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FREE DECAY OF SOLUTIONS TO WAVE EQUATIONS
ON A CURVED BACKGROUND

BY SERGE ALINHAC

ABSTRACT. — We investigate for which metric g (close to the standard metric go) the
solutions of the corresponding d’Alembertian behave like free solutions of the standard

wave equation. We give rather weak (i.e., non integrable) decay conditions on g — go;

—€

1
in particular, g — go decays like t~ 2~ ° along wave cones.

RESUME (Décroissance des solutions des équations d’ondes sur un arriére-plan courbe)

Nous étudions pour quelles métriques g (proches de la métrique standard go) les
solutions du d’Alembertien pour g se comportent comme des solutions libres de ’équa-
tion des ondes standard. Nous proposons des conditions de décroissance assez faibles

1
(i.e., non intégrables) sur g — go ; en particulier, g — go décroit comme ¢t~ 2~ ¢ le long
des cones d’onde.

Introduction

We consider the wave equation L, associated with a given Lorentzian met-
ric g on R; x R3. Our aim is to answer the question: under which conditions
on g do the solutions of Lyu = 0 behave like free solutions of the standard
wave equation Ly 7 One can of course use the energy method of Klainerman,
commuting the standard “Z”-fields with the equation, and putting on g strong
enough decay assumptions (relative to the standard metric) to obtain finally a
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420 ALINHAC (S.)

control of |02 ku| 12, which implies in turn, thanks to Klainerman’s inequality,
the behavior )

0u] < C(1+ |t —|2]|) T2 (1+ ¢+ |2]) "
What we have in mind is to impose as little decay as possible on g, getting
close to what seems to be a critical level. The framework we choose here is
one where a “1D-situation” occurs, in the sense of [2]. This means that we
can prove for L, an energy inequality in which three special derivatives G (the
“good” derivatives) are better controlled than in the standard L{°L2-norm:
only one “bad” derivative is left. This idea has been used already in [1], where
we study the equation

02u — ¢ (u)Au = 0.

This later work splits essentially into a linear part, where we study the opera-
tor 92 —c?(u)A, and a nonlinear part which is a bootstrap on certain properties
of u. Because of the very special form of the equation, it seemed to us that the
treatment of the linear problem involved many miracles which were may be not
likely to occur again in a more general case. Also, in this nonlinear problem,
u was likely to decay roughly as ¢!, implying a similar decay for derivatives
of ¢(u). The general analysis below shows that one can relax this assumption
down to an almost ¢~ 2 decay of the metric (relative to the flat metric).

A more precise discussion of these issues will be offered in section 1.4 af-
ter our notations, assumptions and results have been stated. Let us just say
here that the whole paper is strongly inspired by the geometric techniques of
Christodoulou and Klainerman, developed in [4], [3] and also by related work
of Klainerman and Sideris [10], Klainerman and Nicold [8] and Klainerman
and Rodnianski [9].

1. Framework and main result

1.1. The general framework. — We work in R; x R3 where
0
0 _ _ (1.2 3 _ _ _ —
' =t, x=(z,2%2°), O0s= ek r=lz|, rw=z, o= (—1t),

where here and below we use

(s) = (1+5%)2.
As usual, the greek indices will run from 0 to 3, while the latin one will run
only from 1 to 3.

We consider a metric ¢ = go + v which is a (small) perturbation of the
standard Minkowski metric go defined by

(90)oo = =1, (g0o)ii =1, (g0)oi = 0.
The inverse matrix to gog is denoted by g*P. We will write
<Xa Y> = g(Xa Y)
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FREE DECAY OF SOLUTIONS TO WAVE EQUATIONS 421

and denote by D the connexion associated to g. Recall that for a function a,
the gradient of a and the Hessian of a are defined by
Va = ¢*%(0aa)ds, V?a(X,Y)= XYa— (DxY)a.
We denote by Lj the d’Alembertian associated to g (the standard wave equa-
tion), and by
Lyu = ¢°PV?u,s

the d’Alembertian associated to g. We assume

900 = 715 gOl(xvt)w’L = 07
and define
Vr

T=-Vt=0—g¢"0;, N-= o

, L=T+N, L =T-N.

Note that our assumption ¢%%w; = 0 allows us to express T — 9y and N — c0,
using the standard rotations, a fact which will be important later on. As shown
in [2], we have the easy properties

(T,T)=—1, T(r)=0=(N,T), DsT =0,
(L,L) = 0= (L1, L), (L,Ly)=—2.

We use the frame
€1, €2, Lla L)

where the e; form an orthonormal basis on the standard spheres t = tg, r = 7.

Three quantities play an important role in the following:

o the radial sound speed ¢ defined by
c=|Vr], &=g%wuwj,
« the second fundamental form & of the hypersurfaces t = Constant,
1
kK(X,Y)=(DxT,Y), kij= §goa(aigozj + 0j9ai — 9abij);

o the second fundamental form of the standard spheres t = tg, r = 1o
in {t =t}
O(e,e') = (DN, €},

where e and e’ are tangent to the sphere.
We denote by k and @ the traces of theses forms

k= k/’(N, N) + 1{3(61,61) + k(eg,eg), 0= 9(61,61) + 9(62,62).
In the frame (e;, L1, L), the d’Alembertian L is

Ly=—LLi+As — kT + (kyy +ON + 3 (m—N - eiic))ei,

i=1,2
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422 ALINHAC (S.)

where Ag is the Laplacian on the standard spheres corresponding to the re-
striction of g to these spheres. Finally, we recall the definitions of the standard
fields

Ri:(:c/\a)i, S:tat+7’ar.

1.2. Assumptions on the metric. — The behavior of the metric and of
the solution will be discussed in terms of the two parameters
1
oc=(1+(r—-1)%)% 1+t+r
Because of this, we distinguish three zones I, II and III, respectively defined by
r<s(+t), (4 <r< (141, r> 2141,
which we also call “interior”, “middle zone” and “exterior”. The reason for
using these parameters is that in nonlinear applications, the coefficients v will

be functions of u or Ou, and their behavior has to be discussed in the same
terms as the behavior of u.

The time decay of certain quantities will be measured using a smooth in-
creasing ¢ = ¢(t) > 0 such that
1
(1.2)a ¢ >0 (14t €89, ¥ e st
(1.2)p Ve >0, ¢(t) < Ce+ elog(l+1).
Here, S™ denotes symbols of order m, that is, smooth functions s(t) satisfying
|s® )] < Crty™*, keN.

In [1], we take ¢(t) = elog(1l +t). The “free case” corresponds to the choice ¢’
integrable. It seemed however relevant to us to incorporate in the present paper
certain decay patterns which played in important role in [1].

There are three groups of assumptions on the metric:
o General low decay. — For some p > %, and all k,
ITR~B| < ~g 0%(1 +t4r)7HE TPy E < v 0‘_%(1 +t+r)7H

Here, T'* means any product of k fields I' among R;, S or 0#0,. In zonesI
or ITI, it is enough to take I' among R;, S or 0,.

o Special high decay. — For the quantities k, 6 and ¢, we have in the middle
zone the high decay

TR <00 21+ 07" P <ol +0)7"
1—c <y002¢, |0 <yo0 3¢,
DA le] < qo07¢'e®?,  [TFac] < ypo 26 e”?.
o Technical interior assumption. — In the interior, we assume r|f] < C.
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FREE DECAY OF SOLUTIONS TO WAVE EQUATIONS 423

REMARK. — One can observe in the assumptions above that whenever a quan-
tity is bounded by *a%, its gradient is bounded by *o~2. This “homogeneity”
is important and occurs naturally in the context of nonlinear equations, where
energy methods and Klainerman’s formula give no better than a o~2 control
of Ju (see Introduction); this does not allow in general anything better than u
controlled by o3. We postpone to section 1.4 the discussion of these assump-
tions.

1.3. Main result. — Let u be the solution of the Cauchy problem

Lou=0, wu(z,0)=uo(z), (Ou)(z,0)=mui(z).
Assume the following decay on the smooth real functions ug, ug

Vo, VB3, |af < |B|, 2%0fu; € L?, i=1,2.
We have then the following “free” decay property.
THEOREM. — For o small enough and r > (1 +1), we have
|ou| < Co™3(1+t+r)"'eC?

for some C > 0.

REMARK 1. — The “free decay” result annouced in the title is obtained by
choosing ¢’ integrable, in which case ¢ is bounded and so is e“?.

REMARK 2. — There is little doubt that the same estimate holds also
for 0Z%u, where Z = R;, Z = S or Z = J,. This can be proved using the
“hat-calculus” of section 9; we dropped the proof of these additionnal estimates
to make the paper a little lighter, if possible.

We did not attempt here to give a poor estimate in the interior zone; getting
a good one there (without using the hyperbolic rotations) is a real difficulty,
which has been completely skipped in [8] for instance, where the authors work
only outside the interior zone. One can may be hope for some extension of
the inequality proved in [6] for the wave equation, which displays an improved
interior behavior of Ju.

1.4. Discussion of the method of the proof, of the assumptions, and
plan of the paper. — a) The method of proof uses energy inequalities for L.
In the litterature, there are essentially two approaches:

i) One can use a conformal energy inequality (see [5]), which gives a control
of Ryu, Su and H;u, with H; = t0; + x;0;. This is the approach of [7], [8]
and [9]. This is enough to get some decay on u, but not quite the precise ¢!
decay we want (see [7]).
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424 ALINHAC (S.)

ii) One can use the standard energy inequality and commute the fields R;,
S and H; to the operator. This is the classical approach for many cases, see
for instance [5].

In this later case, the standard Klainerman’s inequality

oI+t <C D |Zv]e

|| <3

yields the result. From the formula
1
&- = wi&« - —(w N R)z,
r

we see that the control of R;u makes all derivatives of w look radial, if r is
big enough (that is, outside the interior zone). In the interior zone, one uses
instead R )
T
=3 (wA H),.

Here, we are not willing to use the hyperbolic rotations H;. They do not
appear in the assumptions on the metric, and we do not commute them with L:
it becomes then difficult to control what happens in the interior zone. We will
come back to this in point e).

Here our goal is to obtain, in zonesII and III, the estimates
|(9Zk’ll,|L2 + |O'(92Zk’u|L2 < Cec¢,

for Z = R; or Z = S, which is enough to obtain the decay of the theorem
(see [3]).

b) The main idea of the proof is that we are in a 1D-situation, where the good
derivatives are R;/r and L. This is a consequence of the inequality obtained
in [2]. We choose as the bad derivative T rather than L, which has non smooth
coefficients in the interior. As in [1], we try to commute with L, modified
fields Z,, instead of the standard R; and S. Since we are in a 1D-situation, we
think it enough to perturb the standard fields by a certain amount of 7" only,
that is take Z,, = R; + a(R;)T or Z,, = S+ a(S)T for appropriate functions a
to be chosen in each case.

c) In [1], we analyze the commutator [Lgy, Z,,] by brute force, taking advan-
tage of the simple structure of the operator. However, this is tedious and does
not permit to fully understand why the terms in the commutator (especially the
first order terms ) behave properly. We use here a geometric approach giving a
formula for (L4, Zp,] in terms of the deformation tensor of Z,,: see [7]. We can
then compute the traces of the tensors in an appropriate frame (L1, L, e1, e3),
where (e1,ez2) is an orthonormal basis on the standard spheres. Using again
the fact that we are in a 1D-situation, we can essentially (though not com-
pletely) discard all terms involving rotations, and take advantage of the special
structure of LLy (which is close to L itself) and of L. Thus, in [Ly, Z,,], the
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FREE DECAY OF SOLUTIONS TO WAVE EQUATIONS 425

only remaining bad terms are the ones in L7 and in L;. This explains why it
is possible to cancel these bad terms by choosing only one function a. It turns
out that we must ask

alc Zc

La+ +2520, Z=Ri;, Z=S5.
C

This is of course to be compared with the more geometric approach based on
the construction of an optical function as in [7], [8].

d) To actually perform all the computations hinted at in c., and keep in mind
the behavior of the coefficients in the formula, we must develop a symbolic
calculus as in [1]. In fact, we develop three calculus: the standard one reflects
the action of the fields Z,,, and is explained in section 5. Another one is
necessary to establish the behavior of various derivatives of the perturbation
coefficients a: we call it the “bar”’-calculus, and we explain it in the Appendix
to avoid confusion. A third calculus, the “hat”-calculus, is sketched in section 9
when we need it. We did not try to formalize the structure of such calculus,
though it is rather easy to see how they are constructed. On the other hand,
we do not see how the computations could be done without it.

e) It turns out that the coefficients a, along with their Z* derivatives, behave
essentially like o2 while da behaves like 0~ 2. This causes many problems. For
instance,

ORu = (R + aT)u — (0a)Tu — adTu.
Since we want to write all formula in terms of the fields Z,, (which are the
only fields we hope to control), we will have to use the above formula whenever
ORu occurs in the computations. But, since a is not bounded, we must know
that 0Tu behaves better than 0Z,,u. This can be easily done if one uses
all “Z”-fields, including the H;, since we have the inequality (see [5])

o|ov| < CZ |Zv|.

If we do not use the H;, we have to rely on the substitute formula found by
Klainerman and Sideris [10]. These formula allow roughly to control 0d%v by
0Sv, ORv, Ov and (1 +t + r)Lov. Here, we have to adapt them to allow a
control by Lg, and this is the reason why we require a special behavior of the
lower order terms coefficients § and k in L,, and why we make our technical
interior assumption.

2. A convenient piece of notation

DEFINITION 2.1. — We will denote by fy any C° function of the following
arguments:

b ,.yozﬁ, W, T/(l +t)a J/(l +t)5
o any 0-order symbol of ¢ or r — ¢.
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In the sequence, Z always means either R; or S.

To simplify the formula, we often write fR for 3 fR;, v for v*?, etc. and
sum signs are dropped when this is not likely to cause any misunderstanding.

The following lemma indicates how such fy behave, when differentiated.

LEMMA 2.1. — In zone 11, we have the formula

Oufo = fobur + 220 Zfo = 21+ fo

Proof. — Since % < #t < %, we have
Jo fo
a = — = ) Z = .
w r 1+t w=Jo

Since 9r, Ot are fy, and R;yr = R;t =0, Sr=1r, St =1,

a(lj—t) - 1{Et’ Z(1:Lt) = fo.

Recalling that s = (14 s2)2 and (s)’ = s/(s),

a(lj—t) - 1{Et’ Z(lj—t) = fo.

Finally, since S(r —t) = r — t, for any 0-order symbol a,

Aa(r—t)) =d(r—t)fo= @7 Sa(r—t)) =d(r—t)(r—t) = fo

g

and similarly for a(t). O

In the sequence, we quantity r — ¢t will appear often in the computations in
zone II, and we need to compare it to our standard ¢. To this aim, we introduce
the following definition.

DEFINITION 2.2. — We define f just as fy, but containing also the additional
argument (1 — ¢)/(c2¢).

Let x(s) be a smooth real increasing function, x(s) = 0 for s < —1, x(s) =1
fors > 1, and xy— % odd. For technical reasons which will become clear later on,
define o by

c=1—x(r—=t)2=(—c)+x(r—0)(2+ (r—ct)).

The following lemma summarizes the relations between r — ct, o, o.
LEMMA 2.2. — We have
r—ct=fo, o= fo, o= fo.
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FREE DECAY OF SOLUTIONS TO WAVE EQUATIONS 427

Proof. — First,
r—1
o

T*Ct:T*t+(1*C)t:J( +f0'_%t¢/):fo'

implies the first claim. For r — ¢ < 1,

(1—c)t) 1—ct  for
2—(r—t))" 2—(r—t) 2—(r—t)

2 (r—ct) = (2—(r—t))(1—
being bounded by % for 7y small enough. Hence

> l-0e-0-0)+ix2+0-0)>1,

and clearly liminf /0 > % as o goes to infinity. Hence ¢/o, being an f

bounded away from zero, satisfies o/c = f. O

3. Two useful formula

In the flat case, denoting by H; = 2°d;+t0; the hyperbolic rotations, we have
the two formula

i) (r—=1t)0 = fo0+ foRi + foS + foH;,

i) (r+t) (0 + 0r) =S+ > wH,.

These show that the control of all fields R;, S, H; gives a control of ordinary
derivatives improved by o, and a control of Ly = 9 + 0, improved by t. In the
present case, we do not use the H;, and we need a substitute for these two
formula. Klainerman and Sideris [10] have established a substitute for i) in the
flat case. In the following proposition, we establish similar but more geometric
formula involving L.

3.1. A formula of Klainerman-Sideris type. — For technical reasons,
we introduce the “tangential” part A of L, defined by

~ _ 1
A=N?+A+0N — - o(C)eq.
c +A+ - Ze (c)e
We have thus L, = -T2 — kT + cA.

PROPOSITION 3.1. — o In zone I, we have the pointwise a priori bounds
o|00w| < C|0v| + C|0Sv| + C|ORv| + Cr|Lgv|,
o|Av| < C|0v| + C|aSv| + C|ORv| + Ct|Lyv| + Cro oY |00].
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o In zone 11, we have the formula (recall that Z = R; or Z = S)

00T = f(1+t)Ly+ (1 +t)(f0 + f(Oc) + fk)o

+fOZ 4 fOT + (f + f(Ry) + f(ct —r)(07))d + f(OV)R,
oN? = f(L4+t)Ly + (1 +)(f0+ f(9c) + fk)O

+f0Z + fOT + (f + f(Ry) + f(ct —7)(97))d + f(Oy)R.

o In zone III, we have, for vy small enough, the pointwise a priori bounds

ol825v] < C|Ov| + C|8Zv| + Cr|Lgvl.

Proof. — a) We first prove a number of elementary formula. Recall that
0i 5 .
T:@,g—i—7 (wAR);, N:c&—7 wz(w/\R)j.
r cr

Now
(DrN,N)Y=0, (DpN,T)=—(N,DT) =0,
(DI, eq) = %(DTVT, ea) = %(DeaVr, T) = —(N, Do, T) = —kun,
DrN == kinea, (DNT,T)=0, (DNT,N)=kyy,
(DNT,eq) = kan, DNT =knnN + Z kanea,
[T,N]=DyN — DNT = =2 " kanea — knn N,
(L, L1] = =2[T,N], (DyN,N)=0, (DyN,T)=—knn,

1 1 1
<DNN7 €a> = E<DNVT7 €a> = E<Deav7’, N> = Eea(c)a

DyN =knnT + % Zea(c)e

b) We start by recalling the pointwise formula from [10] in the flat case:

o(|Au| + [07u| + 0;0pu]) < C|Ou| + C|0Su| + C|ORu| + C(r + t)| Loul.
In zones II or III, we have in fact the pointwise estimates

o|0%u| < C|ou| + C|8Su| + C|0Ru| + Cr|Loul.
This follows from the formula
1
Au = 0*u+ = 8 u —|— — ZR2 ;Rfu = h(w)OR;u,

which imply
o|0%u| < Co|Au| + C|0u| + C|ORu.
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FREE DECAY OF SOLUTIONS TO WAVE EQUATIONS 429

Now 0; = w;0, + h(w)R/r, hence
, . C C

which gives the result for 92 = 9;0;, all other derivatives being already esti-
mated above. Finally, in zone III, since L, = Lo +v9? + h(v)9v0,

r|Lov| < r|Lgv| + Co (1)0|82v| + Cyoro™2 (14+t+r)"*0v|,
o
which gives the result for g small enough.

c¢) We follow now the proof of [10], trying to replace d; and 9, by T and N
whenever possible. We thus write

TS =0, +tTd +rT0., NS=tN+cO.+rNo,,
ctTS —rNS — ctdy +rcd, = rt(cT0, — N&) + E, E = ct*Td; —r*No,.
Introducing § = NO, — 5, we write E in two different ways:
~ 2 p—
E = ct®T0, — 126 — r2A = ct2T0, — 126 — —(Ly + T2 + kT)
c

2 2 2t2

)
- —%(Lg FET) - %T(T —9) + %T&t — 123,

E = =126 — ct®T(T — 9,) — ct? Ly — ct?kT + (32 — r?)A.
d) We compute now A and §. For more precision, we denote by h(w,~) any
smooth function of w and the coefficients v. We have
Lou = —T?%u— kTu+ cAu = gaﬁv2ua5.

But T = 8t — ’)’Oiai

T? = 0f — 29" 07 + 7"y 7 + hovo,

Ly = g*P 025+ hov0 = =0} + A+~ 07 + 2707, + hoyo.
Comparing the formula, we obtain

A=A+ (7% - vij)afj + hdvo.

To compute Ag, we denote g the induced metric on a given sphere, with cor-
responding connection D, etc., we have

Asu = e2u+ etu — (ﬁaea + 5beb)u.

We claim that we can pick locally an orthonormal basis (e1,e2) of the form
eq = (h/r)R. For instance,

e Rg 1 5618271'281
1 = — = — 9
|Rs| 7 (W?gan + w3g11 — 2w1w2912)%
—(Rs, Ro)Ry + (Rs, R\)Ry 1
ey = — Tl [0 R LGy 0) s 4 ) ).
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We then obtain , h h
_ 2
Since N = ¢d, + N, N = (v/c)h(w)R/r = YhR/r, we obtain easily

by, ]”RV)R,

r

rNN = hvdR + (h67 +
and similarly with T'= 9; + T = 0; + hyR/r,
7 h
rTT = hOR+ hd + h(0y)R, ¢Td, — NO = —0R.
r

Since ¢ = h(w, ), we finally obtain
o2 v_Ton_T L
rd = —rc “(Ne)N —rNN — CHN CAS + = Zea(c)ea

— L (Ne)N = 26N + hOR + hd + h(Ry)d + h(07)R.

c c

e) We prove now the estimates in zone I. First, using here our technical
interior assumption, we have |rdv| < C|dv| + C|ORv|. Hence, using the first

expression for E, we obtain
o|T 0| < C|ov| + C|ORv| + C|0Sv| + Cr|Lgv|.

Let us write for short 9; = (1/7)(w A R);, thus 8; = w;d, — 0;. Following [10],
we write

(t —1)0:0, = 0:5 — (8 + 8,)(rd;), |d;8v| < C|dSv| + C|ORY|.

Since T = 8,4+~ d;, this yields o|02v| < C|dv|+C|dSv| +C|dRv| +Cr|Lgv|.
We now proceed to control 9%, adapting again the proof of [10]. Substracting
the formula for 'S and NS above, we get

tNO, — 1T, = (N —=T)S + 8, — cd, — 16 +tT0; — rA,
tTO, — 1A = (t _ E)T(’)t _ E(Lg LET+TT).
Since T'0; is already controlled, we obtain
|(tT0; — rA)v| < C|dv| + C|8Sv| + C|ORv| + Cr|Lyv],
and the same bound for |(t N9, — rT9,)v|. Now,
T8, = 19,0y + 1T, = %N&t + hyOR,

tNOy, — rTO, = (ct — )02, + h(ct — )9, 0, + h7OR.
We finally obtain o|9%v| < C|dv| + C|0Sv| + C|0Rv| + Cr|Lgv|, and the
same bound for o|dd;v|. To finish the estimates in zone I, we use the second
expression of E, which gives

o|Av| < C|dv| + C|dRv| + Ct|L,v| + Ct|TTl.
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FREE DECAY OF SOLUTIONS TO WAVE EQUATIONS 431

Now TT = hOvy0 —~ 0% + hv@fj. Using the previously established estimates,
we get the result.

f) In zone II, we need equalities, which will be later cast into the framework
of the symbolic calculus. With [T, 8] = [T, ;] = h(dv)R/r, we get

(ct =)0, T = f(L+t)Ly + f(1+ )00+ f(1+1)(0c)0 + f(1+ )k

+f0S+ fOR+ fO+ f(Ry)O+ f(Oy)R+ (ct —r)f(D7)0.

Similarly, we obtain exactly the same formula for (¢t — r)A.

At this stage, we proceed as follows: assume that we have an identity of the
form (r — ct)A = B. We also have

(1 —x(r— t)) (2 —(r— ct))A = (1 —x(r— t))(2A — B),
X(T—t)(2+ (r— ct))A = x(r —t)(2A+ B),

hence 0 A = fA+ fB, and, using Lemma 2.2, cA = fA+ fB. Since
¢A =L, + fOT + fk0,

applying this procedure to the above identities, we get the desired formula
for 00T and o A. We have

oN? = gcA — cAg — 00N + gZea(c)ea = ca&—l—f@R—l—f@—i—f(Rv)@,
c

hence we also have the desired formula for o N2.

To control T'9,., we write

ct—r

(¢t = r)TO, = (TS — 0 + ;(Ct —7r)T0.

r

Since [T,0,] = [T,0,] = fo(07)0 + fo(y/r)0, we obtain the formula for
(¢t — r)0,T. Finally,

f037 (R, T] = (Ry)R n JoyR

T r r

0; = w; 0y +

gives (ct —7)(fo/r)RT = foOR+ foO+ fo(Rv)9 which concludes the proof. O
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3.2. A formula for L2.

PROPOSITION 3.2. — In zones II, we have the formulas (with Z = R; or
Z=25)

f r—ct I
T Trra T

f fo R* fo f
L? = Lz — L
1+t +(1+t)2 PR e
f

/ fo

@+ 700+ 750
fo = fo fo

+1+t98+ (1+t)28+ TETE

(Ry)0.

Proof. — a) With the notations of the proof of Proposition 3.1, we have
hy

h

T:8t+77R, N =cd, + 'R,

hence
h
L=T+N = at+caT+lR, (r+ct)L:cS+c2tar+rat+ﬁR.
r r
Now ¢, +1rd; — ¢S = (r — ct)(0; — ¢0,), and finally
2c r—ct v
L= S L R
r+ct +7’+ct 1+ 14+¢ 7
which is the desired formula.
b) We have
[S,L] = —(0; + c0,) + fyd+ fS~0, [R,L] = fyd+ fRy0,
[L, L1] = =2[T, N] = fo~0.
Hence
f r—ct f
L? = LZ LL, +——L
Tl et T T
f f r—ct
——~0 + —(Zv)0 0v)0.
+ lth7 + 1+t( 7) +fr+ct( 7)

Replacing LL; in terms of L, and using the formulas

fo [

Ag = igR2 + =0+ =(Ry)0, kij = f0,
r r r

and Lemma 2.2, we obtain the desired formula. O
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4. Commutation formula

Since we will be working with the special frame (e1, ea, L1, L), we need to use
tools from differential geometry to express [Lg, X]. We recall first the definition
of the deformation tensor 7 of a given field X

X s = DaXp + DpXa.
We remark that, for any field X and 7 = (X7,
(4.1) 7 = 0%(XP) + 0°(X) — X (g*).
In fact, Do Xpg = (Do X, 08) = 98y0a(X7) + X Tgay. From the explicit ex-
pressions of the I's,

Lagy = %(8&‘7&7 + 9v9ap — Oagpy);

we get

Lapy + Lgay = 0y (gap)-
Since X gqs = —gangﬁ'ng;, we obtain the result.

We use in this paper the explicit commutation formula (see for instance [7])
Ly, X]¢ = 7%V pag + Dam®? 95 — 5 0° (trm) Dp9,

where 7 = (7 and trm = 72, In what follows, we are concerned with the
cases X =T, X =R;and X = S.

PROPOSITION 4.1. — With 7 = )7 in each case, we have the commutation
formula

Ly, X]o = 77V 2005 + AGv + BOv + § Li(wp1) Liv.

Here, G =e1, G =es or G = L stands for a good derivative, Z = R; or Z = S
and the coefficients A and B have the following form.:

i) For X =T,
A= A=fd*,
_ 5[ f
B =B =100+ 15270y
2 / Jo o 2
+f(07) +—1+tZ8'y+—1+t8 v+ fr0%y.
ii) For X =R, or X =5,
A = foy+ f(Zy)0y,
N e B fo fo
= 1+t+1+th+f757+f(Zv)5v+ 1+t57+1+t(Z7)57
f 2 fU f 2
+—1+t(Z'y) +f'yZ3'y+—1+t(Z8’y)+—1+tZ 7.
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Proof. — 1a) To use the commutation formula above, we compute the various
components of Mz, Bz (S Since T = 9y — 7°79;, the derivatives of the
coefficients of T' are hOv, while T'¢®P is h0~. Hence (T)ﬂag = ho~y.

1b) If X = R;, indicating by “bar” the lifting relative to the standard metric,
0°XP 4+ 9°X = 9°XP + 0" X 4419, X + 49, X =T+1L
The term I corresponds to the commutator of the standard d’Alembertian

with I;, hence is zero. Hence we obtain mog = hy + hRy.

1c) If X = S, we proceed as in 1b), with the difference that, since X* = z%,
I=2¢%%, and 7% = 2¢g“® + hy + hS~. Since the term 2¢*? yields 2L, in the
commutator [Lg, S], we will ignore it in the sequence and discuss in parallel the
commutators with R; and S.

2) The commutation formula involves 7 in the higher order terms, and deriva-
tives of the tensor D,7 in the lower order terms. By definition,
D,uTraﬁ = a,u(ﬂaﬁ) — W(Dﬂaa, aﬁ) — W(aa, D#aﬁ)

Since the I'’s are just h0, the last two terms in the right-hand side of the above
formula are products of components of m by hdv. Since we use the frame e,
whose coordinates with respect to the J, are h, we must include terms which
are products of components of = by 0h = hdvy + h/r. Altogether,

h
Dﬂﬂ(eav eﬁ) = (9# (W(ea, eﬁ)) + hwdy + Tﬁ

Exactly the same analysis applies to the lower order terms arising from the
terms 7*°V2¢,p, since D._es is a sum of h(97)0 and h(Oh)d. These lower
order terms will eventually enter the terms BO.

For X = R; or X = 5, the derivatives of the components of 7, are just
hy h
o = hoy+ — + h(07) X~y + —=X~v+ hX .
r r

For X =T, we obtain dr = h(9v)? + (h/r)0v + h0*y.
3) We have the formulas
co=lp -1

r

—0+ fy0+ iS.

r r
This allows us to prove that a G-derivative of a component of m behaves better
than just any derivative. For X = R; or S, the components of 7 are hy +hX~.

Applying G, we find Ghy + GhX~ + hGy + hGX~, that is finally
I fo

Grn = - + %Xv-i-fw')'y—i—f(Xy)(')v—i— 767
+ %(X’y)@y—i— %(X’YF + [y X0y + %X@’y—i— %XQV.
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For T, we find

f

G7r:—<97+f
r

r

f

r

fo

(X7)0v+ f(07)° + X0y + =

0%y + f~0%.

Using the above commutation formula, written with respect to the frame
(e1, €2, L1, L), we obtain the proposition. O

5. Perturbation coefficients and symbolic calculus

Let us fix once for all a nonnegative cutoff function

1 if 3<s< 3,
(s) = Lo
0 1fs§§ or s>

[l

Abusively, we will also denote by ¥ the function X (r/(1 +t)).

DEFINITION 5.1. — For Z = R; or Z = S, we define the corresponding per-
turbation coefficient a = a(Z) by

T Z
(5.1) La+ =% = —g=5,

¢ c
a(0,t) = 0 and a = 0 close to t = 0.

Since, for 79 small enough, the middle zone is an influence domain of its
boundary for L, this definition makes sense, and suppa is contained is the
middle zone (the only place where we need perturb the standard fields R;
and S).

DEFINITION 5.2. — We define the fields Z as
Ri = Ri+a(R)T, S=5+a(9)T.

In the sequence, we will just write 7 = Z + aT. Finally, we define the full
collection of the modified fields Z,,, to be

Ri, S, T.
We have already defined f in section 2.

DEFINITION 5.3. — We define Ny to be any of the terms

(5.2) o 2(1+t)"y, o3(1+) 0y, (02/¢)0c, (1+1)8, o>(1+t)k.

We define N, (k > 1) to be any of the terms

oI+ 028y, or(1+0)HZ8 0y, o1+t ZE 197,
o375, 0225 0a, (02¢!) ' ZEc, (07 /¢ ZF Oc,
(1+8)256, o3 (1+t)ZF k.
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All these quantities will be used only in the middle zone. We have, between
the quantities f, Ni and the fields Z,,, what we call a symbolic calculus, which
means that we have the following lemma.

SYMBOLIC CALCULUS LEMMA. — We have the relations:
i) ZEf = fNk-- Ny, kit ky <k,
ii) ZENy = [Nk Nig, ki+ - +kj <k+p,

ii) ZE(+1) = 1+ [Ny Ny, kit +k <k

iv) ZT];U:UZkaf"Nkja ky+--- 4k <k,
V) Zﬁlqﬁ/:qﬁ/Zkal...Nkj’ ki+---+kj <k.
Proof. — In view of the very structure of the relations, it is enough to prove

them for k = 1 and any p. To prove i), we have to check first the effect of aT
applied to all the arguments of fy but . Since T' = fy0, by applying a1 we get
foa/o = fNy, hence Z,,, fo = fN1. Now Z(r—t) = foo, aT(r—t) = fola/o)o,
hence iv) is proved for k = 1, and similarly for iii). Also,

"

24! = fotd" = & fot( 53 ) = ' fo.

d)/
aT¢' = a¢’ = (b/(lLth) 4(1 —:;)(b = ¢' foN1,

thus v) is proved for k = 1. To finish the proof of i), we have to take into
account the argument (1 —¢)/(02¢’). But then the result follows from iv)
and v).

To prove ii) for k = 1, it is enough to observe that this follows from the very
definitions of the Ny, using iii), iv) and v). O

We finally define, for k > 1,
My = fNYN{Ngy---Ney, p>0,¢>0, 622, (L;—1)<k—1.

Each Mj, involves only finitely many terms; in the course of the proof, since
only a few commutators will be computed, p and ¢ will take only finitely many
values that we need not make explicit here. Remark that, as a consequence of
points i) and ii) of the lemma,

My =Y fNEN{, MMy = Myypa,

> fNkoNi, =My,  ZpMy = Myy1, Z5, My, = My
kit +k; <k
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As a consequence of the assumptions of g and of the definition of the a, we
have

PROPOSITION 5.1. — In zone Il, for all k, we have for some constant C' = Cy,
|Nk| S Cec¢, |Mk| S Cec¢.

Since the proof of Proposition 5.1 involves defining a symbolic calculus
slightly different from the one above, we postpone it to the Appendix to avoid
confusion.

REMARK. — It is only in the proof of this proposition that we need to use
the fields o# 9, in the middle zone in the formulation of our general low decay
assumption. The resulting assumption is still much weaker than would be the
corresponding assumption using hyperbolic rotations.

6. Commutations with the modified fields
Recall that the modified fields Z,, are the fields
R; +aT, S + al’, T.

PROPOSITION 6. — We have in zone I1 the formula
M, fo~ 2
6.1) Ly, Zm] = ML 78Z D¢ 0Z,, GZ,,
(6.1) [Lg, Z] ngr(l_Hf)2Jr + fD¢' +1+t 1
My Mo~ 2
+78+M 0+ G
(14+1¢t)2+ 1 (L+t)m

Here G means a good derivative L or R;/r as before, and D = (02 /¢')dc = Ny.

Proof. — 1) We write for simplicity Mg =7 and Dr m. Recall from
[1, LemmaHI], that kyy = 7TC/C. Hence 7, = 2< > = QkNN =
—2T¢/c. Since [R;, L] = (Ric/c)N +---+ R and [S,L] = (Sc/c)N +---+R,
we also have

1 Zc
§7TLL = <DLZ, L> = (DLZ - DzL,L> = <[L, Z],L> = -

c
2) We use the formula [Ly, aT] = a[Lg, T+ 2VaT + (Lya)T, along with the
formula given in Proposition 4.1. We obtain

Va = —%(Lla)L - %(La)Ll + (e1a)e; + (e2a)ea,
Ly, Z + aT)¢ = { (7% + a7*?)V2¢ag + (A + aA)G + (B + aB)9)}
—|—{ (Lia)L — (La)Ly + 2(e1a)er + 2(eqa)ex)T
+Z [Li(mrrn) +ali(Too)] Ly + (Lga)T}
= {I} + {II}.
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We express the higher order terms of the form ¢*°VZ2¢,s in the frame
(e1, ez, L1, L), which gives

1 1 1
ZQL1L1V2¢LL + ZQLLV2¢L1L1 + 5(]LL1V2¢LL1

- Z [qLeiv2¢Llei + queiv2¢Lei] + Z Qe;e; v2¢eiej'

i=1,2 i,j=1,2

We pay a special attention to the terms involving L?, which have as coefficient

(rLL +amry) — %La.

=

Since we have seen in 1) that 7y, = —2Z¢/cand 7, = —2T¢/c, this coefficient
is just, taking into account the definition of a,

1 1Zc 1Tc_ 1 Zc

By P §
2773 T 2. ;1= X),

We have
2(Va)T = — 3 (Lia)L? = (La)L} — 3 (La)(~[L, L1] + LLy)
- % (Lya)LLy +2 Z(eia)eiT

(Lya)L? —

N =

1
2
_(Ta){_Lg — kT + (kyy +0)N + Ag + Z (QkaN - eac(c))ea}

+(La)[N, T] + 2 (e;a)eT.

Since [N, T] = knyN 423 ke, nes, the first order terms of the part 1T of [L,, Z]
are

(Ta){ET — (kny +0)N — Z (QkaN - ea(c))ea}

c

1 Zc Tc
+ (La)knn N +2(La) Y keoves — (L17 + aL17)L1 + (Lya)T.
The coefficient €; of the Li-component of these terms is

1 _ _ 1 1 1
€1 = §(Ta)(k + kNN +9) + §Lga - §(L0J)l€NN - §(L17 + aLl?).
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Now
Lya+ (Ta)(k + knn +0)

= —LLia+ Aga+ (kyy + 0)(La) + Z (Qkiuv - eiic))ei(a)’

Tec Zc .. ZJc Tec _Zc
LlLa—i— aLl— +L1— = (1 — X)Ll_ — (Lla)— — (le)—v
c c c c c
1 1 Z T 1
e1 = —=[L,Li]a— —(LlLa—i—Ll—c +aL1—c) + ~Aga
2 2 c c 2
1 1 1 ei(e)
(L — (L - (2 N — ) ;
+2( a)(knn +0) 2( a)kNN+2Z kin " ei(a)
1 1 - 1Tc
= §A5a+ i(La)HfQZkeiNeiaJr 5?(L1a+2]\7a)
1 Te 1 . Zc 1 ei(c)
PRSELIE AL YOI C) YA
LX) — — 5= X)Li— + 3 kin — == )eia)

The fact that e; is smaller than it should be, due to the choice of the a, is
crucial for our argument. The rest of the first order terms of II is

2(La) ZkeiNei +eL — (Ta) Z (QkaN _ eac(c))eaa

1 1 _Zc
€g = §ASG/ -2 Zkfei]\[(eia) + 5([/1){)?
1 Z 1 T 1,T .
+—)_<L1—C + —aLl—C + —(—C — H)Lla.
2 c 2 c 2\ ¢

To summarize,

1

L, 2] = {I} - %(Lla)L2 S(La)3 — (Ta)As + (Ta)L,

Ta
+2 Z(eia)eiT +2(Na) Z ke,nei + — Z ea(c)eq + €0l + €1L;.

3) We will now express all coefficients in terms of o, 1+t and the Nj,. We will
also need improved formula for L? and L?. We have first

fo~

(1+t)r

In fact, the coeflicient of the gradient term in the expression given in Proposition
3.11is

frO+ froc+ frk + f + fRy+ fody

6.1) 00T = f(1+t)Ly+ fOZ + fOT + M0 + NoR.

fo3 foz
(14t)m N

= fNo+ fo ENo+ fNo+ f +
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Next, we have
(6.2) 07 = M10Zm + Mio™ 20+ Mo~ 2(1+t)L M g
. 1 m 1 1 g U(l—f—t)“ :

To prove this, we write, using (6.1),
9Z = 07 — (9a)T — 2(s0T)
o

= 97 — (8a)T — %(f(l + 1)Ly + fOT + M, + f(O7)R)
—~ %(Gf—wa)T—a@T)
_ (1+%)82+ (f—i—%)(@a)T—i— (fa+fa )

+7f(1+t) L, +&M1 fa( IR,
g g

which gives the formula. We deduce from this the formula

Mla_% ~
0T = M1(1+1t)L M0+ M10Z,, R.
o 1(1+1) g+ M10+ My + T+

We have now

2 ~ ~
B _BR_an - ER_@T_@T

T ' T
R
RT = [R,T]+TR = [f7+f(R7)}? + TR,
Ra = Ra — aTa = Mgoé

R?2 R~ DMyo? M
L e iy, Wl LIP Y/
T r 1+t 1+t

This gives
fR M10' M2 M1 R
Zm + 0Zm + -0+ =,
(14t)r (14 1¢)? (1+1t)2 L+tr

(6.3) Ag =

and similar formula for products e;e;. From the expression of L, we get now

M M, Mio=% R
6.4 LL, = fL OZm B =
(6.4) 1= het T aroey

Also, using (6.2),

hR R
(6.5) aei:a(T) 1itaZ+Ma =

M R Mioc—3
- 152 + Mo 7L, +M101 4 2217

0.
1t 14¢
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We write L3 = L1(2T—L) = 2L1T+[L, L1]—LLy and LT = fOT = (f/0)odT,
Mi(1+1) Mio—2
(L+ )~

To obtain a good formula for L2, we use Proposition 3.2 and compute carefully
the term LZ:

LZ = L(Z —aT) = LZ — (La)T — aLT,

R.

M M.
(6.6) 12 = Ly+ —0Zpm+—0+
ag g

LT = %HZT—F 1f—ftaT
= Loz Lo+ L(z0+ L (oom)
= ML, + 1j\ftazm+ 1Afta+ (ﬁj)iul%,
LZ = L7+ Myo?L,+ ]\fngfaZm + Afft 0+ ﬁ;wR

Replacing LZ by this expression into the formula for L2, and using the above
expression for R?/r, we obtain finally
M f Mo Mo /

g
6.7) L’=—""L,+——LZ, 0 Zm ;) L.
(6.7) [ Tare +(1+t)% T

4) We are now in a position to express the terms I and II in the expression
of [Ly, Z]. First, we rewrite the coefficients A, B of Proposition 4.1 using the
notations of the symbolic calculus. We have

72 =22+ faZd+ fa?0® + f(Za)d + Myad + fadad + fa?dyd,

and Z2y = Myo? (14 t)~*. From this follows easily

1

g Mot 5 MoE
1+t~ (14 1¢)2
Mla_% MQU% M,
ST T Urome Ty
From the proof of Proposition 4.1, we get
Ny L — aogo‘ﬁ + hy 4+ hRy + ah0y = (]1\4:75” )

with ag = 0 for X = R; and ag = 2 for X = S. On the other hand, the lower
order terms arising from ¢*?V2¢,5 are of the form

Mlaé Mla% + M1 )

(1+t)r (T+t)e - (1 +1)2m

(hdy + hoh)d = (
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Hence
1 o3
I = ZqLL(L% — DLlLl) + W[MlLQ + M1LLy + M;0e; + Mleiej]
Mla_% Mgo‘% My
G+ ( )
tTaro o T Ty T oo

Using the simplified formula
M, M,

LQ:M1L9+—1+taZm+1+t8,
M M, Myo~2
LL, = fLy+ —=0Z, d 9,
1= St R 0% TR0
M,y M, M R
i =MLy +——0Zm +—0+ ——,
Ode 1g+1+t8 +1+t+07“
M, M,
e = Oy, 2,
G = Tt T
we obtain finally
1 M, Myoc—2 M,
I="qu L+ ——F—0Z,+ML,+ G+ —0
4qLL 1 (1+1¢)3+r 1g (14 t)» (1+t)ztH

5) To express II, we compute first ¢y and €;. We have
R? = R*+ faRO + fa’Zm0 + fad + f(Ra)d
+fa(R)0 + fa(8a)d + fa2(87)0 + fa*(Zmy)0,

R?%q = M30%, Aga = M30%(1 +1)72,
_ 7hRa7M20% I f
T T Ty YT
Z
L1<7C) = £(dc)Zc+ f10, Z)c+ fZdec
= f(0¢)(Zc) + fa(Dc)? + f(Oc) + fZOc+ faZmc
Mlo*%
= M ¢'.
14 M9
Te 9 ]\410_1 —1
) = - - M 2
Li(") = S0P + £(0m0e+ fZmde = ot + Mio ™3,
Te g — JNo
c 14t
Collecting terms, we get
Myo~3 , 3 / 3
= + Mg+ —— e =M¢ +—"%;
R 16 1+3 ¢ (141)2
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since (1 —Y)(0"2/(1+1t)) = f/(14t)2. For the terms (e;a)e;T appearing
in II, we write
f M, M,
0+ A
(1+1)? (T+t)Hn" " (141)3
and we use again (6.2). Finally, using (6.3), (6.6) and (6.7) to express the terms
(L1a)L?, (La)L? and (Ta)Ag of II, we obtain the result for [L, Z].

(e;a)e;T = (Ra)([R,T)+TR) =

6) To check that [Ly,T] has also the form (6.1) is easy, since it is given by
Proposition 4.1. All terms Tro‘BVquag are the same as before, if we ignore the
improvement by a factor o~!'. The only difference are the two terms iTT L3
and iLl(Tr rr)L1, which are not partially cancelled by other terms as before.

Now L1 (T¢/c) has already been computed. Also
7Ll = fDo2¢'L?, D= (0%/¢)dc= N,.
Writing
L} =2L,T +[L,L1] — LL;

and using the previous formula, we get finally

_ 9 , Mo M,y

Tl = fDY' LT+ MLy + EET 0+ e O0Z,
which is the desired result. o

We will also need the following commutation lemma, similar to the ones
in [1].

LEMMA 6.1. — In zone I, we have
[Z'rl:w 8] = ZMpaZ'gw
where p > 1, p+ q < k in the sum.

Proof. — For Z,, = Z 4+ aT', we have
[Zm, 0] = [Z,0] — (0a)T + a[T, 0).
Since [T, 9] = f(0y)0 = M1 0, [Z, 0] = f0, we obtain
[Zm, 0] = fO+ fa(Dy)D+ f(Da)d = M 0.

Since [Z*+1 0] = Z,,[ZF | 0] + [Z.m, 0] ZF , the lemma is easily proved by in-
duction. O

LEMMA 6.2. — In zone II, we have, for G = R;/r or G = L,
1
k _ o2
[Z3, G =Y M,GZi, + 7 > My107,
where in both sumsp > 1 and p+ q < k.
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Proof. — We have

[Z+aT, % - {Z,ﬁ ¥ %[T,R} . %T.

Since [Z, R] = fR, [T, R] = (fy+ fRY)R/r, Ra = o2 My, we obtain

Moo3
[Z—l—aT,E}:MlE_F 20
r r 1+

To estimate [Z,L], we use the formula already proved in the proof of
Lemma A.2:

[R+aT,L] = fZmcL+ f(Re)0+Q, [S+aT, L] = (fZmc—1)L+ f(Sc)0+Q,

where
R R R R
Q = |hy+ hZy+ hady + —hay(Z~)r + —hanT} — =M —-
T r T T
Hence
- R Mo
Z, L= ML+ M— 0.
[ ) ] 1 + 1 r + 1 + i
We note also, from the same proof,
Nyo~3 h h?1 R
1) = N2 hiwy + 10 M) B
1+1¢ r r lr
_ [Noo72 . foo% R
Y T+t 7’

which gives the formula for all Z,, and k = 1.
By induction, we get, using the Symbolic Calculus Lemma,
(231 G) = Zin|Zy,, Gl + [Zim, G 2},
o3

1+t

Zom <M1G+M2 a) — MyG + M1 [Zm, G] + M1GZp,

=

o
+1

+1 (M1 M20 + M50 + M3[Zy,, 0] + M20Zy,),

which gives the result. o

7. Commutators in zones I and III

In zones I or III, o is big, so we need not use a special frame to express
Ly, Z* ], which is simply given by the following lemma.
g m g g
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LEMMA 7. — We have, in zones 1 or 111,
(ZF L, = CZl L
+ 2 ( WZ0y) - (ZEANZ30) - (Zm 07)0° 2y,
+ 2 hy )(Z”1 ) (ZRin)(Z] 0v)

(252 9%) - (27 0*y)DZE,.

Here, C' is a constant, h stands for a smooth function, and ¢’ < k —1,
Zp+2q+2r+€§k—1
in both sums. Moreover, i+j>1in >, while j+s>11in) ,.
Proof. — 1) We denote here by h any smooth function of v. We have
[Zm, 0] = (h+ h0Ov)0,
and by an easy induction argurnent
=Y W(ZB) - (2B (28 0) -+ (285 07) 02,

where Zp + Z g+ ¢ < k — 1. Similarly, we have

(Z, 0] = (h + h07)0* + (hOy + h(0v)* + h9*y)0,
and an easy induction argument gives also

(28, 0% = X0, (2B - (2B (23 09) - (28 0m) P2,

+22,h (Z’” e (ZR(Z3 07)
A(ZH o2 0%) -+ (2% 0%)0Z,,

where in both sums > p+ > g+ > r+¢ <k —1.
2) We have L, = Lo + v9* + hdv0. Hence
[Z’ Lg] = [Za LO] + [Za’yaQ] + [Za ha’ya]

= CLo + (Z7)0* + hyd* + W(Z7)(07)0 + h(ZDv)D + h(dv)D
= CLy+ (hy + hZy)0* + (WMZ~)(07) + h(ZD7) + h(97)) 0.

Also,

[T, Lg) = [T, Lo] + [T, 79| + [T, hd~9] = h(97)9* + (hd*y + h(9v)?) 0.

Mixing both formula,
(Zin, Ly = CLy + (hry + h(Z7y) + h(07)) 0>

+(h(8'y) + W Z07) + h(07)* + h(dY)(Z) + h82'y) 0,

which is the result for £k = 1. Writing as usual
[Zgjrlv Lg] = Zm[Zﬁm L] + [Zm, LQ]Z'r]:w

we obtain the result by induction.
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8. Control of |0ZF u|>
LEMMA 8. — We have |0ZF u|> < Ce®?.
Proof. — We can write
LoZku=[Lg, ZhJu=""Z5 Ly, Zm) 252,

with ¢1 + ¢35 < k — 1. Using cutoffs, we will study the commutator separately
in zone I, IT and III.

1) We first state the special energy inequality that we use:

E(t) +/ o 7N |GulP dedt!
o<t/ <t Z

< CE(0) +c/

0<t/<t

Here, E(t) = |(Ou)(.,t)|2, is the standard energy of u at time ¢, and

t
L] - |0u] dzdt’ + c/ A(VE(#) e,
0

A(t) = |0c|pze + o7 1—c’L;c.

This is a consequence of [2], the hypothesis of Theorem 4 of [2] being satisfied
(it is understood of course that € is chosen small enough with respect to p— %)

2) In zone I or III, we use Lemma 7. For k = 1, we see that the coefficients
of terms involving du are bounded by CeC?o=2(1 +t +1)"* < C(1 + )"
where we can take v = 1+ 1(u— 3) > 1. We write a term b0%u = (b/0)oc0%u,
and again

‘2 ¢
T+
In zone III, using the pointwise estimates of Propostion 3.1, we thus obtain

C
[[Lg, Zmu|,, < 1025 ulp2,
g L (1+t) ;

and the terms will be easily handled using Gronwall lemma. In zone I, if the sec-
ond order derivative is of the form d0;u, we can use the first formula of Propo-
sition 3.1 and proceed exactly as before. If the second order derivative is 0;0;,
we have to proceed again as in [10]. We write, with L? norms in the whole
space,

> lodfvle < ClovlLe + CloAv|ps
< Clovlge + CloAv|2 + Cyo Y 00l 1e,
and obtain for 7y small enough

> oo vlLe < Clov|ze + CloAv| ..
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To handle the term involving ﬁv, we split it into three terms corresponding
to the three zones. In zones I and III, we use again the pointwise estimates
of Proposition 3.1. In zone II, we use the pointwise estimate following from the
proof of Proposition 3.1 there

o|Av| < C|dv| + C|8Zv| 4+ C|0Tv| + Ct|L,v| + C|dv]| - |Rol.

Taking again o small enough, the terms Y |007;u| disappear from the right-
hand side. Using formula (6.2) to transform terms 0Zu into 0Z,,u, we see that
we are left with easily handled terms, except for the terms

1
——190v| - |Rul.
Tl IR
But these terms are bounded by C'o~2 (1 4 ¢)~#|Guv|, which can be easily han-
dled using the inequality stated in 1). For k > 2, we proceed inductively along
completely similar lines.

3) To analyze the term Zf;; [Lg, Zm]v, we apply Leibniz formula and use the
commutators’ Lemma 6.1 and 6.2. We distinguish the critical terms, involving
0ZF or GZF , from the noncritical terms, which, by induction, we can assumed
to be already estimated. We say that a term b9Z/, is integrable if b = (1+t)~
for some v > 1. The critical terms arise only if Zf;; goes through [Lg, Z,,,]: they
are of the form

M
07},
(1+t)=tm

m?
Using the Symbolic Calculus Lemma and the commutation lemmas, we see that
the non critical terms in [Lg, ZX |u are of the form
M; ¢ age  MjoTE
s t)%ﬂ‘ 07, M;¢'0z,, TN GZ,,,

for various j and £. In fact, commuting Z*, with 0 yields only terms M G071,
of the desired form, while commuting Z%, with G yields either terms M;GZ,
of the desired form or integrable terms bOZ¢,.

To use the above energy inequality for v = Z* u, we have to make sure that
the energy norm at time ¢ = 0 is bounded. Since the a are zero close to t = 0,
Zm =R,S or T = 0; + v0. Moreover, the equation Lyu = 0 can be written
0?u = y0?u+ h(v)9y9, with 0% containing at most one t-derivative. Hence we
have the formula

ZEupi—o =Y h(y)(@* 974y) - (@ 0 y) 2 0 Ofu,

where |o;| < |B3;], |a| < |8], I < 1. The same formula holds for 9, Z% u as well.
From the assumptions on +, all coefficients involving 7 in the above formula
are bounded. Hence the norms |0ZF u|;2 are bounded as a consequence of the
assumptions on ug, uq.

I g

D¢ 87k )
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Adding all inequalities on 9Z%, for £ < k, we see that all integrable terms and
all terms involving G-dervatives are easily absorbed using Gronwall Lemma.
For the critical terms fD@' 0ZF u, we note that fD is bounded, thus the use
of Gronwall lemma yields a bound C'e®?, which is what is claimed. For the
noncritical terms M;¢'0Z% u, they are bounded by C¢'e®?, the integral of
which is bounded by Ce®?. This completes the proof. O

9. End of the proof
We have now to recover the standard fields Z from the Z,,. More precisely,

our aim is to obtain L2 estimates in zones II and III of 8Z%u and 0d? Zu.

9.1. The first step is to modify the pointwise estimates of Proposition 3.1 to
adapt them to zone II.

LEMMA 9.1.1. — For any v, we have in zones II and III the pointwise esti-
mates

o|d7v] < C|dv| + C|dRv| + Co|N?v|,
o|00w| < Cldv| + C|ORv| + Co|dTv|.

Proof. — From the proof of Proposition 3.1, it is enough to control cd?v to
prove the first formula. But

N hyR Nc 1 R

= - o+ afz——3N+—2N2+(f(87)+f—7)—+f(1)aR

c r c c r/or r

give the estimate. Similarly,

R R
oT = 00, + 0l =) = 00, + (for + ﬁ) ~+7(2)or,
T r/or T
which completes the proof. O
LEMMA 9.1.2. — On the boundary r = %(1 +t) of zone 111, we have
|ZFu) < C(1 + 1)~ 7%,
Proof. — From Sections 7 and 8, we know that in zone IIT we have for all k
|0Z%u| 2 + |00? ZFu| . < Ce®?.

Using Lemma 2.3 of [3], we deduce |0Z%u| < Cr=%e%?. Integrating from
infinity, we get the estimate. O

We need now to control a function in zone II from its gradient and its
boundary values.
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LEMMA 9.1.3. — Let Co <1< Cy, o > L,

Co(l+1t) <r <Ci(1+1).

and denote by D; the domain

For all v, we have

—Qx

g

< Clonapy + C(L+1) /u2 (CL(1+ 1), ) dw.

TV =
3 1L2(Dy)

‘(1 +1)
Proof. — With M; = M;(t) = C;(1 +t), we write
I\/[l I\/Il
v(r) = v(M) —/ vrds,  v(r)? < 2u(My)? +2(M; — r)/ v2ds.

Hence
My —2a 2 My My s

/ U(Lv(r)er < Co(M1) / d7’2 JrC’/ ’UT(S)QdS/ d7’2 .
My (141 L+t Sy, o(r)? Mo M, 0(r)%

Since u
o dr du
< <C
/M0 o(r)?® — / (I+u?)> —

we get the result by multiplying the inequality by (1 + ¢)? and integrating
in w. O

9.2. Though we could manage without it, it is more transparent to introduce
here a “hat-calculus”, analogous to the symbolic calculus of Section 5 and to the
“bar-calculus” of the Appendix. We keep f as before, and define the fields Zm
to be Z 4+ aT or o*T (thus they are the same as the fields Zm). We define NO
(exactly as Ny) to be any of the terms

1

o (L4 )y, oF(1+ 1)1, ‘;—fac, 1+)0, o1+ t)k.

For k > 1, we define ]Vk to be any of the terms

o (140 Zhy, o (L OMZNDY, o(L+ 1) ZE 0%,
i ob
2 Ak} 2
gy
In other words, the quantity are the same as in the Standard Calculus, but
the fields are different. Just as for the calculus in the Appendix, we have a
Symbolic Calculus Lemma for the “hat-Calculus”. We also have the following
easy lemma.

o375, o3 7k 10, Zkoe, 1+ 280, ot (1+t)ZE k.

LEMMA. — Recalling that Zy means R, S or o*0, we have
Zi =" [N Ny, Zy (0 2a) - 2y (0 2 a) 2,
where in the sump > 1, > ki + > rm +p < k.
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Since the quantities Zz(o_%a) = Z;(U_%a) are already estimated, we ob-
tain by induction from the above Lemma the estimates |Z/\4\k| < Ce%?. Note
also that Ny = ]VO, any Ny = fﬁl, and more generally, My = Z]\/Ik This
allows to use the previouly obtained formula, established with M} coefficients,
replacing these coefficients by M, k-

9.3. We prove now formula for 0Z, 022, 00°Z

LEMMA 9.3. — In zone II, we have the formulas (recalling that Z = R; or
Z=2.5)
,1 _
07 = M18+M1(9Z +M10' 2(1+t)L +M1mz,
07% = Y My10ZL, + Z Mo 28
40/<2 e+é/<2
+ (o*i(1+t N7 Mo Zh L,
r407<1

0?7 = Myd + MydZy, + Myod® + My 8> Zy,
+ (L4 t)(Ma 4 Myo? 9)Ly + Moo= 2 (14 ) * Zp,.

Proof. — The first formula has already been established in (6.2), taking into
account that o=1(1 +t)"#aT = Mla To get the second, we apply Z to the
left, using also that Z = Z — aT = Z — (a/o")(o"T) = My Z,,. We obtain,
using the “hat”-symbolic calculus,

207 = foZ + 02*
_1 -
= MO + Ms0Zpy, + Moo~ 2 1+1¢)L, —I—MiR
2 2 2 ( ) 2 T+
F M (84 OZ) + My (0% + 0Z Z) + 0~ (1 + £)(My + My Zpn) Ly
-1
o
+ — M, Z + M, 72 + M. 0Zm
T+ (M 1Z,,,) 1
We express now the terms 0Z and 0ZZ,, using the first formula, and the
formula already established for [Lg, Z,,,]. This produces desired terms, except

for the terms 0~ 2 (1+t)o~ 2 (1 +1t)"*G. If G = R/r, such a term is already in
the expression for 822. If
f fo fo*

G=L= Z 9] R
14t +1+t +(1+t)u ’

we also get the desired terms.
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To prove the third formula, we write
00°Z = 00*(Z — aT) = 60*Z — 0(0%a)T + f(9a)odT + facd*T
= 00?7 + Myd + (fOa + fa)o)(cOT) + fad(cdT),
where we have used [0, 9] = f. Now, using the formula for 00T, we have
d(odT) = (M0 + MydZy + My(1+ )Ly + Mo~ 2 (1 +t)7"2)
= (67 ML) (0 + 0Zm + (1 + )L, + (1:%)“2)
+ MLy + My (1+t)0L, + M0 + M,8Z,,

ML 7207
+ 1(1—|—t)“ + 1(1—|—t)“ .
Replacing this in the above formula for 0927, we obtain the desired formula.
O
9.4. In [3], Lemma 2.3 contains the following a priori inequality.
LEMMA. — For some C, we have for r > 1+ %t and all v, the inequality
|o(z,t)] < Co {Z |R | > + Z |0‘R€6T’U|L2},
- r
£<2 <1
where the L? norms are taken over r > 1+ %t.
This lemma, combined with the following lemma, finishes the proof.
LEMMA 9.4. — We have, in zones II and III,
Z‘Zk(au)’p + Z‘U@Z’“(@u)’m < e,
k<2 k<1
Proof. — We have already proved the estimate in zone III. In zone II, using
Lemma 9.3, it is enough to control the L? norms of the terms
(9.4.1) oTEL+) MY Zhu,
k<2
(9.4.2) 00*u, 00*Zu.

To estimate the terms (9.4.2), we use Lemma 9.1.1 with v = w or v = Z,u; tak-
ing into account the formula for Z, 09T and 0 N2, we get more terms (9.4.1) to

estimate along with terms ]/\4\1(1 +t)LyZyu. Using Lemma 9.1.3 for v = Z¥ u,
k < 2, and Lemma 9.1.2, we see that the L? norm of terms (9.4.1) is bounded by

ClOZF u|pe + CeP? < Ce®?.
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To estimate the term involving Ly Z,,u = [Lg, Z»|u, we inspect formula (6.1):
we see that it is enough to control o2 (1+t)'=*GZEu, £ < 1. Now, as above,
if G = R/r, this term reduces to already estimated terms. If G = L, we proceed
as before without difficulties. O

Appendix
Proof of Proposition 5.1
A.1. We define as in Section 5 the elements of a symbolic calculus. The

symbol f has the same meaning as before, but the fields are different, for a
reason which will become clear in the proof of Lemma A.2 below.

We denote by Z,, either
R;+aT, S+ aT or o!T.
We define N to be any of the terms
oT3(1+ 1)y, o2 (1+t)"0y,
and, for k > 1, we define N, to be any of the terms

k-1 o
m a” ¢/
We prove now a symbolic calculus lemma for the system f, Z,,, N, which is
exactly the same as Lemma 5.1.

W=

a_%(l—l—t)”an% 0%(14—1&)“2:18% o727 anc.

LEMMA A.1. — We have the formulas, where k1 +---+k; <k,

) Zpf =Y [Nk N,

W) ZEN, = YN W,

i) Znt o= (140 Nk Ny,

V) Zno =0 fNu- N,

v) Zpd/ :fﬁ/Zkal"'Nkj-

Proof. — To Check_i), ili), iv) and v) for k = 1, we just have to check the case

Zm = olT, since Z,, = Z + aT is very similar to what has been done before.
But o#Tt = ot = fo(l +t), olTo = foo, c'T¢ = ot (¢" /) = fod'.
It remains to check ii) for £k = 1, but this is obvious from the definition,
using i), iii), iv) and v). O

Using this lemma, we define M, from the quantities N} exactly as we have
defined My, from Ny, in Section 5, with the same properties with respect to the
action of the fields Z,,.
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A.2. We perform now a careful computation of [Z,, L].

LEMMA A.2. — We have

_ _ M, = _
Zwm, L) =ML+ ——2 7+ fAoZp,
[ ] 1 +(1+t)%+# +f0
where Ag = Tc+ folc—1)/o = M1¢'.
Proof. — We use as in Section 3.1 the notation h for any smooth function w
and . We have
hyR hyR
T:at+ia N:C8T+L
r r
Hence
R R
(R, T] = hy—- + h(R7)7’
R; R R R
[Ri, N] = =2 (N 4+ 1y =) + by + h(Ry) =
c r r r
R; R R
[Ri L] = 5N + hy= + h(Ry)=
c r r
Since [S, 0] = —0¢ and [S, 0,] = —0O,, we obtain analogously
S R R R
S,L] = f (N n fﬂT) — (9 +¢d,) + by + h(Ry)
Sc R R

= —N—-L+hy—+h(Ry)—:
c r r

Since [T, L] = [T,N] = (T¢/c)N + h(0v)R/r + hy(RY)R/r? + h(v/7)*R, we

obtain

[R; + aT, L] = (Rlc + 50— (La+ 224 fic
(& C

)T+Q,

(S +al,L] = (%+GTTC—1)L7 (La+aTTC+%)T+Q,

where @) has the form (with Z = R; or Z = 5)

c

hay(Zy  hay?1 R
Q:{hv—l—th—i—ha@v—i— ‘WT( 7+ﬂ}

T r

We see that the coefficient of R in @ is
foo?
(1 +¢)ptt

Now R; = Ri+aT —(a/o")o"'T = Z py— (a)0") Z yy = foZm+ foN1Z m. Thus,
replacing R by this expression in @, we get

Q=1 +t)7“7%M1Zm.

— - — — —2 — —3 —  _ _2 9
(No+ NoN1+NoNj+NoNj+ N1+ NiNy+ Nj).
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Finally,
L L —t)c—1
Tc fo( 1) 1 w7
[o"T, L] o“(C)L (c . )U“T+(1+t)%M1Zm,
% + @ = fo " Zyet f¢ = ¢ + fo M TEIGN, = Mg

Note that, due to the relations defining a, the coefficient d of o#T in [R;+aT, L]
or [S+aT,L]is

d= fo(l—=X)o "Zc= fo(1=X)o " (Zmec— (a0™")Z pc).

Since, on the support of 1 — ¥ in zone II, o/(1 4 ¢) is bounded and bounded
away from zero,

T Rt o et A
(L=X)o™2¢" = L+t 2 (1+ s (14 t)nts
_ f0N1+f0Nf_ M,

(L+0pts  (Lepts
It is to obtain this decay of d that we have introduced the field ¢#T" in the
collection Z,,. The proof is complete. o

A.3. More generally, we have
LEMMA A.3. — For k > 1, we have

Z Ll = > [MepZn L+ My (1 +) #3250

p<k—1 _ _ —k
+ 3 My 870+ fAZ,,
p<k—2
Proof. — The result is proved for k = 1. But
20 L) = ZonlZy L + (Zon, L2,
gives by induction
Zn =Y [Mk ot ZE L4 My Z0 L4 Mg pr (1 + ) 273 200
Pkt + My p(1+1) 3N Zij + My—p(1+1)~ “_EZ]DJr2
+ Z [Mk—p-‘rl(blzijl + M- -p 1¢ Zerl M- p® Zp+2]
p<k—2 _ _ — —
+ Mo/ Z,, + fAZ,, + (14032,
+ M7+ VL Zy L+ ML, 70,
which is a sum of terms of the desired form. O
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A.4. In order to control a with the appropriate weight, we compute

1

L(c™2a) = fo 07%(0— Da+ o"2La
foNo

W(RC)O’ 20,+f00' 2 Re

= f¢'(07%a) + foo Za(dc) +
= F.

Since |F| < C¢/ + C¢/(0~2a), we find |0~ 2a| < Ce®?, by integration, using
Gronwall Lemma.

Since we wish to apply ZX to the left, we need to evaluate the right-hand
side from the assumptions on 7, which will be done using the following lemma.

LEMMA A.4. — Let Zy denote one of the fields R;, S or o"d,. We have the
formula

=k = STq

Zp=> [Nk Ne,Zp (0 2a)- Z (0" 2a) 28,
where in the sump > 1 and Y k; +> e +p < k.
Proof. — For k=1,
Zm=2Z+adl =Zy+ fo ™ a)Zy = Zo + f(a_%a)Zo, o"T = foot0

proves the result. By induction, using the calculus lemma, the result is obvious,
since Z, 28 = Z8 + f(o~2a) 28T O

Using Lemma A .4 for £ = 1 and the assumptions on g, we get
|N0| §Cec¢, |N1| SCGC¢.

Using the proof of Lemma A.2 and a direct computation, we write

7 3 =M o 2a M 7 Uféa
L(Z(0™%a)) = M1L(0™%a) + T m(0”%a)
+ fAZ (o %a) + Z(L(o~2a)),
- iy , . fNo(Re) \ = g
Z(LoHa)) = (16 + Joe+ =S ) ZloHa)
., M;(Re) ~ fNoZ(Rc) ;
+(M1¢ +m+f2(atc)+m)( )

+ Mo %Re+ f07%Z(Rc),
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which gives finally
~, _1 Ml f]vo(RC)
L(Z(0™2a)) = (Ao+ f¢' + fOc+ r+ T
(Z(o™2a) ( o+ SOt fo (14 t)nts (1+t)_“_5)

— = M (Re) ~ fNOZ(RC) -1
+ (Mlqﬁ + M10ic+ 7(1 th)w_% + fZ(0c) + 7(1 +t)“+% )(0 a)
(A1) +Z\_410_%Rc+]\7[10_%Z(Rc).

As above, we have

Z (o 2a)

(03T, L] = food (TOL + foAo(odT) + (HMﬁo%R
We write
0" 2Ra=R(c"%a) = R(oc™%a) + foaT (0™ %a)
— R(o~%a) + My + My(63Ta).
Now

La = foZ me+ foao ™ Z pe= Mlo%gb’,
02 T(La) = fo(0c)(02Ta) + foao > D(fode) + foo* (0fo) Ze+ foo* D(Zc)
= fo(ac)(J%Ta) + Moz 0c+ Mlo%Zo(ac) + foo2 Zye,
hence finally
(A.2) L(63Ta) = Mi(1+t)"* *R(c%a)
+ (fAo+ fode+ Mi(14)7#"2)(02Ta)
+ M+ Mi(14+t)""2 + Myo20c
+ foo % Zoc + Myo% Zo(c).
A.5. We proceed by induction as follows. We have already a control of M
and 0~ 2a. We assume that
() SN +|Z, (07 a)| +|Z,, (03 Ta)| < Ce®, t<k,
and we are going to prove Hyyq. To this aim, we apply Z¥~1 to the left of
the equations (A.1) and (A.2). All critical terms have coefficients bounded
by C¢' + C(1+t)~#~2. All other terms can be computed using Leibniz for-
mula and Lemma A.1; they involve at most quantities already controlled by

the induction hypothesis, or terms involving Z% (de¢), Z% (Zoc), Z% Zo(Oc)
for £ < k. These terms are estimated using Lemma A.4. Finally, we obtain

\L(ZY (o2 Ta))| + | L(Ze ' Z(c™ 2 a))]
<O+ + 1)) (|25 (07 2a)| + | ZE (o3 Ta)|) + Ce?.
What is controlled by the action of L in the left-hand side is not quite what
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we have in the right-hand side. But an is either an’lZ or Zf;l

later case,

(o"T); in the

o"T (07 %a) = foo3Ta+ foo 2a,
so that
1Z5 (o T) (0 Ha)| < C|Z0 (03 Ta)| + Ce?.
Integrating the equations, we get finally (omiting the sup norms in z to simplify)

t
E=|Z" 0t Ta)| + |Z5 (0" 2a)| < c/ (¢ + (1 4+ )"+ 2)Edt + Ce?,
0

which gives, using Gronwall Lemma, part of the induction hypothesis (Hj41).
To control M1, we use Lemma A.4 and the assumptions on the metric to
estimate the terms involving ~y, 07,c. Since the Symbolic Calculus Lemma
implies
=k =k
|a_%Zma| < ‘Zm(a_%a)’ + Cef?,
we obtain the full induction hypothesis (Hj41).
A.6. To finish the proof of Proposition 5.1, we have to translate the results

already obtained in_ terms of the fields Z,,. Since the Z,, are also Z,, except
for Z,, =T = 0~'Z,,, we obtain easily the following lemmas.

LEMMA A.6. — We have for all k
Zh =3 [Nk N2y,
withp >1 and Y k; +p < k.
LEMMA A.7. — With the notation of Lemma A.4, we have
Zk =" fNy, - - Ni,Z (07 2a) - Z, (0" 2a) 2},

withp>1and > ki +> 1 +p<k.

Proof. — We use Lemma A.7 to evaluate all quantities in Ny which are ex-
pressed as normalized derivatives of 7, 87, 9%y, ¢, dc,0, k. To evaluate Z¥ 1a,
we use Lemma A.6. Finally,

—ct
O +eo=""8,+58 r—ct=fo
r r
R 1 M, =
Lz@t—l—c@T—l—fO’y :@Z—i—f—UT7 aiinllZm—i—f(aiT),
ror r (1+ t)a_
M = M —
0:N=02(L-T)=—+Z + f(02T), 020y =———<Zm+ f(c2T)
(1+1)2 (1+1)>
Using the symbolic calculus lemmas and the estimates (Hj), we obtain the
result. (]
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