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A COMPUTATION
OF THE EQUIVARIANT INDEX
OF THE DIRAC OPERATOR

BY

NicoLe BERLINE and MicHiLE VERGNE (*)
TO J. DIXMIER

RESUME. — Nous donnons une démonstration des formules de points fixes d’Atiyah-
Singer pour I'opérateur de Dirac tordu sur une variété riemanienne M, en utilisant I'équation
de la chaleur sur sa variété des repéres P. En particulier, le genre A fait son entrée en scéne
comme Jacobien de I'application exponentielle sur la variété P.

ABSTRACT. — We give a proof of the Lefschetz fixed-point formulas of Atiyah-Singer for
the twisted Dirac operator on a compact spin manifold M by using the heat equation on
the frame bundle P. In particular, the A class makes its entrance as the Jacobian of the
exponential map on the manifold P.

Introduction

In this article, we give a simple proof of ATIYAH-BOTT-SEGAL-SINGER’S
([3), [4], [S)) fixed-point formulae for the twisted Dirac operator D, on a
compact Spin manifold M. Our method relies on the heat equation on
the frame bundle P of M.

Recall that the index density 4 was computed independently by GILKEY
[14] and Patopi [21] using the heat equation method on M and their
familiarity with differential geometry.

Recently, some physicists (ALVAREZ-GAUME [1], FRIEDAN and WINDEY
[11], WITTEN (see [2])) came up with the idea that the index density A and
its related mysterious function

iV (x)= (Sh_x)qu,
x
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306 N. BERLINE AND M. VERGNE

should appear naturally. Indeed, soon after, E. GETzLER ([12], [13]) and
J. M. Bismut [9] gave direct proofs of the formulae of Gilkey-Patodi. In
E. Getzler, the class 4 appears due to the approximation of the kernel of
¢'°# by the kernel of an harmonic oscillator, while in J. M. Bismut j~!/2(x)
is related to the law of random areas in R%. For us, the class 4 make its
entrance as the Jacobian of the exponential map on P. Thus our desire
to understand the striking similarity between Kirillov universal formula
and index formulae ([7], [8], [22]) is partly fulfilled.

As it should appear clearly to the reader, our proof contains some
transfers of the probabilistic approach of J. M. Bismut and uses an idea
of E. Getzler. It seems however worthwhile to write our own proof, as
our method, bound by our own limitations, requires little. Furthermore,
our method applies as well to the case of a group action. It gives the
index density on the fixed point submanifold. The only other direct
approach to this result is the probabilistic method of J. M. Bismut [9].

To illustrate the basic simplicity of our method, we now give a quick
proof — which should be read before going on with the rest of the paper —of

the simplest case, index D=I A, where D is the Dirac operator on the
M
spin manifold M. [Notions not defined in the introduction may be found

in the text of the article.]

Let M be a spin manifold. Let '(¥)=T(¥")® I'(¥ ) be the decom-
position of spinor fields in even and odd spinors, D* (resp. D~) the
restriction of the Dirac operator D to I' (¥ *) (resp. ' (¥ 7)). As proposed
by ATivaH-BotT [3], the use of the fundamental formula of McKEaN-
SINGER [18],

index D =dim ker D* —dim ker D~

=tr(e"*® 2" )—tr (e”*?"P7), forall >0,

reduces the calculation of the index of D to the study of the asymptotics
of the right hand side. We indicate now how to carry out this calculation
by relating D? to the scalar Laplacian of the frame bundle of M.

Let M be a spin manifold of dimension n=2Il, V=R", g=so0(n),
G =Spin (n) the two-fold cover of SO (n). We also identify g with

A%V. Let P— M be the frame bundle of M. Let & (P) be the algebra
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A COMPUTATION OF THE EQUIVARIANT INDEX OF THE DIRAC OPERATOR 307

of forms on P. Consider the fundamental 1-form 8¢ o/ (P) ® V, defined
by

0,(X)=u"'(neX) for XeT,(P)

Let oe ! (P) ® g be the Levi-Civita connection. Then 0 @ o define
a trivialization of the tangent bundle to P, TP=P x (V @ g).

The manifold P has a canonical Riemannian structure by considering
T, P as the direct orthogonal sum of its horizontal tangent space and its
vertical tangent space g.

Let P’ —» P be the two-fold cover of P with structure group G. The
lifts to P’ of the forms 6, ® are still denoted by 6, ®. We have
TP'=P' x(V@®g). For xeV @ g, we denote by x the vector field on P’
such that (6@ ®)(x)=x. Similarly P’ is considered as a Riemannian
manifold. The curves t — u expta for ae g, ue P’ are geodesics of P’. Let
e; be the canonical basis of R", e;; an orthonormal basis of g. The
Laplacian A is given on the space of function on P’ by

0.1 A=Y (€)*+Y (e;)™

Let 1 be an irreducible representation of the group G in a vector space
V., ¥ .=P xV,/G be the associated vector bundle. We identify the space
of sections I'(¥",) of ¥", to the subspace of C®(P’, V,) of V, -valued
functions on P’ satisfying

fug)=1()"" f(w), ue P, geg.

Remark that the restriction of A to I'(¥",) differs from the operator
Y :(2,)? by a scalar (image of the Casimir of g in the representation 1).

Consider on M, P’, G the volume forms dx, du, dg. Let k (1, u, u’)(1>0)
be the C=-kernel of the operator ¢'*. Let

k*(t, uo, u)=j k (1, uo, ug™')T(g)dg.
G

Then, for fel(¥",), the function u — k*(1, ugy, u).f(u) is a function on
P’/G =M and the kernel of the restriction of ¢'® to I'(¥",) is given by:

0.2 (e"‘-f)(uo)=J. (k* (1, uo, u).f (u))dx.
M
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308 N. BERLINE AND M. VERGNE

In particular, let S=S* @ S~ be the spinor-space (see Section 1). We
denote by p* the representation of G in S*. We obtain the spin bundles
F*, #”. Denote by x* the characters of p*, p~.

0.3 Let A(t, ug, u)=j k(t, up, g~ )(x* —x7) (g) dg.
G

The function u — A(t, u, u) is a function on P’/G=M, that we denote
by A(t, x). Denote by A*, A~ the restrictions of A to I'(¥*). The
operator A* @ A~ coincides with the square of the Dirac operator, except
for a Oth-order term [17] which is easily seen to be irrelevant in the
calculation of the index density (see Section 3). We have then:

0.4 tr 2" —tr e'A'=I A(t, x)dx,
M

and

index D= j lim, . o A (¢, x) dx.
M

We will indeed see that, for every xe M,
I(x)=lim, . ,A(t, x)
exists. The density I(x)dx is called the index density.

Consider Qe &/?(P)® g the Riemannian curvature of the manifold
M. Consider the function

2 _gma2

a

jy(a)=dety( ) for aeg=so(V).

Let A=j; '*(—(Q/2ir)) be the Chern-Weil form on M, associated to
the G-invariant analytic function j; '/ on g. Let us prove:

0.5 Let xe M, then lim, o A(t, x)dx=[A,]"™*.
Proof. — Let u above x, then
A, x)=J‘ k(t, u,ug”)(x* —x7)(g)dg.
G
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A COMPUTATION OF THE EQUIVARIANT INDEX OF THE DIRAC OPERATOR 309

Let Y(a) be a cut-off function on g identically 1 near 0 and of small
support. As, for t = 0, k (¢, u, ¥’) is very small outside the diagonal, we
can compute 0.5 by

0.6 lim, OJ‘ k(t, u, uexp—a)(x* —x7)(exp a) ¥ (a)j,(a)da,

where dg =j, (a) da in exponential coordinates.

Let uoe P, exp,, : T,,(P’) = P’ the exponential map. Let 6 (uo, u) be
the tangent map to exp,, at the point fcxp“‘o1 (u). Then
8(ug, u) : T, (P") = T,(P). For any N uniformly on P’ x P’,

0.7 k(t, uy, u)y=(4mt)%im Fi2g-(1/40 4o w

x (Z:LO ti Ui (uo, u))+ 0 (tN—dim P'j2)+ l)

with Ug (uo, u)=(det(0(uo, w)))" /2. As T,,(P’) and T, (P’) are both iden-
tified with V@ g we can consider 6(u,, u) as an endomorphism of
Vg Wedenote J(u, a)=0(u, u exp a).

The restriction of Q, to the horizontal tangent space at u define an
element of A?V*®g (still denoted by Q,) by e Ae;—Q,(e, e).
If a=Xa;e; A e, we denote by (R, a) the contraction of Q, by a, i.e.
(Q, a)=Za;Q, (e, ej)€g

It is easy to prove (see 2.20, 2.21) that

0.8 T a)lg=l—cxp(—ad a),
ad a
1 —expy (—Q,, a)/2
0.9 J(u, V= - .
(u, a)| V=expy (—a) .

Thus we have

0.10 lim, .o A(t; x)=lim, . o(4mt)~" (4 m )~ 4ime/2
f eIl IS 12 ( (0, 6)/2)j2" (a)

V(a)(x* —x")(expa)da.
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310 N. BERLINE AND M. VERGNE

To express the right hand side, we introduce the distribution Super-
Diracon g

0.11 (8-, @)=(Pf(9). 9) (0),
where PIf is the constant coefficient operator on g=A? V corresponding

to the polynomial Pfaffian of q, i.e.

1!Pff(a)e, ney; A ... Ae,=a A ... Aa
The skew-invariance of Pff under O (n) shows that, for ¥ invariant by
0(m
0.12 81 (Vo)=v(0)5_, ().

We have
(x* —x7) (exp a)=(—2i) Pff(a)ji/*(a).

The functions j}/2, j}/2 are O (n)-invariant functions on g.

As Pff(a) is a harmonic polynomial on g homogeneous of degree [,
Pff(a)e~"*""* is an eigenfunction for the Fourier transform, thus the
following formula results:

If @ is a C* function on g with compact support:

0.13 lim,.,(4me) " (4np)~dim o2
xJ'e‘Hanlm(x+_x‘)(exp a)p(a)da =(i7t)"'(8_l, ).

To prove 0.5, we need only to compute the value of the distribution &_,
on the function a — j; 2 (— (Q, a)/2).

More generally, let E be a vector space and P be a polynomial function
on E (or a germ at 0 of an analytic function on E). Then, as Alev" p*
is a commutative algebra, P extends to a polynomial function:

P: A[even) y* ® E— Alcven] %3

Let ®e A?V* @ E, then P(®)e Al V*. For aeg=A?V, we denote
by (®, a) e E the contraction of ® by a. The function Pg(a)=P (D, a))
is a function on g. It is immediate to see that

8_,(Pg)=[P (D)™
and the formula (0. 5) results.
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The paper is organized as follows: In Section 1 we specify notations
for the Clifford algebra, even and odd spin representations, etc., and we
give the technical asymptotic result (Proposition 1.23, generalizing 0.13)
which will be essential in our derivation of the index density formula. In
Section 2 we make the necessary computations concerning the Riemannian
structure on the frame manifold and its two-fold covering P’. In Section
3 we relate the index density of a twisted Dirac operator on M to the
corresponding heat kernel on P’. Then, with the help of Morse lemma,
the identification of the equivariant index density as a differential form
on the fixed point set is reduced to the computation of a Gaussian integral
which was done in 1.23. It turns out that all the information needed
about the asymptotics of the heat kernel is contained in the graded
terms — with respect to the natural filtration on the Clifford algebra, the
use of which is a key idea in E. Getzler—and these can be computed
explicitly.

We would like to thank M. Andler, Y. Benoist, M. Duflo, I. Segal for
helpful comments.

1. Clifford algebra, spinors and the distribution Super Dirac

1.1. Let V=R" with its canonical basis e,, e,, ..., e, orientation,
inner product, etc. In the whole article, we will assume that n is even,
n=2l

Let C (V) be the Clifford algebra of V. It is defined as the quotient of
the tensor algebra T (V) by the ideal generated by the elements

xR@y+y®@x+2{x, y>=0 for x, yeV.

The Clifford algebra inherits a natural filtration, where C'(V) is the
subspace of C (V) spanned by products of at most i elements of V. The
corresponding graded algebra is isomorphic to the exterior algebra
AV. We denote by gr=@ grl! the canonical map @,;C' (V) = A V.

We denote by A* V the (commutative) algeb.ra of even elements in A V
and by C* (V) the subalgebra of C (V) generated by products of an even
number of elements of V.

1.2. The complexified Clifford algebra C (V) ®g C has a unique (up to
equivalence) irreducible representation in a complex vector space S of
dimension 2'. This representation, denoted by p, identifies C(V) ®gC
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312 N. BERLINE AND M. VERGNE

with End S. The space S is called the space of spinors and p the spin
representation.
Put a=e,e,...e,eC(V). Then a®?=(—1), and p(a) decomposes S
into the sum S* @ S~ of the even and odd spinor spaces, where
S*={veS, p(@v=i"tv},
“={veS, p(@)v=—i"'v }.
The subalgebra C* (V) leaves S* and S~ stable. We denote by p* the
corresponding representations of C* (V) in S*.
Define the supertrace of an element ae C (V) by

st(a)=i'tr p (aa).

Then, for ae C* (V), the supertrace is given by
st(a)=tr p* (a)—tr p~ (a),

and, for ae C(V), we have

g (@)=2"'i'st(a)e, ne; A... A6,

1.3. We identify A?V with the subspace g=@,;;Re;e; of C* (V) via
the map e Aej—ee. Then V is invariant under the map
v—t(a)v=av—va, for acg. The endomorphism t(a) is infinitesimally
orthogonal and the representation t of g in V defines an isomorphism of
g onto so(n). We note that t(e;e;/2)=E;; where

Ee;=—e,
E,e=¢ (i#)),
E;e,=0 for k+#i, j.

We may write a.v for t(a)v.

1.4. The universal covering group G =Spin(n) of SO (n) can be realized
as a subgroup of the group of invertible elements of C* (V). The map
exp : g — G coincides with the exponential map in the algebra C (V). We
denote by the same letters p, p* the restriction to G and g of the spin
representations. Then the spin representation of the Lie algebra g is the
differential of the spin representation of the group G.

TOME 113 — 1985 — N° 3



A COMPUTATION OF THE EQUIVARIANT INDEX OF THE DIRAC OPERATOR 313
1.5. For aeg, we define a linear transformation of g by
l1—exp(—ada)
J (@)= ——M——.
@ ad a
Then (as in any Lie algebra) we have for a, beg.
1.6 ;-cxp (a+&b)|.-o=(exp a) J,(a)b.
3

Define j, (a)=detJ,(a). Since det, exp ada/2=1 we have

exp(ada/2)—exp—(ada/2)
ada '

1.7 Jg(@)=det,

Define
exp t(a)/2—exp—1(a)/2

Jjv(a)=det, (@

The functions j, and j, have analytic square roots on g, such that
O =i 0)=1.

1.8. The Pfaffian Pff(a) of an element ae A2 V=g is defined by

""“"“""“’=Prr(a)e,A...Ae,.

It is easily verified that for aeg
st(exp a)=2'i"" Pff (a)j}/*(a).

1.9. We identify g with its dual g* through the scalar product normali-
zed by ||e; A e;||=1.

Denote by Pff(d) the differential operator with constant coefficients on
g which corresponds to the polynomial function a — Pff(a).

We define the distribution SuperDirac 6_;, on g by
&_,(p)=(PIf(0). 9)(0). We identify the symmetric algebra S (g) =S (g*)
with the algebra of polynomial functions on g.

The injection

g*=~AV-A*Y,

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



314 N. BERLINE AND M. VERGNE

extends to a canonical algebra homomorphism
A: S(@H—=A*V.

Then the distribution Super Dirac, considered as a linear map on S (g*),
factors through A.

Precisely, let us define a linear map t_, on AV by

1.10 whl=t_ (We, A...Ae,
Then
1.11 d_y(p)=t_,(4d9),

1.12 Denote by S (g*) the algebra of formal power series on g.
The canonical homomorphism A clearly extends to S (g*). We still
denote by A the homomorphism

C°(@)—-A*V
obtained by composing 4 with the map
C=(9) S (8",
given by the Taylor series expansion at the origin. Then 1. 11 holds with
peS(g*) or @eC>(g).

1.13. The full orthogonal group O (n) acts on V, g, AV, etc. The map
A commutes with these actions. Remark that the only O (n) invariant
elements in AV are the scalars. Thus if @, yeC®(g) and ¢ is O (n)-
invariant, we have

A(e¥)=0(0)A (V)
and by 1.11.
1.14 3_1(e¥)=0(0)5_, (V).

1.15. We will compute the distribution 8_, on functions on g obtained
by the following procedure: let E be a finite dimensional vector space, let
@S (E*) be a polynomial function on E. Since the algebra A* V is
commutative, ¢ extends to a polynomial map

9: ATVRE-ATYV.
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A COMPUTATION OF THE EQUIVARIANT INDEX OF THE DIRAC OPERATOR 315

In particular, for Qe A2V ® E, ¢(Q) is an element of A* V.

For aeg=A?V, we denote by (L, a)eE the contraction defined by
the scalar product on g. We obtain a polynomial function on g by

Pa(a)=0({Q a)).
The following relation is immediate
1.16 A(Pl)=0(Q),
thus
31 (pg)=t_, (9 ().

As in 1.12 all this still holds for ¢ in S (E*) or in C* (E).

The distribution §_, will appear in the study of the asymptotics of the
heat kernel associated to the Dirac operator on a spin manifold M.

Denote by da the Lebesgue measure on the Euclidean vector
space g. The following proposition is well known:

1.17. ProposiTiON. — (i) Let @ be a C* function with compact support
on the Euclidean space R™, then

1im,~o(4m)-"'2-[ e 101144 g (b)) dv = (0).
R

(i) Let @ be a C™ function with compact support on g, then

lim, . o(4m¢)~!dim "ZJ‘ e~ 14 pff (g) p(a)da=(27)"'5_, (@).

Proof. — For the convenience of the reader we give a proof of
(ii). Remark that the Pfaffian is a harmonic polynomial homogenous of
degree l on g. Recall the:

LEMMA. — Let P be a homogeneous harmonic polynomial of degree | on
. - 2 . . . N .
R™. Then the function x — P(x)e "'*!""/2 is an eigenfunction with eigen-
value i~" for the Fourier transform

(ff)(x)=(2n)""’J' e 7 f(y)dy.
R.
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316 N. BERLINE AND M. VERGNE

Proof. — Consider the harmonic oscillator
62
H=Y" — —x%
Zi-l ax,? i
Then

— pimx/4 _ixH/4
F =e et

As P is harmonic and homogeneous of degree I, the function
P(x)e~"=*1"2 is an eigenfunction for H with eigenvalue —(m +21).

From the lemma we obtain:

(4mp)~t-dim o2 J'e-"“"’/" Pff (a) ¢ (@) da

=2m)~" ”2(2in)"Je"""'2 PIf (8) (¥ 0) () 4&.

This last expression has an asymptotic expansion in powers of ¢, when
t — 0, given by the Taylor expansion of e~*!"%!"”, In particular the limit
exists and is given by (ii).

1.18 CorOLLARY. — Let @ be a C® function on g with compact
support. Then:

lim, _ o(47r)~!-dim a2 J'e‘”‘”zl“ st(e®) @ (a)da=(in)"'d_, ().

Proof. — We have (1.8) st(e®)=(—2i)' Pff(a) j¥*(a), and j'* is O (n)-
invariant, with j}/2(0)=1. The result follows from (ii) and 1. 14.

To compute the equivariant index of a twisted Spin complex we will
need a generalization of 1. 18, Proposition 1.23 below.

1.19. Let E be a finite dimensional complex vector space. We identify
End(S ® E)=End S ® End E with C(V)® End E.

We extend the supertrace to C(V)®End E by setting
st(a® b)=st(a) trg(b) for aeC(V) and beEnd E.

We still denote by trg

1®tr,: ATVR®End E-A*V.

We fix a section map o: A"V —S(g) of the map A in 1.9. We
denote also by o the mapo® 1: A* V® End E— S(g) ® End E.

TOME 113 — 1985 — N° 3



A COMPUTATION OF THE EQUIVARIANT INDEX OF THE DIRAC OPERATOR 317

A first generalization of 1.18 is the following.

1.20. ProrosiTiON. — Let @ be a compactly supported C*® function on
g with values in C*(V) ® End E.
Then

lim, | o(4me)~!"dim o/2y)

xje-“”"/“s:((e@ 1)®(a))da

=(@n)7'8_, (a - trso(gr”nd)(a))(g>>,

Proof. — Modifying ® outside a neighborhood of 0 eg does not change
the asymptotics of the integral. Since the endomorphism J,(a) in 1.6 is
invertible for small a, we may suppose that @ is of the form

D (a)=(Jg(a)b,). . .(Jg(a) b))o (a),

with b,, ..., bjeg and ¢@eCZ(g, End E). By Campbell-Hausdorff
formula, we have for a, beg

- . 'b
e aen+:b=epf (c, a ),

where f is a g-valued function, analytic in a neighborhood of (0, 0, 0),
such that

f(0, a, b)= Jy(a)b.
Therefore

-a a+eb __ \"®
e " =) 0

Si
where

®;(a. b)eC¥(V)  and gr'* o, (a. by=(J,(a)by.
Put

1.21 ly(a)= ——-—ai-—:—-e‘ﬂeﬂ*llbl". . .*lj";(p(a)l",:. .. =gj=0

Ce,. . . CE;

Then, for ® as above,

gri? @ (a)=gr!¥ ¥ (a).
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318 N. BERLINE AND M. VERGNE

Using induction on j, we see that if suffices to prove 1.20 for the
function ¥ of the form 1.21. For such a ¥, performing the change of
variables a+¢€,b,+... +¢;b;—a, we see easily that the limit of the
integral in 1. 20 is the same as

lim,  o(4nt)~!"dim "ZJ‘ (by,a)...<b, ade Nal?8tst () trp @ (a) da.
8

For k>1 we have ((ad a)"bj, a ) =0, thus we have

(Jy(@b, a)=(b, a),
and we obtain 1.20 by applying 1.18.

1.22 We will need a further generalization of 1.18 in the following
situation:

Let V=V,@® V, be an orthogonal decomposition of V=R", with V,
identified to R*° and V, to R?*1. For i=0, 1 we denote by g, G; the

Lie algebra so (V;) and the corresponding Spin group, considered as subsets
of the Clifford algebra C(V;). We have a canonical identification

CN=CV)®C(V))

We denote by 8% | the Super Dirac distribution on g and by 8%, the Super
Dirac distribution on g,. We denote by st' the supertrace on C(V,).

1.23 ProposiTION. — Let vy, be an element of C(V,) and let ® be a
compactly supported C* function on g x V, with values in C*(V)® End E.

Then

lim, _ g(4mp) '"dme2y

xj e Malelicl®varg ooy @ 1)®(a, v))dady
sxVy

=(im) 'ost! (y,) 8%, (a —tryo(gr'd(a, 0))(121)).
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A COMPUTATION OF THE EQUIVARIANT INDEX OF THE DIRAC OPERATOR 319

Proof. — Put ¥(a, v)=(y,® 1)®(a, v). Since C(VI)CC“’(V), we
have Y (a, v)e C2U*' (V). Applying 1.20 to this function, and 1.17 (i)
we obtain

1.24 lim, . o(4me)~!=%im 9/2=h gy +j

% J.e— UlaliZ+Noli2yar o4 ((e®y, ® ) D (a, v))dadv

=(i1t)‘189_1<a S tryo (g2 Y (a, 0))(1_22>>

We have

: \!
1.25 gri¥+2h((y, ® 1) O(a, 0))=(2L>1 st' (v,) g0 (a, 0) A 0,
T

where , is the canonical element of A2"1(V,). Denote by p the projection

ATV > ATV, and by p, the projection S(g)— S(go) associated to the
decomposition V=V,® V,. Denote by A, the canonical map
S(go) = A"V, Then Ajep,=pcA and for ue A* V we have

12, (uw,)=1%,(p.u).

Therefore, using 1.11, we deduce 1.23 from 1.24, 1.25 and the obvious

relation
A(a - oW, <‘—21>)=2"" o,.

2. Riemannian structure on the frame bundle

Let M be a C* manifold. We denote by & (M) the algebra of exterior
differential forms on M, by ./ * (M) the commutative subalgebra of even
forms.

2.1. Let M be an oriented Riemannian manifold of dimension
n=21Let P be the principal bundle of oriented orthonormal frames
and n : P —» M the canonical projection. An element ue P is an isometry
of V=R" with T M, if x=n(u). The group SO (n) operates on the right
on P by (u, g)—ug. The vertical tangent space to the fibers is then
identified with q.
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Consider on M the Levi-Civita connection. Let me o/’ (P) ® g be the
corresponding 1-form. The horizontal tangent space at ue P is

{ Xe T, P such that o, (X)=0}.

Denote by e/ (P)® V the fundamental 1-form on P defined by
0,(X)=u"'(ns X), for XeT,P. Let Qes/*(P)®g be the curvature

form on M.
Recall the structure equations
2.2 dé=—o A 6,

2.3 dm=Q——%[m, o).

2.4. The form 6 @ o determines a canonical trivialisation of the tangent
bundle, TP=P x (V @ g).

2.5. Suppose that M admits a spin-structure. Thus there exists a
principal bundle P’ with group G =Spin (n) such that

P=(P’ ® SO (n))/Spin (n).

For ue P, geG denote by R(u)g or ug the action of G on P’. The
lifts to P’ of the forms 6, ®, Q will also be denoted by 6, ©, Q. The
tangent bundle TP’ to P’ is also trivialized in TP'=P' x(V @ g), by 6 ® o.

2.6. For xeV@g, we denote by x the vector field on P (or P)
such that (0 @ w)(X)=x. It is easy to obtain the following commutation
relations:

2.7 (a, B}=[a, b)) for a, beg,

2.8 [a, x]=(ax)” for aeg, xeV,
o(x y)=-Q(x, })

2.9 - - , yev.
{ 8 (%, 7)=0 } for x e

We may also write the formulae 2.7, 2.8 as
2.10 [a, x)]=(1(a)x)”  for aeg, xeV@ag,

where 1 denotes the canonical representation of gin V @ g.

2.11. Consider on g the inner product defined by 1.9. As the tangent
space T, P is the direct sum of the horizontal space isomorphic to T, M
and the vertical space isomorphic to g. it has a canonical inner
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product. We will then consider P as an oriented Riemannian
manifold. The trivialisation T, P~V @ g is an isomorphism of Euclidean
spaces. Consider the Levi-Civita connection V* (or simply V) on the
Riemannian manifold P. It is determined by its connection matrix in the
trivialisation TP=P x (V @ g), i.e. by the endomorphism I',(x) of V@ g,
defined by:

0@ o), (V:))=T,(x).y.
We compute now I',(x) omitting the subscript u. We need a notation:
the restriction of Q, to the horizontal space at u defines an element of

A*V*®g, by (x, y)| = Q,(x, y) for x, ye V. We still denote this element
by Q,.

Let aeg=A?V, the contraction (R,, a) of Q, by a is then an element
of g. Explicitly, if

a=21sisjs.aijei N €j

Q, a)= Z a;Q, (Ei, gj)-

LEMMA. — Let a, beg and x, yeV. Then

2.12 r(x)y=—%ﬂ(i, »,
2.13 I‘(x)a=}‘(Q, a)x,
2.14 I'(a)x=ax+£(Q, a) x,
2.15 F(a)b:%[a, b].

Proof. — Let x,, x,, x5 be elements of V @ g, then
2T (xg) Xz, x3> =< [Xy, Xa), X3 ) =Xy, [X20 X3] D =< [X,0 X3), X, ).
Thus formulae 2. 12, 2. 15 are immediate consequences of 2.7, 2.9.
Similarly:
2{F(x)a, y>=—(ax, yy—<{x, ay ) +{Q(X, ), a).
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