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DYNAMICAL STABILITY AND LYAPUNOV
EXPONENTS FOR HOLOMORPHIC
ENDOMORPHISMS OF Pt

BY Francois BERTELOOT, FaBrizio BIANCHI
AND CHRISTOPHE DUPONT

ABSTRACT. — We introduce a notion of stability for equilibrium measures in holomorphic families
of endomorphisms of P* and prove that it is equivalent to the stability of repelling cycles and equivalent
to the existence of some measurable holomorphic motion of Julia sets which we call equilibrium
lamination. We characterize the corresponding bifurcations by the strict subharmonicity of the sum
of Lyapunov exponents or the instability of critical dynamics and analyze how repelling cycles may
bifurcate. Our methods deeply exploit the properties of Lyapunov exponents and are based on ergodic
and pluripotential theory.

REsUME. — Nous introduisons une notion de stabilité pour les mesures d’équilibre des familles ho-
lomorphes d’endomorphismes de PPK et démontrons qu’elle est équivalente a la stabilité des cycles répul-
sifs et équivalente a ’existence d'un mouvement holomorphe mesurable des ensembles de Julia, appelé
lamination d’équilibre. Nous caractérisons les bifurcations correspondantes par la sous-harmonicité
stricte de la somme des exposants de Lyapunov ou par I'instabilité de la dynamique critique, nous ana-
lysons aussi comment les cycles répulsifs peuvent bifurquer. Nos méthodes reposent sur les propriétés
des exposants de Lyapunov, sur la théorie ergodique et sur la théorie du pluripotentiel.

1. Introduction

1.1. Main definitions and results

In the early 1980’s, Maifié, Sad and Sullivan [31] and Lyubich [29, 30] independently
obtained fundamental results on the stability of holomorphic families ( f3); ¢, of rational
maps of the Riemann sphere P!. They proved that the parameter space M splits into an
open and dense stability locus and its complement, the bifurcation locus. They also obtained
precise information on the distribution of hyperbolic parameters which led to the so-called
hyperbolic conjecture. This conjecture asserts that hyperbolic maps are dense in the space of

This research was partially supported by the ANR project LAMBDA, ANR-13-BS01-0002. The work of the
second author was partially supported by the FIRB2012 grant “Differential Geometry and Geometric Function
Theory”.
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216 F. BERTELOOT, F. BIANCHI AND C. DUPONT

rational maps. The works of Douady and Hubbard on the Mandelbrot set provide a deeper
understanding of these questions for the quadratic polynomial family.

In this theory, the finiteness of the critical set and the Picard-Montel theorem play a
crucial role. They allow to characterize the stability of a parameter Ay € M by the stability
of the critical orbits of the map f;,. Equivalently, Ay is in the bifurcation locus if, after
an arbitrarily small perturbation, there exists a repelling cycle capturing a critical orbit.
The one-dimensional setting also permits, by means of the A-lemma, to build holomorphic
motions of Julia sets which conjugate the dynamics on connected components of the stability
locus. The bifurcation locus also coincides with the closure of the parameters A € M for
which f) admits an unpersistent neutral cycle.

This article deals with bifurcations within holomorphic families of endomorphisms of P¥
for k > 1. Let M be a connected complex manifold of dimension m. A holomorphic family
of endomorphisms of P¥ can be seen as a holomorphic mapping

fiMxPF > MxPY  (A,z)— A, fi(2))

where the algebraic degree d of f; is larger than or equal to 2 and does not depend on A. For
instance, M can be the space ¥y (P¥) of all degree d holomorphic endomorphisms of P,
which is a Zariski open subset in some PV .

Our main result is Theorem 1.1 below, it asserts that different natural notions of stability
are equivalent and leads to a coherent notion of bifurcation for holomorphic families f
in P¥. Our arguments exploit some ergodic and pluripotential tools as those developed
in the works of Bedford-Lyubich-Smillie, Fornaess-Sibony, Briend-Duval, Dinh-Sibony on
holomorphic dynamics on P¥ or C¥ (see the survey [21] for precise references). Let us recall
that, for each A € M, we have an ergodic dynamical system (J, f;, ) where u, is the
equilibrium measure of f; and J is the topological support of w, called the Julia set. The
measure () enjoys a potential interpretation

= (ddS g(A,2) + wrs)*

where g is the Green function of f and wrs the Fubini-Study form on PX. The repelling
cycles of f; equidistribute the measure p) and hence are dense in J,. However, in higher
dimension, some repelling cycles may belong to the complement of J,. We denote by
L(A) := [p« log|Jacf|du, the sum of the Lyapunov exponents of j,. This is a plurisub-
harmonic function on M which satisfies L(1) > k%. Let [Cy] denote the current of
integration on the critical set Cr of f taking into account the multiplicities of f".

Our main result is as follows. The definitions occurring in (A), (C), (D) and (F) are
explained below.

THEOREM 1.1. — Let f : M x PK — M x P¥ be a holomorphic family of endomorphisms
where M is a simply connected open subset of the space Sy (PX) of endomorphisms of P* of
degree d > 2. Then the following assertions are equivalent:

(A) the repelling J-cycles move holomorphically over M,

(B) the function L is pluriharmonic on M ,

(C) f admits an equilibrium web,

(D) f admits an equilibrium lamination,

(E) any Ao € M admits a neighborhood U such that lim inf}, d_k"|(f")*[Cf]|Uka =0,
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(F) there are no Misiurewicz parameters in M.

When k = 2, these equivalences remain true for every simply connected manifold M. If one of
these conditions is satisfied, [ admits a unique equilibrium web M and M (L1 AZ,) = 0 for
any pair of equilibrium laminations Ty, < of f.

Theorem 1.1 leads us to define the bifurcation current of a holomorphic family of endo-
morphisms of P¥ as the closed positive current dd ¢ L, and the bifurcation locus as the support
of this current. The family is stable if its bifurcation locus is empty, stability is clearly a local
notion. This is coherent with the one-dimensional definition of the bifurcation current, due
to DeMarco [15]. We stress that Theorem 1.1 stays partially true for general families (see
Theorem 1.6).

Let us now specify the definitions. A central notion is the set
= {y ‘M — Pk y is holomorphic and y (1) € J, for every A € M} .

The graph {(A,y(1)), A € M} of any element y € ¢/ is denoted I',. We endow ¢/ with the
topology of local uniform convergence and note that f induces a continuous self-map

o ¢/ > & givenby f -y() := fu(y (D).

DEFINITION 1.2. — For every A € M, a repelling J-cycle of f, is a repelling cycle which
belongs to J). We say that these cycles move holomorphically over M if, for every period n,
there exists a finite subset {p, ;j, 1 < j < Nyn} of ¢/ such that {p,,;j(A), 1 < j < Np}is
precisely the set of n periodic repelling J-cycles of f, for every A € M.

The holomorphic motion of repelling J -cycles over M also means that for every repelling
periodic point zg € J, of fj, thereexists y € ¢/ such that y(1o) = zp and y(4) is a periodic
repelling point of f; forevery A € M.

Our notions of equilibrium webs and laminations are as follows.

DEFINITION 1.3. — An equilibrium web is a probability measure M on &/ such that

1. oM is &F -invariant and its support is a compact subset of &/,
2. for every A € M the probability measure M) = fg; Sy d M(y) is equal to .

This notion is related to Dinh’s theory of woven currents and somehow means that the
measures ({4} ),y are holomorphically glued together. In this article we shall also say that
the (12) e move holomorphically when such a web exists.

DEFINITION 1.4. — An equilibrium lamination is a relatively compact subset T of &/ such
that

1. Ty N Ty = @ for every distinct y,y' € Z,

2. waly),y € Ly =1 forevery L € M,

3. T, does not meet the grand orbit of the critical set of f for everyy € Z,
4. themap & : T — Lisd* to 1.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



218 F. BERTELOOT, F. BIANCHI AND C. DUPONT

The existence of an equilibrium lamination corresponds to the property of structural
stability for sets of full uj-measure. It is rather easy to show that the existence of an equi-
librium lamination implies that of an equilibrium web. The converse is much more delicate,
equilibrium laminations will be extracted from the support of equilibrium webs by using
ergodic theory for the dynamical system (&7, of, M).

Misiurewicz parameters play a central role for proving that the vanishing of ddj L is a
sufficient condition for stability. They are also very useful to study the structure of bifurcation
loci.

DEFINITION 1.5. — One says that Ay € M is a Misiurewicz parameter if there exists a
holomorphic map y from a neighborhood of Ao into P such that:

1) y(X) € Jy and is a repelling po-periodic point of f) for some py > 1 and every A,
2) (Ao, y(Xo)) belongs to some component of f"°(Cy) for some ng > 1,
3) the graph Ty, of y is not contained in a component of f"°(Cy) satisfying 2.

1.2. Sketch of the proofs and further results

The novelty of our approach relies on two specific features. The first one is the use of a
formula for the dd€ of the sum L of the Lyapunov exponents to read the interplay between
bifurcations and critical dynamics. This formula is

(1) ddSL = mys ((dd,{,z g(.2) + wFS)k A [cf]) ,

it was proved by Bassanelli and the first author [2], see also Pham’s formula in Theorem 3.3.
Like in dimension one, our proofs crucially rely on the links between bifurcations and
instability in the critical dynamics. In higher dimension these interactions cannot be detected
by a simple application of Picard-Montel theorem and Formula (1) aims to replace this
theorem.

The second feature is the introduction of equilibrium webs to overcome the lack
of A-lemma and build holomorphic motions of Julia sets. This is a weaker, but natural,
notion dealing with the measures p, rather than with their supports J,. It should be
stressed that equilibrium webs are actually obtained as limits of discrete measures by
mean of a compactness statement which may be considered as a measurable version of the
A-lemma (see Lemma 2.1). Finally we stress that our arguments will also rely on Misiuriwicz
parameters, some kind of transversality and perturbations of Siegel disks.

We now specify our approach and summarize the proof of Theorem 1.1. Simultaneously
we state some related results. The implication (A)=>(B) is proved in Proposition 3.5. We actu-
ally establish a stronger statement: we show that ddj L vanishes if f admits an equilibrium
web which is a limit of discrete measures supported on graphs avoiding the critical set of f.
We obtain (B)< (E) by using Formula (1) and the f-invariance of the Green function g (see
Proposition 3.12).

To show that the vanishing of ddj L is a sufficient condition for stability, we exploit the
dynamics of the critical set and, more specifically, the notion of Misiurewicz parameters.
We first prove that the pluriharmonicity of L prevents the apparition of such parameters.
To do this, we use again Formula (1) and a dynamical rescaling argument. This is done in
Subsection 3.3. To prove that the absence of Misiurewicz parameters implies the existence
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of an equilibrium web, we apply our measurable version of the A-lemma to sequences of
discrete measures on pull-backs by f” of a graph of repelling J-cycles avoiding the post-
critical set of f, see Proposition 2.2. The proof of the existence of such a graph is rather
involved and requires entropy arguments. These results, which are valid in arbitrary families,
are summarized in the following theorem.

THEOREM 1.6. — Let f : M x PK — M x PX be a holomorphic family of endomorphisms
of P¥ of degree d > 2. Then the following assertions are equivalent:

(a) the function L is pluriharmonic on M,

(b) there are no Misiurewicz parameters in M,

(c) the restriction f | <Pk where B is any sufficiently small ball, admits an equilibrium web
oM = lim, M, and the graph of any y € | J, supp oM, avoids the critical set of f.

Among equilibrium webs, those giving no mass to the subset of y’s in ¢/ whose graphs
meet the grand orbit of the critical set of f will play an essential role in the construc-
tion of equilibrium laminations. Such webs are called acritical (see Definition 2.3). Both
Theorem 1.6 and the implication (A)=-(B) in Theorem 1.1 are used to get the following
important fact.

COROLLARY 1.7. — Let f : M xP* — M xP¥ be a holomorphic family of endomorphisms
of P* of degree d > 2. If the repelling J -cycles move holomorphically over M then f admits
an ergodic and acritical equilibrium web.

In Section 4 we prove that (A)=(D). We use there the Corollary 1.7 and exploit the prop-
erties of the dynamical system ( &/, oF, o) where oM is an acritical and ergodic equilibrium
web. We show that the iterated inverse branches of f are exponentially contracting near the
graph T, of ¢M-almost every y € &/ (see Proposition 4.2). This implies that for ¢}Z-almost
every y € ¢/ the graph I'), does not intersect any other graph I,y where y # y’ € supp M
and allows us to build equilibrium laminations (see Theorem 4.1).

So far we have established that (A)=(B), (B)<(E), (B)<(F), (A)=(D) and that
(B)=(C’) where (C') is a local version of (C) (see Theorem 1.6). We prove simultane-
ously that (C')=(C)=(A). To this purpose, we investigate how the apparition of Siegel
disks may affect the continuity of A > J; in the Hausdorff topology (see Proposition 5.3).
The Section 5 is mainly devoted to this study, it is the only place where a specific assumption
on the parameter space M is used (see Proposition 5.6). Finally, one easily gets (D)= (C) by
using our basic tool for constructing equilibrium webs (see Proposition 2.2). This completes
the proof of Theorem 1.1.

In the last section, we investigate a few properties of bifurcation loci. We first show
that bifurcation loci contain some remarkable elements. Theorem 1.6 says that Misiurewicz
parameters are dense in any bifurcation locus. In the same vein, we prove in Theorem 6.2
that the bifurcation locus in &%, (P¥) coincides with the closure of the set of endomorphisms
which admit repelling J-cycles which bifurcate either by giving Siegel periodic cycles or
repelling cycles outside the Julia set. We also show in Theorem 6.3 that in any stable family,
all elements are Lattés maps as soon as one element is a Lattés map. This follows from the
characterization of such maps by their Lyapunov exponents, see [8, 6, 25]. We finally consider
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220 F. BERTELOOT, F. BIANCHI AND C. DUPONT

the possibility for a bifurcation locus to have a non-empty interior and establish the following
result.

THEOREM 1.8. — Let f : M x PX — M x PK be a holomorphic family of endomorphisms
of P*. The set of parameters A for which P¥ coincides with the closure of the post-critical set
of fy is dense in any open subset of the bifurcation locus of f .

Let us finally mention that bifurcation phenomena in families of polynomial automor-
phisms are studied by a totally different approach, the sharpest achievements are due to
Dujardin and Lyubich in their recent work on the dissipative Hénon maps of C? [23].

Acknowledgements. — We thank the referee for his careful reading and for his questions
which enabled us to improve the exposition.

2. Equilibrium webs

2.1. Sufficient conditions for the existence of an equilibrium web

Let us consider the set O (M, P¥) of holomorphic maps from M to P¥, endowed with the
metric space topology of local uniform convergence, and the closed subspace

& = {y € O(M,IP”‘) :y(A) € J, forevery A € M}.
For any probability measure o on O (M , ]P’k) and every A € M we define the measure

My = /Sy()k) d M(y).

This is a probability measure on P¥ which is actually equal to p;, ¢, where the mapping
pa: O(M,PK) — P* is given by p;(y) := y(}).
We shall sometimes say that the measures (. move holomorphically over M when f admits

an equilibrium structural web.

Equilibrium webs will be obtained as limits of discrete measures on O (M , Pk ) To this
purpose we shall use the following simple tool which somehow plays the role of the classical
A-lemma.

LEMMA 2.1. — Let f : M x Pk — M x Pk be a holomorphic family of endomorphisms
of P*. Let (cM,)n=1 be a sequence of Borel probability measures on O (M , Pk ) such that:

1) lim, (M) = 1), forevery A € M,

2) F v Mpr1 = Myor F .My = M, foreveryn > 1,
3) there exists a compact subset F C O (M, Pk ) such that supp M, C K.

Then any limit of(% Sl=1 Mo is an equilibrium web. When &F , oM, = M, any limit
of (My)n is an equilibrium web.

4¢ SERIE - TOME 51 — 2018 —N° 1
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Proof. — Let oW, := %Z;’Zl oM. By Assertion 3) (¢/,),>1 is a sequence of Radon
probability measures on the compact metric space €. Banach-Alaoglu and Riesz-Markov
theorems ensure that there exists a subsequence (JV,, k) x> converging weakly to a Radon
probability measure o on F. By Assertion 2), we have 7, Nn, = MNn, + Er where
the mass of € is less than 2/ny. This implies that 7, oM = oM as measures on &. Let us
extend oM toa Borel probability measure % on O(M,P¥) by setting %(A) = M(ANK).
Let us verify that ¢ is an equilibrium web. We still have ¢, oM = oM. Indeed,

Fo M ()= M (F AN F) = M (F AN ENF D)
= M (I AN BN F) = M (I (AN D)) = MAN F) = (A)

and _the identity follows since F *% and % are probability measures. From
PixcM = pu.cMand pi.cM = limg py.clN,, = pa provided by Assertion 1), we
deduce p,“/oﬁjl = u,. It remains to check supp% C /. Ifyg ¢ ¢/ then yo(do) ¢ supp pa,
for some Ay € M. Let Vy be a neighborhood of yo in O(M,P¥) such that Pio(Vo) C
Pk \ supp p;,. Then

(Vo) = M (Pra (P20(V0))) = Prow MUpag (Vo)) = 12 (Pag (Vo)) = 0
implies that yo & supp % O

We now explain how Lemma 2.1 is concretely used to produce equilibrium webs. The
proof relies on the equidistribution of preimages of points, see the articles [26, 10, 19] and
on the equidistribution of repelling cycles, see [9].

PROPOSITION 2.2. — Let f : M xIP¥ — M xP¥ be a holomorphic family of endomorphisms
of P¥ of degree d.

1) Assume that M is simply connected and that there exists y € O (M , IP’k) such that the

graph Iy, does not intersect the post-critical set of f. Then an equilibrium web is given by
.. 1 n 1 )

any limit of(z Dim1 8 X Figmy SU)n.

2) Assume that the repelling J-cycles of f move holomorphically over M. Let (p,,, j) 1</ <N,
be the elements of &/ given by the motions of these n-periodic cycles. Then an equilibrium

web is given by any limit of(# Zj-vil 8o, ,.) .
J ),

In both cases, f admits an equilibrium web M = lim, M, such that T, 0N Cr = @ for every
y € U, supp oH,.

Proof. — 1) The map f" : (M xP¥) \ f™ (Uj<pen fP(Cr)) — (M xPF) \

(U15 p<n J7 (Cy)) is a covering of degree d kn Hence, there exist d¥” holomorphic graphs

Ty, , such that /" (Ty;,) = Ty ie, F" - 050 = y. Letusset M, = o Zji:; 85, By
. kn

construction ¢, My41 = oM, and,forevery A € M, one has (cM,)1 = Fi7 2}1:1 8; ()

= Y frm=y() 6x — Ma, where the limit comes from the fact that y(1) ¢ U, FL(Cp).
The family (oj,,,)j , 1s normal, by a theorem of Ueda [36, Theorem 2.1], and therefore the
closure ¥ of Unzl supp oM, is a compact subset of 0 (M , IE”k). The conclusion immediately
follows from Lemma 2.1.
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2) Let us set oM, = # Zj";l 8p; .- The convergence of (¢H,), towards i, follows
from the equidistribution of repelling periodic points with respect to the equilibrium
measure, see [10] (note that the repelling cycles produced there are J-cycles). The normality
of the family (,Oj’n )J.’n can be seen by lifting these curves to curves of periodic points of a lift
of f to Ck+1. Again, one concludes by using Lemma 2.1. O

2.2. Acritical webs

To construct equilibrium laminations, it will be crucial to deal with equilibrium webs
giving no mass to the subset ¢/, of ¢/ whose elements have a graph intersecting the grand
orbit of the critical set of f.

DEFINITION 2.3. — An equilibrium web oM is said acritical if M (/) = 0 where &/ is
the singular part of & givenby s :={y € & : Ty 0N (Upmso /™" (Unso /" (Cr))) # 9}

As it will turn out, equilibrium webs given by Proposition 2.2 are acritical and this prop-
erty, combined with ergodicity, will allow us to build equilibrium laminations. This motivates
the following result.

PROPOSITION 2.4. — Let f : MxPK — M xP* be a holomorphic family of endomorphisms
of P*_If f admits an acritical equilibrium web M, then f admits an acritical equilibrium web
Mg which is ergodic and such that supp M, C supp M.

Proof. — Let us consider the convex set Pyep (GWV) of equilibrium webs of f which
are supported in €, where & := supp (cMy). Note that &7 (F) C K since oM, is
F-invariant. The set Pyep (“WV) is a compact metric space for the topology of weak
convergence of measures. It is actually closed in the unit ball B¢(g)y where C(¥) is the
separable Banach space of continuous functions on £ endowed with the norm of uniform
convergence.

Let us denote by Ext (Pyeb (F)) the set of extremal points of the compact metric
space  Puyeb ((56) By Choquet theorem, there exists a probability measure vy on
Ext (Pyweb (<)) such that

My = / E dvy (E).
EXt(g)web(t%))

Then
0= Mo (T = [ E(F,) dve ()
Ext(Pweb (F))
and the set of equilibrium webs & € Ext(Pyep (F)) for which € (&) = 0 has full
Vo-measure.

To conclude, we are left to check that any o € Ext(Pyeb (F)) is also extremal
in Piny (F) and therefore ergodic. Assume that ¥’ = § oM, + 3 M, where M, € Piny (F).
Then, as ¢}’ is an equilibrium web we have 113 = pi. (M) = 2 pax (M1) + 5 Pox (M)
for every A € M. Since py o f = fi o p, the probability measures p,. (cH;) are
fa-invariant and therefore the ergodicity of w; implies that py. (c#1) = pax (M) = ).
This shows that ¢}/ and o}, actually belong to Pyep (<) and the identity M = M, =
oM, then follows from the fact that o}’ is extremal in Pyep, (). O
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The following simple dynamical properties of the support of an equilibrium web will be
very useful. We thank R. Dujardin for pointing us this fact.

LEMMA 2.5. — Let M be a connected complex manifold and f : M x PK — M x P be a
holomorphic family of endomorphisms of PK which admits an equilibrium web M. Then:

1) the sequence (f/{7 ()/()L)))p>1 is normal for every y € supp M,

2) for every (Ao, zo) € M x Jy, there exists y € supp oM such that zg = y(Ao),

3) forevery (Ao, z0) € M x Jy, such that zg is n-periodic and repelling for f,, there exists a
unique y € supp oM such that zo = y(Ao) and y (L) is n-periodic for f; for every A € M.

Proof. — (1) We use f7(y(A)) = (&F”-y)(X) and the fact that oM is compactly
supported and &7 -invariant.

(2) As zg € Jy, and Jy, = supp uy, = supp M, there exist (y,), C supp M such that
vn(Ao) — zo. Then, since o/ is compactly supported, we can take for y any limit of (y,),,.

(3) By the implicit function theorem, there exists a neighborhood V), of A and a holo-
morphic map w : V;, — P* such that w(lo) = zo and w(A) is n-periodic for f3. We will
show that w coincides on V}, with the map y given by the previous item; the conclusion then
follows by analytic continuation. Our argument is local, so we can choose a chart and work
on Ck. Since zq is repelling, we can shrink V}, and find 4 > 1, r > 0 such that

2 lw) = [N = 17 w®) = [ )] = Alw@) -z
when A € V), and |lw(A) — z|| < r. On the other hand the first item ensures that
(fkp"(y()t)))p is a normal family, hence we can shrink again Vj, so that [w(A) — fP*(y(A)| < r
forevery p > land A € V.

Combining this with Equation (2) we obtain r > || w()\)—ff" (Y| = AP lwA)—y )|
for every p > 1 and A € V). This implies w(4) = y(A) on V}, since 4 > 1. O

2.3. Webs and currents

For every probability measure o} on 0 (M, Pk ) and in particular for any equilibrium web
we can define the current W, := [[I',] d M(y). It has bidimension (m, m) on M xP¥ and is
a woven current following Dinh’s terminology [17]. To perform certain computations, we will
have to explicitly relate equilibrium webs with positive horizontal currents (see Lemma 2.8
below). Before doing this, we recall some basic facts about horizontal currents.

DEFINITION 2.6. — Let M be a complex connected manifold. A current R on M x Ck+1 js
horizontal if supp R C M x K for some compact subset K C Ck+1.

Let us assume that & is a closed, positive, horizontal current of bidimension (m,m)
on M x CK+1 where m is the complex dimension of M. Then the slices (R, war, A) exist
for Lebesgue-almost every A € M and are positive measures on M x Ck*! supported
on {A}xCk+1 The following basic slicing formula holds for every continuous test function v
on M x Ck*1 and every continuous (m, m)-test form w on M:

() [ (R, 3) Wi 00) = (R A i (@), )
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Dinh and Sibony have shown that the slices of such currents do actually exist for every
A € M, see [20, Theorem 2.1]. Their basic result is as follows.

THEOREM 2.7 (Dinh-Sibony). — Let M be a m-dimensional complex connected manifold
and R be a closed, positive, horizontal current of bidimension (m,m) on M x CK+1. Then the
following properties occur:

1. the slice (R, war, A) exists for every A € M and its mass does not depend on .. € M,
2. the function A — [cx11 W (A, 2) (R, p, A) ispshor = —oo on M for any psh function
defined on a neighborhood of supp R

Let us now state the announced lemma. Let 7 : CK+!\ {0} — P¥ be the canonical
projection.

LEMMA 2.8. — Let B beaballinC™ andlet f : BxP* — B xPk be a holomorphic family
of endomorphisms of P*. Let F be a compact subset of O (B Pk ) Then, after shrinking B,
one may associate to any probability measure N supported on K a positive, horizontal
(m, m)-bidimensional current Wcjy on B x C**1 such that JT*(WJ\/, g, A) = Ny for every
A € B. Moreover, W(,j\/ depends continuously on V.

Proof. — Let (0i);<;<y be holomorphic sections of 7 whose domains of definition ;
cover P¥. Since ¥ is a normal family, we may shrink B so that for each y € % there exists
atleastone 1 <i < N such that I, C B x ;. This allows to define a map

o: X — 0(3,@"“)
yr>o(y)i=or0y

where / := min{l <i < N such that I, C B x Q;}. Now, for any probability measure oV
supported on & we set

Wy = [g[rgm] d N().

Then ]T*(Woj‘/, g, A) = N, forevery A € B by construction. O

2.4. Continuity of Julia sets and equilibrium webs

In Section 5, we will want to compare the holomorphic motions of the measures (1)) rep
with the continuity of their supports J, in the Hausdorff sense. To this purpose, we recall a
few definitions. Let Comp™* (]P’k) be the set of non-empty compact subsets of P¥ endowed
with the Hausdorff distance and let K. denote the e-neighborhood of K € Comp* (IP’k).
Amap E : M — Comp* (IP’k) is said upper semi continuous (u.s.c) at Ao € M if for every
€ > 0, one has E(A) C (E(Ao)). when A is close enough to 1. It is lower semi continuous
(l.s.c) at Ag if for every € > 0, one has E(Ag) C (E(A)), when A is close enough to 1. For
every A C M x P* we define (A); := A N ({1} x PX).

The starting point about continuity of Julia sets relies on the following observations, see
also [21, exercises 2.52 and 2.53].
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PROPOSITION 2.9. — Let f : MxPK — M xP* be a holomorphic family of endomorphisms
of PX. The map A v+ Jj, from M to Comp*(P¥) is L.s.c. If f admits an equilibrium web
M and Wy, is the woven current fg[F),] d M(y), then J, C (supp W), and the map
A+ (supp W), from M to Comp* (P¥) is u.s.c.

Proof. — The lower semi continuity of J, follows from the existence of continuous local
potentials for ;. Assume indeed that A — J, is not [.s.c at 1o9. Then we may find € > 0
and sequences A, € M, z, € Jy, such that dp« (z,, J3,) > €. After taking a subsequence
we may assume that z, — zo € Jy, and B(z0.§) C B(zx.5) C B(20.€). If € is small
enough, then 7 : CK*t1\ {0} — P* admits a section o on B(zg,2¢) and the functions
uy(z) := G(A,0(z)) are local potentials for the equilibrium measures, which means that the
restriction of u, to B(zo, 2¢) is the Monge-Ampére mass (ddSu A(z))k (see the beginning
of Subsection 3.1). Observe that, by the continuity of G, the potentials u,, converge locally
uniformly to u;,,. This implies that liminf,, 11, (B(ZO, f_t)) > U (B(ZO, g)) A contradiction
follows: 0 < ;. (B(zo. §)) < liminf, wy, (B(zo, §)) < liminf, uy, (B(z,. 5)) = 0.

The inclusion J; C (supp W), follows from J; = supppuy and uy = oM, =
/ g 8y d M (y). The upper semi continuity of (supp WW) , 1s elementary topology, see [22,
Proposition 2.1]. O

It is now easy to see that the existence of an equilibrium web implies that the Julia sets
depend continuously on the parameter.

PROPOSITION 2.10. — Let f : M x P — M x P* be a holomorphic family of
endomorphisms of PX. If f admits an equilibrium web then the map A + J from M
to Comp™ (]P’k) is continuous.

Proof. — According to Proposition 2.9, it suffices to show that (supp WQM) 5 C Ju. This
follows from the following lemma. O

LEMMA 2.11. — Let f : M x Pk — M x P¥ be a holomorphic family of endomorphisms
of PX. Assume that f admits an equilibrium web M. If zo ¢ Ja, then there exist € > 0
and ro > 0 such that M{y € & : Ty N [B(ke,€) x B(zo,1r9)] # @} = 0. Moreover
wy (B(zg,19)) = 0 for every A € B(Ag, €).

Proof. — Pick ro > 0 such that p;, (B(29.2r9)) = 0. As supp M is a normal family,
there exists € > 0 such that for any y € supp M:
I'y N [B(Ao.€) x B(zo,10)] # 0@ = y(A) € B(zo,2r¢) for any A € B(Ag, €).
Leta := M{y € &/ : Ty N[B(Ao,€) x B(zg,r9)] # @}. Then, for any A € B(Ao, €), we have
a = My e/ yR) € Blzo.2r0)} = pa (B(z0.2r0)) -
Applying this to A yields @ = 0 as desired. For every A € B(Ag, €) we have ) (B(zg,r9)) =
My € &/ : y(A) € B(zp,19)} < a = 0. This completes the proof. O
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3. Stability and the sum of Lyapunov exponents

In this section we establish (A)=>(B)<(E) of Theorem 1.1 and prove Theorem 1.6 and
Corollary 1.7. Formulas relating the critical dynamics with the sum of Lyapunov exponents
are at the heart of our approach. For a polynomial P of degree d, Przytycki [34] proved that
the Lyapunov exponent of the equilibrium measure satisfies

L(P)= ) Gp(c) +logd

ceCp

where Gp(z) = lim, d " log™ | P"(z)| is the dynamical Green function of P. This formula
was generalized by DeMarco [15] for the Lyapunov exponent L( f) of a rational map f. In
several complex variables, Bedford-Jonsson [3] established an analogous formula for the sum
of the Lyapunov exponents of polynomials mappings. We use here an extended formula for
holomorphic endomorphisms of P¥ obtained by Bassanelli-Berteloot, see [2, Theorem 4.1].

3.1. Formulas for the sum of Lyapunov exponents

To deal with this kind of formulas, a suitable framework is that of equilibrium currents
for holomorphic families of d-homogeneous non-degenerate maps. It has been introduced
by Pham [33] in the more general context of polynomial like mappings (see also the lecture
notes by Dinh and Sibony [21, Section 2.5]).

DEFINITION 3.1. — Let F : M xCK+t1 — M xCk*+1 pe a holomorphic family of d-homoge-
neous non-degenerate maps where M is some m-dimensional complex connected manifold. Let
& be a closed, positive, horizontal current of bidimension (m,m) on M x Ckt1 e say that
€ is an equilibrium current for F if the slice (€, mpr, A) is equal to the equilibrium measure
of F) forevery A € M.

Contrary to equilibrium webs, equilibrium currents always exist. One may dynamically
produce them and they do not detect bifurcations. For instance, Pham proved that the

converges to such a current for any

sequence of smooth forms (WF"* (n(*:kH 9) ),

smooth probability measure 6 on Ck+!. Note that such currents are not unique when k > 1.

It is also possible to define equilibrium currents for families of endomorphisms of P¥ by
means of Green functions. Let us briefly recall their construction. We consider a holomorphic
family f : M xP¥ — M x Pk which admits a lift F : M x Ck*1 — M x Ck+1. The sequence

Ga(h,2) 1= 7 log |} 2)]
converges locally uniformly on M x Ck*+1\ {0} to a function G which we call the Green
function of F. The norm | | is the euclidean one. The function G is psh and Holder
continuous, see [2, Section 1.2]. Let 7 : C*¥*!\ {0} — P* be the canonical projection
and wrs be the Fubini-Study form of mass 1 on P¥. The functions G, induce functions
gn 1 M x Pk — R by setting g, (X, 2) := G,(,Z) —log| Z |, for every Z satisfying 7 (%) = z.
We have:

l *
—f " (dd5 g + wrs) = dd§ g1 +ors.
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We define similarly g(A, z) := lim, g, (4, z), which is equal to G(A,Z) —log| Z ||, and set

k
8Green = (dd,{,zg +wFS> .

This is a current of bidimension (m,m) and, since slicing commutes with the operators d,
d®, the measure (EGreen, Tar, A) is equal to the equilibrium measure wy of f3 for almost
every A € M, using the horizontality of this current one sees that (€ Green, Tar, A) actually
equals py for all A € M (see [20]). The current Egreen Will play an important role in our
study (see Proposition 3.7). We call it the Green equilibrum current of f.

Before stating the results of this subsection, we fix a few notations.

Let us set D := (k + 1)(d — 1). The line bundle Cpx (D) over P¥ is seen as the quotient
of (CK*1\ {0}) x C by the relation (%, x) = (uZ,u®”x) for every u € C* and its elements are
denoted by [Z, x]. We endow Cpx (D) with the canonical metric

2, x]llo = &= P e b0 x|
or, for any A € M, with the metric
IZ. Xl = e~ P O3 x|,

Letusset Jr (A, Z) := detd; F). Then we obtain a family of holomorphic sections of Cpx (D)
by setting, for every Z € Ck+1\ {0}:

Jp A, m(Z)) =2, Jr (A, 2)].

Observe that
@) 17F A7 @) 2 = e P CHD IR 2)).
The current [Cr] := ddf log|lJg (A,z) [lo is the current of integration on Cy taking

account the topological multiplicities of f, its bidimension is equal to («,x) where
k:=k+m-—1.

THEOREM 3.2 (Bassanelli-Berteloot). — Let f : M x Pk — M x Pk be a holomorphic
family of endomorphisms of PX. Let L()) be the sum of the Lyapunov exponents of 5. Then

dde = TTMx (8Green A [Cf]) .

We end this subsection by explaining how Pham [33] obtained a more general formula. His
result holds for any equilibrium current of any family of polynomial-like maps, we state it in
the special case of non-degenerate homogeneous maps for sake of simplicity. Let us consider
a holomorphic family F : M xCk*+1 — M x C*k*! which is the lift of f : M xP* — M xP*.
Then the function log |/ (A, %)| is psh on M x Ck+1 and the sum of Lyapunov exponents
of F; with respect to its equilibrium measure vy is given by [« 1 log|Jr (A, 2)| dv, () and
is equal to L(X) + logd where L(4) is the sum of Lyapunov exponents of ( f;, tt3).

THEOREM 3.3 (Pham). — Let F : M x Ckt1 — M x Ck*+1 be a holomorphic family of
non-degenerate d-homogeneous maps and let £ be an equilibrium current for F. Then:

1. the current log|JFr|- € has locally finite mass,
2. ddSL = my, (8/\ dds 10g|JF|).
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To prove that ddj L vanishes when repelling J-cycles move holomorphically (Subsec-
tion 3.2), we shall actually need the following formula for dd§ L whose proof follows Pham’s
arguments.

PROPOSITION 3.4. — Let B be an open ball in C™ and let f : B x P¥* — B x P¥ pe a
holomorphic family of endomorphisms of PX. Assume that f admits an equilibrium web M.
Then

dd§L = mp. (W, Addy log | J5 (A, 7(2) |I2)

where 15170% is the (m, m)-bidimensional current on M x CK+1 associated to oM by Lemma 2.8.

Proof. — We first check that for every A € B we have
© [, T8 17 G I (s, 20 = L) +logd.
Indeed, since n*(WQM, g, A) = uy, we get

/ log |3 (. 7)) 12 (W . 7. A) = / log | 7§ (1. 2) 11 i
(Ck+l Pk

On the other hand, by Formula (4) and since G identically vanishes on the support of the
equilibrium measure v, of F and m,.v); = u,, we have

[ rog 5 Gyl = [ 1ogllg3 (o) 1 v
Pk Cck+1
= [, loelr @) vy = L) + logd.
ck+1

and the identity (5) follows.

Pham proved that u - R has locally finite mass for every psh function u and every
horizontal current (R as soon as [+ u(A,:) (R, 7w, A) # —oo for some A € M, see
[33, Theorem A.2]. It thus follows from (5) that the current log || J§ (A, w(Z)) |5 - W is well
defined and that its ddfj is equal to VI~/OM A ddfj log | /5 (A, 7(2)) [|a-

We conclude by simple computation which relies on integration by parts (to make it
rigorous one should approximate log ||/ (A, 7(Z)) |5 by smooth functions). Let ¢ be a
(m —1,m — 1) test form on B. Then

(p (Woe A ddS S10g | T3 07 (3) [12) . 9) = (og [T 72 - W, ddif ; (whe) )
= (Wor Ap (ddSe) og|[ T3 (. m(E)) ).

By the basic slicing formula (3) and the identity (5), this is equal to

/B(WQM,;TB,A) log |75 (A, (%)) ||;L)ddf<p=/Bdef<p= (ddSL.g).

This completes the proof. O
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3.2. Repelling cycles do not move holomorphically on supp dd; L

The following proposition will be used in Subsection 3.5 to prove (A)=-(B) of Theorem 1.1,
namely that ddj L = 0 on M if the repelling J-cycles move holomorphically.

PROPOSITION 3.5. — Let f : MxPK — M xP* be a holomorphic family of endomorphisms
of P¥ which admits an equilibrium web oM which is given by oM = lim,, M, whereT),NCy = 0
forany y € \J, supp M,. Thendd;L = 0on M.

The fact that the holomorphic motion of the repelling J-cycles over M imply the pluri-
harmonicity of L on M was proved in [2, Theorem 2.2] or [7, Theorem 1.5]. Proposition 3.5
actually provides a more general result which will also be used for establishing the density
of Misiurewicz parameters in bifurcation loci (see Subsection 3.3). The proof requires the
following technical lemma.

LEMMA 3.6. — Let B be an open ball in C™ and let f : B xP* — B xP* be a holomorphic
family of endomorphisms of PX. Let Z be a codimension 1 analytic subset of B x P* which
does not contain any fiber {\} x PK. Assume that there exists an equilibrium web satisfying
oM = lim, M, where T, N Z = @ for every y € |, supp oM, and every n > ng. Then,
after shrinking B, the following estimate occur. For any relatively compact ball B’ in B, there
exist A > 0and 0 < a < 1 such that

M ({y € T: Ty, NZc#0) < Ae"

for every sufficiently small € > 0, where Z is the e-neighborhood of Z.

Proof. — We can assume that both B and B’ are centered at some Ay. After maybe
shrinking B we may find a finite collection (£2;, /;)1<i<y Where the ; are open and cover
B x IP¥, the functions /; are holomorphic and bounded by 1 on Q; and Z N Q; = {h; = 0}
forany 1 <i < N.If € is small enough, we may also assume that Z, N Q; C {|h;| < Ci€}
and, by Lojasiewicz inequality, that {|h;| < €} C Zc,r for some constants Cy, C,, 7 > 0.
Similarly, one has Z N ({10} x IE”") C (Z N ({ro} x ]P’k))c36,0 for some constants Cs, 79 > 0.

Since ¢ has compact support in &/, we may shrink B again so that for any y € supp oM
there exists at least one 1 <i < N such that I', C Q;. We shall use the following claim.

CLAIM. — There exists 0 < a < 1 such that supg, |¢p| < |¢p(to)|* for every to € B’ and for
every holomorphic function ¢ : B — D*.

Let y € supp oM such thatI, N Z = @ and FV|B’ NZe # 0. Applying the Claim to h; oy
with I, C ©; we obtain that Fy| C Zc,eve for some constant C4 > 0.
B/

On the other hand, by our assumption on the approximation of oM by oM, Hurwitz
lemma implies that either I')y C Z or I'), N Z = @ for any y € supp oM. We thus have

M((ye Ty NZAB) = M(lyeJT: Ty, CZeyra})
= M({y € T (o.y(R0)) € Zcyere})
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= 120 (Zesera 1 (120} x P¥))

<1y (20 (1201 x 7))

where the last estimate is due to the fact that u;, has Holder-continuous local potentials (see
[21] Proposition 1.18) and Z N ({1¢} x P¥) is a proper analytic subset of P¥.

< Ae?,

C3(Cye¥T)0 :|

It remains to prove the Claim. Let § := {9 € C(B,H) : ¢(s) = —1forsomes € B’}
where H = {Mz < 0} is the left half plane. Then { is compact for the topology of
local uniform convergence, and thus the quantity (—) := supyep sup,g Re(s) satisfies
—1 < —a <0.Letty € B’ and ¢ : B — D* be holomorphic. After a rotation in D* we may
assume that |¢(f9)| = ¢(Z9) €]0, 1[. Let ¢ : B — H be the lift of ¢ by the exponential map,
which satisfies ¢ (7o) = log¢(z9) €]—00, 0. Then @y (¢) := —¢(1)/¢(to) belongs to § and thus
M(po) < —a on B’. This is the desired estimate since || = e™¢ < ¢*102¢00) — |p(10)|*. O

Proof of Proposition 3.5. — The problem is local and we may therefore take for M a ball
B C C™ and assume that f : B x P — B x PX admits a lifted family F : B x Ck+! —
B x C**1 of d-homogeneous non-degenerate maps. We will apply Lemma 3.6 with Z = Cr.
Let B’ be any relatively compact ball contained in B.

After shrinking B we may use Lemma 2.8 and associate to ¢} the following horizontal
current on B x Ck+1

Wosc= [ Mol d ).
According to Proposition 3.4, one has
ddjL = nB*(Ww Addj ;log||JE (A, (Z2)) 12)-

Using |J3 (A, () » = e PCAD|Jp(X,7)| (see Formula (4)), and the fact that the
functions L and G are psh, we obtain
0 <ddfL = np.(Wys Add§ ;log|JF|) — Drge(Was A dd§ ;G)
< 75 (Wope A ddf 5 log|JF).
Hence it suffices to show that the current log | JF | We% restricted to B’ xCk+1isd d; ; closed.

For e < 1 we set log, := y o log where y. is a convex, smooth, increasing function
on R such that ye(x) = x if x > loge and y.(—o0) = 2loge. Then log, |JF] is a
decreasing family (when ¢ — 0) of smooth psh functions which converges to log|JF|.
As lim g log, |Jr| W, = log|Jr| W, we will actually deal with log, |Jz| W .

To this purposE we set Ue 1= {|JF| < €}, Syp.e := {y € supp M : Fo(y)|3/ NUe # @}
and decompose Wy, as:
Wi = Wore + W,
where Wy, == [9[Co]ls .. d M (y) and WC}%E := W, — Wye. Then

log. [JF| W = log, | T | Woy.e +log. |Tr| W3,
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and, by construction, the current log,|J F|W* el Brwck+1 is ddj ;-closed since
log, |JF| = log|JF| is pluriharmonic on the graphs I, which do not intersect Ue. It
thus remains to check that lim, log, |Jr| Wy, = 0. This follows from the estimate

Iog [TF| Warell < IlogeloM (Sone) S €?|logel

where the last inequality is obtained after having observed that there exist b, 8 > 0 such that
SeClye J: Fy|B/ N (Cr)pes # @} and applying Lemma 3.6. O

3.3. Misiurewicz parameters belong to supp ddj L

We establish here the following result.

PROPOSITION 3.7. — Let f : MxPK — M xP* be a holomorphic family of endomorphisms
of PX. Then the Misiurewicz parameters belong to the support of d diL.

The proof relies on an infinitesimal transfer mechanism which was first used by Buff and
Epstein [12] in the context of rational maps.

Proof. — If Ay € M is a Misiurewicz parameter then, by definition, there exists a holo-
morphic map y from a neighborhood of A¢ into P* such that:

1) y(A) € J, and is a repelling po-periodic point of f) for some pg > 1,
2) (Xo,¥(X0)) belongs to some component of f9(Cy) for some ng > 1,
3) the graph I'), of y is not contained in a component of f"°(Cy) satisfying 2.

Without loss of generality we may assume that po = 1 and that M isa disk D, C C
centered at A9 = 0 with radius p. Moreover, conjugating by (A,z) — (A, T)1)(z)) where
Ty () is a suitable family of linear automorphisms of P* ensures that y is constant equal
to z; := p(0). Let us denote by B, a ball centered at z; and of radius r. Taking p and r
sufficiently small finally allows us to suppose that:

(i) f isinjective and uniformly expanding on D, x B,: there exists K > 1 such that
V(A.z) € Dy X By, dpi (f(A.2), f(A.21)) = Kdpi(z.21)
(i) (A,z1) € f"(Cr) & A =0.
The fact that y(4) € Jj is crucial but will only be used at the very end of the proof.
We have to show that (ddjL,1p.) > 0 for some 0 < € < p. To this purpose, we will
use the formula ddjL = (7p,)« ((ddf,zg + w)k A [Cf]) given by Theorem 3.2, where

o = wrs. Let (g,)» be a sequence of smooth functions on P¥ which converges uniformly
to g and satisfies %f*(ddf ,8n+w) =dd; gni1+o (see Subsection 3.1). We shall proceed
in three steps.
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k
First step. — (ddSL,1p.) = d="k([f"0(Cy)] A (dd;,zg n w) Ap.xB,)-

Pick (0,z9) € Cr such that f70(0,z¢) = (0, z1). After reducing € and r, we may find a
neighborhood U of (0, zg) such that the map f"° : U — D, x B, is proper. According to
Theorem 3.2, we have

k k
(ddjL,lDE)=<(ddj,zg+a)> /\[Cf],lDSonD0>2<(ddf’zg+a)) A[cf],1U>.

Using the smooth approximations g,, we get
k ) k
<(dd,f’zg + a)) IN[eh) 1U> - 11’1?1<(dd,{,2gn+n0 + a)) IN[eA) 1U>

. k k

= limd ™" <1U-[Cf],(f”°)* (dd5 0 + ) >
n .
. k k

= limd " <(fno)* (1l -[C7)) . (dd5 gn + ) >

Now, as /"0 : U — D¢ x B, is proper, one has (/). (1y[Cr]) = 1p.xa, [/ (Cr)] which,
since ddy _gn + w is positive, yields

k
(ddsL,1p.) > lirrlnd‘”ok <1D€xBr [ (Chl, (ddi,zgn + w) >

k
> lim d "% <(ddi o) AL, 1D€x3,> .
p ,
The desired estimate follows by uniform convergence of g, to g.

Second step. — We set Ag := 1p_xB,[f"°(Cr)] and Ap41 := 1p_xB, f+(Ap). Then
c k k c k
14, A (ddkazg n a)) | = dP*|(1p.xs, o £7) Ao A (ddA,Zg + w) I
k
< d™ 4o A (dd5 g+ o) |
To prove this mass-estimate, we use again the smooth approximations gj.
k . k
471 7 (45 cn +0) 1l = (10,8, (A7), (405 2+ o))
. k
= <Ap,f (lpexBr (dd)f,zg,, + a)) )>
k
= d* <Ap, 1o, o f (dd5 gni + o) >
k
=d* <Ap A (ddf,zgnH + 0)) .1p.xB, © f>

=d*|(1 A dd¢ g
I(1p.xB, © f)Ap Add5 ,gnt1 + @) ||

Taking the limits when n tends to infinity yields the conclusion.
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Third step. — (dde, IDE) > 0.
By combining the two former steps, one gets:

k
(6) dPHOR (dder 1) > |4, A (dd;zg n a)) I

By (i) and (ii), f is uniformly expanding on D, x B, and (supp Ag) N (D, x {z1}) =
{(0,z1)}. Thus supp 4, C D, X B, for some €, — 0. Let us momentarily admit that there
exists m > 0 such that

(7) Ap = m [{0} x B,].

We then deduce from (6) that, for p large enough, one has:

APk (gaer 1p) > =
( A De)— 2

[{0} x B,] A (dd,{’zg + co)

k ‘

We conclude by using the fact that z; € Jy: the right hand side is equal to

2 [ @aze0.2+ o) = Zpats) > 0
B,

To complete the proof it remains to establish (7). Let us denote V' := D, x B, and
V' := f(V).Byassumption f : V — V’is a biholomorphism whose inverse will be denoted

byh : V' — V. According to (i), V C V’ and (h|V>p converges to (4, z) — (4, z1). We now
use (ii). After shrinking p and r, we may find a Weierstrass polynomial

YA, z) = A"+ (DA™ 4 4 p(2)
such that aj(zy) = 0for0 < j <m —1and /" (Cs) N (D, x B;) = {¥ = 0}. Observe
now that 4¢ = lvddf,z log |¥| and that
A1 = ly fudo = lyh™ Ao = ly(1y o h)ddj ,log|y o h| = 1ydd} ,log |y o hl,

where the last equality comes from A2(V) C V.

Similarly we have 4, = lyddj logl|y o (h]y)? | and the conclusion follows since
Yo (hly)? (A, z) — A™. O

3.4. Misiurewicz parameters are dense in supp dd; L

We start with the following proposition; the statement is local since it is based on holo-
morphic motion of hyperbolic sets.

PROPOSITION 3.8. — Let f : BxPK — B xP* be a holomorphic family of endomorphisms
of P¥ where B is a ball centered at the origin in C™. If there is no Misiurewicz parameter in B
then, after shrinking B, there exists y € ¢/ for which Ty, does not intersect the post-critical set

of f.

Every hyperbolic set admits a holomorphic motion which preserves repelling cycles (see
Subsection A.1). We need a more precise result concerning the size of such sets and the
position of their motions with respect to Julia sets. Here B, denotes a ball centered at the
origin in C™ and of radius r.
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THEOREM 3.9. — Let f : B x P* — B x P* be a holomorphic family of endomorphisms
of P*. There exist an integer N, a compact hyperbolic fON -invariant set Ey C Jo and a
holomorphic motion h : B, x Eq — P¥ for some 0 < r < 1 such that:

1. the repelling periodic points of fON are dense in Ey and Ey is not contained in the post-
critical set of fON ,

2. hy(z) € Jy forevery A € B, and every z € Ey,

3. if z is periodic repelling for fON then hy (z) is periodic repelling for fAN .

The proof of this result requires a few tools. To create hyperbolic sets, we use a classical
device based on the following proposition which is a consequence of [9] (see also [7]). For any
endomorphism fy of P¥ and every A € P¥, n > 1 and p > 0, we denote by C,, (A4, p) the set
of inverse branches g; of f;' defined on A and satisfying g;(A4) C 4 and Lipg; < p.

PROPOSITION 3.10. — Let fo be an endomorphism of P* of degree d. For every p > 0 there
exist a closed ball A C P* centered on Jt, and a > 0 such that Card C, (A, p) > adk”,

To control the size of hyperbolic sets, we use an entropy argument. Our key tool is the
following result which is due to Briend-Duval [10], de Thélin [35] and Dinh [18] (see also [21]
Corollary 1.117).

THEOREM 3.11. — Let g be an endomorphism of P* of degree d. Let k be an ergodic
g-invariant measure with entropy h, > (k — 1)logd. Then k gives no mass to analytic subsets
of dimension < k — 1 and the support of k is included in the Julia set of g.

Proof of Theorem 3.9. — Let p < 1 and A be a closed ball provided by Proposi-
tion 3.10. Let us fix N large enough such that N’ := CardCn(4,p) > d% DN We
denote by g1, ..., gn’ the elements of Cy (4, p). Let Ey := ﬂkzl E;, where

Ex:=1{gio...og(A): (ir,....0x) € {l,....N}* }.

Let = := {1,..., N}V endowed with the product metric and z be a fixed point in AN Jy, for
instance the center of A. The map w : ¥ — E, defined by (i1,i2,...) = limg_0 g3, ©... 0
gi, (z) is a homeomorphism satisfying /¥ o w = w o s, where s is the left shift acting on X.
We take for « the image by w of the uniform product measure on X: thisis a f ¥ -invariant
ergodic measure with entropy i, = log N’ > (k — 1) logd”, with support Ej.

By construction Eq C Jg,. Indeed, Eg = {limg_o0 gi; ©...0 &, (2) ¢ (i1,i2,...) € B}
and Jy, is a closed SV -invariant set. Also, repelling cycles of £V are dense in Eg. According
to Theorem 3.11, £y = supp« is not contained in the countable union of analytic subsets
Uns1 f¢(Cry)- The set Eo is hyperbolic for £V since [(dfg¥)~!™! > % > 1 on Ey and
thus there exists a holomorphic motion % : B, x Eq — P which preserves repelling cycles
(see Theorem A.2). It remains to show £, (Eg) C Jy, . For that purpose we use the fact that
hy : Eq — P¥ is a continuous injective mapping satisfying 1 o fON = fAN oh) on Ey. Then
(hy)«k is a fAN -invariant ergodic measure whose support coincides with 4, (Eq) and whose
metric entropy equals /.. Theorem 3.11 yields £, (Eo) C Jy, as desired. O

We now use Theorem 3.9 to establish Proposition 3.8.
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Proof of Proposition 3.8. — Let Eg C Jo and r €]0,1], N € N provided by Theorem 3.9.
Since f, AN and f) have same equilibrium measures and post-critical sets, we may assume that
N =1.Letusfixz € Eg\ U, fo'(Cy,) (see item 1).

Let us set y(A) := h,(z). By item 2 we have y € ¢&/. Let us show that

®) r,n (¢ =0
n>1

Assume to the contrary that there exists nop > 1 such that I', N f"0(Cy) # 0. Note that
y(0) ¢ fmo (C f). By item 1, there exists a sequence (z,), C Eo of fo-periodic repelling
points which converges to z. Items 2 and 3 assert that 4 (z,) € Jy and 7, (z,) isa fy-periodic
repelling point for every A € B,. As h is continuous, A — 5, (z,) converges locally uniformly
toA — ha(z) = y(A). Hence, for p large enough, the graph {(A,h,(zp)) A € B,}is
not contained in f"°(Cy) (consider the parameter A = 0) and, by Hurwitz’s lemma, there
exists A, € B, such that (A,,h,,(zp)) € f"°(Cr). The parameters A, are Misiurewicz,
contradicting our assumption. O

We can now prove Theorem 1.6 which, in particular, says that Misiurewicz parameters are
dense in the support of dd€ L.

Proof of Theorem 1.6. — By Proposition 3.7 there are no Misiurewicz parameters in M
if ddiL = 0 on M and thus (a)=(b). If there are no Misiurewicz parameters in M then,
by Propositions 3.8 and 2.2, for any parameter A one an find an open ball B centered at A

such that the restriction f | Bk admits an equilibrium web ¥ = lim, M, satisfying
I, NCs = @forany y € J,supp cH,. Thus (b)=(c). Finally, (c)=(a) follows from
Proposition 3.5. O

3.5. Proofs of part of Theorem 1.1 and Corollary 1.7

Let f : M x P — M x P¥ be a holomorphic family of endomorphisms of P*. We
first establish the implication (A)=(B) in Theorem 1.1. If the repelling J-cycles of f move
holomorphically then, using the second assertion of Proposition 2.2, one gets an equilibrium
web oM for f such that ¥ = lim, M, and T, N Cr = @ for any y € |, supp cM,. By
Proposition 3.5, this implies that ddj L = 0 on M. This justifies (A)=>(B). In the spirit of
the Proposition 1.26 of [21] concerning the Julia set of a single endomorphism of P¥, we have
the following proposition. It implies the equivalence (B)< (E).

PROPOSITION 3.12. — Let B be an open ball in C™ and let f : B x P¥* — B x P¥ be a
holomorphic family of endomorphisms of P¥ of degree d. We endow B x P* with the metric
dd; IA]> + wrs and denote | - |y the mass of currents in U x PX. The following properties are
equivalent.

1. Ao € suppddj L.
2. liminf, d=*" [(f")«[Crllu > 0 for every neighborhood U of A.
3. limsup,, d~k—Dn [(f™")«[Crllu = +oo for every neighborhood U of Ag.

Proof. — The equivalence between 1, 2 and 3 is a direct consequence of the following
Lemma. D

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



236 F. BERTELOOT, F. BIANCHI AND C. DUPONT

LemMaA 3.13. — Thereexistsa = a(k,m) > 0such that, for every compact subsetU C M :

|(fn)*[Cf]|U = oedk”|ddCL|U + O(d(k_l)”).

Proof. — Letussetk := k +m — 1. Then

UGl = [ (ulCnors+adfAPY = [ 1A Tors+dd5 AP

X

Usingwk}! = 0, we obtain [wps +dd§|A|?]¢ = Z;‘:O o; wf;s/\(dd/{ |A|?)*~7, where the a;’s
are positive numbers. Since 7y o f = mpr, we obtain

k
(") [ors +dd§IAPE =0 (/) ohg) A dd5IAP .
j=0

Let  :=ddf g+ wrs so that 9" = EGreen- By the functoriality f* & = d & we get
(f”)*(a)iws) =d"Y - dd/f’zg o f™)7. Now, using the fact that g is bounded, by extracting
the k-th term of the preceding sum we obtain:

(f") lors +dd§IAP = ax d" T A @5 AP + 0@ =om,
Then

4Rl = o f [CAIA T A @ddSARY™ + 0™

U xPk

—ai [ o AGIA (TSP 4 O™ = aulddC Ll + O™,
U xP

where the last equality comes from Theorem 3.2, which asserts that dd; L = g« (8 Green A [Cf]).
We set o := . This completes the proof of the lemma. O

Proof of Corollary 1.7. — By assumption, for every n > 1 we have subsets R, :=
{on,j + 1 < j < N,}of &/ such that the p, ;j(A) are repelling n-periodic points of f for
every A € M. Note that lim, d %" N, = 1. We define a sequence (},,), of f-invariant
discrete probability measures on §/ by setting oM, := NL" Z_ﬁvgl 8p,. (). According to the
second assertion of Proposition 2.2, (¢},,),, converges to an equilibrium web oM after taking
a subsequence. Moreover, there exists a compact subset € of §/ such that supp ¥, C &
foreveryn > 1.

Let us now prove that o (/) = 0. By the implication (A)=(B) of Theorem 1.1 we have
dd°L = 0 and then Theorem 1.6 implies that M does not contain Misiurewicz parameters.
We can now see that for every k € N and every y € supp ¢ one has:

Ty N f5(Cr) # 0 =Ty C f5(Cy).

Indeed, if this were not the case, by Hurwitz theorem, we could find some y’ € | ,, supp ¥,
such that I'), N f k(Cf) # ¥ and T’y is not contained in f k (Cr). When k = 0 this is clearly
impossible since y’(A) is a repelling cycle of f; and when k > 1, this is impossible because
M does not contain Misiurewicz parameter.
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So, fixing any Ag € M, we get

Myed:TynlJrfep|#£0|=M|tyveg: 1| rfeH

k>0 k>0

< M|{red: Gorto)e |l e | =mo | U MCn)|=0
k>0 k>0
where the two last equalities come from pj,. (c#) = uy, and the fact that 1, does not
charge pluripolar sets in P%. The estimate ¥ (&/;) = O follows from the #-invariance
of oM. Finally, Proposition 2.4 shows that there exists an ergodic equilibrium web ¢}, such

that oM, () = 0. O

4. From equilibrium webs to equilibrium laminations

Our goal here is to establish the implication (A)=-(D) in Theorem 1.1. We prove the
following more precise result.

THEOREM 4.1. — Let M be a simply connected complex manifold and f : M x P¥ — M x
P* be a holomorphic family of endomorphisms of P* of degree d > 2. If the repelling J -cycles
of f move holomorphically over M or if f admits an acritical and ergodic equilibrium web
then there exists an equilibrium lamination Z for f. Moreover, f admits a unique equilibrium
web M and M (L1 AL>) = 0 for any pair of equilibrium laminations Ty, > of f .

Given an acritical and ergodic equilibrium web ¥ of f, our strategy will consist in first
proving that the iterated inverse branches in (&/, &7, M) are exponentially contracting and
then exploit this property to extract an equilibrium lamination from the support of . By
totally different methods, Berger and Dujardin ([4]) have recently built measurable holomor-
phic motions in the context of polynomial automorphisms of C2.

4.1. On the rate of contraction of iterated inverse branches in (&/, of, W)

We explain here how certain stochastic properties of the system (&7, of, M) allow to
control the rate of contraction of the iterated inverse branches of &7 (see Proposition 4.2).
We adapt to the context of (&/, &7, oM) the tools which have been first introduced in [9]
by Briend-Duval for the case of a single holomorphic endomorphism of P¥. Let us stress
however that new arguments will be introduced in Subsection 4.2.

Since all our statements here are local we may assume that the parameter space M is a
simply connected open subset of C” which we endow with the euclidean norm.

To study the inverse branches of the map 7, it is convenient to transform the system
(&, &, M) into an injective one. This is possible using a classical construction called the
natural extension which we now describe (we refer to [14] page 240 for more details).

Recall that & := supp ¢ is a compact subset of ¢/ and that M (&/5) = 0. Setting
X = K\ s, itis not difficult to check that the map o : &0 — & is onto. We may therefore
construct the natural extension (56 /05\7 /oﬂjl) of the system (X, of, cH) in the following

way. An element of  is a bi-infinite sequence P = (..., ¥—j,V—j+1s---+¥Y=1,Y0: V1,---)
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of elements y; € X such that ¥ (y—;) = y—;j+1 and one defines the map /&? ANy by
setting .
J@) = F =), S (v=j1) - )

The map /&\7 corresponds to the shift operator and is clearly bijective. There exists a unique

measure /@J\VZ on 36 such that
(7))« (c/ﬂ\/l) =M

for any projection xr; : Y- A given by 7; () = y;. The ergodicity of o implies the ergod-
icity of /oﬂ\/i We have thus obtained an invertible and ergodic dynamical system (56 /QG? /J;Z) .

For every y € ¢/ whose graph I'), does not meet the critical set of f, we denote by f, the
injective map which is induced by f* on some neighborhood of I', and by fy_l the inverse

branch of f, which is defined on some neighborhood of T g(,y. Thus, given y € ¢ and
n € N we may define the iterated inverse branch f]{” of f along ¥ and of depth n by

—n._ £=1 _ .. -1 -1
f? =Ty, © ° Ty Ty

Let us stress that f}{” is defined on a neighborhood of I'y, with values in a neighborhood
of I',_,,. Moreover, since only a finite number of components of the grand critical orbit of f
are involved for defining f){", we may always shrink the parameter space M to some 2 € M
so that the domain of definition of f?_" for fixed n and ¥ contains a tubular neighborhood

of Ty, N (2 x P*¥) of the form
Ta(yo.n) :={(A.z) € @ x P* : dp (2. y0 (1)) < n}.

Our goal is to get a uniform 75, independent from n, and to control the size of
5 (Tuy (y0.Mp(¥))) for suitable 7,(¥) > 0and Up C M. We will now explain how
this boils down to estimating some kind of Lyapunov exponent. This requires however to
first introduce a few more notations.

To start with, we need to fix sets of holomorphic charts with bounded distortions on P¥.
For any © > 0, there exists a covering PF = va=1 Vi by open sets and a collection of
holomorphic maps

Vi Vi x Ber (0, Rg) — PK
such that ¥; ; := ¥;(x,-) is a chart of P¥ satisfying ¥; ,(0) = x and
© TPz — 2| < dpx (Vix(2) Yix (2) < €72z = 2|

for every (x,z) € V; x Bex (0, Rg) and every 1 <i < N.

We will now use these holomorphic charts to express the restrictions of f” on suitable
neighborhoods of graphs I',. Let us fix A in M. Since the family & = supp M is locally
equicontinuous, there exists a relatively compact open ball W, centered at A in M such that:

Vy e F. 3i €{1,2,...,N}suchthat y(1) € V; forall A € W,.
Forall y € ¥ we set
i(y):=inf{l <i <N :y(A) eV forall A € Wy}.
Then, for every n > 1 there exists R, €]0, Ry] such that the maps F;’( I given by

-1
(10) Fyoy = (Vigmngmnw) © f3 o Vieyo
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are well defined and holomorphic on a fixed neighborhood of W, x m for every
y € F. This follows immediately from the uniform continuity of f” on W, x P¥.

As FJ,, is locally invertible at the origin when y ¢ ¢/s, we may now define functions u,
on & x Wy by setting

un(y, A) := log [ (DF};, (0) ']

Let us stress that (DF;’( 2 (0))~! depends holomorphically on A € Wj.

From now on we consider three open balls Uy € V, € W, centered at Ao in M. Let us
introduce the function r, on & and %, on 56 by setting

~ o~ 1
(1) ru(y) := e 25Prctp un(-2) and Un(¥) := sup uy(yo,A) = —=logr,(yo).
AUy 2

We may now state the announced result.

PROPOSITION 4.2. — Let f : MxPK — M xP* be a holomorphic family of endomorphisms
of P¥ of degree d > 2 which admits an acritical and ergodic equilibrium web M. Assume that
the functions U, are M-integrable and that

1 — 1
(*) lim—/fin deM =L forsome L < ——logd.
nonJz 2

Then there exist p > 1, a Borel subset @ C QE)}C such that /07171(@) = 1, a measurable function
My © Y —10,1] and a constant A > 0 which satisfy the following properties.
Foreveryy € Y andeveryn € pN* the iterated inverse branch f){” is defined on the tubular

neighborhood Ty, (yo, Tp(¥)) of Ty, N (Uy x P*) and
15" (Tue (70, 1y (@) € Tuig(y—n,e"4).
Moreover, the map f?_” is Lipschitz with Lip f){” < ?;(?)e_”A where?;,(i/\) > 1.

The proof of Proposition 4.2 follows Briend-Duval [9] and is given in the appendix.

4.2. Estimating a Lyapunov exponent

The main result of this subsection is as follows; it asserts that the assumption (x) of
Proposition 4.2 is satisfied when f admits an acritical and ergodic equilibrium web M.

PROPOSITION 4.3. — Let f : MxPK — M xP* be a holomorphic family of endomorphisms
of P* of degree d > 2 which admits an acritical and ergodic equilibrium web oM. Then the
functions Uy, are M-integrable, there exists a constant L < —% logd such that

1 —
im— | Up,doM =1L
and lim,, %ﬁ,, ¥) = L for M-almost everyy € &X.

Note that the constant L may be considered as a bound for a Lyapunov exponent of the
system (&/, ¢, o). The combination of Propositions 4.2 and 4.3 will allow us to prove
Theorem 4.1 (see Section 4.3).

We keep here the assumptions and the notations introduced in the previous subsection.
In the next Lemma, we list some basic properties of the functions u, and .
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LEmMaA 4.4, — Let Uy € Vo € Wy be open balls centered at Ao in M. Let y1(A) be the
smallest Lyapunov exponent of the system (Jy, fi, wy). The functions u, and U, satisfy the
following properties.

1) u,(y,-) is psh on Wy for every y € .

2) The sequence (y)y is subadditive on X, ie., Umtn < Up + U © /(5]7"

3) For any fixed . € Wy, we have lim,, %un (7, A) = —x1 Q) for oM-almost every y € &X.

4) For oM-almost every y € & we have limy, %un(y, A) = —x1(A) for Lebesgue-almost

every A € Wy.

Proof. — 1) When y € &\ is fixed the function u,(y, ) is clearly continuous on W, and
Un(y,A) = supj,=1 log|| (DF;’(A) (0))~!-e||. To see that u, (y, -) is psh it thus suffices to notice
that A — log || (DF;’(A) (0))~! - e| is psh for each unit vector e € C¥.

2) Let y € &0 and m,n > 1. It follows immediately from (10) that

-1 -1 -1
+ _
(12) (DF;'&)” (0)) - (DF;W(O)) o (DF'"H(W)(O)) VA € W
Thus, if y € I we have
Ten (7) = 108 36 (1D, 6y O | IDF 5o O™ )
o~ AN o~ —=n A
< log sup [(D ;0(,1)(0))_1“ + log sup ”(DFmﬂ(yO)(,\)(o))_IH =Un(¥) + Um(F (7))
AeUy AeUy
3) By Oseledec Theorem, the subset Jj ; of J, defined by

Jag = {x € Jp o limy o log (DM = — 11 (M)}

has full 1) measure. As p), (M) = u;, this implies that y(A) € J, ; for oM-almost every
y in . Then the assertion follows, using (9).

4) Let us denote by Zet the Lebesgue measure on M. Let E be the measurable subset
of & x Wy given by

o1
E:={(y.A) € X xWo: lim Sun(yA) = —x1 ()}
For every A € Wy and every y € &l we set
E'={yed: (M) eE} and E,:={AeW,: (y,A) € E}.

We have to show that Zet(E,) = Zeb(Wy) for oM-almost every y € . This immediately
follows from Tonelli’s theorem:

Ammwwm=WWmewﬂww

since, according to the above third assertion, oM(E*) = 1 for every A € Wj. O

Our strategy will be to transfer the estimates known for a fixed system (J3,, f1,, #a,) tO
the system (&, of, M). This will be possible because the graphs I', for y € & cannot
approach the critical set C¢ in a non uniform way, a phenomenon which simply relies on
the compactness of the closure of ¢ and the following basic property (see the Claim in
Subsection 3.2).
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FAcT. — There exist 0 < a < 1 such that supy, |¢| < |p(1)|* for every A € Vo and every
holomorphic function ¢ : Wy — C such that 0 < |¢p| < 1.

More specifically, the key uniformity property we need is given by the next lemma. In our
proofs, we shall denote the smallest singular value of an invertible linear map L of C¥ by §(L).
Let us recall that §(L) = ||L~!||~" and that §(L)* < |detL| < §(L)|L|*.

LEMMA 4.5. — Let Uy, Vo, Wy be as in Lemma 4.4. Then there exist a > 0 and ¢ > 0 such

that 1 SUn(y,A) < KLy (y, Ay)+logce foreveryn > 1, everyy € b andevery (Ay, A) € Vox V.

— an

Proof. — By the compactness of & and Vg, we get ¢y := supyeg aevy IPFy) )1 <
+o00 and thus |det(DFyl(M (0))] < c18(DF,1)(0)) for every A € Vo and every y € &X.

Then, as detDF?; (0) = [jZg detDF 4 ((0) and [1/Z 8(DF 57 () < 8(DFJ;(0)
we get
(13) |detDF);,(0)| < c]8(DF);,(0): Yy € X, VA € Vo.

Let us set ¢z 1= sup, ¢ ,eq |detDF,3)(0)|. When y € ¢, the holomorphic function
od) = édetDF;‘( 2 (0) is non vanishing and its modulus is bounded by 1 on Wj. Applying
the above stated Fact to ¢, we get 0 < « < 1 (which only depends on V, and W;) such that:

(14) s |det D", (0)] < ¢35~ |detDF;, (0)|*: ¥n > 1, Vy € &, VA € Vo.

Using successively (14) and (13) we get for any A, A; € Vo
- n o nOt «
[5(1) o (0))] < |detDFJ,, ()] < " |det DFJ, () < ¢34~ [5(0 M(O))] .

Then, applying log and multiplying by _71 we get

1 1 1-
k—un(y.Ao) = @ un(y.2) —a(loger + = logea)

which is the desired estimate with ¢ := ¢yc{'™/®. O
The next Lemma gathers the properties of (u,), which will be crucial to end the proof.

LEMMA 4.6. — Let Uy, Vo, Wy be as in Lemma 4.4. Then the following properties occur.

1) The sequence (%un)n is uniformly bounded from below on & x Vy.
2) The sequence (%un (v, -))n is uniformly bounded on Vy for oM-almost every y € &X.

3) The functions u, are g\/l-integmble.

Proof. — 1) Using the properties of the smallest singular value we have

1 1 1
(1. 4) = —— log (DF;'(M(O)) = —— log|det (DF;’(A)(O)) |

1 n—1
- log ‘detDF( U (0)‘
=0

and the assertion follows immediately from the definition and the continuity of F), (4.
2) We have just seen that ,llun (y,-) is uniformly bounded from below on V. By the fourth
assertion of Lemma 4.4, for oM-almost every y € cU there exists A, € Vj such that
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lim, 2un(y,Ay) = —x1(Ay). On the other hand, by Lemma 4.5, we have Lu,(y.1) <
’ai%un (y, Ay)+logc foreveryn € Nandevery A € Vp and thus %un (¥, -) is uniformly bounded
from above on V.

3) By the above first assertion, we know that u,, is bounded from below. It thus suffices to
show that [, () d JM(y) < +o0. By Lemma 4.5 we have

[ () d HF) = nloge + / tn (707 Ao) d D)
=nlogc + E/un(%ko) d M(y)
o
k
= ntoge + 5. [ 1og 1D}, 00 d M)

k
~ nloge — & / log8(DEJjg)(0) d M(y).

Using (13), we thus get
o k . kn
[ d @) <~ [ 1og1detDE O)] d M) + " loger + nloge
k
= / log|det(Df})yro)| d M(y) + Ca

k
- / log |det(Df )x| (dpags M)(x) + Cn,

the conclusion follows from the integrability of log |det(Df, /{’0) x| for pyow M = py,, see[21].
O

We are now ready to establish the main result of this subsection.

Proof of Proposition 4.3. — We will apply Kingman subadditive ergodic theorem (see [1])
to the sequence (i), . This is possible since the system ( 56, ?, /J\/l) is ergodic, the sequence
(i1,)n is subadditive (second assertion of Lemma 4.4) and i, € L! (/eﬂjl) (last assertion of
Lemma 4.6). According to this theorem, there exists L € R such that lim, ,l,il\n =L
for /oﬂ\{-almost every y € 56 and lim, % / g?cﬁ; d /0]171 = L. It remains to show that
L <—1logd.

Taking into account the fourth assertion of Lemma 4.4 and the second assertion of
Lemma 4.6, we may thus pick ¥ € ¥ such that:

i) lim, %ﬁn @) =1L,

i) Luy,(yo.-) is uniformly bounded on Vj,
i) lim, %un (v0,A) = —yx1(A) for Lebesgue-almost every A € V.
Assuming that L > #, we will reach a contradiction with the fact that y;(1) > %
for all A (see [9] or [21]). Recalling that 4, () = sup,cy, #n (Yo, A), there exist A, € Up and

¢ > 0 such that A,, — Aj € Up and %unk(yo,)tnk) > _lggd + €. We may pick r > 0 such
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that B(A,,.r) C Vp for all k € N. Then, by the subharmonicity of u,, (yo,-) on Vp (first
assertion of Lemma 4.4) we get:

_logd +e< unk(ykank) < 1 Mnk()/o,)t)

2 - g T BRI By N

which, by Lebesgue dominated convergence theorem, yields

—logd 1
tes< oy —x1(A)
2 |B(Ao. )| JB(A.r)
and contradicts the fact that y; (1) > IOgd for every A. O

4.3. Proof of Theorem 4.1

According to Corollary 1.7, we only need to consider the case where f admits an acritical
and ergodic equilibrium web o}. Let & := supp oM. The proofis based on the following
key property.

Fact. — We have
Mo (v € Ko : K €N.3y' € Ho 5. T yuyy N Ty # Band F* () #'}) =

for every compact subset &V:) of &/.

We shall construct the lamination by applying this fact with 0752, = o, the uniqueness
assertions will be obtained by applying it with (5% = supp M, for any other equilibrium

Web QMIO .

To prove the Fact, it is sufficient to show that for any fixed k € N and any Ag € M there
exists a neighborhood U; of A such that

15)
Mo ({7 € Ho: '€ Host.T ey Ty 0 (U xBX) # Band F*() # 7'}) =

To this purpose, we shall work with the natural extension (56 /&7 Qﬁ%\o> of the system
(X, oF, eMy) and apply Proposition 4.2. We recall that, according to Proposition 4.3, all the
assumptions of Proposition 4.2 are satisfied. Let Uy be a neighborhood of 1¢, we may assume
that Uy is simply connected and that U; € Uy € M. Let p be the 1nteger and 7, : ZZ// —10, 1]
be the measurable function defined on the full Wo -measure set y given by Proposition 4.2.

We recall that &0 = o \ &/5 and My (5/,) = 0.

For any B C Uy, we define the ramification function Rp by setting

Rp(y) := sup supdpi (y(1),y'(A)), Vye &.
y'EC%é)ZFquﬁFﬂB#@
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—

Let i/e ={y € @ : Ry, (yk) > €}, it then suffices to prove that ¢}, (@6) = 0 for every
€ > 0 as it follows from the following observation:

My ({y € Fo: Iy € Fyst. L gy NIy N (UO X IP”‘) # @ and F*(y) # )/})
= oMo ({v € Ho: Rup(F* (1) > 0}) = Mo ({v € &1 Rug(F* () > 0})

= Mo ({76 Y Ryy(yx) > 0}) = Mo ( U @;)

SEN*

Let us proceed by contradiction and assume that p//’l./l\o (@E> > 0 for some € > 0. Then,
— ~ —k
after reducing ¢ > 0, we may assume that ¢, ({7 e Y. Mp(F 7)) > e}) > 0. In the

—k
sequel we shall denote 7 := ¢ (7). Owing to the equicontinuity of ¥ U Z, (we recall
that & C Fp) we may cover U; with finitely many open sets B; C Uy, say with1 <i < N,
such that
16) YY) e X x Ho. YA€ B - y(h) =v'(h) = sup dpe (y(1). 7' (W) < e.

GB,’

As Ry, (y) = 0 when max;<;<n Rp, (y) = 0 (by analyticity we have y =y’ on Uy if y =y’
on some B;), there exist 1 < j < N and « > 0 such that:

Mo ({7 € Yo : Tpi) > € and Ry, (i) > a}) > 0.

Let us set i/\/é’j’a = {y € @e : Mp(Vk) > € and Rp;(yx) > o}. Applying Poincaré

—~-p O . . .
recurrence theoremto of ~,wefindy € ¥ and an increasing sequence of integers (74)4

€,],0
with ny € pN such that &f " (V) € Y, ;4 forevery g € N. In particulary € ¥, ;, and
RB; (Yk—n,) > a for every g € N. We will reach a contradiction by establishing that

(17) HmRp, (kemp) = 0. Y7 € Yo s
To this purpose we shall use Proposition 4.2 to show that Rp; (yk—n) < e "4 whenn € pN

andy € Y, Lety € K such that y’(A;) = yg_n(A;) for some X; € B;. Then
(F"y) (A1) = yx(A1) and thus, according to (16), supsep, d ((F"y)(A), yx(A) < € <
M (Yk). This means that

(18) F gy 0 (B x P*) € Ta, (v p(70)) -

Now, by Proposition 4.2, the inverse branch f?;" of f" is defined on the tube Ty, (yk p (?k))
and maps it biholomorphically into Ty, (Vk—n. e 4). As B; C U, this yields:

(19) 15 (T, (v> (7)) C Tr; (Vk—nre ™).

By construction, we have f;” (Ty,) = Ty, and therefore 5" (F"yH(A1) =
£ () = yeea(h1) = y'(u1). This implies that f5” (Tgn,) = Ty which in
turns, by (18) and (19), implies that sup; g, dpx (¥'(A), Yk—n (1)) < e 4 _Then (17) follows
and thus (15) and the fact are proved.
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Let us now establish the existence of an equilibrium lamination Zg. Consider the set
Ly :={y € Ko\ Is: V¥ € Ko.Vk eN.T g,y NTy # 0= F(y) =7/},

The Fact, applied with Cj% = Ko yields oM, (%j ) = 1 and, by construction, %F,L
satisfies the following properties:

D Zg C Ko\ Is C I\ T,

2) F (25) c 23,

3) Vy,y' € ZS_ L,NTy #0=y=y".

The set Zo = Upso f (Z+) also satisfies the properties (2) and (3). It is also
relatively compact in ¢/, indeed %:{ C & and taking inverse branches cannot destroy the
equicontinuity (a result of Ueda [36, Theorem 2.1]). Moreover ¢ : o — Zo is d*-to-1.

We finally prove the uniqueness assertions. Let ¢, be an equilibrium web for f (or, more
generally, a compactly supported probability measure on ¢/ such that p; . My = 20
for some Ay € M). We set cj% := supp oM. Let us fix Ag € M and recall that Hay =
Pags My = Pags Mo. Then, for any Borel subset o7 of &7, we have 11, (pa, (Ko N H)) =

Mo (p;(} (Pao(Fo N e%))) > My (Ko N H) = My (F) and thus

Mo ({y € Fo: Iy € Ko N Ast y(ho) =y (ho)}) = Mo (pIOl (Pao(Fo N cf‘l)))
= tao (Pao(Fo N A)) = My (H) .

But, according to the fact we have

Mo (ly € Ko : ' € HoyN A st y(do) =y (o)})
= Wo(c%gﬂc%oﬂo%) = Wo(c/%ﬂ A)

and therefore (5%6 N A) > My (A). This implies that oM (5756) = 1 and that
My > My As both oM, and oM are probability measures, we have proved that
Wo = Oﬂ%-

Let Z' be an arbitrary equilibrium lamination for f. Let us pick Ay € M and set
Lhy = Pao(Z). Using oMo (Zo) = 1, sy = pagecMo and py, (Zy,) = 1 yields
Mo({y € Zo: y(ho) € Z;,})) = 1. On the other hand, the fact implies that
Mo ({y € Loz y(ho) € L), }) = Mo (Lo N Z'). This shows that My (ZoAZL) =0. O

5. Siegel disks and bifurcations

As it is well known, the Julia sets of any holomorphic family of rational maps of P!
depends continuously on the parameter for the Hausdorff topology if and only if the family
is stable. It is worth emphasizing that discontinuities can be explained by the appearance of
Siegel disks, see [22]. We investigate this in higher dimension and, as a consequence, show that
the existence of virtually repelling Siegel periodic points in the Julia set (see Definitions 5.1
and 5.2) is an obstruction to the existence of an equilibrium web. We finally exploit this fact
to end the proof of Theorem 1.1.
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5.1. Siegel disks as obstructions to stability

We define a notion of Siegel disks for endomorphisms of P¥ and investigate how
they behave with respect to Julia sets. In this subsection, we endow C¥ with the norm

lz|l := sup; |zi| and set | < g <k — 1. We write z =: (z/, z") where z/ = (zl,---,zk_q) € Ck-a
and z” 1= (Zk—g+1." - 2zk) € C1. We also set k' := k — ¢, et = (etfs+1 ... ¢1%.k) and
elfo. 7" = (efok'+1zpyy, ... !0k zy).

DEFINITION 5.1. — Let fy be a holomorphic endomorphism of P¥. One says that zy € P¥ is
a Siegel fixed point for fo if fo is holomorphically linearizable at zo and its differential at zy is
of the form (Aoz’, etto . z"") where Ag is an expanding linear map on CK andm,00 1141, .., B0k
are linearly independent over Q. In other words, there exists a local holomorphic chart
Vo : Br — P¥ such that v4(0) = zo and

W()_l o foo o = (AOZ/, et Z”)

where 6y and Ay are as above. Any set of the form g ({0’} X Bp) where p < R and B, is a ball
centered at the origin in C4 is called a local Siegel g-disk of fy centered at z,.

Let us consider a holomorphic family f of endomorphisms of P¥. If £, admits a Siegel
fixed point zy then, by the implicit function theorem, there exists a unique holomorphic
map z(A) defined on some neighborhood of 0 in M such that z(0) = zo and z(A) is
fixed by f). Moreover, since 8 g/ 41, - - ., 0ok are pairwise distinct, there exist holomorphic
functions w; (1) such that w; (0) = e'%.j and w; (1) is an eigenvalue of d, ) f fork’ +1 <
Jj < k. In this context, we coin the following definition.

DEFINITION 5.2. — The Siegel fixed point zy is called virtually repelling if there exist a
holomorphic disk o : A¢, — M and positive constants c; such that 6(0) = 0 and |w; oo (t)| =
L+cjt+o(t) fork’+1 < j < kand—ty <t < ty. If, moreover, zoo (t) € Jy) for —tg <t < tg
the Siegel fixed point zg is called virtually J-repelling

Let us observe that if Jj is continuous at Ao and if f;, has a virtually repelling Siegel
periodic point outside J,, then Ao must be accumulated by parameters A for which fj has
periodic repelling points outside J,. Examples of such repelling points have been given by
Hubbard-Papadopol [28, Section 6, Example 2] (see also Fornaess-Sibony [27, Section 4.1]).
The following proposition discusses the position of Siegel disks with respect to Julia sets.
Note that the second item will only be used in Remark 5.9.

PROPOSITION 5.3. — Let f : MxPK — M xP* be a holomorphic family of endomorphisms
of P¥ such that Jao admits a virtually repelling Siegel fixed point z.
1) If f admits an equilibrium web then every local Siegel q-disk centered at zy is contained
in Pk \ Jry- In particular zo ¢ J),,.
2) Whenq =1, if zo € Jy, and if A — J, is continuous at Ag then any local Siegel q-disk
centered at zg is contained in J,,,.

The first item of the preceding proposition immediately yields the following result.

COROLLARY 5.4. — Let f : M xP¥ — M x Pk be a holomorphic family of endomorphisms
of P, Let Uy be any neighborhood of Ao in M. If the restriction of f to Uy x PX admits an
equilibrium web then f has no virtually repelling Siegel periodic point in Jy,,.
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The proofs of items 1) and 2) of Proposition 5.3 respectively use items 1) and 2) of the
following lemma. We shall also need the fact that u, gives no mass to analytic sets.

LEMMA 5.5. — Let g : Ay, x BR — Ay, x B be a holomorphic map such that g(A, z) =
(A, £2(2)), 2(0) = 0 and go(z) = (Ag' - 2',e7% . 2") where Ay is an expanding linear map
on CK'. Assume that &g—’z\i’j(O) =0fork'’+1<j <kandi # j. Assume moreover that there

exists \ug| = 1 and cj > 0 such that |%(0)| =1+cjt+o(@) fork' +1<j <kand
—ro <t < rg. Then, after taking roy and stmaller, the following properties occur.

1) There exists arbitrarily small A such that ||g)(2)| < aol|z|| on Br with0 < ag < 1.

2) Assume k!’ = k — 1. Forany 0 < p < Ry < Ry < R, there exists arbitrarily small A
such that, for every a € Br, which does not belong to the local stable manifold S of g,
there exists no such that g3°(a) € {||z'|| < p} x {R1 < |Iz"|| < Rz} and g¥(a) € Bg,
forO<k <ng-—1.

Proof. — We will exploit the form of the Taylor expansion of order one of g. Let us write
1= (81.) 1<k 38

Kk’ k
g = (aij + Ay ) + Aqi;(A.2) z + A Y sij(A.2)z for1 < j < k'
i=1 i=k’+1
grs = (€% + Mty + Agi; 0. 2)) 7 + AN sy (A 2)z fork +1=j <k
i#j

where u;;, g;; and s;; are holomorphic on A,, x Bg and satisfy g;;(1,0) = ¢;;(A,0) = 0.
By assumption, we also have s;;(4,0) = 0fork’ +1 < j <kandi # j.

By shrinking ry and R, there exists 0 < «; < 1 such that
(20) sup |g,;(2) < ai]lz] on A,y x Bg.

1<j<k/

Let us set A; := tug where —rg <t < rg and Qj;(z) := et 4 Aeiji(Ae) + Aeqjj(As, 2)
and Rj¢(z) == |A¢| 222 Isij(Ar, 2)| for k" + 1 < j < k. Then, by our assumptions and after
taking ro and R smaller, we have

il
21) |Qj,(z)|§1~|—%for—r0<t<0andzeBR
it
22) Rjt(z) < G e o<t <roand z € Bg
it
(23) l—l—%5Ith(Z)|§1+2cjtforO<t<r0 and € Bg.

It follows from (21) and (22) that |gy,,;(z)| < (1 + thj)||Z|| fork/ +1<j<k,—rg<t<0
and z € Bg. This and (20) yields the first assertion of the lemma.

Let us now establish the second one. Fix 0 < ¢ < ¢ so small that (1 + 9t%)Rl < R,. Let
a € Bpg, be outside the local stable manifold of g,,. Assume that one cannot find ny such
that g7 (a) € Bg, for 0 < p < no — 1 and g;°(a) € {[Z'| < p} x {[|lz”|| > Ri}. Then,
according to (20), the sequence a, := gj{t (a) is well defined and ||a),|| — 0. From (22) and
(23) one gets |a, 1.k = (1+%’)|an,k|—’c7"||a;|| and therefore, since ||a), || — 0 and (a, k) i3
bounded, lim sup,, |a, x| = 0. Then a, tends to the origin and this contradicts the fact that
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a does not belong to the local stable manifold of g,,. Thus n¢ exists and it remains to check
that ||a, || < R2. From (22) and (23) one gets |ayo k| < (1 + 2¢kt)|ang—1.4| + Lo i llap, 1l <
(1+ 2Ry < Rs. O

Proof of Proposition 5.3. — We may assume that M = A, and Ao = 0 so that
zo is a virtually repelling Siegel fixed point of fy. Thus there exists a biholomorphism
Yo : BR — Yo (Bg) such that (0) = zo and Yg' o fo o Yo = (Ao -z, e'% -z") where
Ag is linear and expanding on C*" and 7, B0.k’+15 - - - » Bk are linearly independent over Q.
Let z(A4) be the fixed point of f) obtained by the implicit function theorem.

The mapping ¥ 1o f A_l oyrg is well defined on A, x B after taking R and €y smaller. Since
the e?%./ are pairwise distinct for kK’ +1 < j < k, we may find ¢ linearly independent vectors
Ver41(A), ..., vk (L) in C* and ¢ scalars w41 (), ..., wi (1) which depend holomorphically
on A € A, and such that

4 dyoiay (W' o £ o W) (0 () = w (W (A) fork' +1 < j <k.

Using basis like (vy, ..., vk, Vir+1(1), . . ., vk (1)) we may perform change of coordinates
of the form (1, A(A, z)) where A(A, -) is affine on C¥ which, conjugate by v/, yield biholo-
morphisms ¥, : Bg — ¥, (Bgr) such that g, := w;l o f;l oy, satisfies the assumptions of
Lemma 5.5. The condition ag*’j (0)=0fork’+1<j <kandi # j indeed follows from

(24) and the condition | =2~ g’”o / (O)| = 1+ ¢;t + o(t) follows from the fact that z is virtually
repelling. By an abuse of notatlon we shall assume that fx =g

1) We proceed by contradiction and assume that (0',zg) € Jo for 0 < |zg|| < r < R.
Since f admits an equilibrium web, Lemma 2.5 ensures that there exists a holomorphic
map y : A, — P¥ such that y(0) = (0/,z)) and (" - y)» is normal on A,. Since
I (y(0)) = (0, e"% . /'y and (F" - y)n is normal, after reducing €, we may suppose that

(25) /7 (y(A)) || <ron Ag, forn > 1.

Let us recall that g, = f[‘. By Lemma 5.5, there exists A, — 0and 0 < o, < 1 such
that ||ga,(2)|| < apl|z]l on Br. We may thus find a sequence n, — oo such that

26) I < 2] on B.
From (25) and (26) one gets

@7 Iyl =13 o fir (O I = -
which is impossible since lim,, ||y (A,)[| = [[7(0)|| = |1z5 ]| > O.

So far we have shown that the punctured ¢-disk {0’} x {0 < ||z”|| < R} is contained in J§.
Since Jp is totally invariant and go = (4g! - z’, e 1% - z”") where Ay is linear and expanding,
this implies that Bg \ {z € Br : z”” = 0} C J§. Finally, as 11y does not give mass to analytic
sets, we get B C J§.

2) We have to show that (0, zgx) € Jo if 0 < |zox| < R. Assume, to the contrary, that
(0", zox) ¢ Jo for some 0 < |zgx| < R. Then one may pick a neighborhood Vy of (0', zgg)
such that Vo C (Jo)¢ and which is of the form

Vo :={|IZ'|| < p} x {Ry < |zx| < Ry and | arg z; — argzox| < n}.
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Let us now denote by T), g, ,r, the tube

Tp.Ri.Ry = {lIZ']l < p} X {Ry < |zi| < Ra}.

Since Ay is contracting and 6/ irrational, for any z € T, g, r, there exists an integer n
such that gfj (z) € Vp. By the invariance of Julia sets we thus have T, g, .z, C (Jo)°. Let us
shrink the tube T}, r,r,. By assumption, Jj is u.s.c at 0 and therefore

Tp.R,,R, C (J3)¢ when A is close enough to 0.

On the other hand, according to the second assertion of Lemma 5.5, we may find parame-
ters A which are arbitrarily close to 0 and such that Bg, \ Sy € U, (gz)_1 Tp,r,,R, Where
S, denotes the stable manifold of g. As p; gives no mass to analytic sets, this and the inclu-
sion Ty r,,R, C (J)¢ imply the existence of a sequence of parameters A, — 0 such that
Bgr, C (/x p)c. This contradicts the lower semi continuity of J at 0 since 0 ¢ (J3,,) B but

0 € Jy by our assumption. O

5.2. Holomorphic motion of all repelling J-cycles of f when f admits an equilibrum web

Our main goal here is to end the proof of Theorem 1.1. We only have to establish the
implication (C)=>(A). To this purpose, we shall use Corollary 5.4 and show how a Siegel disk
may appear when a repelling J-cycle fails to move holomorphically.

PROPOSITION 5.6. — Let f : M xP¥ — M xP* be a holomorphic family such that k = 2
or M is a simply connected open subset of iy (P%). If f admits an equilibrium web then all
repelling J-cycles of f move holomorphically.

Let us recall that a periodic point is said to be resonant if its multipliers wy, . . . , wy satisfy
a relation of the form w"' --- w;"* —w; = 0 where the m; are integers and my +---+my > 2.
Note that when w; = el% for1 < j < s and some s < k then the absence of resonances
forces 7, 01, ..., 05 to be linearly independent over Q.

We shall use the following lemmas.

LEMMA 5.7. — Let f : M xPK — M xP¥ be a holomorphic family of degree d > 2, where
M is an open subset of SHq(PX) and n > 1 a fixed integer. There exist an analytic subset Y
of M and an analytic subset Yo of M \ 'Y such that every point oy € M \ (Y U Yy) admits
a neighborhood Uy and an analytic subset Y' of Uy such that: all n-periodic points of f) are
given by holomorphic parametrizations ¢ (1) over Uy and the eigenvalues of the Jacobian matrix
of fi! at {(X) give rise to a parametrization w : A +— (w1(4),. .., wx (X)) which satisfies the
following properties:

1. w is holomorphic,

2. the rank of the Jacobian matrix of w on Uy \ Y’ is maximal, i.e., equal to k (notice that
dmM = (k + 1)(k +d)!/(k!d!) > k),

3. wi(A) # w;j(A) forevery A € Ug\ Y andi # j.
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Proof. — We shall use the notation [z] for the elements of P¥, in particular we shall
denote by f(A,[z]) the holomorphic family under consideration. We only have to treat

the case M = &y (P¥). However, all we shall actually need is that maps of the form
[zg —1—5021‘.1 Doeee s zf Deee Z,f +8k_1zjd],wherel < j <kande = (g0,...,8k—1)

belongs to some neighborhood Vy of 0 € C*, are parametrized by M. More precisely, we
will consider the families g/ : Vp x P¥ — ¥, x P¥ given by
g’ (e, [z2]) = (e, [z(‘f + sozj‘-i Deee z]‘»’l Deee z,‘f + sk_lz]‘-l])

as sub-families of f and use them to investigate the perturbations of the map
fo:= [zg :---:z,‘f .

Given n a fixed integer, let us set X, := {()L, [z]) € M x P*: (A, [z]) = (A, [z])} . The
number of n-periodic points of f) is bounded above by a constant which does not depend
on A € M (but depends on k,d,n). Hence the canonical projection = : X, — M is
a ramified covering of a certain degree D,; let Y C M be the analytic subset such that
7 X, \r "1 (Y) — M\Y isacovering. Every Ao € M \Y admits a neighborhood Uy C M\Y
and holomorphic maps ¢, : Uy — P¥ (1 < ¢ < D,) such that {{;(X):1 <g¢ < D,} is
the set of fixed points of f;'. We denote by A,(4) the Jacobian matrix of f}" at {,;(4), the
dependence A +— A,4(A) is holomorphic on Uy. We then denote by {wq,l()t), e Wek ()t)}
the set of eigenvalues of A4(A).

The parameter 0 (corresponding to fy = [zg Toeee zl‘j]) does not belong to Y and
therefore there exists a neighborhood Uy of 0 in M on which all the maps ¢, for1 < g < D,
are defined. The key observation is as follows. Each map {;, when restricted to a suit-
able family g/ (e,-), is of the form {;(e) = (£4,0(%0),-...¢qk—1(¢k—1)) and the corre-
sponding matrix-map A, (€) is diagonal with non-constant holomorphic entries of the
form wg,1(0), ..., Wy k(ek—1). Assume indeed that {,(0) € {zx # 0} and consider
the family g (e, [z]). In the standard chart {zx # 0}, we can write g as gk(e,z) :=
(e, zg + €o,... ,z,‘f_l + &r—1). Then {,(¢) takes the announced form and the functions
Wy, ; (¢) correspond to multipliers of n-periodic points of the polynomial z% 4+ €. They
cannot be constant since such periodic points uniformly tend to infinity with € and the
multiplier is given by the product of the function dz¢~! evaluated along the points of the
cycle. Moreover wy, ; can not be persistently equal to wy, ;- for j # j’ since these multipliers
can be chosen independently from each other.

By the above observation, for a generic A € M the matrix 4,(A) have k distinct eigen-
values. More precisely, there exists an analytic subset Yy of M \ Y (the union over ¢ of the
zero sets of the discriminants of the characteristic polynomials of 4,4(1)) such that, for every
A € M\ 'Y and Uy as above, the maps A — wy,j(A) (with1 < ¢ < D, and 1 < j < k)are
well defined, holomorphic and take pairwise distinct values on Uy \ Yy. We can thus define
the (holomorphic) maps

Vg i A (i M), wa i (),

on some neighborhood of any A9 € M \ (Y U Yy). Although the definition of v, depends
on the ordering of the eigenvalues, this is not the case for the rank r, (1) of its Jacobian with
respect to A which is thus a well defined function on M \ (Y UYy). Forevery Ag € M\ (Y UYjp)
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and every neighborhood Uy C M \ (Y U Yy) of Ao we have the following dichotomy, valid
for every fixed 1 < g < Dy:

1. ry <k on Up;or
2. rq = k outside a (proper) analytic subset Y, of Up.

We will establish that the first possibility is impossible, thus proving the lemma. Owing
to analytic continuation, it is sufficient to prove the existence of Ay € M \ (Y U Yp)
such that r,(A9) = k. By our key observation, the map v, restricted to some convenient
family g/ (e,-) is of the form (wg,1(0), - ... wq,k(ek_l)) where the wy; are non-constant
holomorphic functions of one variable. It then suffices to choose ¢ such that the wy,;(¢; 1)
are pairwise distinct (and thus ¢ ¢ Yy) and the derivatives w;’ ;(gj—1) non zero (so that

r4(e) = k). The desired parameter Ag is given by f3, = g8 (e, ). O

LEMMA 5.8. — Let wy,...,wg : D(0,R) — C be holomorphic functions. Assume that
w;(0) # 0 and that there exists A, — 0 such that ming < <x |w; (A,)| > 1. Assume moreover
that there exists 1 < N < k such that

e |wi(0)] =landw;(0) #0for1 < j <N,

o lwi(0)| #1for N+1<j<k.

Then, after renumbering, there exist an integer 1 < q < k, a disk D(Ao,r) C D(0, R) and
a partition D(Ag,7) = DT (Ao, 7) U C U D™ (Ao, 1) where C is a real analytic arc through Lo
and DT and D~ are open connected subsets of D such that

1. |lwj| > 1on Dt (Ao, r) and |wj| < 1on D~ (Ag,r) fork —q+1<j <k,

2. |lwj|=landw; #00nC fork —q+1=j <k,

3. lwj| >1on D(Ag,r)for 1 < j <k—qifq<k—1

Proof. — In the sequel we allow to shrink R without specifying it.

Let us set C; := {|lw;| = 1} and Uj+ = {|lw;| > 1}, U~ = {lw;| < 1}. Since we can
assume that w}(0) # 0 when {Jw;| = 1} # 0 the subset C; is either empty or is a real-
analytic arc through 0 in D(0, R) on which w]’- # 0. In particular we have

C; =C; if C; N is strictly bigger than {0}.

Letusset Ut := ﬂf=1 U j+. By assumption, 0 € U+ and therefore U™ is a non-empty open
subset of D(0, R). Itis clear that 3U+ C aD(0, R) U (Ule Cj). On the other hand, we can
not have dU T C {0} U dD(0, R) since otherwise Ut = D(0, R) \ {0} and the subharmonic
function ¥ (1) := maxj<;<x |w;(A)|~! would violate the maximum principle (recall that
¥(0) > 1). We may thus pick A9 # 0 such that Ay € Cj, N AU ™ for some 1 < jo < k.
Observe that Ag ¢ U for 1 <i <k.

If C; # Cj, forsome 1 <i <k then Ay ¢ C; and thus A¢ € Ul.+. After renumbering we
may therefore find 1 < ¢ < k — 1 such that

do € Ck—gi1 = Cr—gi2=--=Cr:=Cand Ao e U N---N Uktq.

For r > 0 sufficiently small we have D(A¢,r) C ﬂ]f_q Ui+ and D(A¢, r)\C has two connected
components 27 and Q5. Foreachk —¢ + 1 <i <k, one has Q; C UiJr and Q, C U] or

Q; CU7andQ; C Ui+.Assume for instance that Q1 C U,j'_qH.Then, since Ao € AU T, we
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must have Q; C Ul.Jr and Q, C U foreveryk —q +1 <i < k and we set Do, 1)t = Q4
and D(Ag,r)” := Q5. O

Proof of Proposition 5.6. — By assumption, f admits an equilibrium web. Let A, € M
and assume that z, belongs to some p-periodic repelling J-cycle of f},. It suffices to show
that the map y : M — PK, which is the element of &/ given by Lemma 2.5 (3), enjoys the
property that y(X) € J, is repelling for every A € M.

Since M is connected, we have to show that the subset {A € M : y(A) is repelling} is
closed in M. Assume, to the contrary, that this is not true. Then, for arbitrarily small €,
one finds a new holomorphic map yo : B¢, — P* such that yo(1) € J; is fixed by ff for
all A € B¢, and y((0) is not repelling but yo(Ao) is repelling for some Ay € Be,. Our aim
below is to find Ay € B, such that y(Ay) is a virtually repelling Siegel fixed point of f;f .
Corollary 5.4 then yields a contradiction. ’

Reducing € allows to use charts and replace P¥ by C*. Let us denote by w; (), ..., wi (1)
the eigenvalues of A(A) := ()’ (y(A)). There exists a proper analytic subset Z of B, such

that wy, ..., wg are holomorphic on B¢, \ Z. For every n € N we define a function w, on c!
. m
wp (W) := MiNogpmi<n, 15 (W] w)" —wy]
where |m| := m +--- 4+ m; for any m := (m1,...,m;) € N and then define a function 3;

on C! by setting

Bi(w) :=",2¢ 37 logwyn+1(w).

We shall set B(A) := Br(wi(A), ..., wg(L)). The interest of this function is that, according
to Brjuno’s theorem (see [11]), f Ap is holomorphically linearizable at y (1) if B(1) > —oc and
A(}) is diagonalizable. We shall also use the fact that each function /3; is finite on a dense
subset of the real torus 7% := {jwy| = --- = |wy| = 1}.

Let us denote by A, the disk in C obtained by intersecting B, with the complex line
through 0 and A¢. We may move a little bit A so that the set Z N A, is discrete. In particular,
there exists a discrete subset Zo of A, such that on A, \ Zy the functions wy, ..., wy are
either constant or holomorphic, non-vanishing and with non-vanishing derivatives. When
M is an open subset of %, (P¥), we shall need the following more precise fact which imme-
diately follows from Lemma 5.7.

Fact: If M is an open subset of $H4(P¥), we may move Aq so that there exists a set ZyD Zo
Sor which A¢, \ Z| is open, path-connected and dense in A, the functions wy, ..., wy take
pairwise distinct values on A¢, \ Zy and the maps A — (w;, (A), ..., w;, (1)) are well defined
holomorphic submersions on some neighborhood of any Ao € A¢y \ Zy in M.

Let us set

@A) :=min (Jjwi(A)],.... [we(Q)]).
This is a continuous function on A,. Moreover ¢(0) < 1 and ¢(4¢) > 1, in particular ¢ is
not constant. By the maximum principle applied to the subharmonic function ¢!, there
exists A1 € A¢, \ Zo such that (1) < 1. Considering a continuous path connecting Ao to A4
in Ag, \ Zo, one finds A, € A, \ Zp and ip — Ay such that (1) = 1 and (p(ip) > 1. Let
us pick a small disk D (A2, R) contained in A, \ Zo. Then (after renumbering) the functions
wi, ..., wy satisfy the assumptions of Lemma 5.8 on D(A;, R). Let ¢ be the integer and
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C be the real analytic arc in D(A3,r) C D(A2, R) provided by this Lemma. Since |w;| < 1
on D~ (As,r)fork—qg+1<j <kandy(A) € Jy,wemusthave | <g <k — 1.

Let us stress that when M is an open subset of %, (P¥), we may use the Fact and repeat
the above argument with Z;, replacing Z,. This gives us a point A3 with a neighborhood V),

on which A(43) has pairwise distinct eigenvalues and the map A — (w;(4),...,wg(1)) is a
holomorphic submersion. We shall denote by S, the piece of real manifold defined by
Sq 1=t € Vay ¢ [whegin (W) = - = [we (V)] = 11,

Note that, if r is small enough, the arc C is contained in S,.

Let us explain how to end the proof. Recall that we seek a parameter A, such that y(Ap) is
a virtually repelling Siegel fixed point of f/{(f) . By definition, if A, € S; and f/{é is holomor-
phically linearizable at y(A;) then y(Ap) is a Siegel fixed point of fxlz) (provided that 7 and
the angles of rotation are linearly independent over Q). Let us now observe that, since A3 was
produced by Lemma 5.8, such a point y(A;) is virtually repelling when Aj is sufficiently close
to A3. We thus have to find points on S; where Brjuno theorem applies and which are arbi-
trarily close to A3. This is easier when k = 2, in higher dimension we need to assume that
M is an open subset of $#,(P¥) and use the above fact.

We first justify the existence of such a parameter A, in dimension k = 2. In that case,
A(A) is diagonalizable when A € C since only one of its two eigenvalues has modulus 1. Let
us inspect the quantities |w; (1) w5 (1)™2 —w; (A)] in the definition of @, (A). Since |w; | > 1
and |w;| = 1 on C, they all are larger than some uniform constanta > 0 on C except those of
the form |w; (A)w,(A)™2 —wq(A)| with my > 1 or |[w,(1)™2 —w,(A)| with my > 2. Tt follows
that B() > —oo if By (e??®) > —oo where 6 is a non constant real analytic function on C
such that w, (1) = €@ The existence of Ay € C is thus deduced from the fact that B, is
finite on a dense subset of the torus 7''.

We finally consider the case where M is an open subset of %, (PX). As we already saw,
in that situation, the point A3 € S, enjoys the following two properties: A(A3) has pairwise
distinct eigenvalues and the map A — (wq(A), ..., wx (1)) is a holomorphic submersion on
a neighborhood V}, of A3. Let us write w; (1) =: M fork—g+1<j<kandde Sq-

By the submersion property, the sets {A € S; : |wi(A)[™! -+ |[wr_g (X))~ = |w; (A)|}
are either empty or real hypersurfaces in S,;. By Baire theorem, we may therefore move a little
bit A3 in S, so that

(28) Jwi(A3)|" -+ Jwk—g(A3)|™* =7 # |wj(A3)|for 1 < j <mandm; + -+ my_qg > 1.

On the other hand, since |w;(A3)| > 1for 1 < j < k —¢q, we may shrink V), and find 4 € N
and ¢ > 0 such that

(29) |wi(A)™ - wr(A)™ —w;(A)| =conVy, forl < j <mandm + -+ mp_g > A.
From (28) we get

w1 (Aa)™ - Wi (Aa)™ = w) (A3)] = [Jwi (ha)™ -+~ wi—g (ha)™ | = [w; (A3)]| > 0
for1 < j <nandm; +--- 4+ mg_, > 1 and thus, after shrinking V;, again and taking c

smaller, one has [w;(A)™! - wr(A)™ —w;j(A)| = conVy, forl <my+ - +mp_4q < A
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and 1 < j < n. Taking (29) into account we thus have

lwi (W)™ we ()™ —w;j(A)|=c onVy, forl <j <mandmy +---+my_g > 1.

It follows that, for A € Vi, N Sy, BA) > —o0 if By (e k—at1P)  pl0kR)y > oo,
The existence of A, € S, satisfying (B(A;) > —oo is thus obtained by using the fact that
By is finite on a dense subset of 79 and, once again, the submersion property. Note that
if Ay is close enough to A3 then A(Ap) is diagonalizable since its eigenvalues are pairwise
distinct. Note also that 6x_;41(Ag). ..., 0k(Ay), m are linearly independent over Q since
qu (ei9k7q+1(%)’ o o0k (%)) > —00. 0

REMARK 5.9. — It would be interesting to know if the continuity of the map A +— J) on
some open subset of the parameter space is equivalent to the existence of an equilibrium web, as
it occurs whenk = 1. The second item of Proposition 5.3 should be useful to study this question.

Proof of Theorem 1.1. — Let f : M x P* — M x P¥ be a holomorphic family of
endomorphisms where M is either a simply connected open subset of &%, (P¥) or any simply
connected complex manifold when k = 2.

In Subsection 3.5 we saw that (A)=(B)<-(E). Theorem 1.6 yields (B)=-(C’), where (C')
is the assertion: “the restriction fp,p« admits an equilibrium web for any sufficiently small
ball B”. Assume now that (C’) is satisfied. By Proposition 5.6, the repelling J-cycles locally
move holomorphically. This implies that the set

{(A,z) € M x P* : z belongs to some n-periodic and repelling J-cycle of f3}

is an unramified covering of M. As M is simply-connected, we thus get that the repelling
J-cycles move holomorphically over M, hence (C')=(C). Proposition 5.6 also yields
(C)=(A), and therefore the properties (A), (B) and (C) are equivalent.

If (D) is satisfied then by definition any element y of the equilibrium lamination belongs
to ¢/ and satisfies I', N PCy = #. Then the first assertion of Proposition 2.2 shows
that f admits an equilibrium web. We thus have (D)=(C). Finally, since (A)=(D) by
Theorem 4.1 and (B)< (F) by Theorem 1.6, the proof of Theorem 1.1 is completed. O

6. Bifurcation loci

In view of Theorem 1.1, we define the bifurcation locus and current as follows.

DEFINITION 6.1. — Let f : M xPK — M xP¥ be a holomorphic family of endomorphisms
of P* of degree d > 2. Let L()) be the sum of Lyapunov exponents of fy with respect to its
equilibrium measure. The closed positive current dd; L is called the bifurcation current of the
family, its support is the bifurcation locus of the family.

We will exploit here our results to get some informations on these loci.
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6.1. Remarkable elements in bifurcation loci

Theorem 1.1 and the proof of Proposition 5.6 immediately yield the following result.

THEOREM 6.2. — A degree d > 2 endomorphism of P¥ belongs to the bifurcation locus
in H 4 (PX) if and only if it is accumulated by endomorphisms which admit a virtually J -repelling
Siegel periodic point or a repelling cycle outside the Julia set which becomes a repelling J -cycle
after an arbitrarily small perturbation.

The next theorem shows that isolated Lattés maps belong to the bifurcation locus. We refer
to the articles [16], [24] for an account on Lattés maps of P¥.

THEOREM 6.3. — Let f : M x PK — M x P¥ be a holomorphic family of endomorphisms
of PX. If the family is stable (i.e., ddiL = 0o0n M) and f is a Lattes map for some Lo € M
then f) is a Lattées map for every A € M.

Proof. — By a Theorem of Briend-Duval [9] we have L > k 1o§d . The articles of Berteloot,

Dupont and Loeb [8], [6] and [25] show that L(1) = k 1°§d ifand only if fj is a Lattés map. If
the family is stable, then the function L is pluriharmonic on M. By the maximum principle
(applied to the pluriharmonic function —L) we thus have L(A) = L(Ag) = k# for all

A € M and the conclusion follows. O

6.2. On the interior of bifurcation loci

In his work on the persistence of homoclinic tangencies, Buzzard [13] found open subsets
of the space of degree d endomorphisms of P? (for d large enough) in which the maps
having infinitely many sinks are dense. This lead us to believe that the bifurcation locus
may have a non-empty interior when k& > 2. We investigate here the relations between the
presence of open subsets in the support of ddy L and the existence of parameters for which
the postcritical set is dense in P¥ and in particular prove Theorem 1.8.

Let f : M x P — M x P* be a holomorphic family of endomorphisms of P¥. Let C
denote the critical set of f and let C, denote the critical set of f;. We set

C+:= U f*(C) and C_f = U Ji(Cy) forevery A € M.
nxl n>1
We define (C ), := ({A} x P¥) N C+, observe that {1} x C_i" C (C*);. Our aim is to show

that if supp ddj L contains an open subset 2, then {1 € Q : C + = PP¥} contains a Gs-dense
subset of Q.

Note that this result sheds new light on the well-known fact that stable parameters are
dense for holomorphic families of rational maps. For such families the bifurcation locus is
known to coincide with supp ddj L ([15]).

COROLLARY 6.4. — Let f : M x P! — M x P! be a holomorphic family of rational maps.
Then supp ddj L has empty interior.
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Proof. — Every Ag € suppdd; L can be approximated by parameters A for which f; has
an attracting basin, see [5, Section 4.3.1], which is an open condition in M. On the other

hand, as the critical set is finite, the set C f can not be equal to P! when f3 has an attracting
basin. According to Theorem 1.8, this implies that supp dd; L has empty interior. O

REMARK 6.5. — We raise the question, for k > 2, of the existence of holomorphic families
Jor which supp ddj L has non empty interior. Note that Theorem 1.8 could be useful for finding
Jamilies for which supp dd; L has empty interior.

The proof of Theorem 1.8 relies on a Baire’s category argument based on the continuity
properties of A +— Cf and A — (C¥),. The notion of semi continuity with respect to the
Hausdorff topology has been discussed in Subsection 2.4. We have the following properties,
the upper semi continuity can be found in [22, Proposition 2.1], we give the argument for sake
of completeness.

LEMMA 6.6. — The maps A + (C*); and A +> afrom M to Comp™ (P¥) are
respectively upper and lower semi continuous.

Proof. — By definition {(A,z) € M x Pk z ¢ (F) 2} 1s equal to C+, hence is closed
in M x P¥. In particular, for every g € M and € > 0, theset F = {(A,z) € Cc+,
dpr (z, (F),lo) > e}isaclosed subset of C+. Let us show that 7y (F)isclosedin M. Indeed,
if A, € mp (F)convergestoA € M one may pick z, € (F)An such that dp« (25, (F)AO) >e€
and (z,), converges to some z € PK after taking a subsequence. Then (,,z,) € c+
converges to (A,z) € C¥ satisfying dpk (2, (F)Ao) > ¢ and thus A € mp(F) as desired.
Since Ao ¢ mas (F) it follows that M \ 7ps (F) contains an open ball B centered at Ao such that
dpr (2, (CH) 1o) < € foreveryz e (C*); with A € B. This proves the upper semi continuity.

Let us now prove the lower semi continuity of the map A a Assume to the contrary
that it is not Ls.c at Ao € M. Then there exist ¢ > 0, a sequence (1,), converging to A
and a sequence (z,), in C )Z; such that dpk (z,, C ;; ) > e. After taking a subsequence (z,),

converges to zg € C/{'('). Pick & € Cj, and po > 1 such that dp« (2o, f/{:}o (o)) < §. Let
also &, € C;, such that £, — &. Then dp« (zn,C_/{:) < dpk (zn, fﬁo(gn)) < § for n large,

contradicting dp« (z,, C_fn) > €. O
Lemma 6.6 allows us to prove:

PROPOSITION 6.7. — Let f :ﬂx]}”k — M xP* be a holomorphic family of endomorphisms
of P*. If Ao € supp ddjL then (Ct);, = P*.

Proof. — Assume that B(zg,r) N (F) 1o = ¥ and let us show that Ao ¢ suppddjL.
Since A — (F) 2 is upper semi continuous we deduce that B(zg, 5) N (F) 2 = 9 when
A is sufficiently close to A¢. In particular, the constant graph Ty := {(X,2¢) : A € B(X¢,€)}
does not meet | J,.; f"(C) for € small enough. By the first assertion of Proposition 2.2 and
Proposition 3.5, we getddiL = 0on B(Ao,€). O

4¢ SERIE - TOME 51 — 2018 —N° 1



DYNAMICAL STABILITY AND LYAPUNOV EXPONENTS ON P¥ 257

Proof of Theorem 1.8. — The lower semi continuity of A — E implies that
I(B):={eM: C; nB+0

is an open subset of M for every open ball B C P¥. Now let  be an open subset of M which
is contained in the bifurcation locus. Let us show that 7(B) is dense in 2. We may assume
that Q is a ball in C™. Let A9 € Q and € > 0. Since A9 € suppdd; L, Proposition 6.7
implies that (C+)3, N B = B. Thus (U, f"(C)) N (B(Ao,€) x B) # @ and there
exists (A1, z1) € f™1(C) N (B(Ao.€) x B). This shows that A; € I(B) N B(Ao, €) and thus
I(B) is open and dense in Q. Now consider a countable collection B; := B({;, r;) of balls
in P¥ whose centers are dense in P¥ and whose radii tend to 0. According to Baire’s theorem
M’ := ;5 I(B;) is a dense G-subset of Q. We also have Cclh= PK forevery Al e M'. O

Appendix

A.1. Hyperbolic sets and holomorphic motions

DEFINITION A.1. — Let f : B xP¥ — B xPX be a holomorphic family of endomorphisms
where B is a ball centered at the origin in C™. Let Eq be an fy-invariant subset of P*. A
holomorphic motion of Eg over B, C B is a continuous map h : B, x Eg — P* such that :

1. A+ hy(2) is holomorphic on B, for every z € Ey,
2. z + hy(2) is injective on Ey for every A € B,,
3. hpo fo= frohyonEgforevery A € B,,.

One says that Eq is a hyperbolic set for fq if it is fo-invariant and if there exists K > 1 such
that |(dfo)™'|7! > K on E,.

THEOREM A.2. — Let f : B x P* — B x P* be a holomorphic family of endomorphisms.
Let Eq C PX such that |(dfy)~'|"" = K > 3 on Eq. Then there exists a holomorphic motion
h:B,x Ey— IP* which preserves repelling cycles.

The proof is based on classical arguments, we refer to [32, Chapter 3, Section 2.d] for the
one dimensional case. To simplify the exposition we assume that the dilation is larger than 3
on the hyperbolic set.

Proof. — Let ¢(z) := infjep, |(d; f)7|7", with the convention |(d; f)7!™! = 0 if
z € Cy, . This is a continuous function on [P*. By taking a smaller p, we may assume that
(30) ¢ > K' > 3 on a t-neighborhood (Ejp), .

We shall mainly use the lower estimate on Ej itself, the lower bound on (Ey), appears at the
end of the proof. Let § = 8(p) := min{(1 + sup,cp, || f2 lc2)~ 1 T}

LemMMA A.3. — Forevery (A,z) € B, x Ey,

1. dpr (f1(2), fo(w)) = (K' = 1)dpk (z, w) for every w € B(z, ),
2. fa(B(z,c8)) D B(fr(2),cd) forevery0 <c <1,
3. ifgrz: B(fa(2),8) — B(z,8) is the inverse map of f, then Lipg, , < (K’ — 1)L,
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Proof. — Assertions 2 and 3 follow from the first one (use Jordan’s theorem and K’ > 3
for the second one). So let us prove Assertion 1. We work in local coordinates. For
(A,z) e By x Egand w € B(z,8) we have

ldex — (dz f2) ™" o duw fal < 1(dz )7 - |dz fo — duw 3
<|d: /)7 |z —w|- 87 < 1/K".
That implies Lip (Id — (d, f3)~ o f3) < 1/K’ on B(z,§), which gives in turn
dz )7 (fa(2) = faw)] = (1 =1/K)|z — w]
for every w € B(z,8). Hence | f1(z) — fi(w)| = (K’ — 1)|z — w| as desired. O

LEMMA A.4. — Forevery (A,z) € B, x Eg, we have B(f)(z),8) D B(fo(z).8/2) and the
inverse map g, : B (f3(z),8) = B(z,§) given by Lemma A.3 satisfies:

1. gi.z is well defined on B( fo(z).8/2),

2. it satisfies Lip(gy ;) < (K’ —1)"! on B(fo(2),8/2),

3. £3,2(B(fo(2),8/2)) C B(z,8/2).

Proof. — Let Q :=max{| dyfa(z)|| . (A,z) € B, x Ep}. As § is a continuous function
of p and §(0) > 0, we may assume § > 20 p by taking p small enough. For every A € B, and
z € Eo,d(fi(2), fo(2)) < Qp < §/2. Thatyields B( f;(z),8) D B(fo(z),8/2). Items 1 and 2
are obvious from Lemma A.3. For item 3, we use g, - (B(f0(2),8/2)) C g..2(B(f1(2),9)),
which is included in B(z,§/2) by using Lemma A.3(3) and K’ > 3. O

Let us end the proof of Theorem A.2. For (,z) € B, x Eq we set z, := f§(z) and
85, = 8Az0 08z, -
This is an inverse branch of f}”. Since z1, ..., z,—1 € Eo, Lemma A.4 yields by induction
g} . B(z4.6/2) — B(2.8/2) and Lip(g} ;) < (K' — 1) on B(z.8/2).
For (A,z) € B, x Ej let us define
ha(h.2) 1= g} L 0 f2) = g (zn).

The map hj, is continuous in (A, z), holomorphic in A and %, (A, z) € B(z,§/2). Moreover
€1y frohn(A,2) = hn1 (X, fo(2)).

The sequence (%), is uniformly Cauchy on B, x Ey. Indeed h,41(A,z) — hy(A,2) =

832 © 8rzy(Zn+1) — &5 ,(zn) and we get [ hnt1 — hn g, <, = (6/2) - (K" — 1)™" since
8.z, (Zn+1) € B(z,.8/2) by Lemma A.4(3). We define £, (z) for (A,z) € B, x Eg by

hi(z) = limh, (A, 2) = lim g} _ o f7'(2).

The map 4 is continuous in (A, z), holomorphic in A and /4, (z) € B(z,8/2). It also follows
from (31) that

(32) faohy =hyo fo.
Let us now check that iy is injective. Assume h(z) = hy(z'). Iterating (32) yields

Ry (f3H(2) = ha(f(Z)). As hy(w) € B(w,§/2) for w € Eo, we get d(f(2), f(z')) < 6.
Then, since d(fy' (z), fo'(z')) = (K’ — 1)"d(z, z’) by Lemma A.3(1), we must have z = z’.
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Finally, h; preserves cycles (see (31)) and any periodic /4 (z) must be repelling since
hy(z) € B(z,8/2) C (Eo), and |(dfy)"'|~' > 3 on (Ey), (see (30)). This completes the
proof. O

A.2. Proof of Proposition 4.2

We work with the notations of Section 4. Let t,¢ > 0 such that _10§d + 1742 <0.

Recall that the distortion of the charts is controlled by t, see Equation (9). Let p > 1
and rp(y) = infiey, [[(DF};,(0))7"[72, see Equation (11). The next lemma shows that r,
measures the size of tubular neighborhoods of I';, on which f 7 is invertible and contracting.

LEMMA A.5. — For every small € > 0 there exists C,(€) > 0 such that for any y € &\ the
map P admits an inverse branch (ff”);1 on the tube Ty, (¥ (y), Cp(€)rp(y)) which maps
T gv(yy N (Up x P¥) 10 Ty, N (Ug x PX) and satisfy Lip(f7);' < e t</3r,(y)~1/2.

Proof. — We use a quantitative version of the inverse mapping theorem, see [10,
Lemme 2]. This version is more precise than Lemma A.3.

Let M := sup,cp, yeq ”Fﬁm”az,m and let §,(¢) := R,(1 — e™¢/3)/M. Then for
every (y,A) € & x Up:

° (Ff(x))_l is defined on B« (O, 8p(e)||(DF)f’(A) (0))~1 ”—2)’

o Lip(FJ;)) ™" < e5|(DFL, (0)7!].
To complete the proof of the Lemma, we have to consider the distortion due to the charts.
Replacing §,(¢) by a smaller constant C, (¢) and recalling that t controls this distortion, we
obtain for every A € M:

o (/7 s defined on By (£ (r(0), Cp(@)|(DF L, (0)7172),

o Lip(f?),4, < e S[(DF}, (0)7']. O

Let us now prove Proposition 4.2. We recall that u,(y) = —% log r,(yo). By assumption
lim,, %fgcﬁ;dc/‘)flz L with L < —%.Letp > lsuchthat%f&ﬁp doM =L <L +e.
By applying Birkhoff Ergodic Theorem there exists % C ¢ such that M (YY) = 1 and

- 1 « — —
(33) Ve Y. lim- Y @, (&7 "(7)) - /A i, doM = pL'.
TS &

Since ﬁp(/&\’_n (7)) = —1logry(y—n) we deduce Eom (33) that lim, 1 logr,(y—») = 0.1In

particular there exists a measurable function 7, : ¥ —]0, 1] such that
Cp()rp(y—n) = Tp(V)e
We also deduce from (33) that there exists 7;, : @/ — [1, +o0[ such that

n

l_[ (rp(y—j))71/2 < E(?)ean’+ne/6'
j=1

—(n—1)e/2
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Now, setting 7, := 7, /7 , one can verify by induction:

o (fP)5" is defined on Ty, (yo. 7, (),

o Lip(f?);" < Ip(p)en®L tete/2),

o ()" [Tuo (Yo, Tp(M)] C T (V=n- Cp()rp(Y—n+1)))- O
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