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NONLINEAR SCHRODINGER EQUATION ON
FOUR-DIMENSIONAL COMPACT MANIFOLDS

BY PATRICK GERARD & VITTORIA PIERFELICE

ABsTRACT. — We prove two new results about the Cauchy problem in the energy
space for nonlinear Schrédinger equations on four-dimensional compact manifolds. The
first one concerns global well-posedness for Hartree-type nonlinearities and includes
approximations of cubic NLS on the sphere as a particular case. The second one
provides, in the case of zonal data on the sphere, local well-posedness for quadratic
nonlinearities as well as a necessary and sufficient condition of global well-posedness for
small energy data in the Hamiltonian case. Both results are based on new multilinear
Strichartz-type estimates for the Schrédinger group.

REsuME (Equation de Schrédinger non linéaire sur les variétés quadridimensionnelles
compactes)

Nous démontrons deux résultats concernant le probléme de Cauchy dans l’espace
d’énergie pour des équations de Schrodinger non linéaires sur des variétés compactes
de dimension 4. Le premier établit le caractére globalement bien posé pour des seconds
membres du type de Hartree et contient comme cas particulier certaines régularisations
de I’équation cubique sur la sphére. Le second résultat fournit, dans le cas de données
zonales sur la sphére, le caractére localement bien posé pour des seconds membres qua-
dratiques, ainsi qu’une condition nécessaire et suffisante a 1’existence globale lorsque
les données sont assez petites et que ’équation est hamiltonienne. Chacun de ces ré-
sultats est fondé sur de nouvelles estimations multilinéaires du type de Strichartz pour
le groupe de Schrodinger.
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120 P. GERARD & V. PIERFELICE

1. Introduction

In a recent series of papers ([8], [9], [10], see also [6], [12], [13] for various
surveys), Burq-Gérard-Tzvetkov investigated the Cauchy problem for nonlin-
ear Schrodinger equations (NLS) on Riemannian compact manifolds. In [8],
Strichartz estimates with fractional loss of derivatives were established for the
Schrodinger group. Roughly speaking, these new estimates involve a loss of
derivative which is 1/2 more than in the Euclidean case. For instance, for the
cubic NLS equation, they led to local well-posedness in H® for every s > %,
where d denotes the space dimension. In contrast, notice that the Euclidean
threshold is d% for d > 2. A second limitation of these estimates is that the
loss of derivative is so high that the dual Strichartz inequalities cannot be used
efficiently in the Duhamel formulation of the equation, with the bad conse-
quence that, unlike in the Euclidean case, the regularity threshold provided by
this analysis does not improve in the case of a subcubic nonlinearity. However,
for low dimensions, the estimates of [8] already provided results of global well-
posedness, namely for any defocusing polynomial nonlinearity on surfaces, and
for cubic defocusing NLS on three-manifolds. Notice that, in the latter case,
neither the Lipschitz continuity nor the smoothness of the flow map on the
energy space could be established, due to the criticality of the energy threshold
s=1= %.

These results were improved in [9], [10] for specific manifolds such as spheres,
by establishing new multilinear Strichartz inequalities for the Schrédinger group
(see also [7]) based on the clustering properties of the spectrum of the Laplacian
on such manifolds. In particular, on such manifolds, the regularity threshold
for cubic NLS was improved to the Euclidean one s. = % if d > 3 — the case
of S?, for which s, = %, being a notable exception. These results generalized to
spheres the famous earlier contributions of Bourgain on tori ([4], [3]).

What is the situation on four-dimensional manifolds ? Recall that, on the
Euclidean space R*, the H-critical nonlinearity is the cubic one, since 5% =
1. In [15], [16], [11], the subcubic defocusing equation was solved in H'(R*)
using Strichartz estimates, while the case of the cubic one has been settled
more recently by Ryckman-Visan in [17]. In contrast, the only available global
existence result on a compact four-manifold seems to be the one of Bourgain in
[3], which concerns defocusing nonlinearities of the type |u|u and Cauchy data
in H*(T*), s > 1, and uses strong harmonic analysis specificities of the torus.
Let us discuss in slightly more detail the reasons of this difficulty. Firstly, the
strategy of [8] only yields local well-posedness in H® for s > % = %, which
is far from the H' regularity controlled by the energy and the L? conservation
laws. Secondly, if one appeals to the improved bilinear estimates valid on sphere-

like manifolds, local well-posedness in H*(S*) in the cubic or the subcubic case
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NONLINEAR SCHRODINGER EQUATION 121

seems to be limited to s > % = 1. In fact, the obstruction to the convergence
in the critical space H*(S*) of an iteration scheme for the cubic NLS equation
can be made more precise by combining two results from [8] and [9]. Indeed,
from Theorem 4 in [8], we know that the estimate

27
| [ e @t deds < 11

is wrong, which, by Remark 2.12 in [9], implies that the flow map of cubic NLS
cannot be C* near the Cauchy data ug = 0 in H'(S*). Moreover, notice that
this phenomenon occurs for zonal data, namely functions depending only on
the distance to a fixed point.

The purpose of this paper is to provide further results on four-dimensional
manifolds. We shall study two types of NLS equations. In section 2, we study
NLS with the following nonlocal nonlinearity,

1) { 10gu + éu = ((1—A)~*ul?) u,
u(0,z) = up(x)

where a > 0. Notice that the homogeneous version of this nonlinearity on the
Euclidean space R¢ reads
1 2
(|$|d_2°‘ * |ul ) U

so that (1) can be seen as a variant of Hartree’s equation on a compact manifold.
We refer to the book of Cazenave [11] for results on Hartree type equations on
R?. In the case of manifolds, we obtain the following result.

THEOREM 1. — Let (M,g) be a compact Riemannian manifold of dimension
4 and let « > 3. There exists a subspace X of G(R,H(M)) such that, for
every ug € H*(M), the Cauchy problem (1) has a unique global solution u €
X. Moreover, in the special case M is the four-dimensional standard sphere

M = S*, the same result holds for all values o > 0 of the parameter.

REMARK. — As a > 0 tends to 0, the right hand side of (1) tends to |u|?u,
hence (1) can be seen as an approximation of the cubic nonlinear Schrédinger
equation. The second part of Theorem 1 states global well-posedness on H(S%)
for such approximations.

In view of Theorem 1, it is natural to ask for which manifolds equation
(1) is globally solvable on H'! for every a > 0, as it is the case on S*. This
question is still widely open, and can be answered only in very particular cases.
For instance, if all the geodesic curves on M are closed with the same length
(see e.g. Besse [2]), it is classical that the clustering properties of the spectrum
are the same as on the sphere— see Proposition 4.2 in [8] for more details, and
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122 P. GERARD & V. PIERFELICE

hence the same strategy developed here on S* applies. Moreover, it is likely that
an adaptation of Bourgain’s proof in [4] gives the same result if M = R*/Z*.
However, the generalization to a torus M = []; R/a;Z with arbitrary period
already looks very delicate (see [1] for similar generalizations in three space
dimensions).

The proof of Theorem 1 relies on the combination of conservation laws for
equation (1) with the following quadrilinear estimates,

/ / ’Lt‘r ]. — A)ia(ulﬂg)u:),ﬂzldl‘dt

< C(m(N1, ..., No))* || fill ez an | f2ll 2 any || f3 1l 2 ary || fall 22 (ary s
for every x € G (R), for every so < 1 and for f1, fa, f3, f4 satisfying

sup
TER

1\/1—A€[Nj,2Nj](fj) = fJ7 .7 = 17 2a 3a4
Here and in the sequel m(Ny, ..., Ny) denotes the product of the smallest two
numbers among N, Na, N3, Nsy. Moreover u; and f; are linked by

uj(t7 ZL‘) = S(t)fj(x)’ j=1,2,3,4,
where S(t) = e®?. Notice that, compared to the multilinear estimates used in
[10], a frequency variable 7 is added to the left hand side of the estimate. The
importance of this frequency variable appears in Lemma 1 below, where it is
shown that the above quadrilinear estimates imply a quadrilinear estimate of
the general expression

// 1 — A)™*(u1T2)uztgdzdt

in terms of the Bourgain space norms of arbitrary functions u;’s. It would be
interesting to know if the smallest value of « for which these estimates (and
hence Theorem 1) are valid depends or not on the geometry of M.

In Section 3, we come back to power nonlinearities. Since we want to go below
the cubic powers and at the same time we want to use multilinear estimates,
we are led to deal with quadratic nonlinearities. In other words, we study the
following equations,

(2) i0yu + Au = q(u),
where ¢(u) is a homogeneous quadratic polynomial in u, &
q(u) = au® + b + clul?.
First we introduce the following definition, related to functions on the sphere.

DEFINITION 1. — Let d > 2, and let us fix a pole on S®. We shall say that a
function on S¢ is a zonal function if it depends only on the geodesic distance to
the pole. We shall denote by S?) the space of zonal functions in H*(S?).

zonal(
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NONLINEAR SCHRODINGER EQUATION 123

Now we can state well-posedness results.

THEOREM 2. — If (M, g) is the four-dimensional standard sphere, then the
Cauchy problem (2) is (locally in time) uniformly well-posed in S*) for
every s > %.

zonal(

The main tool in the proof of Theorem 2 is the following trilinear estimate
on linear solutions u;(t) = S(¢)f;,

// ) e T (uy(t, ), us(t,x), us(t,z)) dxdt
S4
< C (min(N1, Na, N3))*° || fll2 s | fall L2 s | f3ll L2 (54,

for every R-trilinear expression & on C3, for every x € €7 (R), for every
S0 > 1/2 and for zonal functions fi, fa, f3 satisfying

sup
(3) TER

L i=aew, 2n,) (Fi) = iy 7=1,2,3.

It would be interesting to know whether the above estimate holds with non
zonal functions for some sy < 1 ; this would extend the above theorem to any
finite energy Cauchy data.

Notice that a subclass of these equations consists of Hamiltonian equations
ov
ou
where V is a real-valued homogeneous polynomial of degree 3 in w,w; with the
above expression of ¢(u), this corresponds to ¢ = 2a. In this case, the following
energy is conserved,

q(u) =

E = / |Vul|? + V(u) dz
M
A typical example is
1 1
V(W) = Slulu+ ) g = [l + u?

This Hamiltonian structure does not prevent solutions from blowing up in gen-
eral. In the above example, for instance, a purely imaginary constant as Cauchy
data leads to a blow up solution (see section 2.4). However it is possible to give
a classification of all the Hamiltonian quadratic nonlinearities for which the
Cauchy problem associated to (2) has a unique global solution for small initial
data in H  (S%).

onal(
COROLLARY 1. — Assume (M, g) is the four-dimensional standard sphere and
c = 2a. Then the following assertions are equivalent.

i) There exists a subspace X of C(R, HL . (S*)) such that, for every small
initial data |[uol| g1 (s1) <€, the Cauchy problem (2) has a unique global
solution u € X.
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124 P. GERARD & V. PIERFELICE

ii) The parameters a,b satisfy

(4) — =b.

Condition (4) calls for some explanation. In fact, we will see in section 2.4
that this condition is equivalent to the fact that equation (2) is transformed
into

(5) i0,v + Av = k(Rev)?

for some k£ € R, by the change of unknown u = wv for some suitable complex
number w of modulus 1. Moreover, in Proposition 1, we will see that equation
(2) has global solutions for small data by means of Theorem 2 and of some
Gagliardo-Nirenberg inequality. It would be interesting to know whether blow-
ing up solutions exist for non small data under property (4). On the other
hand, when property (4) is not satisfied, we will see that there exists a complex
number w of modulus 1 such that ¢(w)w is purely imaginary and different from
zero. Then our blowing up solutions are just solutions of the ordinary differen-
tial equation deduced from (2) for space-independent solutions. Another open
problem is of course to find a wider variety of blowing up solutions for equation
(2) in this case.

Acknowledgements. — This paper was written while the second author visited
the Laboratoire de Mathématiques d’Orsay, supported by the HYKE network.
She is grateful to these two institutions for their hospitality and support.

We thank the anonymous referee for his careful reading of our paper and for
several suggestions which improved the presentation.

2. Well-posedness via multilinear estimates

The main step of this section is to prove a result of local existence in time
for initial data in H'(M) using some multilinear estimates associated to the
nonlinear Schrédinger equation, that we will establish in Section 3 with a special
attention to the case of the sphere. For that purpose we follow closely the ideas
of Burq, Gérard and Tzvetkov ([6], [9]). In those papers, the authors extended
to general compact manifolds the nonlinear methods introduced by Bourgain
([4], [3], [5]) in the context of tori R?/Z?. Finally, we achieve the global well-
posedness thanks to the conservation laws.
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NONLINEAR SCHRODINGER EQUATION 125

2.1. Well-posedness in Sobolev spaces for the Hartree nonlinearity. — In this sub-
section we prove that the uniform well-posedness of (1) on M can be deduced
from quadrilinear estimates on solutions of the linear equation. Firstly, we recall
the notion of well-posedness we are going to address.

DEFINITION 2. — Let s € R. We shall say that the nonlinear Schrédinger equa-
tion (1) is (locally in time) uniformly well-posed on H*(M) if, for any bounded
subset B of H*(M), there exists T > 0 and a Banach space X1 continuously
contained into C([-T,T], H*(M)), such that

(i) For every Cauchy data ug € B, (1) has a unique solution u € Xr.
(ii) If uo € H°(M) for o > s, thenw € C([-T,T),H°(M)).
(ili) The map up € B — u € X is uniformly continuous.

The following theorem stresses the general relationship between uniform
well-posedness for equation (1) and a certain type of quadrilinear estimates.

THEOREM 3. — Suppose that there exists C > 0 and so > 0 such that for any
fla f27 f37 f4 € L2(M) satzsfymg

(6) 1\/1—A€[Nj,2Nj](fj) = fj7 .7 = 17273a47

one has the following quadrilinear estimates
sup

/ / ’LtT 1 - A)_a(u1ﬂ2)U3ﬂ4d.’Edt
TER

< C(m(Ny, ..., No))*° fillezan | f2ll L2 any | f3ll L2 any | fall 2 (o

where u;(t) = S(t)f;, 7 =1,2,3,4, x € G (R) is arbitrary, and the product of
the smallest two numbers among N1, No, N3, Ny is denoted by m(Ny, ..., Ny).
Then the Cauchy problem (1) is uniformly well-posed in H*(M) for any ssg.

Proof. — The proof follows essentially the same lines as the one of Theorem
3 in [9] and relies on the use of a suitable class X** of Bourgain-type spaces.
We shall sketch it for the convenience of the reader. We first show that (7) is
equivalent to a quadrilinear estimate in the spaces X*°. We then prove the
crucial nonlinear estimate, from which uniform well-posedness can be obtained
by a contraction argument in X;’b. Since this space is continuously embedded
in C([-T,T),H*(M)) provided b > 1, this concludes the proof of the local
well-posedness result.

Following the definition in Bourgain [4] and Burq, Gérard and Tzvetkov [6],
we introduce the family of Hilbert spaces

(8) X*P(RxM)={veJRxM): (1+]id,+A])3(1—A)3v € L*(Rx M)}
for s,b € R. More precisely, with the notation

() = 1+ |zf?
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126 P. GERARD & V. PIERFELICE

we have the following definition :

DEFINITION 3. — Let (M, g) be a compact Riemannian manifold, and con-
sider the Laplace operator —A on M. Denote by (ex) an L? orthonormal basis
of eigenfunctions of —A, with eigenvalues uy, by Il the orthogonal projec-
tor along ey, and for s > 0 by H*(M) the natural Sobolev space generated by
(I - A)%, equipped with the following norm

(9) ||U||§_15(M) = Z<.Uk>s||nku||%2(M)'
k

Then, the space X**(R x M) is defined as the completion of C3°(Ry; H*(M))
for the norm

”uH%(va(RxM) = Z (T + ﬂk>b<ﬂk>%HkU(T)”?m(R,;L?(M))
(10) k
= IS(=t) u(t, Mo s e (>

where ﬁk\u(T) denotes the Fourier transform of Ilyu with respect to the time
variable.

Denoting by X;’b the space of restrictions of elements of X (R x M) to ] —
T,T[xM, it is easy to prove the embedding

1
(11) > o, X3 c C([-T,T), H*(M)).
Moreover, we have the elementary property
(12) Vfe H* (M), Yb>0, (tz)— SEt)f(x)e X"

We next reformulate the quadrilinear estimates (7) in the context of X
spaces.

LEMMA 1. — Let s € R. Assume that, for any f; € L*(M), j = 1,2,3,4,
satisfying (6), estimate (7) holds.
Then, for any b > % and any u; € XO*(R x M), j =1,2,3,4, satisfying

1\/1—Ae[Nj,2Nj](uj) = Uy,

we have the following inequality,

(13)

4
/ (1 - A)fa(u1ﬂg)u;),ﬂ4dxdt S C’m(Nl, ceey N4)SO H ”’LLj”Xo,b.
Rx M j=1
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NONLINEAR SCHRODINGER EQUATION 127

Proof. — We sketch only the essential steps of the proof, since we follow closely
the argument of Lemma 2.3 in [6].

Suppose first that u; are supported in time in the interval (0,1) and we
select x € G (R) such that x = 1 on [0,1]; then writing ug(t) = S(—t)u;(t)
we have easily

(1= A) = (uyTip)usTy) (t):# / / / / Jit(ri—ratry—7a)

X (1= A)~(S(0)@ () S(1)a5 (r2)) S (£)h (73) S ()@ (7a) dry dry dirs da,

where ﬁg denotes the Fourier transform of u* % with respect to time. Using i) and
the Cauchy-Schwarz inequality in (71, 72,73, 74) (here the assumption b > % is
used, in order to get the necessary integrability) yields

4
/ (1= A)"*(urU2)ugugdzdt| < m(Ny, ..., Ng)*° H ||<7'>b17§-||L2(RxM)
Rx M i

4
Sm(Ny, ..., Ng)* H Nl [l x0.0 (mx a1y -
j=1
Notice that, at this stage, we crucially used the sup, in estimate (7). Finally, by
decomposing u;(t) = Y, ¢z ¥(t—5)u;(t) with a suitable ¢ € C§°(R) supported
n (0,1), the general case for u; follows from the special case of u; supported
in the time interval (0, 1). O

Returning to the proof of Theorem 3, there is another way of estimating the
L' norm of the product ((1 — A)~%(uyt2)ustyg).

LEMMA 2. — Assume « as in Theorem 1 and that uy,us,us, us satisfy
(14) 1 i=xenvang (U5) = uj-

1
Then, for every s’ > sq there exists b’ €]0, 5[ such that

4
15 1 - U1UQ)’U,3U4d1Edt‘ < Cm(Nl, ey N4)s/ H ||u] ||X°1b' .

Proof. — We split the proof in several steps.
First of all we prove that, for a > 0,

(16)

1 — uluz)U3u4d:cdt‘ < Cm(Ny,..., N, H llujll xo0,1/a.

By symmetry we have to consider the following three cases:

m(Nl,...,N4) = N1N2m(N1,...,N4) = N3N4 m(Nl,...,N4) = N1N3.
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In the first case, by a repeated use of Holder’s inequality, we obtain

(1- *(u1U2)ustadzdt

< C|| (1= A)"*(u1t2) || L2 (R, Lo (ar)) Justal| L2, L1 (1)) s

< Clluata|| 2w, Lo (ar)) | ustall L2 (&, L1 (ar))

< Cllutllza,poe aylluzll e, Lo (any) sl Lage, L2 (any) | wall La e, 22 (ar)) s
where we also used that (1 — A)~? is a pseudodifferential operator of negative
order, hence acts on L (M). By Sobolev inequality, we infer

4
]. — U1UQ)’1L3U4d.’13dt‘ < C N1N2 H |uj||L4(]R,L2(M)) .

By the Sobolev embedding in the time variable for the function v(t) =
S(—t)u(t), we have X%1/4 c L4(R, L?(M)), and this conclude the proof of the
first case.

In the second case m(Ny, ..., N4) = N3Ny we can proceed in the same way
by writing the integral in the form

/R /M urtiz (1 — A)a(usw)dﬂcdt‘ .

Finally, when m(Ny,..., Ny) = N1 N3, we write the integral as follows

// 1—A)"% (ugT2)(1 — A)™ 2 (usliy)dadt|

and by Cauchy-Schwarz and Hoélder’s inequalities we estimate it by

< (X = A) 7% (@) || L2 qr, 2 | (1 — A) ™% (us@a) | 2k, 12 (ar))
< CllurTl| £2 (v, L2 (M) |usTa || L2 (R, L2 (a1)
< Cllut|lLar, Lo (v |zl La o, L2 (ary) sl Lo, Loe (v |wall Lo, L2 (a1)) -

Finally we conclude the proof of (16) by means of Sobolev’s inequality in both
space and time variables as above.

The second step consists in interpolating between (13) and (16) in order to
get the estimate (15). To this end we decompose each u; as follows

uj = E Uj K UjK; = Lk, <(io,+0)<2K; (us),

where K; denotes the sequence of dyadic integers. Notice that

lul%on 2 D K3 llus k2o @unny = D gk, 5o
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We then write the integral in the left hand side of (15) as a sum of the following
elementary integrals,

I(Kl, . .., / / 1 — u1 K1u2 Kz)u;; K3’U,4 K4dscdt

Using successively (13) and (16), we estimate these integrals as
(17)

4
I(Ky1,.. o Ky)| < Cm(Ny, .. N Y (K KaKsKa)? T w22,
K1,K2,K3 Jj=1
where either (o, 5) = (so,b) for every b > 1/2, or (0, 8) = (2,1/4). Therefore,
for every s’ > sg, there exists by < 1/2 such that (17) holds for (o, 3) = (s, b1).
Choosing b’ €]by,1/2], this yields

1 — U1UQ)U3U4d$dt‘

4
gom(zvl,...,zvm’ > (KKK T gl
Kqp,- K4 j=1

which completes the proof, since the right hand side is a convergent series. [

We are finally in position to prove Theorem 3. We can write the solution of
the Cauchy problem (1) using the Duhamel formula

(18) u(t) = S(t)up — i/o St—7)((1- A)_“(|u(r)|2)u(7-)) dr .

The next lemma contains the basic linear estimate.

LEMMA 3. — Let b, b such that 0 < b < =, 0<b<1=b". There exists C >0
such that, if T € [0,1], fo (t — 7)f(7)dT, then

(19) ||%U||X;,b < CTl_b_b 1 gz,

We refer to [14] for a simple proof of this lemma.
The last integral equation (18) can be handled by means of these spaces X;’b
using Lemma 3 as follows

/0 S(t—7) (1= 2)"(u(n))u(r)) dr |

< OT (1= ) (u(n)P)u()) Il oo

(20)

Thus to construct the contraction ® : X;’b — X;’b, ®(v;) = ui,i = 1,2 and
to prove the propagation of regularity ii) in Definition 2, it is enough to prove
the following result.
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LEMMA 4. — Let s > sq. There ezists (b,b') € R? satisfying

(21) 0<b’<%<b, b+b <1,

and C > 0 such that for every triple (u;), 7 =1,2,3 in X**(R x M),
(22) (1= A)"* (urtz)usl xo v < Clluallxse
Moreover, for every o > s, there exists C, such that

(23) 11 = A) " (Jul)ull xo - < Collulliesllullxew -

Proof. — We only sketch the proof of (22). The proof of (23) is similar. Thanks
to a duality argument it is sufficient to show the following

|usllxsollusll xo0-

1 - U1UQ)U3’LL4d£L‘dt‘ <C <H [luj || xs. b> ||l x—s0-

j=1
The next step is to perform a dyadic expansion in the integral of the left hand-
side of (24), this time in the space variable. We decompose u1, ug, us, us as
follows:

uj = E :uj,va Uj,N; = 1\/1—Ae[Nj,2Nj](Uj)-

In this decomposition we have
et 3o = D N2 llwgn, o = D g, Ien-

We introduce now this decomposition in the left hand side of (24), and we are
left with estimating each term

J(Nl,. .., / / 1-— 11,1 N1u2 N2)U3 N3u4 N4d.’,Udt

Consider the terms with N7 < Ny < N3 (the other cases are completely similar
by symmetry). Choose s’ such that s > s’ > sg9. By Lemma 2 we can find &
such that 0 < b’ < % and

4
(25) [J(Nv,-, No)| < C YD (NiN2)* Tl o

This is equivalent to

s'—s (N4
0% 801 < N~ (N0 T g o sl

N; Jj=1
In this series we separate the terms in which Ny < C'N3 from the others. For

the first ones the series converges thanks to a simple argument of summation of
geometric series and Cauchy-Schwarz inequality. To perform the summation of
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the other terms, it is sufficient to apply the following lemma, which is a simple
variant of Lemma 2.6 in [9].

LEMMA 5. — Let a a positive number. There exists C > 0 such that, if for
any j =1,2,3, Cug, < ug,, then for every p > 0 there exists Cp > 0 such that
for every w; € L*(M), j =1,2,3,4,
4
/ (1 = A)™ (Mg, wi g, wo ) g, w3lly, wade < Cp p? H lwjll 2.
M )
j=1

REMARK. — Notice that if M = S* the above lemma is trivial since in that
case, by an elementary observation on the degree of the corresponding sphe-
rical harmonics, we obtain that if k4 > k1 + k2 + k3 then the integral (25) is
zero. The case of a general manifold is more involved (for a detailed proof, see
Lemma 2.6 in [9]).

Finally, the proof of Lemma 4 is achieved by choosing b such that % <b<1-V
and by merely observing that

sl o < llujlixar J=1,2,3. O

2.2. Local well-posedness for the quadratic nonlinearity. — In this subsection, we
study the well-posedness theory of the quadratic nonlinear Schrédinger equa-
tion posed on S*

(26) i0u+ Au=q(u), q(u) = au® + ba* + clul?,

with zonal initial data u(0,z) = ug(x).
In fact we shall prove Theorem 2 on every four-manifold satisfying the trilin-
ear estimates (3). This is a result of independent interest that we state below.

THEOREM 4. — Let M be a Riemannian manifold, let G be a subgroup of
isometries of M. Assuming that there exists CO and sy such that for any
uy,uz,uz € L2(S*) G-invariant functions on M satisfying

(27) lme[Nj,QNj](fj) = f]? ] = 1a2737

one has the trilinear estimates

(28)
sup / / thg Ul,UQ,'U,g)dxdt < C(mln(Nl,Ng,Ng, SO H ||f]||L2
TER

j=1

where I (u1,u2,u3) = uiugug or I (ur,uz,usz) = urustus and x € Go (R) is
arbitrary. Then, for every s > so, the Cauchy problem (26) is uniformly well-
posed on the subspace of H*(M) which consists of G-invariant functions.
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Proof. — The argument is close to the one of Theorem 3 above, so we shall just
survey. We denote by L% (M), H&(M), Xé’b(R X M) the subspaces of L?(M),
H*(M), X**(R x M) which consist of G-invariant functions. For the sake of
simplicity, we shall focus on the case

1
a(w) = uf? + Ju? .

The general case follows from straightforward modifications. As in the proof of
Theorem 3, it is enough, for every s > sg, to show that there exists b,d’ such
that

0<b’<%<b<1—b’
with the following estimates,
luruell oo < Cllual[xeplluzllxsr , [lurtiallxe v < Cllullxssluzllxss
[u?ll 30,0 < Collullxesllullxon MulPllxo-v < Collullxesllullxes o>,

where u1, us, u are G -invariant. As before, we focus on the first set of estimates.
Thanks to a duality argument, these estimates are equivalent to

[/ u1u2u3dxdt\scnulnXs,b||u2||Xs,b||u3||X-s,bf
(29) RYIM

[/ u1u2u3dxdt\gcnulnw||u2||Xs,b||u3||X-s,bf
RYIM

In this way, writing the solution of the Cauchy problem (26) using the
Duhamel formula

(30) ) = Stywo =i [ St=r)(lu(r) + () dr

and applying Lemma 3, we obtain a contraction on X;’b proving a result of
local existence of the solution to (26) on H*(M), s > so. Thus the proof of
this theorem is reduced to establishing the trilinear estimates (29) for suitable
s,b,b’'. We just prove the first inequality in (29). The proof of the second one
is similar.

First we reformulate trilinear estimates (28) in the context of Bourgain
spaces.

LEMMA 6. — Let so € R. Assume that, for any f1, f2, f3 € L% (M) satisfying
(27), estimate (28) holds. Then, for anyb > % and any u1,us, us € Xg’b(RxM)
satisfying

(31) lﬂe[Nj,ZNj](uj) = Uy, j = 17273a
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one has
3
(32) / / (U]_UQ’U/?,)d.Tdt‘ < C(min(Nl,Ng, Ng))so H ||11,j||Xo,b.
RIM j=1
Proof. — The proof of this lemma follows lines of Lemma 1 above. First we as-

sume that w1, uz, us are supported for ¢ € [0, 1], and we select x € G (R) such
that x = 1 on [0, 1]. We set ug(t) = S(—t)u;(t). Using the Fourier transform,
we can write

/ / U1UQU3d.'IZdt'
RYJYM

3
< C/ / / // X(t)eitT H S(t)ﬂg‘(Tj)dxdt dridmodTs,
T1 Y72 Y73 RJM i=1

where 7 = (71 + 72 — 73). Supposing for instance N; < Np < N3 and applying
(28) we obtain that the right hand side is bounded by

o0 o0 o0
<ony [ [ [ e s anlla el on @) oz ndndndr,

We conclude the proof as in the proof of Lemma 1 in section 2, using the
Cauchy-Schwarz inequality in (71, 72,73), and finally decomposing each u; by
means of the partition of unity

=X (-3)

neL
where ¢ € G°([0, 1]). O

LEMMA 7. — For every s’ > sq there exist b' such that 0 < b’ < % and, for
every G-invariant functions ui,us,us satisfying (31),

3
(33) / / (ulugug)dxdt‘ < C'min(Ny, Na, N3)* [ llujll o -
RIM j=1
Proof. — Following the same lines of the proof of Lemma 2, it is enough to
establish
3
_ . 2
(34) /R/M(u1u2u3)dxdt’ < len(NlaN27N3) r[l ||uj||X0’%(]R><M)'
j=

Then the lemma follows by interpolation with (32). Indeed, assuming for in-
stance N7 < Ny < N3, we apply the Holder inequality as follows,

// (uluzug)d$dt’SC||U1IIL3<R,L°°<M)>||u2||L3<R,L2<M>>||“3||L3<R7L2(M>)
RIM
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and using the Sobolev embedding we obtain

< C(N1)?|Jutllpsr, 2 w2l 2o @, n2 v 1us || 2o .22 (0 -

By the Sobolev embedding in the time variable for function v(t) = S(—t)u(t),
we know that

lull 2o ®,z2(am)) < Mull o.3 (g pry

and this completes the proof. O

Let us sketch the last part of the proof of Theorem 4. We decompose
U1, Ug, u3 as follows:

uj = E :uj,va Uj,N; = 1\/1—Ae[Nj,2Nj](Uj)-
Nj

We introduce this decomposition in the left hand side of (29) and we use
Lemma 7. Supposing now for simplicity that N; < Ny, we obtain that for any
s'sy we can find b’ such that 0 < b’ < % and

- vos (N3’
wrutisdadt] £ SN (3] ol s sl e
Rx M 2

Nj

for any s > s’ > so. Notice that the summation over N7 can be performed via
a crude argument of summation of geometric series. As for the summation over
Ny, N3, following the same proof as in Section 2.1, we conclude by observing
that the main part of the series corresponds to the constraint N3 < Nj. O

2.3. Conservation laws and global existence for the Hartree nonlinearity. — Next
we prove that for an initial datum uy € H'(M), the local solution of the
Cauchy problem (1) obtained above can be extended to a global solution u €
C(R,H'(M)).

By the definition of uniform well-posedness, the lifespan T of the local solu-
tion u € C([0,7), H'(M)) depends only on the H! norm of the initial datum.
Thus, in order to prove that the solution can be extended to a global one, it is
sufficient to show that the H' norm of u remains bounded on any finite interval
[0,T). This is a consequence of the following conservation laws, which can be
proved by means of the multipliers u and uy,

| ) de = o
(39)
[ Va2 + 510 = ) ) 0) o = By
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REMARK. — Notice that a similar argument can be applied in the case of
an attractive Hartree nonlinearity, at least when o« > 1. Indeed, consider the
focusing Schrédinger equation

iug + Au = —(1 — A)"*(Jul?)u,

where the nonlinear term has the opposite sign. Computing as above, we obtain
the conservation of energy

IVullZsary = *Il(l = A) 2 (ju’) |22 = const,

but now the energy F(t) does not control the H! norm of u. However, we can
write

IVull72 < C + ClI(1 = A)=*2(jul*) |7,
and by Sobolev embedding we have

—a 1 1 «
11— A) 2B < O o3 = Cllullbes, =5+
q
so that we obtain, with p = 2q,
1 1 «
[Vulie <C+Clulifs,  ~=+7%.

We now use the Gagliardo-Nirenberg inequality (for d = 4)

lwlfy, < CQlwllyz "% 1Vl % + ul.)
and we obtain
4 A(p—
IVullz: < C(1 +||u||L2 +Clu ||2 (p— 2/;D||VU||L(2P 2)/p.

Notice that, as in the defocusing case above, the L2 norm of u is a conserved
quantity. If the power 4(p — 2)/p is strictly smaller than 1, we infer that the
H' norm of u must remain bounded. In other words, we have proved global
existence provided
-2
42”7 <l <<= a>1 O
p

2.4. Studying the global existence for the quadratic nonlinearity

PROPOSITION 1. — Let (M,g) be a four-dimensional Riemannian manifold
satisfying the assumptions of Theorem . There exists €0 and a subspace X
of C(R,HL(M)) such that, for every initial data uo € HEL(M) satisfying
lluollzrr < e, the Cauchy problem (2), where q(u) = (Rewu)?, has a unique
global solution u € X.
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Proof. — By Theorem 4, we obtain that for an initial datum uo € H} (M),
there exists a local solution of the Cauchy problem

i0iu + Au = (Rewu)?,
u(0, ) = uo(x).

By the definition of uniform well-posedness, the lifespan T of the local solution
u € C([0,T), H;(M)) only depends on a bound of the H! norm of the initial
datum. Thus, in order to prove that the solution can be extended to a global
one, it is sufficient to show that the H' norm of v remains bounded on any
finite interval [0,7). This is a consequence of the following conservation laws
and of a suitable assumption of smallness on the initial data. Notice that

) ( /M ult, ) dx) =i /M(Re w)? dz,

(36) / Reu(t, ) dx = const.
M

from which

Moreover the following energy is conserved,
2
(37) / |Vu(t,z)|> + g(Reu(t,gg))3 de = Ejy .
M
Consequently we can write

|Vul3. < By +C ‘/M(Reu)‘?’

Since by Gagliardo-Nirenberg inequality we have

/M (Reu)dx

and by the following inequality

< ClReul 2| V(Rew)l|72 + [|(Rew) 72,

IRewl|rz < C‘/ Reudx
M

+ IV(Reu)|| 2,
we deduce that

|Vul|3: < Eg + C (‘/M Reudzx| + ||Vu||L2> V|2,

Thanks to (36) we know that

’/ Reudzx
M

IVulli2 < Eo + C (luollm + [Vullz2) [Vl 2.

< lwollzrary < Clluollmr (),

thus we obtain
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If the initial datum satisfies |lug||z1(s4) < € for € small enough, we infer
[Vul3. < Ce? + C||Vul|32

and therefore, by a classical bootstrap argument, that ||Vu||7, remains small,
hence cannot blow up, as well as ||[Reu| rz. Using again the evolution law of
the integral of u, this implies that this integral cannot blow up, and completes
the proof of the proposition. O

Notice that the proof above extends without difficulty to gq(u) = c¢(Re u)?,
for any real number c. If (M, g) satisfies the assumptions of Theorem 4, we can
now prove that the conclusions of Corollary 1 hold on M.

Proof. — Let q(u) = au?+bu? + 2a|u|? . The idea is to transform the equation
into an equivalent one using the change of unknown u = wv, with |w| = 1, and
then impose conditions on a,b such that the transformed equation is of the
special type corresponding to g(u) = c(Re u)? for which, thanks to Proposition
1, we know that the solution is global. Thus we try to impose

q(wv) = cw(Re v)?
for some ¢ € R and some w with |w| = 1, and we obtain the polynomial identity

=

aw?v? + +b?0? + 2a|v|* = T+ 7)2.

Equating the coefficients of the two polynomials we obtain
= 3
w

w
= C— b: _—
a 04, 64

and this is equivalent to
—=b.
a
Conversely, we prove that if this condition is not satisfied, it is always possible
to construct small energy solutions which blow up in a finite time. We take as
initial datum a constant in the form

uo(z) = wypo, yo € R\ {0} |w|=1,
and then the equation reduces to the ordinary differential equation
iug = q(u),  u(0) =wyo.
Defining y(t) = u(t)/w, we see that y(t) is a solution of the equation
wy'(t) = q(u) = y?q(w)
which can be written
y(t)=—igwwy®, ) =yeR
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The solution can be written explicitly as
1
yi) = —F7——
O = T+ iy

and is not global if and only if ¢(w)w is purely imaginary. Thus to conclude the
proof it is sufficient to show that we can find an w such that

q(w)@ = aw + bw® + 2aw  is purely imaginary (and not 0).
Writing a = Ae*®, b = Be®?, w = €% with A, B > 0, this is equivalent to finding
a simple zero for the following function

f(6) = 3Acos(a + 6) + B cos(5 — 36).

Observe that the average of f vanishes. A point where the sign of f changes
cannot be a double zero unless it is a triple zero, and a straightforward calcula-
tion shows that this corresponds exactly to the case A = B and 3a + 8 = 2k,
namely % = b. Hence, if this condition is not satisfied, f has a simple zero.
This completes the proof. O

3. Multilinear estimates

In this section we establish multilinear estimates, which, combined with Theo-
rems 3 and 4, yield Theorems 1 and 2. We recall that S(t) = 2 .

3.1. Quadrilinear estimates. — This subsection is devoted to the proof of
quadrilinear estimates (7) with sy < 1 on arbitrary four-manifolds with
a > 1/2, and on the sphere S* with & > 0. In view of subsections 2.1 and 2.3,
this will complete the proof of Theorem 1.

LEMMA 8. — Let a > %, Sog = (% —a) and let (M,g) a compact four-

dimensional Riemannian manifold. Then there exists C > 0 such that for any
f1, f2 € L*(M) satisfying

(38) Lizmewen () = fis Lyacman(fo) = fo,

one has the following bilinear estimate:

(39) (1 =A)7% (wruz)ll 20,1y xay < C(min(N, L)*°[| fill 2 any | foll 22 vy
with u;(t) = S(t) f;.

Proof. — By symmetry, it is not restrictive to assume that N < L. The Sobolev
embedding implies

+Oé
4u

N =

(1 = A)™2 (ugua) || 20,1y x ary < Cllurual|pz(0,1),La(an)»
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and applying the Holdér inequality we obtain

(1= A)7% (wru2) || 20,1y x ) < Cllua| |uzll L ((0,1), L2 (a)) -

21,04 o
Thanks to the conservation of the L? norm we can bound the last factor with
the L2 norm of f,; on the other hand, the L2L*/® term can be bounded using
the Strichartz inequality on compact manifolds established by Burq, Gérard,
Tzvetkov in [8] (see Theorem 1), which reads, in this particular case,

|z (0,0), 22 ary) < C N2 fallz2ary -

Combining this estimate with the Sobolev inequality, we obtain (39) as claimed.
O

PROPOSITION 2. — Let a > %, sg > (% — a) and let (M,g) a compact four

dimensional Riemannian manifold. Then there exists C > 0 such that for any

fi, f2, f3, fa € L*(M) satisfying

1\/1—Ae[Nj,2Nj](fJ) ij =1,2,3,4,
one has the following quadrilinear estimate for u;(t) = S(t)f;:
/ / ’Lt‘r A)ia(ulﬂg)'u?,ﬂ;ldl‘dt

m(N1, ..., No))*° | full 2 any | fall 22 (any | f3 )l 2 oy | fall 2 (s

sup
(40) TER

where x € 2?80 (R) is arbitrary and m(N1, ..., Ny) is the product of the smallest
two numbers among N1, No, N3, Ny.

Proof. — The proof of our quadrilinear estimate (40) when m(Ny,...,Ny) =
N7 N3 follows directly by the Cauchy-Schwarz inequality and Lemma 8. In fact,
assuming for instance that x is supported into [0, 1], we have

I =sup

/ / ZtT A)_a(ulﬂg)u3ﬂ4dxdt
TER

< Of(1 = A)™ 2 (ua®2) | L2 (0,1 x ) 1 (1 = A) ™2 (uslia) || 2((0,1)x ar)
< C(m(N1, ..., Na))*°ll fillLzan | foll Lz an || f3ll L2 any | fall L2 ars
by applying (39). By symmetry, it remains to consider only the case

m(Nl,...,N4) = N1N2 .

By the self-adjointness of (1 — A), Holder’s inequality and Sobolev’s inequality
we have

I < Clluatiall g 0,1y, 00 (ary (1 = )7 (uga) || o= ((0,1), L4 (ar))
< Cllura|| £ 0,1y, o' (v llusBall o= (0,1), 1 (1)
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provided % > 1 — 5. Using again Holder’s inequality, we infer

I<C IT lusllzeqoy.zowany TT leellz= (o, cocan) -
j=1,2 k=3,4
Conservation of energy implies that ||ug||re((0,1),2(am)) = I|fellz2(ar)- On the
other hand by Sobolev embedding we have
2.1
5l 20,1y, 20 (aryy < ONG' sl 20,1y, 28 (1)) -

Now we can apply the above-mentioned Strichartz estimate of [8] to obtain

2_1
||“j||L2((o,1),L2q’(M)) < CN{ N fillzzany) -

Since
2 1 S 3
So=—-——=>-—aq,
07 27 2
and sg can be arbitrarily close to % — a, the proof is complete. O
REMARK. — In this case, an iteration scheme for solving can be performed

as in [8], avoiding the use of Bourgain spaces, making in X7 = C([0,T], H*) N
L*([0, 7], HY) -

On the four dimensional sphere, endowed with its standard metric, the pre-
cise knowledge of the spectrum u; = k(k + 3), & € N makes it possible to
improve our quadrilinear estimate. We proceed in several steps, starting with
an estimate on the product of two spherical harmonics.

LEMMA 9. — Let o €]0,3] and let so = 1 — 22. There exists C > 0 such

that for any Hn,ﬁl spherical harmonics on S* of degree n,l respectively, the
following bilinear estimate holds:

(41) [|(1 = A)"F (Ho Hy)l|p2sty < C(1+ min((n, 1) | Hn | 2 ) | Hill 22 (g0

Proof. — It is not restrictive to assume that 1 < n < [. We shall adapt the
proof of multilinear estimates in [7],[10], using the approach described in [6].

Writing
h=(nn+3)""% h=(>1>1+3)""?
the equations satisfied by the eigenfunctions H,, ﬁl read
h?AH, + H, =0 h>AH,+ H =0 .
In local coordinates, these are semiclassical equations, with principal symbol

p(z,8) =1—-g.(£,8) -
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We now decompose H,, and H; using a microlocal partition of unity with semi-
classical cut-off of the form x(z,hD), X(z, hD) respectively. When

suppx(z,£) N{g(£,€) =1} = 2,
i.e. in the "elliptic" case, the estimates are quite strong : we have, for all s, p,
(42) 11Dz |*x (2, RDz) Hy || 12(s4y < Csp WP || Hy | 1259y,
with similar estimates for H;. Consequently, it is sufficient to estimate
(43) 1(1 = A)7% (x(, hDy) Hy, X(2, hDy ) H) | 12 s)
when cut-off functions y, X are localized near the characteristic set

{gz(f,f) = 1} :

Refining the partition of unity, we may assume that the supports of x, X are
contained in small neighborhoods of (m,w), (m,w) where m € M and w, are
covectors such that

gm (W, w) = g (@,@) =1.

Notice that functions v = x(z,hD,)H, u = )Z(m,%Dz)ﬁl are compactly sup-
ported and satisfy

p"(z,hD)u = hF p“(z,hD)t = hF

where ||F||r2 < ||Hy||z2 and ||F||L2 < ||ﬁl||L2 and p* (z, hD) denotes the Weyl
quantization of the symbol p as a pseudodifferential operator (see e.g. [6], p.23).

Set g.(z,&) = (A(2)&,£). Choose any system (z1,...,24) of linear coordi-
nates on R* such that

(A(m)w,dz1) #0 and (A(m)w,dz1) #0 .

Then, on the supports of x and ¥, one can factorize the symbol of the equation
as
p(z,§) = e(z,€) (&1 — q(x,fl)) p(z,§) = €(z,&)(& — QN(xafl))a

where e, € are elliptic symbol while ¢, ¢ are real valued symbols. In other words,
we can reduce the equations for u,u to evolution equations with respect to the
variable 1. Notice that & € R4™! = R3, i.e., the spatial dimension of these
evolution equations is 3. Moreover, since the second fundamental form of the
characteristic ellipsoid {£ : gm(§,€) = 1} is non degenerate, the Hessian of
q,q with respect to the &’ variables does not vanish on the supports of x, X
respectively.

Therefore we can apply to this equation the three-dimensional Strichartz
estimates in their localized form (see Corollary 2.2 of [6] for more details). We
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conclude that u satisfies the 3-dimensional semiclassical Strichartz estimates in
the following form:

_1 1
(44) lullgz, 2, < Ch™7 || HyllL2 < n¥ |[Hn | L2,
for all (p, q) satistying the admissibility condition

2 3 3

Z4Z=Zp>a

P oq 2

An identical argument is valid for . In fact, for u we shall only need the energy
estimate

(45) lalls 12, < CIH e -
Finally, we estimate the product uu as follows. By the Sobolev inequality,
o 1 1
10 = 2)7% @ilse < Clluilse, - =5+7.

Applying the Holder inequality we obtain

10— A% d)le < Cllull | s il pes e,
xy o
Noticing that ¢ < 2 and using the compactness of the support of u, we have
4 < Cllull
a L2 L

=/ xq gt

4.
o

[l
L L
Applying the Strichartz estimate (44) with p = 2 and the Sobolev embedding
in the =’ variables, we obtain

(46) el ,

4
wl( hy

1_3a _3a
Lzl) S Cn?2 4a ||u||L§1L2, S CTL]' 4a ||Hn||L2

Combining with the L>°L? estimate (45) on , this completes the proof. O

We now come to a quadrilinear estimate on spherical harmonics.

LEMMA 10. — Let a €]0, 3] and so = 1 — 2. There exists C > 0 such that
for any H,(ij),j =1,...,4, spherical harmonics on S* of degree n; respectively,

the following quadrilinear estimate holds:
4

/S (=) HPHE)HGH) dz < C(1+m((ny)* [T IH |z es)-
j=1
Proof. — By symmetry, it is sufficient to consider the two cases
m(ny,...,ng) =ning ; m(ny,...,nq) =ning .

In the first case, the proof follows directly by the Cauchy-Schwarz inequality
and Lemma 9. It remains to consider only the case m(ni,...,n4) = niny. We
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use the same idea as in Lemma 9 to decompose, if n; > 1, each HT(LJJ) into a
sum of terms of the form

uj = x;(@,hjDe)HY) hj = (nj(n; +3))7"? j=1,2,3,4.

As before, each u; may be microlocalized either into the elliptic zone, in which
case we have much stronger semiclassical estimate (42), in particular an L*°
bound, or near the characteristic set, and for these terms we can use the
Strichartz type estimate (44). Notice that the very special case n; = 0 can be
included into the elliptic case. Thus we have several possibilities to consider.

If at least two u;’s are microlocalized in the elliptic zone, then the quadri-
linear estimate holds trivially (with s = 0) by a simple application of the
Cauchy-Schwarz inequality.

If ug or uy is microlocalized in the elliptic zone, then, again by the Cauchy-
Schwarz inequality, the quadrilinear estimate is a consequence of estimate (41)
of Lemma 9, with « replaced by 2a.

It remains to deal with the cases when only u; or us is microlocalized in the
elliptic zone, and when all the u; ’s are microlocalized near the characteristic
set. In both cases, we shall make use of the following variant of the Sobolev
inequality.

LEMMA 11. — Let A be a pseudodifferential operator of order —2a. on R*, and
let B be a bounded subset of R*. For any smooth function F on R* with support
in B, we have the estimate

(47) ||A(F)||L;c1 (7, < C||F||Lg°1 ()
provided % >1-—20/3.

Proof. — The kernel K (z,y) of A admits an estimate like

C
48 K(z, < < .
R N T T (T B e B
The claim is then a consequence of Young’s inequality in variables z’. O

By the self-adjointness of (1 — A) the terms to estimate can be written as
follows:

(49) I= '/§4 (uru2) X (1 — A)"*(usuq) dx

As in the proof of Lemma 9 we select a splitting z = (z1,2’) of the local coor-
dinates such that wus,us,us are solutions of semiclassical evolution equations,
and therefore satisfy Strichartz estimates (44). Using the L* bound on uy, we
have

1< CIH e luzllyy (gory 10— 8)7 (usus)ll s o1,
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and by Lemma 11 we obtain
I < C|HY |20 ||u2”Li1(LZ’,)”u3u4||L§'i ()
provided % >1- %0‘ Holder’s inequality gives

1< CIED |z Izl (gor sl o2, sl 22,

@

and, applying estimate (45) on us, us and estimate (44) with p = 2 on ug, we
obtain

4
1<Cny [T IHD 2@

Jj=1

1 3
§ = max 5,1—3 < Sp,

with

since ¢’ is arbitrary with % < 2?04

Finally, we treat the case when all the factors are microlocalized near the
characteristic set. Once again, we select a splitting z = (z1,2’) of the local co-
ordinates for which Strichartz estimates (44) are valid for each u;. By Holder’s
inequality and Lemma 11 we have

I < Clluruglly polluswa)llpes o1,
< Clluall s (poylluzllpy (oo lusllieg ez plluallog 2)-

By estimates (44) with p = 2 on uy, us and (45) on ug, uy4, we conclude

4
I < C(ning)® H ||H7(zjj)||L2(s4)
j=1
with
(11-2)-
s=max|—-,1—- — S
2 2’ 0
since ¢’ is arbitrary with % < %O‘ This completes the proof. [
REMARK. — It is clear that Lemma 9 and Lemma 10 extend to Laplace eigen-

functions on arbitrary compact four-manifolds. Moreover, a refinement of the
study of the elliptic case shows that, as in [7], [10], eigenfunctions can be re-
placed by functions belonging to the range of spectral projectors of the type

Lni(V—A).
We now come to the main result of this subsection.

PROPOSITION 3. — For every a > 0, for every so > 1 — ?jTO‘, the quadrilinear
estimate (7) holds on S*.
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Proof. — Let f1,..., f4+ be functions on S* satisfying the spectral localization
property
(50) IME[Nj,QNj](fJ) fiy 3=1,2,3,4.

This implies that one can expand
fi= Z Hv(bi)
n;

where HT(LJJ) are spherical harmonics of degree n;, and where the sum on n;
bears on the domain

(51) Nj/2 <1+4n; <2N; .

Consequently, the corresponding solutions of the linear Schrédinger equation
are given by

uj( Z e—ztnj (n;+3) H(])
and we have to estimate the expression

Q(f1y. s fa,7) = / /S4 ”T — A)"Y(u1T2)usugdxdt

4
= > RO _emi(n;+3)— ) IHDY, ... HY)
=1

MN1,...,M4

with e; = (—1)7~! and
(1) (4)y _ —a W) TN 73T
I(Hnlv"'7Hn4)_ S4(1_A) (Hnl Hng)Hnan4 dzr
Appealing to Lemma 10, we have, with s = 1 — 3a/4,

I(HD, - HO) < Cm(MV, ..., Ny HllH”lle'

ny ?

Using the fast decay of X at infinity, we infer

|Q(f17"'af477—)| Scm(NlavN) Z 1+|Z| Z H”H(J ||L2

4/ A([r]+0) j=1
<m(Ny,...,N. Sup > H IHD | 22
A(k j=1
where A(k) denotes the set of (nq,--- ,n4) satisfying (51) for j = 1,2,3,4 and
4
Zajnj(nj +3)=k.
j=1
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Now we write

{1a 27374} = {CM,,B,’Y, 5}
with m(Ny,...,Ns4)) = NoNg, and we split the sum on A(k) as

(52) |Q(f17"'7f47T)|§m(N1a"'a SupZS )
KEZ Soy
where
Z 1HS | 2 | H | 2 5 = > IHD e IlHS | 2
T’ (a’)
I'(a) = {(na,nv) (51) holds for j = a,~, Z gjn;(n; +3) = a},
j€{a,v}
I'"(a') = {(ng,ns) : (51) holds for j = 3,4, Z g;nj(nj +3) =a'}.
je{B,s}

Now we appeal to the following elementary result of number theory (see e.g.
Lemma 3.2 in [9]).

LEMMA 12. — Leto € {£1}. For every e > 0, there exists C. such that, given
M € Z and a positive integer N,

#{(k1,ko) e N* . N < ky <2N k? +ok3 = M} < C.N¢ .

A simple application of Lemma 12 implies, for every € > 0,
sup#I'(a) < CcN§ ; sup#I'(a’) < C.Nj
a a’
and consequently, by a repeated use of the Cauchy-Schwarz inequality,
> "S(a) 8'(k — a) < C- (NaNg)x

1/2 1/2

ZZIIH(“)IIL 112 > > IHDIZNEDZ

a T'(k—a)
4
< Ce (NaNp)* [T 11522
j=1

where, in the last estimate, we used the orthogonality of the HT(LJJ-.) ’s as n; varies.
Coming back to (52), this completes the proof. O

REMARK. — Using the remark before the statement Proposition 3, the proof
above extends easily to any compact four-dimensional Zoll manifold (see [9] for
more details).
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3.2. Trilinear estimates on the sphere. — In this subsection, we prove trilinear
estimates (28) on S*, for every sy > 1/2, for zonal solutions of the Schrédinger
equation. In view of subsections 2.2 and 2.4, this will complete the proof of
Theorem 2 and of Corollary 1, by choosing for G the group of rotations which
leave invariant a given pole on S*.

Recall that zonal functions can be expressed in terms of zonal spherical har-
monics which in their turn can be expressed in terms of classical polynomials
(see e.g. [18]). As in [10], we can represent the normalized zonal spherical har-
monic Z, in the coordinate 6 (the geodesic distance of the point = to our fixed
pole) as follows:

— 1
(63) Zp(z) = C’(sin@)_uZT {cos[(p—{— a)f + 6]+ p@sfn)ﬁ} , ; <O0<m— g
with «, 8 independent of p, and C' uniformly bounded in p. On the other hand,
near the concentration points § = 0, m we can write

d—1
(54) Zp(z)| < Cp =, 0 ¢&l[c/p,m—c/p].
and ||Zp||L2(Sd) =1.
With this notation, we have the following trilinear eigenfunction estimates.

LEMMA 13. — There exists a constant C' > 0 such that the following trilinear
estimate holds:
(55) 1ZpZ4 21| 1 g4y < C(min(p, g,1))"/* .

Proof. — Tt is not restrictive to assume that p < g < [. Moreover, by Cauchy-
Schwarz inequality it is sufficient to prove (55) in the special case ¢ = [. Then
we have

12,2211 (sny = ¢ / 12,(8)|Z,(6)2 (sin 0)*d6

where ¢ is some universal constant. We split the interval [0, 7] into the intervals
I, = [0,¢/q], I = [¢/q,¢/p], Is = [¢/p,7/2] and I, = [7, 2,7 — ¢/p], Is =
[ — ¢/p,m — ¢/q], Is = [m — ¢/p,n]. Clearly, by symmetry, it is sufficient to
estimate the integral on the first three intervals Iy, Io, I5.

On I; we can use (54) for both harmonics Z,, Z, and the simple estimate
sinf < #, and we obtain

c/q
/ |Z,| Z2(sin 0)3d9 < Cp*/?¢? /
0 0

c/

q
93d0 < Cp3/2q3q74 < Cp1/2

since q > p.
On the second interval I, we use (53) for Z, and (54) for Z;:

c/p c/p 1 2
/ |Z,|Z2 (sin 0)%df < Cp®/? / <1 + — ) do
¢/ ¢/ gsin 6
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and by the elementary inequality

- (1+

we have immediately

2
) §C+i

gsinf q202

c/p
/ | Zy| Z2 (sin 6)d6 < Cp*/? (; - —+ q—c;(q/c —p/c)) < Cp'/2.

c

/q q

Finally, in the interval I3 we must use (53) for both harmonics:
/2

/2 1 1 9
/ 2,123 (sin0)*d0 < C/ (1 + — ) (1 +— ) (sin§)~3/2d0.
c/p c/p psin gsiné

Using again (56), the inequality sin > C6 on [0, /2], and the fact that ¢ > p,
we have easily

1 1 \?
(1 +— ) (1 + — ) (sin@) =32 < CO~3/2 + Cp~39~9/2.
psin6 qsinf

Then integrating on I3 we obtain

w/2
/ |Z,| Z2(sin0)*do < Cp'/?
c/p

and this concludes the proof. O

We now come to the main result of this subsection, which asserts that tri-
linear estimates (28) hold for every sg > 1/2 on M = S* in the particular case
of zonal Cauchy data.

PROPOSITION 4. — Let sg > % and x € G5 (R). There exists C > 0 such that
for any fi1, f2, f3 € L%(S*) are zonal functions and satisfying

(57) 1MG[NJ-,2Nj](fj) = fja .7 = 1a2»37

one has the following trilinear estimate for u;(t) = S(t)f;,

// X(t)e“TuluQﬂgdmdt|
R JS4
< C(min(N1, Na, N3))*° || fill Lz sy | f2ll L2 s4) | fall L2 (s4) -

sup
(58) TER

Proof. — The proof is very similar to the one of Proposition 3. We write
ui(t) = e itei(n;) 2,
nj

where n; is subject to the condition (51) and

> lei(n)? ~ 1451172 -
nj
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Thus we can write the integral of the left hand-side of (58) as

3
J = Z 5(\(2 Ejnj(nj +3) = 7) c1(n1)ea(nz)es(ns) / Ziny Ziny Zngdx
ni,nz,n3  j=1 s
where e; = ¢5 = 1 and €3 = —1. Using the fast decay of the Fourier transform

X and the estimate of Lemma 13, we obtain

. 1 1
|J| <C (min(Ny, Ny, N3))7 > ire > ler(ny)ea(na)es(na)|
Lel Afrl4e

S (min(Ny, N2, N3))¥ sup } _ Jex (n1)ea(na)ea(ns)|
€z
where
3
Ax = {(n1,mn2,n3) : (51) holds for j =1,2,3; Zsjnj(nj +3)=k}.
j=1
Suppose for instance that min(Ny, Na, N3) is Ny or Ny. Introducing

Ak(n3) = {(n17n2) : (nl’nQ»nB) € Ak}a

we specialize index n3 in the above sum as

J ngng|03(n3)| Z |e1(n1)ea(ne)|

n3 (n1,n2)€Ak(n3)

<C'sup (Z |03(n3)|2> SO Y lamem))’

ns n3  (n1,n2)EAg(ng)

N

NES
)

<C <Z|c3(n3)|2> sup > [#Ak(ns)] > le1(n1) [Plea(no)

n3 (n1,m2)€Ak(n3)

To complete the proof, it remains to appeal once again to Lemma 12, which
yields the estimate

#A, ¢(n3) < Cs(min(Ny, Np))°

for every 6 > 0. If N3 is min(N7, Na, N3), the proof is similar, by specializing
the sum with respect to nq, say. O
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