEMMA 8.4. — Let A € oA and write Ay = gcd(A, Wy). Then

Q(WO,A)rK (|Wm + A|)'

RWm + A
(Wm + A) € W 4

Proof. — The following shorter proof of this result was suggested to us by the referee. To
begin with, Lemma 8.1 implies that R(Wm+ A) < rg (|Wm+ A|). Moreover, forany A € o#
itis clear that Ao is coprime to |Wm + A|/ Ag. Since rx is multiplicative it is therefore enough

to show that
o(Wo, A)

Won—l

Now since A € ¢ we must have v,(Ag) < v,(M) <K 1forany p | Wy. Thus rx(4o) < 1 by

(2.10). Hence it remains to prove that o(Wo, 4)/ W'™' > 1. Let p | Dg. Setting
mo=1+4+2 (vp(M) +vp(4) + vp(n)) <1+ 4v,(M) + 2vp(n) K< 1,

we apply Lemma 3.4 to obtain

rx(Ag) <

o(p* P A) _ o(p P, A pr ) o(p™, A pr ™) !
(8.4) pe(P) -1 ~ pe(P)(n=1) - pmo(n=1) = pmo(=1) > 1,
since o(W, A; M) > 01n (6.2). This completes the proof of the lemma. O

In view of Lemma 8.4 we are therefore led to construct a majorant function for each
restriction of the multiplicative function rgx to a progression P4, with A € #. Given
T € Z~1, we write

(8.5) m= [] p»™.

p<w(T)
for m € Z. Then rg (m’) is constant for m € P4. Thus we seek a majorant for the function
m + rx(m/m’), which is free from the contributions of small prime factors.
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Note that g is an unbounded function with sparse support. Our next aim, accomplished
in Lemma 8.5 below, is to simplify the task by separating these two properties, replacing rg
by the product of a bounded function with sparse support and an unbounded function with
dense support.

In general we write (P) = {n € Z=o : p | n = p € P} for a set P of rational primes.
Recall the Definition (2.12) of Py, 2 and 2,. Additionally, we require the sets

Pi={pe P :p>w

for j = 1,2. It follows from (2.11) that the restriction of rx to square-free numbers is
supported on { Py U P1). Let res denote the multiplicative function defined via

rk(p™), if p e PoU P,

8.6 Fres(p™) =
(3.6) es(P™) N ifpe Dy

We have the following result.

LEMMA 8.5. — Forallm € Z~q, we have

rk(m) <rees(m) Y gmt(@)" L pou2)) (%) .

q€(P2)
vp(q)#1 Vp

Proof. — If rg(m) is positive, then m has no prime divisor p € P, for which p? | m.
In this case the sum on the right hand side has exactly one term, corresponding to the
factorisation of m into the product of g € (P,) andm/q € {PyU 21 ). The multiplicativity
of rx implies

re(m) = re (@) (%) = k(@) (”5) — k(@) res (1) < (@) Tres ()

where we used (2.10) to bound rx(g). O

As a direct consequence of this lemma, we obtain

8D s <) re ()L @ s (1 ).
q€(P2) 1
vp(q)#1 Yp

where m' is given by (8.5) and we have observed that rg (m) = rg(m’)rg(m/m'’), by multi-
plicativity. In view of (8.7) we proceed by constructing two families of majorant functions in
Sections 8.1 and 8.2: one for the positive multiplicative function m +> rps(m/m’) and one
for the characteristic function 1; o,y »,)- Inserting these majorants into the bound (8.7), we
will obtain a family of majorant functions for rg. In Section 9 we check that the resulting
majorants for rx form a family of pseudorandom majorants when restricting them to the
arithmetic progressions Py.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



1424 T.D. BROWNING AND L. MATTHIESEN

8.1. Majorant for ris

Our first task is to check that Proposition 7.6 applies to the function ryes.

LEMMA 8.6. — Let T € Z=1. Given m € Zy, let m’ be defined by (8.5). If h denotes the
Sfunction m &> res(m/m’), then hy € M(2"), provided that T > exp(exp(2|Dk|)).

Proof. — We need to check conditions (a)—(c) in Definition 7.1. By (2.10), we have
res(P™) <1 (P™) < (m+ D" = (z(p™)" < 2™,

Thus part (a) holds with H = 2". Part (b) follows immediately from the respective property
for the divisor function. To check part (c), we may restrict attention to p € P U P,, since
p <w(T)when p € Pyand T > exp(exp(2|Dk]|)). Recalling (8.6) we see that condition (c)
is trivially satisfied for p € P,. If p € Py, then there is a prime ideal p|(p) of residue
degree 1 in K/Q. Thus, if a C o is counted by rs(p™), that is to say Na = p™, then ap is
an ideal counted by ries(p™T1). Hence rres(p™) < rres(p™ 1), as required for (c). O

Lemma 8.6 implies that r; res(m/m’) € M (2") foreach 1 <i < r, with m’ given by (8.5).
Taking f = rizes and iy = rzes(m/m’), let KT be as in Definition 7.3, with g = u * hr.
Let

(8.3)
@ [(loglog T)3] [log ((loglog T)*)] "
— nik . (T)
D= Y S o ().
Kk=4/y A=[logy k=21 ueU(Ax) plu
Then Proposition 7.6 implies that vi(T) (m) majorises rjes(m/m’) on {1,....T} \ &¢,,r-

According to Remark 7.8, furthermore, it is a truncated divisor sum that only involves
divisors from (ﬁii)) provided T > exp(exp(2|Dk; ). Indeed, if p € 33((;) then p < w(7T),
andif p ﬁ;’) then r; res(p¥) = 1 for any k € Z-,.

Proposition 7.6 provides the upper bound

IEmg(T—A)/W ri,res(Wm + A)
Fires (ng(A, W)) ’

T
Em<r—ayw vy (Wm + 4) <

for any A belonging to the set ¢#; defined in (6.2). We proceed by deducing the following
bound in terms of the arithmetic data that is involved.

LEMMA 8.7. — For A € oA; we have

Em<r—ayw v (Wm + A) < (log T)! 7% I1 (1 - l)_l I1 (1 - L)
p<w(T)

pe@g)uy)(li) pCoKi
where yDEf ), 073(1"), JDg) are the sets (2.12) of rational primes corresponding to K; and §; is the
Dirichlet density of 0?3(11).
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Proof. — Letg = puxhr and hy = rjres(m/m’) withm' = ]_[p<w(T) p» ™ asbefore. We
may assume that 7 is large enough to guarantee that g is non-negative, with g € M (2").
Then it follows from (7.5) that

E _ Fires(Wm + A d k
mé(T.A)/Wdz,r;s(W ) < Z g(d) < 1—[ - Z g(i) <« exp Z g(p)
rz,res(gc (4, )) d<T p<T k>1 P p<T p

Since 7;res(p) = 1k, (p) + lcc/j(i)(p) and g(p) = 0 for p < w(T), the sum in the argument
2
of the exponential function is equal to

1,0 (p)

rk; (p) — 1 o ip 1 rg

Zg(p)zz k: (P) s o e 3 (__ K,(P))‘

p<T P p<T P p<T P p<w(T) P P
pePPuP)

The prime ideal theorem [23, Satz 192] implies that the first sum is

(p)—1
3 PV =L g log T~ loglog T + 0(1) = ().
p<T

Corollary 2.4 shows that the second sum satisfies
150 (p)
exp Z B Sl O (log T)' 7%,
p<T

For the final sum we obtain

ol G i e e

p<w(T)

pePDUPD pe DU pCoxk;

by combining the approximation log(1 £m~!) = £m~! + O(m~2), valid for integers m > 2,
with the identity rg, (p) = #{p | (p) : p C 0k,, Np = p}. This completes the proof. O

8.2. Sieve majorant

In this section we drop the index i and work with a typical number field K of degree n
over Q. Our next objective is to construct a majorant function of the correct average
order for the characteristic function 1; 9,y ,) in any of the arithmetic progressions
{m = A(mod W)}, for A € A.

Let x : R — Ry be a smooth even function with supp y C [-1,1] and y(x) = 1
forx € [-1/2,1/2]. As before we let y > 0, to be viewed as a small fixed constant. In analogy
to the construction from [17, App. D], which itself builds on work of Goldston and Yildirim

[15, 14], we consider the functions vs(i?,e, v’gge :{l,.... T} = Ry, defined via
2
(89) WD = Y n@r(~EL)
: sieve - — H X log TY
de(P2)
d|m
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and
(T) IOgC] (T) m
(8.10) /s1eve( ) = Z 1Q|mr(q)nX(W>vsieve (;) :
q€(P2)
vp(@)#1 Vp

Both of these functions are non-negative. Moreover we note that for m € { PyU 2;) we have
S(Qe(m) = 1. Hence vs(lege majorises 1( o,u »,). The main goal of this section is to establish

the following lemma.

LEMMA 8.8. — For every A € A we have

W 1

YooY vDawme < toery [T (142),

m<(T—-A)/W pfﬂ?%) p
pPw

where § is the Dirichlet density of P;.

The key element used for both the proof of Lemma 8.8 and for asymptotically evaluating
linear correlations of v/, .. in the next section is the observation, due to Green and Tao [17,
App. D], that one can turn the smooth cut-off y in (8.9) into multiplicative functions as

follows. Let 9 be the transform of y that is defined via

() = /R B (E)e ¥ de,

Recall that y has compact support and is smooth. Fourier inversion and partial integration
therefore yield the bound

(8.11) 9(€) <5 (1+E)7F

for any £ > 0. Following [17, App. D], we make use of this rapid decay to truncate the
integral representation of y which will enable us to swap integrations and summations later
on. Let I ={£ eR:|&| < +/logT?}, then for any m € Z-( we have

logm _1tie
— log 77V
X(logTV) /Rm O

_ l+[§/ s q m—l/logTV
— log T
/I.m E (§) dé + O {0 TV)E

(8.12)

Proof of Lemma 8.8. — We begin by estimating, for any parameter 7/< 7T and 0 < A’ < W,
the sum

Sy =3 D wm+ ).

m<T' /W
We will show that
T’ 1\ ! T’
8.13 S(T’ —(logT)*1  — L ——
(8.13) (T") <g - (log 7)™ ] ) T WieaTE
PEP>
p<w(T)
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forany E > 0. In order to bound the average order of v’ _; () (Wm + A) we apply this estimate

sieve

with 7/ = T /g — A, for ¢ < T? and for A’ with g4’ = A (mod W). Since W <« T°W the
first term in the bound dominates and we obtain

_ 1 T T T(q)"
(aog L (1 - —)) > VieWmr < 3
pePs P)) m<a—ayw PETANE

p<w(T) vp(@)#1 Vp

T
< W
This shows that the lemma will follow if we can establish (8.13).

Letd € (c/ ). We first note that

!

wd

#{m <T'/W:Wm+ A" =0(modd)} = + 0(1),

since gcd(d, W) = 1. Hence

st = ¥ Y w2

m<T' /W g.d'e(D,)
[d,d'l|Wm+A’

, logd logd’ T’
= ¥ s (o) 1) (5 + 00

d.d'e(P2)

The overall contribution from the error term is O(TZV). Applying (8.12), we obtain

T DR [ [ st
=y L Cgar | [amam s o) ae a

T’ Z (dd/)—l/logTy

2
W(log T7)E ) d.d] ) + O(T*),

+OE<

for any E > 0. Let us denote the main term, temporarily, by M(T’). The first of the error
terms may be bounded by noting that

T (dd/)—l/logTV T’ ,
< (dd d//) 1-1/logT
W(logT7)E l;d, [d.d'] W(logT7)E d;ﬂ
T/

< —F——.
W(logTY)E-3
Thus both error terms are satisfactory for (8.13), on redefining E.

It remains to estimate the main term M (T"). On interchanging the sum over d, d’ with the
double integral and taking the Euler product, we obtain

IM(T"| < // 1_[ - 13;3%51/_10_1_110?7% _I_p—l +1og—rj )ﬁ(é)ﬁ(é)dédé

PEP

< —//|n<s £)9(6)9(E)] dt dE.
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where
nEe)= [T (1-p 7wi®) (1= p 1wl (14 p71 7505,
Peﬁz

We denote the final integral by

J=/I[I|H(S,S)l9@)l9($)| dé d’.

Our aim is to estimate ./ by bounding the product IT(£, ') from above.
The product T1(£, §’) is intimately related to the Euler product

F(s) = r](1—£9_{ R(s) > 1)

PEP2

that we met in (2.13). From Lemma 2.3 we deduce that there is a function G(s), which is
holomorphic and non-zero in the closed half-plane Q(s) > 1, such that

1-6
Fa+g=Ga+g(§+mn) =Ga+gﬁga+ommks

for M(s) > 0. The primes in T1(£, ') only run over ?)2. Thus, since we may freely disregard
finitely many primes, it suffices to ally our knowledge of F(s) with an investigation of

Fory= ] (1—1)4

PEP2 P’
C<p<w(T)
near s = I, for a suitable absolute constant C = O(1). Lemma 3.2 applies to F(s)
with & = 1;9,) and H = 1. The primes in Frunuptox = w(T) = loglogT and
we are interested in s = s satisfying %i(s) = (log7?)~! or f(s) = 2(logT?)"! and
Is| < 3(log T?)~1/2 = 3y~1/2=w(T)/2 Thus the conditions of Lemma 3.2 are satisfied and
we obtain

-1
Fa+9)=<Fny = [] (L-l) .

PEP2 P
p<w(T)

-1

Thus, invoking (8.11), we obtain
F11+§+1+@’

L+ 1=814i&
ﬂ«//‘ : :
1 JrlogT?Y log TY log TY

~( 1+i§>~< 1+i§’)ﬁ(1+2+i($+$’)

F(l+ —=)F(1
+ log T” + logT” logT”

X

) 60| d d

< (log 7YV E (1) /1 /I (1 + €)1+ |2 de dg’

-1
< (logT)sf1 l_[ (1—1) .

DEP2 P
p<w(T)

This concludes the proof of (8.13) and so completes the proof of the lemma. O
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8.3. Conclusion

Let 1 < i < r. We are finally in a position to reveal the majorant for the representation
function R; : {-T,....,T} — R3¢ in (8.1), where §'¢, r is the exceptional set from
Definition 7.5.

Let A € ¢#; and let Wy = HP|DKi p*P) Let A’ = ged(A, W) and let Ag = ged(4, Wp).

Then )
A Wr+ A
d{ —. =1,
# (Ao A’ )
for any ¢ € Z. Hence it follows from Lemma 8.4
0i(Wo, A) A Wi+ A
(814) Ri(Wl + A) < WV}Q A_O TK; T s

when Wt + A > 0. Putm = Wt + A and assume that m ¢ §'¢c, r. Then A" = m’, in the
notation of (8.5). Combining the majorants (8.8) and (8.10) according to (8.7), we obtain

- N vy (o
rKl- (%) g Fi res (%) Z lq|mf(q) l(cc/jg)ucc/y(ll)) (qm/)

— (i)

qe(Ps )
vp(@)#1 ¥Vp
8.15 @) (8L, @ (m
( ) < v; (m) ;” 1q|mT(Q)n X(lOg Ty)vi,sieve (;)
q&(Ps )
vp(q)#1 Vp

T T
= v ') ().

Here we have noted that vi(:i)eve(m /(gm)) = vgi)eve(m /q) and truncated the ¢ summation
using y. To see that the latter is valid, suppose that ¢ | m with ¢ > T?/? and recall that
x(x) = 1 for x € [—1/2,1/2]. If there is a prime divisor p > T1/(ole D) of 4 then there
exists a divisor p? | m with p? > (log T)¢!, since ¢ is square-full, which implies that m is
rough in the sense of part (1) of Lemma 7.4. If, on the other hand, p < T/(cgloeD)? for
every p | ¢, then m is smooth in the sense of part (2) of the lemma. Neither case can occur
sincem & S¢,.r-

Our final task is to check condition (ii) from the start of Section 7, which states that the
mean value of our majorant should agree with the mean value of R}, with respect to 7.

LEMMA 8.9. — Let 1 <i < r anddefine c#; as in(6.2). Suppose 1 < A < W with A € H;
and write A" = gcd(A, W). Then
0i(Wo, A)
Wni—l
0

0i(W.A; M)
Wn,-—l

’

/
T
TK; (A_o) Ens(r—ayw vy (Wm + AW (Wm + 4) <

(T

i

(T)

provided the parameter y appearing in v ) and v i sieve IS sufficiently small.

Proof. — To begin with, recall that o; (W, A; M) > 0 and that v,(A4) < v,(M) < 1forall
p | M by our assumption (6.2). Thus, for p | M, the first part of Lemma 4.2 yields

0i (p*@), A; pr M) 0;(p*P), 4)
e —1) S @D

0< < 1.
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Since the above is positive, we may use Lemma 3.4 to deduce a matching lower bound as in
(8.4). Thus, the multiplicativity of o; implies that
oW A) oW, AM) _oi(W.4)
Wn,-—l < Wn,-—l = Wn,-—l :
Next we note that A’/ Ay = ged(W/ Wy, A). Hence the second part of Lemma 4.2 yields

oi(W, 4) _ 0i(Wo, 4) A’ 1\~1 1
(8.17) e = ZWO"Z‘*I rK; (A_")pﬂn(l__) I1 (1—N—p).

P plp
PiDk; pCox;

(8.16)

This reduces our task to establishing, for sufficiently small y, the estimate
r 1\-1 1
En<(r—ayw Vi(T)(Wm + A)v/l(’si)eve(Wm + A) < l_[ (1 — ;) 1_[ (1 — —)
p<w(T)

We temporarily set

S(T') = Eperyw v Wm + AW D (Wm + 4),

i,sieve

for any 7’ < T. The two factors of the majorant are truncated divisor sums. According to
(1)

. .. . =0
;s constructed from divisors in (P, )

(T)
i,sieve

the discussion following (8.8), the first function v

provided T is sufficiently large, whereas the function v is constructed from divisors

belonging to (@S )). In particular the divisors used in the construction of the former are all
coprime to the divisors appearing in the latter. We therefore deduce (cf. [26, p. 262]) that

S(T/) = EmgT//W vl.(T)(Wm + A)
X Emearryw Ve (Wm + A) + O(T PP W/ T'),

which provides an asymptotic formula whenever T2 W = o(T’). Combining Lemmas 8.7
and 8.8, this allows us to deduce the upper bound

sT-n< J] (1—1)_1 [ (1_1\%)

p<w(T) P plp

if y is sufficiently small. To obtain the lower bound for S(7 — A), we combine (8.14), (8.15),
(8.3) to get

1

(W, A A’
% (A—) S(T — A) > Emca—ayw RA(Wm + A)
W, 0
oi(W,A; M)
> et
But then it follows that

sc-n> [ (1-2) ]I (1—Nip),

p<w(T) 4
pCok;

by (8.16) and (8.17). O
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Foreveryi € {1,...,r}let A; be such that 1 < 4; < W and A; (mod W) € ¢#;. The
proof of Lemma 8.9 shows that there is a function

(8.18) ei(T: 4 =[] (P—%) [1 O“ﬁ%)A

p<w(T) . Cplozj( i
such that
(8.19) 01 (T3 Ai) Epperyw v (Wi 4 A0 oW m + 4;) = 1.
We define the joint normalized majorant function
r
(8.20) quMQU=%E:waﬁmwngm+AgﬂﬂmU%n+AJ

i=1
We will often write

T
oD m) = o, (m).

for short. It satisfies E,<7/w @) (m) = 1. Moreover, w ") simultaneously majorises the
normalized counting functions
oi(W,Ai; M)
( Wn,‘—l

for I <i <rand R] asin (8.1), in the sense of (i) from the start of Section 7.

-1
) Ri(Wm + A;).

9. The majorant is pseudorandom

Let A; € o#; for 1 < i < r,in the notation of (6.2), and recall the Definition (8.20)
of ™ = wg) 4,- Given D > 1, our aim in this section is to show that the family
(w(T))TeZ>O gives rise to a family of D-pseudorandom majorants, in the sense of [17, §6]
with mg = dy = Lo = D, provided that the parameter y appearing in the truncations is

sufficiently small. In our setting it suffices to consider D <, 1, where L is as in (5.3).

For each T let T be a prime number such that T/W < T <« T/W. Choosing T
sufficiently large in terms of L allows us to pass from counting problems within the set
of integers {1,...,[T/W]} to counting problems in the group Z/TZ, without creating new
solutions due to the wrap-around effect. The majorants are extended to Z/ TZ by defining
=’ D 7ZJT7Z — Rxq via

A+ D m))/2, itm <T/W,

w/(T)(m) e .
1, iT/W <m < T.

By [17, App. D] it suffices to prove the following two propositions in order to show that
(o’ (T))TEZ>0 is a family of D-pseudorandom majorants. As indicated above, we will apply
them with D <, 1.
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PROPOSITION 9.1 (D-Linear forms estimate). — Let T € Zso, T’ = [%], and let D > 1.
Suppose that 1 < r',s’ < D andleth = (hy,..., hy) 75 — Z bea system of linear
polynomials whose non-constant parts are pairwise non-proportional. Suppose that coefficients
of each h;, other than possibly the constant terms, are bounded in absolute value by D, while
hi(0) = Op(T). Suppose & C [—1,1)* is a convex body such that W(T'R) C [1,T") and
vol(R) > 1. Then we have

©.1) : Yo T1wi 4 (im) =1+0p(),

vol(T”"8) mezs’ NT’'/J=1

provided y is small enough.

PROPOSITION 9.2 (D-correlation estimate). — Let T € Zso, T' = [%] andlet D > 1.
Then there exists a function o : {—=T',...,T'} — Rx¢ with bounded moments

Ejmi<1/ 0%(m) <pyg 1,
such that for every discrete interval I C {1,...,T'}, every 1 < d < D, every (i1,...,ig) €
{1,...,r} and every choice of (not necessarily distinct) ay, ....aq € {1,...,T'}, we have
d
T T
3 TTew @A Won + aj) + 4 )V e Won 4 a)) + A) ST Y ola; —ayo),
mel j=1 1<j<j'<d

provided y is small enough.

In proving Propositions 9.1 and 9.2, we will allow all of our implied constants to depend
on the parameter D. We begin with the proof of the former. Unraveling definitions, we see
that (9.1) is implied by the estimate

—1 a T ()
vol(T'R) Z l_[ vi(j "(Wh; (m) + A Vi Geve(Why(m) + A;))
mezs' N7/ /J=1
9.2) ;
=1 +o() [, (T: 47",
j=1
for every collection of indices 1 < iy,....i,» < r. Here we have ¢;, (T; 4;;)~' = TI;;, by

(8.18), where

(9.3) m= [] (1—%)_l I1 (1—Nip).
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The strategy to proving (9.2) is the same as in [26, §9], which is related to that of [17,
App. D]. Inserting all definitions and writing g; = 4 * 7 res, We have
v Wm + A (W + )
[(loglog T)°] [log> ((loglog 7)?)]

= Z Z Z ZniK1u|Wm+A ri,res(u)

k=4/y A=[logr k—21 ueU(A,k)
logd
x Z 1d|Wm+Agi(d)X(logTy)
de(?)
ged(d,u)=1
) logg loge \\2
! "H(iog ) )"
x ;H awma T @ 11577 ;” u(e)x(logTy
qe(P2’) e€(Py ")
vp(q)#1 Vp qe|Wm+A

Here the restriction to d € (ﬁil)) arises from Remark 7.8 and the fact that g; (d) = 0 when
d has a prime factor p < w(T'). Noting that gcd(ge, d) = 1, the right hand side is seen to be

[(loglog T)3] [log> ((loglog T)3)]

) D D DD DD

k=4/y A=[logr k=21 uecU(A,k) de(ﬁ(li)) qE(ﬁg))
ged(d,u)=1vp(g)#1 Vp

<Y 2@ per s Dl [] ().

; , log TY
e,e’e(ﬁg)) xe{d,e.e’,q}

where A = lem(u, d, ge, ge’). Together, Remark 7.7 and the compact support of y ensure
that all divisors d, e, ¢’, g, u are bounded by T7. For each 1 < j < r’ we define the linear
polynomial

h;(m) = Wh;(m) + Aij-

We may assume that T is sufficiently large in terms of D to ensure that the non-constant parts
of the polynomials /1, ..., h, are pairwise non-proportional modulo any prime p > w(T).
The same then holds for the polynomials 7/, ..., h’

s Tbyre

Let Aj = lem(u;,dj.qje;.q5¢;), for 1 < j < r’. We are interested in estimating the
cardinality

#{m e Z'NT'R: A; | h(m)} = Y #mez'nI"R:m=smod Ayager)h
s (mod A )Aj |h'; (m)

u.d,q.e.e

where Agd,gee = lcm(Aq, ..., Ay) < TOW), Extending the notion of local divisor densities
multiplicatively from (5.5), with U, = (Z/p™Z)*" and the set of polynomials h’, the outer
sum has cardinality ay (Aq, ..., A,/)Af; dgee- The inner cardinality is equal to

# ((Au,d,q,e,e/zs/ )N T/ﬁ) —# (ZS’ N(AZL  T'&+ A7 s)) .

/
u,d,q.ee u,d,q.e.e
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We may therefore apply Lemma 3.1 with 3 = fand T = A’} T’ to each of the above

u,d,q,e,e’
cardinalities. This leads to the conclusion that
9.4)
—1 s (T) (T)
VOI(T/.R) Z 1_[ vij (h; (m))v/ij,sieve(h} (m))

mezs' NT//J =1

T/-1+0(@)
=;;‘ 3 3 ZZ(ah/(Al,...,A,/)+O(T®))

u d q ee
u; €U k) ged(d),uj)=1

r/

Kjng, n ! :
x ]_[2 () plej)ple;)gi; (dj) l_[ X( o )

; logTY
Jj=1 xE{dj,ej,e_;-,qj} g

where k,A,u,d,q,e,¢ € Z" are assumed to satisfy the correct multiplicative restrictions
component-wise. Thus, for example, the sum over d is restricted to

(d:d; e (P,)1<j<r
Similarly, those over q, e and €’ are restricted to

{x:x; € (@;lj)),l <j<r.
We assume, furthermore, that all coordinates of q satisty v,(g;) # 1 for all primes p.

We begin by examining the error term in (9.4). As mentioned above, each of the sums
overuj, dj, ej, e; and g; have at most 77 terms. Together with the trivial bounds 7(¢) < 77
forg < T? and 2%/ < 2(ogloe T « T° this implies that the error term makes a total
contribution of

T/-140()
(

g ) =20

by our assumptions on K.

The main term will now be analyzed in much the same way as in [25, §6] and [26, §9]. Our
majorant very closely resembles that from [26], the latter in fact being a special case of it.
The analysis of (9.4) is therefore only a minor adaptation of what is established in [26, §9].
Given the length of the argument we include an overview here as guidance, and only include
the details of the more complicated proofs where it may not be immediately clear that the
corresponding argument from [26, §9] still applies.

Any prime p | A satisfies p > w(T'). Hence oy (A1, . . ., A,) will be determined using the
first three alternatives from (5.6). In particular,

r/
1
Olh/(Al, ey Ar/) = l_[ A_
i=1 J

whenever Ay, ..., A, are pairwise coprime. Put A,- =d;q; lcm(ej,ej’.), for1 < j <r'. The
first step is to show that we may replace oy (A1q, ..., A,s) in the main term by
Olh/(Al, PN A,-/)
Uy Uy
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at the expense of an overall error term o(1). To prove this, it suffices to show that we may
restrict the summation to vectors (u, d, q, e, €’) for which
gcd(u,-,Aj) =1 and gcd(ui,ujﬁj) =1

for all j and all i # j. Since ged(d;,u;) = 1, it follows from Remark 7.8 that the first
condition is always satisfied. Furthermore, the set of all vectors (u,d, q, e, ¢’) failing the
second condition makes a negligible contribution. The proof follows (cf. the proof of [26,
Claim 2]) by the Cauchy-Schwarz inequality from a second-moment estimate together with
a lower bound on the prime divisors of any u;.

We note that

K .

9.5) XXX H j””“(u’)

w; €UG we;)? =1
The absolute convergence of this sum follows from the proof of Proposition 7.6.

The next step is to replace y by a multiplicative function using (8.12). For 1 < j < r’ and
1 < k < 4 we write
141 i-' jk

Zik = logT? -~

Likewise we set d§ = []; ; d&; and
(9.6) Ji = plepule)e; /e 2 g (dp)d; P (g) " g

for 1 < j < r’. With this notation the new main term is equal to

ZZZI—[ 2" /rjres(uj)

u j=1

J(u) + OF

1 H®@i4) g, (Ay, ..., Ay)
(logT)E Z Z § ljl (eje)d;q;) /1osT”
(d/ 5”/)_

for any E > 0, where H = max;<;<, 2™ and
<X

J(u) = Z ZZah/(AI,..., /)/ / ]_[J,]_[z‘/‘(éjk) dg.
el

/
@ay=1 T °*

The error terms that appear in the next step will again depend on how small the prime factors
of the relevant numbers can be. This time these are the coordinates of d, q, e and ¢’ instead
of u and we can only assume that the primes are larger than w(7), which is much smaller
than the lower bound on prime factors of the u;. For this reason it was essential to treat
the u; separately first, in order to make use of the convergence of the sums over x, A and
U(Aj, ;) when showing that the new error term is negligible.

The next step is to show that we may swap the product over j with all the sums. That is,
we replace oy (A1,...,A) by (Aq...A,)~!, while only introducing a small error. We will
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show that
9.7

r’ 4
sw+o|TTng )= [ [ n > X o o
j=1 d; s e i) k=1

0 (P57} ej.ehe( Py
(d uj)l /(qj)#zl ij J 2

zjfj DY Z /( Hﬁ(s,o)ds,l A

q; (c@ ) (cc/D jk
d:u J 2
(/a /) 1 p(/ él"

where I1; is given by (9.3) for 1 < i < r. Before establishing this estimate, we remark that
the final main term is now a product of r’ factors that are independent of each other and
independent of the system h of linear polynomials that we started with. In particular, we
may consider this estimate in the special case where s’ = r’ = 1 and where hy(m) =
Reinstating the sums over k, A and u, this relates the jth factor of the above product to the
average value of the majorant function. By (8.19) and (9.5), we therefore deduce that

ZZZH ’”fres“‘f) s +o| [T, || = (4o [Tes )
j=1 =1

u j=1
This completes the proof of (9.2), and hence the proof of Proposition 9.1, subject to the

verification of (9.7). Our proof of (9.7) will be undertaken in two steps, as recorded in the
following two results. We fix values of ¥ and A for now.

LEMMA 9.3. — For each 1 < j < r' and eachu; € U(A; . k;), we have
I T
/14 Z Z Z A_] [12GE0|dn ... d&a < 0,

d; il J k=1
where T1;; is given by (9.3), and where the implied constant is independent of A, k;, u;.

This lemma corresponds to [26, Claim 5]. We take the opportunity to provide a full proof
here, since the extra factors g;; (dj)t(g;)"" implicit in J; make the analysis slightly more
delicate. Moreover, while the proof of [26, Claim 5] is correct, it requires an application of
Lemma 3.2, which is not present in [26].

Proof of Lemma 9.3. — The first step is to express the integrand, which we denote by
K = K(&j,1,...,£4),as an Euler product. The fact that %(z; ) = (log77)~! > 0 will allow
us to restrict to the square-free part. Recall that
I repue)e; e g (dj)d; e (g)" gy

Aj djqjlem(e;, e})

and put
. 4
= [T+ &xD.
k=1
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By (8.11) we have

K «<p L7E 1_[ (1—p~ 1721 — p=1=2i2 4 p=1=71722 4 O(p~2))
pey’’
x| TT a+0x, (0 -1p" 72 + 07|,
pe@(llj)
ptu

for any E > 3. Since for sufficiently large primes p each of the factors of these products can
be analyzed via the logarithmic series, we deduce that

K<Lk l_[ (1= p 1751 = p~'7%2)(1 4 p~1771752)
pePy’
TK;. (p) +1
x ‘ [T a=p" )0 +rk, (p)p™ 79| [] (1 + j—)
pepy’ o ’

Since any prime divisor of u comes from an interval of the form [y, y2], with y = TV/@**h),

the final product over p|u is easily seen to be Onij (1), and can be ignored.

We will now proceed as in Section 8.2. Let 1 < i < r. Recall that there are func-
tions G1, G, which are non-zero and holomorphic on NR(s) > 1, such that

-1
Fuw =[] (1—1) = £51(5)G1 (),

A
pes) P
L\
Fiat) =[] (1 - —s) = 1701 (5)Ga(s).
pesy) P

Hence, when 9is > 0 and |s| < 1, then
Foa(L4 ) = [sI7% [Fia(l+9)] = |s] 7%

Likewise, |F; '(1 + 5)| = |s|% and |[F;;'(1 + 5)| =< |s|"™%. In order to employ these
asymptotic orders to bound the integral above, we apply Lemma 3.2 to deduce that there
is an absolute positive constant C such that each of the three Euler products E(s), given by

1\ ! 1\ !
maw=T1 (1-5)  mao= T (1-5) -
pe? pe )

C<p<w(T) C<p<w(T)

and

e =[] (14 52)7

C<p<w(T)
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satisfies | E(1 + s)| < E(1) and (3.1) when |s| < (log T?)~1/2. Recall the Definition (9.3)
of IT;; . We may conclude that
7 — —6; . —6; . 8. — ;. —
K < L7120l |zl ™ zja + il zial 120l

x Hi; (1) Hj; 1(1) l_[ (1 _ rK,_(M)

p<w(T) P

B (LHIEATY (14 [l Ll + 82\
log TY log TY log T

8i.—1
1 . 1
« + 185,31\ ;.
log T” ’

< ]:—E/Znij s
since 0 < §;; < 1. The lemma now follows since f14 Z/_E/Zdéj’l ...d§j4 = Op(1). O]

LEMMA 9.4. — For everyu € U(k, A), we have

> aw(ArnAv) r/—(1+0(1))l_[ > Z | i—f

d,q.e,e/ d;: ij :
ged(d; u;)=1 (d w)=1 vij((j,(;/;ﬁ V>p ej.€;€(Py”)

Before establishing this result, let us indicate how it suffices to conclude the proof of (9.7).
The second equality in (9.7) is obvious, and so only the first requires a proof. Lemma 9.4
implies that the difference of the two integrands is pointwise bounded by

(I z3

. —(i;

qa; E(JD ) e e e(P, 7
(d u’) Yy j(q VAV

Lemma 9.3 implies that the integral over this bound equals o([ [; I1;; ), which implies the first

part of (9.7).

Proof of Lemma 9.4. — Our argument is identical to that of [26, Claim 3], but we provide
more detail here. Throughout this proof we assume, without explicitly mentioning so, that
all entries d; of any vector d satisfy ged(d;,u;) = 1. The aim is to study the multiplicative
function

T](d,q, e, e/) = ah/(ﬁl, ey Ar/).ll . Jr/,
where J; is given by (9.6). We may factorize

n(d,q.e.¢) =1(d, q,&&)nd, q.€¢)
in such a way that in the first factor the r’ entries d jgje;e; for 1 < j < r' of au are pairwise
coprime, while in the second factor, any prime that divides one entry of oy also divides a
second entry. The aim is to show that the main contribution from either side of the expression
in the statement of the lemma comes from such vectors (d, q, e, €¢') for which the second factor
in this decompositionis 1 = n(1,1,1,1).
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We begin with the left hand side. Let k be an integer. Then, with the notation p* =

(p*1,..., p*) for a prime p and x € Z>0, we have
/ / / /
> nd.q.e€)= ( > n(d,q,e,e’)) 1_[( >t pt s p )),
d,q.e.e/ d,q.e.e’ plk et
ecd(d, qulej :} o=1 d.q.ee’€Z%
1<j<r’

where 3" denotes that the sum is restricted to coprime vectors in the above sense; i.e.,
(d,q,e,€) = (d, q, e, ¢&) in the first two sums, and in the third sum only one of the r’ integers
max(d;,q;,e;, e]’.) may be non-zero. We claim that for p > w(T) and sufficiently large T the
latter sum satisfies

/ / —
9.8) S et pt s p) =1+ 00p7.

’
d,q,e,e’EZ;O

Taking this on trust for a moment, we see that the previous two equations imply

’ ’
> nd.q.e€)= Y ndgee)[[1+0(p™).
d,q.e,e’ d,q.e.e/ rlk

gcd(d,q,e,e k)=1
1<j<r’

Applying this with k = ]_[ —1 3, qgjej ej, we obtain

Y adaed) = Y r@daed) || X s@zee)[Ja+ oo |.

(d,q.e.¢") d,q.e.e/ @,q,6,¢) plk
{djqjeje}:lgjgr’} (1,1,1,1)
not pairwise coprime
where ZT denotes that the sum is restricted to vectors failing coprimality at every prime p;
i.e., the vector (v, (d jqujE}));;l has either no or at least two non-zero entries.

Our next aim is to bound this second factor from above. We will do this by writing it as
an Euler product and analyzing contributions for each prime factor separately. The saving in
the bound will come from the factor oy in 7. The remaining factors may be bounded trivially
by
9.9)

W(pe (p ) peiin p=ii2 g, (pd) p =% (pti )"y paitia| < 2%

i (gqj + )"
In order to turn the sum over d, q, €, € into one that directly runs over the entries of oy, note
that any integer k; may be factorized as A; in at most t5(k;) ways, corresponding to the
five factors dj, q;, ged(ej. e}), ej/ ged(e;, e;) and e / ged(e;, ;). We will employ the crude
bound 75(p%) K a;-‘. Let n(x) denote the number of non-zero components of x € Z"". Then
the previous inequality implies
r/
> n(p®. php% p%) < Y aw(p... p*) []CY(a; + 1.

d,q.e.¢/ N anV;O j=1
n(d+q+max(e,e’))>2 n(a)>2
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for some absolute positive constant C. Assuming p > w(7) for sufficiently large 7" and
introducing the variable J = max;.;/(a; + a;-), the third case of (5.6) shows that this in
turn is bounded by

gove 1
<Y plcrrt <« =
J>2 p

Recall that all components of d,q,e and ¢ are composed only of prime factors larger
than w(T'). In total, we deduce that

Z n(d,q,e e) < Z/ n(d,q,e,f?)( 1_[ (1 + 0(#)) - 1)

(d,q,e,e’) d,q,e,e’ p>w(T)
(d,g.6,€)#(1,1,1,1)

<Y n(d,q,e,e/)< > m‘”)

d,q.e,e’ m>w(T)
/
< w(T)™'/? Z n(d, q,e,¢).
d,q,e,e’
Thus, for the treatment of the left hand side of the expression from the lemma, it remains
to prove (9.8). Employing (9.9) and the bound on 75 another time, we turn the sum into one

that only involves oy and may be estimated using the second part of (5.6). Introducing the
variable Q = max;(a;), we have

r/
/ / .
S ot pp ) =140 3 aw () []CY s + DC
p%.p9,pe.p¢ aez: j=1
n(a)=1

=1+0| ) p2clQ+nctt
0>1
=1+0(p7").

This completes the proof of the estimate

Z Olh/(Al,...Ar/)Jl ...Jr/ = (1 +0(1)) Z/ Olh/(Al,...Ar/)Jl ...Jr/

d,q,e.e’ d,q,e.e/
J]
—(1+0(1))Z ]_[ .
d,q,e.e’ j —1

To complete the proof of the lemma, we need to show that in fact
> H - = (o) 3 H
dg.ee j=1 dgee j=1 O

This follows by arguing as above when 7(d, q, e, ¢') is redefined to equal ]—[;/:1 Jj/&j, and
when taking into account that the product (p?! ... p%”)~!, which replaces oy (p%!, ..., p”’),
trivially satisfies the bounds (5.6). O
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Proof of Proposition 9.2. — A slight adaptation of [17, Lemma 9.9] yields the following.
Let A : Z — Z denote the polynomial

Amy= [] Wm+ 4, - 4.
1<j<j’<d

Suppose o : {—T’,..., T’} — R satisfies the two conditions ¢ (0) = O(T'"%) and

o(m) = exp Yo or(p
p>w(T), p|A(m)
for m # 0. Then Eocm<? ol(m) <4 1.

Whenever the collection of a; contains two identical elements, then ¢ (0) appears in the
bound we seek to establish. Following [16, 17] closely, we use the fact that o(0) may be
chosen to be rather large in order to handle this case. More precisely, it follows from Holder’s
inequality and the fact that r; ,¢, satisfies part (b) of Definition 7.1, that

d
% S T ou T 4D Wom + aj) + 4V { e WO + aj) + Aiy) Kea T
mel j=1
See [16, §9] and [25, §7] for details. Choosing ¢ = 1/(2¢gd) ensures that the value on the right
hand side is of order o((T/ W)'/4), so that we may set o (0) = T1/24.

In the remaining case where the a; are pairwise distinct, the system of linear forms is less
degenerate and we may employ the same techniques used to prove Proposition 9.1. The key
observation is that whenever a prime p divides two distinct polynomials W(m + a;) + A;;
and W(m + aj’) + A;;, at m, then it divides W(a; — a;/) + A;; — A;,,. This provides
sufficient information to handle the divisor densities a(p?!,..., p?¢) that occur. See [25, §7]
for details. [

10. Conclusion of the proof

We have now everything in place in order to complete the proof of Theorem 5.2. Recall
from (5.1) that

NTY = Y [R(fi.

ueZ*NTRHR i=1
u=a (mod M)

where R;(m) = R;(m;X;,b;; M) is given by Definition 5.1 for non-zero m € Z. Here,
M e€Zso,a€ (Z/MZ)* andb; € (Z/MZ)" for 1 <i < r.Moreover, X; C ®; 4 isacone
for which the bounded set X; N D; | (1) has an (n; — 1)-Lipschitz parametrisable boundary,
unless it is empty. Finally, 8 C R® is a convex bounded set.
Recall the Definition (6.2) of ¢#;, foreach 1 <i < r. Let
fiwg) € A; fori =1,...,r

W = € (Z/WZ)* )
to € &/ W) uy = a(mod M)
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where W is given by (6.1) and is divisible by M. For each p < w(T) we define the corre-
sponding set

vp(fi(wg)) <v,(W)/3fori =1,....r
W, = 3ug € (Z/p**M7)* : uy = a(mod pvrM)) ,

0i (p°» M), f;(ug); pr™M)) > 0

where we recall that ; (p?»™), f; (ug); p?»™M)) also depends on b;. Define the functions R;
as in (8.1) and recall the exceptional set & ¢, 7 from Definition 7.5. We note that

Rz/(m) = Z 1mEA (modW)R;(m)v
AE(s%,j
for I < i < r.Indeed, suppose [m| & &¢,r with R;(m) # 0. Then it is clear that the
reduction of m modulo W must belong to ¢#;. By Proposition 8.2, it therefore suffices to
obtain an asymptotic for

,
(10.1) NT=Y Y []REWu+ug)).
ugE€ W uj €78 i=1
Wui+ugeT 8

Next, leti € {1,...,r}. We have f;(Wu; + ug) = Wf;(uy) + fi(up), since each f; is a
linear form. Let 0 < A}(ug) < W be such that A(ug) = f;(up) (mod W). We proceed to
define a linear polynomial 4; € Z[u] via

Wfi(w) + fi(uo) = Whi(u) + A;(uo).

Note that #; may be inhomogeneous.

For any fixed residue ug € ), let Ry,,r be the set of u; € R for which Wu; +uy € T 8.
Thus, W8y, r + ug = TR We proceed to split Ry,,r into regions on which the sign
of Whi(uy) + Aj is constant for 1 <i < r. Thus, fore = (€1,...,¢) € {£}" let

ﬁuo,T(e) = {ul € RI.I(),T . f(Wlll + ll()) € Rel X X Rér}v
where Re = {x € R : ex > 0}. Note that this is a finite union of convex subsets
of [-CT/W,CT/W]* for some absolute constant C > 0. Furthermore

vol (Rug,1(€)) = yol(® 0 f_l(ﬂf;;s X Re’)).
Since [f(T R)| < T, it follows that |Wh; (Ry,,7) + A;(ug)| < T for eachug € W.
The existence of a simultaneous pseudorandom majorant for each collection of functions
R: me (Qi(W’Wﬁ;EE(;);M)
defined on the range {m : 0 < Wm + ¢; A} (ug) < T} was established in Sections 8 and 9.

This existence allows us to employ the generalized von Neumann theorem [17, Prop. 7.1] to
deduce that the sum over u; in (10.1) is equal to

,
s oi(W, fi(uo); M) T

T " vol(Rupa () [ = W‘ni_°1 K@) o)
ec{t}" i=1

)_1 R;(Weim + Aj(ug))
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provided that for each uy € % the normalized representation function R; (m) satisfies

IIEdX ||R —K XD |lgr—1 = o(1).

The latter, however, follows from the inverse theorem [20] for the Gowers uniformity norms
from Proposition 6.3 and the bound

Ejmi<r/w Ri(Wm + Alwmyacse, r < (log T~V
provided by (8.2).

Let
a(p) vp (M)
0i (p*'?, fi(ug); p*»*"”)
&(T) = Z 111 PrrTCTa—
UQGGMI 1 p<w(T)
with a(p) = v, (W). We conclude that

N'(T) = Bo&(T)T* + o(T*),

with B as in the statement of Theorem 5.2. It therefore remains to analyze &(7). An
application of the Chinese remainder theorem yields

0i (p*P), fi(ug); p*r ™M)
&(T) = H psa(p) Z l_[ pe@)ni=1) '

p<w(T) up€EWp i=1

Let us define ¢, via

3 1—[ 0i (p*P), fi(ug); pPr™))

br = e =) + e

( )
pr upe Wy i=1
where B, is as in the statement of Theorem 5.2. In order to complete the proof, it remains to
check that ¢, is sufficiently small to be able to conclude that

1_[ (Bp —&p) = 1_[ Bp +o(1),
p<w(T) p<w(T)
as T — oo. This will certainly suffice, since Proposition 5.5 implies that
[] B =1+00).
p>w(T)
as T — oo. Recalling that w(T') = loglog T, it will be enough to show that ¢, < (log T)~¢
for some absolute constant C > 0.

For this we shall apply Lemma 3.4 to y(p™, A;pY) = o0i(p™, fi(uo); p?»™)) for

m = a(p). This yields

gp = lim
m—>oco pMms

3 l—[ i (p™, fi(w); p*» D)
m("z 1)
ue Uy,
u=a(modM)

0i(p™, fi(w))
<mh_r)noc ms Z l_[ m(n,—l) ’

ue Uy, i=1

where
. = %u € @/p"2)" : max v,(fiw) > minta(p)/3.m}
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Proceeding as in the analysis of 8, for large p in the proof of Proposition 5.5, we obtain
form > a(p) the bound

u )
(pmm]fl() : fiw) + 1,my"
" i :
ueGZ/* i=1 ue Uy, i=1
,
< Z ozf(pkl,...,pk’)l_[kf’
kezl, i=1
max; k; >a(p)/3
< p—a(p)/S

< (log T)~C1/4,
This completes the proof of Theorem 5.2.
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