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CASCADE OF PHASES IN TURBULENT FLOWS

BY CHRISTOPHE CHEVERRY

ABSTRACT. — This article is devoted to incompressible Euler equations (or to Navier-
Stokes equations in the vanishing viscosity limit). It describes the propagation of
quasi-singularities. The underlying phenomena are consistent with the notion of a
cascade of energy.

RESUME (Cascade de phases pour des fluides turbulents). — Cet article étudie les
équations d’Euler incompressible (ou de Navier-Stokes en présence de viscosité évanes-
cente). On y décrit la propagation de quasi-singularités. Les phénomenes sous-jacents
confirment I’idée selon laquelle il se produit une cascade d’énergie.

1. Introduction

Consider incompressible fluid equations
&) du+ (u-Vu+Vp=0, divu=0, (t2z)¢cl0,T]xR%

where u = *(ul, ..., u?) € R? is the fluid velocity and p € R is the pressure.
The structure of weak solutions of (£) in d-space dimensions with d > 2 is a
problem of wide current interest [3], [5], [25]. The questions are how to describe
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34 CHEVERRY (C.)

the phenomena with adequate models and how to visualize the results in spite
of their complexity. We will achieve a small step in these two directions.

According to the physical intuition, the appearance of singularities is linked
with the increase of the vorticity. Along this line, we have to mark the contri-
butions [2] and [10]. Interesting objects are solutions which do not blow up in
finite time but whose associated vorticities increase arbitrarily fast. These are
quasi-singularities. Their study is of practical importance.

Typical examples of quasi-singularities are oscillations. This is a well-known
fact going back to [4], [26]. The works [4] and [26] rely on phenomenological
considerations and engineering experiments. Further developments are related
to homogenization [14], [15], compensated compactness [12], [18] and non linear
geometric optics [7], [8], [9].

DiPerna and Majda [12] show the persistence of oscillations in three dimen-
sional Euler equations (d = 3). To this end, they select parameters ¢ € ]0, 1]
and look at

(1.1) ul(t,x) == "(g(w2,e7 '22),0, h(z1 — g(w2,e ' a2)t, w2, ' 22))

where g(z2,60) and h(z1,x2,0) are smooth bounded functions with period 1
in 0. They remark that the functions u¢ are exact smooth solutions of (£) and
they let € goes to zero. Yet, this construction is of a very special form. First,
it comes from shear layers (these are steady 2D solutions) as

ui(t,z) =ui(0,2) = "(g(x2,e '22),0) € R%

Secondly, it involves a phase @g(t,2) = x2 which does not depend on e. Of
course, this is a common fact [11], [21], [20], [28] when dealing with such large
amplitude high frequency waves. Nevertheless, this is far from giving a complete
idea of what can happen. Our aim in this paper is to develop a theory which
allows to remove the two restrictions mentioned above.

Section 2 is devoted to notations.

Section 3 gives the main results.

Subsection 3.1 states Theorem 3.1. Introduce the geometrical phase

-1

@5 (t, ) = po(t, ) + Zsk/etpk(t,x), feN,.
k=1

Fix b = (¢, N) € N? where the integers £ and N are such that 0 < ¢ < N.
Theorem 3.1 provides with approzimate solutions u; defined on the interval
[0,T] with T' > 0 and having the form

(1.2) wi(t,r) = Huft, . ud)(t, 2)

N
= ug(t,z) + Z ekt (t,z, 5_1@;(15, )
k=1
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CASCADE OF PHASES IN TURBULENT FLOWS 35

where the smooth profiles
Up(t,z,0) ="(UL,..., UD(t,z,0) eRY, 1<k<N
are periodic functions of § € T := R/Z. We assume that
3(t,z,0) € [0,T] x REx T, U (t,z,0) # 0.

The family {uf}.cjo,) is e-stratified [20] with respect to the phase ¢ with
in general p7 # ¢o. The presence in ¢g of the non trivial functions ¢y with
1 < k < ¢ —1 is necessary and sufficient to encompass all the geometrical
features of the propagation.

We say that {u;}. is a weak, a strong or a turbulent oscillation according
as we have respectively £ = 1, £ = 2 or £ > 3. The order of magnitude of the
energy of the oscillations is €'/¢. Compute the vorticities associated with u;.
These are the skew-symmetric matrices f = (Q‘E;) 1<i,j<d Where

st @) = (Ous’ — 0w ) (¢, @)

N
= Zak/f—l(angaw,i — 0;0500U) (t, @, 5 (¢, @)
k=1

N
+ (0juf — O (t,x) + Y MU0, UL — UL (t, 2,675 (¢, ) ).
k=1
The principal term in Qf is of size ¢'/¢~1. When ¢ > 2, there is no uniform

majoration in L? on the family {2} }.cj0,1) since
;LI%HQE”LP([O,T]XRd) =400, Vpe[l, o]

In particular, if d = 3, there is no uniform control on the enstrophy

T
/0 /}R3 lwe (t,z) P dtde,  wi(t,z) = (V Aud)(t,z) = Q(t, x).

We see here that strong and turbulent oscillations are examples of quasi-

singularities. Observe that the expansion (1.2) involves a more complicated

structure than in (1.1) though the corresponding regime is less singular.
Subsection 3.2 states the Proposition 3.1. Introduce the complete phase

N
i (t ) = po(t, ) + Zsk/etpk(t, x).
k=1

Proposition 3.1 deals with approzimate solutions uj defined on the interval
[0, 7] with T' > 0 and having the form

(13) (1 2) = (@S, ) 0, 2)
N
= ug(t,z) + Zsk/eﬁk (t,x,a_lgoﬁ(t, x))
k=1
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36 CHEVERRY (C.)

where the smooth profiles
Up(t,z,0) =" (U}, ..., U)(t,2,0) eRY, 1<k<N
are periodic functions of § € T. Again
3(t,2,0) € [0,T] x R x T,  8pU4(t,x,6) 0.

Section 4 shows at first Proposition 3.1 and then Theorem 3.1.

The proof of Proposition 3.1 is based on some induction argument which is
quite straightforward. In fact, the difficulty is hidden in the introduction of the
adjusting phase

N
Po(t,x) == (] — @5) (L) = Y eF (8, @),
k=1

Indeed, the use of the geometrical phase ¢§ does not suffice to perform the BKW
analysis. Among other things, the extra terms ) with ¢ < k < N must be
incorporated in order to put the system of formal equations in a triangular
form.

Subsection 4.2 explains how to deduce Theorem 3.1 from Proposition 3.1.
It mainly consists in eliminating the adjusting phase (and in checking that the
remainder created by that operation is small) as well as in replacing the small
divergence of Proposition 3.1 by a zero divergence.

Section 5 interprets the results 3.1.

It starts with various comments related to the Leray projector, the infinite
accuracy of approximate solutions, the finite speed of propagation and the large
time existence.

Subsection 5.2 proceeds to a careful study of the hierarchy of phases. We
examine successively the phase shift ¢, the phase shift s, and the other
terms ¢y, with 3 <k < N.

The formal construction reveals that the phase shift ¢ and the terms ¢y
with 2 < k < ¢ — 1 play different parts. The role of ¢y is partly revealed
in the articles [7] and [8] which deal with the case £ = 2. When ¢ > 3, the
phenomenon to emphasize is the creation of the ¢, with 2 < k < ¢—1. Indeed,
suppose that

02(0,.) = =¢—1(0,.) =0, ¢>3.
Then, generically, we find
Elte]OvT]a @Q(ta')¢07 ceey @Efl(tv')io'

Now, starting with large amplitude waves (this corresponds to the limit case
¢ = +00) that is

us (0,2) = ZekUk(O,x,s_lgoo(O,x)), 0pUy #£ 0,
k=0
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CASCADE OF PHASES IN TURBULENT FLOWS 37

the description of uZ_(¢,.) on the interval [0, 7] with T' > 0 needs the introduc-
tion of an infinite cascade of phases ¢j. The scenario is the following. Oscil-
lations of the velocity develop spontaneously in all the intermediate frequen-
cies €*/*~1 and in all the corresponding directions Vi (t,z). This expresses
turbulent features in the flow.

Subsection 5.3 alludes to closure problems. This is the classical difficulty
encountered when dealing with expansions as u;. It is solved here through the
introduction of the i with 1 <k < N.

Subsection 5.4 insists on obvious instabilities which are mechanisms of am-
plification which can be detected just by looking at the BKW analysis presented
before. It allows to retrieve known non linear instability results on Euler equa-
tions (see Proposition 5.1).

Subsection 5.5 and subsection 5.6 are mainly heuristical. They could also
interest researchers in Fluid mechanics. They contain no precise statement or
proof but consist in reading Theorem 3.1 in the light of previous numerical,
mathematical or physical results. They derive many informations about mi-
crostructures, compensated compactness and non linear geometric optics. They
also confirm observations which have been made in the statistical approach of
turbulences [16], [24].

Section 6 consider parabolic perturbations of Euler equations. This change
of framework has two main motivations.

First, it has a physical meaning. Most real models involve some viscosity.
And, even if it were only at a formal level, it is interesting to determine what is
the size and the structure of the dissipation terms which could be incorporated
without changing the phenomena under study.

Secondly, it has implications on the stability. The expressions u; are only ap-
proximate solutions of Euler equations, yielding small error terms f} as source
terms. The matter is to know if the addition of (well-adjusted) dissipation
terms implies the existence of exact solutions (of Navier-Stokes type equations)
which coincide with u; (0,.) at time ¢ = 0, which are defined on [0,7] where
T > 0 is independent on ¢, and which are close to approximate divergence free
solutions like .

These two directions are difficult tasks. In this paper, we will be satisfied to
touch on these subjects.

In Subsection 6.1, we build (Proposition 6.1) approximate solutions {u; }.
to some Navier-Stokes equation (N'S) involving the variables ¢, z and 6. We
start by describing the properties of the parabolic perturbation. The viscosity is
vanishing and anisotropic. It could be real or artificial but it must be compatible
with the complete phase ;. Then, we adapt the proof of subsection 4.1 to this
new setting. In particular, we are faced with the study of the divergence free
relation written in the (¢, x, ) variables.
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38 CHEVERRY (C.)

In Subsection 6.2, we look at the stability of strong oscillations {qu N)}‘E
given by Proposition 6.1. Theorem 6.1 shows that ezact solutions u¢ of (N'S)
exist on some interval [0,7] where T' > 0 is independent on the parameter
e €]0,1]. Moreover, the family {u®}. remains close to {uy y}e-

2. Notations

Variables. — Let T € RT. The time variable is t € [0,T]. Let d € N\ {0, 1}.
The space variables are (z,0) € RY x T where z € R? is the slow variable
whereas 6 € T := R/Z is the fast (periodic) variable. Mark the ball

d
B(0,R]:= {z €R% [2]>:=> 2} <R}, ReR"
=1

The state variables are the velocity field v = *(u!,--- ,u?) € R? and the pres-
sure p € R. Given (u,u) € (R%)?, define
d
wol= Y ', ui=ueu, w®l = (W< <.
i=1

The symbol S is for the set of symmetric quadratic forms on R?. An element
q € S¢ can be represented by some d x d matrix (9 )1<i,j<q and

a(&,8) = D a96¢ =a(€,8), V(€) € (RY)
1<i,j<d

Functional spaces. — Distinguish the expressions u(¢, ) which do not depend
on the variable 6 from the expressions u(t, x, §) which depend on 6. The bold-
faced type u is used in the first case whereas the letter u is employed in the
second situation.

Note C£°([0,T] x R?) the space of functions in [0,7] x R? with bounded
continuous derivatives of any order.

Let m € N. The Sobolev space H™ is the set of functions

u(w,0) = ug(x)e™’

kez
such that
el = 3 (1+ |/<:|2)’”/ (1+ €)™ [ar(€)]” de < oo
kez R
where

Fu)(€) = () = (2m) " 7¢ /]R ) e " ly(z)de, ¢ eR%
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CASCADE OF PHASES IN TURBULENT FLOWS 39

With these conventions, the condition ©w € H™ means simply that

b = [ @+ €)@ dc < .
Define the Sobolev spaces
HY = {u; 0w e L*([0,T); H™77),Vj € {0,...,m}}
and the Banach spaces
Wit = {u; u € C7([0,T]; H™7),Vj € {0,...,m}}

with the corresponding norms
mo T m .
| :=Z/ 107 ut, M dt,  Nullwg == sup >~ [[0fut,.)| -
=070 €0,77 0

Consider also

Howé?ﬂH?a H%O::ﬂHTWa Hgg:ﬂHg’ong:ﬂW%nv

TeR+ meN TER TeRt
O . m oo L o0
W= () WE, WZ = (| Wy
meN TeR

When m = 0, replace H® with L2. Any function v € L? can be decomposed
according to

u(t,z,0) = (u)(t,x) + u*(t,x,0) = a(t,z) + v (¢, z,0)
where (u) or @ are the mean values

(u)(t,x) = u(t,x) := / u(t, x,0)do.

T

Let I be the symbol of any of the spaces H™, H}', Wi, ... defined before.
In order to specify the functions with mean value zero, introduce

I :={uwel;a=0}

Mark also
supp,u* = closure of {z € RY ||u*(z,.)||r2(r) # 0}
Differential operators. — Note
0 0 0
Oy =0y := —> Oy = 0, = 0;ii=—> 7 1,...,d
t 0 8t 0 d+1 89 5 a.ij J e{ ) ) }a

v::(ala"‘vad)7 A':Az+892:812+"'+83+ag.
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40 CHEVERRY (C.)

Let u € W2°. Define
u-V ::u181+~-'+ud8d,

divu ;= dul + -+ adud €R,
d
diviu®u) = Zt(aj(ujﬂl), ., 05(wiut)) e R
j=1
Employ the bracket (.,.)y for the scalar product in the Hilbert space H.
Note L(FE;F) the space of linear continuous applications T' : E — F where
E and F are Banach spaces. The symbol L(FE) is simply for £(F; E). Intro-
duce the commutator

[A;B]:=AoB—-BoA, (A B)ccL(E)>
Let r € Z. The operator T is in £ if
HT||£(H7@+T;H,T,L) <oo, VmeN.
Let g9 > 0. The family of operators {T°}. is in UL" if

sup ||T¢||  gm+r. gmy < 00, Vm € N,
£€]0,e0] COHE T HE)
Given a family {f}. such that f=(¢t,z,0) € W for all € € ]0,&¢], we say that
{fite=0(") it
sup e "[[f[lwp < oo, VmeN.
€€]0,e0]
Given a family {f}. such that f°(¢t,z) € W for all € € ]0,¢¢], we say that
{rf}e =0(") if
sup €| f |y < oo, Vm e N.
£€]0,e0]
Observe that the two preceding definitions have very different significations
according as we use the letter f or the boldfaced type f. In particular, the

second inequalities correspond to e-stratified estimates. The families {f€}.
or {f°}c are O(e™) if they are O(e") for all r € Z.

3. Statement of the results

The description of incompressible flows in turbulent regime is a delicate
question. No systematic analysis is yet available. However, special approximate
solutions with rapidly varying structure in space and time can be exhibited.
Their construction is summarized in this chapter 3.
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CASCADE OF PHASES IN TURBULENT FLOWS 41

3.1. The main theorem. — Select smooth functions
ugg € H®, oo € Cl(Rd), Voo € CI;X’(Rd).

Impose the non degeneracy hypothesis

Fe¢>0; |Veoo(z)| >4c, Voe R
For T > 0 small enough, the equation (£) associated with
(3.1) uo(0,2) = ugo(x), Va e R?
has a smooth solution ug (¢, z) € W. It satisfies
(3.2)  Opuo + (uo - V)ug + Vpy =0, divug =0, (t,z)€[0,T] xR

Solve the eiconal equation

(3.3) drpo + (uo - V)po =0, (t,z) € [0,T] x R
with the initial data
(3.4) ©0(0,2) = poo(x), VzeR%

If necessary, restrict the time 7" in order to have
(3.5) |Veo(t,z)| >2¢, V(t,z)€[0,T] xR
Call Tl (¢, ) the orthogonal projector from R? onto the hyperplane
Vol(t,z)* = {u eR%u-Vo(t,z) = 0}.
In other words
o (t, 2)u = u — |Vo(t,2)| 7 (u- Vio(t,z)) Veo(t,z), VueR™

One can construct approximate solutions to the incompressible Euler equa-
tion (£) as the superposition of the exact solution (ug,p,) and an arbitrarily
large number of profiles, like in (1.2).

THEOREM 3.1. — Choose any b = (¢, N) € N? such that 0 < (3 + 1d) < N.
Select arbitrary data

Uw(z) € H®, 1<kE<N—¥; ¢roz) e H®, 1<k <(—1.
Select any data
Uig(x,0) € H*, (Ui) =0, 1<k<N-/
satisfying the polarization conditions
Upo(x,0) = (0, 2)Ufy (2,60), V(x,0) € R x T.

Suppose moreover that the functions Ugo(-,0) for all k € {1,...,N — ¢} and
for all € T have a support which is contained in a fized compact set D C RY.
The following preliminaries (i), (ii) and (iii) can be achieved.
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42 CHEVERRY (C.)

(i) There are finite sequences {Ugt1<kp<n and {Pyti<k<n with
Uk(t,z,0) e W,  Pi(t,z,0) e W, 1<k<N,
and which are such that
Io(0, 2)Up (0,2, 0) = Uy (x,0), Vke{l,...,N —{},
Ur(0,7) = Upo(x), Vke{l,...,N —(}.
(i) There is a finite sequence {py}1<k<o—1 with
or(t,x) e W, VYke{l,...,0—1},
and which is such that
wr(0,2) = pro(x), Vke{l,...,£—1}.
(ili) There is eg € ]0,1] and there are correctors
cu; (t,x) e WE°,  cp;(t,z) e Wy, € €]0,¢0],
which give rise to families satisfying
{eus}e = OEM 2730, {epf}e = OV,
With the materials of (i), (ii) and (iii), construct the geometrical phase

-1

@5 (@) := @o(t, ) + Zsk/egok(t, x),
k=1

the initial data

N
hi (2) = uoo(x) + Y e Uk (0,2, ¢5(0, 7)) + cui (0, ),
k=1
and the functions u; and p; defined according to
3.6) {ug(t, ) = ug(t,x) + S, e/ UL (t 2,7 5 (t, 2)) + cu(t, @),
pg(tv :C) = pO(tv :C) + Zg:l Ek/epk (tﬂ z, 571@;(@ :L')) + Cpﬁ(t, 1')

Then, all these expressions can be adjusted so that the functions u; and p;
satisfy on the interval [0, T] the incompressible Euler equation (£) up to some
small forcing term fi. More precisely

(3.7) oui + (u; - Viu, +Vp, = f;, divu; =0, u;(0,z) = hj(z)
and we have {f}. = O(eN/t=3-24),

In practice, Theorem 3.1 should be applied with N/¢ > 1 and with a main
profile U5, adjusted so that

(3.8) J(2,0) e REXT;  Ujy(,0) #0.
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CASCADE OF PHASES IN TURBULENT FLOWS 43

It follows that U; # 0 and the principal oscillating part of the approximate
solution w; is given by

El/lUf (t,x,sflcp;(t,:c)), ¢ e N,.
Observe also that the approximate solution can be written
u; (t,z) = uo(t, ) + cu; (¢, z)
+ eVtye (t, z,e Yot ), 51/4_1@1(1?, x),. .. ,8_1/€(‘0¢_1(ﬁ, :I:))

where the profile U¢(t,z,0,01,...,00_1) € C>®([0,T] x R? x T?) is defined
according to

N
Ug(t,z,90,91,.. 9@ 1 ZE (k— 1)/eUk t €T 90+91 + - +9€71)-
k=1

According to this interpretation, Theorem 3.1 is a multiphase non linear ge-
ometric optics result. However, since all the terms ¢ are grouped together
inside the geometrical phase ¢f, it must be rather understood as an extension
of some monophase analysis.

Theorem 3.1 will be obtained as the consequence of the result which is ex-
posed in the next Subsection 3.2.

3.2. The key of the analysis. — The core of the analysis is the proof of
the following result.

PROPOSITION 3.1. — Choose any b = (¢, N) € N2 such that 0 < { < N. Select
arbitrary data

(Uro)(z) € H®, 1<k<N—{ ¢plx)eH® 1<k<N.
Select any data
Uso(x,0) € H®, (Uiy) =0, 1<k<N—/(
satisfying the polarization conditions
Uso(x,0) = Iy (0, 2) Ul (x,6), V(z,0) € R x T.
The following preliminaries (1) and (i) can be achieved.

(i) There are finite sequences {Ug}1<p<n and {Py}1<p<n with
ﬁk(tv'rvo)ew%ov ]Sk(tv'rvo)ew%ov 1§k§Na
and which are such that
(0, 2)U5(0, z,0) = Uio(x,0), Vke{l,...,N—1},
U(0,2) = (Ugo)(x), Vke{l,...,N—£}.
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(i) There is a finite sequence {p}1<k<nN with
or(t,x) e Wp°, Vke{l,...,N},
and which is such that
0r(0,2) = pro(z), Vke{l,...,N}
With the materials of (i) and (ii), construct the complete phase

N
@E(ta 1') = 800(157 :C) + Z Ek/lwk(ta :L'),
k=1
the initial data

N
i (@,0) = uoo(z) + Y _ e UL(0,,0),
k=1
and the functions u; and p; defined according to
{ag(t, 2,0) = uo(t,x) + S, e/ ULt 2, 0),
e (t,2,0) = polt, x) + e, e Py(t, ., 0).
Then, all these expressions can be adjusted so that the functions u; and p;
satisfy on the domain [0,T] x RY x T the following singular system

owus + (uj - V)u; + Vp; B
(3.10) +e 1 (Orp5 + U - Vi) 0ot + e 0P Vs = f5,
divus + e 1Vt - 0pub = g5, ug(0,2,0) = hi(z,0),

(3.9)

where the correctors f‘g and g; are such that

fit,x,0) e W, Gi(t,x,0) e WP, Ve €10,e0],
and satisfy
(3.11) {F5}e = OENT1=0/0) (G5} = O(eWN+1-078),

Proposition 3.1 works with the variables (¢, x, ). Of course, the given infor-
mations can be interpreted in the variables (¢, z). Define

N
WS (t, @) = uo(t,x) + » e Uk(t, 2,67 g5 (t, 7)),
kﬁl i
5 (t,x) = po(t,x) + > e Pyt 2, e g5 (t, 7)),
(3.12) =1
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CASCADE OF PHASES IN TURBULENT FLOWS 45

Then, deduce from (3.10) that

(313)  Qwuf + (a5 - V)a; +Vps = f5, divag =g, u5(0,2) = hi(x).
The information (3.11) yields

(314) {}E}E _ O(E(NJrlfl)/l)7 {§§ .= O(E(NJrlfl)/é).

There are two main differences between Theorem 3.1 and Proposition 3.1:

o First, the function u; is not divergence free. Something must be done to
pass from (3.13) to (3.7).
¢ Secondly, the expressions w; and p; involve the complete phase ¢ (t,x)

instead of the geometrical phase ¢§(¢,z). Indeed, we have incorporated the
additional terms ¢y with £ < k < N.

Remark that
75 (1,2) = @5 (t,2) + el (L a),  wh(ta) = Ze’“/f "ou(t, ),

where ¢ (t,x) is the adjusting phase.

4. Proofs of the results

Theorem 3.1 follows from Proposition 3.1. Therefore, to understand Theo-
rem 3.1, it is necessary to go through the proof of Proposition 3.1.

4.1. Proof of Proposition 3.1. — We work in the framework of Proposi-
tion 3.1. For convenience, we drop in this paragraph 4.1 the tilde ‘~’ on the
expressions Uko, Uk, Pk, hi, u;, p;, fi and g;. These modifications concern
only this proof. We hope that it will not induce confusions.

The phase o will be determined during the process. For a while, do as
if it is some already known data. Because of (3.5), for ¢ small enough, the
function ¢ is not stationary

(4.1) Jeo > 0;  |Vgi(t,z)| >e>0, V(e t,x)€]0,e0] x [0,T] x R

Therefore, we can define the application II} (¢, z) which is the orthogonal pro-
jector on the hyperplane V£ (¢, 2)* C RY. In other words

T (1, 2)u = u— | Vs (t,0) | (u- Vi (t,2)) Vi (¢, ).

Adopt the conventions

X;(t,x) .= Vi (t,x) ZEkMXk (t,x), Xp(t,z):=Veg(t, ),

I (¢, x) Zek/eﬂk (t,z), Tg(t,x) € WE.
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Simple computations indicate that the access to Il needs only the knowledge
of the X; for j < k. Introduce

0o k—1
v, 5:X5'U§:Z€k/evk, Vk:Xk'UOJFZXj'kaja
k=0 j=0
00 k—1
wi o=Tuf =Y MWy, Wi =T+ Y LUk ;.
k=0 7=0

By construction
uf = of | X5 | 72X + s
It follows that
(4.2) Uy = Vi| Xo| ™2 X0 + Wi + Hy,

where H}, depends only on the X; for j < k and on the U; for j <k —1.
The conditions prescribed in Proposition 3.1 on the initial data U} (0, x,6)
allow to fix the functions Vo (0, z) - U (0, z, 0) as we want. Since

k-1
Vi =Veo Ui+ X;- Ui,

Jj=1

the same is true (by induction) for the components V,*(0, z,6). To begin with,
impose the polarization conditions

(4.3) Pr=Vy=0, Vke{l,---,(}.
Adjust a priori the geometrical phase ¢f so that
(4.4) Oror + Ve =0, Vke{l,....,0—1}

which implies the approximate eiconal equation
o0
0y + (5 - V)l = Y "'V = O(e).
k=1

To simplify notations, we will sometimes drop the indices € and b at the level
of uf, v;, wg, p;, II; and ¢f. The interpretation of (£) in the variables (¢, x, 0)
leads to the singular system
(45) Ou+ (u-V)u+ Vp+ e (rp 4 0)dgu + e~ '9ppVep = 0,
' divu + e 19v = 0.
The scalar component v is subjected to
(4.6) 0w + (u- Vv + X - Vp+e (00 + v)dpv
+ e ' 0pp| X|I* — (0 X + (u- V)X) -u=0.
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The vector valued function w satisfies
(4.7) Qw+ (u-V)w+IIVp+e™ (O + v)dpw — (91 + (u- V)I)u = 0.

Substitute the expressions u; and p; given by (3.9) into (4.5). Then arrange
the terms according to the different powers of € which are in factor.

The contributions coming from the orders /=1 ... e~ 1/¢ and ° are elim-
inated through (4.3), (4.4) and the constraints imposed on (ug, py)-

Now, look at the terms in front of ¢//¢ with j € N,. Tt remains

i j
U+ (Ux-V)Ujk+ VP + > 0Pk Vepj i

k=0 i1 k=0
4.8
(4.8) + Z(@@Hk + Vet k)0pUj—1 = 0,
k=0

divU; 4+ 0pVjt1e = 0.
Proceed in a similar manner with (4.6). It gives

J Jj—1
(4.9) 0V; +Y (Un-VIVimk + > (Osperr + Virr)0a Vi
k=0 k=0
J

j k
+Zxk o k—Zath i k_Z(Z Uk V)Xe) - Uy
k=0 k=0 k=0 ¢=0
j—1

k
+ Z (ZX@ . Xk_g)agpj_,_g_k + |X0|289Pj+g =0.
k=1 ¢=0

The same operation with (4.7) yields

J Jj—1
(4.10) Wy + Y (Ui VIWjr + ) (Bepesr + Ver) oW
k=0 k=0
] J

J J k
+anvpj_k—ZatHkUj_k—Z(Z Ukt V)1, ) Uy = 0.

k=0 k=0 k=0 ¢=0

Then extract the mean value of (4.8)

8T + (uo - V)T + (T; - V)ug + VP,

j—1 Jj—1
(4.11) +Z (U - V)Uj—k) + > _(Vii0sUj ) =0,
k=1

divU; = 0.
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Adopt the conventions

Up=0, Vke{l—¢... —1}

0, U (0) = /OGU(s)ds/T{/OHU(s)ds}dH.

Observe that the divergence free relation furnishes

(4.12) e =—div, 'Us, VjeN,.

Consider the inductive reasoning based on the following hypothesis (H;)
where 7 > 1:

HYPOTHESIS (Hj)

(i) The expressions Uq,...,U; and Pi,...,P; are known.

(ii) The phases @1,...,p; are identified. The same is true for the vectors
X1,...,X; and the projectors I11,...,11;. Moreover, the following relations
are satisfied

(4.13) Oror + Ve =0, Vke{l,...,5}.

(iii) The correctors Vi, Vi and Pry, ... P, are identified. In par-
ticular, the scalars V' y, ..., V", are given by the relations
(4.14) Vi =—diva, 'Ui_,, Vke{l,...,j+1(}.

Verification of (Hy). — Note first that the conditions which are obtained in
(4.14) when j = 1 and k € {1,...,¢ — 1} are compatible with the previ-
ous restrictions in (4.3). Indeed, the preceding conventions on the profiles Uy

with k € {1 —¢,...,—1} have been adjusted accordingly.
The mean value U is obtained by solving

(4 15) 8t51 + (’LL() . V)Ul + (Ul . V)UO + Vpl =0,

. div Ul = 0, Ul (O,.T) = Ulo(l').

Extract

Vi=Xi-uo+Xo- U, Wi=Iug+ ol
We have imposed (4.4). For k = 1, it yields dyp1 + V4 = 0 which allows to
get ¢1. Observe that (4.3) with &k = 1 means that W} = U;. Look at the
oscillating part of (4.10) with the index j = 1. Because of (4.3), the constraint
on W7 writes

W + (ug - VYW + (Orpe + V)0 Wy = MW
where M is the linear application

MU := (0I10)U + ((uo - V)Io)U — (U - V)uo.
Suppose that, for j = 1, we have
(4.16) Opjrr + Ve =0, Vke{l,....0—1}.
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In fact, in view of (4.4), this reduces to the last condition dype + Ve = 0. Now,
the link between W7 and Vy is removed. It suffices to determine W7 through
the linear equation

OWT + (ug - VYW = MW, Wi (0,z,0) = Ujy(z,0).

Observe that the polarization condition W = IIyW7" is conserved since the
equation on W7 is equivalent to

(4.17) {HO [OWT + (ug - V)WT + (W7 - V)ug| =0,
W =TI Wy
Introduce the linear form
= |Xvo|_2 [ath U+ ((’LLO . V)XO) U — X - ((U . V)UQ)]

Consider the oscillating part of (4.9) with the index j = 1. Since (4.3) imposes
Vi =0, it remains

(4.18) Py =0, ' Wy,
We must also have (4.12) with j = 1, that is
Vi = —diva, Wy
At this stage, we know who is the profile Uy = U; + W5 and the pressure

Py = P;. Moreover, by construction, we have the relations (4.13) and (4.14).
Thus, hypothesis (H;) is verified.

The induction. — Suppose that the conditions given in (H;) are satisfied. The
question is to obtain (H;11). Consider first (4.11) with the index j + 1. Use
(4.14) and some integration by parts to get

(Viir0oUfy1_y) = (divULOpUf ), VR €{1,....j}.
Thus, it remains
(9tUj+1 + (uo V) j+1 + ( G+1 V)uo + ijJrl

J
(4.19) +> (O - V)Tjyr- HZdw Up @Ul ) =0,
k=1 k=1

div UjJrl =0.
This system is completed with the initial data
UjJrl(O, SC) = Uo(j+1)(:6), Vo € R

It gives access to Uj41 and Pjy1. Recall that the step j relies on (4.16). In
particular, for £k = 1, we must have

Oepje1 + (w0 - V)pja1 + Xo - Uy + ZXe Ujt1-¢=0.
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Observe that, in the hypothesis (H;41), this is exactly (4.13) with k = j + 1.
From this equation and
©i+1(0,2) = o1y (x), Vo eRY,

deduce ;1. From @41, extract X;41 and II;11. Impose the triangulation
condition (4.16) written with the index j + 1. It means that we add

(4.20) Orpjre + Vire = 0.

Then, extract the oscillating part of (4.10) written with j + 1. Use (H;)
and (4.20) in order to simplify the resulting equation. It yields

(4.21) OWyy + (uo - VIWry = MW7, + f

where f is known. We get W7, ; by solving (4.21). Therefore we have U’
and we can deduce V}'\, ; = —div 89_1U;‘H,

Now look at the constraint (4.9) for the index j + 1. Extract the oscillating

part. It allows to recover P, .. Thus we have (Hjs1).

Apply the preceding induction up to j = N — £. In view of (i), (ii) and (iii)
in Hypothesis (Hy_¢), the expressions
Ul;-u;UNfZ; Pl,...,PN,e, Plyeeoy PN—1,
are identified. In accordance with (4.13) and (4.14), define
Vi pon =—divO, Uk _opins Wih_yin =0, ke{l,...,0},
VN_i+r =0, WN_g+k =0, ke{l,...,t},
@N—é-ﬁ-k(tax) :@(Nfl+k)0($)a PN—€+7€ :P]#\K/'_Z.kka ke {1336}

An induction based on (4.2) allows to recover Ux_¢4#, - .., Un. Look at u; and
p; asin (3.9). Note that we have (3.10) with

fitm,0) = > & F(t,2,0), g5(ta,0)= > &/ (divU; + Vi),
j=N+1-¢ j=N+1—¢

where the sums are in fact finite and
-1
Fi(t,x,0) = — Z(atsﬂuk + Viyr)0gUj—p — 0:U;

k=0 '

j j
> Uk V)Uj—k = VP = > 09PrsrVepji.
=0 k=0

By construction, we have (i) and (ii) of Proposition 3.1, and also (3.11). The
proof is therefore complete. O
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4.2. Proof of Theorem 3.1. — Now, we explain how to deduce Theorem 3.1
from Proposition 3.1. Select arbitrary initial data for

I1o(0,2)U3(0,x,0) € H®, (Ug)(0,2) € H®, 1<k<N,

and arbitrary initial data for

vr(0,x) e H*, 1<k</(-1.
On the contrary, impose
(4.22) vr(0,.) =0, Vke{l,...,N}.
Proposition 3.1 provides with finite sequences

{Ush<rksn, {Prhicken, {erhisren,
and source terms
fi(t,z,0) e W, Gi(t,x,0) € Wi

Define w{ and p§ as in (3.12). In the paragraph below, we eliminate the
adjusting phase ¢ in order to get u and p;. We show that this operation
creates only small remainders. We also check that this manipulation yields no
contradiction when fixing the data at time ¢ = 0.

Dictionary between the profiles. — The functions ] and p; can also be written
in terms of the phase ¢j. Indeed, there is a unique decomposition

uf =4 +rug = aj + 0NV, B =pf +rp) =) + 0T/,
involving the representations
(4.23) a; (t,x) =a; (t, x, sfngZ(t, z)), p; (t,x) =p; (t, x, sflcp;(t, x))
where the profiles 4; (¢, z,6) and p; (¢, z,0) have the form

N
ag (t, z,0) = uo(t, z) + Z Ek/eUk(t,x, 0),
k=1

N
5 (t2,0) = po(t,2) + Y e Pi(t, x,6).
k=1
The transition from u; to @; is achieved through the phase shift ¢

N
Uk(t’xagilgog) = Uk (t,.T,EilQD; + 2 + Z Ek/e*lgok)-
k=0+1

Use the Taylor formula in order to absorb the small term in the right. It
furnishes the following explicit link between the (Uy, P) and the (Uy, Py)

(424) Uy (t, 2,0 — pu(t, x)) := Up(t, z,0) + G*(Un,...,Up_1)(t, ,0),
' Py (t, 2,0 — pu(t, ) := Pi(t,z,0) + G*(P1,..., Pyr_1)(t,,0).
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The application G* can be put in the form

k—1
(425)  GM(U1,...,Ur—r) =Y OBGE(Uy,...,Uk—p), ke€{2,... N}

p=1
The terms g]; are given by

. ~ 1
(426) g;f(Ul, ceey Uk*p) = E Z Ol+14ay X X QDZ+1+QPUQP+1,
) aeJk

where the sum is taken over the set
jpk ={a=(a1,...,0p,0p41) € NP+,
0<a; <N-—0—1,Yj€{l,...,p},
1<app1 <k—p, ar+--+ap+apt Zk/’—P}-
The relation (4.24) and the definition of G* imply that
Up(t,z) = (Ug)(t,x), Vke{l,...,N}, Vte[0,T].

Therefore, prescribing the initial data for the Uy or the (Uy) amounts to the
same thing. The condition (4.22) yields

GE(UL, ..., Up—p)(0,2,0) =0, Vke{l,...,N}.
Since ¢y(0,.) = 0, we have
1o (0, z)U; (0, %, 0) = Io(0,2)UL(0,2,6), Vke{l,...,N}.

In view of these identities, it is clearly equivalent to specify the initial data for
the U} or the I Uj.

To get (3.7), we have also to replace g; by zero. To this end, we first exhibit
some properties of the operator ‘div’.

The divergence free relation in the variables (t,x). — Consider the
application
div: C¥ :={ucC D} — Im(div) C {g € H*;g(0) =0}.
We can select some special right inverse.
LEMMA 4.1. — There is a linear operator ridiv : Cy — H* with
divoridivg =g, Vg € Im(div).
For all © > 0 and for all m € N, there is a constant C!, > 0 such that

(4.27) | ridiv g gm < C;l||g||Hm+1+%d+L, Vg € Im(div).
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Proof of Lemma 4.1. — Introduce a cut-off function 1 € C*°(R%) such that

{& v(©) #0} € B(0,2], {& (&) =1} D> B(0,1].
For g € Im(div), take the explicit formula

ridiv(g) := ]:1(/0 Ve(g)(ré)dr + |€]72(1 — ) (§)g (&) x 5)-

Since g(0) = 0, the relation (??) is satisfied. For s > id, the injection
H*(R?) — L>(R?) is continuous. It leads to (4.27). O

End of the proof of Theorem 3.1. — Take : = 1/¢ > 0. Using (3.14) and
Lemma 4.1, associated with the remark Finite speed of propagation in the next
paragraph 5.1, we get

{ridivgg}. = O(N/72739),

Define

cu; :=ru; —ridivg;, cp; :=rp;,

up = Uy + cug, p; = b + cp;.
Compute

divu; = divu; —divoridivg; =0.
Moreover
owuf + (uf - V)u; +Vp = f;

with

£5 = 7 — (ridivgs - V)as - (@5 - V)ridiv g
— Oy ridiv g§ + (ridiv g} - V) ridiv g§.
A derivative in ¢ or = costs a power of €. The small error term f} is controled
as indicated. The proof of Theorem 3.1 is therefore complete. O

5. Consequences of Theorem 3.1

5.1. Various comments

The Leray projector. — Note II(¢) the orthogonal projector from R? onto the
plane
et = {uERd; u~§:0}.
Introduce the closed subspace
F:={uel? divu=0} C L

Call B the orthogonal projector from L? onto F. It corresponds to the Fourier
multiplier

Pu=(Dojui= 2m) 4 [ @),

Rd
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The application P is the Leray projector onto the space of divergence free
vector fields. It is a self-adjoint operator such that
kerdiv=ImP, ImV = (kelr(div))L = ker .
Consider the Cauchy problem
Oou+Vp=f, divu=0, u(0,.)=h
with data f € L2 and h € L?. It leads to the equivalent conditions
(5.1) du=Pf, u(0,.)=Ph, Vp=(d—P)f.

In particular, the equation (3.7) can be interpreted as

s + B((ug - V)ug) =PBf5, 6 (0,.) = Phi.
Infinite accuracy. — Fix any £ € N,. The Borel’s summation process allows
to take N = 400 in the Theorem 3.1. It yields BKW solutions (u;,p;) which
solve (€) with infinite accuracy

Owuy + (up - Viug + Vpp = 0(e™), divuj =0.
Finite speed of propagation. — The characteristic curves of the field
0 + ug - V, are obtained by solving the differential equation

oLt z) =uo(t,T(t,2)), T(0,2)=ua.

Suppose that the oscillations of the profiles U}, are concentrated in some do-
main D C R%. In other words

supp,Ujo C D, Vke{l,...,N}.
The BKW analysis (see (4.19)—(4.21)) reveals that for all ¢ € [0, 7] we have
supp, Uy (t,.) C {I'(t,z); x € D}, Vke{l,...,N}.
The phenomena under study have a finite speed of propagation.

Large time existence. — Suppose that the function ug € W is a global solu-
tion of the Euler equation. Suppose also that the phase g € WS is subjected
to (3.5) on the strip [0, 00[xR? and that it is a global solution of the eiconal
equation. Fix any T € R. Since all the transport equations (4.19), (4.20) and
(4.21) are linear, they can be solved on the whole time interval [0,7]. In par-
ticular, no blow up occurs at the level of the equations yielding the profiles Uy,
Py and the phases ¢. In this context, Theorem 3.1 can be applied with any
T e R}.

However, non linear effects are present. For instance, the appearance of the
phases ¢ with £ > 1. We study some of the related mechanisms below.

5.2. The cascade of phases. — The phase ¢y is determined as usual
through the eiconal equation (3.3). We examine in this subsection 5.2 the
part of the other phases coming into play.
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The first phase shift. — First, suppose that ¢190 = 0 and Uo = 0. In view of
(4.15), we have U; = 0. Now, ¢ is determined by
dp1 + (uo - V)1 + Ur - Vpg = dyp1 + (ug - V)1 = 0.

It follows that ¢; = 0. The terms ¢; and U, do not appear if we start with
w10 =0 and Uo = 0.

Suppose now that @19 # 0 or Uyg # 0. Replace ugg by ugo + 0Uio and @go
by @00+ d¢p10 where § > 0 is some parameter. Solve (3.1)—(3.2) and (3.3)—(3.4)
with these new groundstates. It furnishes expressions ug and ¢y which depend
on §. Apply Theorem 3.1 where @19 = 0 and Uy = 0, while the other data are
not changed. It yields ¢; = 0 and U; = 0. Then choose § = ¢ to recover the
situation under study.

This technical trick allows to reduce the case @19 # 0 or Ujg Z 0 to the case
¢10 =0 and Ujg = 0. It was already used in [8].

As explained below, such a manipulation is not possible concerning the other
terms @2,...,pr_1.

The second phase shift. — Suppose this time that
Ui0=0, ¢10=0, Ua=0, 0 =0.
Then, for j = 1, the equation (4.19) becomes
52) { atz72_+ (uo - V)Oa + (T - V)ug + VP, + div(Us @ UF) = 0,
divUy = 0.

This equation involves the source term div(U; ® Us) which is able to awake
the function U,. This influence can then be transmitted to o through the
transport equation

Bp2 + (w0 - V)go + (Uz - V)go = 0.
As a matter of fact, we have
gﬁg(t, :L') = 7%V(,000(1‘) . 8tU2(0, ZL')t2 + O(tg)
and there is no reason for the coefficient
*%V@OO(SC) -0, 02(0,x) = %V@OO(ZE) - Pdiv({Uiy ® Uly)

to be zero. To illustrate this assertion, consider the following simple case. Take
d =2 and

ug =0, woo(a) =z1, Ufp(,0) = ()" (0,h(0))

where 1 € C*°(R?;R) and h € C°°(T;R) are two non trivial functions. Then,
compute

Vipoo(z) = (1,0),  div(Ujp ® Ufp) = (0, (a(0)*) 02 [1h(2)?]).
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For any scalar function f, the decomposition

"0, f) =0, f) + Vx
implies that
(1,0)- ‘Bt(oa f)=-0x, O.f =Ax.
It follows that
—3Vpoo(2) - 0, 02(0,2) = 3(h(0)*)01x

where the scalar function y is subjected to
Ax = *832 [7/1(@2}

If v has compact support, necessarily we have O;x # 0 which implies
that @ #Z 0. In general, the second phase shift @5 appears even if it is not
present at time t = 0. The phase  is generically created by the evolution.

The geometrical phase. — The other terms s, ..., pp_1 are subjected to
k=1
§=0
Like 9, the functions (3, ..., ¢e—1 are in general non trivial even if
901(07 ) == 90@*1(07 ) =0, 51(0, ) == Uefl(ov ) =0.
There is no more trick which allows to get rid of 3, - - -, ¢p—1. The introduc-

tion of the phase shifts pg with 2 < k < /¢ —1 cannot be avoided. Therefore the
difficulties that we deal with appear from ¢ = 3. When ¢ > 3, the characteristic
rate e of eddy dissipation is bigger than one [4]. This is the reason why such
situations are refered to as turbulent regimes.

The expressions @, ..., py_1 are components of the geometrical phase
-1
@5 (t,x) = po(t, x) + Zsk/egok (t,x)
k=1

which comes from the approximate eiconal equation
By + ((@5) - V)i = O(e).

The family {u;(t,2)}.c0,1] has an e—stratified regularity [20] with respect
to the phase ¢f. This is a geometrical information.

The complete phase ¢j yields a better approximation than ¢ since
Ou; + (@) - V)igs = O(N/%).

The addition of the adjusting phase ¢ has no geometrical meaning. Neverthe-
less, it plays a crucial role as it is explained in the next paragraph.
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5.3. Closure problems. — We have explained why appealing only to ¢q
is not sufficient. It turns out that BKW computations relying only on the
geometrical phase (7 come also to nothing. This is a subtle aspect when
proving Theorem 3.1. We lay now stress on it. Define the transformations
G* as in (4.25)-(4.26). Fix N € N, and consider the map

g: (W%O)N - (W%O)N’

ﬁl 61

U Us +G2(U

2 (t,z,0) — ? ] @) (t,x,@—l—w(t,x)).
ﬁN ﬁN‘i’gN(ﬁl,...,ﬁN,l)

Obviously, the application G is one to one. There is a complete dictionary
between the U; and the U j. Once the U; or the ﬁj are known, it is entirely
equivalent to use the representation w; or w;. Before the U; or the U ; have
been identified, that is in practice, for instance when performing the BKW
calculus, it is deeply different to employ w; or ;. Indeed, there is a unique
choice of the ¢y, with ¢ < k < N, which imposes a specific hierarchy between the
profiles U &, which makes possible the triangulation of the equations obtained
by the formal computations.

Let us explain this affirmation more precisely. In the subsection 4.1, we have
performed the BKW analysis with the profiles Ug. The result was a sequence
of equations

(5.3) XHUy, ..., Upe) =0, 1<k<N.

As usual in non linear geometric optics, this can be rewritten in order to find
a sequence of well-posed equations

(54) Xk(Uk):‘F(Ulvakal)a 1§k§Na

where the Uy are made of pieces of the U ; (in the circumstances U;, Pj, ¢;,

W, Vﬁff and P, ). Of course, the equation (5.4) can be interpreted in terms

of the U; and then (using G) in terms of the U;. However, in this second
step, something unusual happens. The access to U; requires to implement Uj,
the phase shift ¢, and the transformations gg with 1 < p < 57— 1. Now, to

compute g{, we need to identify ;4,1 which is not included in UJ This is
what says (4.24)—(4.25).

In other words, our analysis reveals that ¢, or the various coefficients ¢;
which appear in (4.26) do not depend only on (U1, ..., Uy) but also on some U;
with ¢ > k. Therefore, the interpretation of (5.4) in terms of the U; yields some
underdetermined system. Computations involving the functions U; lead to a
sequence of equations which are not closed.
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The insertion of the phases i with £ < k < N is an elegant way to intro-
duce G. The change of variables G, though it is a function of (Uy,...,Uy), is
needed to progress. It allows to get round closure problems.

5.4. Obvious instabilities. — The obvious instabilities are the mechanisms
of amplifications which can be detected by looking directly at the formal ex-
pansions u;. They imply the non linear instability of Euler equations. Indeed,
fix any T > 0, any uo € W (R?) which is solution of (£), and any § > 0.
Work on the balls

Bo(ug; 0] := {u e L? |w(.) — uo(0, .)||L2(Rd) < 5},
Br(ug; 6] := {u €Ly; |lu— wo || L2(j0, 1) xRy < 5}-
PROPOSITION 5.1. — For all constant C > 0, there are small data
(h.h) € (Bo(uo:0| N H®)", (£, F) € (Br(uo:0)n WFF)"
so that the Cauchy problems
du+ (u-Viu+Vp=f, divu=0, u(0,.)=h(),
du+(@w-Vya+vp=7F, diva=0, u0,.)=nh(),
have solutions (u, @) € Br(uo;d]? and there is t € ]0,T] such that
(5.5) | (w—@)(t, .)HLZ(W)

> O(Ih =Rl + [ 10 = P ey ds).

Inequalities as (5.5) are well-known. In general, see [8], [17], [19], the proof
is achieved in two steps:

o First detect equilibria where instability arises in the discrete spectrum.

e Then establish that linearized instability implies non linear instability.

The procedure we adopt below is different. We just look at approximate
solutions like u;. It follows a more simple proof of inequality (5.5). In fact,
the Proposition 5.1 is a convenient way to retrieve known non linear instability
results.

Proof of Proposition 5.1. — The proof consists in a contradiction argument
based on the decomposition of Theorem 3.1. Take £ = 2 and N > (8 + d).
Consider two deals of initial data

UL0,2,60), ¢r(0,2), 1<k<N,
U30,2,0), ¢r(0,x), 1<k<N.

Fix these expressions in the following way
U1(0,) = 03(0,.),  #1(0,.) = ¢3(0,.)
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It implies that
Ul(t,) = U(t.), ¢i(t.) =¢i(t) =0, vte[o,T].
Adjust UL(0,.) and U%(0,.) so that

0u(ip3 — 3)(0,.) = =Vipo - (U — U3)(0,.) # 0.

Therefore, we are sure to find some ¢t > 0 such that (p3 — ©3)(¢,.) # 0. It
follows that

(5.6) Ul(t,z,0) = Ut (t, 2,0 + pb(t,z))
2 UR(t,x,0) = Ut (t,2,0 + ¢3(t, x)).

Note uf' and wuf? the approximate solutions built with the profiles {U}}4
and {U2}r. The associated error terms are fi' and fi°. Now, proceed by
contradiction. Suppose that Proposition 5.1 is wrong. Then, there is C' > 0
and €1 € ]0,&0] such that for all £ €]0,24], we have

(5" = us) (&, gy < € (N5t = w5?) Hmd)

/ 15" = 7525, acany s ).

Divide this inequality by v/z. By construction, we have

e 2 [|(ust — u5?)(0,) p2rey = O(VE),

e73|[(f5" = £52)(s, Ml z2e) = O(VE), Vs €[0,1].

e 2 [|(ust = ug?)(t, M p2ey = I(UL = UR)(t, - e 5 (E | 2 gy + O(VE).
It follows that

EHE%E_%H(%I —u5?)( t")HL2(]R'i) = ||(U1 = U)X ] ®ixT) =0
which is inconsistent with (5.6). O

In the proof presented above, the amplification is due to @9 which is the
principal term in the adjusting phase. The presence of @2 becomes efficient in
comparison with the other effects when

(UL (t, 2,0+ @3(t,2) = U3 (t,2,0 + 93(t,2)) | ~ et > Ve,
This requires to wait a lapse of time bigger than /. This delay can be reduced
by adapting the above procedure to the cases ¢ > 2.

5.5. The mathematical background. — This subsection is mainly heuris-
tical. It describes consequences of Theorem 3.1. Since it contains assertions
which are involved in the paragraph 4.1, it could be difficult to read if one does
not have in mind details of the proof of Proposition 3.1.
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Microstructures. — The result 3.1 is concerned with the convection of mi-
crostructures. It is linked with the multiple scale approach of [26] and [4].
In [26] the authors look for BKW solutions u$ in the form

ui(t,x) = uo(t,z) + Uj (t, x, et e B, x)) + O(e).
In the more recent paper [4], the selected expansion is
KE(t, @) = uo(t,x) + 3 UL (t, 2,6~ 3,6 Go(t, ) + O(e).

Both articles [4] and [26] use homogenization techniques. They perform com-
putations involving expressions as u§ or us. Simplifications (supported by
engineering experiments) are made in order to get effective equations for the
evolution of (ug, Ug) or (ug, Uy).

Consider the simple case of one phase expansions (that is when Fy = ¢ is a
scalar valued function). Reasons why a complete mathematical analysis based
on uf or x5 is not available can be drawn from Theorem 3.1. For instance, look
at p;. When ¢ = 3, the oscillation w5 involves the same scales as uf& N) since

e7lps(t, ) = e Lot ) + e St a) + e T pa(t, T).

Now the analogy stops here since in general ¢1(t,2) #Z ¢t and @o(t,z) # 0.
These are geometrical obstructions which prevent to describe the propagation
by way of ps- The asymptotic expansion pf is not suitable.

Analogous arguments concerning u§ will be presented further.

Compensated compactness. — Consider approximate solutions (u;,p;) with
infinite accuracy. They satisfy
(5.7) ovuy + (uj - V)u; + Vp;, = f; = 0(e*), divu; =0.

Suppose that ugy = 0 so that
(5.8) w(0,.) = B () = O,

Now, forget all about the explicit construction of Theorem 3.1. Since the L?-
norm is conserved, any smooth solution of (5.7) is subjected to the uniform
control

(5.9) sup{||€_1/€u§|\LzT; £€]0,1]} < C < .

Arguments issued from the theory of compensated compactness [18] can be
employed to study the family {¢~*/“uf}.. In the spirit of [12] or [14], we can try
to exploit the informations contained in (5.9) and the equation on u; in order to
describe the asymptotic behaviour when ¢ goes to zero of the functions e 1/ Zu‘g .
However this approach is not applicable here.
Indeed, obstructions come from the presence of obvious instabilities. Below,
we recall the intuitive idea of what can happen. Use the representation
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involving the phase ). The determination of the intermediate term ¢, re-
quires to identify (U) and Uj_,. This is a consequence of the equations (4.13)
and (4.19).

In view of the formula (4.24), when ¢, is modified by an amount of d¢py,
the quantity U (¢, z, §) undergoes a perturbation of the same order dpy. When
dealing with quasi-singularities, some quantities with ¢ in factor (like (Uy)) or
with e2=1/¢ in factor (like U;_,) can control informations of size £1/¢. This fact
is expressed by the following rules of transformation
(5.10) F@M@H&@>:wm%+mw%@m

' Ui JUs_, + 06U, = ug jus + O(e/4)5U;.

Now reverse the preceding reasoning. To describe features in the principal
oscillatirig term Ej/ZUf (t, 2,67 @5 (t,2)), we must identify ¢, which means to
obtain (U;) and U;_,. In other words, we need to know quantities which have
respectively € and e'~/¢ in factor. When ¢ > 2 such informations are clearly
not reachable by rough controls as (5.9).

The preceding discussion indicates that the study of turbulent regimes re-
quires to combine at least geometrical aspects, multiphase analysis and high
order expansions. The tools of non linear geometric optics seem to be appro-
priate. Some attempts in this direction have already been made.

Non linear geometric optics. — We make in this paragraph several comments
about non linear geometric optics. They concern both old [21], [20], [28] and
more recent [7], [8], [9] results which all are devoted to one phase expansions
of the type

(5.11) ui(t, ) == ug(t,z) + Y " Uk(t,z,e 7 po(t, 7))
k=ko

where kg € N and ¢ € N,.

> Systems of multidimensional conservation laws Consider the hyperbolic
non linear system

d
Orfo(u) + Y 9;fi(w) =0, weR™ meN,
j=1

where the fluxes f; : R™ — R™ are smooth functions. Introduce the matrix
symbol

d
Alu,€) ==& fow)  fi(u), (u,€) € R™ x R,
j=1

Select some eigenvalue A(u, &) of A(u, ). We have
B(u, €) = ker[A(u, €) — Au, &) 1d] # {0},
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Introduce the vector space

F(u):= (] E(u,¢).
£eRI\{0}

A change of coordinates [9] yields

F(u) =F, YueR™.
Suppose that some of the oscillation ug is polarized in the direction of E which
means that the projection of 9U}(t, x,6) on E(uo (t, z)) is not always reduced
to {0}. The problem is to determine (ko,¥) with ko/¢ as minimal as possible
such that approximate (or better exact) solutions like (5.11) exist on some
uniform interval [0, 7] with T' > 0.

«) When X is genuine non linear, because of the formation of shocks, the
pertinent regime is kg = 1 and ¢ = 1. This is the domain of weakly non linear
geometric optics. The asymptotic behavior and the stability of uy are well
understood. In fact, a complete theory has been achieved (see [21], [20] and
the related references).

B) When A is linearly degenerate, we can take kg = 1 and £ = 2. Expressions
as wu are called strong oscillations. In the hyperbolic situation, the family
{ug }eero,1) is unstable [8] on the interval [0, T]. It becomes stable on condition
that a small viscosity is incorporated [7]. Applications can be given to describe
large-scale motions in the atmosphere [7].

~v) When A is linearly degenerate, when F # {0}, and when the oscillations
are supported by F, the choice kg = 0 and ¢ = 1 is suitable. We can construct
large amplitude high frequency waves [9].

Nonisentropic compressible Euler equations are the prototype of a non linear
hyperbolic system at the level of which the three situations «), ) and 7)
can be tested. Singularities which correspond to the generation of shocks by
compression [29] can appear (as in «). There is a linearly degenerate eigenvalue
(as in 3). The vector space F is non trivial (as in 7): it is one-dimensional and
corresponds to the entropy component.

The above study is not exhaustive. For instance, it does not include:

0) Multidimensional Biirgers type equations
d
(5.12) Owu + Z a;(w)0ju =0, ueR™,
j=1

where the scalar coefficients a; : R™ — R are all non constant functions. The
quasilinear system (5.12) is not always issued from an equation in conservative
form. Moreover, though F = R?, the eigenvalue

d
A, §) =3 &aj(u)

TOME 134 — 2006 — N© 1



CASCADE OF PHASES IN TURBULENT FLOWS 63

is not linearly degenerate since
V(u,€) € R™ x (R'\ {0}), Ju € E(u,&) =R?, VA(u,§)-a #0.

There is no systematic study in such cases. Special compatibility conditions
seem to be needed in order to progress up to kg =0 and £ = 1.

Likewise, the above classification does not include:

> Incompressible Fuler equations. — Here, there is no genuine shock and the
production of singularities poses a much more subtle problem [2], [10] which
up to now remains basically open.

Theorem 3.1 says that, for kg = 1, one can reach any ¢ € N,. In this
sense, the situation is intermediate between () and «y). Aspects of d) come
also into play. But these analogies must be handled with care. In fact, the
incompressible framework is quite apart.

> Brief survey. — In the preceding approach, the choice for the amplitude
of the oscillations was very important. Another way to present the analysis is
to fix the size of the oscillating initial data. For example, we can start with
large amplitude high frequency waves

(5.13) us(0,2) = Up (0,2, po(0,2)) + O(e), pU;(0,.) £ 0.
The idea is to increase the time of propagation 7. to reach the regime where
non linear effects appear. The above discussion can then be summarized by

the diagram of Figurel . This picture allows to understand the position of the
present paper in comparison with previous results.

T~11
infinite cascade bul incompressible
turbulert
f ph . .
Ol phases flows fluid equations
| po (o) =
T~es
bul a incompressible
wo — (p1) — p2 turbulent flows fluid equations
1
T~c¢2 .
strong systems of conservation
wo — (1) oscillations laws with alinearly
(7], (9] degenerate field
T~c¢
weakly non linear systems of
®o geometric optics conservation laws
(21], [20]
T=0
phases regimes equations
FIGURE 1. Influence the time of propagation T
> Prospects. — A natural question is to investigate on the time interval

[0,T] with T > 0 the asymptotic behavior of solutions to Euler equations when
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the initial data are as in (5.13). In [28], this problem is tackled by the usual
BKW method relying on expansions of the form

(5.14) ui (tx) =Y Ui(t, e po(t, 7)), 0sU; #0.

k=0
Modulation equations for the main profile Uy are proposed. However these
transport equations are not hyperbolic so that they are ill posed (in the sense
of Hadamard) with respect to the initial value problem. It confirms that a BKW
construction based on (5.14) is not relevant.

The contribution [28] does not explain why expansion (5.14) is not the good
one. We come back below to this point. At first sight, Theorem 3.1 does not
include large amplitude waves since uf — ug = O(e'/*) < O(1). A change of
variables leads to recant this impression. Suppose that wg = 0 and 9yU; # 0.
Then define

al(t,x) = e Vs (e V0%, x),  pi(t,x) = e pS (e, ).

Observe that the structure of @ and pf is very different from the one in (5.14)

since we have
oo

u;(t,x) = Zs(k’l)/lUk (e7H, @, e 5 (70 @) + e M heus (e 1, @),
k=1

p;(t,z) = Zs(k_Q)/éPk (5_1/%, x, s_lw‘;(s_l/ét, z)) + e~ teps (e Vi, x).
k=1

The functions @; and pj satisfy

Ot + (4 - V)ug + Vps = fy, divas =0, fi(t,z) = Y fi(e Vi, x).
The functions 4, are oscillations of the order 1. They are approximate solutions
of (£) on the small interval [0,'/*T). Indeed, for all m € N, the family {fi}E
is subjected to the uniform majoration

E—N/€+2/é+d/2+3+mHj:‘Eme

su
p /07

€€]0,e0]

< 00.

If moreover N = +o00 and
(515) <p1(0, ) =... = (pg_l(o, ) =0, Uk+1(0, ) =0, Vke N\ (EN),
the trace w5 (0,.) has the form

w3 (0,2) = P Uy (0,2,6 00(0,2)),  BpUf #0.

k=0

At the time ¢ = 0, we recover (5.14). Now the construction underlying the
Theorem 3.1 reveals that in general

(5.16) or(t,.) 20, vtel0,T], Vke{2,...,0—1}.
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The functions ¢; with j € {2,---,¢ — 1} are not present when ¢ = 0. But
the description of 4 (¢,.) on the interval [0,e'~*/¢T| with k € {2,---,¢ — 1}
requires the introduction of the phase shifts ¢; for j € {2,--- , k}.

The life span of u (t,.) is '/T. There are various manners to get a family
{415 (£, .) }eeo,1) which is defined on some interval [0, T) with T > 0 independent
on ¢. In particular, we can:

e Select any T > 0 when T = +oco. However nothing guarantees that
the functions 4 are still approximate solutions on the interval [0,7]. Indeed,
since t is replaced by e~'/t, the size of the error terms fE depends on the
increase of f with respect to t. At this level, we are faced with secular growth
problems [23].

e Make ¢ goes to co. When performing the formal analysis, arbitrary values
can be given to the parameters ¢ € ]0,1] and £ € N,. For instance ¢ can be
fixed whereas ¢ goes to co. Or ¢ = —(Ine)/(In2) so that e'/*T = 1T > T > 0.
Even at a formal level, difficulties occur in order to justify some convergence
process. At any rate, the description of w;(¢,.) on the whole interval [0, 7]
needs the introduction of an infinite cascade of phases {¢;}jen,. It is like if,
as you come closer to T , you need more and more precision on the small scales
of the solution.

Such a phenomenon does not occur when constructing large amplitude os-
cillations for systems of conservation laws in one space dimension [11], [15]. It
is specific to the multidimensional framework and it is deeply linked with the
incompressible constraint. It explains why the classical approach of [28] fails.
Theorem 3.1 shows that one must give up one phase expansions and instead
accept the idea that new phases are generated.

Two reasons could explain why this remark has not yet been made:

e The creation of the phases ¢; is not due to well-known mechanisms. It is
not linked with resonances. It is related neither to dispersive nor to diffractive
effects.

e The most simple constructions indicating the persistence of oscillations,
based on shear layers (1.1), involve only the phase ¢q. In fact, expressions
like u$ have a very special form. Let us explain why. Change the variable ¢
into £'/‘t and u into 4 := ¢'/“us. The main phase @o(t, ) = 2o remains the
same. Now we are faced with

ui(t,x) = t(sl/eg(acg, e 1ay), 0,51/éh(x1 — El/eg(acg, 5_1902)15,902,5_1902)).

It is still a solution of Euler equations. Now it falls in the framework of the
Theorem 3.1. The constraints on Uy = t(U;, Uﬁ, US)

Uy,=05=0, 0,0+ (gh)=0.
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The contribution U, is non trivial but it is polarized so that Uy - Vg = 0.
Therefore it does not produce the phase shift 5. The same phenomenon
occurs concerning s, -+, @g—1. These terms are not present. It turns out
that the expansion u$ involves only the phase ¢o(t, x) = xs.

5.6. Some heuristical interpretation. — Turbulence and intermittency
are topics which represent extremely different points of view. Two approaches
compete:

a) The deterministic approach which studies the time evolution of flows
arising in fluid mechanics [1], [4], [12], [14], [26].

b) The statistical approach in which the velocity of the fluid is a random
variable [16], [24].

Attempts have been made in order to bring together the fields a) and b), see
for instance [13]. Something in this direction can also be made with the help
of the results 3.1.

Theorem 3.1 is mainly connected with a). It brings various informations
related to the propagation of quasi-singularities. These aspects have been de-
tailed in the preceding paragraphs. In this subsection 5.6, we briefly explain b)
and we draw (in the setting of Theorem 3.1) a phenomenological comparison
between a) and b).

The statistical approach. — It deals with quantitative informations.

These informations are obtained at the level of expressions, say p(z), which
in general do not depend on the time ¢. The introduction of i can be achieved
by looking at stationary statistical solutions [16] of the Navier-Stokes equations
that is

1 T
u(z)Tlgr;o?/O u(t,x)dt

or in conjunction with the ensemble average operator (see [24], V-6) marked by
the brackets (.). We follow this second option.

The description below is extracted from the book of M. Lesieur [24] (chapters
V and VI). Work in dimension d = 3. Interesting quantities are the mean kinetic

energy )
Hu@?) ~ [ e ao

the enstrophy (that is the space integral of the square norm of the vorticity)
2
Lw(@)?) ~ /Rd‘w(:c)‘ dz, w(x):=V A ux),

and the rate of dissipation e ~ k{w(z)?).

In the setting of isotropic turbulence, these three quantities can be expressed
in terms of some scalar function k — E(k). The real number E(k) represents
the density of kinetic energy at wave number k (or the kinetic energy in Fourier
space integrated on a sphere of radius k).
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The relevant relations are the following:

24, V-10-4]:  u(2)?) = [ BE(k)dk.

24, V-10-15]:  ${w(2)?) = [, k*E(k) dk.

24, VI-3-15): e = 2x [, k2B (k) dk.
Kolmogorov’s theory assumes that

[24, VI-4-1:  Je> 0, E(k) = ce3k™3, Vk € [ky, k.
This law is valid up to the frequency kg with
[24, VI-4-2]: kg~ (e/K?)7.

The small quantity € := k;l is the Kolmogorov dissipative scale. Relations
[24, VI-3-15] and [24, VI-4-2] imply that the rate of injection of kinetic energy
e is linked to the number £ according to e ~ e~ '*+3/¢, We recover here that
e ~ 1 when ¢ = 3 (see [4]).

A starting point for the conventional theory of turbulence is the notion that,
on average, kinetic energy is transfered from low wave numbers modes to high
wave numbers modes. A recent paper [16] put forward the following idea: in
the spectral region below that of injection of energy, an inverse (from high to
low modes) transfer of energy takes place. At any rate, it is a central question
to determine how the kinetic energy is distributed.

Phenomenological comparison. — The statistical approach is concerned with
the spectral properties of solutions. Below, we draw a parallel with the propa-
gation of quasi-singularities as it is described in Theorem 3.1.

Suppose (5.15) and consider ;. Let us examine how the square F (45 )(t, €)?
of the Fourier transform of 4 (¢, x) is distributed. To this end, consider the

application _
E(t,): Rt — R*,

k— E(t k) := / | F (i) (t, €)|* do(©).
{€er%|g|=k}
The initial data 4 (0,.) has a spectral gap. In another words, the graph of
the function k — E‘(O, k) appears concentrated around the two characteristic
wave numbers k ~ 1 and k ~ ¢~! = ky. In view of (5.16), this situation does
not persist. At the time t = £'/¢, the concentration is around ¢ characteristic
wave numbers which are intermediate between the two preceding ones. This
corresponds to a discrete cascade of energy.
To describe the fluid on the time interval [0,7] with T > 0, we need to
introduce an infinite cascade of phase shifts. The intuition() is that the graph
of E becomes continuous (no more gap). This corresponds to the impression

(DEven at a formal level, difficulties occur in order to justify the different convergences.
Rigorous results in this direction seem to be a difficult task.
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of an infinite cascade of energy. This remark is consistent with engineering
experiments and the observations reported in the statistical approach.

The turbulent phenomena which we study are very complex in their realiza-
tion. When ¢ > 0, the description of 4 (¢,.) involves an infinite set of phases
so that computations and representations are hard to implement. It gives the
impression of a chaos. Nevertheless, our analysis reveals that these phenom-
ena contain no mystery in their generation. On the contrary quantitative and
qualitative features can be predicted in the framework of non linear geometric
optics.

6. About Navier-Stokes type equations

Many real models involve dissipation terms which vanish or are small in
some directions. It follows that hyperbolic features can still take place. In such
cases, the form of the singularities and the structure of the viscosity are deeply
linked. This general principle is the basis of the article [7] which is related to
compressible Euler equations. Our aim in this section is to perform a similar
analysis in the setting of incompressible equations.

More precisely, we consider some Navier-Stokes equation with vanishing
anisotropic viscosity. We work with the variables ¢,  and 6. The introduction
of the (periodic) fast variable 6 induces new difficulties when constructing ap-
proximate solutions u (¢, x, ). First, because the parabolic perturbation must
be formulated in (z,6). Secondly, because we have to solve the divergence free
relation in (z,#), that is

(6.1) edivug (t,z,0) + Vi (t,x) - douy (t,x,0) = 0.

Yet, the introduction of @ is needed to progress. The distinction between slow
and fast variables is crucial when studying the stability. Indeed, we will have
to extract mean values.

6.1. Approximate solutions. — In practice, the dissipation terms are often
measured through experiments. They are given data and the matter is to adapt
the quasi-singularities to the parabolic perturbation.

Below, we follow the opposite way. We fix some oscillation {u}. as in
(3.12) and we adjust the dissipation terms accordingly. We require that the
BKW calculus of Section 4 is not modified, except possibly for the introduction
of well-known source terms. Then, we say that the viscosity is compatible with
the complete phase ¢f.

These two approaches amount ultimately to the same thing. Note however
that the second one is much easier. Indeed, it is difficult to obtain quasi-
singularities with a prescribed stratification given by some ;.
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Real compatible viscosity. — Consider smooth coefficients qgﬁ such that
(A5t 0)) i g € (0, T] x R %), W(a, B) €1{1,...,d}>.

By convention, the matrix symbol

— j £
ate )= Y altoes)
1<4,5<d
is in the (elliptic) class E? if
Z qzﬁ(tvx)gigjuauﬁ Z 07 V(t,z,&,u) € [OvT] X (Rd)g'
1<a,B,i,j<d

The expression w; undergoes rapid variations in the direction
() = X5 )| XS e),  XE(t ) = Ve ).
Complete the unit vector Xf, (¢, 2) into some orthonormal basis of R
st @) - X5,(tx) = by, V(iyj) €{1,...,d}?

so that all the vector fields Xg, are smooth functions on [0,7] x R%. The
corresponding differential operators are denoted

Ez(am) = Ez(t,l')v, ’LE{l,,d}
Their adjoints are
5i(02)" =%, (¢t ) - V + div(ES,) (¢, x), i€{l,...,d}.

In order to be compatible with the propagation of oscillations, the viscosity
must be small enough (of size € or less) in the direction X£,. It can be of
size €¥ or less in the other directions. Let q € Ei and m = (my,...,mq) € N
a multi-indice such that

my>1, me>0,..., mqg>0.

The preceding considerations lead to the following differential operator of order
two

By (0,) : C([0,T] x R%RY) — C([0,T] x R4 RY),
u(t, z) — (B (9x)u) (t, x)

d d
(B (D)), (b ) = 3™ 25,(0) {3 aldy(0)e™ 5,00y’ (1, ) .

i=1 5,8=1
It turns out that the real viscosity By*(0.:) is compatible with .
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Artificial compatible viscosity. — Introduce
X51(0n.0) = X5,(0x) + 7| XS (t,2)| x Oy,
X5, (0n0) == X5,(02), Vje{2,...,d}.
The action of B*(0;) can be interpreted in (z, ). It yields
By (0z,0) : C°°([0,T] x R* x T; R?) — C([0, T] x R* x T;R?),
u(t,z,0) — (B;”(@I,g)u) (t,x,0)
where

(BI(0s0)u) . (t,2,0)

d
X5 (0n0) { D Al ()™ X5, (00w (1, 0,0) |
1 5,8=1
One is faced here with some negative differential operator of the order two,
where all the derivatives 9; and 9y have €° or less (¥ with k& > 0) in factor.
Thereafter, we will carry on the analysis with the prototype of such operators,
that is the diagonal action given by

A=A0N,+05, Ap:=074---+03.

-

K2

This Laplacian A is of course an artificial viscosity. In fact, throughout the
Subsection 6.1, the symbol A can be replaced by any of the compatible ac-
tions By". It is used here only to simplify the presentation.

Statement of the result. — Fix some number v > 0. Select a smooth solution
wuo(t, ) € W of

oo + (ug - Vug + Vpy = vAgug, divug = 0.

Choose a phase po(t,z) € C1([0,T] x RY) with Vo (t,z) € C°([0,T] x RY).
Suppose that it satisfies the eiconal equation (3.3) and the condition (3.5).
We need also a non degeneracy hypothesis on ¢y which enables to prove that
approximate solutions are exactly divergence free in the (¢,z,6) variables. We
suppose that we can find a direction ¢ € R?\ {0} such that

(6.2) Je>0; Veolt,z)-¢>c¢, VY(t,x)€[0,T] x R

PROPOSITION 6.1. — The functions ug and the phase @ are as above. Choose
any b = (¢, N) € N? such that 0 < £ < N. Select arbitrary data

Uo(w,0) € H,  (Uko)(x) € H®, ¢po(z) € H*, 1<k<N.
The following preliminaries (1), (i) and (iil) can be achieved.
(i) There are finite sequences {Uk}1<p<n and {Px}1<p<n with

Uplt,z,0) € W°,  Pult,z,0) e W, 1<k<N
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and which are such that
Iy (0,2)U; (0, z,0) = (0, 2)Ury(x,0), Vke{l,...,N —{},
(U0,2) = (Uro)(x),  Vke{l,...,N—1(}.
(i) There is a finite sequence {p}1<k<n with
or(t,x) e Wp°, VYke{l,...,N},
and which is such that
0r(0,2) = pro(z), Vke{l,...,N}.
(iii) There is €9 € ]0,1] and correctors
cup (t,z,0) e W, e €]0,e0],

which give rise to a family satisfying {cu; }. = O(eWN+1=0/8y,
With the materials of (i), (i) and (iii), construct ¢, the initial data

N
hs(x,0) == uo(0,7) + > _ e*“Ux(0,2,0) + cus (0, z,0)
k=1

and the functions u; and p; defined according to

N
ug (t, z,0) = uo(t, z) + Zsk/lUk(t,x, 0) + cu; (¢, z,0),
(6.3) k=1

N
pi(t,@,0) = po(t,2) + > _ e Pi(t,x,0).
k=1

Then, all these expressions can be adjusted so that the functions uj and p;
satisfy on the domain [0,T] x R? x T the following singular system

Ous + (uj - V)u; + Vp; + 5_1(8,5(,0‘; + uj - V5 )Opu;
(NVS) + e 0P Vo = vAug + £,
divui + eVt - Opug =0,  u(0,2,0) = hi(z,0),

where the corrector f£(t,z,0) € W satisfy {f£}e = O(eN+2/6=2),
Define
grad; :=eV + X X 0p, 0ivp := (grad])* = ediv+X; - Op.
We need some material before proving Proposition 6.1.
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The divergence free relation in the variables (t,z,6). — We can select some
special right inverse of the application divf : H** — H*.

LEMMA 6.1. — There is a linear operator tidivy : Im(divy) — H* with
(6.4) oiv; otidivyg =g, Vg € Im(div}).

For all m € N, there is a constant Cp, > 0 such that

(6.5) [eidivggllam < Cmllgll pmsrigas Vg € Im(Divg).

Proof of Lemma 6.1. — Let n € N,. Note

T k
t]‘Z:j—a SCj:Ea 1§j§n71,k€Zd.

n
Consider a related partition of unity

X(5,k) GCOO([OaT]XRd>a (j,k)E{l,...,?’Lfl}XZd,

n—1
Z Z XGo(t o) =1, V(t,z)€[0,T] x RY,

Jj=1 kezd
{(t,2); x(w (t,2) #0} C [t; — 25 t5 + 2] x B(xy, 2],
{(t,2); Xyt 2) =1} D [t — 50 t5 + 5] x Bz, ).
By hypothesis, there is a function v € H3** such that g = divjv. Introduce
UGk = XGRY € HET gk = 005G ).
It suffices to exhibit tibinﬁg(j,k) and to show (6.5) with a constant Cy, which is
uniform in (4, k).
The problem of finding ridiv] 9(j,k) can be reduced to a model situation. This
can be achieved by using a change of variables in (¢,z), based on (6.2). From

now on, the time ¢ is viewed as a parameter, the space variable is x = (z1,7) €
R x R%!, and we work with

g=g" =0ivjv = (b1 + Op)v1 + Dava + - -+ + Dgug,

{z; g(x,0) # 0} C {z; v(z,0) # 0} C B(0, 1.
Let 1 € C>(R?"1;RT) be such that [y, . ¥(Z)dZ =1 and

{#;9(z) #£0} c B(0,1], {z; ¥(x)=1} > B(0,3].
Decompose g according to
9= (9= +iv. §a)= [ o(e1.)dE = 01+ )i
Seek a special solution « having the form
u = tidivg g = '(a,ridiv|(g — §)¢]), a€ HF*
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where ‘ridiv’ is the operator of Lemma 4.1 applied in dimension d—1. It remains
to control the scalar function a which satisfies the constraint

gdra+ Oga =h:= g = (D) + g) (11 ).

Take the explicit solution

9 0
a(ml,f,é’):/ h(xl +€(s—9),f,s)d525_1/ h(ml +r,§,9+5_1r)dr.

— 00 — 00

By construction
a(z,0+1) = a(zx,6), /a(z,e)de =0, Y(z,0)cRxT.
T

For |z1| + |Z| > 2, we find

%
a(z,d) = / 4 [(019) (21 + (s — 0),%,5)] ds = (01¢)(x,0) = 0.

o ds

It implies that
{(z,0);a(z,0) # 0} C B(0;2].
Note § := 89_1h € H**. Obviously
[0z < Collbllgm, VYmeN, {(z,0);h(x,0) #0} C B(0;1],

and we have the identity

—x1+1
a(xl,i,ﬁ):b(zl,fﬁ)—/ 8lh(scl +T,S/C\,9+€717’)d7’.

71171

The term on the right is supported in B(0,2]. Use Fubini and Cauchy-Schwarz
inequality to control the integration of d1h. It yields (6.5). O

Proof of Proposition 6.1. — The BKW computations go as in Subsection 4.1.
There are only minor modifications. Some of them are listed below. The
equation (4.18) must be replaced by

Pfy =00, ' Wi 4+ v Xo| 72X - 0 LAWY

The transport equations (4.19) becomes

j
0:Uj41 + (o - V)Tji1 + (Uj11 - VIwo + Y _ (O - V)Tjs1x
j k=1
+ Y div(Uf @ Ufsy_y) + VP = vATj4a,
_ k=1
div Uj+1 = 0,
whereas (4.21) is modified into

Wiy + (wg - VW = MW}, + Il AW, + f.
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where f is known. Define

N
up (t,x,0) = uo(t,z) + Zsk/eUk(t, z,0),
k=1

N
Py (t,,0) = po(t,x) + Y "/ Pi(t,x,0).
k=1

By construction, we have

Qg + (ug - V)uy + Vpy + e N (Qvps + a5 - Vi) Opus

+ 7100V = VAT + 5,

divag + e 'Vgs - dgus = g5, ws(0,2,0) = hi(z,0),

where the correctors f~§ and g; satisfy
{F5}e = 0T/, (g5} = 0N/,
It remains to absorb the term g;. Use the decomposition
g9, =(95) + 95", (g5) € Im(div), g§" € Im(div).
It suffices to choose
cuf = —ridiv(gs) — vivivggs* = O(eWV+1=0/4), O

6.2. A preliminary result of stability. — Consider the Cauchy problem
(6.6) { ou® + (u - V)u® + Vp® = B (0;)u®, divu® =0,

u®(0,x) = u; (0, x,s_ltpﬁ(O,x)),
where u; (t,2,6) and ¢ (t,z) are given by the Proposition 6.1. Let T, be the
upper bound of the 7" > 0 such that (6.6) has a solution u® € W2. Classical

results for fluid equations imply that 7. > 0. The matter is to investigate the
singular limit ‘e goes to zero’.

Generalities. — The analysis must contain the two following parts.

> An existence result for a time T; which is independent on the small pa-
rameter € € ]0,&0]. It is required that

inf{TE;E €10, 1]} >1Tp > 0.
Look at the special choice
qgﬁ(t,ac) =10;j0ag, M1 =Mg=---=mg=1

which corresponds to

By (0z)u® = vel Ayuf.
When v > 0, or when v = 0 and d = 2, we know [5], [25] that T, = +o0 so that
Ty = +o00. When v = 0 and d > 3, nothing guarantees that Ty > 0. To our
knowledge, this is an open question.
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> A convergence result. Since the error term f; is small, we expect that the
exact solution ©° remains close to the approximate solution

ul(t,z) = s (t, 2,67 i (t, 1)).

This is verified on small time intervals. However, on the whole interval [0, Tp], it
is a delicate question to prove estimates on the difference u® —u{,. In particular,
we wonder if

(6.7) lim [|e™ Y (uf — us)||2 = 0.
e—0 To

Even if f&¢ = O(£*), the identity (6.7) is not sure to be true. Various amplifi-
cation mechanisms can occur. Obvious instabilities are the phenomena which
are detected by the ‘monophase’ description of Section 4. They are not the
only one. Other mechanisms can happen. By contrast, they are called hidden
instabilities.

Examples of hidden instabilities can be found in the hyperbolic situation or
when the influence of By* is negligible. In [8], we work with the case B{* = 0
and ¢ = 2. Let us recall what can happen. Select a second (main) phase
Yo(t, z) € W such that

Otho + (w0 - V)ho =0, Vipo A Vg 0
and disturb the Cauchy data of (6.6) according to

ut(0,2) = uf (0,2, 95 (0,2)) + MU (x,e 10 (0,2)), M > L.
The small oscillations contained in the perturbation of size ¢M/¢ are not
always kept under control. They interact with u; and with themselves. They
can be organized in such a way to affect the leading oscillation u$. Concretely
(see [8]), we can adjust U and 1y so that there is a constant C' > 0 and times
te €10,T.[ going to zero with e such that

(= uS)(te, ) 2@ay > Ce2, Ve €]0,e0).

The power eM/? at the time ¢t = 0 is turned into £2 at the time ¢ = te. In

fact, such amplifications occur whatever the selection of £ > 2. They imply
minorations similar to (5.5) though the underlying mechanisms are completely
distinct.

The first information brought by our BKW construction is that mean values
Uy and oscillations U}; do not play the same part. This fact is well illustrated
by the rules of transformation (5.10). It means that we have to distinguish
these quantities if we want to go further in the analysis.

This distinction can be done by involving the variables (t,z,60) that
is by working at the level of (MS). To deal with (u®,p°)(t,x,0) instead
of (u®, p®)(t,x) is usual in non linear geometric optics [27]. Tt allows to mark
the terms apt to induce instabilities. It gives rise to new technical difficulties.
For instance, we have to implement:
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The Leray projector interpreted in the variables (t,x,0). — Define
0= Eaj +6j<p§><(’)9, jG{O,,d}
Introduce the closed subspace
;= {u* € L vivju* =0} C L7
Note B the orthogonal projector from L2 onto F5. This is a self-adjoint
operator such that
kerdivf = ImP;, Im grad; = (ker div)" = ker ;.

Expand the function u* € L3* in Fourier series and decompose the action of B¢
in view of the Fourier modes
w(t,0) = > ug(t,x) e, Prut =Y Phu(t,z)e’.
kEZ. kEZ.
Simple computations indicate that
PUSETIEES e_iaflkWEH(Dz)(eieflk‘/’guk).
The following result explains why the projector B} is replaced by Iy when
performing the BKW calculus.

LEMMA 6.2
(i) The family {5}z is in UL, We have [9g; Bg] = 0 and
(ii) The projector II; (t, ) is an approximation of B; in the sense that
{P5 — I} € cug? 3 {Ps(1d-II5)}_ € eug!.

Proof of Lemma 6.2. — Since B} is a projector in L2, we are sure that it is
bounded
15 ullz < llullzz, V(e u) €]0,0] x L.
It shows that {P;}. € UL’
0,5 B5Ju™ (t,2,0) = Y [e0; + ik0j05: ByJun(t, 2) ™.
kEZ.,
Observe that
(e0; + kD) o5 Biyun = 7= FITD,)ed; (e H un)
= Bl (€0; + ikd; o5 ur.
All these informations give access to the first assertion (i).

Now consider (ii). The asymptotic expansion formula for pseudodifferential
operators say that for all uy in C5°(R%) we have

Y(t,z) € R%, ;Lr%{(‘ﬁﬁkuk)(t, x) — H(chﬁ(t, z))uk(t, z)} =0.
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Since I} = II(Vyy}), it indicates that 97 is close to II. We have to make this
information more precise. To this end, proceed to the decomposition

u=0v"+eVp"+0pp" x X5, v =Pju".
We seek a solution (v*,p*) of these constraints such that
v =TEu" 4+ 0%, p* = | X5 T2XE 0, 't +ep”
After substitution, we find the relation
—V(IXE|72X5 - 9, 'u*) =0 + VD™ + Opp™ x XE
which must be completed by the condition
—div(ILu*) = edivo™ + X{ - Ogv™.
It follows that
ot = =P [V(IXE|72X5 - 0, u™)] + (B — Id)rivivg (div(ILu®)).
In view of this relation, the point (ii) becomes clear. O
Consider the Cauchy problem
Vcu* + e tgradipt = f*, divjut =0, u*(0,.) = h*()
with data f* € L2* and h* € L?*. Compose on the left with Bs. It yields
Dot = Pl u(0,.) = P ().

The above Cauchy problem can be solved in two steps. First extract v* from
the above equation. Then recover p* from the remaining relations.

Statement of the result. — A general principle is emphasized throughout the
article [7]. Obvious instabilities can be absorbed by a dependent change of
variables. But this manipulation induces a defect of hyperbolicity. Hidden
instabilities can be implemented by soliciting this lack of hyperbolicity. On the
contrary, they are not produced when this lack of hyperbolicity is compensated
by some well adjusted parabolic perturbation Bg".

This last observation is the source of the analysis which follows. From now
on, we restrict to the case £ = 2 and N > 3. Thus, we are faced with strong
oscillations. Note that the discussion is linked with the approach of [6] though
the point of view is different.

Apply Proposition 6.1 with b = (2, N). It furnishes a phase ¢} = ‘sz,N)
which is henceforth fixed. It yields also some approximate solution

ug(t,@,0) == uy ny(t,2,0), pa(t,z,0) = pl Nt 2,0)

which is subjected to the system (N'S) with source term f& = f(g2 N)- To
simplify the presentation, work again with the Laplacian A. Look at

(6.8) 00,cu° + (u® - grad;)u® + grad;p® = veAu®, divju® =0,
. u®(0,z,0) = us(0,z,0).
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The Proposition 6.1 below is a small step in the direction of existence and
convergence results.

THEOREM 6.1. — Fiz b = (2,N) with N > 3. Consider some approximate
solution {us}e of (NS). Then, there is T > 0, ey € ]0,1] and vy > 0 such
that for all € € |0,en] and for all v > vy the Cauchy problem (6.8) has a
unique solution (uf,p°) defined on the strip [0,T] x R? x T. Moreover

(6.9) {uf —us}. = Oz (N-9)),
Note that the information (6.9) implies (6.7).

Proof of Theorem 6.1. — The system (6.8) amounts to the same thing as
Oyt + (a® - V)a© + div(u® @ u*) + Vp© = vA, ",
Op,cu®™ + (@° - grad; Ju® +e(u™ - V)a®

+ [(u ~gta0§)u€*}* + grad;p™* = veAus*,

div @ = divju* = 0.

(6.10)

The equation (6.10) is also equivalent to solve the Cauchy problem
Pou® 4+ P[(af - V)as] + P [div(u® @ u*)] = vA, ",
(6.11) PBE£Do,cu + Pi [(@° - grad])us*] + ePs [(u* - V)ue]
+ B [(u* -gtabﬁ)ug*]* = veP; Autr,
associated with the compatible initial data

@®(0,.) = Pu;(0,.), u(0,.) =Pru;"(0,.). (|

Obvious instabilities have an important consequence. To describe the related
amplifications, it is necessary to introduce new quantities which correspond to
the various phase shifts ¢;. In other words, the only way to get L?-estimates
is to blow up the state variables. This idea was exploited in [7] in the case of
compressible Euler equations.

We use below a variant of this method.
Blow up. — Let + € Ry a parameter which will be adjusted later. Introduce
the new unknown
ds — t(C_lE,dE*) — t(PC_le,‘BEdE*)
=t (e (@ - a5), (T —u5")), b =(2,N).

Note that this transformation agrees with (5.10). The weight ¢~/¢ in front of
(@® — ;) induces a shift on the indice £. Functions U, and U;_, play now the
same part related to the amplifications.

To write the equation on df in an abbreviated form, we need notations.
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Quasilinear terms:
£5,d := P[(a - V)d],
$d" = Pdiv(e™Fuf* @ d* + d* @ e~ Fug)],
51d == e3P [(u* - V)d],
Sod* = P5 (a5 - V)d*] + e 1P [(ug* - gravs)d*]”
+eTIBE [(Opf + T - Vipf) D]
Semilinear terms:
A5y d == P[(d-V)ag], Agd:=P:[(d- gradp) (e Tust)],
Asyd* =g [(d - V)as] + e "B [(dF - geads)ug*]”
Small quadratic terms:
Q5 =2 P[div(d ® d)] + ¢2 P[div(d* ® d*)],
Q5 = 25 [(d - gradg)d*] + 2Pz [(d* - V)d | + P [(d* - grad)d*]” .
And error terms:
er] == E_L_%Pff, ers ==¢ “Prfrr.
With these conventions, the expression d° is subjected to
POy + L5,d° + L5,d™ + ASd® + 71Q5 + erf = vPAd°,
(6.12) PO d™ + L5,d° + L5,d° + A5,d° + A5,d°*
+e71Q5 + er§ = VPLALT.

Energy estimates are obtained at the level of (6.12). The related arguments
which are classical. Below, we just sketch them.

L2-estimates for the linear problem. — The linearized equations of Euler equa-
tions along the approximate solution u; are obtained by removing Qf and Q5
from (6.12). It yields a system which, at first sight, involves coefficients which
are singular in €. In fact, this is not the case. Let us explain why.

This is clear for £5,, £5; and Aj;.

Since uf* = O(e'/%), this is also true for £5, and AS,.

The contributions which in £§, have e ! in factor give no trouble since

Orngf 115 - Vg = 0(e2N) = 0e), 5™ - Vigf =" = O(c"H/").
Now, look at A3,. Recall that d** = B;d"* which means that
e 19pd" - Vi = —divd™.
Therefore
e [(@F - gradf)us*] = [(d°F - V)ug* — div 9y tdT dpus]”
which is obviously an operator of the order one.
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Observe that these manipulations and the blow up procedure induce a loss
of hyperbolicity. In other words, the system (6.12) involve operators which are
non singular with respect to €, which are all of the order one, but which are
not all skew-symmetric. When v = 0, this is the source of hidden instabilities.
When v > vy > 0 with vy large enough, the losses of derivatives can be
compensated by the viscosity. This is the key to L2-estimates.

The non linear problem and higher order estimates. — Let o be the smaller
integer such that o > 1(d + 3). If the life span 7. of the exact solution u is
finite, we must have

Jim [t )] sre = +oo.
Thus, Theorem 6.1 is a consequence of the following majoration

sup{||u8(t, MNae; te [O,min(Tg,T)]} < (C < o0.

Consider the set

Ze = {00,c,...,0d,c,0p}.

Observe that the commutator of two vector fields in Z¢ is a linear combination
of elements of Z¢ with coefficients in C°°. Build the differential operators

Zf =2Z10---02, Z;j€Z., k<o
It suffices to show that

Jmax sup{ e " ZFu (¢, )| 125 t € [0, min(T., T)]} < C < <.

Pick some Z¥ with k < 0. Apply ZF on the left of (6.12). Use the point (i) of
Lemma 6.2 to pass through ;. We get an equation on ZEdex.

Perform LZ%-estimates on this equation, as in the preceding paragraph.
Take ¢ = 1 which implies that Q5 and Q5 have ¥ in factor. Therefore, the
contributions due to Q§ and ()5 can be controled by way of the a priori
estimate and the viscosity. Since

er] = O(E%(N_E’)), ers = O(E%N_Q), ds(0,.) =0,
we find d° = O(E%(N_5)) which leads to u® —uf = O(E%(N_?’)).

Note that the size £2N =1 of the source term fi is turned into e2(N=3) Thig

(fixed) lost of the weight 2 corresponds exactly to what is listed at the level
of obvious instabilities.
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