BULLETIN DELA S. M. F.

KAZUYA KATO

The explicit reciprocity law and the cohomology
of Fontaine-Messing

Bulletinde la S. M. F., tome 119, n°4 (1991), p. 397-441
<http://www.numdam.org/item?id=BSMF_1991__119_4 397 _0>

© Bulletin de la S. M. E,, 1991, tous droits réservés.

L’accés aux archives de la revue « Bulletin de la S. M. E. » (http:
/fsmf.emath.fr/Publications/Bulletin/Presentation.html) implique 1’accord
avec les conditions générales d’utilisation (http://www.numdam.org/
conditions). Toute utilisation commerciale ou impression systématique
est constitutive d’une infraction pénale. Toute copie ou impression de
ce fichier doit contenir la présente mention de copyright.

NuMbDAM

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques
http://www.numdam.org/


http://www.numdam.org/item?id=BSMF_1991__119_4_397_0
http://smf.emath.fr/Publications/Bulletin/Presentation.html
http://smf.emath.fr/Publications/Bulletin/Presentation.html
http://www.numdam.org/conditions
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/

Bull. Soc. math. France,
119, 1991, p. 397-441.

THE EXPLICIT RECIPROCITY LAW AND THE
COHOMOLOGY OF FONTAINE-MESSING
BY

Kazuvya KATO (%)

REsuME. — En utilisant la cohomologie de Fontaine-Messing, on prouve une loi de
réciprocité explicite pour des anneaux locaux réguliers de certain type. Ceci étend la
loi de réciprocité explicite classique pour le symbole de Hilbert (pour la caractéristique
résiduelle p # 2) et aussi les lois de réciprocité explicites de Briickner, Vostokov et
Kirillov sous une condition additionnelle faible sur p.

ABSTRACT. — By using the cohomology theory of Fontaine-Messing, we prove
an explicit reciprocity law for regular local rings of a certain type. This extends the
classical explicit reciprocity law for Hilbert symbols (for the residue characteristic
p # 2), and also the explicit reciprocity laws of Briickner, Vostokov and Kirillov under
an additional weak condition on p.

0. Introduction

0.1. — Recently J.-M. FONTAINE and W. MESSING defined a new
cohomology theory for schemes X of mixed characteristic (0, p), which
is closely related to the crystalline cohomology theory of X ® Z/pZ and
also to the p-adic etale cohomology theory of X ® Z[2]. In this paper, as
an application of their cohomology theory, we obtain “explicit reciprocity
laws” for various regular local rings.

The explicit reciprocity law is classically a mysterious relation between
Hilbert symbols and differential forms. In this paper, we regard it as the
mysterious relation between p-adic etale cohomology of X ® Z[l] and
the Fontaine-Messing cohomology of X, in which the latter is expressed
“explicitly” in terms of differential forms.

Under a certain weak assumption on p (the assumption p > r +s+1
in (0.3)), our result extends the generalized explicit reciprocity laws of

(*) Texte recu le 25 novembre 1986. (Cf. the note at the end of this paper.)
K. KaTO, Department of Mathematics, Faculty of Science, University of Tokyo, Hongo,
Bunkyoku, Tokyo, 113, Japan.
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398 K. KATO

Vostokov in [V1], [V2], [V3], and also of Briickner [B1], [B2], Vostokov-
Kirillov [VK], and our method gives new proofs and new interpretations
to them.

0.2. — In this paper, our objective is a regular local ring A satisfying
the following conditions (0.2.1) and (0.2.2).

0.2.1. — The field of fractions of A is of characteristic zero, and the
residue field of A is of characteristic p > 0.

0.2.2. —Let p = uny' -- -7 (u € A%, eyq,...,es > 1) be afactorization
of p in (non-equivalent) irreducible elements of A, and let a be the
ideal (my,...,7,). Then, (m;)1<i<s forms a part of a regular system of

parameters of A, (A, a) is a henselian couple ([R], chap. XI), and A/a has
a finite p-basis over F, ([Gr], chap. 0, §21.1).

Note that the last condition on p-basis is not so restrictive. Indeed,
most regular local rings of characteristic p which appear in arithmetic or in
algebraic geometry have finite p-bases over F,. Note also that a henselian

discrete valuation ring of mixed characteristic (0, p) has properties (0.2.1),
(0.2.2) if the residue field k satisfies [k : k?] < oo.

Let r be the cardinal number of a p-basis of R over F,. Fix n > 1 and
assume that :

0.2.3. — A contains a primitive p™-th root ¢ of 1.
Under these conditions, our explicit reciprocity law gives an explicit
description of the cohomological symbol map

K on (A[L]) — H7+41 (Spec(A[2]) 0, 2/0"Z(r + 5+ 1)

on the assumption p > r+ s+ 1. Here for a ring S and for ¢ > 0, we define
the ¢g-th Milnor K-group of S by

KY(S)=(5"®---®5")/N
——————

7 times

where N is the subgroup of the tensor product generated by elements of
the form z; ® --- ® x4 such that z; + z; is 0 or 1 for some i # j. (An
element a; ® --- ®a, mod N of K}M(S) is denoted by {ay,...,aq}).

THEOREM 0.3. — Let A, r and s be as in (0.2.1)-(0.2.3) and let
H = Coker(F —1: W,,Q — W,Q%/dW,Q% )

ToME 119 — 1991 — ~n° 4



EXPLICIT RECIPROCITY LAW 399

where W,Q%, is the de Rham-Witt complez [I1]. Assume p > r+ s+ 1.
Then :

(1) There is a canonical homomorphism
ma: Kl (Af]) — H

having the “explicit” characterization (0.7.3) stated below.
(2) We have a commutative diagram

KM 0 (A[)]) —— H™*+(Spec(A[L]),,,2/p"Z(r +s+1))

—TA 1A
H
where h is the cohomological symbol map and iy is the canonical homo-
morphism given in (5.3).

Here, the definition of ¢4 is rather simple. The definition of 74 by
using the cohomology of Fontaine-Messing, and by using differentials,
logarithms and residues, is the central point of this paper.

By this theorem and [BK], § 5, we have :

COROLLARY 0.4. — Assume further that A is a discrete valuation ring
(s0o s =1) and let K = A[1] be the field of fractions of A. Then we have
a commutative diagram of isomorphisms

KMK) "KM, —— H7+2(Gal(R/K),2/p2(r +2))
\ H /

where the right sloping arrow is the isomorphism of [K3], th. 3.
In (0.4), if the residue field k of A is perfect, the map

T4 : Ko(K) — H = Wy(k)/(F — L)W, (k)

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



400 K. KATO

(F is the frobenius) is already given in [B1], [V2] by using differentials,
logarithms and residues. In this case, the above diagram becomes :

K3 (K)/p"K2(K) pm Br(K)

SN

Wa(k)/(F — 1)Wn(k)

14

(Br(K) is the Brauer group of K, ,»( ) means the kernel of p", the
horizontal arrow is the norm residue symbol, and the right sloping arrow is
the isomorphism of Witt), whose commutativity is proved in [B1], [V2]. If
the residue field k of A is a “(d —1)-dimensional local field” so that K is a
“d-dimensional local field” in the sense of [V3], then r =d—1, H = Z/p"Z
and the map 74 are given in [V3]. (In fact, since we assume p > r +s+1,
we can not cover the case p = 2 of [B1] and the case 2 < p < d+1 of [V3].
But cf. (5.12).)

0.5. — We explain how our results come from the theory of Fontaine-
Messing. The cohomology of Fontaine-Messing, which we denote
by H*(X,S,(r)), is defined for a scheme X satisfying a certain condi-
tion and has the following properties if r < p. It fits into the long exact
sequence

(05.1) -+ — HI(X,8,(r)) — M? L4 N
— gt (X, Sn('f')) — Mt ﬂ, Nt X

where [r]
M* = H*(X,,/(Z/p"L)crys, ‘]Xn/(Z/p"Z))’

N*=H* (Xn/(z/pnz)crys, OXn/(Z/an))‘

Here X, = X ®Z/p"Z, Ox, /z/p~z) is the structural sheaf on the crys-

talline site, ng s ) is the r-th divided power of the ideal

Z/p"Z
Ix,/(2/m2) = Ker(Ox/@jpmz) — Ox, zar),

and f, is a certain homomorphism, which is, roughly speaking, p~"
times the Frobenius. Furthermore, FONTAINE and MESSING related their
cohomology to the p-adic etale cohomology of X ®Z[%].
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EXPLICIT RECIPROCITY LAW 401

For X = Spec(A) with A satisfying (0.2.1), (0.2.2), they can define a
canonical homomorphism for r < p—1

(0.5.2) ¢t H*(X,8n(r)) — H*((X ®Z[1])er, 2/p"Z(r))

which makes the following diagram commutative.

K} (4) H(Spec(A[3])er, 2/p"2(g))

: 053) \ / (g<p-1)
H(X,S4(q))

Here h is the cohomological symbol map and h’ is the symbol map for the
cohomology of Fontaine-Messing (cf. § 2). We prove in §4 :

THEOREM 0.6. — Let A be as in Theorem (0.3) and assume p >
r + s+ 1 and that A is complete with respect to the a-adic topology. Let
X = Spec(A). Then there exists a canonical isomorphism

H™sH (X, 8p(r +s+1)) 2 H.

This result with the following comments explains THEOREM (0.3).

1) The symbol map A’ for the cohomology of Fontaine-Messing is
described by using differentials and logarithms, and such map is already
constructed in special cases in the above mentioned works on explicit
reciprocity laws of course without the view point of a new cohomology
theory. In these works, residue maps play roles. In this paper, a residue
map appears in the definitions of the isomorphism (0.6) and of 74.

2) This symbol map h' on K}'(A) is extended to K,'(A[1]) if we
slightly modify the target group HY(X,S,(q)) (cf. § 3).

3) The definition of the map c¢ (0.5.2) seems to be an extremely
difficult one. In fact we do not use ¢ in this paper, though we introduced
it in (0.5) to make our philosophy clear. In THEOREM (0.3) (2), its role is
played by a map ¢4 which has a simple “explicit” definition and is defined
also when ¢ = p — 1. ‘

0.7. — We give further explanation of the above point 1) together with
the characterization of the map 74 in (0.3).

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



402 K. KATO

A fundamental property of the crystalline cohomology is that it is
related to differential forms. For example, let C' be a ring such that p
is a non-zero-divisor in C, and such that C/pC is reduced and has a p-
basis over F, ([Gr], chap. 0, § 21.1). Then the crystalline cohomology of
C,, = C ®Z/p™Z coincides with the de Rham cohomology (cf. §1). That
is, N9 = HQ(QZ,”/Z) in (0.5.1) for X = Spec(C). If the cardinal number
of a p-basis of C/pC is ¢ < 00, (0.5.1) induces

H (X, 8,(g+ 1)) = HU(QY, j7) = Q% 7/40% 7.
If ¢+ 1 < p, the composite map
R -
Oc : K4\ (C)——H"" (H,S,(g +1)) = 0% ,,/d0% 7,
is the homomorphism having the following characterization (cf. § 2).

0.7.1. — For any ring homomorphism f : Cp41 — Cp41 which lifts

Ci1 - Ci;z - 2P, 0c({a1,...,aq+1}) is equal to
g+1
—1(1 f(ai)\) das da;_;
—1)1( = JARIN) T AL oA
;( 1) (p log( 7 )) . Ao A =
1 df(ai+1) 1 df(ag+1)
Al= Ao A (=229 7
(P f(ait1) ) (P fag+1) )
for any a1,...,aq4+1 € C*. (The homomorphism f as above always exists).
Here log is the map 1 + pCp+1 — pCh1,
(=1)1pt
log(1 + pz) = —— 1z

Since Q}J,.,,,/z is a free Cpp+1-module (see (1.8), (1)), and p~tdf(a;)/f(a;)
makes sense in Qlc,./z as df(a;) € lean/z. This map f¢ is defined in
special cases in the above mentioned works on explicit reciprocity laws
(cf. especially [V3], (6), (7)).

Now the characterization of the map 74 in (0.3) is stated as follows.
The map 74 in the general case is induced from the case A is a-adically
complete, via the map K'(A[1]) — K} (Aq[1]) where Aq is the a-
adic completion of A. Assume now that A is u-agica,lly complete. Take a
ring homomorphism P — A such that P is a ring in which p is a non-

zero-divisor satisfying P = lim P/p" P, and such that the induced map
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EXPLICIT RECIPROCITY LAW 403

P/pP — A/a is an isomorphism. (The existence of P and P — A will
be shown in §4 (see (4.13))). Let P[[T3,...,Ts]] — A be the surjective
homomorphism T; +— m;, take a lifting £ € P[[T1,...,Ts]] of ¢ such
that £ — 1 is contained in the ideal (T3,...,Ts) of P[[Ty,...,Ts]], and
let B=(&7" —1) — 1(&P" — 1)%. Let

1

C =Py, Tl )

and let Res: Qgts/z — 0} /7 be the residue homomorphism

i i, 411 dT;
Z Wiy, i, NI T T_1 A A T

= Wo,...,0

(ili"'YiS)

(wiy,...... € Qp /7 and P, denotes P/p"P). We regard H as a quotient
of 0% sz Via the canonical isomorphism [IR], chap. III, (1.5)

(0.7.2) Wap — Qb 2/, 7,
= df dj
wdlog(yl)---dlog(yr)v—-»Zp’&f _gy_l/\.../\ gyr,
i=0 1 r

n—1 ~ ~
i d dijr—
d(wdlog(y) -+ - dlog(yr_1)) — »_ &l Lda, a1

i=0 hn Yr—1

(w = (ag,-...,an-1) € Wyp(R) with a; € R, y; € R®, and "means a lifting
to P,). Then, 74 is characterized by the following (0.7.3).

0.7.3. — For any choices of P, P — A [%] , and £ as above, the following
diagram is commutative

GC T8 r1+8—
KM (C) ———— Q(/‘t/z/dﬂct/z1 w
K%&—s+1(A[zl_;]) - L H class(Res(8~1w)),

where the left vertical arrow is the surjection induced by C — A[%];
T; — m;. This map 74 depends by sign on the ordering on the set of
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404 K. KATO

prime ideals {(m1),...,(ns)}, but is independent of the choices of the
generators m; of (m;).

0.8. — The history of the explicit reciprocity law is long ([AH], [Iw],
[Sa], [Sh], [W]..., I am sorry that I can not list many excellent works)
and I have not yet well understood the relation between this work and
others. For example, there should be a close relation between the method
of COLEMAN [C] and that of this paper. Can one use the Lubin-Tate
groups in our setting ?

I am much obliged to Professors J.-M. FONTAINE and W. MESSING
who explained their cohomology theory to me. I hope that this paper
serves as a good propaganda of the importance of their theory. I express
my sincere gratitude to Professor B. KAHN who introduced the paper [B1]
to me with valuable remarks.

Conventions. — In this paper, p denotes a fixed prime number and F,
denotes Z/pZ. Rings are assumed to be commutative and with unit. For a
ring S, S® denotes the group of all invertible elements of S. For a scheme or
aring S, S, denotes S ®z Z/p"Z and Q% denotes the absolute differential
module Q% /7

1. p-bases and crystalline cohomology

A fundamental fact in the crystalline cohomology theory is that, if X is
a scheme embedded in a smooth scheme Z, the crystalline cohomology of X
is computed by using differentials on Z and the divided power envelope
of X in Z ([BO], (7.2)). In later sections, we shall use schemes of the
type (for example) Spec(Z/p"Z[[T1,...,Ts]]) as the ambient space Z,
and so the smoothness of Z is a too strong assumption for us. The
purpose of this section is to explain that the above fundamental fact in
the crystalline cohomology theory holds if the ambient space has p-bases
locally (see definition (1.3) for our definition of p-bases).

Definition 1.1. — Let A — B be a homomorphism of rings over F,. We
say that B is relatively perfect over A if the map

AP ®,B — B? . @y zyP

is an isomorphism, where A(P) denotes the ring over A with the underlying
ring A and with the structural map A — A®); 2 — z?, and B(® denotes
the ring over B defined similarly.

Definition 1.2. — Let'n > 1 and let A — B a homomorphism of rings
over Z/p"Z. We say that B is relatively perfect over Aif B, (= B®,Z/pZ,

ToME 119 — 1991 — ~° 4



EXPLICIT RECIPROCITY LAW 405

cf. conventions) is relatively perfect over A; and B is formally etale over A
(for the discrete topology) in the sense of [Gr], chap. 0, §19.

Concerning homomorphisms between rings over F,, we have the fol-
lowing implications :

(etale) = (relatively perfect) = (formally etale)

(see [Gr], chap. 0, § 21 or [K4] (1.3)). So, for a ring over F, definition (1.2)
coincides with definition (1.1).

Definition 1.3. — Let n > 1 and let A — B be a homomorphism of
rings over Z/p™Z. A family (bx)xea of elements of B is said to be a p-basis
of B over A if the homomorphism from the polynomial ring

A[T\]xen — B;  T»+—— by

is relatively perfect.

For rings over F, this definition is slightly different from that of [Gr],
chap. 0, §21.1, when A and B are not assumed to be reduced.

The p-basis in the absolute sense is important for us. By our defini-
tion (1.3), for a ring B over F,, a family (by)aca of elements of B is
a p-basis over F, if and only if each element of B is expressed in the form

Zzg . H bi(*)’
S

AEA

for a unique family (z,) of elements of B, where s ranges over all functions
A —{0,1,...,p— 1} with finite supports. If B is reduced, this coincides
with the definition of [Gr], chap. 0, § 21.1. For a ring over Z/p"Z, we have :

PROPOSITION 1.4. — Let B be a ring over Z/p"™Z, and let (by)xea be a
family of elements of B. Then the following two conditions are equivalent.
(i) (ba)rea forms a p-basis of B over Z/p™Z.

(ii) (b mod pB)xea forms a p-basis of B/pB over F,, and B is flat
over Z[/p"Z.

Proof. — This proposition follows from the following two results (1.5)
and (1.6).

PROPOSITION 1.5 (O. GABBER). — Let A be a regular neetherian ring
over Fp, and let B be a ring over A having a p-basis (by)rea over A.
Then B is flat over A. Furthermore, the homomorphism A[T\]xean — B;
T)\ - b)\ 18 ﬂat.

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



406 K. KATO

Proof. — It suffices to see that B is flat over A[T)])eas for any finite
subset A’ of A. Since A[T)]rea’ is regular ncetherian, we are reduced to
showing that B is flat over A. The proof of the flatness of B over A due to
O. GABBER is introduced in [K4], (5.2) in the case A = {), and the same
proof works in the general case.

LEMMA 1.6. — Let A — B be a homomorphism of rings over Z/p™Z,
and assume that By is flat over Ay. Then the following two conditions are
equivalent.

(i) B is relatively perfect over A.
(ii) B is relatively perfect over Ay and B is flat over A.

For the proof, see [K2], Lemma 1.

For a scheme Z over Z/p"Z, we say that Z has p-bases over Z/p"Z
locally if there is an affine open covering {U,} of Z such that the affine
ring O(Uy) of Uy, has a p-basis over Z/p"Z for any A.

In this paper, we shall consider only the crystalline cohomology with
base Z/p™Z (n > 1) where Z/p™Z is endowed with the canonical PD
(divided power) structure on the ideal p(Z/p™Z). The PD envelopes are
defined always with respect to this PD structure of the base Z/p"Z.

The theme of this section is the following

THEOREM 1.7. — Let Z be a scheme over Z/p"Z having p-bases
over Z/p"Z locally, let i : X —— Z be an immersion, and let v :
X/(Z[p"Z)crys — Xzar be the canonical morphism of sites. Let D be the
PD enveloppe of X in Z, and let J[g] (r € Z) be the r-th divided power of
the ideal Jp = Ker(Op yar = Ox zar). (Forr <0, Jg] denotes Op.) On
the other hand, let Ox;z/pnz) be the structural sheaf of the crystalline

site X/(Z/p"L)crys, and let Jg]/(z/pnz) be the r-th divided power of the

ideal Jx/z/pnz) = Ker(Ox (z/pmz) — Ox zar). Then, Ru*(Jg}(z/pnz)) is
canonically isomorphic in the derived category to the complex

ng 4, Jg_l] ®0, Uy SIRUURN Jg—q] ®p, 0y —

(deg. 0) (deg. q)

This theorem is proved in textbooks of the crystalline cohomology
theory in the case where Z is smooth over the case S (with Q9 /s instead
of %), e.g. [BO], (7.2). However, one can check that all the points where
the smoothness of Z is used in the proof of (1.7) are the followings :
Z is locally formally smooth over the base, and smooth morphisms have
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EXPLICIT RECIPROCITY LAW 407

locally the properties in the LEMMA (1.8) below; but they are valid for
any morphisms having p-bases.

For a ring S over Z/p"Z, let S(T))xea be the PD polynomial ring over S
with variables (T)\)aeca. For an ideal I of S, let Dg(I) be its PD envelope
(1BOJ, §3).

LEMME 1.8. — Let h : A — B be a homomorphism of rings over Z [p"Z
and assume that B has a p-basis (by)rea over A. Then :

(1) The differential module Q% /a 18 a free B-module with basis

(dba)aen-
(2) Let I and J be ideals of A and B, respectively, such that
A/I = B/J via h. Then, if by € J for all A, we have an isomorphism

Da(I)(Dren = Dp(0); T4 — BE.
In particular, in the case I = (0), we have
A(T\)rer — Dp(J); T — b,

(3) Let C = B®, B and let J be the kernel of C — B; x @y +— zy.
Then we have an isomorphism

B(T\)aer = Do(J); T — (by®1—10by) Y.

The condition by € J for all A € A in (2) is not so restrictive :
if (ba)aea is a p-basis over A and (a))rca are elements of A such
that ay = by mod J for all A, then (by — a))rca is a p-basis over A
satisfying by — ay € J for all .

In the rest of this section, we prove (1.8). First, (1.8) (3) is a conse-
quence of the case I = (0) of (1.8) (2) applied to the homomorphism
B — C. Next, with C and J as in (1.8) (3), we have

Vpa=J/J?; cdy2yezr-zyol
So, if we can prove
*) ADea/(Ta; A € A)? = B/J*; Ty by
under the assumption of (1.8) (2) with I = (0), instead of

(**) A(T\)rer = Dp(Jd); T —old

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



408 K. KATO

then (1.8)(1) will follow from (*) just as (1.8)(3) followed from (**). Since
the proof of (*) is quite similar to that of (**), we leave the proof of (*)
to the reader.

Now we prove (1.8) (2). We show that we may assume A = § (i.e.
that B is relatively perfect over A). Let I' be the ideal of A[T)]xea
generated by I and (Tx)xea- Then, Da(I){Tx)rea and D4(z,1,, (') are
canonically isomorphic, as is seen easily by using the universal property
of the PD envelope. Since A[T)\|xea/I' = B/J, we may replace A[T)]rea
by A, and hence we may assume A = {).

LEMMA 1.9. — Let
A
R

be a commutative diagram of rings over Z/p™Z such that B is relatively
perfect over A. Assume that there is a number N > 1 such that zV = 0
for any x € I. Then there is a unique homomorphism t : B — R such
thattoh =a and cot =b.

Proof. — Note that the formally etale property is not directly applied,
for we do not assume that I itself is nilpotent. However, by the formally
etale property, we may assume that A is a ring over F,. Then, the proof
of [Gr], chap. 0, (21.2.7) in fact proves the above lemma for rings over F,,.

To prove the case A = () of (1.8) (2), we apply (1.9) to the diagram

h
- B
lb

. R/I

h
A —— B

Da(l) —— A/I=B/J.

Since Ker(c) is a PD ideal, any element z of Ker(c) satisfies
a?" =pt! -2l =0,

So by (1.9), there is a homomorphism ¢ : B — D (I) such that t-h =a
and ¢-t = b. This ¢ induces Dp(J) — D(I) compatible with the PD
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EXPLICIT RECIPROCITY LAW 409

structures. We see that the composite maps D4(I) — Dg(J) — Da(I)
and Dp(J) — D4(I) — Dp(J) are the identity maps. Indeed, the former
is clear, and to see the latter, it suffices to show that the composite
B — Dy(I) — Dpg(J) coincides with the canonical map. This follows
from the uniqueness of the map ¢ in (1.9) applied to the diagram

A —— B

|

Dp(J) ——— B/J.

2. Cohomology of Fontaine-Messing

In this section, we give reviews on the cohomology groups of Fontaine-
Messing, which we denote by H*(X,S,(r)) (in this paper we shall
assume r < p and X is a scheme satisfying the condition (2.4) below),
and on the symbol maps

KM(I(X,0x,,,)) — H"(X,Sx(r)) (0<7r<p).

These cohomology groups were defined by Fontaine-Messing [FM] by using
a certain Grothendieck topology called “syntomic topology”. But in the
following we adopt a different form of the definition, which is explained
in [K5], chap. I, §§ 1-3, and which seems convenient for the use in this
paper. Since the details are already given in [K5|, we shall sometimes omit
the proofs of lemmas. (In [K5], we worked on the etale site, but we work
here on the Zariski site for we do not consider etale local problems in this
paper. This does not make any essential change in the arguments for the
definitions.)

First, we consider the following condition F(X,Z,r) (r > 0) on an
immersion X — Z of schemes. For n > 1, let D,, be the PD enveloppe
of X,, in Z,.

The sequences :

4] ™ 4[4 p" [i]
F(X’ Z’ /r) JDm+n JDm+'n J m+n
are exact for all m, n > 1 and for all 0 < i < 71,

where the notations are as in (1.7).
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