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WEIGHT FILTRATION AND SLOPE
FILTRATION ON THE RIGID COHOMOLOGY
OF A VARIETY IN CHARACTERISTIC p >0

Yukiyoshi Nakkajima

Abstract. — We construct a theory of weights on the rigid cohomology of
a separated scheme of finite type over a perfect field of characteristic p > 0
by using the log crystalline cohomology of a split proper hypercovering of the
scheme. We also calculate the slope filtration on the rigid cohomology by using
the cohomology of the log de Rham-Witt complex of the hypercovering.

Résumé. — Nous construisons une théorie des poids sur la cohomologie rigide
d’un schéma séparé de type fini sur un corps parfait de caractéristique p > 0 en
utilisant la cohomologie log-cristalline d'un hyperrecouvrement propre scindé
du schéma. Nous calculons aussi la filtration par les pentes sur la cohomologie
rigide en utilisant la cohomologie du complexe de de Rham-Witt logarithmique
de I'hyperrecouvrement.

© Mémoires de la Société Mathématique de France 130/131, SMF 2012
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1. INTRODUCTION 1

1. Introduction

J.-P. Serre has conjectured the existence of the virtual Betti number
of a separated scheme of finite type over a field (see [33]). Furthermore,
A. Grothendieck has conjectured the existence of, so to speak, the virtual
slope number and the virtual Hodge number of the scheme (see [loc. cit.]).
Let us recall the numbers briefly as follows.

Let k be an algebraically closed field of characteristic p > 0. Let S(x) be
the set of isomorphism classes of separated schemes of finite type over . For
a separated scheme U of finite type over k, we denote by [U] the element
of S(x) defined by U. For a function f: S(k) — Z, we denote f([U]) by f(U)
for simplicity of notation. Let r be a nonnegative integer. Then Serre has
conjectured that there exists a unique function

he:S(k) — Z
satisfying the following two properties (see [33]):
> For a closed subscheme Z of U,
(I-a) he(U) = he(2) + he(U\ 2).
> If U is a proper smooth scheme over k, then

(I-b) he(U) = (=1)" dimg, Hg (U, Qe)
for a prime number ¢ # p.

Here the letter ‘c’ in the notation A stands for the compact support. Heuris-
tically h{(U) is given by the formula (see [loc. cit.]):
Efrf:o(_l)m dlm@e grf)Hgnt,L(Uv Q[) (p > 0)7
Z::O(_l)m dim@ gergn(Uanv Q) (p = 07 R = (C)7
where P is the ‘weight filtration’ on HJ (U, Qg) (resp. H*(Uan,Q)). (For the

ét,c

(1.01)  KI(U) = {

cohomology without compact support, see (1.0.3) below for the definition of
the weight filtration P when & is F, (resp. C).) Set

Hm(U) — Hgnt,c(U, QZ) (p > 0)>
¢ Hgn(UamQ) (p = 0, K= (C)

Heuristically (I-a) is obtained from the strict exactness with respect to P of
the exact sequence

<o — H"U\Z) — H*U) — H(Z) — ---
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Serre has called h(U) the virtual Betti number of [U]. He has also remarked
that the (conjectural) resolution of singularities (in the positive characteristic
case) immediately implies the uniqueness of hl. Serre’s conjecture was the
starting point of Grothendieck’s theory of weights (see [33]).

In [33] Grothendieck has conjectured, for two nonnegative integers ¢ and j,
there exists a function

hi:S(k) — Z
such that
(Il-a) he(U) =Y W(U).

itj=r

In the case p > 0, let W be the Witt ring of , Ko the fraction field of W and
W, the de Rham-Witt sheaf of U of degree i (see [47]). We call hd (U) the
virtual slope number and the virtual Hodge number of [Ulifp>0andp=0,
respectively, because we require that h¢ satisfies the equation:
(=1)" dimg, (H? (U, W) @w Ko)  (p > 0),

(~1)* dim, HI(U, 2, ) (r=0)

(Ib)  KIU) =

if U is a proper smooth scheme over k. We also require that h¥ satisfies the
equation

(IL-c) WI(U) = WI(2Z) + WU\ 2).

Furthermore, we conjecture that R is uniquely determined by the equations
(II-b) and (II-c). It is easy to check that the (conjectural) resolution of singu-
larities (in the positive characteristic case) immediately implies the uniqueness
of hi¥. The existence of h¥ (7,7 € N) implies the existence of A (r € N) be-
cause (I-a) is clear by (II-a) and (II-c) and because (I-b) holds as follows: if U
is a proper smooth scheme over k, then we have the equations

di HL (U/W K
(L02)  dimg, HE(U,Qp) = S0 Herys(U/W) G Ko)
dim, Hjp (U/k)
_ {ZMT dimp, (H/ (U, WQ;) @w Ko)
S gy dimy HI(U, Q)
The first (resp. the second) equation in (1.0.2) in the case p > 0 has been
obtained in [54], [16] and [69] (resp.[47]). The first equation in (1.0.2) for

MEMOIRES DE LA SMF 130/131



1. INTRODUCTION 3

the case k = C is obtained by the following way:
dimg, Hg (U, Q) = dimg H" (Uan, Q) = dimg H" (Uan, C)
= dim¢ Hjg (Uan/C) = dim¢ Hjz (U/C)

(see [36], the Poincaré lemma, GAGA [41]). The first equation in (1.0.2) in
the case p = 0 is reduced to the case kK = C. The second equation in (1.0.2)
in the case p = 0 has been obtained in [22].

In this book, we solve the following variants of Serre’s and Grothendieck’s
conjectures about the existence of the functions h{ and he .

Let CS(x) be the set of isomorphism classes of pairs of separated schemes
of finite type over x and their closed subschemes. For a closed subscheme Z of
a separated scheme U of finite type over x, we denote by [(Z,U)] the element
of CS(k) defined by U and Z. Then we prove that there exists a function

h43(?): CS(k) 3 [(Z,U)] — hiz(U) € Z
(set h"(U) = hy;(U)) satistying the following four properties:
> For a closed subscheme Z’ of Z,

(II-a) Wy (U) = hi(U) + h}\z,(U \ Z").
> For an open subscheme U’ of U which contains Z as a closed subscheme,
(I1I-b) hy(U") = kY (U).

> If U and Z are smooth over k and if Z is of pure codimension ¢ (¢ € N)
in U, then

(ITI-c) Ry (U) = h™=%*(Z).

> If U is a proper smooth scheme over «, then
(I11-d) W (U) = (=1)" dimg, H}, (U, Q).

Heuristically (III-a), (III-b) and (III-c) stem from the exact sequence

o= Hp(U,Qp) — HZ (U, Qv) — HR 7(UN\Z',Qp) — -+,
the isomorphism
HZ(U,Q) — HZ(U',Qq) (me€N)
and the Gysin isomorphism
Gy H"*(Z,Qq)(~c) = HZ(U,Qr) (m € N),

respectively.

SOCIETE MATHEMATIQUE DE FRANCE 2012
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Moreover, we prove that, for two nonnegative integers ¢ and j, there exists
a function

hi(?): CS(k) > [(Z,U)] — hY(U) € Z

(set ¥ (U) := hg(U)) satisfying the following five properties:

> For a closed subscheme Z’ of Z,
(IV-a) W3 (U) = h3,(U) + b, ,, U\ Z').

> For an open subscheme U’ of U which contains Z as a closed subscheme,
(IV-b) RG(U') = hZ(U).

> If U and Z are smooth over k and if Z is of pure codimension ¢ (¢ € N)
in U, then

(IV-c) W (U) = h=I7¢(Z).
> If U is a proper smooth scheme over k, then

(=1)"*7 dim,, HI(U, Q) (p=0),
(IV-e)  hy(U)= > hZ(U).
i+j=r

Let SCS(x) be the set of isomorphism classes of pairs of separated smooth
schemes of finite type over x and their closed subschemes over . In the text,
we also show that the (conjectural) embedded resolution of singularities for
any variety with any closed subscheme (in the positive characteristic case)
implies the uniqueness of the restriction h%j (Mscs(x) of héj (7).

By the philosophy of weights above, Grothendieck has born the conjectural
theory of motives (see [33]). Motivated by the philosophy of weights, by the
conjectural theory of motives and by Grothendieck’s isomorphism between
the Betti cohomology with coefficients in C of the analytification of a smooth
scheme over C and its de Rham cohomology (see [34]), P. Deligne has given a
translation between concepts on f-adic cohomologies and those on the mixed
Hodge structure in [23], and he has constructed the theory of Hodge-Deligne in
[24] and [25]. Especially he has given the following translation for a separated

MEMOIRES DE LA SMF 130/131



1. INTRODUCTION 5

scheme U (and V) of finite type over a field &:

(1.0.3)
l-adic objects/F, (for simplicity), (¢,q) =1 | objects/C
HY(U5,,Q0) (heZ) H'"(Ua,Q) (heZ)

F': geometric Frobenius ~ H&(UE, Qp);
there exists a unique finite increasing
filtration { Py }rez characterized by the
following: P, H eht(UFq ,Qy) is the principal
subspace of H&(Uﬁq,@g) where the
eigenvalues a’s of F' satisfy the following:

(MHS/Q) on H"(Uay, Q):=

(mixed Hodge structures/Q)

on H"(Uan, Q):=

(weight filtrations/Q)+(Hodge ones)
on H"(Upn, Q).

lo(a)| < ¢/? (Yo: Q = C)
(cf. [50], [31], (12.20) below)

A morphism in the category
(MHS’s/Q) is strictly compatible
with the weight filtration and
the Hodge filtration

A morphism Hé"t(%iq., Q¢) — Héht(UFq,Qg)
of Q[F]-modules is strictly compatible
with Py’s.

Let Z be a closed subscheme of U. In the case k = C, we can endow
H gan (Uan, Q) with the mixed Hodge structure as a corollary of the theory of
Hodge-Deligne, and we can solve the variants of Serre’s and Grothendieck’s
conjectures in the case k = C.

Let us consider the case where & is a perfect field of characteristic p > 0.
Let V be a complete discrete valuation ring of mixed characteristics with
residue field x and let K be the fraction field of V. Let W be the Witt ring
of k and let Ky be the fraction field of W. P.Berthelot has defined the rigid
cohomology Hggyz(U/K) (h € N) with closed support (see [6], [9], [19], [62]),
which corresponds to H gan(Uan,Q) in the case k = C. He has also defined
the rigid cohomology Hggﬁc(U/K) with compact support (see [6]). The main
results in this book are to endow Hﬁg’Z(U/K) with a weight filtration and
to calculate the slope filtration on Hﬁg7 4 (U/Kp). As a corollary of the main
results, we solve the variants of Serre’s and Grothendieck’s conjectures about
the existence of the functions h5(?7) and h%j(?) in the case ch(k) > 0. If U
is a closed subscheme of a separated smooth scheme over k, then we also en-
dow Hrigg,c(U /K) with a weight filtration and calculate the slope filtration on
H ﬁg’C(U/ Kjy). As a corollary, we solve original Serre’s and Grothendieck’s con-

jectures about the existence of the functions A and he in the case ch(k) >0

SOCIETE MATHEMATIQUE DE FRANCE 2012
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for separated schemes of finite type over x which are closed subschemes of
separated smooth schemes over k.
Before explaining our results in this book in more details, we give the fol-
lowing picture:
[24] (see [21]) —— [72]

| |

[25] (see [21]) —— this book.

Here we mean the movement from the case ch(k) = 0 to the case ch(k) > 0
by the horizontal arrows, and we mean that the sources of the vertical arrows
are bases for the targets.

First we recall Deligne’s result in [24] quickly.

Let X be a proper smooth scheme over C with an SNCD (= simple nor-
mal crossing divisor) D. Set U := X \ D. Let j: U < X be the natural
open immersion. Set D© := X and, for a positive integer k, let D®) pe
the disjoint union of all k-fold intersections of the different irreducible com-
ponents of D. Let P be the weight filtration on the sheaf Qé(,m /C(log D)
(i € N) of logarithmic differential forms on Xa, along D,, which is obtained
by counting the numbers of the logarithmic poles along D,, of local sections
of Q&an/c (log Day). Let Fily be the stupid filtration on Qkan/c(log Day):

FilyQ%,,/c(108 Dan) i= Q7" (log Dan) (i € Z).

Let 7 be the canonical filtration on a complex. Set
(K([.Qv T) = (Rjan*(QUan)7 7—)

in the derived category D¥F(Qy,,) of bounded below filtered complexes of
Qx,,-modules; set

(K¢ P, F) == (O, c(log Day), P, Filyy)

in the derived category DTF5(Cx,,) of bounded below biregular bifiltered
complexes of Cx, -modules (see [25]). The main result in [24] is: the pair

(K¢, 7), (K¢, P, F))
is a cohomological mixed Q-Hodge complex on X,,, that is,
(K@,’r) ®q C ~ (K¢, P) in D+F((Cxan)
and

(1.0.4) (H"(Xan, gp KQ), (H"(Xan, g1 K¢&), F))  (h,k € Z)

MEMOIRES DE LA SMF 130/131



1. INTRODUCTION 7

is a Q-Hodge structure of pure weight h + k. Here F' in (1.0.4) is the induced
filtration on H"(Xan,grt Kg) by Fily. Let a®: D®) — X (k € N) be the
natural morphism of schemes over C. Let w®(D,,/C) be the orientation
sheaf of Dg’f}/(C: @ ") (Dan /C)(—k) := € in [24]; w*)(D,,/C) is isomorphic
to Z D) non-canonically. By using the exponential sequence on U,, and the
cup product, we have the purity isomorphism

(1.0.5) R¥jans (Zu,,) <~ alih (@™ (Dan/C)) (=k) (k€ N)
(cf.[53, (1.5.1)]). By using the isomorphism
) (1.0.5) .
(1.0.6) R jane(Zu) ——— a2 (@™ (Dan/C)) (<)
(-D* (k) ( (k)
—>aan*(w (Dan/(c))(_k)

instead of (1.0.5) (the isomorphism (1.0.6) is equal to the isomorphism in [24,
(3.1.9)]), we have the weight spectral sequence

(1.0.7) E;7PMF = H' R (Dan)®, @ ®) (D /C)) (—k) ©2 Q = H"(Uan, Q).

In fact, Deligne has proved the existence of the weight filtration on the higher
direct image of the constant sheaf Q for a family of open smooth varieties with
good compactifications in characteristic 0 (see [21]).

Next we recall Deligne’s result in [25] quickly.

Let U be a separated scheme of finite type over C. Let U, = U,en be a
proper hypercovering of U, that is, U, is a separated simplicial scheme of finite
type over C with an augmentation U, — U over C and the natural morphism
Uni1 — coskd (Us<p)ni1 (n > —1) is proper and surjective (see [25]). Then,
by proper cohomological descent, the natural morphism

RT(Uan, Q) — RU((UL)an, Q)

is an isomorphism in the derived category DT (Q) of bounded below complexes
of Q-vector spaces (see [loc. cit.]). Assume that U, is the complement of a
simplicial SNCD D, on a proper smooth simplicial scheme X, over C. Let
Jo: U, = X, be the natural open immersion. Let P (resp. Fily) be the weight
filtration (resp. Hodge filtration) on QZX')an/C(log(D.)an). Set

(K3,7) = (Rjuans(Q),7) € D'F(Q(xa).0 )5
(K", P7 F) = ( EX.)an/C(lOg(Do)an)v P7 FIIH) € D+F2(Q(X’)a“)’

(The left (resp. right) degree is the cosimplicial degree (resp. complex degree).)
Then, by the result in [24], the pair ((Kg,7), (K¢, P, F)) is a cohomological

SOCIETE MATHEMATIQUE DE FRANCE 2012
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mixed Q-Hodge complex on (X, )an, that is,
(K@‘,T) ®qC ~ (K¢, P) in DJ’F((C(X.)M)

and, on each (X)an, (K§,7), (K¢, P, F)) is a cohomological mixed Q-Hodge
complex on (X;)an. Let L be the filtrations on

RT((X.)an, s(Kg)) = s(RT*((X4)an, K§))
and RI'((X.,)an,s(K")) defined in [24] (we recall the definition of L in §2
below), where s means the single complex. Let §(, L) (resp.d(P, L)) be the
diagonal filtration of the induced filtration by 7 (resp. P) and L on the complex

RT((XJ)an, S(Kg)) (resp. RU((X,)an,s(K¢"))) (we recall the definition of the
diagonal filtration in §2 below). Then Deligne’s results are the following:

((RT((X2)an, s(KF)), 0(7, L)), (RT((X.)an, s(KE)), 8(P, L), F))

is a cohomological mixed Q-Hodge complex, and there exists the following
weight spectral sequence

(1.0.8) —k Jh+k EBHh 2— k t(tJrk))an,W(H—k)((Dt)an/(c))(_t k) ®zQ

t>0
— Hh((U.)aan) = Hh(Uaan)~

Now we quickly recall some results in [72] corresponding to [24] and [21]
as follows.

Let p be a prime number. Let (S,Z,~) be a PD-scheme on which p is locally
nilpotent. Assume that Z is quasi-coherent. Set

So = Spec¢(Os/I).

Let (X, D) be a smooth scheme over Sy with a relative SNCD over Sy (see
[72]). Set U := X \ D. Let f: X — Sy be the structural morphism; by abuse
of notation, f also denotes the composite structural morphism X — Sy — S.
In [72] we have defined a fine and saturated log structure M (D) with a natural
inclusion morphism M (D) — (Ox, *) associated to (X, D)/Sy (cf. the DF-log
structure in [51]) which will be recalled in §3 below. Here, following [52], we
mean by a log structure on a scheme Y a pair (M, «), where M is a sheaf
of monoids on the Zariski site Y, and « is a morphism M — (Oy, *) which
induces an isomorphism a~(0%) = O3-. The composite morphism

0y 5 a Y (0y) — M
induces a morphism ey pp): (Y, M) — (Y,05) of log schemes. We denote
(X, M(D)) simply by (X, D) by abuse of notation when there arises no confu-

sion. Let (X, D)/S) o (resp. (X/S)Crys) be the log (resp. classical) crystalline

crys
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topos of (X, D)/S(= (X,M(D))/S) (see [51]) (resp. X/S (see [5])). Let
— _
ex,p)/st (X, D)/S) ooy — (X/S)arys
be the natural morphism of topoi induced by the morphism

€(X,M(D))" (X7M(D)) — (X, O0%).

—~

Let u(x,py/s: (X, D)/S)g’és — )Z'ZM (resp.uX/S: ()?/TS')CWS — X’ZM) be the

natural projection. Let (X/S)rerys be the restricted crystalline topos de-

fined in [5] and let Qx/s: (X/S)Rerys — ()?75)%,5 be the morphism of topoi
such that Q}/S(E) is the natural restriction functor of £ (E € (X/S)crys)

—

(see [5]). Let O(x py/s (resp. Ox/g) be the structure sheaf in ((X,D)/S)58s

(resp. (X/S)erys). As in [5], set

Ux/s = ux/s © Qx/st (X/S)Rerys — Xoar.
The morphisms €x,py/s; U(x,p)/s» Ux/s» @x/s and U x/s induce the following
morphisms of ringed topoi

T €(X,D)/S

(X, D)/S)1%50, Ox.0y15) ~2L%5 (K] S)eryes Oxs) <L ((X]S)merys: @y 5(Oxys))

u(xn)/sl uX/Sl 1’tx/sl
(Xoar, F71(05)) —— (Xan fTH05) ——  (Xpar, f7(O5)).
Let DYF(Ox/5), D+F(Q*X/S(OX/S)) and DTF(f~1(Os)) be the derived cat-
egories of bounded below filtered complexes of Ox/g-modules, Q% /S(O X/5)-

modules and f~!(Og)-modules, respectively. In [72] we have defined two
filtered complexes defined by the formula

(Bays(O(x,py/s), P) == (Re(x,p)/s+(Ox,p)/8),7) € DTF(Ox/s),
(Ezar(O(X,D)/S)7P) = RuX/S*((Ecrys(O(X,D)/S)vP)) € D+F(f_1(05'))'

In [72] we have called (FEeys(Ox,py/s) P) and (Euar(O(x,py/s), P) the
preweight-filtered vanishing cycle crystalline complex of (X, D)/S and the
preweight-filtered vanishing cycle zariskian complex of (X, D)/S, respectively.
We have called Q%/g(Eerys(O(x,p) /s), P) the (pre)weight-filtered vanishing
cycle restricted crystalline complex of (X, D)/S.

Let A := {D)}ren be a decomposition of D by smooth components of D,
where A is a set: each D) is smooth over Sy and D = Y, Dy in the monoid
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of effective Cartier divisors on X/Sp. Set D) := X and

D& .— H Dy, N---N Dy,
{1 Ak Ni#EN; (1#9)}
for a positive integer k; D®) is independent of the choice of the decompo-
sition of D by smooth components of D (see [72]). Let a®: D®) — X be
the natural morphism of schemes over Sy. In [72], by using another filtered
complex (Cerys(O(x,py/s), P) € D+F(Q}}/5(0X/S)) which is isomorphic to
Q;US(ECWS(O(X,D)/S),P) (we recall (Ceays(O(x,p)/s), P) in (3.3), 1) below),
we have proved the following p-adic purity (cf. (1.0.6)):
(109) Q;(/SgrkPECryS(O(X,D)/S)
= Q%/sR e(x,0)/5:(O(x,p)/5){—k}
~ " k
5 Qys0gse (Opw s B2 w8 (D/S) {—},
where wgfy)S(D /S) is the crystalline orientation sheaf of D®) defined in [72],
which is isomorphic to Zpx on (D®)/S).ys non-canonically and {—k} is
the shift of a complex defined in the Convention 1) below. By applying the

derived functor R x/g, to (1.0.9) and by considering the action of the relative
Frobenius when Sy is of characteristic p, we have the isomorphism

(1010) gr]IjEzar(O(X,D)/S)
= alil (Rup 5, (Opm s @2 @8 (D/S))(=k)) {~k},

where (—k) means the Tate twist. Set

—~

foepys = fouxpys: ((X,D)/S)E,,Ox,pys)
— (X:zara f_l(OS)) — (gzar,OS).

Because FE.(Ox,pys) = Rucx,p)/s«(Ocx,pys), the filtered complex
(Ear(O(x,p)/s); P) produces an increasing filtration on the log crystalline
cohomology Rhf(X,D)/s*(O(X,D)/S) (h € N). By (1.0.10) we obtain the
spectral sequence

(1.011)  BMME = R fpw /5. (Opoo s @2 @%E(D/S)) (—k)
= R"fx.py/s:(Ox.p)/s),

which we call the preweight spectral sequence of (X, D)/S (cf. (1.0.7)).
Let x be a perfect field of characteristic p > 0 and let W,, be the Witt ring
of x of length n > 0. In the case where Sy = Spec(k) and S = Spec(W,),
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Mokrane has constructed the preweight-filtered log de Rham-Witt complex
(WnQ% (log D), P) := W, Q% (log D), { PoW, Q% (log D)} ez) and has proved

gtk Wi (log D) = W, Q3 & @z, wk)(D/k)(~k) (k€ Z)

in [65] (see also [69]), where wég(D/m) is the zariskian orientation sheaf of

D®) | which is isomorphic to Z D) ON D®) non-canonically. Consequently he
has constructed the spectral sequence in [loc. cit.]:

(1012) E;k.’hﬁLk = Hhik((D(k)/Wn)crysv OD(’C)/Wn Kz wyf;b(D/Wn)) (_k)
= Higgcrys((X, D)/ Wa).

In [72] we have proved that there exists a canonical filtered isomorphism

(1.0.13) (Ezr(O(x,p)/5), P) — (WaQ% (log D), P)

in DYF(f~1(W,)). As a corollary, it turns out that the spectral sequence
(1.0.11) is a generalization of the spectral sequence (1.0.12).

Let (X, D) be as above or an analogous log scheme over C. Then we have
the translation of Table 1 (see next page).

Here (Xan, Dan)'°® (resp. ((X;Tlgan))léig) is the real blow up (resp.the log
étale topos) of (Xan, Dan) defined in [53] (resp. [48]), Xon is the topos defined
by the local isomorphisms to Xan, €top is the natural morphism of topological
spaces which is denoted by 7 in [53], and €, is the natural morphism forgetting
the log structure.

In [18] Chiarellotto and Le Stum have constructed the weight filtration on
the rigid cohomology of an open smooth variety over £ which is the complement
of an SNCD on a proper smooth scheme over x which is embedded into a
formally smooth scheme over V. In [18] they have used local rigid cohomologies
in order to obtain their weight filtration. The method in [72] is different from
theirs.

The purposes of this book are the following:

1) To construct the theory of the weight filtration on the log crystalline
cohomology of a family of simplicial open smooth varieties in characteristic
p>0.

2) To construct the theory of the slope filtration on the log crystalline
cohomology with the weight filtration of a split simplicial open smooth variety
in characteristic p > 0.

3) To define and study the weight filtration on the rigid cohomology of a
separated scheme of finite type over a perfect field x of characteristic p.
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(1.0.14)

/C

crystal

Uan-,/g\)_(jn,Dan)h)g (see [53])
((XanvDan))lé(;g (SCC [48})

—

(X, D)/S)%

crys

Xana Xan

e~

(X/5)

crys

jan: Uan — Xan: €t0p3 (Xarn Dan)log — Xam
— 1 N
€an': ((Xam Dan))é(;g — Xan

—_— e~~~

cx.py/st (X, D)/8)85 = (X/8) rys

Rjans(Z) = Regops(Z) (see [53]),
Réiop(Z/n) = Rean«(Z/n) (n € Z) (see [68])

Qx/sRex.p)/s:(Ox,p)/s)

Xon = X

Itx/sl (X/S)crys — )Z—zar

L(X D)%

(Z/) (X, Dan o5 (Z/n)(wﬁm))i‘;g (n€z) O(x,p)/s

ZX,,

(Z/n)x,, (n€Z) Ox/s
(Reans(Z/0),7) (n € Z) (Berys(O(x,py/5): P)
(Qk/c(log D),P) (ELQI(O(XD)/»S)‘P)

Table 1

4) To calculate the slope filtration on the rigid cohomology above.

1) is a straight generalization of [72]. Let N be a nonnegative integer.

The key point for 2) is a comparison theorem between the split N-truncated
cosimplicial preweight-filtered vanishing cycle zariskian complex and the split
N-truncated cosimplicial preweight-filtered log de Rham-Witt complex (see
(1.0.16) below). The existence of the weight filtration in 3) follows from 1), de
Jong’s alteration theorem (see [50]), Tsuzuki’s proper cohomological descent
in rigid cohomology (see [86]) and a generalization of Shiho’s comparison the-
orem (see [82]) between the rigid cohomology of the scheme in 3) and the log
crystalline cohomology of a certain proper hypercovering of the scheme (see
(1.0.17) below). 4) is an immediate consequence of 2) and the generalization
of Shiho’s comparison theorem.

We outline Part I of this book, which treats 1) and 2) above.
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Let f: X, — Sp be a smooth simplicial scheme and let D, be a simplicial
relative SNCD on X, /Sp; by abuse of notation, f also denotes the composite
structural morphism X, — Sy — S. Let

—— log —~—
€(Xe,De)/S* ((X"D')/S)cris — (X-/S)crys

be the natural morphism of topoi forgetting the log structure. Let
ux,/s: (Xo/S)erys = Xozar be the natural projection. Then we have the
two filtered complexes

(Berys(O(xe.04)/5): P) = (Re(xu.04)/5+(O(x0.04)/5): T) € DYF(Ox,/s)
(Ezar(O(X.,D.)/S)v P) = RuX./S*((Ecrys(O(X.,D.)/S)7 P)) € DJFF(fil(OS))'

By (1.0.10) for each (E,ar(O(x,,p,)/s), P) (t € N) and by using the diagonal

filtration in [25] (see also §2 below), we obtain the spectral sequence:

B =P Rh—Zt"“nym/S*((’) ®z L (De/S)) (—t — k)
t>0

(1.0.15) = R"f(x. p.)/s:(O(x..p0)/5)>

which we call the preweight spectral sequence of (X,,D,)/S. The spectral
sequence (1.0.15) is a generalization of (1.0.11).

Let V be a complete discrete valuation ring of mixed characteristics with
perfect residue field x of characteristic p > 0 and let K be the fraction field of V.
For a p-adic formal V-scheme S in the sense of [74] and S := Spec ((Os/p),
we obtain (1.0.9), (1.0.10), (1.0.11) and (1.0.15). In this case, we call (1.0.15)
the p-adic weight spectral sequence of (X,,D,)/S when X, is proper over S.
This spectral sequence is the p-adic analogue of the weight spectral sequence
(1.0.8).

Using techniques developed in [72], we prove the fundamental properties:

DiH»k)/S

1) the convergence (in the sense of [74]) of the weight filtration on
R"f(x0.00)/5:(O(x0,00)/8) & = R fixs D0)/5:(O(x4.00)/5) O K,
2) the Es-degeneration of the p-adic weight spectral sequence of (X,, D,)/S

modulo torsion and

3) the strict compatibility of the induced morphism of a morphism of proper
smooth simplicial schemes with simplicial relative SNCD’s with respect to the
weight filtration on Rhf(X.,D.)/S*(O(X.,D.)/S)K~

These are straight generalizations of results in [72].

We conclude the explanation for Part I by stating one more another result.
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Let N be a nonnegative integer. In the case where Sy is the spectrum of
a perfect field k of characteristic p > 0 and S = Spec(W,,) (n > 0), we can
generalize (1.0.13) as follows: if (X.<n,D.<n) is split, then there exists a
canonical filtered isomorphism

(1016) (Ezar(O(X.SN,D.SN)/S)'/P) - (WT’LQB(.S]V(IOgD'SN)7P)

in D'*‘F(f__<1]\,(VVn))7 where fo<n: X<y — Spec(W,) is the structural mor-

.

phism. Though to prove that there exists the isomorphism
Erar(O(X, . Dacn)/8) — Wnlk, _ (108 Do<n)

is not difficult (see [72, (3.5)]) if one uses Tsuzuki’s functor I' in [19] and [86]
(we recall T in (6.4) below), the proof of (1.0.16) is involved. The point
of the proof of (1.0.16) is to construct the morphism (1.0.16). To con-
struct it, we need the explicit descriptions of (Ear(O(x,.y.Docn)/s)s P) and
(Wnd, _,(log Do<n), P), which are generalizations of the explicit descrip-
tions of (Fr(Ocx,py/s), P) and (W, Q% (log D), P). (Even in the N-truncated
constant simplicial case, the descriptions in this book are generalizations of
the descriptions in [72]: in [loc. cit.] we have defined and used the ad-
missible immersion for the explicit descriptions of (F,u(Ox,p)/s), P) and
(Wnf2% (log D), P); in this book we do not use it for the explicit descriptions.)

Next, we outline Part IT of this book.

Let V be a complete discrete valuation ring of mixed characteristics with
perfect residue field x of characteristic p > 0 and let K be the fraction field
of V. Let W be the Witt ring of x and Ky the fraction field of W. Let U be a
separated scheme of finite type over k. Let j: U < U be an open immersion
into a proper scheme over k. Then, using a general formalism in [35, Vbis],
we can construct a split proper hypercovering (U,, X,) of (U, U) in the sense
of [86], that is, (U,,X,) is split, U, is a proper hypercovering of U, X, is
a proper simplicial scheme over U and U, = X, xg U. Moreover, using de
Jong’s alteration theorem (see [50]), we can require that X, is a proper smooth
simplicial scheme over x and that U, is the complement of a simplicial SNCD
D, on X, over k. We call such a split proper hypercovering (U,, X,) of (U, U)
a gs (= good and split) proper hypercovering of (U, U). We prove

(1.0.17) RIyig(U/K) = RT((X., D.)/W)

by using
1) Berthelot’s base change theorem in rigid cohomology (the reduction to
the case V = W) (see [9]),
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2) a technique of the construction of a proper hypercovering in [86],

3) Tsuzuki’s proper cohomological descent in rigid cohomology for a proper
hypercovering of a triple (see [86]) and

4) Shiho’s comparison theorem (see [82]):

H}y(Ur/Ko) = H"((Xe; D) /W), (it €N).

Especially, the right hand side of (1.0.17) depends only on U and K; this
solves a problem raised in [50, Introduction] for the split case in a stronger
form: not only the log crystalline cohomology on the right hand side of (1.0.17)
but also the complex itself on the right hand side depends only on U and K.
(In [1], in a different method from ours, Andreatta and Barbieri-Viale have
proved that H'((X,, D,)/W) depends only on U/« for the case where p > 3
and where the augmentation morphism X \ Dy — U is generically etale even
for the non-split case.) We also come to know that the log crystalline co-
homology theory is a good cohomology theory for nonproper and nonsmooth
schemes by considering the larger category of simplicial log schemes which ap-
pear as (split) proper hypercoverings of schemes. On the other hand, (1.0.17)
tells us that the rigid cohomology of the trivial coeflicient is interpreted by the
cohomology of an abelian sheaf in a (non-canonical) topos (see [63] for another
interpretation of the rigid cohomology by the cohomology of an abelian sheaf
in a topos).

(1.0.17) gives us some deep results; for example, one can directly derive the
finiteness theorem of Berthelot-GroBe-Klonne (see [9], [32], [86]; see also [55]
for the generalization to the case of the overconvergent F-isocrystal) without
using any result of the finiteness of rigid cohomology since we have the spectral
sequence

EY = HI((X;, Di)/W) ;e = Hy (U/K).

We can also derive a generalization of Berthelot’s Kiinneth formula without
support (see [8]) from the Kiinneth formula of log crystalline cohomology
(see [51]). More importantly, by results of Part I and (1.0.17), we can define a
weight filtration on Hr}}g(U /K) which must be independent of the choice of the
gs proper hypercovering (U,, X,) of (U, U). We prove this independence by us-
ing Grothendieck’s idea for the reduction of geometric problems to arithmetic
problems (see [40], [33]) in the following way:
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1) For two gs proper hypercoverings (U}, X!) and (U2, X2) of (U, U), there
exists another gs proper hypercovering (U2, X2) of (U, U) fitting into the com-
mutative diagram

! !
(U.2>X.2) E— (U7 U)
(a general formalism in [35, VP)).

2) The existence of a model of the split N-truncated simplicial family
(Xe<n,Due<n) (N € N) over the spectrum of a smooth ring of finite type
over a finite field (standard log deformation theory).

3) The reduction to the case of finite fields (the specialization argument of
Deligne-Illusie, see [46], [69], [72]).

4) The purity of the eigenvalues of the Frobenius on the classical crystalline
cohomology of a proper smooth scheme over a finite field (see [54], [16], [69]).

As a conclusion, we capture remarkable subspaces of Hﬁg(U/ K) and,

from a different point of view, we can say that we capture subspaces of
HM(X,,D.,)/W)K, which depend only on U and Kj.

Summing up, our method is a hard p-adic version of [25] except some tech-
niques. Indeed, we give a comparison theorem between different cohomology
theories in (1.0.17), while Deligne has worked in the same cohomology theory.

Once one obtains the isomorphisms

(1.0.18) H}(U/K) = H"((X,,D,)/W) . «— H"(X,,WQ%, (log D.))
obtained from (1.0.16) and (1.0.17), one may think that one can use the log de
Rham-Witt complex WQ%_(log D,) of (X,, D,)/x (cf.[65], [69], [72]) for the
construction of the weight filtration on Hrfgg(U /K). However, to prove that
the weight filtration is independent of the choice of (X,, D, ), the method using
the log de Rham-Witt complex is not enough; we need (Ezr(Ox, p.)/s), P)
and some techniques developed in [72].

We prove some fundamental properties of the weight filtration on
Hﬁg(U/ K), especially, the determination of the possible range of the weights
of Hﬁg(U/ K) and the strict compatibility of the induced morphism of rigid
cohomologies by a morphism of schemes.

Using (1.0.18) and using the slope decomposition

H"(X,, W%, (log D.)) .. = €D H (X., W, (log D.)) .
i+j=h
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(this is an easy generalization of the slope decomposition in [47]), we can
immediately calculate the slope filtration on Hgg(U/KO) by

H'" (X, W, (log D.)) ., (i € N);

conversely we can show that HY(X,, W (log D,))x, depends only on U/k.

If one ignores the weight filtration, one can generalize (1.0.17) to certain
coefficients and to certain gs proper hypercoverings as follows.

Let E be an overconvergent F-isocrystal on (U, U)/K. Shiho’s conjecture
in [82] says that E extends to an F-isocrystal with logarithmic singularities if
one makes a suitable alteration and pulls back E to the alteration. Assuming
that Shiho’s conjecture holds and using a standard argument in [25], we see
that there exist a gs proper hypercovering m: (U,,X,) — (U,U) and an F-
((X.,D.)/V) such that 7*(F) = jt(E;

conv ) , where

isocrystal E2.,, in Isoclt |

' Isock . ((X., D.)/V) — Isoct (UL, X.)/K)

conv
is the simplicial version of the functor defined in [82, Proposition 2.4.1]. (In the
constant simplicial case (U, X,) = (Up, Xo) (Vn € N) with trivial degeneracy
morphisms and trivial face morphisms, this is nothing but Shiho’s conjecture.)
Let
=: Isoccon\,((X.7 D.)/W) — Isocctys((X., D.)/W)

be the simplicial version of the functor defined in [81, Theorem 5.3.1] and
denoted by @ in [loc. cit.]. Assume that ¥V = W. Then, by the same proof as
that of (1.0.17), we can prove that

(1.0.19) RTyiy(U/K, ) = RT(((X., D) /W)!%  E(Ezon,)).

crys’ —
Recently Kedlaya has proved Shiho’s conjecture (see [56], [57], [58], [59,
(2.4.4)]).

Finally, we outline Part III.

In Part III, by using (1.0.17), we define the weight filtration on the coho-
mology of the mapping fiber and the mapping cone of the induced morphism
of the complexes of rigid cohomologies by a morphism of separated schemes
of finite type over . We also calculate the slope filtration on the cohomology
of the mapping fiber and the mapping cone.

Let Z be a closed subscheme of U/k. As an example of the theory of the
mapping fiber, we interpret the rigid cohomology Hﬁg’Z(U /K) by the coho-
mology of the mapping fiber of a morphism of the complexes of cosimplicial
log crystalline cohomologies, and we endow Hﬁg’ 4 (U/K) with the weight fil-
tration and calculate the slope filtration on it. As a corollary of the existence
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of the weight filtration on Hrhig,Z

(U/K) and as a consequence of a geometric
interpretation of the slope filtration on Hfg& 4(U/K), we prove the variants
of Serre’s and Grothendieck’s conjectures about the existence of the desired
functions.

We determine the possible range of the weights (resp. slopes) of Hﬁg’Z(U/K)
(resp. Hr}ggz(U/Ko)); the determination of the range of the weights (resp. slopes)
is a generalization of the determination in [15] (resp. [17]).

It is known that, by using Tsuzuki’s proper descent in rigid cohomol-
ogy, Kedlaya’s Kiinneth formula for overconvergent F-isocrystals on smooth
schemes over k (see [55]) can be generalized to the case of overconvergent F-
isocrystals on separated schemes of finite type over & (see [loc. cit.]) (Kedlaya's
Kiinneth formula is a generalization of Berthelot’s Kiinneth formula, see [8]).
In the case of the trivial coefficient, we prove that the generalized Kiinneth
formula is compatible with the weight filtration.

In the last section, by using Berthelot’s Poincaré duality (see [8]), we first
define the weight filtration on Hggyc(U /K) for a separated smooth scheme U of
finite type over k. Moreover, using Shiho’s recent result for a relative version
of Shiho’s comparison theorem (see [80]), we endow Hgg’C(Z/K) with a well-
defined weight filtration for a separated scheme Z of finite type over s which
can be embedded into a smooth scheme over k as a closed subscheme. In the
case where Z is a smooth closed subscheme of a separated smooth scheme U
over K, we prove that the Gysin isomorphism is an isomorphism of weight-
filtered vector spaces. We also prove that the Kiinneth isomorphism for rigid
cohomology with compact support is compatible with the weight filtration. As
a corollary of the existence of the weight filtration on the rigid cohomology
with compact support and as a consequence of a geometric interpretation of the
slope filtration on it, we prove Serre’s and Grothendieck’s conjectures about
the existence of the functions h¥ and hi (i,7,r € N) for separated schemes of

finite type over k which can be embedded into smooth schemes over k.

Acknowledgment. — I am grateful to L. Illusie for letting me take an inter-
est in the construction of the weight filtration on rigid cohomology, to A. Shiho
for some important discussion (especially for giving me a precise condition in
(4.8) below). I would like to express my sincere thanks to N. Tsuzuki for ex-
plaining some results in [19] and [86]. Finally I am very grateful to the referee
for reading the previous version of this book completely, and for pointing out
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numerous (English and French) mistakes, a big gap in the proof of the com-
parison theorem (1.0.16) and two mistakes in the proofs of (10.1) and (10.5)
below.

Notations

o
1) For a log scheme Y, Y (resp. My) denotes the underlying scheme

resp. the log structure) of Y. For a morphism g: Y — Y’ of log schemes,
1) o ]

g:Y — Y’ denotes the underlying morphism of g.

2) (S)NCD = (simple) normal crossing divisor.

3) Let (7, A) be a ringed topos.
(a) C(A) (resp. Ct(A), CP(A)): the category of (resp. bounded below,
bounded above, bounded) complexes of A-modules.
(b) K(A) (resp. K*(A), KP(A)): the category of (resp. bounded below,
bounded above, bounded) complexes of A-modules modulo homotopy.
(c) D(A) (resp. D¥(A), DP(A)): the derived category of (resp. bounded
below, bounded above, bounded) complexes of A-modules. For an object
E* of C(A) (resp. Ct(A), CP(A)), we denote simply by E* the corre-
sponding object to E* in D(A) (resp. D¥(A), DP(A)).
(d) The additional notation F to the categories above means “filtered ”.
Here the filtration is an increasing filtration indexed by Z or a decreasing
filtration indexed by Z which is determined in context. For example,
KTF(A) is the category of bounded below filtered complexes modulo
filtered homotopy. As in [4] (and [72]), the filtration in this book is not
necessarily exhaustive nor separated.
(e) DF(A) (resp.D*Fy(A), DPFa(A)):  the derived category of
(resp. bounded below, bounded above, bounded) biregular bifiltered
complexes of A-modules (see [24, (1.3.1), (1.3.6)], [25, (7.1.1)]).

Conventions. — We make the following conventions about signs (cf.[11],
[20]). Let A be an exact additive category.
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1) For a complex (E*,d*) of objects of A and for an integer n, (E**", d**")
or (E*{n},d*{n}) denotes the complex:

q—1+n q+n datitn

d d
ey Eq71+n Eatn Eq+1+n s
g—1 q q+1

Here the numbers under the objects above in A mean the degrees.

For a morphism f: (E*®,d}) — (F*,d}) of complexes of objects of A, f{n}
denotes the natural morphism (E*{n},dy%{n}) — (F*{n},d%{n}) induced
by f. For a morphism f: (E*,d}) — (F*,d},) in the derived category D*(A)
(* = b, 4+, —, nothing) of the complexes of objects of A, there exists a naturally
induced morphism in D*(A):

Hny: (B*{n},di{n}) — (F*{n}, dy{n}).

2) For a complex (E*,d") of objects of A and for an integer n, (E*[n], d*[n])
denotes the complex as usual: (E*[n])? := E%t" with boundary morphism
d*[n] = (=1)"d**™.

For a morphism f: (E*,d};) — (F°,d};) of complexes of objects of A, f[n]
denotes the natural morphism (E*[n],dy[n]) — (F*[n],dy[n]) induced by f
without change of signs. This operation is well-defined in the derived category
asin 1).

3) (see [11, 0.3.2], [20, (1.3.2)]) For a short exact sequence

0= (B, dy) -5 (F*,dp) 2 (G, dg) — 0
of bounded below complexes of objects of A, let
MC(f) := (E*[1],d}[1]) & (F*,d})
be the mapping cone of f. We fix an isomorphism
“(E[1], dp[1]) @ (F*,dF) 3 (z,y) — g(y) € (G, dg)”
in the derived category DT (A).

Let MF(g) := (F*,d}) & (G*[—1],d[—1]) be the mapping fiber of g. We

fix an isomorphism
‘(B dy) 32— (f(2),0) € (F*,dp) & (G*[-1],dg[-1])”
in the derived category DV (A).

4) (see [11, 0.3.2], [20, (1.3.3)]) Under the situation 3), the boundary mor-

phism (G*,d¢,) — (E*[1],d%[1]) in DT (A) is the following composite morphism

(G*,dy) < (E*[1],d3(1]) @ (F*,dy) L‘”} (E*[1],dy[1]) ﬂ (E*[1],dy[1]).
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5) Assume that A is an abelian category with enough injectives. Let
F: A — B be a left exact functor of abelian categories. Then, under the
situation 3), the boundary morphism 9: RIF((G*,dg)) — RITIF((E*,dy;))
of cohomologies is, by definition, the induced morphism by the morphism
(G*,dg;) — (E°[1],dy[1]) in 4). By taking injective resolutions (I°,d}),
(J*,dy) and (K*,dy) of (E*,dy), (F*,dy) and (G*,dy,), respectively, which
fit into the commutative diagram

0 —— (I*,dy) —— (J°,dy) —— (K°,dy) —— 0

(1.0.20) T T T

0 —— (E*,dy) —— (F*,dy) —— (G*,dg) —— 0
of complexes of objects in A, it is easy to check that the boundary morphism
0 above is equal to the usual boundary morphism obtained by the upper short
exact sequence of (1.0.20). (For a short exact sequence in 3), the existence of
the commutative diagram (1.0.20) has been proved in, e.g., [72, (1.1.7)] as a
very special case.)

6) For a complex (E*,d") of objects of A, the identity id: B9 — E? (Vq € Z)
induces an isomorphism H4((E*, —d*)) — HI((E*,d*)) (Vq € Z) of cohomolo-
gies.

7) We often denote a complex (E*,d*) simply by (E*®,d) or E* as usual
when there is no risk of confusion.

8) Let » > 2 be a positive integer. As usual, an r-uple complex of objects
of A is, by definition, a pair (E*"*,{d;}}_;) such that E™"™" (m; € Z) is an
object of A with morphisms

di: E.m.’m“'m. E.---o,mz+1,o--~.

satisfying the relations d? = 0 and d;d; + djd; = 0 (i # j).
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PART I. WEIGHT FILTRATION ON THE

LOG CRYSTALLINE COHOMOLOGY OF A
SIMPLICIAL FAMILY OF OPEN SMOOTH
VARIETIES IN CHARACTERISTIC p >0

2. Preliminaries on filtered derived categories

Though some facts in this section hold in an abelian category with enough
injectives, we are content with the framework of ringed topoi.
Let (T,.A) be a ringed topos. For a positive integer r, let

(Tt A7)y ey
be the constant r-simplicial ringed topos defined by (7,.A):
7;1'"&- _ T, Ah...tr — .A

Let M be an object of C(A*"*) (r-points). For simplicity of notation, for
nonnegative integers t1,...,t; (1 < j <r), set
tji=t1+-+t; and {;:=0.

We also set ¢ := (t1,...,t,) and ¢ := «-- -« (r-points). The object M defines an
(r+1)-uple complex M** = (M"**), 4 e of A-modules whose boundary
morphisms will be fixed in (2.0.1) below. Let dy: M — MU+ be the
boundary morphism arising from the boundary morphism of the complex M
and let 5']11: Miv-tites 5 prhicti-vtitbipn-tes (1 < 5 <0 <4 < ¢+ 1)
be a standard coface morphism. Consider the single complex s(M) with the
following boundary morphism (cf. [25, (5.1.9.1), (5.1.9.2)]):

(2.0.1) s(My"= Mt = §H Mt

t,+s=n ti+- -+t t+s=n
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t1+1 o to+1 .
dat*) = 37 (16 (@) + (-8 Y (1))
1=0 i=0
tr+1
o (=D ST (1)) + (< D)brda (at) (2t € M),
i=0

If r = 1, our convention on the place of the cosimplicial degrees is the same as
that in [73, (2.3)] and different from that in [25, (5.1.9) (IV)] and [19, (3.9)]
(for any r € Z~); our convention on the signs of the boundary morphisms of
s(M) is better than that in [25, (5.1.9.2)] and [19, (3.9)]: see (10.15) 1) below
for the reason. We also note that the diagram in [25, p.35] is not a part of
a double complex; it is mistaken since it is commutative. Furthermore, the
“Gysin” in the diagram in [loc. cit.] is not clear; in (5.3.2) and (5.3.3) below,
we shall give an explicit expression of the p-adic analogue of the “Gysin” as in
(66, (4.9)] (see also [69, (10.3)]).

For a morphism f: M — N in C(A®) = C(A*"*), we define s(f): s(M) —
s(IV) as the naturally induced morphism by f (without change of signs); s gives
a functor

(2.0.2) s: C(A*) — C(A).
LEMMA 2.1 (cf. [35, VP (2.3.2.2)]). — The functor (2.0.2) induces the fol-
lowing functors:

(2.1.1) s: K*(A*) — K*(A) (x =+ or nothing),

(2.1.2) s: D*(A*) — D*(A).

Proof. — We have only to pay attention to signs.

Let f: (M,dy) — (N,dy) be a morphism in C(A%) which is homotopic
to zero. Let H: M — N{—1} be a homotopy from f to the zero morphism:
Hdpy+dyH = f. Let f** (resp. H**) be the induced morphism of (r+ 1)-uple
complexes by f (resp. H). Then the morphisms

(2.1.3) (—1)br glrwtes . ppivtes oy Nhctns=l (4 e N7 s € 7))

define a homotopy from f** to the zero. We leave the rest of the proof to the
reader. |

We can obtain s inductively in the following way (cf. [25, (8.1.22)]).
Fix t1,...,t,—1 € N. Let

Stytpq " C(AtlmtT_l.) — C(Atlmtr_l)
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2. PRELIMINARIES ON FILTERED DERIVED CATEGORIES 25

be the functor defined in (2.0.1) for a simplicial ringed topos (Tz,...4,_,s, A Ir=1%).
The family {s;,..t,_, }t1,....t._.en induces the functor

(2.1.4) sp: C(A™*) — C(A ).

Then, as in the same way above, we have the following functor
(2.1.5) si: C(AT*) — C(A*-1) (1<i<r-—1).
Then we have the following equality

(2.1.6) s=sj0---08.: C(A*) — C(A).

We also have the equality (2.1.6) for K*(.A*) and D*(.A*).

LEMMA 2.2. — Let h be a nonnegative integer. Let N be a nonnegative integer
satisfying the inequality
(2.2.1)

N>max{i+2 ' (h—i+1)(h—i+2)|0<i<h}=2""h+1)(h+2)
Let M = M** be an object of Ct(A*). Assume that M =0 for j <0 (i € N).
Let T.(;)N(]\/[) = T( )N(]M") be a sub double complex of M** defined by

T.(i)N(M)ij = MY fori< N,

N+1 B
Ker —1)kgk MY — MNVtYI) fori= N,
1
k=0
T (M) =0 fori>N.

Then the natural morphism S(T.(i)N(M)) — s(M) induces an isomorphism

(2.2.2) H (s(r Dy (M) =5 1 (s(M)).
Proof. — Consider the convergent spectral sequence
(2.2.3) Ef = HI (M) = HTI (s(M)).

Let 0 < i < h be an integer. Let r,ax be the largest integer such that rpa—1 <
h — i, that is, rmax = h — i + 1. Then, if &2~ g1 —y gitrh-i=0—D
r € Z>1) is nonzero, then 1 < r < ryac by the assumption. The term
( > y p

E;'+'r,h—i—(r—1) z+r+(r 1),h—i—{(r—1)+(r— 2)}(

may depend on the term E, of course,

if Ei+r+(7'71)h i—{(r—=1)+(r-2)} _ — 0, then Ez+1h i—(r—1)
1+7‘+(T 2),h—i—{(r—1)+(r— 3)})

may depend on the

z+r+(r 1),h—i—{(r—1)+(r—2)}

term I, , and the term FE
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26 PART I. WEIGHT FILTRATION

i+ jh—i—S"Zh
may depend on the term Eigjzr*z]' Z]:T_‘5J, Hence, for a fixed h € N,
H"(s(M)) depends only on M*<{i+27'r(r+1}e  Gince
N>i+2 Y h—i+1)(h—i+2)>i+27r(r+1),
we have (2.2). O

Let L; be the stupid filtration on s(M) with respect to the j-th index
1<ji<r):
(2.2.4) LY (s(M)) = @ M*i+ (t; €N).

t;-ztj
Let us also define the following stupid filtration L on s(M):
(2.2.5) Li(s(M)) = @ M" ' (teN).
t,>t
If M is quasi-isomorphic to an object of CT(.A®), then we have the convergent
spectral sequence
(2:26) B = @ M) = 1 ().
t,=t
Next we consider the filtered version of the above.

Let (M,P) := (M,{PyM}rez) be a complex of increasingly filtered A*-
modules. Then (M, P) defines an (r + 1)-uple filtered complex

ts ts
( @ M ’{ @ b M }keZ>
t1>0,s t>0,s
of A-modules by (2.0.1). Here ¢t > 0 means that t; > 0 (1 < Vj < r). Then
we have the following functor
(22.7)  s: DTF(A*) 3 [(M, P)] — [(s(M),{s(P:M)}rez)] € DTF(A).

Let 6(L,P) := §(L1,..., Ly, P) be the diagonal filtration of Li,...,L,
and P on s(M) (cf. [25, (7.1.6.1), (8.1.22)]):
§(L, P)i(s(M)) = € P, 1 M"
12>0,s
(2.23) = 3" LU (s(M)) N L (s(M)) -+ 1 LE ((M)) A 8(Py 44M).
>0
(In the case r = 1, the first formula §(W, L), (s(K)) = €D, , Wn+tp(KP?) in [25,
(7.1.6.1)] have to be replaced by a formula 6(W, L), (s(K)) = @, , Wi+p(K?P)
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2. PRELIMINARIES ON FILTERED DERIVED CATEGORIES 27

(cf.[25, (5.1.9) (IV)]).) Then we have

(2.2.9) ey B0 (s(0M)) = P el (M-t ].
t>0

Assume that the filtration 6(L, P) is exhaustive and complete, that gri M te
is quasi-isomorphic to an object of CT(A?) and that the spectral sequence
arising from the filtration §(L, P) is regular and bounded below. Here we
say that 6(L, P) is complete if s(M) = lim, s(M)/(6(L, P)_r(s(M))) (cf. [89,
(5.4.4)]). Then we have the following convergent spectral sequence by the
Convention 6) (cf. [89, (5.5.10)], [25, (8.1.15)]):

(2.2.10) B = @M (exf o ME) = H (s(M)).
>0

We can obtain the filtered complex (s(M),d(L, P)) inductively by the fol-
lowing formula (cf. [25, (8.1.22)]):

(2211) (S,(S(L,P)) = (sl,é(Ll, (S(Lg, e ,(S(LT,P)) s )) o
o (Srfl,é(erl,(s(LT,P))) o (Srp,é(Lrp,P)).

Let
0: H' T (gry M) — HME (gl Ly M)
be the boundary morphism of the exact sequence

0= grf M — (B 4i/ By, sh—2) M — grf  M'* — 0.

Then the boundary morphism d;: Efk’hHc — Efk+1’h+k of the Fj-terms
of (2.2.10) is the sum of the following morphisms:

ti+1
(22.12) (1)l > (=1)'65: HI b (gr] L M)
i=0
— bt (grt}iJrkM(tlmtj,l i1t mt,..))
for 1 <j <rand
(2.2.13) (=)t 0: Hh_tf‘(grf;JrkMt') — Hh_tf+1(gr£+k71M’-f').

Let (M,F) := (M,{F'M};cz) be a complex of decreasingly filtered A*-
modules. Then the filtration F' induces the following filtration on s(M):

(2.2.14) Fi(s(M)) :== P F'M*.
120,
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28 PART I. WEIGHT FILTRATION

Let o be the stupid filtration on M. Then we have gr{ M = M*{—i}. The
complex M®{—i} defines an r-uple complex M**{—i} of A-modules; the com-
plex M*{—i} defines a single complex s(M*{—i}) with boundary morphism
is equal to d with dp; = 0 in (2.0.1). Assume that M is bounded below. Then
we have the following convergent spectral sequence
(2.2.15) B =l (s(MY)) = H (s(M)).

Next we work in filtered derived categories of multi-simplicial ringed topoi.

Let DTF(A) (resp. DTF(A*)) be the derived category of bounded be-
low filtered complexes of A-modules (resp..A*-modules). Let DTFy(A)
(resp. D¥F2(A?)) be the derived category of bounded below biregular bifil-
tered complexes of A-modules (resp..A*-modules) (see [24, (1.3.1), (1.3.6)],
[25, (7.1.1)]). Then, by using (2.0.1), as in [25, (7.1.6.3), (7.1.7.1)], we have
the following functors

(22.16)  (s,0): DYF(A%) 3 [(M, P)] — [(s(M),3(L, P))] € D*F(A),

(22.17)  (s,6): DYFy(A®) 5 [(M, P, F)]
— [(s(M),0(L, P),F)] € DTFy(A).

Let [(M,P)] be an object of DTF(A*). If the filtration §(L,P) on s(M)
satisfies the assumptions before (2.2.10), then we have the convergent spectral
sequence (2.2.10) for (M, P); the resulting spectral sequence is independent of
the choice of the representative of [(M, P)].

For a family {n; }?:1 (1 < u < r) of nonnegative integers and for ¢ = nothing
or 2, we have a natural restriction functor
(2218) e:-lwnlr'-onzo <<<<<< onu,“w-nu.mo:

D+F1(A!) SN D+Fi(.A.W.nl.m‘n2' 444444 .nu71.44..nu.u..).

Let f: (7., A%) — (7', A’) be an augmented (not necessarily constant)
r-simplicial ringed topos. Then f induces the following morphism:
(2.2.19) Rf.: DTF;(A®) — D'F;(A4") (i = nothing or 2).
For a nonnegative integer ¢; (1 < j < ), the morphism f induces the following
augmentation of the (r — 1)-simplicial ringed topos:
(2.2.20) St 1 (Taatjoeay A7) — (T, A)).
Let (7!, A’*) be the constant r-simplicial ringed topos defined by (77, .4’). The

morpl{ism f also induces the following morphism

(2.2.21) for (T, A®) — (T), A™)

MEMOIRES DE LA SMF 130/131



3. REVIEW ON (PRE)WEIGHT-FILTERED VANISHING CYCLE 29

of r-simplicial ringed topoi. The following composite functor
(2.2.22) sRf,.: DTF;(A*) — DTF;(A") (i = nothing or 2)
(cf. |25, (5.2.6.1), (7.1.4)]) is canonically isomorphic to Rf.. Hence we have
the following convergent spectral sequence
(2.2.23) BN = @D R fru(grf M) = R (M)
>0

for an object [(M, P)] € DTF(A*) if the filtration §(L, P) is exhaustive and
complete and if (2.2.23) is regular and bounded below.

Let M be an object of D*(A®). Then, for a nonnegative integer ¢;
(1 <j <), we have the pull-back M% € D*(A*"*%*"*) by (2.2.18). Then
we have the following spectral sequence

(2.2.24) By = R fy (M%) = R* f,(M).
The boundary morphism between the Ej-terms of (2.2.24) is
ti+1
(1)1 Y (=1)'6
=0
REMARKS 2.3. — 1) Let N; (1 < i < r) be a nonnegative integer or co. Set

N :=(Ny,...,N;). Let (T,.A) be a ringed topos. Let
(Ta<, A*SN) = (Tosy o sy, ATV 50

be the constant (Ni, ..., N, )-truncated r-simplicial ringed topos defined by

(T, A). Then the analogues of all results in this section hold for (7, <y, A*<Y).

2) Let (T.<n,A*<Y) be an N-truncated r-simplicial ringed topos. Let

fi (To<n, A=) — (77, A’) be a morphism of ringed topoi. Then the ana-
logues of all results in this section hold for f.

3. Review on (pre)weight-filtered vanishing cycle (restricted) crys-
talline and zariskian complexes

In this section we review some results in [72] briefly.

Let p be a prime number. Let S be a scheme on which p is locally nilpotent.
Let (S,Z,7) be a PD-scheme with quasi-coherent PD-ideal sheaf Z and with
PD-structure v on Z. Set Sy := Spec(Og/I). Let f: X — Sy be a smooth
scheme with a relative SNCD D on X over Sy (see [72, (2.1.7)]). By abuse
of notation, we also denote by f the composite morphism X — Sy — S.
Let Div(X/Sp)>0 be the monoid of effective Cartier divisors on X over Sp.

SOCIETE MATHEMATIQUE DE FRANCE 2012



30 PART I. WEIGHT FILTRATION

Let Ap := {D)}xea be a decomposition of D by smooth components of D:
each D) is smooth over Sy and D =", Dy in Div(X/Sp)>o. Set DO .= Xx
and, for a positive integer k, set

D) .= 11 Dy, N---N Dy,
{)\1,...,)\/c ‘)\i#)\j (7.75])}

In [72, (2.2.15)] we have proved that D) is independent of the choice of Ap.
Let Z be a relative SNCD on X over Sy which intersects D transversally. Let

Ay ={Z,},
be a decomposition of Z by smooth components of Z. Then
Ap,z = {Dx, Zu}rpu

is a decomposition of D U Z by smooth components of D U Z. The pair
(X,DU Z) (resp.(X,Z)) defines an fs (= fine and saturated) log structure
M(D U Z) (resp. M(Z)) which has been defined in [72, (2.1)] (cf. [51, pp. 222
223]). We recall this log structure as follows.

Let Divp(X/So)>0 be a submonoid of Div(X/Sp)>o consisting of elements
E’s of Div(X/Sp)>0 such that there exists an open covering X = J;c; Vi
(depending on E) of X such that Ely, is contained in the submonoid of
Div(V;/So)>0 generated by Dyly, (A € A). By [72, Proposition A.0.1] we
see that the definition of Divp(X/Sy)>o is independent of the choice of Ap.

The pair (X, D) gives a natural fs (= fine and saturated) log structure
in X,ar as follows (cf. [51, pp. 222-223]).

Let M (D) be a presheaf of monoids in )?ZM defined as follows: for an open
subscheme V' of X

F(V7 M(D)/) = {(E, a) € DiVDlV(V/SO)ZO X F(V, Ox) |
a is a generator of I'(V,Ox(—E))}

with a monoid structure defined by (E,a) - (E',d') := (E + E',ad’). The
natural morphism M(D)" — Ox defined by (E,a) + a induces a morphism
M(DY — (Ox,*) of presheaves of monoids in X,s:. The log structure M (D)
is, by definition, the associated log structure to the sheafification of M (D).
Because Divp(X/So)>o is independent of the choice of Ap, M(D) is inde-
pendent of the choice of Ap. We say that the log scheme (X, M (D)) is the
log scheme obtained from the pair (X, D) and that M (D) is the log structure
associated to D.
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3. REVIEW ON (PRE)WEIGHT-FILTERED VANISHING CYCLE 31

Henceforth, by abuse of notation, we denote the log scheme (X, M (DU Z))
and (X, M(Z)) simply by (X, DU Z) and (X, Z), respectively, unless we need
to make the log structures explicit.

We also recall the preweight filtration PP = {PPlicz on the sheaf

Q&/SO (log(D U Z)) of log differential forms (i € N) on X, with respect to D
(see |72, (2.2.15.2)]):

(3.0.1) PPy s, (log(D U 2)) =

0 (k <0),
Im(Q% /g, (log(D U Z)) @0, Qg;/’go (log Z) — QY /, (log(D U 2))) (0 < k <),
Q&/So(log(DUZ)) (k >1).

Let ((X, l/)_[J_/Z)/S)lci’%S (resp. ((X/,\_/Z)/S)IC‘ES) be the log crystalline topos of
(X,DUZ) (resp. (X, Z)) over (S,Z,v) (see [51, §5]). Let

o~

€(X,DUZ,2)/S : (X, DUZ)/8)% — ((X,2)/5)

crys crys

be the natural morphism of topoi which is induced by a natural morphism
(X,DUZ) — (X, Z) of log schemes. Let

P lo, >
U(x,Duz)/S* ((X7D U Z)/S)Crf,s — Xoar,

U(X,Z)/S: ((X, Z)/S)log — )A(/Zﬁr

crys

be the natural projections. Then we have the following commutative diagram
of topoi:

((X,2)/9)®

crys

((X,B—\/UZ)/S)IOg €(X,DUZ,2)/S

crys

u(X,DuZ)/Sl lu(x,z)/s

Xar B Xzar-

Let Ox,puz)/s (resp. O(x,zy,s) be the structure sheaf in the log crystalline
topos (X, DU Z)/S)&%s (resp. (X, Z)/S)e%s)-

Let wgf;éog(D/S; Z) (k € N) be the log crystalline orientation sheaf
of DW/(S,Z,7) in (D®, Z|pw)/S)Es defined in [72, (2.2.18)] and let
wgg(D /S0) be the zariskian orientation sheaf of D*)/Sy in D) defined in
[loc. cit.] (cf.[24, (3.1.4)]).

The abelian sheaves wgf}),éog(D /S; Z) and wég(D /Sp) are isomorphic to the
constant sheaf Z.
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If Sy is of characteristic p > 0, then we have defined the Frobenius action
on the orientation sheaves in [72, (2.9)]. Let us recall it.

Let F: (X,DUZ) — (X', D'UZ’) be the relative Frobenius morphism over
So. The morphism F' induces relative Frobenius morphisms

Fixz: (X,Z) — (X',Z') and F®:(DW, Z|,u) — (D'®, Z'| pw).

Let a®: (D®) Z| poy) — (X, Z) and a®)": (D'®) 2| 1),09) = (X', Z') be the
natural morphisms. Then we define the following two Frobenius morphisms

(30.2) &®): al) e ®los (DY /5; 7Y — FI%® alflos s Mlos( 1/ g: 7y,

(X Z)cryssk CTys* Werys
(3.0.3) o®: o™ o® (D' /15y) — FaPw)(D/Sy)

by the identities under the natural identifications

wWls(D' 185 2"y - FSAEw s (D)S; 7),

crys

(D' /Se) = FPot)(D/Sy).

ZdI'

Let (X, DU Z) be a smooth scheme over S with transversal relative SNCD’s
over S. Let ¢: (X,DUZ) — (X,DU Z) be an exact immersion over S.
In [72, (2.1.10)] we have called ¢: (X, DU Z) — (X,D U Z) an admissible
immersion over S with respect to Ap z if there exists a decomposition Ap z :=
{Dx, Zu}ru of DU Z by smooth components (D = |J, Dy, £ =, Z,,) such
that ¢ induces isomorphisms Dy = Dy xx X and Z, 5 Z, xx X for all X's
and p’s. Locally on X, there exists an admissible immersion of (X, D U Z)
over S with respect to Ap z. In fact, locally on X, there exists a lift of
(X,DUZ) over S (see [72, (2.3.14)]).

In [72] we have defined two increasingly filtered complexes

(EX&Z(O(x,puz)ys). PP) € DYF(O(x 2)/s):
(E27(Ox,puz)s), PP) € DTF(f71(0y))
by

(BER22(Ox,puz)s), PP) = (Re(x,puz,2)/5+(O(x,p02)/5): T)
(B Z(O(X,DUZ)/S)va) = RU(X,Z)/S*((Eé(r)ﬁéz((')(X,Duz)/s%PD))-
Here 7 is the canonical filtration on a complex. In [loc. cit.] we have called the

filtered complex (Eé?géZ(O(X,DuZ)/S)a PP) (resp. (Eig%’z(o(x,[)uz)/s)v PP))
the preweight-filtered vanishing cycle crystalline complex (resp. the preweight-
filtered vanishing cycle zariskian complex) of (X, DU Z)/S with respect to D.
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Let (T,J,9) be a fine log PD-scheme with quasi-coherent PD-ideal sheaf

o

J and with PD-structure § on J. Assume that p is locally nilpotent on 7.
Let f: Y — T be a morphism of fine log schemes such that § extends to Y.

o
Assume that f is locally of finite presentation. Let (Y/ T)lpi’frys be the restricted
log crystalline site of Y/(T', J,0) (see [85, (6.2)] = a log version of [5, IV, Déf.

1.7.1] (cf. [loc. cit., IV, Prop. 1.5.5])): (Y/T)lgfrys is a full subcategory of the

log crystalline site (Y/ T)lc?%s whose objects are isomorphic to triples
(V/DV(VL [ ])757
where V' is a log open subscheme of Y, +: V < V is an immersion into a log

smooth scheme over T' and Dy (V) is the log PD-envelope of ¢ over (T,.7,0)
(see [51, (5.4)]); the topology of (Y/T)8 s the induced topology by that

i Rerys
of (Y/T)g;%,s. Let (Y/T)IRO;‘g]ryS be the topos associated to (Y/T)lf({)fws. Let
— _
Qyvyr: (V/T)gbye — (V/T)35s

be the natural morphism of topoi which is the log version of the morphism in [5,
IV, (2.1.1)]: Qy/7 is a morphism of topoi such that Q;,/T(E) (E e (Y/T)}f}%,s)
is the natural restriction of E. Let

Uy (Y/T)lc?fis — 17zar
be the canonical projection and set @yr := uy,r o Qy/r-
We call Q?‘Xyz)/s(Eé??}gZ(O(X’DUZ)/S)?PD) the preweight-filtered vanishing
cycle restricted crystalline complezx of (X, DU Z)/S with respect to D. In [72]
we have proved the following two theorems:

THEOREM 3.1 (p-adic purity). — Let k be a nonnegative integer. Then the
following hold:
1) (see [72, (2.7.1)]; see also (3.5.13) and 3.6) below.) There exists in
D+F(Q’(FX,Z)/S(O(X,Z)/S)) an isomorphism
* D (o}
(3-1.1) Qfx.zys8h Pat’(Ox.puz)s)
~ * k)lo;
— Q(X,Z)/Saﬁrb)’s*g(O(D(’C>,Z|D(k))/s‘ ®z wEIWE(D/S; Z)){~k}.
2) (see [72, (2.6.1.2), (2.7.5), (2.9.3)]) There exists in DYF(f~1(Og)) the
following functorial isomorphism

(3.1.2) grl” ER&%(Ox,puzys) —

zar

k o
agaz*(RU(D(k),Z\D(k))/S*(O(D(’C),Z\D(M)/S ®z wF)I8(D/S, Z)), (—k)){—k}
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where (—k) means the Tate twist, which is considered when Sy is of charac-
teristic p.

THEOREM 3.2. — Let X be the disjoint union of an open covering of X. Let
mo: Xo — X be the natural augmentation morphism. Set Dy := wal(D) and
Zy = 770_1(2). Let Ag be the decomposition of Do U Zy by smooth components
of Dy U Zy which is obtained from Ap z. Set
(X, Dy)een = cosk((]X’D)(XO,DO) and (X.,Z,)eeN i= cosng’Z) (Xo, Zo).

Let w,: X, — X be the augmentation morphism. Set

A, = {r 1 (D) 7 (Za) )y
Then the following hold:

1) (See [72, (2.5.7)].) If each member of the open covering of X is an affine
scheme, then there exists a simplicial admissible immersion

(321) (X¢7Dc U Zo)oEN — (X07D' U Z‘)OGN

into a smooth simplicial scheme with transversal simplicial relative SNCD’s
D, and Z, over S with respect to A, such that the immersion (3.2.1) induces
the following simplicial admissible immersions

(XnD-)-eN — (X.,D.)ecn and (XHZ.).eN — (X., Z.)een

over S.

2) (See [72, (2.2.17) (1)].) Assume that there exists the simplicial admissible
immersion (3.2.1). Let D, be the simplicial PD-envelope of the simplicial
immersion X, < X, over (S,Z,v). Then the natural morphism

(3.2.2) On, @0y, PPy, j5(log(D. U 2.))
— On, Goy, W, sllog(D.UZ.) (k€ Z)
18 tnjective.
3) (See [72, (2.2.17) (2)].) Let the notations and the assumption be as in 1).
Let Lx, z,)/s be the log linearization functor for Ox,-modules. Set

PP Lix, z0)5(Q, ys(l0g(D. U 2.)))
= Lix,.20)/8(PL* Qs (log(D. U 2.))) (k€ Z).
Then the natural morphism
(3:2.3) Qlxa 70750 Lixe.20)/5(Q%, 5 (log(D. U 2.)))
— Q(xs.z0)/5L(x0.2)15 (L, /5 (log(D. U 2.)))
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15 injective.
4) (See [72, (2.4.6), (2.7.3)]; see also (3.6),4) below.) Let the notations and
the assumption be as in 1) and 3). Denote by

(Q(xu.20)/5L(x0,20)75 (P, 15 (l0g(D U 2.))), Qlx, 7.y/sP"*)
the filtered complex

(Qlxe.20)/5L(x0,20)/5 (D, 5 (log(D. U 24))),
{Qixe.20)/5PF " Lixe.20)/5(, 5 (108(D. U 2.))) biez)-

—~

Let (((X., Z.)/S)g)frys, ?X- Z.)/S(O(X-,Z-)/S)) be the ringed topos constructed

in [72, (1.6)] and let

—

TRerys * (((X” Z')/S)lf({)fryy Q?X.,Z.)/S(O(X-azn)/S))

—~

— (X, 2)/9)5 0 Qix.2)/5(Ox.2)/5))

be the natural augmentation morphism constructed in [loc. cit.]. Then there
exists a canonical isomorphism

(3.2.4) Qlx.,2)/5(Es%” (O(x.puz)/s), PP) —
RT(RCIys*(Q(*X.’Z.)/SL(X.,Z.)/S(Q;(./S(IOg(D' UZ.))), Q’{X,yz,)/SPD')

5) (See [72, (2.5.8), (2.7.5)].) Let the notations and the assumption be as in
2). Denote by

(00, ®oy, My, s(log(D. U 2.)), PP*)
the filtered complex
(02, ®0s, N, /5(108(D. U £.)),{0s, @0, PN, /5(l0g(Da U 2.))}kez).

Let f,: X, — S be the structural morphism and w,q,: ()A(:.Zar,ffl((Dg)) —

(Xyar, f1(Og)) the natural augmentation morphism. Then there exists a
canonical isomorphism

(3.2.5) (ER&%(O(x,puzys), PP) =
Rﬂ'zar* (OD. ®OX. Q;(./s(log(D. U Z.))7 PDo).

REMARKS 3.3. — 1) In [72] we have denoted the right hand side on (3.2.4)

(vesp. (3.2.5)) by (C&Z(Ocx,puz)/s), PP) (resp. (C¥ (O (x,puz)s), PP)).
When Z = @, we have denoted it

(CRerys(O(x,p)/5)s P) (resp. (Crar(O(x,0y/8), P))-
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2) Let (S’,Z,7') be a PD-scheme with a quasi-coherent PD-ideal sheaf and
a PD-structure. Let u: (S',Z',v") — (S,Z,~) be a PD-morphism. Set S, :=
Spec, (Og//I"). The morphism u induces a morphism Sj — So. Consider the
following commutative diagram

(X',D'uz) 2= (X,DUZ)

! !

X',z 25 (X,2)

| |

So — So,
where g and gz are morphisms of log schemes over the morphism Sj — Sp. As
a corollary of (3.2), we see that (Cégzé’Z(O(X’DUZ)/S),PD) is functorial. That
is, we have a natural morphism

/

(3.3.1) g": (CRE“(Ox,puz)s). PP) — Rg.(CE7 (O(x1.pruznys), PP).
3) For a (not necessarily affine) P-adic formal scheme S in the sense of [12,

7.17, Def.], we have an abelian sheaf wggslog(D /S; Z) and two complexes

(EX&7(O(x,puzys), PP) and  (E27(O(x,puz)ys), PP)

and we have the obvious analogues of (3.1) and (3.2). We also have
(Cﬁjcg{yzs(o(x,puz)/s), PP) and (C)%7(Ox,puzys), PP).

The following theorem is the crystalline Poincaré lemma of a vanishing cycle
sheaf (see [72, (2.3.10)]):

THEOREM 3.4 (Poincaré lemma of a vanishing cycle sheaf)

Let T be a fine log scheme on which a prime number is locally nilpotent. Let
(T, TJ,0) be a log PD-scheme such that J is a quasi-coherent PD-ideal sheaf
of Or. Let (Y,M) be a fine log scheme over T. Let N C M be also a fine log
structure on Yyar. Let ey nyr: (Y, M) = (Y, N) be a natural morphism of
log schemes over T. Let

(Y, M) —*= (Y, M)
(3.4.1) 5(Y,1\/1,N)/TJ/ le(y.M.N)/T
(Y,N) —*= (V,N)

be a commutative diagram whose horizontal morphisms are closed immersions
into log smooth schemes over T such that N C M. Let Dy and D s be the
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log PD-envelopes of upm and upr over (T, 7 ,0), respectively, with the natural
following commutative diagram:

D~ (VM)
(3.4.2) hl le(y,M,N)/T

Dy = (VN
Assume that the underlying morphism ;z of schemes is the identity. Let E be a
crystal of O(y,n);s-modules and let (€,V) be the Oy, ,-module with integrable
connection corresponding to G?Y,M,N)/S(E)' Let LE?N)/T be the linearization

functor for Op,.-modules. Then there exists in D+((9(Y,N)/T) a canonical iso-
morphism

(343)  Rewyu,ny/me(€{var,nys(E))
= Lf’Y‘?N) /7(E @0y O p(log(M/Mr))).

The following has been proved in the proof of [72, (2.7.3)] implicitly by
using (Cﬁ)cgr’yzs(o(xpuz)/s% PP
PROPOSITION 3.5. — Let the notations be as in (3.2). Set

(B (O(xs pavza)/5): PP*) = (Re(x, DuUz0, 205+ (O(Xe DuUZ2) /) T)
(Bt (Oxe,pu070)/8)s PP*) = Ruix, 2075+ (Eeg?* (O(x0 pavz0)/8)s PP*)).
Then the following hold:

1) There exists the following natural filtered isomorphism
(35.1)  Q(x,z)5(Ee” (Oix.puz)s): PP)
= RreryseQ{x, 7.)/5 (B (O(x. pavza) ) PP*).-
2) There exists the following natural filtered isomorphism

(3.5.2) (Ex2%(O(x,puz)/5): PP) == Ritars (E287*(O(x, . Duuza)5): PP*).

Proof. — For the completeness of this book, we give a proof of (3.5); the
following argument is necessary for the proofs of (6.16) and (6.17) below. Let

ﬂ-}:(;‘%/s: (((X,,D, U Zﬂ)/s)}:(;%/m O(X.,D.UZ.)/S)
— (((XaD U Z)/S)lc(l)r%/sv O(X,DUZ)/S)

—~ —~

Terys * (((XHZ-)/S)lc?;%/svo(X.,Z.)/S) — (((Xv Z)/S)lc(:gg/svo(X,Z)/S)
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be natural morphisms of ringed topoi. Since we have a natural morphism

O(x,pu7)/5 — Teeten(O(xu.D0UZ0)/5)>
we have the following natural morphism
(35.3) (E&Z(O(x,puz)/s): PP) = (Re(x,puz,2)/5+(O(x,p02)/5): T)
— (Re(x,puz,2)/5+ B8 (O(x, Da0Z0)/8)5 T) -

Let f: (T, A) — (T',A") be a morphism of ringed topoi. Let E* be an
object of DT (A). In [72, (2.7.2)] we have proved that there exists a canonical
morphism

(3.5.4) (Rf«(E®),T) — Rf.((E*,7))
in DTF(A’). Hence we have the following morphism
(3.5.5)  (Re(x,puz,2)/5+ Bt (O(xo.Da0z0)/5): T)
= (Rterys« Re(x, DUz, 20) /5 (O(Xe,Da0Z4)/8): T)
— Riteryss (RE(Xy,DuUZ0,20)/5+(O(Xe,Da020)/5): T)
= Rﬂ—crys* (Eicr)iéz. (O(X.,D.UZ.)/S)7 PD. ) .

By (3.5.3) and (3.5.5), we have the composite morphism
(3.5.6) (EN57(O(x,puz)/5): PP) — Riterys (B 7 (O(x, puvzays), PP*).
By [72, (1.6.4.1)], we have
(3.5.7) Q(x,7)/s Rcrys = Rgerys«@(x,,2.)/5
Hence we have the following morphism by (3.5.6):
(3.5.8) Q?X,Z)/S(EiggéZ(O(X,DuZ)/S)7 PP)

— RiRerys«Q{x. 7.)/5(Povsd?* (O(xv.0u0z20)5): P7*).-

By the log Poincaré lemma (see [72, (2.2.7)]), we have the following quasi-
isomorphism
O(xe.0uuz0)/5 — Lixe,0u0z0)/5 (/5 (l0g(Da U 24))).

Let I* be an injective resolution of O(x, p,uz,);s- Then we have a quasi-
isomorphism

L(X.,D.UZ.)/S(Q:Y./S(log(DO @] Z.))) L} I°.
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By the simplicial version of [72, (2.3.7)], there exists a natural quasi-
isomorphism

L(X‘TZ.)/S(Q}(./S(log(D. U Z.))

T €(Xa,DaUZe,Z0) 55 L(Xe.DaUZa) 15 (D, 5 (108(DL U 2.)).

Hence we have the following composite morphism

L(x..2)/5 (2%, s (log(D. U 2.)))
T €(Xe.DaUZe Z0) /55 DX DaUZA) 15 (3, 5 (108(DL U 24)))

— €<X.,D.UZ.,Z.)/S*(I.)'

By (3.4) this composite morphism is a quasi-isomorphism. Hence

(3.5.9) Re(Xy, D070, 70)/5%(O(X4,DuUZ4)/8)
= L(X.,Z.)/S(Q:Y./S(IOg(DO U Z.)))

Consequently the morphism (3.5.8) is equal to

(35.10)  Qfx.zy/5(Eat”(Ox,puzys)s PP)
— RWRCrys*QTX.,Z.)/S (L(X.,Z.)/S(Q}./S(bg(p- U Z-)))7 7')~

We also have the natural morphism

(3:5.11)  Q(x. 228 (Lxe.z0)/5(Q, s (log(D, U 24))), 7)
— (Q(xv.20)/5T(x0,20)/5 (U, s (108(D U 2.))), Qix, 2.5 P*)-

By (3.5.10) and (3.5.11), we have the composite morphism

(3512)  Qix.z)s(Ee’ (Ox.puz)s) PP) —
RﬂRcryS*(sz,,z.)/sL(X.,Z.)/S(Q}./s(IOg(D- U Z-))): Q?x.,z.)/SPD')~
Let a(®): (ka).,Z\D(k)) — (X.,Z.) be the natural morphism of simplicial

log schemes. By [72., (1.3.4.1)], [loc. cit., (2.2.21.2)], the log Poincaré lemma,
(3.5.7) and the cohomological descent, we have the following (however see (3.6),
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2) below for the second equality):
(3.5.13)
g RReryse (Q(x, 20) 5 L(Xe.20)/5 (P, 15 (108(Da U 2.))), Q. 20,5 P*)
- Q(x. z0)/5L(x0.20)/5 (X, ys(log(D. U 2.)))
= RitReryss (Qfxa 22) /Saﬁ’zzylsz(D@,Z.‘D(k)) PRONEPR(C EAMEY)
S (D, /5, 2.)) (~k){~k})
= RWR,crys*(Q)EX.’ZJ/S@EISB;(;% (O(D(.k)»Z-ID(k))/S ®z wHE(D./S, Z.)) (—k)){—k}

Qxa.zayss?
= RTchrys*grk '

= Qix.2)/5 (1RO D 21,y 15 B2 TURE(D]S, 2)) (k) {—k}.

Now, by (3.5.13) and the argument in [72, (2.7.1), (2.7.3)], we see that the
morphism (3.5.12) is a filtered isomorphism (To avoid the circular reasoning,
we do not use (3.1.1) here. See (3.6) , 3) below.). By (3.5.9), (3.5.13) and the
argument in [72, (2.7.1), (2.7.3)], we see that, for each ¢t € N, the morphism

Q(x,z0))5(Lix,20) 5 (2, s (10g(Dr U £4))),7)
- (Q?Xt,zt)/SL(Xtth)/S(Q;Vt/S(IOg(Dt UZ))), Qz‘XmZO/SPDt)

is a filtered quasi-isomorphism. Hence the morphism (3.5.11) is also a fil-
tered quasi-isomorphism. As a result, the morphism (3.5.10) is also a filtered
isomorphism. We can complete the proof of 1).

2) By applying R (x, z)/s« to (3.5.1) and using relations
U(X,7)/S © TRerys = Tzar © U(X,,Z,)/S>
Ru(x, 7,8+ = Rii(x,,20)/5:Q(xs,24) /9>
we have the filtered isomorphism (3.5.2). a
REMARKS 3.6. — 1) The second equality in (3.5.13) is missing in [72]. We
had to use the (analogous) equality for the calculation of

D lo,
gk Cﬁf&i(@xpuz)/s) (keN)

in the third equality in [72, (2.6.1.4)]; strictly speaking, the proof of [72,
(2.6.1)] is not perfect. To obtain the (analogous) equality, we had to prove
(a) the existence of the diagram D) of schemes in [loc. cit.] and

(b) the functoriality of the Poincaré residue isomorphism.
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To prove (a), we had to prove (4.3) below and then to use [72, (2.4.2)] (one
may use (4.14) below instead of [72, (2.4.2)]). To prove (b), we had to prove
(4.8) below.

2) By (4.3), (4.14) and (4.8) below and by the argument in (3.5), we obtain
the second equality in (3.5.13).

3) We obtain (3.1.1) by using (3.5.13) and the argument in [72, (2.7.1)].

4) We obtain (3.2.4) by using (3.5.13) and the arguments in [72, (2.7.1),
(2.7.3)].

The following is a relation between (E;g%’Z(O(X’DUZ)/S), PP) and a filtered

log de Rham-Witt complex:

THEOREM 3.7 (see [72, (2.12)]). — Let the notations and the assumption be
as in (3.2) 1), 2) and 3). Assume that Sy is the spectrum of a perfect field k of
characteristic p and that S is the spectrum of the Witt ring W, of k of finite
length n > 0. Then the following hold:

1) (A generalization of the filtered complex (WpQ% (log D), P) in [65].)
There exists a filtered complex (WnQ% (log(D U 2)), PP) of f~1(Wy)-modules
such that

(3.7.1) W% (log(DU 2)), PP)
= Ritare (H(Os, ®0,, Uy, s(log(D. U 2.))),
{HY(Op, ®oy, PP*Q, /s(log(D. U 2.)))}kez)
in DYF(f~*(W,)) for each q € N.

2) There exists a canonical isomorphism
(3.7.2) (Ee?(O(x,puz)ys) PP) = (Wak (log(D U 7)), PP)

in DYF(f~1(W,)). This isomorphism is compatible with the transition mor-
phisms.

Finally, we state the base change theorem of the preweight-filtered vanishing
cycle crystalline complex and the Kiinneth formula of it.

THEOREM 3.8 (see [72, (2.10.6)]). — Let u: (S',Z,7") = (S,Z,7) be a mor-
phism of PD-schemes. Assume that T and I' are quasi-coherent ideal sheaves
of Og and Og, respectively. Set

So = Spec(Os/I) and Sp = S_pCCS’(OSI/I/)'
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Let Y (resp.Y') be a quasi-compact smooth scheme over Sy (resp. Sy) (with
trivial log structure). Let f: (X,DUZ) — Y be a morphism of log schemes

such that f: X — Y is smooth, quasi-compact and quasi-separated and such
that D and Z are transversal relative SNCD’s on X over Y. Let

(X', D'uz) -2 (X,DUZ)

al |7

e A Y

| |
(81'y) —— (51,7

be a commutative diagram of (log) schemes such that the upper rectangle is
cartesian. Let f(x z): (X, Z) — Y and f(lX’ 7 (X', Z") = Y’ be the induced
morphisms. Then the base change morphism

* loy log,Z D
(381) Lhcryst()(%Z)Ctys* (Ec(;%s (O(X,DUZ)/S)v Vi )
1 ! /
- Rfl(g?’,Z’)crys*(E(ligiéz (O(X/aD/UZ/)/S/)’ PD )

is an isomorphism.

THEOREM 3.9 (see [72, (2.13.3)]). — Let V be a complete discrete valuation
ring of mized characteristics with perfect residue field of characteristic p > 0.
Let K be the fraction field of V. Assume that S is a p-adic formal V-scheme
in the sense of (74, §1]. Set So := Spec (Og/p). Assume that the morphism

X — Sy is proper. Let h and k be two integers. Then the image
(39.1)  PPR"f(x.puz)s:(Ox,puz)/5) K
=Im(R"f(x 7)/5. (PP EXEZ(O(x.puz)s)) &
— R"f(x,puz)/8:(O(x,pu2)/5) K)
prolongs to a convergent F-isocrystal on S/V.
We denote the resulting convergent F-isocrystal in (3.9) by
PPR"£.(Ox,puz)/K)-

Especially we obtain Rhf*(O(X_’DUZ)/K).
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THEOREM 3.10 (see [72, (2.10.14)]). — LetY and f;: (X;,D;UZ;) =Y (i =
1,2) be as in (3.8). Set f3:= f1 Xy fo,

X3 = X1 Xy Xa,

D3 := (D xy X2) U (X7 Xy D3),

Zs = (Z1 xy X2) U (X1 Xy Za).

Denote Rf% 4 cpven(Beti” (O, Dz s), PP (i = 1,2,3) by

Rf (135 Zi)erysk (E&7(Ox,,puzi)/s), PP

Then there exists a canonical isomorphism

1
(310.1) RFSE 1 crye (B8 (O(x, D102y PP

L 1 log, Z D
®OY/SRf(§(gz,Z2)crys* (Ec(r)gs 2 (O(Xz,DQUZQ)/S)a P 2)

~ lo, log,Z3 :
5 REGE 2oyeryss (Bensi* (O(xy,p5073)/5), PP?).

The isomorphism (3.10.1) 4s compatible with the base change isomorphism
(3.8.1).

THEOREM 3.11 (see [72, (2.13.7)]). — Let S and Sy be as in (3.9). Let
(X3, D; U Z)/Sy (i = 1,2,3) be as in (3.10), where Y = Sy. Assume that
the morphism X; — So (i = 1,2) is proper. Then there exists the following
canonical isomorphism

(3.11.1) @ R'f(Ox,,pyuz) ) ®0s,x R £.(O(xy,05025)/K)
i+jeh N
— Rhf*(O(Xg,Dg,UZg)/K)

of convergent F-isocrystals on S/V. The isomorphism above is compatible with
the filtrations PP¢ (i =1,2,3).

4. Generalized descriptions of preweight-filtered vanishing cycle (re-
stricted) crystalline and zariskian complexes

Let the notations be as in the beginning of §3. In this section we generalize
(3.2). In (4.9) and (4.10) below, we give explicit descriptions of

Qlx.z))5 (B2 (Ox,puzys), PP) and  (EE7(O(x,puz)/s): PP)

for a certain case. These descriptions give us the descriptions of

Qlx.z))5 (B2 (Ox,puzys), PP) and  (EE7(O(x,puz)/s): PP)
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for the general case without using admissible immersions ((4.15.1), (4.15.2)).
The last descriptions are generalizations of (3.2.4) and (3.2.5), respectively.
When S is the spectrum of the Witt ring W, of a perfect field of characteristic
p > 0 of length n > 0, we also give for a certain case an explicit description of

(W Q% (log(D U 2)), PP).

This description also gives an explicit description of (W, Q% (log(DU Z)), PD)
for the general case without using admissible immersions ((4.21.1)). The last
description is a generalization of (3.7.1). We need the explicit descriptions of
(Eig%*Z(O(XWDUZ)/S), PPy and (W,Q% (log(D U 2)), PP) for the main results
(6.17) in §6 and (7.6) in §7.
Let (S,Z,7), So and (X, D U Z)/Sp be as in the beginning of §3. Let

(X,DUZ) —— P

(4.0.1) ‘(X,DUZ,Z)/SJ( l
(X,2) ——2Q

be a commutative diagram of log schemes over S such that the horizontal
morphisms are exact immersions into log smooth schemes over S. Assume that
P = Q and that the underlying morphism P — Q of the morphism P — Q
is the identity idf;. Let © be the log PD-envelope of the exact immersion
(X,Z) = Qover (S,Z,v). Let Mp and Mg be the log structures of P and Q,
respectively.

First we generalize [72, (2.2.17)] (= (3.2) 2), 3) for the constant simplicial
case) to give the descriptions of

Qfx,z)/s(Ei(r)iz(@(x,puz)/s),PD) and  (EE%(Ox.puzys), PP)

for the case (4.0.1) satisfying the equality (4.3.2) below and the two conditions
immediately after (4.3.2).

For a fine log smooth scheme Y over a fine log scheme T', A3, . denotes the
log de Rham complex of Y/T by following Friedman (see [28]). (In [51] A3, T
has been denoted by w3, /T.)

For a nonnegative integer ¢ and an integer k, set

0 (k <0),
(4.0.2) PO g = Im(Ak (w0, ALK < AL o) (0 <k <),
Ap s (k> 1).
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Then we have a filtration PP/ := {Pf/g}kez on A%,/S. Let L(x,z)/s be the
log linearization functor for Op-modules. Set

PPLx.2)5(Mp)s) == Lix.zys(PL Ay s) (K € ).

For a commutative monoid R with unit element, denote by Spec'®8(Z[R])
the log scheme whose underlying scheme is Spec(Z[R]) and whose log structure
is associated to the natural morphism R — Z[R] of monoids.

In [72] we have proved the following;:

PROPOSITION 4.1 (see [72, (2.1.5)]). — Let Ty — T be a closed immersion
of fine log schemes. Let Zy (resp.Y') be a log smooth scheme over Ty (resp. T),
which can be considered as the log scheme over T'. Let v: Zy — Y be an exact
closed immersion over T. Let A% (n € N) be a log scheme whose underlying
scheme is the scheme A” and whose log structure is the pull back of that of T
by the natural pmjectwn A" — T Let z be a point of Z() Assume that there
exists a chart

(Q = Mr, R — Mz, Q -+ R)

of Zy — T on a neighborhood of z such that p is injective, such that
Coker(p8P) is torsion free and such that the natural homomorphism Oz, . ®z,
(R8P/QEP) — AZQ/TQZ is an isomorphism. Then, locally around z, there
exist a nonnegative integer ¢ and the following cartesian diagrams:

Z() E— Y’

(4.1.1) | |

To X gpecios(ziq)) SPEC(ZIR]) —— T Xgpodon(ziq)) Spec* (ZIR])

R Y

!

—— T Xgpectos(ziq)) SPCE (Z[R]) X7 A,

where the vertical morphisms are strict and log étale and the lower second
horizontal morphism is the base change of the zero section T — A% and
Y=Y x ae T

Though the following lemma immediately follows from [72, (2.2.17)], it is a
key lemma for (4.9) and (4.10) below.
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LEMMA 4.2. — 1) The following natural morphism is injective:
(4.2.1) Op @op PL/%Ap 5 — Op 0, A 5.

2) The following natural morphism is injective:
* P/Q . * .
(4~2~2) Q(Xyz)/spk / L(X,Z)/S(AP/S) — Q(X,Z)/SL(XZ)/S(AP/S)

Proof. — 1): The question is local. Let = be a point of ©. Because the points
of ® are the points of X, z is also a point of X. Identify the image of z
in P with z. Then Mp /O, = M(D U Z),/O0%, ~ N* for some s € N.
We have a chart N — Mp around z for some s’ > s such that the induced
morphism Ox , @z Y/ Qﬁ(/so (log(D U Z)) by the composite morphism
N* — Mp — M(DUZ) is an isomorphism. In the notation (4.1), we can take
Q = {0} and R = N* for the exact closed immersion (X, D U Z) < P (sce
also the proof of [72, (2.1.4)]). In particular, we may assume that X' := P is
k !
a smooth scheme over S. Set ey := (0,...,0,1,0,...,0) e N* (1 <k < ).
Consider the composite morphism
9: N — M(DUZ) — M(DUZ),; /0%, ~ N°.
By a simple calculation, we see that there exist ki, ..., ks such that g(ex,) =
l
0,...,0,1,0,...,0) (1 < £ < s). The images of eg,,...,eg, in Oy by the
composite morphism N¥ — Mp — Oy give us transversal relative SNCD’s D
and Z on X/S such that P = (X, DU Z) and Q = (X, Z) locally around z.
In this local case,
o o P/Q e .

A5 s =0y /s(log(DUZ)) and PL/9A3 ¢ = PPOY g(log(D U 2)).
In this case, 1) is nothing but [72, (2.2.17), (1)].

2): this follows immediately from 1) as in [72, (2.2.17), (2)]. a

We denote the filtered complexes

. P .
(0n @0p A% )5 {00 oy By /QAp/s}kez)
* . * P/Q .
(Q(X7Z)/SL(X,Z)/S(A73/S)7 {Q(X,Z)/Spk / L(X,Z)/S(AP/S)}keZ)

by (Op Xop A’;)/S7P7D/Q) and (Q?sz)/sL(X,Z)/S(A;)/SLQE‘Xz)/SPP/Q% re-
spectively.

When Z = &, we denote

(Op ®op Ay, PP/9) and  (Q(x.z)/5Lix,2)/5 (W5 )s): Q(x.2)/s 7/ 2)

MEMOIRES DE LA SMF 130/131



4. DESCRIPTIONS OF PREWEIGHT-FILTERED VANISHING CYCLE 47

by (Op ®o, A;)/S, P) and (Q}/SLX/S(A;)/S),Q}/SP), respectively.
Next we give a generalization of the classical Poincaré residue isomorphism.
To give it, we have to generalize D*) and wéﬁB(D /So) in §3. For a finitely

generated monoid @ and a set {qi1,...,qn} (n € Z>1) of generators of @,
we say that {q1,...,qn} is minimal if n is minimal. Let Y = (Y, My) be an

o
fs log scheme. Let y be a point of Y. Let my,,...,m;, be local sections
of My around y whose images in My, /O3 v form a minimal set of generators

of My, /Oy, Let D(My); (1 < i <) be the local closed subscheme of Y
defined by the ideal sheaf generated by the image of m;, in Oy . For a positive
integer k, let D®)(My) be the disjoint union of the k-fold intersections of
different D(My);’s. Assume that

(4.2.3) My, /Oy, ~ N

for any point y of Y and for some r € N depending on y. Note that

Aut(N") ~ S,. Indeed, set e; := (0,...,0, i,O,...,O) € N’. For the
monoid N (r € Zs1), observe that {e;}/_; is the unique minimal set of
generators of N”. Indeed, we can prove this by induction on r as follows. Let
{fi};—1 (s € Z>1) be a minimal set of generators of N". Then s = r. We may
assume that the r-th component of f,. is nonzero. Let f; be the image of f;
by the projection N 3 (ay,...,a,;) + (a1,...,a,—1) € N'7L. Then, by the
inductive assumption, {71}:;11 = {Ei}z;ll. By renumbering i (1 < i <r—1),
we may assume that f, =€ (1 <4 <r—1). If the r-th component of some f;
(1 <4 <r—1)is nonzero, then e; does not belong to the submonoid generated
by fi,...,fr. Hence f; = ¢; (1 <i < r —1). By the analogous argument,
we immediately see that f, = e,. Hence Aut(N") ~ &,. Consequently
Aut(My,,/O5,,) ~ &,. Hence the scheme D™ (My) is independent of the
choice of my 4, ..., m,, and it is globalized. We denote this globalized scheme
by the same symbol D®)(My). Set DO (My) := Y. Let ¢®): DWW (My) — Y
be the natural morphism.

As in [24, (3.14)] and [72, (2.2.18)], we have an orientation sheaf
wéﬁz(D(My)) (k € N) in f/g’;ﬂ associated to the set D(My);’s. We have the
equality

k
(4.2.4) HoE)(D(My)) = NP /03)

o
as sheaves of abelian groups on Y ,,;.
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PROPOSITION 4.3. — Let g: Y — Y’ be a morphism of fs log schemes satis-
o

fying the condition (4.2.3). Assume that, for each point y € Y and for each

member m of the minimal generators ofMy,y/O{/’y, there exists a unique mem-

ber m' of the minimal generators of M, o . /O* ', such that g*(m') € m?%>0.
Y9 v g(

)
Then there exists a canonical morphism g\® D(k>(My) — D(k)(My/) fitting
into the following commutative diagram of schemes:

(k)
D®) (My) .9; D®) (My)

(4.3.1) l l
Y

5 o
— Y’

Proof. — (The proof is a variant of the argument in [77, p.614].) First
we consider the local case. Let {m;,};_; and {D(My);}j_; be as above.
Set y/ := g(y). Let {mir 35—, and {D(My)y}i_, be the similar objects
for Y around g(y). We may assume that g*(m],) € m%ﬁo (1 <4<
This means that g induces a natural local morphism D(My); — D(My/);
(1 < i < 7). Let D®(My;g) be the disjoint union of all k-fold in-
tersections of D(My+)1,...,D(Mys),. Then we have a natural mor-
phism D®(My) — D®(My;g). By composing this with the natural
inclusion morphism D®(My;g) — DW®(My/), we have a morphism
DWW (My) — DW(My+). This is a desired local morphism. This local
morphism is compatible with localization. Hence we have a desired global
morphism ¢ : D®) (My) — DE (My). O

Let (X, D) be a smooth scheme with an SNCD over a scheme Sy. If Y =
(X, D), then D® (My) = D®) (k € N) and wii)(D(My)) = @it (D/So).

Let M7 and M be two fine log structures on Y such that My = M; Doy M.

Assume that the condition (4.2.3) is satisfied for M;. Let myy,...,my,y be
local sections of M; around y whose images in M ,/ 0y, form a minimal set of

generators of My, /05, . Set YV, := (?,Mz) (i = 1,2). Endow D® (M) with
the pull-back of the log structure of Ms and denote the resulting log scheme
by (D®) (M), M) by abuse of notation. Let

b®): (DW (M), My) — (Y, Mb)
be the natural morphism. By abuse of notation, we denote by the same sym-

bol b*) the underlying morphism D®)(M;) — Y.
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Now we come back to the situation (4.0.1). We assume that there exists an
fs sub log structure M of Mp such that

(4.3.2) Mp = M @0y Mo,
such that the pull-back of M to X is equal to M (D) and such that the con-
dition (4.2.3) is satisfied for (P, M).

Let ) : (D®)(M), Mg) — Q be the natural morphism. By abuse of nota-
tion, we also denote the underlying morphism D®)(M) — Q by b(*),
PROPOSITION 4.4. — 1) Let M’ be another fs sub log structure of Mp
satisfying the equality (4.3.2), such that the pull-back of M’ to X is equal
to M(D) and such that the condition (4.2.3) is satisfied for (P, M’). Let
Y& (D®W(M'), Mg) — Q be the natural morphism. Then there exists a
canonical isomorphism

k .
05‘3 ®(97> bgk )(A(D(k) (M),Mg)/S Xz WEQE(D(M)))
~ k .
=5 00 @0 V1 (Ao (a5 @2 FHHD(M).

2) Identify the points of © with those of X. Identify also the images of

the points of X in P with the points of X. Let x be a point of ©. For any
different iy, ..., ig (1 <'i1,...,i <), denote by (D(M);,....,,, Mg) the local
log closed subscheme of Q@ whose underlying scheme is D(M);, N---ND(M);,
and whose log structure is the pull-back of Mg. Denote the natural local exact
closed immersion (D(M);,....,,, Mg) — Q by bj,...,. We denote by b;,...;, the

underlying morphism D(M);, ..., — é Then, for a monnegative integer k,
the morphism
(4.4.1) Op®o, PN g
— 00 80, W (A6 04y a10ys B2 FHUD(M))),
f ®wdlogmg, ;- --dlogmg, » (fEO@,(UGPg)/QA;)/S)
— f @bj,.;, (w)(orientation (iy - -i))
(cf.[25, (3.1.5)]) induces the following “Poincaré residue isomorphism”
(442)  Og @0, grf”'* P/S
< 00 @0, B (ATLE) (1) 2105 B2 PHUDM))).
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Proof. — 1): Since the points of ’}5 are equal to the points of X, we have only
to prove that there exists a log open subscheme U of P containing X such
that M|y = M'|y. Let z be any point of X. Because the pull-backs of M
and M’ to X are equal to M (D), M;/Op , = M(D),/O0%, = M,/O% .
Hence M, = M. This means that there exists a log open subscheme U(z)
containing = such that M|y = M'|y(). Set U := J,cx U(x), which is a
desired log open subscheme of P.

2): As in the classical case, we can easily check that the morphism (4.4.1)
is well-defined. Let x be a point of 35 Because the question is local, we may
assume that there exist a smooth scheme X over S and transversal relative
SNCD’s D and Z on X/S such that P = (X, DU Z) and Q = (X, Z) by (4.1)
as in the proof of (4.2). Then the isomorphism (4.4.2) is the Poincaré residue
isomorphism in [72, (2.2.21.1)]. O

By (4.2) and (4.4), we have the following lemma:

LEMMA 4.5 (see cf. [72, (2.2.21) (1), (2)]). — 1) For a nonnegative integer k,
the following sequence is exact:

(45.1) 0 09 ®o, PL/2AS 6
P/Q .
k o-—
— 00 @0, B (A6 1y aroy/s €2 F(D(M))) = 0.

2) For a nonnegative integer k, the following sequence is exact:

(452)  0— Q?X,Z)/Splzi/lgL(XvZ)/S(A;?/S)
* P/Q .
— Qlx,zsPr “Lix.z)/5(Mpys)

* k) (po—k ]
— Q(Xyz)/SL(X,ZVS(bg< )(A(Df’c)(/\/l),l\/lg)/s ®7z wéﬁz(D(M)))) — 0.

LEMMA 4.6 (cf.[72, (2.2.16)]). — For a nonnegative integer k, the following
hold:

1) There exists a natural exact immersion (D®), Z| pa) < (D®(M), Mg)
over S.

2) The log scheme ® x g (D®)(M), Mg) with the PD-structure induced by
the PD-structure of © is the log PD-envelope of the exact immersion in 1)
over (S,Z,7).
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Proof. — 1): Because the pull-back of M (resp. Mg) to X is equal to M (D)
(resp. M(Z)), 1) immediately follows from the definitions of (D®) (M), Mg)
and (D(k)v Z|D(k') )

2): By the universality of the log PD-envelope, the question is local. Let
x be a point of X. By (4.1) and the proof of (4.2), 1), we may assume that
there exists a smooth scheme X over S with transversal relative SNCD’s D
and Z on X/S such that P = (X, DU Z) and Q = (X, 2Z) around z. In
this case, 2) is equivalent to [72, (2.2.16), (2)], which has already been proved
in [loc. cit.]. O

COROLLARY 4.7 (cf.[72, (2.2.21.2)]). — In D+(Q?X,Z)/S(O(X7Z)/S)) there
exists the following isomorphism: '

471 grQ?x,Z)/sPP/QQ* I (A% o)
- k (X,2)/S+(X,2)/S\"Ap/S

~ % k)1 o
— Q(X,Z)/Sagfg’sig(o(D(’“),Z\D(k.))/s ®z @ E)E(D/S; Z)){~k}.

Proof. — By [72, (2.2.12)] and (4.6), 2),

k)/re
(4.7.2) L(X,Z)/S (bi )(A(D(k)(M>,]\/[Q)/S Xz w;ﬁz(D(M))))
k) lo .
= a5 Lo, 21, 40)/5 (Mo () pays ©2 Tak(DM)).

Because the pull-back of M to X is equal to M (D), the right hand side is

k)1 . k)1
equal to aﬁr;ig(L(w)’Z‘D(k))/S(A(D(k)(M)WIQ)/S) ®z wéry)sog(D/S'; Z)) by [72,

(2.2.20)]. By the log Poincaré lemma (see [72, (2.2.7)]), the last complex is
isomorphic to

k) lo, 0,
aﬁr.zs*g(o(mm,zb(k))/s ®z whNE(D/S; Z))
in D*(O(x,7)/s)- Hence (4.7) follows from (4.5), 2). O

PROPOSITION 4.8. — Let u: (S,Z,7) — (S',Z',9') be a morphism of PD-
schemes such that T and T' are quasi-coherent ideal sheaves of Og and Og,
respectively. Let Sy and Sy be as in (3.8). Let

(X', D'UZ) — P
(4.8.1) e(X’,D/uZ’,Z’)/S’l l
(X/, Z/) ;} o
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be a similar diagram to (4.0.1) over S’. Assume that there exists an fs sub log
structure M" of Mp: such that

(4.8.2) Mp = M &o:, Moy,

such that the pull-back of M' to X' is equal to M(D’) and such that the con-
dition (4.2.3) is satisfied for (P',M'). Let a'®: (D'®) Z| ) — (X', 2"
(k € N) be the natural morphism of log schemes over Sj. Assume that there
exists a morphism from the commutative diagram (4.0.1) to the commutative

diagram (4.8.1). Let g: (703,/\/1) — (7.3',./\/1') and gx,zy: (X, 2) = (X', Z")

be the induced morphisms. Assume that, for each point x € P and for each
member m of the minimal generators of MI/O;‘;W there exists a unique mem-
ber m’ of the minimal generators of M'g(z)/(’);/@(z) such that g*(m') = m and
such that the image of the other minimal generators of M., JO* . by g*
g(x)"  P'g(x)

are the trivial element of My /Op .. Let y®): DE (M) — P’ be the similar
morphism to b®) . Then the following hold:

1) The following diagram is commutative:
(4.8.3)
9-(Res™/ @) 1 g.(grf 7 "M% ) —— 95 (A gy 5 @2 Phad (DO (M)){=F})

gﬁ Tg,,
Res” /g™ ¥ A g T U (A g5 @2 S (DB (M) {=E}).
2) The following diagram is commutative:
923? Zeryss (ROS) : (x Zyerysn (X, ays@t A%/s) -

(4.8.4) |

Po
Res : L(X’,Z’)/S’(grkp AP’/S’) e

lo; k
908 Peryan @I (L) 21175 Wi py ) 2 Finss(D/ S 2)){—k}
. k
B L0 21115 W aary 1) €2 Fos (D183 2){ =k}

Proof. — 1): We immediately obtain 1) from the condition ¢g*(m’) = m and
by the definition of the morphism g*): D®) (M) = DFE)(AM') in (4.3).
2): This follows from 1) and (4.7.2). a
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The following theorem and corollary are main results in this section.

THEOREM 4.9. — There ezxists the following isomorphism
(4.9.1) Qix.z)/5 (B2 (Ox.puz)/s), PP)

— (QFX,Z)/SL(X,Z)/S(A%/S%QTX,Z)/SPP/Q)'
Proof. — By (3.4.3) we have a canonical isomorphism

(B8 (Ox,puz)/s): PP) == (Lix.2)/5(Ap ), T)-
Hence we have an isomorphism

Q(x,7)/s (ER57(Ox,puzys), PP) = Qix,2)/5 (Lix.2)/s(Aps), T)-

Because we have a natural morphism
Qlx.z)/s(Lix.z)s(Mp ), 7) — (Q?X,Z)/SL(X,Z)/S(A%/S),QE‘XZ)/SPP/Q),
we have the following composite morphism
(4.9.2) Q?X,Z)/s(EigiéZ(O(X,DUZ)/S)aPD)
— (Qfx.2)/5L(x.2)/5(Ap ), Qix s P77 ).
By taking the graded parts of both sides of (4.9.2), we have the following

commutative diagram by the p-adic purity (3.1.1) (see (3.6), 3)) and (4.7.1)
for a nonnegative integer k:

Q?XVZ)/SPD * Elog,Z 10

Lk (x.2)/5Eerys (O(x,puz)/8) —

* k)lo k)los
Q(X,Z)/Sagr})’s*g(O(D(k),Z|D(k))/s @z @ ¥(D/S; Z)) ——

g

Qx,z)/sP7/° 1, I As
gry, Qlx.z)/s (x.2)/s( P/S)

* k)l k)l
Q(X,Z)/Sa((3r})zs?kg(O(D(k')»Z‘D(k))/S Rz wér})ls‘)g(D/S; 7Z)).

We can complete the proof of (4.9). |
COROLLARY 4.10. — There ezists the following isomorphism

(4.10.1) (Ex5?(0(x,puz)s), PP) = (00 @0, Ay 5, PT/9).

Proof. — The Corollary immediately follows from (4.9). |
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LEMMA 4.11. — Let Y be a fine log (formal) scheme.  Assume that

I'(Y,My)/T(Y,05) ~ N" for some r € N and that, for any point y of Y,
My, /0y, ~ N'v for some ry < r. Assume that the natural morphism

DY, My)/T(Y,05) = My, /Oy is surjective. Let 1:Y — R be a closed
immersion of fine log (formal) schemes. Assume that R has a global chart
R — Mg. Let R’ be the inverse image of T(Y, My ) by the composite morphism
R&? — T'(R, Mg)8® — I'(Y, My )8P. Set

R’ =R Xgpecion(z1m)) SPec'* (Z[R]).
If the natural morphism R’ — Mg/ induces a surjection
R — T(Y, My)/T(Y, 0%),

then R’ is fine and the induced closed immersion ': Y — R’ is exact. In par-
ticular, if the chart R — Mpg induces a surjection R — T'(Y, My )/T(Y,0%),
then the conclusions above hold.

Proof. — (Cf.the proof of [51, (4.10)].) By using the natural morphism
(Y, My)/T(Y,05) = My, /Oy, and the isomorphisms

N5 D(Y, My)/T(Y,0%) and My, /0%, s N,

k
we have a surjection A: N” — N"v. Set ¢;, := (0,...,0,1,0,...,0) e N" (1 <

k < r). By a simple calculation, we see that there exist ki,...,k;, such
‘

that A(ex,) = (0,...,0,1,0,...,0) (1 < ¢ < ry). Let {ekrww,..,ekT} be

the complement of {ekl,..‘,ek,_y} in {ex};_,. Let A8P: Z" — Z™ be the

induced morphism by A. We denote the usual addition + (resp.+) in N"

resp. v the multiplicative notation. en, in Z", there exists an elemen
Z") by th Itiplicati tati Then, in Z", th ist 1 t
a

u,, (ry < m < r) of Ker(A\%?) such that ey, = uy,,e}’ ~~~ek7_;’ for some
ai,...,ap, € N. Let P be a free monoid generated by ey, ..., €ky, and
Ty T
uk7.y+l7.,.7ukr:P:He§lx H ufm.
(=1 m=ry+1

By mapping N” > ey, — e, € P and N" 3 ¢, — (e]" -~ezry7ukm) € P, we
Ty
have the commutative diagram

Nt —2 4 P~Nwx N~y

)\l llst.proj

N —— Ny,
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Hence we have the following commutative diagram
(Y, My)/T(Y,05) —— N&
(4.11.1) l Jlst.pmj
My,/05, —= Nv,

Set K := Ker(Rs? — I'(Y, My )P /I'(Y,0%)). Since K is finitely generated
as an abelian group, K is finitely generated as a monoid. Let fi,...,f.
be elements of R’ whose images in I'(Y, My)/I'(Y,0%) are generators of
I'(Y,My)/T(Y,0%). Then R is generated by {fi,...,f;} and K. In par-
ticular, R’ is finitely generated. In fact, R’ is fine. Let g: R’ — T(Y, My)
be the induced morphism by the chart R — Mgs. Let s: I'(Y, My) — My,
and t: R — (/*Mpgs), be the natural morphisms. We have to prove that, if
J*(a) € J*(b) My, for any elements a and b of (¢'*Mg/),, then a € b(/'* Mg/),.
We may assume that a = t(ag) and b = ¢(bg) for elements ag and by of R'.
Let ¢ (mg,no € T'(Y, My)) be an element of I'(Y, My )% whose image in
Méf’y/o;y belongs to My, /O3 . Let €},... e, be elements of I'(Y, My)
whose images in I'(Y, My)/T'(Y,03) — N (given by the upper horizontal
isomorphism in (4.11.1)) are (1,0,...,0),...,(0,...,0,1), respectively. Then
the power of €] (1 < ¢ < ry) in my is greater than or equal to that in ng. Hence
we can write T2 = m—g (mg,ng € T(Y, My)) such that s(ng) € Oy, . Now we

ng n
can find elements ¢y and dy of I'(Y, My ) such that g(ap)co = g(bo)do and such
that s(co) € Oy,,. Because the induced morphism R’ — T'(Y, My)/T(Y, O5,)
by g is surjective, co = g(eg)u for elements ey € R’ and u € T'(Y,O%).
Hence g(ageo/bg) = dou~!. By the definition of R/, ageg € boR'. Because
sg(eo) € Oy, t(eg) € Oy, Thus we have a € b(t"* Mr/)y. O

REMARK 4.12. — In [51, (4.10)] Kato has obtained an exactification of a
closed immersion of fine log schemes with global charts; for the definition
of R', we have not used a (global) chart of Y. This different point plays an
important role in (4.15), (6.10), (6.11), (6.12) and (6.17) below.

LEMMA 4.13. — Let Sg — S be a nil-immersion of schemes. Let Y
be a smooth scheme over Sy and let E be a relative SNCD on Y/Sy. Let
t: (Y,E) < Y be a closed immersion into a log scheme obtained from a smooth
scheme with a relative SNCD over S. Assume that T'(Y, M (E))/T(Y,0} ) ~ N"

for some r € N and that Y has a system of global coordinates y,...,yq such
that My ~ O;,y§]~~-y§ for some 0 < s < d which induces a composite
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surjection
N* — (Y, My) — T'(Y,M(E))/T'(Y,Oy) ~ N".
Let P be the inverse image of (Y, M(E))/T(Y,O3) by the morphism
75— T(Y, M(E)® [T(Y, 03 ).

Set Y& =Y Xgpecioszne) Specl8(Z[P)). Then the following hold:

1) The natural morphism (Y, E) — Y™ is an ezact closed immersion
over S.

2) Y™ is smooth over S and the log structure of Y is associated to a
relative SNCD on Y**/S.

3) Assume that E = Ey U Ey for transversal relative SNCD’s Ey and Es
on Y/Sy. Let vj: (Y,E;) = Y; (j = 1,2) be a closed immersion into a log
scheme obtained from a smooth scheme with a relative SNCD over S. Assume

that Y1 = Y2 and that Y = (Y1, My, Doy, My,). Endow jjicx with the pull-
back of the log structure of Yj. Then the resulting log scheme y;x is obtained
from a smooth scheme with a relative SNCD over S and the natural morphism
(Y, Ej) — Y5* is an ezact closed immersion.

Proof. — 1): Let y be a point of Y. Since the composite morphism
(Y, My)/T(Y,0y) — My, /0y, — M(E),/Oy,,

is surjective, the morphism I'(Y, M(E))/I'(Y,05) — M(E), /Oy, is surjec-
tive. There exists an isomorphism M(E), /Oy, — N"v for some r, < r.
Hence 1) follows from (4.11).

2): Let h: N® — N” be the surjection in the statement (4.13). Set ey :=
k
0,...,0,1,0,...,0) € N° (1 < k < s). By a simple calculation, we see that

)4
there exist ki,. .., k. such that h(eg,) = (0,...,0,1,0,...,0) (1 <£<r). Let
€k, 415+ -k, be elements of N° such that

{elﬂwru s ’eks} = {ek}izl \ {elﬂv LR ekr}'
Let h8P: Z° — Z" be the induced morphism by h. Then

P = (e, .-, ex, ) Ker(heP).
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Set Vo = SpecS(OS [y1,--.,vyd]). Then Y is étale over

o

(4.13.1) Yo ®Z[Ns] Z[(ekl, RN ekT>Ker(hgp)]
= Spec ((Os[Ykys -+ s Yhs Yst1s - - - » Ya] @7 Z[Ker(hEP)]).
Hence Y** is smooth over S. The log structure of Y°* is associated to the

relative SNCD defined by the equation y, - - - - Yk, = 0.
3): This follows immediately from the description (4.13.1). a

By using (4.13), we would like to give the descriptions of
Qix 25 E8Z(O(x.puzys), PP) and  (ER27(O(x,puz)/s), PP)

without using admissible immersions as follows; we generalize (4.9).

Until (4.16) we do not assume the existence of the commutative diagram
(4.0.1).

Let X = J; X; be an affine open covering of X such that
I'(X;, M(DU 2))/T(X;, 0%,)
is isomorphic to a finite direct sum of N. Set
D;:=Dl|x, and Z;:=Z|x,.

Let P} be a lift of (X;,D; U Z;) over S such that P/ has a global chart
P/ — Mp: satisfying the assumptions in (4.13) for the closed immersion
(Xi, Dl U Zz) L) 73,: Set

X’iO“'iT = Xio n---N Xim DiO‘“ir = D|X10,“1T,

Z’io"'iT = Z|X1()---w7 PT{O"'ir = /Pz{o Xg-++Xg 'P{T
We obtain a global chart Py _o P, — ]V[pzomw of P ;.- Take a log open
subscheme Py, of P; ; such that there exists a natural closed immersion
(Xigervips Digein U Zigwi) — 731':)” The global chart above gives us a global

chart of 731’8 satisfying the assumptions in (4.13) for the closed immersion

i

(Xigervips Digoin U Zigewiy,) = P{:,z, Then we have the induced morphism of
monoids

Pr)E — (X, M(D U 2))*.

k=0
Let P,..;, be the inverse image of T'(Xj,...i,, M(D U Z)) in @j_o(F] )#P. Set

Pigeriy = Pz{owir XSpeclog(Z[@ZZO Pz/k]) Speclog (Z[P“),,D
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Then we have an exact immersion

(4132) (Xiomirv (D (@] Z)|Xi0-~~i,~) — ,PiU.HiT

by (4.13), 1). Though the immersion above is not necessarily closed, we
see that Pj..;. is a log scheme obtained from a smooth scheme with a rel-
ative SNCD over S by the proof of (4.13), 2) (see the expression (4.13.1)).
The projection PZ(O,,,Z-T — Pfﬂ..@. i, induces the following natural morphism
Pig-ip = Pigiyei,; the immersion Pl o 0= Py, (B =7+1)
induces the following natural morphism Pj,..5;...i, — Pig.i;_yigij o1, (NETE 7

means to omit ¢;). By using the exact closed immersions (4.13.2) for various
i0, . .. ir, we have a simplicial exact immersion (X,, D, U Z,) — P, into a log
smooth simplicial log scheme over S. By (4.13), 3) we have a simplicial exact
immersion (X,, Z,) — Q, fitting into the following commutative diagram

(X.,D.UZ) —— P,

! |

(X.,2,) —— Q.

such that 7'5. = é. and such that the underlying morphism 703. — é. is id% .
Let @, be the log PD-envelope of the immersion (X,, Z,) — Q, over (S,Z, fy.).
The condition (4.3.2) and the assumptions after (4.3.2) are satisfied for Mp,
and Mg, for each n € N. That is, there exists an fs sub log structure M,,
of Mp, such that

(4.13.3) Mp, = M, @@;n Mo,
such that the pull-back of M,, to X,, is equal to M(D,,) and such that the
condition (4.2.3) is satisfied for (P,,, M,,). In fact we may assume that we have

a simplicial log scheme (P,, M,). We have the following filtered complexes
by (4.2):

(00, ®0p, Ap, /5. PP*) i= (On, ®0p, Ap, /5, {00, @0, P;f'/Q'A%,/g}kez),
(Qixe.z0)/5L(x0,20) /5N, 1) Qlxa 20y P72 1=
(Qixa,z0)/5 L0205 (A0 5):AQExe 20y 5L 2015 (PR O A, y5) vz
Let A be the standard simplicial category: an object of A is denoted by
[n] :={0,...,n} (neN);

a morphism in A is a non-decreasing function [n] — [m] (n,m € N).
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LEMMA 4.14. — Let the notations be as above. Let k be a nonnegative integer.
Then the following hold:

1) For the morphism g: (Pp, My) = (Pp, Mys) corresponding to a mor-
phism [n'] — [n] in A, the assumptions in (4.8) are satisfied for

(P, M) = (P, My)  and (P, M) = (Prr, My).

2) The family {D®)(M,)}nen gives a simplicial scheme D®)(M,) with

natural morphism b¥): D®)(M,) — P, of simplicial schemes.

Proof. — 1): Let £ be a nonnegative integer and let my be a member of
the local minimal generators of M,/ O%,. Then, by the description (4.13.1),
the image Ty of my in M (Dg)/(’)}Z is also a member of the local mini-
mal generators of M (Dy)/ (93([. Because the standard degeneracy morphism
sit (Xey Dg) = (Xeg1, Deg1) (€ € N,0 < ¢ < ¢) and the standard face mor-
phism p;: (X¢, Dg) = (X¢—1,Dp—1) (¢ > 0,0 < ¢ < £) are obtained from open
immersions, we can easily check that there exists a unique member M4 of
the local minimal generators of M (Dy+1)/O%,,  such that s} (1) = T, and
pi(Ty—1) = ™. We can also easily check that the other minimal generators
of M(Dg41)/0O%,,, are mapped to the trivial element of M(Dy)/O%, by s}
and pj, respectively. Let m, be a member of the local minimal generators
of My,/O%, . Let g: (Xpn, D U Z,) — (Xo, Dy U Zyy) be the morphism
corresponding to a morphism [n/] — [n]. Since the morphism [n'] — [n] is
a composite morphism of standard degeneracy morphisms and standard face
morphisms, we see that there exists a unique member 7, of the local minimal
generators of M,,/O% | such that g*(m,’) = My,. Let ¢,: (X,,D,UZ,) <P,
be the immersion constructed before this lemma. Then we have the following
commutative diagram:

Gx (Mn/o;k?n) - g*Ln*(]\/[(Dn)/O;(n)

(4.14.1) | |

M JOh  —— L (M(Dy)/O% ).

By the description (4.13.1) again, the horizontal morphisms in (4.14.1) are
isomorphisms. Hence there exists a unique member m,, of the local minimal
generators of M, /O%, = such that g*(m,/) = m,. Thus we have checked the
assumptions in (4.8). !

2): This follows immediately from 1) and (4.3). O
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COROLLARY 4.15. — Let TRerys and o be the morphisms of ringed topoi in
(3.2), 4) and 5), respectively. Then the following hold:

1) There exist the following canonical isomorphism:
(4.15.1) Q?X,Z)/S(Ecl;g§éZ(O(X,DuZ)/S)7PD)

5 RtReryss (Qfxa, 205 L(X0, 2015 (M, 1) Q{xa 205 P77/ 2).-

2) There exist the following canonical isomorphism:
(4.15.2) (Eig%Z(O(XVDUZ)/S)’PD) — Rtzars (Op, ®0p, A;D./Svpp'/g')~
Proof. — 1): By (4.14) 1), 2) and (4.8) 2), we have the isomorphism

Qr poe .
(4.15.3) gr, P Qlx, 20 5Lxezas(Mp, /)
— * <k)1 .
= Q(X--Z-)/S“'nygf (L(Di’”,Z'IDm)/S(AD<’“><M->/S)

®z @N(D./S; 2.))(~k){~k}
As in (3.5.13), by using (4.7), we see that the derived direct image of the left
hand side of (4.15.3) by R7Rerys« is equal to
Qx,2/595082 (O (o) 71 y/5 B ENED/S, 2))(—k){ =k}
Using (3.1.1) (see (3.6), 3)), we obtain 1).
2): This follows immediately from 1). O

REMARK 4.16. — In (4.15) we have given the descriptions of

Qix.z)s(E87(O(x.puzys), PP) and  (E27(O(x,puz)/s), PP)

without using admissible immersions. Thus we can simplify the definitions of
the preweight-filtered restricted crystalline complex

(Cllai)cgr’yzs(o(x,DuZ)/s), PP) (= Qix z)s(ES% (Ox.puz)/s), PP))

and the preweight-filtered zariskian complex

(CR2?(Ox,puzys), PP) (= (E2%(Ox,puz)s), PP))
in [72, (2.4)] by considering the right hand sides of (4.15.1) and (4.15.2) as
the definitions of (Cgcgr’yZS(O(X,DuZ)/S%PD) and (C’;ZL‘%"Z((’)(X’,:)UZ)/S%PD)7 re-
spectively.
We come back to the situation (4.0.1). But, now we assume that Sy =

Spec(x) and S = Spec(W,,), where k is a perfect field of characteristic p > 0
and W, is the Witt ring of x of length n > 0. We give an explicit description
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of WhQ% (log(D U Z)), PP), which is a generalization of the description in
[72, (2.12.4)].

LEMMA 4.17. — Assume that the closed immersion D(M);,..;, < P has a
local retraction etale locally. Then the long exact sequence associated to (4.5.1)
is decomposed into the exact sequence (q € Z)

(4.17.1) 0 — HYOp R0, P,ZY?A;D/WH) — HY(Op R0, PZ’/QA%/W,L)
- K)o ,
— HIM(O0 @0p b (Al i) (ut) 1105 €2 Fm (D(M)))) = 0.
Proof. The proof is the same as that of [72, (2.12.2)] by using (4.4) and
(4.2) (cf.[66, 1.2]). O

We denote (H?(Op @0, A;,/Wn)7 PP/2) the filtered sheaf

o P o
(H1(Op @05 A, ) {HU(On @05, PL/ O3 0, ) biez)-

Now assume that X is affine. Then there exists a lift J/: (X,DU Z) —
(X, DU Z) of (X,DU Z) over W, which induces lifts (X, D) — (X, D) and
(X,Z) — (X,2) of (X,D) and (X, Z) over W, respectively. Denote the
immersion (X, DUZ) < P by ¢. Because P and Q are log smooth over W,, and
because ¢’ is a nilpotent immersion, there exists a morphism f: (X, DU Z) — P
such that § induces two morphisms (X,D) — (P, M) and (X,Z) — Q and
such that fo:/ = ..

By [51, (6.4)] we have the following commutative diagram:

Rlucx puzyw(O(x,puz)wn) —— HI(Oo®0pAp ,)

(4.17.2) l?—i‘l(f*)

Rux, puzywn«(Ox,p0z) /W, ) — HQ(Q}/WH(IOE;(DUZ)))
LEMMA 4.18. — Let k be a nonnegative integer. Then HI(f*) induces an
isomorphism

HI(Op®0, Pl A ) — HI(PPQ . (log(D U 2)).
Proof. The lemma immediately follows from (4.15.2). |
The following is a generalization of [72, (2.12.4)]:

COROLLARY 4.19. — Let i be a nonnegative integer. Then
(4.19.1) (Wi Qi (log(D U 2)), PP) = (H(Os®0, A% ) PP/Q).
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Now assume that Sy := Spec(k) and S = Spf(W), where W is the Witt
ring of k. In this p-adic case, we also have analogous objects and facts already
stated in this section. Let P and Q be fine log p-adic formal WW-schemes
in (4.0.1) satisfying (4.3.2) and the assumptions after (4.3.2). For a positive
integer n, set

Pn ::P®W W’m Qn = Q®W Wh

and let @, be the log PD-envelope of the immersion (X,Z) < 9, over
(Spec(Wy,), pWh, [ ]). Then we have the exact sequence (see [45, p. 243]):

0= 00,805, Ap, jw,, = 095,800, Ap,, s, — 00,805, Ap, ;, = 0-
As in [49, III (1.5)], we have the boundary morphism
d: 'Hi(o@n ®op, A;)n/wn) — 7'[”1((9©n®0m/\33n/wn)

of the long exact sequence obtained from the exact sequence above.
This boundary morphism preservers the preweight filtration PP»/@» on
HI(On, @0, A /W") (j =14,i+ 1). Hence we have a filtered complex

(H* (02,205, Ap, jw, ), PP/ 9).
As in [49, III, (1.5)], we also have a projection
7 H*' (Op, ., ®op, ., A;SnH/WnH) — H* (09, @05, A;?n/Wn)

(see [45, (4.2)]). We see that this projection preservers the preweight filtration
PP/ as in [69, (8.7), (1)] by using (4.17.1). By using the definitions of d
and 7, we have the following as a corollary of (4.19):

COROLLARY 4.20. — Let f: X — Spec(W,) be the structural morphism.
Then there exists an isomorphism

(420.1)  (WaQx(log(D U 2)), PP) =5 (H*(00, @05, Ay, jw, ) PT/4").

of filtered complexes of f~1(Wy)-modules, which is compatible with the projec-
tions.

REMARK 4.21. — Let the notations be before (4.14). Assume that Sy :=
Spec(x) and S = Spf(W). Set

Pon = Po Ow Wn and Qon = Qo Ow Wn
Let ®,, be the simplicial log PD-envelope of the simplicial immersion

(Xe;DoU Z,) = Puy,
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over (Spec(W,),pWh,[ ]). By the filtered cohomological descent (see [72,
(1.5.1)]), we have
(4.21.1) Wik (log(D U 2)), PP)

= Rityars (H*(00,,90p,, Ap,, jw, )s P77/ 97).
This equality is compatible with the projections as in [72, (2.12.11)].
LEMMA 4.22. — 1) Let L be a fine log structure on Spec(k). Let W, (L) be
the canonical lift of L over (Spec(W,,):

Spec(W,,): Wy (L) = L ® Ker(W): — k)
(see [45, (3.1)]). Let Y (resp.Y) be a log smooth log scheme of Cartier type
over (Spec(k), L) (resp.a log smooth log scheme over (Spec(Wy), Wy (L))).
Let Y < Y be an immersion over (SpecOWy,), Wy (L)) and let € be the log
PD-envelope of this immersion over ((Spec(Wp), Wi (L)),pWh, [ ]). Let
g:Y — (Spec(Wn),Wn(L))

be the structural morphism. Let W, (Y) be the canonical lift of Y over
(SpecW), Wi (L)) (see [loc. cit.]). Assume that'Y is affine. Then the quasi-
isomorphism

(4.22.1) O¢ ®o,, A}/Wn — H*(O¢ ®o,, A;/Wn) = W, A

constructed in the proof of [45, (4.19)] in CT (g~ (W,)) is functorial in the
following sense: for a log smooth affine log scheme Y; of Cartier type over
(Spec(k), L) (i =1,2) and for a morphism Wy (Y;) — V; to a log smooth log
scheme Y; over (Spec(W,,), Wy (L)) such that the composite morphism Y; —
Wi (Y;) — Vi is an immersion and for the following commutative diagram

Wi(Y1) —— Wi

! [

Wi(Y2) —— Do
of log schemes over (SpecOW,),Wn(L)) and for the log PD-envelope €&;
(i =1,2) of the immersion Y; — Y; over ((SpecONVy), Wn(L)),pWh, [ ]), the
following diagram is commutative:
O¢, ®ol’1 Ai)l/Wn H* (O, ®03/1 A;I/Wn)
(4.22.2) w] [

W (Oe,®0y,435, /w,) — W1 (Oe,®0y, 45, m,)-
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2) Let the notations be as in (4.0.1). Assume that S = Spec(W,) and
So = Spec(k). Assume also that X is affine. Then the morphism (4.22.1) for
the immersion (X, D U Z) < P induces the following morphism

(4.22.3) (09 @0, A;J/WH,PP/Q) — (H* (00 ®0p A jw,), PP/Q)
= (WaQ% (log(D U 2)), PP)
in CYF(f~1(W,)), which is a filtered quasi-isomorphism if Mp and Mg satisfy
(4.3.2) and the assumptions after (4.3.2). The filtered morphism (4.22.3) is
functorial for the following commutative diagram
€(Wn(X)J/Vn(’7UZ)J/Vn(Z))/Wnl l
(Wn(X)vwn(Z)) — Q

which induces the commutative diagram (4.0.1) for the case S = Spec(W,).
Here we denote by Wy (X), Wn(DUZ)) (resp. (Wi (X), Wy (Z))) the canonical
lift Wo (X, M(D U Z))) (resp. Wi (X, M(Z2)))) (cf.[72, (2.12.7)]). In the p-
adic case after (4.19), the morphism (4.22.3) is compatible with the projections.

Proof. — 1): Because Y is log smooth over (Spec(W,,), Wy(L)), we have the
following commutative diagram

Y —S— W,(Y)

H l

Y —
By the proof of [45, (4.19)], we have a natural morphism W, (Y') — €. Then
the morphism (4.22.1) for each i € N is the following composite morphism

(4.224) O ©oy Ay, — M, vy joma W] — H'(Oe @0y A3, ).

Here @izo A%/VH(Y) SOV W ()] ] is a sh'eaf of differential graded algebras
over W, which is a quotient of P, Ay vy W W (ry) divided by a W-
submodule generated by the local sections of the form dalll — ali—Uda
(a € KerW,,(Oy) = Oy), j > 1) (cf.[47, 0. (3.1.2)]). The first morphism in
(4.22.4) in C*(g~1(W,)) depends on the morphism W, (Y) — Y. The second
morphism has been constructed in [45, (4.9)]. Here we note only that a local
section dlogm (m € My) is mapped to the cohomology class of dlogm by
the second morphism in (4.22.4), where m € My is any lift of m.
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In fact, the morphism (4.22.4) induces the morphism of complexes

(4.22.5) O¢ R0y ASJ/Wn — A{/Vn(Y)/(Wn.,Wn(L)),[ | — H*(O¢ R0y, A}/Wn)'
Indeed, by [51, (6.4)] and the definition of W, A}, (see [45, (4.1)]), we have
H* (O ®0,, Aj,/wn) = W,A},, and by [69, (7.18.2)], we have the commutative
diagram:

Ay vewa(op ]~ Wall

J Ja

i+1 i+1
Ay ) e WLy ]~ Waly

Hence the morphism (4.22.4) is a morphism of complexes.

The functoriality of the first morphism in (4.22.5) follows from the univer-
sality of the log PD-envelope. The functoriality of the second morphism in
(4.22.5) is clear by the construction in [loc. cit.].

2): Because X is affine, we have a morphism (W, (X),W,(DU Z)) — P
such that the composite morphism (X, D U Z) < ( n(X) W(DUZ)) =P
is the given immersion. The morphism (W, (X), W, (D U Z)) — P gives us
the commutative diagram

(Wn(X)7Wn(DUZ)) — P
(4.22.6) l l
W (X), W (2)) —— Q.

Let ©(P) be the log PD-envelope of the exact immersion (X,D U Z) — P

o o
over (Spec(Wy,),pWh, [ ]). Note that D(P) = . By the functoriality of the
morphism (4.22.5), we have the commutative diagram

Op ®@0p Ay, — H (O Qop A jy,)

(4.22.7) T T
Op ®og A.Q/Wn — H* (O ®0g A*Q/Wn)'

By this commutative diagram and by the note about the second morphism in
(4.22.4), we have the morphism

(4.228)  Op @0, PL/ 05y, — H' (O @0, PL/WNpjpy) (k€ Z).

In this way, we have the filtered morphism (4.22.3).
By [72, (2.12.4.2)] we have the following quasi-isomorphism

Res”: grl”" W, Q% (log(D U Z)) 5 W, Q% (10g Z| po ) @2 wEU(D k).

zar
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By (4.5.1), (4.6), 2), (4.17.1), (4.20.1) and [45, (4.19)] = [69, (7.19)], we see
that the filtered morphism (4.22.3) is a filtered quasi-isomorphism.

The functoriality of (4.22.3) follows from the proof of 1).

The compatibility of the morphism (4.22.3) with the projections follows
from [69, (7.18)]. a

REMARK 4.23. — In [72, (2.12.6)] we have assumed the existence of an en-
domorphism of P lifting the Frobenius endomorphism of P ®yy, s and have
used the endomorphism to prove that the morphism

Op ®op A;D/Wn — H*(On Kop A;?/Wn,)
preserves the preweight filtration with respect to P in a slightly more special
case. In this paper we have not used the lift. Consequently it has turned out
that we can dispense with the log version of a lemma of Dwork-Dieudonné-

Cartier (see [69, (7.10)]) in the proof of the preservation of the preweight
filtration with respect to P.

5. p-adic weight spectral sequence

Let (S,Z,) and Sy be as in §3. Let r be a positive integer. Let So, (resp. S,)
be the constant r-simplicial scheme defined by Sy (resp. S).

Let f: (X.,D,UZ,) = Sy be a smooth r-simplicial scheme with transversal
r-simplicial relative SNCD’s D, and Z, over Sp. Let fx, z,): (X.; Z.) = So
be the induced morphism by f. Let f,: (X,,D, U Z,) = Sp. be the natural
morphism induced by f. By abuse of notation, we also denote by f (resp. f.)
the composite morphism

(X.,D,UZ,) — Sy —— S (resp. (X,,D, U Z,) — Sp. — S,).

Furthermore, for simplicity of notation, we often denote simply by f the mor-
phism f;: (Xy, Dy U Z;) — Sp (t € N”) and also by f the composite mor-
phism fy: (Xy, Dy U Zy) — So = S. We apply the same rule for f(x, z,)-

—~

Let ((X., li\U/Zg)/S)IC?%,S and ((X,, Z!)/S)lc(ﬁf,s be the log crystalline topoi of
(X.,D.,UZ,) and (X,, Z,) over (S,Z,7), respectively. We have four morphisms
of topoi:

(5.0.1) fxe.De0z0)/50 ¢ ((Xs’Ds U Z!)/S)Eis — gszar’

(5.0.2) fxepevza)ys (X, Dy U Z,)/S)lc(;is — Syar,
TS5 oo 5

(503) f(ngZQ)/S! : ((X!7 Z!)/S)cr;g/s - ngan
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—~

(5.0.4) Foxazys: (XeiZa)/S) 5 — 8.

crys

Let O(x, p,uz.)/s and O(x, z,)/s be the structure sheaves in ((X,, D, U Z!)/S)lc(;%,s

and ((X:E:) /S )1&’55, respectively.
Let I** be a flasque resolution of O(x, p,uz,)/s, Which exists by [SGA 4-2,
VPis (1.3.10)] (see also [72, (1.5.0.2)]). Then, set

log,Ze
(B3 ® (O(x, pauzay/s). PP®)
= (€(Xu,Du0Z0,20)/5+ (1), {ThE X0 D70, 20) 5+ (1) Yie)

in DTF(O(x, z,)/s) and let (J**, {J; " }rez) be a filtered flasque resolution of
the filtered complex on the right hand side above. Set

(Ent? (O(xa,Duuz0)/5)s PP2) = ux, 21754 (T2, {3 brez)
in D+F(f;1((95)).
DEFINITION 5.1. — We call
(Eé?§ézg(0(x,,D,uz,)/s)7 PPe)  (resp. (ERE7 (O(x..De070)8): PP*))

the r-cosimplicial preweight-filtered vanishing cycle crystalline complex of
(X.,D. U Z,)/S with respect to D, (resp.r-cosimplicial preweight-filtered
vanishing cycle zariskian complex of (X,, D, U Z,)/S with respect to D,).

Let (S',7',+") be a PD-scheme with quasi-coherent PD-ideal sheaf Z’ and
with PD-structure 7/ on Z’. Set

Sp = SpecS,(OSI/I').

Let f': (X],D, U Z.) — Sj be a smooth r-simplicial scheme with transversal
r-simplicial relative SNCD’s D, and Z, over Sj. Obviously

(B (O(x..pouz4)/5): PP*)  and (B (O(xa,D0070)5): PP2)
are functorial with respect to the following commutative diagram
(X,,D,UZ,) — (X,,D,UZ])
S(X!,DZUZ!,Z!)/SJV le(xé,D’!uZ’!,Zé)/S
(X.,2,) —— (X.,Z))

| |

S() E— S(l)
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Denote by (K, P) (a representative of) the filtered complex

log, Ze
Rf(x..2.)/50x (Bers 2(O(x.,puuza)/5)s PP2).

Since

log, Z
ot s(K) = P Rf(x,.piuz)/5: (Bes (Ox,,p,0z)8)) [ t);
t =t

log,Z,
Ru(szZz)/S* (EC(Y)?/S E(O(Xg,D;UZz)/S)) = RU(X;»DzUZz)/S* (O(X;»Dzuzz)/5)7
we have the following spectral sequence by (2.2.6):
(5.1.1) Ef* = @ R*fix,.p,02,)/5+(O(x,,0,02,)/5)

=t s+t
=R f(Xg,DgUZ!)/S*(O(X!,D!ng)/S)'

Now let us construct a spectral sequence of Rhf(X!YD! UZ4)/5+(O(X4,D4U24)/5)
(h € N). Let 6(L, P) be the diagonal filtration of Ly,..., L, and P on s(K)
(see (2.2.8)). It is easy to see that the filtration 6(L, P) is exhaustive and
complete. By virtue of (2.2.9) and (3.1.2), we have

5(L,P) .
(et () = @ (it k(1)
t>0
_ h—2t, —k ‘ ‘
(5.1.2) - @R f(D£ET+k)7Z| (tptk) )/ S* (O<D£§T+M7Z\ (£r+k))/5®Z
t>0 Dy Dy

wit ) H(D1/S: 7)) (— (t, + B)).
Let {E*((X.,D,UZ,)/S)}r>1 be the E,-terms of the spectral sequence arising
from the filtration §(L, P). Since El_k’}H'k((X!7 D, U Z,)/S) =0 for |k| > h,
the spectral sequence is bounded below and regular. By (5.1.2) we have the
following convergent spectral sequence

(5.1.3) EyM"M((X,,D,UZ2,)/S) = DR
t>0

©z wage " (D)8 ) (— (t, + F))

k
(D21 0, an)/ S5
Dy

O, (¢ 4k
( (Dé—r )‘rZ‘Dz@T““))/S

= Rhf(stD:UZg)/S*(O(XgaDgUZ:)/S)’

Let V be a complete discrete valuation ring of mixed characteristics with per-
fect residue field of characteristic p > 0. Let K be the fraction field of V. Let
S be a p-adic formal V-scheme in the sense of [74, §1]. Set Sy = Spec ((Os/p).
In this case we also have the spectral sequence (5.1.3).
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CONVENTION 5.2. — We usually denote by PPe .= {P,CD’}kGZ (instead of

S(L, PP#) := {§(L, PP*);}rez) the induced filtration on
Rh’f(X!,D,uZ!)/S*(O(XQ,D,UZ,)/S)

by the spectral sequence (5.1.3) by abuse of notation. If there is a risk of

confusion, we denote it by §(L, PPe).

DEFINITION 5.3. — We call the spectral sequence (5.1.3) the preweight spec-
tral sequence of (X,,D, U Z,)/(S,Z,) with respect to D,. If Z, = ¢, then we

call (5.1.3) the preweight spectral sequence of (X,,D,)/(S,Z,7). In this case,
we denote by P = { Py }1ez the induced filtration on
Rhf(ngDg)/S*(O(ngDg)/S)

if there is no risk of confusion. We call P the preweight filtration on
Rhf(X!,D!)/S*(O(X!,D!)/S)A If S is a p-adic formal V-scheme in the sense of

[74, §1], if Sy = Spec((Os/p) and if f: X, — So is proper, then we call (5.1.3)
the p-adic weight spectral sequence of Rhf(X,,D!)/S*(O<X,,D,)/S) and call the
induced filtration P the weight filtration on Rhf(X!,D!)/S*(O(X!,D!)/S)~

Next, we describe the boundary morphism between the Ej-terms of (5.1.3).
Fix t = (t1,...,t,) € N" and a decomposition A; := {Dj, }, of Dy by smooth
components of D;. Let m be a positive integer. Set

A= { Moo Ademt)s

Aj = Daos o Ao Aume1} (05 <m—1),
D/,\; = D)\;o n---N D)\mel,
Dy,, =Dy, M- Dy, N-+-NDy, .y

Here ™ means the elimination. Then D, is a smooth divisor on Déu /So. For
a nonnegative integer k£ and an integer m, let

i ok
(531) (_I)JGAEJ: R f(DAE’ZtlDAE)/S*(O(DéyzélDét)/s
02 Dyt (Dy /55 21)) (=)
lo;
- Rk+2f(DAt]-,Zg\DAH )/S* (O(Déu’zﬁ‘%t] )/S Dz wgicr‘ys(Dt/s? Z))(—(m —1))
be the Gysin morphism defined in [72, (2.8.4.5)]. Here
Mrerys (D1/ 8 20) and %, (Dy/S; %)

wa (CTyS Ay crys
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are the crystalline orientations sheaves of Dy, and D), in ((Dy,, Z|p,, )/5’)1&’%5

and ((D/,\;—\ZTD%-)/S)IC(;%W respectively, defined in [72, (2.2.18), (2.8)]. Set

=

m—

N
(5.3.2) Gy = > (-G
{0 A m—1 | Mei#Nes (i74)} =0 )

J
Set e; := (0,...,0,1,0,...,0) (1 < j < 7). We can identify the morphisms
(2.2.12) and (2.2.13) for the case (M, P) = (K, P) with the following diagram
(we use [72, (2.8.5)] for the morphism (2.2.13)):
h—2t, —k
R / D21 )/s*(O(D§§;§F)>,Z|D(W) )/S
J (t+ej) 7 (t+ej)

k) 1
©2 Doin " (Ditren/S: Zasey)) (~(ty + k)

i1

(5.3.3) (~DY- Yy (1S T (1<j<r)

RM2—k totk Ot +k
T %Z\D@,,.M))/S*( OFT.21 1,00/
t t

®z wg{/;rk)log(Dz/S; Z))(=(t, + k)

~(-1)Gy J

Rh72§r7k+2f (O

btk — k—
OE 2] k) (DETED 2 )/
t t

25 @ F V8D, /85 Z,)) (—(t, + k — 1)).

PROPOSITION 5.4. — Let V be a complete discrete valuation ring of mized
characteristics with perfect residue field of characteristic p > 0. Let K be the
fraction field of V. Let S be a p-adic formal V-scheme in the sense of [74, §1].
Set Sy = Spec((Os/p). Assume that }: X, — So is proper. Then the log iso-
crystalline cohomology Rhf(X,,D,uZ!)/S*(O(Xg,D,uZ,)/S)K (h € N) prolongs
to a convergent F-isocrystal Rhf*(O(X,,D!UZ,)/K) on S/V.

Proof. — The log iso-crystalline cohomology R*f(x, p,uz,)/5+(O(x;,p,02:)/5) K
prolongs to a convergent F-isocrystal by [75, Theorem 4]; in particular, for a
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morphism g: T — T' of p-adic enlargements of S/V, the natural morphism

9 R f(x,,0,020)r, /75 (O(x,, D02 )y /T K
— RSf(X;,D;UZ;)T{ 17O x; DeUZ4) gy /T K

is an isomorphism, where T} := Spec,,(Or/p) and T7 := Spec,, (O /p). Be-
cause (5.1.1) is functorial, the natural morphism

(5.4.1) 9 R f(xe.DuUZa)2, /74 (O(Xe DeUZa) 1, /T K

— RSHf(X!,D!UZ!)T{ /T’*(O(X! DeUZe) s /T')K

is an isomorphism. Furthermore, by (5.1.1) and [45, (2.24)], the relative Frobe-
nius on RS_Hf(X!,D!UZQ)/S*(O(X!,D!UZ!)/S)K is bijective. Hence the log iso-
crystalline cohomology Rhf(Xg7DguZ,)/S*(O(X,,D,uzg)/S)K (h € N) prolongs
to a convergent F-isocrystal Rhf*(O(X!,D!Uz!)/K) on S/V by [74, (2.18)] as
in [74, (3.7)]. O

PROPOSITION 5.5. — Let the notations be as in (5.4). For h,k € Z, the Eo-
term E;k’h+k((Xg7D! UZ,)/S)k of (5.1.3) tensorized with K prolongs to a
convergent F-isocrystal on S/V.

Proof. — By [72, (2.13.10)], the Gysin morphism in (5.3.3) extends to a mor-
phism of convergent F-isocrystals on S/V. (5.5) immediately follows from the
diagram (5.3.3), [75, Theorem 4] and [74, (2.10)]. O

THEOREM 5.6 (Ey-degeneration). — Assume that Z, = ¢ and that ;": X, —
So 1s proper. Then the following hold:

1) Let k be a perfect field of characteristic p > 0. If So = Spec(k) and if
S = Spf(W), then (5.1.3) degenerates at Eo modulo torsion.

2) Let V be a complete discrete valuation ring of mized characteristics with
perfect residue field of characteristic p > 0. If S is a p-adic formal V-scheme
and if So := Spec(Os/p), then (5.1.3) degenerates at Ex modulo torsion.

Proof. — 1): The proof is the same as that of [72, (2.15.4)] by using (8.1)
below.

2): By the same proof as that of [72, (2.17.2)], 2) follows from (5.4), (5.5),
1) and the log deformation invariance (8.3) below. O

COROLLARY 5.7. — 1) Let k and h be two integers. Then

PeR" fx4.04)/5+(O(xe,00)/8) K
prolongs to a convergent F-isocrystal Pthf*(O(XyD!)/K) on S/V.
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2) There exists the following spectral sequence of convergent F-isocrystals
on S/V :

(5.7.1)
ETRM (X, D)/ K)
= @ RO e ©2 (DK (- (4 + B)

>0
= R"f.(Ox,.p,)/K)-
Here Rhf*(OD(zT+ke>/K @zwt k) (D, /K)) (h € Z) is a convergent F-isocrystal
t
on S/V characterized by the formula

R'f, (OD£z7-+k>/K @z @ (Dy/K))

= Rhf(DE;TM))Tl /T (O(D£;T+k))T1/T ®7z wgyb )((D;)Tl /T))

for a p-adic enlargement T of S/V, where Ty := SpeCT(OT/p)A The spectral
sequence (5.7.1) degenerates at Es.

Proof. — 1) and 2) immediately follow from (5.5) and (5.6), 2). O

DEFINITION 5.8. — We call the spectral sequence (5.7.1) the weight spectral
sequence of Rhf*((’)(X!,D!)/K).

As to the convergence in (5.7), 1), we can say more:

THEOREM 5.9. — 1) Let u: (S",Z',v") — (S,Z,7) and h: Y' = Y be as in
(3.8). Let Ny,...,N, be nonnegative integers. Set N := (Ny,...,N,). Let

fi (Xe<n, Doy U Zo<n) — Y

be a morphism from a smooth N-truncated r-simplicial scheme with transver-
sal N-truncated r-simplicial relative SNCD’s Dy<n and Z,<n such that the

o
morphism f: X,<n — Y is smooth, quasi-compact and quasi-separated. Let
(Xi<n D.<NUZ.<N) be the base change of (Xe<nN, Do<NUZ,<N) with respect

to the morphism h and let f': (X, oy, Dicn U Z,cy) — Y be the structural

morphism. Then the base change morphism

(5.9.1)
* 1 log,Z, .
Lhcry"[Rf&g <N Z <y)cry8*(Ecrys ﬁﬂ(o( Xozn DacyUZacn)/S))s §(L, PPe<x)]
1 logZ D’
— [Rf’ Og Z,<N)CtYS*(Ecrys (O<X0<N’ .<NUZ.<N)/S’))75(L1 P QSE)]

is an isomorphzsm in the filtered derived category DF(Oy/gr).
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2) Letw and h be as in (3.8). Let f: (X,,D,UZ,) — Y be a morphism from
a smooth r-simplicial scheme with transversal r-simplicial relative SNCD’s D,

o
and Z, such that the morphism f: X, — Y is smooth, quasi-compact and
quasi-separated. Assume that

of log,Ze
(Rleg.,Z:)Crys*(Ecgis (O(X!vD!UZ!)/S))7 5(L7 PD!))

is isomorphic to a filtered bounded above complex of Oy s-modules. Then the
obvious analogue of 1) holds.

3) LetV, K, S, Sy and f: (X.,D,UZ,) — Sy be as in (5.4). Let k and h be
two integers. Then P,f)’ Rhf(X!,D!UZS)/S*(O(XQ,DSUZ!)/S)K prolongs to a con-

vergent F-isocrystal P,f)’ Rhf*((’)(X!,D!Uz!)/K) on S/V (recall the convention
(5.2)).

Proof. — 1): Let ho<n: Y/.ny — Y.<y be the morphism of constant N-

truncated r-simplicial schemes defined by h. Let

[ flog ( log:ZQSN(O
(Xe<N+Ze<N)s<Neryss \/crys (Xe<N:De<NUZ,

y/5), PP2<)]

<
be the filtered cohomological complex in D¥F(Oy,_, /g) of the (pre)weight-

filtered crystalline complex (Ei?ESZKN(O(X.<N,D.<NUZ.<N) /8)s PPe<y). In

fact, this filtered complex belongs to DbF(Oyggﬂ/S by [72, (2.10.2) (2)]. Let

log,Z,

1 <N pPe
[Rfl Og.<N,Z.<N) <Ncrys*( crys (O(XQSN’D/QSE ;SE)/S) Sﬂ)}

be the analogous filtered complex in D+F((’)y./<N/S). Then, by the base change

theorem for the constant simplicial case (see [72, (2.10.3)]), the base change

morphism
(5.9.2)

log log,Ze<N D,
Lh‘<N‘“3’S[Rf(ngﬂ-,Z«N)gSECWS*(E“YS O Xozn DecnUZecn)/S) P725E)]

1 log,Z, D!
- [Rf/(gé:; N Z;gg)!SL\/CWS*(ECtyS 7SN(O(X.<N’D.<NUZQSN)/S)7P !SE)]

is an isomorphism. Here note that, for a morphism g: (To<n, Ae<n) —
(T!<n» Al <) of N-truncated r-simplicial ringed topoi, the derived functor

(5.9.3) Lg;<n: D™ F(A <n) — D F(A,<n)

is defined by using the functor L' in [12, 7.7-7.8] (cf.[72, (1.1.20)]). By
applying the functor (s,d) ((2.2.16)) to (5.9.2) and using an easily-verified
equation (SLh] < neyys,6) = Lhgyys(s,6), we obtain the isomorphism (5.9.1).

crys

2): The proof is the same as that of 1).
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3): Follows from 1) by the argument in [72, (2.13.3)]. O

Let N be a nonnegative integer. Let (X!_y, Di U Zi_\)/Y (i=1,2,3)
be an N-truncated simplicial version of (_Xi,Di_U Z)/Y in (3.10). Let
o (Xioy,Dioy UZioy) = Y (i = 1,2,3) be the structural morphism.
Denote - -

[szlog

o<N’Z:§N)Crys*

log,Zq

(Eerys =" (O(x )),8(L, PPe<n))]

e <N’ .<NUZ-<N)/S

by

1o, log,Z, .7 Di
[Rf g.<1v,Z.§N>Crys>s<(E””y5 <N(0(X )),0(L, P SN)}'

For an r-simplicial version (XZ, D! U Z!)/Y of (X*,D'UZ")/Y (i =1,2,3) in
(3.10), we use the analogous notation. Then the following holds:

o <N’ Q<NUZO<N /S

THEOREM 5.10. — 1) Fori=1,2,3, set

(F7.6,) =[RFE Bt (O, ), 8(L, PPh<x )]

(Xi oy ZE

<N:Ze<N DecnUZon)/S

Then there exists the following canonical isomorphism:
(5.10.1)  HM(0105,0)k{(FF,61)®5, (F5. 602)}] = H"[(63)(F5. 33)]
for a nonnegative integer h such that 271(h +1)(h +2) < N.

2) Assume that

)crys*(

1 log, Z i )
[Rf<§§z Z’ Yeryss (Ecrys N (O(X;,D’!UZé)/S))v 6(-[/7 PD! )} (Z =1, 2)

is isomorphic to a filtered bounded above complex of Oy g-modules. Then there

exists the following canonical isomorphism

log,Z

. 1
(5.10.2) [Rf(lg(ggl7zgl)Crys*(E”Vs 7(O(X1 DIUZI)/S)) 6(L’PD!)]®(L9Y/5

o 1 ,Z, 2
[Rf(lxggyzg)crys*(Ec(r)is ’(O(XQ D2 Zz)/s))ﬁ(Ia PD’)}

lo log,Z3 3
5 (RIS 3)cayse Bervs * (O(xg p3uzg) s)): 0(L, PP*)).
The isomorphism (5.10.2) is compatible with the base change isomorphism in
(5.9),2).
3) Let V, K, S and Sy be as in (5.4). Assume that X! — Sy (i = 1,2) s

proper. Then the following canonical morphism

(5.10.3) P R 1O piuziy i) @os i R F(Ox2. p2uzz)/)
itj=h
— R"f.(Ox3 pauzs)/x)
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is an isomorphism of convergent F'-isocrystals on S/V. The isomorphism above
is compatible with the weight filtration PP+ (i = 1,2,3).

Proof. — 1): Let (’R;SN,(SI-) (1 = 1,2,3) be a representative of

o log,Zi
[Rf(l)?z (Ecrys = (O(X'b

Dl
senZian)oryst -SN*DiSNUZiSN)/S))’(;(L’P .SN)}'

Let (C;SN,&») (t = 1,2) be a filtered flat resolution of (R;SN,&') (see [72,
(1.1.17) (2)]). Let CF(Og) be the category of filtered complexes of Og-
modules. Let CF(Og,) be the category of cosimplicial filtered complexes of
Og,-modules and CF(Og, ) the category of N-truncated cosimplicial filtered
complexes of Os.<N-modiles. Consider the opposite categories CF(Og)?,
CF(0s,)° and CF(Os,_,)° of CF(Os), CF(Os,) and CF(Os,_,), respec-
tively. Because the finite projective limit exists in CF(0g)°, we have the

coskeleton
cosky : CF(Os,_y)° — CF(0Os, )’
Let
cosky : CF(Og, ) — CF(Os,)
be the resulting functor. Set (M?*,9;) = cosk?v((C;SN75¢)). Then,

by Eilenberg-Zilber’s theorem [89, Theorem (8.5.1)] (cf.[loc. cit., Theo-
rem (8.3.8)]), we have a canonical isomorphism

(S(M$* ®og M52*), 01 @ 02) — (S(M}'* ®og M3®), 61 ® &)
in D™F(Og). For an integer k, consider the spectral sequence
B = HI ((51002) (s(ME @0y ME))) = HH ((5100)k (s(M] @0, M3™))).
Because h and N satisfy the inequality in (2.2.1), the natural morphism
(5.10.4) H (61 @ G2) ik (SMT=N* @0y My =)

— H'((61 ® 82)(s(M* ®og M3')))

is an isomorphism by (2.2). The left hand side of (5.10.4) is equal to H"((6 ®
62)k(s(£ilgN" ®0g E;lSN"))), and this is equal to Hh((ég)kRggN) by the

filtered Kiinneth formula for the constant case ((3.10)).

2): Follows immediately from the inductive formula (2.2.11), Eilenberg-
Zilber’s theorem and (3.10).

3): Follows from 1) and (5.9), 3). a
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6. Explicit description of the truncated cosimplicial preweight-
filtered vanishing cycle zariskian complex

In this section we give an explicit description of the truncated cosimplicial
preweight-filtered vanishing cycle zariskian complex. To give the explicit de-
scription, we have to construct a nice embedding system. To construct this,
we use Tsuzuki’s functor in [19] and [86]. The concepts of the decomposi-
tion datum of a fine log scheme and the quasi-global chart of it, which will
be defined in (6.7) below, also play a fundamental role in the construction.
The Cech-Alexander complex in [5] is also indispensable for the proof of the
explicit description.

Let A and [n] (n € N) be as before (4.14). Let Y be a fine log (formal)
scheme over a fine log (formal) scheme T. Let Y, be a fine simplicial log
(formal) scheme over Y. Let s;"_lz Y1 — Yy, (m € Z5p,0<i<m-—1)
be the degeneracy morphism corresponding to the standard degeneracy map
B m] > (m—1]: 9() =5 (0 < j <), ) =j—10(i<j<m)
Following [35, VP §5] and [25, (6.2.1.1)], set N(Yp) := Y and let N(Y;,)
(m € Zso) be the intersection of the complements of s (Vy,—1) (0 < i <
m —1). The simplicial log (formal) scheme Y, is said to be split (see [loc. cit.])
if Yin = Ho<e<n Hjmj—jq IV (Ye), where the subscripts [m] — [¢]'s run through
the surjective non-decreasing morphisms [m] — [¢]’s. In this section we assume
that Y, is split.

The following is one of key lemmas for (11.6), 3) below which is one of main
results in this book.

LEMMA 6.1. — There exists a fine split simplicial log (formal) scheme Y] with
a morphism Y] — Y, of simplicial log (formal) schemes over Y satisfying the
following conditions:
(6.1.1) Y, (m € N) is the disjoint union of log affine open (formal) sub-
schemes which cover Y, and whose images in Y are contained in log affine
open (formal) subschemes of Y.
o

(6.1.2) If Y, (m € N) is quasi-compact, then the number of the log affine open
(formal) subschemes in (6.1.1) can be assumed to be finite.

Set Yoy := coskg™ (Y, )n (m,n € N). Then there exists a natural morphism
Y.. = Y, overY. For each n € N, Y,, is split.

Proof. — Let g: T" — T be a morphism of ringed spaces. Let {T;}; be an
open covering of 7. Then we have a natural morphism [[; g~ 1(T;) — [1,; T;.
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Let {T;(i)}]—(i) be an open covering of g~!(7}) (Vi). Then we have the following

natural composite morphism

I %e — o '@ — 7
i) @ @

Let Y be the disjoint union of log affine open (formal) subschemes which
cover Yy and whose images in Y are contained in log affine open (formal) sub-
schemes of Y. Let m be a positive integer. Assume that we are given Y/ ;.
We construct Y,,,. Let AT be a subcategory of A whose objects are those of
A and whose morphisms are injective nondecreasing functions. For a nonneg-
ative integer r, let Ay, (resp. A?;]) be the category of objects of A (resp. AT)
augmented to [r]. For a nonnegative integer N, let Ay, (vesp. A};m) be a full
subcategory of A (resp. A[J;]) whose objects are [g] — [r]’s such that ¢ < N.
The inverse limit of a finite inverse system exists in the category of fine log (for-
mal) schemes (over a fine log (formal) scheme) (see [51, (1.6), (2.8)]). Recall
the following explicit description of the coskeleton (e.g., [35, VP, (3.0.1.2)]):

Y T 1
(6.1.3) cosky (Yo<n)r = MANMYQ = @A;[T}Yq (N,r € N),

where the projective limits are taken in the category of log (formal) schemes
over Y. The log scheme COSk}r/lA(Y./gm_ﬂm is the disjoint union of the mem-
bers of a log affine open covering of cosk%,l(Y.gm,l)m. Consider the natural
composite morphism N(Y,,) — Y, — coskz:,,,l(Y.gm,l)m and a log affine
open covering of N(Y,,) which refines the inverse image of the open covering
of coskY, | (Yo<m_1)m. Then the image of each log affine open (formal) sub-
scheme of N(Y;,) in Y is contained in a log affine open (formal) subscheme
of Y. Let N(Y,,)" be the disjoint union of the members of this open covering.
Then we have the following commutative diagram:

N(Yp)  —— cosky, (Y 1)m

m—1

(6.1.4) l J

N(Ym)(c Ym) — COSkfr{lil(KSm—l)m-

Set Y, = Io<o<m Hjmpjg N(Ye)'s where the subscripts [m] — [(]'s run
through the surjective non-decreasing morphisms [m] — [¢]’s. Since Y, is
split, Y, is a desired log (formal) scheme over Y, and we have a natural mor-
phism Y/ — Y, of simplicial log (formal) schemes over Y by (6.1.4) and [35,
Vbis (5.1.3)].

The finiteness claimed in (6.1.2) is easy to check.
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The splitness of Y,, is clear by the construction. Indeed, express
Yo = ococm Ui N(Ye) as in [35, VP® (5.1.1)].  Then, by the
construction, according to the decomposition of Y,,, we have the de-
composition Yy, = [lo<pcp g N(Ye)'.  Since N(Yr)" and N(Ye)'
((y: [m] = [4]) # (: [m] — [¢])) have no intersection in Y,

cosky™ (Y1 ) = H H COSkév(Y[)(N()/g)/)n (n e N).

0<4<m [m]—[4]

Thus Y,, is split for each n € N. O

DEFINITION 6.2. — Let Y be as in (6.1).

1) We call the simplicial log (formal) scheme Y satisfying (6.1.1) and (6.1.2)
the disjoint union of the members of an affine simplicial open coveringof Y, /Y.

2) We call the bisimplicial scheme Y,, in (6.1) the Cech diagram of Y
over Y,/Y.

3)In 1) and 2), if Y = T, then we say “over 1" instead of “over Y.

PRrROPOSITION 6.3. 1) Let Z, — Y, be a morphism of fine split simplicial
log (formal) schemes over a morphism Z — Y of fine log (formal) schemes
over T'. Then there exist the disjoint unions of the members of affine simplicial
open coverings Y! and Z! of Y,/Y and Z,/Z, respectively, which fit into the

following commutative diagram:
Z, — Y]
(6.3.1) l J
Z, —— Y,.

2) Let Y,/Y/T be as in (6.1). Let Y] and Y] be two disjoint unions of
the members of affine simplicial open coverings of Y,/Y . Then there exists a
disjoint union of the members of an affine simplicial open covering Y!" of Y,/Y
fitting into the following commutative diagram:

)/.Nl Y'.l/

(6.3.2) J l

Y, —— V..

Proof. — 1): Take the disjoint union of the members of an affine simplicial
open covering Y of Y,/Y. Let Z! be the fiber product of Z, and Y/ over Y,.
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Then

(6.33 Z” = H H Z/ ><ym m = H H Z/ XY, YZ)
0<L<m [m]— 0<e<m [m]—[{]

(Here note that the morphlsm Yy — Y, corresponding to a morphism [m] — [¢]

is an immersion.) Using the argument in the proof of (6.1), we obtain 1).

2): Take YJ” as an affine refinement of the disjoint unions Y and Yy’ of
the open coverings of Yy. For a positive integer m, assume that we are given
Y2, 1 Let N(¥;,)" be the scheme constructed in the proof of (6.1) for
Y2, fitting into the commutative diagram

NY,) —— cosknyl,l(Y’Sm_l)m

| |

N (V)" —— cosky, (Y2 )m

! !

N(Ym)” — COSszl(K//gmfl)m
Set Y = To<o<m jmpjq NV (Ye)"”. In this way, we obtain Y,". O

Next we need the obvious log version 'Y (Y)< (NN, ¢ € N) of the simplicial
scheme in [19, §11].

Let C be a category which has finite inverse 1imits Let ¢ be a nonnegative
integer. Following [19, §11], define a set Hom ‘([n], [m]) (n,m € N): the set
Homié([n}, [m]), by definition, consists of the morphmms v:[n] = [m] in A
such that the cardinality of the set y([n]) is less than or equal to £.

Let N be a nonnegative integer. Let us recall the definition of the simplicial
object I' := T'{,(X)=¢ in C for an object X € C (see [87, (7.3.1)]): for an

object [m], set
Im= [[ X,
yeHom ([N],[m])
with X, = X; for a morphism a: [m/] — [m] in A, ar: T'y, = [y is defined
to be the following: “(cy) = (dg)” with “dg = cag”. In fact, we have a functor
(6.3.4) %(7)=f: ¢ — €2 = {simplicial objects of C}.
Set TG (X) = I'§(X)=N. Then I'§(X)sf = I (X) for £ > N. Obviously the

functor T',(?)=! commutes with finite inverse limits.

DEFINITION 6.4. — We call the functor T'S,(?) Tsuzuki’s functor; for an object
X of C, we call FJC\,(X) Tsuzuki’s simplicial object of X.
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As in the proof of [19, (11.2.5)], we have the following by the adjointness of
the coskeleton and the skeleton:

LEMMA 6.5 (see [87, (7.3.2)]). — cosk§ (T (X).<r) = I (X)=¢

Let N be a nonnegative integer. Let X<y be an N-truncated simplicial
object of C and let f: Xy — Y be a morphism in C. Then we have a morphism

(6.5.1) Xoen — TG (V)ocn
defined by the following commutative diagram:
X — Tlettoma(vy.im ¥+

(6.5.2) X(w)l lproj

Xy —— Y, =Y.

Let T be a fine log (formal) scheme. Let Cr be the category of fine log
(formal) schemes over T. Set T'4(?) := FCT (?7) and cosk% (?) = CoskCT(‘7) We
now limit ourselves to the case C = Cr. As remarked in the proof of (6.1), the
finite inverse limit exists in Cr (see [51, (1.6), (2.8)]). Hence we can apply the
constructions above to Cr.

The following are immediate generalizations of [19, (11.2.4), (11.2.6)]:

LEMMA 6.6. — Let N be a nonnegative integer. Then the following hold:

1) Let X.<n be a fine N-truncated simplicial log (formal) scheme over T.
If Xy = Y is a closed immersion of fine log (formal) schemes over T, then
the morphism X<y — It N )< in (6.5.1) is an immersion ofN truncated

fine log (formal) schemes over T. Moreover, if X.<N and Y are separated

over T, then the morphism X<y — FN(Y)-SN is a closed immersion.

2) Let X — T be a morphism of fine log (formal) schemes. Assume that

the morphism
proj
Xxproxp X — X Xp---xp X
| S | S
n times m times

for any n > m satisfies a condition (P). Then the natural morphism
coskZT (F%(X),Sg)m — cosk? (I‘Y]\}(X),Sg/)m
satisfies (P) for ¢ < and for any m € N.

Proof. — Because the proof is almost the same as that of [loc. cit.], we mention

] o
only why we require the separateness of X.<x /T in the latter statement of 1),
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o o
which is not assumed in [loc. cit.]. Let St Xm — Xm+1 (0<m < N -1,
o o

0 < i < m) be the standard degeneracy morphism; let §;: X;pp1 — X
(0<m< N-1,0<i<m+1) be the standard face morphism. Then,

o o
by [37, (5.5.1) (v)], 6; is separated. Since 8; is a section of 6, §; is a closed

immersion by [37, (5.4.6)]. In fact, s; is a closed immersion. This is why we

assume the separateness of X <y /7. O

Next we define the decomposition datum of a fine log scheme and the quasi-
global chart of it.

DEFINITION 6.7. — 1) Let Z be a fine log scheme over a fine log scheme Y.
We call a direct sum Z = [, Zx by log open and closed subschemes of Z the
decomposition of Z. We call the set © := {Z)}xea the decomposition datum
of Z. We call the decomposition datum {Z} of Z the trivial decomposition
datum of Z. Let @' := {Z} },em be a decomposition datum of another fine
log scheme Z’ over Y. We define a morphism f: (Z',9’) — (Z,D) of fine log
schemes over Y with decomposition data as a morphism f: Z' — Z of log
schemes over Y such that there exists a function £: M — A such that f|z;
factors through a morphism f,,: Zj, — Zy, for any u € M. Let (LSchD/Y’)
be the category of fine log schemes over Y with decomposition data (see (6.8),
1) below).

2) Let the notations be as in 1). We say that Z has a quasi-global chart
with respect to © if Z) has a global chart P\ — Mz, for any A € A. In this
case, we also say that © has a quasi-global chart. Set

C:={P}rea = {Pr — Mz, hrea.

We define the quasi-global chart of the morphism f: (Z2/,9') — (Z,D) as a
family of charts

S = {(P;L — MZ}’HPZ(,LL) — AIZZ(#),PZ(#) — Pl/“)},LLEM

of fu. Set & := {P}.em. More precisely, we call the triple (', ¢,5)
the quasi-global chart of f. In this case, we say that we have a morphism
f:(Z2',9,¢) — (Z,9,¢) of fine log schemes with decomposition data and
quasi-global charts with respect to the decomposition data. Let (LSchDC/Y)
be the category of fine log schemes over Y with decomposition data and quasi-
global charts with respect to the decomposition data (see (6.8), 4) below).

3) Let the notations be as in 1). Assume that Z has a quasi-global chart

Py, — Mz, (VA € A) with respect to ©. Let Py, be the inverse image
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of I'(Z,,Mz,) by the composite morphism PZ%’L) = T(Zuuy, Mz,,) %> —
I(Z,, M, Z}/‘)gp. By abuse of notation, we denote simply by Z9° the follow-

ing fine log scheme

(671) H (ZZ(N) XSpeClOg(Z[PZ(“)]) SpeClOg(Z[Pee();)]))
neM
U TT (Zx Xspectoszpy)) Spec'®(Z[PEF))
A (p)

and we call the log scheme (6.7.1) the quasi-ezactification of f with respect to
the decomposition data ® and D’ and the global charts Py — Mz, (A € A).
We denote by D9 the decomposition datum of Z9° which is naturally obtained
from the direct sum (6.7.1). (The decomposition datum D9 has a natural
quasi-global chart.)

4) Let r be a positive integer. Let V; (1 < ¢ < r) be a nonnegative integer
or 0o. Set N := (Np,...,N;). Let A"(N) be a full subcategory of A™ whose
objects are [n] := ([n1],...,[n,])’s such that n; < N; (1 <i < 7). Let Z,<n be
a fine N-truncated r-simplicial log scheme over a fine log scheme Y. Consider
a functor

(Zo<n.Do<n): (AT(N)° 3 0] > (Zy,Dy) € (LSchD/Y).

We call the family ©,<y an N-truncated r-simplicial decomposition datum of

Zy<n over Y. We define a morphism
(Zecn:De<n) = (Zo<y, Du<n)

of fine N-truncated r-simplicial log schemes over Y with N-truncated 7-
simplicial decomposition data in an obvious way.
Consider also a functor

(Zo<n,De<n. Cucn): (AT(N))? 2 [0] — (Zn, Dn. €,) € (LSchDC/Y).

We call the family €,<xy an N-truncated r-simplicial quasi-global chart with

respect to D,<y. We define a morphism
(Zean: Docn: €an) = (Zosn, Dusn, Cusn)

of fine N-truncated r-simplicial log schemes over Y with N-truncated r-
simplicial decomposition data and N-truncated r-simplicial quasi-global
charts in an obvious way.

We easily obtain the following (we omit the proof; however the proof of (8)
in (6.8) let us know that the definition P{¥ (not Py) in the component for
A # (p) in (6.7.1) is appropriate.):
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PROPOSITION 6.8. — Let Y be a fine log scheme. Then the following hold:

1) For two morphisms (Z1,01) — (Z2,D2) and (Z2,D2) — (Z3,D3) of fine
log schemes over Y with decomposition data, there exists the natural composite
morphism (Z1,91) — (Z3,9D3).

2) For a finite projective family {(Z;,D;)}icr of fine log schemes over Y
with decomposition data, the inverse limit anie I(Zi’ D;) exists in the category
of fine log schemes over Y with decomposition data.

3) Let f: I — J be a map of finite ordered sets. Let {(Z;,D;)}icr be as in 2)
and let {(Z},D")}jes be another finite projective family of fine log schemes
over Y with decomposition data. Assume that we are given the following com-
mutative diagrams

(Ziy D)+ (Zj(arys Dar))

(Z;9;)  —— (Zy,Dy)
for all pairs i < i’ which are compatible for all triples i < i < i". Then there
exists a natural morphism L (Z;,D7) —lim,_, (Ziy ;)

) Let (Zl,gl, Qtl) (ZQ,@Q, Q:Q) and (Z2,©27 @2) (Zg,@g, Q:g) be two
morphisms of fine log schemes over Y with decomposition data and quasi-global
charts with respect to the decomposition data. Then there exists the natural
composite morphism (Z1,01,&1) — (Z3,D3,€3) with decomposition data and
quasi-global charts with respect to the decomposition data.

5) For a finite projective family {(Z;,D;,€;) Yier of fine log schemes over' Y
with decomposition data and quasi-global charts with respect to the decomposi-
tion data, @ieI(Z¢7®i,€i) exists.

6) Let f: I — J be a map of finite ordered sets. LetY and {(Z;,Di,€;) }ier
be as in 5) and let {(Z;, D}, })}jes be another finite projective family of fine
log schemes over Y wzth decomposition data and quasi-global charts with re-
spect to the decomposition data. Assume that we are given the following com-

mutative diagrams
! / ! ! !
(Zi0) Ps0 Cra) < Gy Py Ciry)
(ZZ7©7,7Q:Z) A (Zi/agi’7¢;/)
for all pairs i < i’ which are compatible for all triples i < i < i". Then there

exists a natural morphism @je Z/ CD;,QZ; L (Z:;,9;,C;).

SOCIETE MATHEMATIQUE DE FRANCE 2012



84 PART I. WEIGHT FILTRATION

7) Let the notations be as in (6.7), 3). Then there exists the following natural
commutative diagram

(Z/7 :D/) E— (qu7 @qe)

H l

(2,9 —— (Z,9).
8) Let
(2,9 —— (Z,9)

W) —— (W, €)
be a commutative diagram of fine log schemes over Y with decomposition
data such that the morphism (Z,D) — (W, €) has a quasi-global chart.
Let (Z9°,D29) (resp. (W9 E9)) be the quasi-ezactification of the upper
(resp. lower) horizontal morphism of the commutative diagram above. Then
there ezists a natural morphism (Z9°,99°) — (W, €%°) which has a quasi-

global chart.

LEMMA 6.9. — Let the notations be as in (6.1). Then the simplicial log
scheme Y! has a natural simplicial decomposition datum which will be con-
structed in the proof below. The components of the decomposition datum are
log affine (formal) schemes.

Proof. — Let m be a positive integer. By the construction of Y, Y has a
natural decomposition datum. Assume that we are given an (m — 1)-truncated
simplicial log scheme Y], ;| with an (m — 1)-truncated simplicial decompo-
sition datum. Endow Y with the trivial decomposition datum. By (6.1.3) and
(6.8), 2), the log scheme cosk),_;(Y/.,  )a (a € N) has a natural decomposi-
tion datum. Consider the commutative diagram (6.1.4). By the proof of (6.1),
we can endow N(Y,,) with a decomposition datum such that the morphism
N(Yy,) — cosky (Y!<,—1)m is an underlying morphism of fine log schemes
with decomposition data.
Let s 1Y/ | — Y, (m € Zs0,0 < i < m—1) be the degeneracy
morphism corresponding to the standard degeneracy map 9}, : [m] — [m — 1]

before the proof of (6.1). Then, by the proof of [35, VP (5.1.3)],

sthyna= ] I ~w)—v,= 1] [I v

0<l<m—1 [m—1]—[¢] 0<l<m [m]—[f]
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is induced by the identity id: N(Yy)" — N(Y;)' corresponding to the compo-

nents with indexes [m — 1] — [£] and [m] Om, [m —1] — [¢]. Hence s ! is an
underlying morphism of fine log schemes with decomposition data.
Let 6/™: Y, — Y, _; (0 <14 < m) be the standard face morphism cor-
responding to the morphism of*: [m — 1] — [m] defined by the formulas
o™(F) =7 (0<j <) and o"(j) =j+1 (¢ <j < m). We prove that 5"
is an underlying morphism of fine log schemes with decomposition data. Let
8 cosky (Yo, m — coskl 1 (Y/o, )m-1 = Y! | be the standard

face morphism. Then, by the proof of [35, VP (5.1.3)], the face morphism

yrvn=11 I ' —veoo= I I Ny

0<L<m [m]—[4] 0<t<m—1 [m—1]-[¢]

is induced by the following composite morphisms for a surjective non-
decreasing morphism [m] — [{]:

N(Yy) — Y, = COSk%—l(YISm—l)Z — COSkZ:L—l(Y.Igm—ﬂm e Y1

(0 < ¢ < m)and

N(Yp) — coskY (Y.lgm—l)m LN Y, 4.

m—1

Here the morphism cosk%,l(Y’Smfl)g — COSk}'/n—l()/./gmfl)m is induced by

.

the surjective non-decreasing morphism [m] — [(]. By (6.1.3) and (6.8), 3),

we see that the morphism cosk), ;(Y/,, 1)y — cosk} 1 (Y/ _|)a corre-

m—1\"e
sponding to a morphism [a] — [b] in A is an underlying morphism of fine log
schemes with decomposition data. Hence, by (6.8), 1), '™: Y, — Y, _; is an
underlying morphism of fine log schemes with decomposition data. Because
any morphism Y/ — Y,/ (0 < ¢,m < N) is a composite morphism of degen-
eracy morphisms and face morphisms (see [89, (8.1.2)]), we can complete the
proof by (6.8), 1). a

PROPOSITION 6.10. Let the notations be as in (6.1). Let T — T be a nil-
immersion of fine log schemes. Let N be a nonnegative integer. Assume that
Yn is log smooth over T. Then there ezists the disjoint union Y!_, of the
members of an affine open covering of Y<n and an N-truncated _sz'mplicial
immersion Y. < T, into a log smooth N-truncated simplicial log scheme
over T which is an underlying morphism of fine N-truncated simplicial log
schemes over T with decomposition data such that the decomposition datum
of I, . v has an N-truncated simplicial quasi-global chart.
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Proof. — Endow T and T with the trivial decomposition data. Because Yy is
log smooth over T', Y}, is also log smooth over T'. There exists a closed immer-
sion Y}, < V) into a log smooth scheme over 7 (in fact, Y} has a lift Y}, (see
[72, (2.3.14)])) and we may assume that this closed immersion is an underlying
morphism of fine log schemes with decomposition data over 7. Moreover, we
can assume that the morphism Y} has a quasi-global chart with respect to
the decomposition data of Yy. Set T", := I'L(Vy). By (6.8), 4), 5), 6), T",
has a natural simplicial quasi-global chart with respect to a natural simplicial
decomposition data of T",. The diagonal immersion Y, <= Tl etioma ((N],[m]) Yo
is an underlying morphism of fine log schemes with decomposition data. The
immersion (6.5.1) is obtained from the following composite morphism

Yﬂl,L — H'yEHOmA([N]V[mDY’f;l — H'yeHOIHA([N],[m])Y](l - H’yEHomA([N]a[m])yEV'

By (6.9), (6.8), 1) and 3), we have a natural immersion Y;,, < I/, (0 < m < N)
which is an underlying morphism of fine log schemes over 7 with decomposi-
tion data. In fact, by the following commutative diagram

/ / C /
Y, — Yy —— Wy

L

C
vy, — Y — ¥

for morphisms [m] — [¢] and [N] — [m] in A, we have a desired N-truncated
simplicial immersion Yy < T',y with N-truncated simplicial decomposi-
tion data. |

PROPOSITION 6.11. — Let the notations and the assumptions be as in (6.10).
Let Y,, be the affine Cech diagram of Y! over Y,/Y. Assume that each log
open and closed subscheme of Yy, (0 < m < N,n € N) obtained from the
decomposition data of Yoy, satisfies the condition in (4.11). If each component
of the decomposition datum of Y,, (0 < m < N) is small, then there exists
an exact immersion Yo<n,. = Ge<n,. nto an (N, 00)-truncated log smooth

scheme over T .

Proof. — Let the notations be as in the proof of (6.10). Set GI,, :=
cosk{ (%) (0 < m < Nyn € N). Let Gy := cosk] (I,,)% be the quasi-
exactification of the immersion Y,,,, — G/,
data and the natural quasi-global chart of G7,,,. We take Y, such that each
component of the decomposition datum of Y,, (¥n € N) and each global

chart of the quasi-global chart of G),, (Vn € N) satisfies the condition in

with respect to the decomposition
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(4.11). Then (6.11) immediately follows from (6.10), (6.8), 3), 5), 7), 8) and
(4.11). O

COROLLARY 6.12. — Let Sy — S be a nil-immersion of schemes. Let N be a
nonnegative integer. Let (X.<n, Do<n U Z.<n) be a smooth split N -truncated
simplicial scheme with transversal split N -truncated simplicial relative SNCD'’s
over So. Then there exist the following data:

1) the disjoint union of the members of an affine simplicial open covering
(X:SN, D:SN U Z:SN) of (XOSN7 D.<yU Z-SN) over Sy,

2) (Set (Xmm> Dn U Znp) = cosk§ ™ Pm0%m)(x1 D1 UZ8),.) an (N, 00)-
truncated bisimplicial exact immersion (X<n,e, De<n,e U Z.gN,-) — Pe<N,e
into a log smooth (N, oco)-truncated bisimplicial log scheme over S. In fact,
Po<n,e is an (N, 00)-truncated bisimplicial log scheme which is obtained from a
smooth (N, 0o)-truncated bisimplicial scheme with a relative (N, 0o)-truncated
bisimplicial SNCD over S.

Proof. — The Corollary follows from the construction of G.<n,. in (6.11) and
(4.13), 1) and 2). O

PROBLEM 6.13. — Let the notations be as in (6.12). Let A,, (0 <m < N)
be a decomposition of smooth components of D,, in the sense of §3. The
scheme Dy, has the decomposition A,,, induced by the decomposition A,,.
The following problem is fundamental: does there exist an (N, co)-truncated
bisimplicial admissible immersion (X,<py ., De<n,e) < (Xe<N,es De<n,e) With
respect to A,<p,. over S. (I have not yet known the answer for this problem.)

Let the notations be as in the proof of (6.12). Let (X, Dy U Zy) <
(XN, Dy U Z)) be a closed immersion into a smooth scheme over S
with transversal relative SNCD’s over S which induces closed immersions
(X, D) = (X}, D) and (X}, Zy) < (X, Z)). We may assume that the
closed immersion (X}, Dy U Zy) < (X}, Dy U Z)) is an underlying mor-
phism of log schemes with decomposition data and that (X}, Dy U Z}) has a
quasi-global chart with respect to the decomposition datum of (X}, Dy UZY).
Set

r<n = cosk] (PR (X, Dy U Z1)) i),
v 1= cosk (DR((AY, Z))o<n)-

€e<N,o = €(Xe<n,0:De<N,0UZe<N 0, Z0<nN,e)/S0"
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Then we have the following commutative diagram:

(Xo<Nas Dosie U Zusna) —— Picn.

cocre | |

(Xe<N,es Ze<N,e) — QN

o o
Note that Py, = Q,cy.. Let Ppp (0 < m < N,n € N) be the quasi-
exactification of the immersion (X, Din U Zmn) < Piy,, with respect to the

natural decomposition data of (X, Dmsn U Zmy) and P, and with respect to
o

the natural quasi-global chart of P},,. Endow P,y,, with the pull-back of the
log structure of Q7,,, by the natural morphism Py, — Pl = Qi and let
Q.<n,. be the resulting log smooth (IV, 0o)-truncated bisimplicial log scheme.
Then, by (4.13), 3), we have the following commutative diagram

(Xe<Nye» De<Nye U Zo<n,e) — Pe<N,e
(6.13.1) E.SN,.J J
(Xe<N,e) Ze<N,e) — Qe<N,es

where the horizontal morphisms are exact immersions into log smooth
(N, 0o)-truncated bisimplicial log schemes over S which are obtained from
smooth (IV, co)-truncated bisimplicial schemes over S and (N, co)-truncated
bisimplicial relative SNCD’s over S. The log structures Mp,,, and Mg,,,
(0 <m < N,n € N) satisfy the condition in (4.3.2):

Mpmn = M'm,n @O;)mn Man7

where M, is an fs sub log structure of Mp_ , and (’Igmn,/\/lmn) (and
M(D,yy,)) satisfies the assumptions after (4.3.2). Then we have the log
de Rham complexes A‘.P.<N‘./S and A.Q0<N,¢/S of Pu<n,.o/S and Q.<n./S,
respectively.

By (4.2), 1) we have a filtered complex

(OD-gN,. ®0p ./S,PP.SN,./Q.SN,.).

e<N,e AP-SN,

Let Y be a fine log scheme over a fine log PD-scheme (T,.7,d) and let
Y < Y be an immersion into a log smooth fine log scheme over T. Let
Dy (V) (v € Z>1) be the log PD-envelope of the natural immersion ¥ — J”
over (T, J,0). Let g: Y — T be the structural morphism. For a family
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(E,{E}rez) of sheaves of Oy p-modules with commutative diagram

E, By 1
| |
F —— F

and for o = k € Z or nothing, we have the obvious log version CAi,(EO) of the
Cech-Alexander complex defined in [5, V 1.2.3]:

> 8% o1

CAY(Eo) = ((Eo)Dy(y) — (Eo)oy (y2) — (Eo)oy (y3) — )

(We set CA’Sfl(EO) = (Es)py (yv)-) We have the following commutative dia-
gram of complexes of g~ (Or)-modules:

- —— CA3,(Ep) —— CA3(Ep1) ——

- — CAS,(E) s CAa,(E) —_—
By abuse of notation, we denote this commutative diagram by

CAS (B, {Bi}rez)) = (CA3(E), {CAS (B }rez),

which we call the commutative diagram of the Cech-Alexzander complezes of
(E,{Ex}rez)- Let (E*,{E}}krez) be a family of complexes of Oy p-modules
with commutative diagram

B B
! !
E* —— E°

Let SCAS}(E;) be the single complex of the following double complex
CAY(E2) — CAJ(E)[1] — CAG(E)2] — - .

(We add s to the notation of the Cech-Alexander complex in [5, V 1.2.3].)
We have the diagram (sCAS,(E'),{sCAi,(E,;)}kEz) of the single complexes,
which we denote by sCAS,((E*,{E}}xez)) and call the diagram of the Cech-
Alexander complexes of (E*,{E}}rez). If (E*,{E}}rez) is a filtered complex
of Oy p-modules, then sCAi,((E', {E;}rez)) is a filtered complex of g=1(Or)-
modules. In this case, we call sSCA},((E*, { E} }rez)) the Cech-Alezander com-
plex of (E*,{E} }rez). Similarly we can define the Cech-Alexander complex of
a filtered complex of Q;‘,/T((Dy/T)—modules.
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LEMMA 6.14. — Set
y" ::yXT-" XTy.
N————

v times

Let ¢;: Dy (V") = Dy (YY) (1 <i<v) be the induced morphism by the i-th
projection p;: Y — V. Then q;: Dy (V) = Dy (V) is flat.

Proof. — The proof is the same as that of [51, (6.5)]. O
The following has been implicitly used in [72, (1.6.3)]:

LEMMA 6.15. — Let the notations be before (3.1). Let (E*,{E}}rez) be a
filtered complex of Oy p-modules (resp. Q;/T(Oy/T)-modules). Set vyp =
uy 7 (resp. ﬁy/T). Then there exists a canonical filtered isomorphism
(6.15.1) Roy . (E*, {E}}rez) — sCAS ((E*, {E}}rez))

in DYF(g~1(Or)).

Proof. — As in [72, (1.6.3)], we have only to prove (6.15.1) for the case of the

trivial filtrations. In this case, we can give the proof as the obvious log version
of the proof of [5, V Théoréme 1.2.5] (resp. [5, V Proposition 1.3.1]). O

PROPOSITION 6.16. — Let fo<n,o: Xe<n,e — S and fo<n: Xo<y — S be
the structural morphisms. Let

Tzar (()?-SN,o)zah f,<N (OS)) (()A(I-SN)zah f,_SlN(OS))

be the natural morphism of ringed topoi. Then there exists the following natural
filtered isomorphism

log,Z,
(6.16.1) (Eza% SN(O(X.<N, ,<NUZ.<N)/S) PD.gN)
log,Ze<N,e
Hanar*(Eza% = (O(X-<Nu .<N,.UZo§N,-)/5)7PD.SN’)
in DYF(f Ly (0s)).

Proof. — Let

Aot (Xesos DasNie U Zos.a) [9) 55 O(XeciasDac i aliZucn.a)/S)
— ((Xe<n,De<n U Z.SN)/S)C‘@S, O(Xuen DacnUZacn)/S)s
Tlgi' (((X-SN,H e<N,e )/S)crysvo(X.qv., .<N,.)/S)

— (((X.§N7 ZoSN)/S)crym O<X.gN7Z.§N)/S)
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be the natural morphisms of ringed topoi. Since we have a natural morphism

O(X log

o<N:De<nUZe<n)/S )‘nys* (O(X.SNJ7D0§N,0UZGSN,-)/S)’

we have the following morphism
log,Ze
(6.16.2) (Eerys =" (O(xozn,DecntiZucn)/s)s PP2<N)
o log,Ze<N,e . .
— Rnir%s*(ECt;%S = (O(X-SN,.,D.SN,.UZ-SN,-)/S)7PD =)
as in the proof of (3.5) ((3.5.3), (3.5.4), (3.5.5), (3.5.6)). By applying
Rucx, . Ze<n)/s+ t0 (6.16.2) and using a relation
W(Xe<n,Ze<n)/S © 77555 = Tzar O U(X <N e, Ze<n,e)/S?
we have the morphism (6.16.1).
For each 0 <t < N, let
Maar (Xe)ar, £ (O5)) — (Xo)zar, ;71 (O5))
be the natural morphism of ringed topoi. For a filtered complex
(E.gN,..’ {EI;SN,u}kez)
of f.;lN,.(OS)-modules, there exists a filtered flasque resolution
([.gN,..’ {I;;SN’“}keZ)

of (EeSNee, {E,:SN’"};CGZ) such that (I'*, {If**}ez) is a filtered flasque reso-
lution of (E'**, {E!**}rez) (cf.[72, (1.5)]). Hence, to prove that the morphism
(6.16.1) is a filtered isomorphism, it suffices to prove that the natural mor-
phism

(6.16.3) (ER5?(O(x, . puz)/5), PPY)
— Rntzar*(E;g%’Zt. (O<Xt.,Dt.UZt.)/S)7 PD“)

is a filtered isomorphism, which is nothing but (3.5), 2). As a consequence,
we see that the morphism (6.16.1) is a filtered isomorphism. |

The following is the main result in this section (this is necessary for the
proof of the comparison theorem (7.6) below):

THEOREM 6.17 (Explicit description of the N-truncated -cosimplicial
preweight-filtered vanishing cycle zariskian complex)
Let the notations be as in (6.16). Then in DYF(f, 1\ (Os)), one has

log,Ze
(6:17.1) (Bzar "= (O(xycy DucyiZocn)/s): PP2Y)

_ anar*(OD-gN,o(gOP.SN,. A;).SN’./SWPP.gN,-/Q.gN,.).
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Proof. — By (6.16.1) we obtain

log,Ze
(617.2)  (Baar "= (O(Xecr,DocxUzucn)/s)s PP*Y)

~ 10g,Ze<N,e
Rijgars (Ezar™ = (O(XQSN,Q1Do§N,-UZ0§N,o)/S)’

= anar*Ru(X

PDOSN,‘)

e<N,0:Ze<N,0)/S*

log,Ze<N.e
(ECY§S = (O(X.gN,.7D.gN,.UZ.gN,-)/S)7PD.SN’.)
= anar*Ru(X

o<N,0:Ze<N,e)/S*

(RE(XogN,.,D.gN,.UZ.gv,.,Z.gN.o)/S* (O(XQSN.Q7D0§N,.UZQSN,5)/S)7 T) :

By the log Poincaré lemma (see [72, (2.2.7)]), we have the following quasi-
isomorphism

O(X.gN,.7D.5N,.UZ.§N,.)/S - L(X.SN,.,D.SN,-UZ.gN,-)/S(A;?.SN,./S)'

Let I°<N** be an injective resolution of Ox Then we

have a quasi-isomorphism

o<N,0:De<N,eUZe<N,0)/S"

. ~ 7e<N,ee
L(X-SN,.,D.SN,.UZ.gN.-)/S(AP.SN,./S) — I*> .

As in the proof of (3.5), we have

RG(X.SN,.7D.gN,.UZ.gN,.,Z.gN,.)/S*(O(X.gN,.,D.gN,.UZ.gN,.)/S)
_ e<N,ee
- 6<X‘§N,‘7DOSN‘.UZ.SN,.1Z‘§N,.>/S*(I )

= LiXecneZacn,)/SND, 1 /5)-

By (6.17.2), we have

log,Zs
(6.17.3) (EZ?I% SN(O(X.gzv,D.gzvuz.gzv)/S)vPD°SN)

= anar*Ru(X.SN7.,Z.SNy.)/S* (L(X,SN,.,Z.SN,.)/S(A;),SN‘,/S)a T)'

MEMOIRES DE LA SMF 130/131



6. EXPLICIT DESCRIPTION OF THE TRUNCATED ZARISKIAN COMPLEX 93

For a nonnegative integer n < N, we have the following diagram of filtered
complexes of f.!(Og)-modules:

(6.17.4;n)

U(X e Zn) /S (L (X e Zne) /5 (AD,, 15)5T)

U(X e, Z00) /5% QX e Z0a) /8 L (XnasZna) /S (DD, /5): T)

|

U( X, Zne) (5% (Q(xn0 200 /5L XnerZ0) 15 D 16)s Qe 200y s PP)

H

(U(X e, Zn0) /85 L X0 Z00) 15 (DD, /5)> {U(Xna,Z0a) /55 EXn Zna) s (PL™! O ps, ) )

H

(ODT" ®OP"' A;)”./S7 Ppn./Qn. ) .

Hence we have the following diagram of filtered complexes of f;.}(Og)-
modules:

(6.17.5;n)
sCA% | (L(xXpeZua)/s (D5, /5)5T))

l

SCAS,  (L(xXpa Zoa)/s(Np, /), {L(Xn.,Z,,,.)/S(P]ZD"./Qn.A;)n./S)}kEZ))

I

(OD". ®OP"' A;Dno /S’ Ppn./Qn. ) .
Note that

SCAD, . (L(xoe 2oy 5 (AP, ) AL (w2005 (PL T A6 b))

is indeed a filtered complex by (4.2), 1) and the flatness of D (x.,, z..)(2n.)

over C‘D(thzm)(Qn.) ((6.14)).

For a morphism a: [n] — [m] (0 <n,m < N) in A, let X(a): (Xyma)sar —
()Z'n.)zar be the corresponding morphism. Then we have the morphism
(6.17.5;n) — X ()+((6.17.5;m)) of diagrams of filtered complexes of f;.}(Og)-

modules. Hence we have the following diagram of filtered complexes of
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f:glN,. (Os)-modules:

SCA;’.SN,. ((L(XOSN,O7Zo§N,.)/S(A;3.§N,./S)’ 7))

l

(6 17 6) SCA;’.SN,.((L(XogN,o,ZogN,.)/S(A;?.SN,./S)’
e Poe<N,0/Qe<N,0 o
{L(XQSN,osZQSN,o)/S(Pk <o/ Qs AP-gN,./S)}kEZ))

I

(OQ'SN,' ®OP-SN,-A;7-§N,0/S’ PP.SN,./Q.SN‘.)'

We claim that the two morphisms in (6.17.6) are filtered quasi-isomorphisms;
we have only to prove that the two morphisms in (6.17.5;n) are filtered quasi-
isomorphisms. Indeed, by (6.15) for the log crystalline case, we have

(6.17.7) SCAD,, (L(x,200)/5(MD, 0 /5): 7))
= RU(X,10,2,0)/5% (L(X0,Z0a) 5 (AP, 5): 7))
in DTF(f,.1(Og)). By (6.15) for the restricted log crystalline case, we have
(6.17.8)  sCAp,, ((L(Xpe20a)/5(Np,,/5):
{L(Xpa200)/s(PL T A%, o) rez)
= RU(X,0, Z0)/5+(Q(X e, Zna) /5L X 0. Z0a) /5 (M, 5)
Q?xn.,zn.)/s(PD"'))
in DYF(f,,.'(Os)). By (3.4.3) and (4.9.1),
(6.17.9)  Ru(x,. zua)/5+(L(Xpe,Z00)/5(DP,e /)5 T)
= Rit(x,0 2,0)/5+(Q( X0 Z00) /5L (X0 200) 5 (M, /)5
QX e, Z00)/5(P7™)).

Hence the first morphism in (6.17.6) is a filtered quasi-isomorphism. Further-
more, by (4.10.1) and (6.17.8), the second morphism in (6.17.5;n) is a filtered
quasi-isomorphism. Hence the second morphism in (6.17.6) is a filtered quasi-
isomorphism. Now, by (6.17.3) and (6.17.7), we have

log,Z,
(6.17.10) (Eray """ (O(Xu< . Duc nUZocn)/s)s PP*<V)
= RT]ZHT*R“(X.SN,.A,Z.gN,-)/S* (L(XogN,-7Z.gN,.)/S(A;>.§N,./S)’ T)

= anar*(og,ﬂ,@op_ﬂ.A;,.SN’./S, PPesne/Qesn.ey, O
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7. Cosimplicial filtered log de Rham-Witt complex

In this section we give a comparison theorem between the truncated cosim-
plicial (pre)weight-filtered log crystalline cohomology and the cohomology of
the truncated cosimplicial (pre)weight-filtered log de Rham-Witt complex.

Before giving the comparison theorem, we give results on the cohomology
of the multi-cosimplicial (pre)weight-filtered log de Rham-Witt complex.

Let k be a perfect field of characteristic p > 0. Let W be the Witt ring of
and K the fraction field of W. Let n be a positive integer and let W,, be the
Witt ring of x of length n > 0. Let r be a positive integer. Let (X,, D, U Z,)
be a smooth r-simplicial scheme with transversal r-simplicial SNCD’s D, and
Z, over k. By the functoriality of the log de Rham-Witt complex (see [69,
(9.1)]), we have a complex W,,Q%, (log(D, U Z,)) of W,,-modules in Xozar, an
r-cosimplicial complex RI'*(X,, WnQB(. (log(D,UZ,))) of Wy-modules and an
isomorphism )

RF(X!,WnQB(. (log(D, U Z!))) — sRI'® (X!,WnQB( (log(D, U Z!)))

(cf. [25, (5.2)]). The Frobenius acts on W,Q%, (log(D, U Z,)) by [69, (9.1),

(2)], and we have the transition morphism (cf. [44, p. 301])

m Wik, (log(D, U Z,)) —> Wik, (log(D, U Z,)).
The morphism 7 is a surjection. Indeed, let s: ngN* thar — ngar be the
natural morphism of topoi. Then, as in the proof of [5, V, Proposition 3.4.4],

we have only to prove that s*(Coker 7) = 0. Because s* is exact, this vanishing
follows from the surjectivity of

for all t € N". Set

WQ, (log(D, U Z,)) := manQ}(g (log(D, U Z,)).

™

Henceforth, we assume that X, is proper over .

LEMMA 7.1. The canonical morphism
(7.1.1) HM(X,, W, (log(D, U Z.)))
— lim H" (X, W, 2%, (log(D. U Z.)))

s an isomorphism.
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Proof. — Consider the spectral sequence
(7.1.2) Ep" = @ H' (X, Wik, (log(Dy U 2,)))
t=t

= H"(X,, Wi, (log(D, U Z,))).

Because H" (X, W,Q¥, (log(Dy U Z;))) and H"(X,, W,Q¥, (log(D, U Z,)))
are W,,-modules of finite length, we have the following spectral sequence
(7.1.3) E" = @D lim B (X, WaQ%, (log Dy))

t,=t 1

— @Hh (Xo, W2, (log(D, U Z,))).
n

On the other hand, we have the spectral sequence

(7.1.4) B = @D H' (X, W, (log(Dy U 24)))
t=t
= H"(X,,WQ%, (log(D, U Z,))).
Because the E-terms of (7.1.3) and (7.1.4) are isomorphic as in [47, II (2.1)],
the canonical isomorphism in (7.1.1) is an isomorphism. O

By considering the stupid filtration on the complex WQ% (log(D, U Z,)),
we have the following spectral sequence )

(7.1.5) BY = HY (X,, W, (log(D. U Z.)))

L]

= H™ (X, W, (log(D, U Z.)).

DEFINITION 7.2. — We call (7.1.5) the slope spectral sequence of (X,,D, U
Z)/W.

By (2.2.6) we can calculate the Ej-term of (7.1.5) by the spectral sequence
(7.2.1) Y = @) BTN, W, (log(Dy U Z4)))

t,=t

= H’(X,,WQ, (log(D, U Z.))).

As in [47], we have :

PROPOSITION 7.3. — The slope spectral sequence (7.1.5) degenerates at Ey
modulo torsion, and there exists the following slope decomposition:
(7.3.1) H"(X,, W%, (log(D, U Z,))) k,
h
=P = (X, W, (log(D, U Z,))) k-
=0 )
Proof. The Proposition follows from (7.2.1) and [47, II (3.2)]. a
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Next we construct a spectral sequence of H" (X, WQ¥._ (log(D, U Z.)))

as follows. Let PP+ be the weight filtration on WQ (log(D, U Z,)) with
respect to D, (see [72, (2.12.4)], [69, (8.7), (9.3) (2)]) and let 6(L, PP2) be
the diagonal filtration of Li,..., L, and PP+ ((2.2.8)). Then we have the
following by [72, (1.3.4.1)]:

S(L.PP2) e i
(7.3.2) gry sRI*(X,, WQY, (log(D. U Z,)))

PPt i
— P el R (X, Wy, (log(D; U 2,))) [t,]

t>0
D .
= P RU (X, g WOk, (log(Dy U 2,))) [~t,].

t>0
By [72, (2.12.4.2)] (cf. [66, 1.4.5], [69, (9.6.2)]), we have the formula
(7.3.3) gr,ljDE WY, (log(Dy U Zy))

= WQ;JTIZ) (log Zt|D;k>) ®z W) (Dy /K)(—k).

t t

Hence the last formula in (7.3.2) is equal to
P RO, Wl T log Z4l o) @z i ™ (Do /m) (= (L + KD,
>0 ¢ )
Therefore we have by the Convention (6) the spectral sequence
—k,h+k h—i—t.. (t,+k) i—t,—k
(7.3.4)  Ej = @H T (D; 7WQZD£gT+m(10g théuw«))

t>0
Rz wég?+k)(D;/H)) ( —(t, + k))

. ghi (X!,WQfX (log(D, U Z,)))~

DEFINITION 7.4. — We call the spectral sequence (7.3.4) the weight spectral
sequence of WQ (log(D,UZ,)) with respect to D,. In the case where Z, = ¢,

we call (7.3.4) the weight spectral sequence of WL (log D.).

L]

Asin (5.3.3), we can give an explicit description of the boundary morphisms
between the Ej-terms of (7.3.4) as follows. Let the notations be after (5.3).
We set S := Spf(W) and Sp := Spec(x) here. Let

S ) .
(7.4.1) (71)JG§J : Hk(DAE s WQZD& (log Z‘Dgg) ®z wi\L,zar(Dt/H))(fm)
— Hk+1(DAU,WQiD‘;1tj (log Z|D51j)

Xz, wi\tj,zar(Dﬁ/K))(_(m/ - 1)) (m € Z)
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be the Gysin morphism with signs in log Hodge-Witt cohomologies associated
to the closed immersion (D), Z|p, ) <+ (Dy,;,Z|p,, ) (see [72, (2.12.13)],
cf. [69, (4.4.5;4)]). Here wAzar(Dt//i) and @y, Zar(Dt/n) are zariskian orien-
tation sheaves in the zariski topoi D;War and D)\f ar, Tespectively (see [72,

(2:2), (2.8)], cf. [24, (3.1.4)]).
Set

m—1

(7.4.2) Gy = > Z ]G;Z] :

{0, At m—1 | ApiFENey (i#5)} 7=

H* (D™, wey e (log 2] ,m) €7 @M (Dy/K))(—m) —>

H* (DY wwgn b (108 Z| pn-1) @z @™ D (D, [k))(—(m —1)).

zar

Then we can describe the boundary morphisms between the Eq-terms of (7.3.4)
as the following diagram:

i— k
Hh=it (Dzﬁ: ) WQZ (i +k) (IOgZ|D(f +k))
(7.4.3) Pt

®z i ><Dt+e,/n>>><f<u +k))

ti+1
(Db Y (1) T (<j<r)

i=0

t,.+k)
Fh—i-t (D( WQ (t +,€)(10gZ|D(i +k))

0 ol (Dy/R))(~(t, + k)

~(-D Gy l

Fphi- t+1(D(t D ypais ot +,’ftﬁ(logZ|D<;T+1c—1>)
t

@z was D (Dy/R))(~(t, + K — 1),

The next lemma is necessary for the proof of (7.6):

LEMMA 7.5. — LetY (resp.P) be a fine log scheme over Spec(k) (resp. Spec(W,,)).
Let W, (Y) — P be a morphism of log schemes over W, which is an un-
derlying morphism of log schemes with decomposition data. Assume that P
has a quasi-global chart with respect to the decomposition datum of P. Let
Y — P be the composite morphism Y — W,(Y) — P. Let P be the
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quasi-exactification of this composite morphism with respect to the decompo-
sition data and the quasi-global chart of P. Then there exists a morphism
Wi (Y) — P9 such that the composite morphism Y — Wy (Y) — P is the
natural morphism Y — P, The morphism Wy (Y) — P9 is functorial for
the following commutative diagram

WoY) —— P

l |

of fine log schemes over W, with decomposition data and with quasi-global
charts of P and Q with respect to the decomposition data of P and Q.

Proof. — Because W, (Z[1Z') = Wh(Z)[IWn(Z') for the disjoint union
Z11Z" of log schemes over k, we may assume that the given decom-
position data of W, (Y) and P are trivial and that P has a global
chart P — Mp. The morphism W,(Y) — P induces a morphism
P = TWa(Y), My, v)) =T(Y, My) & Ker(T(Wn(Y), O3, ) = T'(Y,05)).
Since we have a natural morphism P — TI'(Y,My), the restriction
of the morphism P& — T(W,(Y), My, (v))8 to P factors through a
morphism P9 — T'(W,(Y), Myy,(y)). Hence we have a desired morphism
W, (Y) — P%. The claimed functoriality is clear by the argument above. [l

Henceforth, assume that » = 1. The following is a main result in this
section.

THEOREM 7.6. — Let N be a nonnegative integer. Let f: X,<n — Spec(WVy,)
be the structural morphism. Assume that (X.<n, De<nU Z.<n) is split. Then
there exists a filtered isomorphism

log,Ze
(7.6.1) (EZ(;% SN(O(X-gz\uD-gNUZ.gN)/Wn)7 PD.SN)
5 (W%, (10g(Desn U Zosn)), PPo<N)

in DYF(f~1(W,)). The isomorphism (7.6.1) is functorial and compatible with
the projections.

Proof. — Let the notations be as in (6.10), (6.12) and (6.17) and after (6.13).
First we construct the morphism (7.6.1). Denote

Wa (X, M(Dy U Zy)))

by (Wn(Xy), Wh(Dy U ZYy)). Since X}, is affine, there exists a morphism
Wi (X)), Wi (DNUZY)) — (X4, Dy UZ)) over W, such that the composite
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morphism

(X, Dy U Zly) = (Wa(Xy), Wa(Dy U Z)) — (X, Dy U Z})
is the given closed immersion. Let m be a nonnegative integer less than or
equal to N. For a morphism 7: [N] — [m] in A, let X () be the corresponding
morphism (X,,D,, U Z! ) — (Xj, D)y UZ)). Then we have the following
commutative diagram

(7.6.2)
(Xpns Dy U Z) —=— (Wa(X0,), Wa(D), U Z1,))
X(’y)l an(X('V))

(X, Diy U Z) —=— (Wa(XR), Wa(Di U Zy)) —— (X4, Dy U Z}).
By this commutative diagram, we have a natural morphism
(763) (Wn( :gN)v Wn(D:SN U Z:gN)) — FKI\;" ((le\h D;\/ U Z;V)).SN
of N-truncated simplicial log schemes. Let
(Wn(XOSN,o)7 W’II(D.SN,‘ ) ZoSN,c))
be the Cech diagram of (W, (X]<y), Wa(Dlcy U Z._y)) over
(Wi(Xe<n), Wy(De<n U Zo<n)).

It is easy to check that (Wi (Xe<n,o), Wn(De<n,e U Zo<n,.)) is the canonical
lift of (‘X.gj\]’.7 D,gN’. @] ZOSN,-)' Set

Picn. = cosky” (F}/vvﬂ'((XJ,wD?v U ZN))e<n)
as after (6.13). By (7.6.3) we have the morphism
(7.6.4) (Wi(Xe<n,o)s Wa(Do<n,o U Zocn,a)) — Pacn.

of (N, co)-truncated bisimplicial log schemes. By (7.5) we have the following
two horizontal morphisms fitting into the following commutative diagram

(Wn(Xe<n, o) Wi(De<n,e U Zo<n,e)) — Po<i,e

(7.6.5) l l

(Wh(Xe<n, o) Wi(Zo<n,e)) — Q<N
such that the composite morphisms

(Xe<Ne: Decnye U Zucn,e) = Wil Xe<n,e), Wi(De<n,e U Zo<n,e)) = Pa<ne
and

(Xe<Nyes Zacne) = Wil Xecn,e), Wa(Zo<n,)) = Qu<ne
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are the exact immersions in (6.13.1) (in the case S = Spec(W,,)). Hence, by
(4.22), 2), we have the following morphism of filtered complexes:

: Po<N,e/QLe<N,e
(OQ.SN'.(X)OP'SNJAPOSN,./Wn’P =N / =N )

- (H. (OQ-SN,- ®OPOSN‘. A;DQSN.O/W71)7 PP.SN'./Q.SN’.)

= W%, _y. (108(Dee U Zocna)), PPosV0).

Applying R7,ars to this morphism and using (6.17.1), we obtain a morphism

log, Ze
(7.6.6) (Bt "N (O(Xu < yiDucxUZua )W )s PP2<Y)

— Wk, _, (log(Du<ny U Zo<n)), PPe=N)

<N

in DTF(f~'(W,)). This morphism is a filtered isomorphism by (3.7.2).

Next we prove that the isomorphism (7.6.6) is independent of the choice
of the quasi-global chart of (X}, D) U Z}) and that it is is independent of
the choice of the disjoint union (X}, D}y U Z)) of an affine open covering
of (Xn,Dn U Zy) at the same time. Assume that we are given the disjoint
union (X7, D% U ZY;) of another affine open covering of (Xy,Dny U Zy).
Let (X}, D} U ZY) < (X}, D} U ZL) be a closed immersion into a smooth
scheme over S with transversal relative SNCD’s over S which is an underlying
morphism of log schemes with decomposition data such that (X3, D% U Z%)
has a quasi-global chart with respect to the decomposition datum of (X5, DX U
Z%). Then, by considering the refinement (X3, Dy U Z}/) of (X}, Dy U ZY)
and (X}, D% U Z};) and the product (Xy, Dy U Z}) xg (X3, Dy U Z%) and
by using (4.13) 1), 2), there exists the following commutative diagram

C
(Xn, Dy U Zy) —— (Xy, Dy U Zy)

I I

(XK, DU ZR) —— (XY, DY U ZR)

I l

(X4 Dy U Z4) —S (3. D} U 2.
Here the target of the middle immersion is a smooth scheme with relative
transversal SNCD’s over W, and (XV, D} U Z4) has a quasi-global chart
with respect to the decomposition datum of (X}, DX U Z4/) and that the
two right vertical morphisms are underlying morphisms of morphisms of log
schemes with decomposition data and quasi-global charts with respect to the
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decomposition data. Now it is a routine work to check the desired indepen-
dence.
Lastly we prove the functoriality. Let

(Xe<nyDecn U Zo<n) — (Yo<n, Ee<n U W<n)

be a morphism of split N-truncated simplicial log schemes over x which are
obtained from smooth split N-truncated simplicial schemes and transversal
split N-truncated simplicial SNCD’s. Let us consider lifts (X}, Dy U Z}) and
(Vi ENUWY) of (X}, DU ZY) and (Yy, Efy UWYQ), respectively, which fits
into the following commutative diagram over W,,:

(X Diy UZy) —=— (X}, Dy U Z})

(Vi By UWY) —S— (W, E) UWY).
Here we may assume that the two horizontal morphisms above are underly-
ing morphisms of log schemes with decomposition data and the right vertical

morphism is an underlying morphism of log schemes with the decomposition
data and with quasi-global charts with respect to the decomposition data. Set

rene = cosky (DR (Vs EF UWR) <)
and let R.<n,. be the quasi-exactification of the immersion
(7.6.8) (YecnNe, Becne UWecn,) — Ricp.-
Then, by (6.8) (6) and (8), we have the morphisms
(Wh(Xe<n,o)s Wan(Da<n,e U Zocna)) — Poi,e,
WalYecn, o), Wi (Eesn,e UWecne)) — Re<n,e
fitting into the following commutative diagram:
(Whn(Xe<nNye), Wn(De<n,e U Zo<ne)) —— Pu<n,e
| |
(Wn(Ye<n,o)s Wh(Ee<n,e UWecn,.)) — Ru<ne.

Now the desired functoriality is clear by (4.22), 2).

By a well-known argument (e.g., [69, (7.1), (7.19)]), the isomorphism (7.6.1)
is compatible with the projections. O
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COROLLARY 7.7. — Assume that (X,, D,UZ,) is split. Then there exists the
following canonical isomorphism

(7.7.1) H"((X.,D,U Z,)/W) = H"(X,, W%, (log(D. U Z,))) (h€N),
which is compatible with the weight filtrations with respect to D,.

REMARKS 7.8. — 1) [45, (4.19)], [69, (7.19)] and (3.7.2) imply (7.7.1) for the
constant simplicial case. However, as pointed out by the referee, they do not
imply (7.7.1) in the non-constant split simplicial case.

2) I do not know whether an analogous theorem to (7.7) holds in the non-
split (multi-)simplicial case.

COROLLARY 7.9 (Slope decomposition). — Assume that (X,,D, U Z,) is
split. Then there exists the following canonical isomorphism:

(7.9.1) HI(X,, W, (log(D, U Z))) k.

= (H(Xay Do U Z0) W) Ko) s s

Consequently, there exists the following canonical decomposition:
h
(7.9.2) H"((X.,D.U Z)IW) g, = @ H" (X, W, (log(D, U Z))) k-
i=0
Proof. — The proof is the same as that of [47, II (3.5)]: (7.9) follows from
(7.7.1) and (7.3.1). 0

THEOREM 7.10. — Assume that Z, = ¢. Then the spectral sequence (7.3.4)
degenerates at Fo modulo torsion.

Proof. — By (7.9.2), (5.6), 1), (7.3.4) and the two diagrams (5.3.3) and (7.4.3),
the proof is the same as that of [69, (5.9), (4.7)]. O

REMARK 7.11. — To the reader, we leave the results in characteristic 0 which
are analogous to those in this section

We conclude this section by stating the following nontrivial generalization
of [45, (4.19)] and [69, (7.19)] whose proof has essentially been given in [72,
(3.5)] by using (6.1) and Tsuzuki’s functor I'. (Because the detailed proof is
much easier than that of (7.6), we omit the proof.)

THEOREM 7.12. — Let L be a fine log structure on Spec(k). Let N be a
nonnegative integer. Let Wy (L) be the canonical lift of L over Spec(W,,) (see

SOCIETE MATHEMATIQUE DE FRANCE 2012



104 PART I. WEIGHT FILTRATION

[45, (3.1)]). Set Sy, := (SpecW,,), Wy, (L)). Let Yo<n be a log smooth split
N -truncated simplicial log scheme of Cartier type over Si. Let

fo<n: Yecy — 51— S,
be the structural morphism. Then there exists a canonical isomorphism
(7.12.1) Ruy, _\/5,+(Oy,_y/s,) = WaAs,
in D*(f._glN(Wn)). The isomorphism (7.12.1) is compatible with projections.

REMARK 7.13. — I do not know whether (7.12) holds in the non-split N-
truncated (multi-)simplicial case.

8. Complements

In this section we state the r-simplicial versions of some results in [72]; we
sketch or omit the proofs of the propositions and the theorems in this section
because they are the same as those in [72]. We have already used (8.1) and
(8.3) below in the proofs of (5.6), 1) and 2), respectively.

Let p be a prime number. Let T be a noetherian formal scheme with an
ideal sheaf of definition aOr, where a is a global section of I'(T, Or). Assume
that there exists a positive integer n such that pOr = a"Or. Assume that Op
is a-torsion-free and that the ideal sheaf aOr has a PD-structure . We call
T = (T,aOp,v) above an a-adic formal PD-scheme. We define the notion of
a morphism 77 — T of a-adic formal PD-schemes in an obvious way.

PROPOSITION 8.1. — Let the notations be as above. Assume that, for each
affine open subscheme Spf(R) of T, aR is a prime ideal of R and that the
localization ring Ry at aR is a discrete valuation ring. Let g: T' — T be a
morphism of a-adic formal PD-schemes. Let (X,,D,UZ,) be a proper smooth
r-simplicial scheme with transversal r-simplicial relative SNCD’s D, and Z,
over Ty := Spec,.(Or/a). Set

T{ := Spec,,(Or/a) and (X,,D,U Z,):=(X.,D,U Z,) xp, Tj.
If T is small, then the canonical morphism
TP R f(xe pauze) /1+(O (X Davz0)/7)
— P;f,’Rhf(x;,D;uz;)/T/*(O<X;,Déuzg)/T/) (hez)

s an isomorphism.
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Proof. — By using the weight spectral sequence (5.1.3) with respect to D,
for the p-adic formal schemes T and 7", the proof in [69, (3.2)] works (cf. [72,
(2.14.2))). |

The following is an r-simplicial log filtered version of [13, (2.1)]:

PROPOSITION 8.2. — Let S be a scheme of characteristic p > 0 and let
So < S be a nilpotent immersion. Let S — T be a PD-closed immersion
into a formal scheme with p-adic topology such that O is p-torsion-free. Let
f: (Xe,D,UZ,) - S and f': (X.,D, U Z)) — S be smooth r-simplicial
schemes with transversal r—simplici;zl relative SNCD’s over S. Assume that
X,, X!, S and T are noetherian. Set

(X?,D}u Z0) = (X.,D, U Z,) x5 So,
(X0, D70 2") = (X,D,U Z]) x5 So.

Let g: (X’(!)7 D’EUZ’S) — (XS7 DEUZE) be a morphism of log schemes over Sy.
Then there exists a canonical filtered morphism

9" (Rf(x,,00020)/7+(O(X,,DsUZ4)/T) ®7Q,PP?)
— (Rf{x; pyuz) (O oy0z)7) ®F Q, PP2).
The following is an r-simplicial log filtered version of [13, (2.2)]:
COROLLARY 8.3. — If (X0, DY U 20) = (X', D0 U Z"7), then
(Rf(xa,04070)/7+(O(Xs,Deuz0)/7) @5 Q, PP2)
= (Rf(X;,D’!uZé)/T*(O(Xé,D’guZé)/T) ®7 Q, PD/’)~

The following is an r-simplicial log filtered version of [13, (2.4), (2.5)] and
[74, (3.8)]:

THEOREM 8.4 (Filtered log Berthelot-Ogus isomorphism)

LetV be a complete discrete valuation ring of mized characteristics with per-
fect residue field of characteristic p. Set K := FracV. Let S be a p-adic formal
V-scheme in the sense of [74]. Let f: (X,,D,UZ,) — S be a proper formally
smooth r-simplicial scheme with transversal r-simplicial relative SNCD’s D,
and Z, over S. Let T be an enlargement of S/V with morphism

z: Ty := (Spec,.(Or/p))rea —> S
over Spf(V). Set T := Spec,.(Or/p). Let

for (X2, D00 Z)) == (X,,D, U Z,) xs. Ty — Tp
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be the base change of f. If there exists a log smooth lift f1: (Xgl7 D!1UZ!1) -1
of fo, then there exists the following canonical filtered isomorphism
or: (Rhf(X;,D;uzgl)/T*(O(X;,D;UZD/T)KvPD;)
=5 (R"f.(O(x pouza) i )T PP2).
Proof. — The proof is the same as that of [74, (3.8)]. See also [72, (2.16.3)].
U

THEOREM 8.5 (Strict compatibility). — Let V, K, S and S be as in (8.4).
Let f: (X.,D.) — Sy and f': (X.,D.) — S1 be proper smooth r-simplicial
schemes with r-simplicial relative SNCD’s over Si. Let h be an integer. Let
g: (X],D.) = (X,,D,) be a morphism of r-simplicial log schemes over Sj.
Then the induced morphism

9" R fixe.00)/5+(O(xs.00)78) 5 — B fixy.04)/8+(O(xy.0)/8) K

is strictly compatible with the weight filtration.
Proof. — The proof is the same as that of [72, (2.18.2) (1)]. O

REMARK 8.6. — All the results in this section hold in the multi-truncated
multi-simplicial case.
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PART II. WEIGHT FILTRATION AND SLOPE
FILTRATION ON THE RIGID COHOMOLOGY
OF A SEPARATED SCHEME OF FINITE TYPE
OVER A PERFECT FIELD OF
CHARACTERISTIC p >0

9. Proper hypercoverings

Let U be a separated scheme of finite type over a (not necessarily perfect)
field x of characteristic p > 0. In this section we construct a proper hypercov-
ering of U which computes the rigid cohomology of U and which will be useful
for the construction of the weight filtration on the rigid cohomology and the
calculation of the slope filtration on the rigid cohomology.

By Nagata’s theorem (see [67]), there exists an open immersion U < U
into a proper scheme over k. In this section we start with the following, which
is a corollary of de Jong’s alteration theorem (see [50, (4.1)]):

PROPOSITION 9.1 (see [50, Introduction]). — There exists the following
cartesian diagram

U();Xo

(9.1.1) l J

U —<-71T
such that the left vertical morphism is proper and surjective and such that Uy
is the complement of an SNCD Dy in a projective regular scheme Xg over k.

Proof. — Take the reduced pair (Ured, Ured) of (U, U). Let Upeq; be an ir-
reducible component of U,eq such that Ure(u \ Uted g Ured,,;. Set C; :=
Ured’i \ Ureq. Then, applying [50, (4.1)] to the closed subscheme C; of U,ed,i,

there exists an alteration Xo; — U, eq; such that Xo; is a projective regu-
lar variety over k and such that Dg; := Xy XG s C; is an SNCD on Xj;.
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Set Up; := Xo; \ Do;. Then the pair (Uo,Xo) = (Hl UOi7Hi Xoi) is a de-
sired pair. By the construction of Uy, the morphism Uy — U is proper and
surjective. O

PROPOSITION 9.2. — There exists a proper hypercovering (U,,U.)wen of
(U,U) in the sense of [86, (2.1.1) (2)], that is, the natural morphism
Unt1 — COSkT[{(U.gn)nH (n > —1) 14s proper and surjective, the morphism
U, — U is proper and U, = U, xg U (strictness over (U, U)). Moreover, one
can take the pair (U,,U.).en satisfying the following conditions:

(9.2.1) X, := U, is regular,

(9.2.2) D,:=X,\U, is a simplicial SNCD on X,,

(9.2.3) U, and U, are split ([35, V" (5.1.1)], [25, (6.2.2)]),

(9.2.4)

9.2.4) U, is projective over k.

Proof. — Let the notations be as in (9.1). Then
(XO X X()) X7 U= U() XU U().

By (9.1) there exists a proper surjective morphism N{* — X Xz Xo over
# from a projective regular scheme over & fitting into the following cartesian
diagram:

U c X
Ny B— Ny

(9.2.5) J l

Uy xy Uy SELSEN Xo xz Xo-

Here NV is the complement of an SNCD on N{¥. As in [25, (6.2.5)], we have
a pair (1U,,1X.).<1 of 1-truncated simplicial schemes over (U, U): for V = U
or X,1Vp:=Vyand 1V1 :=W]] va with natural morphisms.

For a nonnegative integer n, assume that we are given a pair (,U,, nX.)e<n
of split n-truncated simplicial schemes over x such that ,X.<, is projective
over k£ and regular, and such that ,,U.<, is the complement of a split n-
truncated simplicial SNCD on ,X,<,. By the expression of the coskeleton
in (6.1.3), the natural morphism

coskg(nU.Sn)nH — coskg(nX.Sn)nH

is an open immersion and cosk,ll_](nX.Sn)nH xgU = coskg(nU,gn)nH. Hence,
by the same technique as that in [24, (6.2)] and by (9.1), we have an open
immersion U, — X, such that U, is the complement of a split simplicial SNCD
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D, in a projective regular split simplicial scheme X, over s, such that U,4+; —
cosk,[{(U.Sn)nH is proper and surjective, and such that U, = X, xg U. O

DEFINITION 9.3. — 1) We say that a proper hypercovering of (U, U) satisfy-
ing (9.2.1) and (9.2.2) is good. We say that a proper hypercovering of (U, U)
satisfying (9.2.1) ~ (9.2.3) is gs (= good and split).

2) We say that a proper hypercovering U, of U is good if U, is the complement
of a simplicial SNCD D, on a proper regular simplicial scheme X, over .

PRrROPOSITION 9.4. — The following hold:

1) Any two proper hypercoverings of (U, U) satisfying (9.2.1) ~ (9.2.4) (i =
1,...,4) are covered by a proper hypercovering of (U, U) satisfying (9.2.1) ~
(9.2.1).

2) Let U — T be an open immersion from a separated scheme of finite
type over k into a proper scheme over r. For a morphism (U, U/) — (U, U)
of pairs over k and for a proper hypercovering (U,,U.) of (U,U) satisfying
(9.2.1) ~ (9.2.4) (i = 1,...,4), there exist a proper hypercovering (U.,U.) of
(U, T satisfying (9.2.1) ~ (9.2.i) and a morphism (U.,U.) — (U, U.) of
pairs fitting into the following commutative diagram:

/ —

v, u,) — (U.,0,)

(9.4.1) l 1

!

u, ) — (U, 0).
3) Let U9 — UJ (j = 1,2) be an open immersion from a separated scheme
of finite type over k into a proper scheme over k. Set
(U T .= (U x, U2, T %, U?).

If (U, UY) is a proper hypercovering of (UJ, UY) satisfying (9.2.1) ~ (9.2.4)
(i=1,...,4), then there exists a proper hypercovering (U2, U?) of (U2, U12)
satisfying (9.2.1) ~ (9.2.7) and fitting into the following commutative diagram
forj=1and2:

(9.4.2) | |

(U2, T12) s (U1,T7).

proj.
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4) Let U3 — UJ (j = 1,2) be an open immersion from a separated scheme
of finite type over k into a proper scheme over k. Set

(U2, T .= (U x, U2, T %, U?).
If (U3, UJ) is a proper hypercovering of (U7, U7) satisfying (9.2.1) (i # 3),
then (U} x,, U2, U} x,. U?) is a proper hypercovering of (U2, U'2) satisfying
(9.2.1).

Proof. — 1), 2): We use a general formalism in [35, VP §5]. Here we give a
proof for proper hypercoverings satisfying (9.2.1) ~ (9.2.4). (By using (9.9),
2) below, we have only to prove (9.4) in this case.)

Let S be the category of open immersions ¢: U < U from separated schemes
of finite type over  into proper schemes over x; we define a morphism ¢/ — ¢ in
S in an obvious way. For an object ¢ above of S, we often denote it by (U, U).
Let m: &€ — S be a category over S defined by the following: for an object
1 € S, the fiber category &, consists of objects (Y,Y)’s, where Y is proper
over U and the morphism (Y,Y) — (U, U) is strict: Y =Y xz U. It is
easy to check that &£, has finite projective limits and finite disjoint sums. For
a morphism ¢: /' — ¢ in S and for an object (Y,Y) (resp. (Y’,Y")) of &,
(resp. &), we define a morphism (Y’,Y') — (Y,Y) over the morphism ¢ by
the following commutative diagram

Y — = Y
(9.4.3) nl lm

Y — Y
over the following commutative diagram

U —— U

(9.4.4) J lb

U ——T.

We say that an object (Y,Y) € &, satisfies the property @ if Y is projective
over x and regular, and if Y is the complement of an SNCD on Y. We say
that a morphism (Y’,Y’) — (Y,Y) in & satisfies the property P if (Y',Y") € Q
and if Y/ — Y is proper and surjective. Obviously the properties Q and P
are stable under isomorphisms in £. As in the proof of [35, VP (5.3.4)], we
check that (m, @, P) satisfies the conditions of a), b), ¢), d), e) and f) in [35,
Vbis (5.1.4)] as follows.

a): For an object ¢« € S, we have an object of &, satisfying the property Q
by (9.1).
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b): Let t: U < U be an object of S and (Y7,Y7) (j = 1,2) an object of &,.
Then (Y! xy Y2, Y! x5 Y?) is an object of &. Hence, by (9.1), there exists
the following cartesian diagram

X SN X

l !

Yixyv?2 —S5 7! X5 Y2,

where the composite morphism (X, X) — (Y! xy Y2 Y! x5 Y?) = (U,U) is
an element of &, satisfying the condition ).

c): The proof for checking this condition is analogous to b). We have only
to note the following: for a morphism ¢ — ¢ in S and for an object (Y,Y) of
&, the pair (Y xp U"Y xg U') is an object of £ and to use (9.1).

d): Follows immediately from (9.1).

e): The proof for checking this condition is analogous to b); we have only
to take suitable fiber products three times and to use (9.1).

f): Since the proof for checking this condition is analogous to b), we leave
the detail to the reader.

Hence 1) and 2) follow from [35, VP (5.1.7), (5.1.3)].

3): This immediately follows from 1) and 2).

4): The proof is easy. a

REMARKS 9.5. — 1) In [35, VP (5.3)], for a separated scheme S of finite type
over a field of characteristic 0 and for an object (X,X,i) of Eg in [loc. cit.],
X is assumed to be dense in X. We have not assumed this condition for an
object of &, in the proof of (9.4).

2) In [35, p. 158, N.B.], there is a mistyped equation (we omit to point out
other mistypes in [35, p.158]): one has to replace the formula E_l(i(X)) =
i(X’) in [35, p. 158, N.B.] by ﬁ_l(i(X)) = i/(X’). Even if one corrects this
mistype, there is obviously a counter-example for the corrected formula: take
X' =X,h=id, X: a variety over the base field, X’ := X \ {P} (P: a closed
point of X), ¢’, ¢ and h in [loc. cit.]: the natural open immersions. If X # {P},
the corrected formula does not hold.
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3) As is well-known (e.g., [9, p. 340]), for a morphism U’ — U of separated
schemes of finite type over x, we have the following commutative diagram

SN

(9.5.1) J l

c -
U — U,

where the two horizontal morphisms are open immersions into proper schemes

over k; in fact, we can take the two horizontal morphisms as compactifications.

4) More generally, for a commutative diagram

U3 — Uy

L

U —— Uy
of separated schemes of finite type over k, by using the argument in [9, p. 340]

repeatedly, we can easily prove that there exists a commutative diagram

Ug———)U4

(9.5.2) l l

Ul _— Ug
of proper schemes over k with four open immersions U; < U; (i = 1,2,3,4)
which makes the four new diagrams commutative.

The following is an easy corollary of (6.1).

LEMMA 9.6. — Let U, — Y, be an open immersion of simplicial schemes

over an open immersion U — Y of schemes over a scheme S. Assume that

(U.,Y.) is split. Then there exists a pair (U.,Y]) of split simplicial schemes

over (U,Y) with a natural morphism (U.,Y]) — (U,,Y.) of the pairs of the

simplicial schemes satisfying the following conditions:

(9.6.1) U}, (m € N) is the disjoint union of open subschemes of Uy, which
cover Uy, and which are open subschemes of affine open subschemes
of Y.

(9.6.2) Y, (m € N) is the disjoint union of affine open subschemes which cover
Y and whose images in Y are contained in affine open subschemes
of Y.

(9.6.3) U, = Uy xy,, Y/,
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9. PROPER HYPERCOVERINGS 113

(9.6.4) If (U.,Y,) is strict over (U,Y), that is, U, =Y, xy U, then (U.,Y]) is
strict over (U,Y).

(9.6.5) If Vs, (m € N) is quasi-compact, then the number of the open sub-
schemes in (9.6.1) and (9.6.2) can be assumed to be finite.

Set (Unn, Yon) := (cosky™ (U))n, cosky™ (Yi)n) (m,n € N). Then there ex-
ists a natural morphism (U,.,Y..) = (U,,Y.) over (U,Y). For each n € N,
(Uun, Yon) is split.

Proof. — By (6.1) we obtain a split simplicial scheme Y satisfying (9.6.2) and
(9.6.5). Set U/ := Y/ xy, U.. If U, =Y, xy U, then U! = Y/ xy U. By (6.1)
we obtain the splitness of (U,,, Y.,). O

DEFINITION 9.7. — 1) We call the simplicial scheme (U.,Y/) satisfying
(9.6.1) ~ (9.6.5) the disjoint union of the members of an affine simplicial
open covering of (U,,Y,)/(U,Y).

2) We call the bisimplicial scheme (U,,,Y,,) in (9.6) the Cech diagram of
(UL,Y?) over (U, Ya)/(U,Y).

3)In1) and 2),if U =Y = S, then we say “over S” instead of “over (U,Y)”.

PROPOSITION 9.8. — 1) Let (V,,Z,) — (U,,Y,) be a morphism of pairs of
split simplicial schemes over a morphism (V,Z) — (U,Y) of open immersions
of schemes over a scheme S. Assume that (U,,Y,) is strict over (U,Y). Then
there exist the disjoint union of the members of affine simplicial open coverings
ULY!) and (V], Z]) of (U.,Y.)/(U,Y) and (V., Z,)/(V, Z), respectively, which

fit into the following commutative diagram:

V., 2) —— (ULY))

(9.8.1) l l

V., z,) —— (U,,Y,).

2) Let U < Y be an open immersion of schemes over a scheme S. Let
(U.,Y,) be a pair of split simplicial schemes over (U,Y). Let (U.,Y!) and
(ULY!) be two disjoint unions of the members of affine simplicial open cov-
erings of (U,,Y,)/(U,Y). Then there exists a disjoint union of the members

of an affine simplicial open covering (U, Y!") of (U,,Y,)/(U,Y) fitting into
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114 WEIGHT FILTRATION AND SLOPE FILTRATION

the following commutative diagram:
(U/// Yl//) (U// Y//)

(9.8.2) l l

(ULY.’) E— (U,,Y,).

Proof. — 1): Let (U.,Y!) be the disjoint union of the members of an affine
simplicial open covering of (U,,Y,)/(U,Y). Let (V/", Z”) be the fiber product
of (V,, Z,) and (U.,Y!) over (U,,Y,). If (V,, Z,) is strict over (V, Z), then so is
(V' Z"). Using the argument in the proof of (6.1), (6.3) and (9.6), we obtain
1).

2): Take Yj” as an affine refinement of the disjoint unions Y and Yy
of the open coverings of Yy. For a positive integer m, assume that we are
given Y2 .. Let N(Y,,)" be the scheme constructed in the proof of (6.1)
for Y%, fitting into the following commutative diagram

N(Y;,) —— cosk, (Y’Sm,l)m

m—1\"e

I |

N(Yp)" —— coskh, 1 (Y2 1)m

| |

N(Yn)" —— COSkL—ﬂY.”gmA)w

Set Y = [o<o<m Lpmjjqg N(Ye)”™. In this way, we obtain ¥]". Set U[" :=
Y xy U. A

LEMMA 9.9. — 1) Let (U,Y) be as in (9.6). Let (U.,Y.) be a pair of simpli-
cial schemes over (U,Y). Then there exists a split pair (V,,Z,) of simplicial
schemes over (U,Y) with a morphism (V.,, Z,) — (U.,Y.) of pairs of simplicial
schemes over (U,Y).

2) Let the notations be as in (9.6). Assume that S = Spec(k) and Y = U
in the beginning of this section. If (U,,Y.) is a proper hypercovering of (U, U),
then one can take (V,,Z,) as a gs proper hypercovering of (U, U).

Proof. — 1): Follows immediately from [35, VP (5.1.3)].
2): Follows from the proof of 1) and (9.1) (cf. the proof of (6.1)). d

In §15 below, we shall need the following variant of (9.4).
As in the proof of (9.4), we denote by (U, U) an open immersion ¢: U < U
from a separated scheme of finite type over k into a proper scheme over k.
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9. PROPER HYPERCOVERINGS 115

Let S and € be as in the proof of (9.4). Let 7 be the category of the
morphisms in S; we define the morphisms in 7 in an obvious way. Let 7: H —
T be a category over T defined by the following: for an object a: (U’, U/) —
(U, U) of T, the fiber category H,, consists of 3: (Y, Y") — (Y,Y) over a such
that (Y',Y") € & and (Y,Y) € &,, where ¢/ is the open immersion U’ < T
It is easy to check that H, has finite projective limits and finite disjoint sums.
We define the morphisms in # in an obvious way.

We say that an object 3: (Y',Y") — (Y,Y) of H satisfies the property HQ
if (Y/,Y") and (Y,Y) satisfy @ in the proof of (9.4). We call a morphism

[(1/1/77/1) - (1/2,7?/2)] — [(YLVI) - (YZ:?QH
in ‘H over
(U1, TY) = (U5, TY)] — [(Ur,U1) — (Us, Us)]

satisfies the property HP if [(Y{,Y)) — (Y4,Y%)] € HQ and if the morphisms
Y! —» U] and Y; — U; (i = 1,2) are proper and surjective. Then the properties
HQ and H P are stable under isomorphisms in A, and, as in the proof of (9.4),
we see that (E, HQ, HP) satisfies the conditions a), b), c), d), e) and f) in
[35, VP8 (5.1.4)]; we leave the checking to the reader.
DEFINITION 9.10. — Let a: (U’,U') — (U,U) be an object of T. Let
a,: (U, U’.) — (U.,U.) be a morphism of simplicial open immersions from
separated simplicial schemes of finite type over k into proper simplicial
schemes over x which lies over a. Then we call «, a proper hypercovering of
it (U!,T.) and (U.,T,) are proper hypercoverings of (U’,U') and (U, TU),
respectively.

By (9.2) and (9.4), 2), for an object a: (U’,U') — (U, U) of T, there exist
a proper hypercovering of a,: (U!,U.) — (U,,T.) such that (U/,U.) and
(U,, U,) satisfy the conditions (9.2.1) ~ (9.2.4)

By the argument before (9.10) and by [35, VP (5.1.7), (5.1.3)], we have
the following:

PROPOSITION 9.11. — 1) Let oz (U, U') — (U,T) be an object of T. Any
two proper hypercoverings of a whose sources and targets satisfy (9.2.1) ~
(9.2.4) (1 =1,...,4) are covered by a proper hypercovering of a satisfying the
same conditions.

2) For a morphism [(UY,UY) — (UL, UY)] — [(U¥,U?) — (U2,U?)]
in T and for a proper hypercovering [(UZ,TU?) — (U2, T?)] of [(UZ/ UQ')
(U?%,TU?)] whose source and target satisfy (9.2.1) ~ (9.2.4) (i = 1,...,4), there
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116 WEIGHT FILTRATION AND SLOPE FILTRATION

exist a proper hypercovering [(UY , TUY) — (UL, U] of (UY,TY) — (U, TY)]
whose source and target satisfy (9.2.1) ~ (9.2.7) and a morphism

(@

°

over [(UY,TY) — (UL, TY] — [(U¥,T?) — (U2, T?)).

—1/

U) = U, U] — (U7, U7) = (U2 U)]

DEFINITION 9.12. — We say that a proper hypercovering a, of « is good
(vesp. split, gs) if the source and the target of «, are good (resp. split, gs).

We also have the following by (9.9), 2):

PROPOSITION 9.13. — Let « be as in (9.11). If a, is a proper hypercovering
of a, then there exists a gs proper hypercovering 8, of a factoring through the
augmentation o, — Q.

10. Truncated cosimplicial rigid cohomological complex

Let V be a complete discrete valuation ring of mixed characteristics with
(not necessarily perfect) residue field x. Let W be a Cohen ring of  in V. Let
K (resp. Ky) be the fraction field of V (resp. W). Let U be a separated scheme
of finite type over k. Let j: U < U be an open immersion into a proper
scheme over & (see [67]). Let C' be an overconvergent isocrystal on (U, U)/K.

In this section we construct a fundamental complex which we call a truncated
cosimplicial rigid cohomological complex. This complex produces Tsuzuki’s
spectral sequence (see [86, (4.5.1)], [87, (7.1.2)]) of the rigid cohomology of C
with respect to a proper hypercovering of (U, U). We show that this complex
is a coring object in Tsuzuki’s theory in [86] and [87].

Let Z := [, Z; (m € Z=) be the disjoint union of affine open subschemes
which cover U. Set Z := Z xg U. The scheme Z can be embedded into a
separated formally smooth p-adic formal V-scheme Z. Then we have a Cech

diagram
3:=(Z.,,Z,,2,) = (coskg(Z),coskOU(Z),Coskg(Z)).

Let 7: (Z.,Z.) — (U, U) be the natural augmentation. Let j,: Z, < Z, be
the open immersion. Then, by [19, (10.1.4)], the Cech diagram is a universally
de Rham descendable hypercovering of (U, U) over Spf(V). Hence we have,
by definition,

(10.0.1) RTyie(U/K,C) = RT(]Z.[z., DR(*(C)))
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10. TRUNCATED COSIMPLICIAL RIGID COHOMOLOGICAL COMPLEX 117

(see [19, (10.4)]). Here DR(7*(C)) is the complex 7*(C) z, ®J¢Or [ gl
Oz,

* 12z,
on |Z,[z,. For simplicity of notation, we often denote DR(7*(C)) only by
DR(C).

We start with the following lemma:

LEMMA 10.1. — Let T be a closed subscheme of U over k. Then there exists
an integer ¢ such that Hﬁg’T(U/K7 C) =0 for all h > c.

Proof. — (See also [87, (6.4.1)].) The proof consists of some steps. We may
assume that U is reduced. Let V be the complement of 7" in U. Then we have
the following exact sequence (cf. [9, (2.3.1)]):

(10.1.1) ---— H" ,(U/K,C) — H" (U/K,C) — H: (V/K,C) — --- .

rig, T rig ig

Step 1. — Assume that U is affine. Then there exists a closed immersion
U < A" (n € N). Let U be the closure of U in P? > A” with reduced
subscheme structure. Let j: U < U be the open immersion. Let P be the
p-adic completion of P}. Set Uy :=|U[p\ (U \U)[pr (0 < A <1). Let I'g be
the set of absolute values of K*. Set I' := I'g ®z Q. For an element n € I with
n < 1, let [U], be the closed tube of U with radius 7 defined in [7, (1.1.8)].
Then

RTyy(U/K,C) = RC(JUlp, Cp ®ji0; 1'%g,)

=R lim RU([Ulpy, Cpr ®@0 Qr

Ulpy [U]P,n)'
n—1-

As R l'&nn—ﬂ’ RI([U)p.y, Cpgo[ﬁlp,,, Qim?)n) = 0 for i > 2, it suffices to prove

that H"([Ulp,,;, Cp®o,.. Q' )=0for h>> 0andie N. [7, (1.2.2)] tells
’ Wlpn [U]P,n

us that, on [U]p ,, we can replace the inductive system of strict neighborhoods
of JU[p in JU[p by the inductive system of Uy N W (0 < A < 1) for affinoid
domains W’s contained in [Ulp,. By using Tate’s acyclicity theorem [84,
(8.2), (8.7)], we have H"(U\ N W,Cp ®0,, 2,) = 0 for h > 0 and i € N.
Because the cohomology commutes with direct limits on quasi-compact and
quasi-separated rigid spaces over K, we have Hﬁg(U/K, C)=0for h>> 0.

Step 2. — Assume that U is an open subscheme of an affine scheme. Then U
is separated and we have Hﬁg(U/.K C) =0 for h > 0 by [7, (2.1.8)] and the
Step 1. By the exact sequence (10.1.1), we have Hlﬁg’T(U/K7 C)=0for h>0.
Step 3. — Assume that T is a closed point z of U. Let U’ be an
(U/K,C) =

affine open subscheme of U containing x. Then we have HﬁgT
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118 WEIGHT FILTRATION AND SLOPE FILTRATION

Hﬁg,T(U’/K, C) (cf. ]9, (2.4) (i)]). By the Step 2, we have Hgg,T(U//K’ C)=0
(h>>0).

Step 4. — Now consider the general case. We may assume that 7 is reduced.
Let = be the generic point of an irreducible component of T of dimension
dimT. Let U’ be an affine open subscheme of U containing z. Let 17" be the
complement of U’ in U. Then we have the exact sequence (cf.[9, (2.4) (i),

(2:5)])

(10.1.2) o — HlY o (U/K,C) — HE +(U/K,C)

— H (UK, C) — -

Since U’ is affine, Hﬁg__’TmU,(U’/K, C) =0 for h > 0 by the Step 2. Thus we
have only to prove that Hﬁg’TﬁT,(U/K7 C) = 0 for h > 0. Use the argument
above for T'NT’, and continue this process. In the end, we may assume that
T is a closed point = of U. Now we can finish the proof of (10.1) by the
Step 3. O

REMARK 10.2. — Let d be the dimension of U. By the argument in [9, (3.3)],
it is easy to see that

(10.2.1) HE(U/K) =0 (h>2d)

for a separated smooth scheme U of finite type x.

We conjecture that Hﬁg(U /K) = 0 for h > 2d for a general separated
scheme of finite type over x of dimension d.

By [8, (1.1)] and [6, (3.1) (iii)], Hgg’C(U/K) = 0 for h > 2d for the general
scheme above.

In the f-adic case, Hgt(U7 Q) = 0 for h > 2d for a scheme U of finite type
over a separably closed field of dimension d (see [36, X (4.3)]).

LEMMA 10.3. — Let f: Yo — Y] be a quasi-projective morphism of quasi-
projective schemes over k. Then there exists a closed immersion Y; — P; (i =
1,2) 4nto a formally smooth quasi-projective p-adic formal V-scheme fitting
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10. TRUNCATED COSIMPLICIAL RIGID COHOMOLOGICAL COMPLEX 119

into the commutative diagram:

Y, é Pa

/| l

(10.3.1) , -+ P

! !

Spec(k) — Spf(V).

Proof. — (The proof is due to A.Shiho.) Let P be a smooth quasi-
projective scheme over Z such that there exists a closed immersion
Yo & Py = P Xgpee(zy Y1- Let Y1 < Py be a closed immersion into a
formally smooth quasi-projective p-adic formal V-scheme. Then we have only
to take the following comp051te morphism Yy — Py, — szpf<Z yP1 with a
composite projection PXSpf(Z yP1 — P1 — Spf(V). Here P is the p-adic
completion of P. 0

LEMMA 10.4. — Let T be a topological space. Let

T1;T2;T3

| I e

T ST, ST
be a commutative diagram of subspaces of T'. Assume that Ty is dense in Ty,
that Ty is closed in Ty and that T3 is open in T. Then Ty =T5.

Proof. — Assume that T7 # T5. Then there exists a point ¢ € Ty \T;. Because
T is closed in T3, there exists an open neighborhood V' of ¢ in T3 such that
VNT, = @. Because T3 is open in T, V is also open in T. Hence V N Ty
is open in Ty. Since (VNTy)NTy =@ andt € VNTy, t ¢ Ty = Ty. This
contradicts that t € Ty C Ty. U

LEMMA 10.5. — Let N be a nonnegative integer. Let U,<n be an N-truncated
proper hypercovering of U. Assume that U,<n is reduced. Then there exists
an N-truncated proper hypercovering (U,<n, U,<n) of (U, U).

Proof. — First we claim that, for a proper morphism V' — U, there exists

a strict pair (V,V) over (U, U) such that the morphism V' — U is proper.
Indeed, as in [9, p.340], we have an open immersion V < V' into a proper
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scheme over k fitting into the following commutative diagram

vV S5V

Lo

U - 7.

—

Set V' := V' x U. Since V and V' are open in V', the morphism V — V'
is also an open immersion. Since the morphisms V — U and V/ — U are
proper, the morphism V — V' is proper, in particular, closed. Let W be the
complement of the image of V in V’. Set V := 7 \ W. Since W is an open
subscheme of V’, W is also an open subscheme of V/. Then V xgU=1V.
Since V is a closed subscheme of V', the morphism V — U is proper. Thus we
have proved the claim. (The existence of V above is necessary for the papers
[19], [86] and [87] which has not been pointed out in [loc. cit.].)

Let (Uy, Uy) be a strict pair over (U, U) such that the morphism Uy —
U is proper. Let T N(U N) <n be the N-truncated simplicial scheme of the
simplicial scheme I‘J[\]](UN) = F%(UN)<N constructed in [19, §11]:

FI?/(UJIV)m = H UIIV

Homa ([N],[m])

with its natural structure as a simplicial object. Here the product is taken
over U. By (6.6), 1) we have a natural immersion U<y < F%(Uzlv)-gN-
Let U,, (0 < m < N) be the closure of Uy, in F]UV(UJIV)m with the reduced
closed subscheme structure in F%(U}v)m. (To consider the closure has been
suggested by the referee.) Then U.gN is an N-truncated simplicial closed
subscheme in FE(U]/V).SN, and we have a natural immersion U,<y — U.gN
over the open immersion U < U by (6.6), 1). We claim that U<y = C_f.gN X
U. (As a result, the immersion U,<y < U,<y turns out to be an open
immersion.) Indeed, it suffices to prove that Uy, = Uy, x5 U (0 <m < N) as
sets because U, is reduced. Because UJ,V xg U =Up,

U x5 U CTR(UN)m x5 U =T (Uxn)m
Since Uy, (0 <m < N) and Uy are separated over s, there exists an element

~ € Homa ([N], [m]) such that U(v): U,, — Uy is a closed immersion by [37,
(5.5.1) (v), (5.4.6)]. By [loc. cit., (5.4.5)] the image of Uy, in I'{(Un)m is
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closed. Using (10.4) for the commutative diagram below

Up —— Uy xg U —— TEUN)m

H [n In
Un ——  Um —— T(ON)m,
we see that Uy, = Uy, x5 U (0 < m < N) as sets, and, in fact, as schemes.
The pair (U.<n, U.gN) turns out to be an N-truncated proper hypercovering
of (U,U). |

REMARK 10.6. — Let U, be a proper hypercovering of U. In [87, (7.1.3)]
we find that one does not know whether there exists a proper hypercovering
(U,,U.) of (U,U). (10.5) gives the affirmative answer for the N-truncated
version of this question in the case where U,<y is reduced. (10.5) is useful for
simplifying the proof of [87, 7.5]. See (10.15), 2) below for details.

Though the following theorem is essentially contained in [86], we state the
following to clarify our later argument.

THEOREM 10.7. — Let h be a nonnegative integer. Let N be a nonnegative
integer satisfying the inequality (2.2.1). Let (U,<n, U,<n) be an N-truncated
proper hypercovering of (U, U). Let C* be the pull-back of C by the structural
morphism (U, Uy) — (U,U) (0 < t < N). Assume that Uy is a closed
subscheme of a formally smooth p-adic formal V-scheme Py. Let Q, be the
formally smooth simplicial scheme T'X(Pn) == TX(Pn)SN constructed in [19,
§11]. Then there exists a canonical isomorphism

(10.7.1) HL(U/K,C) = H"(RT(JU.<n[o, -y, DR(C*=N))).

Proof. — (Cf.the proof of [86, (4.3.1) (1)]) By [87, (5.1.2)], the simplicial

scheme
!

UL, T.) = (cosk§ (Unen), cosk S (Tac )
is a proper hypercovering of (U, U). Let C’* be the pull-back of C' by the

augmentation (U/, U.) — (U, U). Then C"*<N = C*<N since (Ulns U:SN) =
(Us<n, U.<n). By [19, (11.24), (11.2.5), (11.2.6)], (UL, U.,Q.) is a proper
hypercovering of (U, U) over Spf(V) in the sense of [86, (2.2.1)]. Hence, by

[86, (2.2.3)], we have an isomorphism

(10.7.2) RTyi(U/K,C) = RT(]U.]0., DR(C™)).
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Furthermore, we obtain

(10.7.3)  H"(RT(JT.[0.. DR(C™))) = H"(RT(|Trcnlo, v, DR(C*SY)))

by using the following spectral sequence

(10.7.4) EY = H},(U}/K,C") = H'" (RT(]T,[o,, DR(C")))

as in the proof of (2.2). Thus we obtain (10.7). a
The following lemma 2) is similar to [87, (7.2.2) (3)]:

LEMMA 10.8. — 1) Let (U',U") = (U, U) be a morphism of open immersions
from separated schemes of finite type over k into proper schemes over k. Let
(U.,U.) be a proper hypercovering of (U,U). Then (U, xy U', U, x5 U/) is a
proper hypercovering of (U, U’).

2) Let

LT

U2, 0% —— (U,T)
be a diagram of open immersions from separated schemes of finite type over k
into proper schemes over k. Let (U,,U,) be a proper hypercovering of (U, U).
Set
(ULUY) = (U, xp U, U, xp U (i=1,2).

Let (Vi, V) be a proper hypercovering of (U?, U?) such that the composite mor-
phism (V2, Vi) — (U}, U?) — (U, U) factors through the morphism (U,, U,) —
(U,U). Assume that one of the morphisms (VI Vi) — (UL, U) fori=1,2 is
a refinement (see [86, (4.2.1)]) of the proper hypercovering (UL, U) of (U, U?).
Set (U3, U?) := (U'xyU?, U'xgU?) and (V3,V3) := (V}xy, V2, V! xaV%).
Then (V3,V3) is a proper hypercovering of (U3, U?).

3) Let N be a nonnegative integer. Then the N-truncated versions of 1)
and 2) hold.

Proof. — 1): We leave the proof to the reader since it is easy.

2): By the symmetry, we may assume that (V',V'}) is a refinement of the

proper hypercovering (Ul,U!) of (U',U!). Since the morphism V3, — U3

(m € N) is the composite morphism
Tl 72 71 72 771 772
Vi x5, Ve —= Vi xg Vi, — U x5 U7,

it is proper by [37, (5.4.2)] and [38, (5.4.2) (iv)].
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1 771 2 72 2
XUl U ) XU]XUUQ x (U XU U ) XUm (Vm XUQ U )

Now, for any integer m > —1, let us show that the morphism
3
(1081) V7§L+1 — COSk% (‘/.?)gm)m-‘rl

1 2
= coskl), (V. )m41 X coskly, (Vi )mi

coskffL (Ue<m)m+1

is proper and surjective. The morphism (10.8.1) factors through a proper
surjective morphism

1
(10.8.2)  coskl, (VX )mr1 X coskY. (U )mis V2,

Ut y/1 U? (1,2
COSkm (V.gm)erl ><cosk,[fZ COSkm (‘/-Sm)erl'

(Ue<m)m+1

By the definition of the refinement in [86, (4.2.1)], the natural morphism
(10.8.3) Vi i1 XUpas Vo
1
— {COSkT[{L (V.lgm)m+1 Xcosk,l,{bl (UangUUl)erl U’m+1 Xy Ul} ><Um+1 V'r$7,+1

V2

— coskU (VL 1
= coskn (V'Sm)m-H XCOSkng Uegm*uUY)m41 ( m+1 XU )

_ Ut y/1 2
- COSkm (Vvoﬁm)val Xcosk%(U.Sm)mJA ‘/;IL+1

is proper and surjective. Since the morphism (10.8.1) is the composite mor-
phism of (10.8.3) and (10.8.2), the morphism (10.8.1) is proper and surjective.
Thus (V2,V?2) is a proper hypercovering of (U3, U3).

3): The proof is similar to that of 1) and 2). a

The following is the main result in this section.

THEOREM 10.9. — Let U, be a proper hypercovering of U. Let C' be the
pull-back of C by the structural morphism Uy — U (¢t € N). Let ¢ be an
integer in (10.1) for the case T = @. Let N be a positive integer satis-
fying the inequality (2.2.1) for h = c. Let DY(K*SN) be the derived cate-
gory of N-truncated cosimplicial complexes of K-vector spaces (cf.§2). Let s
(resp. et_1 (0 <t < N)) be the N-truncated cosimplicial version of the functor
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(resp. the cosimplicial version of the functor) defined in (2.2.16) (resp. (2.2.18))
for DF(K*<NY with trivial filtration ((2.3)) :

DH(K) += DH(K*=N) “ DY (K).

Then there exists a complex Cr'éN((U.SN/U)/K, C) in DY(K*SN) such that
there exist canonical isomorphisms

(10.9.1) RLyig(U/K, C) 5 78(C (Uaen /U)K, C©)),
(10.9.2) RTyig(Up/K,C") =5 e (CrsN (Unan /U) /K, C)) (0 < WE< N).

The complex C;éN((U.SN/U)/K, C) is functorial for a morphism of aug-
mented simplicial schemes U<y — U’s and a morphism of overconvergent
isocrystal C’s. For N < N', there exists a canonical isomorphism

(10.93) s((CiY (Unen /U)/K,0))*=N) =5 s(Cr™ (Uaen /U)K, C)).
Here « < N on the left hand side of (10.9.3) means the N-truncation of the
left cosimplicial degree.

Proof. — Let the notations be before (10.1). Let N be a positive integer.
Later we assume that N is a positive integer satisfying the inequality (2.2.1)
for h = ¢ in (10.1) for the case T = @.

Let U < U be an open immersion into a proper scheme over & (see [67]).
Because we can replace U,<y with (Used)o<n in the following argument,
we may assume that U,<y is reduced. By (10.5) there exists an N-
truncated proper hypercovering (U,<y, U,<y) of (U,U). By (10.8), 3) the
pair (U.<y xu Z, U<y X Z) is an N-truncated proper hypercovering
of (Z,Z). Let (V.<y,V<n) be a refinement of the proper hypercovering
(Ussn %u Z, U<y x5 Z) of (Z,Z) such that there exists a closed immersion
V n < Py into a separated formally smooth p-adic formal V-scheme (see [86,
(4.2.3)]). Consider the N-truncated triple

(10.9.4) (Veen, W<, TR (PN )asn).

The simplicial formal V-scheme FK (PN)e<n contains ‘7.3 N as an N-truncated
simplicial closed subscheme over V by (6.6), 1). Set

Q. :=Tx(Pn).
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Following the idea in [86, (4.4)], we consider the triple (V<o) W<N.0, Qo<N,e)
of (N, co)-truncated bisimplicial (formal) schemes defined by

= (COSkgm(Vm)mCOSk;m(Vm)n7COSk(‘)}(Qm;VZ)”) (0<m<NmneN)

with the natural morphisms which make (V.§N7.,‘7,§N,,, Q.<N,.) a triple of
(N, 0o)-truncated bisimplicial schemes. Here, note that the triple (10.9.5)
is different from the triple in [86, p.125]; see (10.10) , 1) below for this.

Since V,, — Z is proper, the morphism V,, — V., X, Z of the graph of
the morphism above is a closed immersion; hence we indeed have the triple
(10.9.5) (cf. [86, p.125]).

We have a natural morphism (Vi<ny.., V<., Qu<nie) — (Z.,Z.,2.) of
triples and have the following commutative diagram of pairs of (N-truncated)
(bi)simplicial schemes:

(Uservy Upen) +—— (Vi<N,er H<n.e)
(10.9.6) l J
w,0) <+—— (Z2.,2.).
By the proof of [86, (4.4.1) (1)], the morphism
(VN V<nn) — (Zn, Zn) (n€N)
is an N-truncated proper hypercovering of (Z,, Z,). In fact, the morphism

(V.SN,nu VogN,m Q.gN,n) — (Zm Zm Zn) (n S N)

is an N-truncated proper hypercovering of (Z,,Z,, Z,) in the sense of [86,
(2.2.1)]. Indeed, since

COSkéZ"(Q.Sg_’”) = cosk};(Q.g;y o ;VQoSZ);VZn (0<¢<N),

n times

the morphism coskf"(Q.gg,n)m — coskf_"l(g,g,lﬂn)m (m € N) is formally
smooth by [19, (11.2.6)].

Let h be a fixed arbitrary nonnegative integer. Let N be an integer sat-
isfying the inequality (2.2.1). Let C*<M= be the pull-back of C' by the mor-
phism V,<y, — U. For simplicity of notation, we denote DR(C*<™>*) on
}V‘SNﬁ[Qo<N,o by DR(C). Then the morphism

(10.9.7) RI'(]Z.[z,,DR(C)) — RL(]W<N,[Q. ... DR(C))
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induces an isomorphism
(10.9.8) U/K,C) = H"(RT(]Z.[z,,DR(C)))
— H" (RF( ]V.SN,. [Q.g}v,. ) DR(C))) :

rlg(

Indeed, we have the two spectral sequences:
(10.9.9) EY = H(]1Z,]z,,DR(C)) = H'*?(]Z.[z.,DR(C)),

Z;
(10.9.10) H (Vs ilowen, DR(C))
£ HiJrj(}V-SN,-[Q.SN,uDR(C))'
By [86, (2.1.3)] and by the proof of (10.7), the E,-terms (1 < r < oo) of
(10.9.9) are isomorphic to those of (10.9.10) for ¢ + j < h. Hence we have an
isomorphism (10.9.8).

So far we have proved that, for any integer h, there exists a sufficiently large
integer N depending on h such that there exists an isomorphism

(10.9.11) ThRT4ig(U/K, C) — T RT (JW<n.e[Quy..- DR(C)).

Let N be any integer satisfying the inequality (2.2.1) for h = ¢ in (10.1).
Set

(10.9.12)  Cr™((Uuen/U)/K. C) = RT*=N (JUzn.[0,c ... DR(C)).

Here the N-truncated cosimplicial degree in RT*SN means the left N-
truncated cosimplicial degree. Then, by (10.9.11), we have

(10.9.13) Ry (U/K, C) =5 7.8(Ci=N (Uaen /U)K, ©)).

rig

Moreover, for a nonnegative integer ¢t < N, (Vi., Vi, Qs) is a universally
de Rham descendable covering of (U, U;) by the proof of [86, (4.4.1) (2)]
(however, see (10.10), 1) below). Hence

(10.9.14) RI:ig(Uy/K,C") = RT'(1Via[o,.. DR(CY)).
In other words, we have

(10.9.15)  RTyg(Ur/K,C) = e ' (C" (Usn /U)/K,C)) (0 <VE< N).

Next we prove that CQEN((U.SN/U)/K, C) depends only on N, U, U<y
and C.

(a) Independence of the choice of the disjoint union of the open covering
of U with a closed immersion into a separated formally smooth p-adic formal
V-scheme.
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Let Z' (i = 1,2) be the disjoint union of affine open subschemes which
cover U. Let (Z!,Z%, Z%) be the triple constructed as in the beginning of this
section for Z%. Set

(23,23, 2%) = (Z" xy 2, Z" x5 Z*, 2 %y 2?),
(73,23, 23) = (coskl (Z3), coskl (Z3), cosk (23)).

Since U /k is separated, the immersion Z3 — Z! x, Z2 is closed by [37,
(5.4.2)]. Hence Z3 is affine.

Let (Vi y,Vi_y) be a refinement of (Uw<y xu 2%, U<y x Z°) (i = 1,2)
such that there exists a closed immersion Vﬁv — 77’]‘\, into a separated formally
smooth p-adic formal V-scheme. Set

(V.ngvng) = (V.lgN XUs<n V.QgN,Vng XTacn V?gN%

P = Py xvPx.

Then we have a natural closed immersion V3, < P3; again by [37, (5.4.2)]. By
(10.8), 3), (V-3§N7 V?SN) is an N-truncated proper hypercovering of (Z3, Z?).
Let (V.igN,-v ViSN’., QigN,.) (1 =1,2,3) be the (N, co)-truncated bisimpli-

cial (formal) scheme constructed in (10.9.5) by the use of P%;. Then Q%gN,. is
equal to the product ngN,.;VQ?SN,.' We have the natural morphism

bi: (V.3§N,.a V?g]\/,.v Q?SN,.) — (V.iSN,.v ViSN,.a QiSN,.) (i=1,2).

Let Cr'éN((U.SN/U)/K7 C); be the N-truncated cosimplicial complex in
(10.9.12) by using (Vfg\,’.,VfS]\,,.7 QZ;SN,.) (t = 1,2,3). Then we have two
morphisms:

(109.16)  CN((Uuen/U)/K,C),

rig
e
o Cr=N((Uaen /U)K, C)
-
—— =N ((Uuen /U)K, C),.
By the proof of [86, (4.4.1) (2)], the product (V;2,V3,, Q3,) is a universally de
Rham-descendable covering of (Uy, U;). Hence

e 'CosN (Uaen /U)K, C), = RTyig(Uy/K,CY) (0 <t < N).

rig
By (10.9.15), pf (¢ = 1,2) is an isomorphism. Consequently
Ci™ ((Uaen/U)/K.C)
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is independent of the choice of the disjoint union of the open covering of U with
a closed immersion into a separated formally smooth p-adic formal V-scheme;
we have proved (a).

(b) Independence of the choices of the refinement and the closed immersion
of it into a separated formally smooth p-adic formal V-scheme.

Let (Vioy,Vioy) (i =1,2) be a refinement of (Us<y X Z, U<y X7 Z).
Then, by [86, (4.2.2) (2)], the fiber product (VEiN,Vicy) of (V<N,‘7}<N)
and (V.2<N,V.<N) over (Us<n xu Z, Uiy X7 Z) is a refinement of (Us<n Xu
Z, U.SJ\;X Z) with projection (V.3<N7V§<N) = (Vin,Viey). Let Vi
P}IV (1 = 1,2) be a closed immersion into a bepdrdtediformaﬁy smooth p- adic
formal V-scheme. Set P3 := PLxyP3. Let C;;N (Us<n/U)/K,C); be the
object constructed in (10.9.12) by using (V. ., V.<N7_, Q_<N7.) (1=1,2,3).
Then we have two morphisms:

(10.9.17) C;igN((U <N/U)/K,C),

ELIN CrM((Uaen /U) /K, C),

&2 CrzM((Uaen /U)K, C),.

By (10.9.15), pf (i = 1,2) is an isomorphism. We have proved (b).

(c) Independence of the choice of U,<n.

Let (Us<n,Ui_y) (i = 1,2) be an N-truncated proper hypercovering of
(U,TU). Let U3, (0 <m < N) be the closure of Im(U,, —dlai> Ul xg U%) in
Ul X5 U2,. Here we endow U2, with the reduced closed subscheme structure
in U1 >< 7 U2,. Since Uy, /U is separated the diagonal image of Uy, in Uy, Xy Up,
is closod We claim that the pair (U,<y, U: <N) is strict over (U, U). Indeed,
it suffices to prove that U, = Ufn xg U as sets because Uy, is reduced. This
follows from (10.4) for the following commutative diagram

Up —S= U3, xg U —— Up xv Un,
H In In
U —Ss T3 L T T2
We also have a natural morphism (U,<n, U.<N) — (Uu<n, UigN) (i=1,2).

As in [86, (4.2.3)], there exist two N-truncated proper hypercoverings
(V.<N, .<N) and (V.<N,‘7.<N) of (Z,Z) and quasi-projective refinements
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of (Uixn Xu Z, UZSN xi Z) and (Uw<y Xu Z, U?gN X Z), respectively,
which fit into the commutative diagram:

(V.?’ng V?g]\r) E— (V.lgN»V}gN)

(10.9.18) | |
(UOSN XUZ,Ung X[—]Z) —_— (U-SN XUZ,U}SN XUZ).
We also have an analogous commutative diagram

(V.4§Na Vng) — (V.Qng V%gzv)

(10.9.19) | |
(UOSN XU Z, U?SN X7 Z) E— (U-SN Xu Z7 U?SN X7 Z)

By [86, (4.2.2) (2)] there exists a quasi-projective refinement (Vf’SN, V?SN) of
(VE N, Viy) and (Vi Vioy) over (Z,Z). By (10.3) there exists a com-
mutative diagram

73 - 3
Vy —— Py

l l

(10.9.20) v, —S5 Pl

l |

Spec(k) — Spf(V),
where the horizontal morphisms are closed immersions into formally
smooth quasi-projective schemes over V. Then, as in (a), we see that
two C’r'é]\[((U.SN/U)/K7 C)’s constructed by the use of (V,PL) and
(V3,P%) are naturally isomorphic. —There also exists a natural iso-
morphism between two C’r'éN((U.SN/U)/K, CYys for V4 and V%. Since
(V3N V3 ) and (VA .y, Vi ) are refinements of the same proper hyper-
covering (U,<y X Z, i§<N ><;7 Z), we see, by (b) and by using (V% 5, V3. ),

that two C;EN((U.S ~N/U)/K,C)’s for V4 and V4% are naturally isomorphic.
Therefore we have proved (c).
(d) Independence of the open immersion of U into a proper scheme over k.
If we are given two open immersions U — U* (¢ = 1,2) into proper
schemes over x, then we may have a morphism (id, f): (U, U2) — (U, U").
Let (U.<n,Ul.y) be an N-truncated proper hypercovering of (U, U1). Set

772 771 772
U-SN = UOSN Xﬁl U=“.
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Then (U.<n, U?SN) is a proper hypercovering of (U, U?2). Obviously we have
the following commutative diagram

(Uesn, Uley) —— (Uecn, Ulcy)

(10.9.21) J l

U, % —— (UThH.
By (10.9.15), two CN(Uaen /U)K, C)'s by the use of (Us<n, Ul y) and
(Uen, U ?S ) are naturally isomorphic. Hence we have proved (d).

Putting (a), (b), (c) and (d) together, we have proved that

iz (Uaen /U)K, C)
depends only on N, U, U.<y and C.

The functoriality for a morphism of overconvergent isocrystals C’s is clear
by the construction of Cr'éN((U.SN/U)/K7 ).

We prove that the complex C’r’éN((U.S ~/U)/K,C) is functorial for a mor-
phism of augmented simplicial schemes U,<n — U’s as follows.

Assume that we are given a commutative diagram

U, —— U,

Lo

U —— U
of proper hypercoverings of separated schemes of finite type over k. We may
assume that U] and U, are reduced. Then, by (9.5.2), the functoriality of
I'%(?) and by the proof of (10.5), for any nonnegative integer N, we have the
following commutative diagram

UI.SN U-SN
| l
v —— U

of proper (N-truncated simplicial) schemes over  such that U’ and U con-
tain U’ and U as open subschemes, respectively, such that (U!_y, U,-S ) and

(Us<n, U,<n) are N-truncated proper hypercoverings of (U, U') and (U,T),
respectively, and such that the resulting four diagrams are commutative. Then,
as in (¢), we have a morphism

(10.9.22) Cr=N (U /U)K, C) — Cr2N ((Ulan /U)K, C)
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by the remark for a ringed space in the proof of (6.1), by [86, (4.2.3)], and by
(10.3). This morphism is independent of the choice of the intermediate objects
in the construction of the morphism (10.9.22) by the similar argument to (a),
(b), (c) and (d), and by the property (10.9.2).

Let N’ > N be two positive integers satisfying the inequality (2.2.1) for
h=c. Set @, :=I'X,(Pns). Using the formula (10.9.5) for N’ instead of N,
we obtain the triple (V,<n.., V.gN’,u Q’.<N,7.). This triple gives us the triple
(VecN,0s W<N o, Q.<n.)- Using the formula (10.9.5), we also obtain the triple
(VeciN,o, W<N,es Qu<n..). By the proof of (a), we obtain (10.9.3).

Now we have finished the proof of (10.9). O

REMARKS 10.10. — 1) The turn of the simplicial degrees in (10.9.5) is dif-
ferent from that in the triple in [86, p. 125]; because we are careful about the
morphisms between the E;-terms of the spectral sequence (10.12.1) below, we
do not follow [loc. cit.]. In addition, in (10.9.5), we do not consider the m-
times fiber product 2, of Z/V (=U,, in [loc. cit.]) because it is not necessary
to consider it.

2) The complex Cr'éN((U.SN/U)/K, C) depends only on N, Uy,
(Uored)-SNa K and C.
DEFINITION 10.11. — We call C3"((Uscn/U)/K,C) the N-truncated
cosimplicial rigid cohomological complex of C' with respect to (Us<n/U)/K.
When C is the trivial coeflicient, we call Cr‘éN((U.SN/U)/K, C) the N-
truncated cosimplicial Tigid cohomological complex of (U,/U)/K and we
denote it by C;igN((U,SN/U)/K). We call the N-truncated cosimplicial rigid
cohomological complex the N-truncated CRCC for short.

COROLLARY 10.12 (see [86, (4.5.1)], [87, (7.1.2)] with different signs from

ours)
There exists the following spectral sequence
(10.12.1) BY = H}, (Ui/K,C") = HIT(U/K,C).

Proof. — Let N be any positive integer. Set
{Hiﬂ'(e#c;i;N«U.gN/U)/K, O)l=i) (0<i<N),

EY(N):=
T 0 (otherwise).

Then, by the Convention (6) and (10.9), we have

EY(N) = HY (Cliy(U<n/U) /K, C)) = HY,

rig rig(U’i/K7 C)
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for 0 <1i < N. Hence we have the following spectral sequence
(10122) EY = EY(N) = H, (U/K,C")
i+7j o<N
= H" (s(C7; " (Uaen /U) /K, C)))

for 0 <4 < N. For any fixed h € N, let N be a positive integer satisfying
the inequality (2.2.1). Then the E/-terms (1 < r < 00,4+ j = h) of the
spectral sequence (10.12.2) are independent of the choice of N ((10.9.3)) and
the graded objects of Hgg(U/K, C) = Hh(s(cr.igN((U.SN/U)/K7 ())) by the
filtration induced by the spectral sequence (10.12.2) are EY-terms (i+j7=h)
of (10.12.2). Hence we obtain (10.12). a

PROPOSITION 10.13. — Let i be a nonnegative integer. Let 6r: Uiy1 — U
(O_S k<i +'1) be the standard face morphism. Then the boundary morphism
EY = BTN of (10.12.1) 4s XL (—1)kar.

Proof. — This follows from the convention on the signs in (2.0.1). d

DEFINITION 10.14. — We call the spectral sequence (10.12.1) Tsuzuki’s spec-
tral sequence.

REMARKS 10.15. — 1) The convention on signs in [19, (3.9)] are different
from our convention in (2.0.1). Hence the boundary morphism between the
E;-terms of their spectral sequence is not equal to 22110(—1)]“6,’;. Since each
(=1)*s7 in [19, (3.9)] (vesp.[25, (5.1.9.2)]) has different signs for the parity
of the degrees of sheaves of differential forms, it seems impossible to express
their boundary morphism between the E;-terms of [87, (7.1.2)] by the induced
morphism of morphisms of geometry. One should not make the convention in
[19, (3.9)] (resp.[25, (5.1.9.2)]).

2) As pointed out in [87, (7.1.3)], [86, (4.5.2)] was not proved in the general
case in [86]. [86, (4.5.2)] was used for the proof of [86, (4.5.1)]. [87, 7.5] gives
a proof of [86, (4.5.1)] without using [86, (4.5.2)]. One can also give a shorter
proof of [86, (4.5.1)] by the proof of [86, (4.5.1)] and by (10.5) instead of [86,
(4.5.2)].

THEOREM 10.16. — Let (U,, T,) be a proper hypercovering of (U, U). Let C
be an overconvergent isocrystal on (U, U)/K. Let C* be the image of C by the
natural functor

Isoc' (U, U)/K) — IsocT((U., U.)/K)7

where Isoct (U,, T,)/K) is the category defined in [19, (10.3.1)]. Let U, < P,
be a closed immersion into a simplicial p-adic formal V-scheme. Assume that
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P, is formally smooth over Spf(V) around U,. Then there exists a canonical
isomorphism

(10.16.1) RT.ig(U/K,C) — RT(]U.[p,,DR(C")).
Proof. — We fix a nonnegative integer h. Let N be an integer satisfying the
inequality (2.2.1). Let
LR(Py) == TR (Prn)=N
be the simplicial formal scheme constructed in [19, §11]. Set
(Uezn; Uusnvs Quen) = (Uszn, Uosn, TR (PN o<)-

Embed U,SN into the product R.<y := P-SNQVQ.gN- Then we have two
natural morphisms

(10.16.2) RI(]
(10.16.3) RT(]

U-SN[P.SJ\H DR(C)) — RFUU-SN[R.SAH DR(C))v
ESN[Q.§N7 DR(C)) — RF(]U'SN[R-SN’ DR(C))'

The morphisms (10.16.2) and (10.16.3) are isomorphisms. Indeed, set S = P,
Q or R. By the standard spectral sequences of Hj(RF(]U.SN[S.SN, DR(()))
(§:=P,Q,R), it suffices to prove that two morphisms

(10.16.4) HY(RT ()U4[p,,DR(C))) — H(RT (]U4[z,, DR(C))),
(10.16.5) H?(RT(]U4[g,, DR(C))) — H’(RT(]U4[r,, DR(C)))
are isomorphisms for all ¢ < N. Since P;, Q; and R; are formally smooth
over Spf(V) around Uy, both sides of (10.16.4) and (10.16.5) are equal to
Hﬂig(Ut/.KC) (see [9, (1.4), (1.6)], [19, (10.6.1)]). Therefore we have an

isomorphism
(10.16.6) R (1Us<n([p, <y DR(C)) = RT (JU.<n [0,y DR(C)).
Next, set (U!,U.,P!) = (U, xy Z, T, xg Z,P.xyZ) and

(Ulans Uncns Qocn) = (Ul U, TR(PR ) u<i).

!

We consider the triple 0" := (Ul y,, U.<p.., Qocy,) of (I, 00)-truncated

bisimplicial (formal) schemes defined by

!

U Uiy Qo) 1= (coSK™ (U, coskl] ™ (T, ), coskl (Q, X0 2)n)
(0<m<N,neN)
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with the natural morphisms which make U a triple of (N, co)-truncated bisim-
plicial (formal) schemes. Then we have the following commutative diagram of
triples of (IV, co)-truncated (bi)simplicial schemes:

(Usen, Uosns Qusn) —— (Ulcy o Usenier Qocn)

(10.16.7) l

(Zo7 Zu Zo)
Then, by the proof of (10.9), we have an isomorphism

(1016.8)  RI(JUisno.cys DR(C)) = RI(JU.<.lo; . .- DR(C))

Q, e<N,e’
and the natural morphism

(1016.9)  RI()U.cx.loy.,,, DR(C)) ¢ R()Z.[z,, DR(C))
induces an isomorphism

(10.16.10) H"(RTC(1U.<y..[o/

e<N,e

,DR(C))) ¢ H"(RT(]Z.[z,,DR(C))).
By (10.16.9), (10.16.8) and (10.16.6), we have a morphism

(10.16.11) RIyig(U/K,C) — RU(JUs<n ([P, -5, DR(C))

which induces an isomorphism

(10.16.12) h(U/K,C) = H"(RT(|U<n [Q,<N,DR(C)))

= H"(RT(]T.[p,, DR(C))).

Let ¢ be any integer in (10.1) for the case T' = & and let h > ¢ be any integer.
Then, by (10.1) and (10.16.12), H*(RT(]U,[p.,DR(C))) = 0. Hence

(10.16.13) 7.(RT(JU.[p,,DR(C))) = RT'(]U.[p,, DR(C)).

Let N be an integer satisfying the inequality (2.2.1) for h = ¢. Then, by
(10.16.11), (10.16.12), (10.16.13) and (10.1) again, we have an isomorphism

rlg

(10.16.14) 7(RTyig(U/K, C)) = 7.(RT(]U.[p,, DR(C))).
Therefore we have an isomorphism
(10.16.15) RT.ix(U/K,C) — RT(]U.[p,,DR(C)).

We can prove that the isomorphism (10.16.15) is independent of the choice
of ¢ and the choice of (Z,Z,Z). Moreover, we can prove the functoriality
of (10.16.15). (We omit the proof of the independence and the functoriality
with respect to overconvergent isocrystals C’s on (U, U)’s and with respect to
a morphism of triples (U,, U,,P,) because the proof is easier than the proof
of (10.9).)
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Thus we have proved (10.16). O

PROPOSITION 10.17 (see [87, (8.1.1) (2)]). — Let V — V' be a ring homo-
morphism of complete discrete valuation rings of mized characteristics. Let K’
be the fraction field of V' and &' the residue field of V'. Set U' := U®,r’. Then
the canonical morphism RTig(U/K) g — RTyig(U'/K') is an isomorphism.

Proof. — (Compare this proof with that in [87, (8.1.1) (2)].) Let h be a non-
negative integer. We have only to prove that the morphism Hr}ig(U/ K)gr —
Hgg(U’/K’) is an isomorphism. By the finite base change theorem (see [9,
(1.8)]), we can make a finite extension of K. Let N be a positive integer satis-
fying the inequality (2.2.1). Let (U,<x, Uy<n, Po<n) be an N-truncated triple
such that (U,<y, U,<n) is an N-truncated proper hypercovering of (U, U),
such that U,<y is regular and such that P,<y is formally smooth over Spf(V)
around U,<n: the existence of the triple above follows from (9.2) and from
the existence of the simplicial formal scheme I’}}V(PN). Because we may make
a finite extension of K, we may assume that U.<x is smooth over k. Set
(Uzny Ul.g]\h v<n) = (Uecn @k K, Uicn @n K, Pocn@pV').

Let jo<n: U<y < U.<n be the open immersion. Set j'_y = jo<n @y K.
Because U,<y is smooth over s and because P,<y is formally smooth over
Spf(V) around U,.<n, the canonical morphism Hﬁg(Ut/K)K/ — Hrf;g(Ut’/K')
(0 <t < N) is an isomorphism by the final remark in [8]. Hence the canonical
morphism

(10.17.1) Hh(RI‘(]U,SN[p.SN,DR(j_TSNO]ﬁ.SN[P.SN))K,

— H’L(RF(}U:SN[’P N’ DR(]TSNO

:S ]UlogN[‘P:<N))

is an isomorphism by the standard spectral sequences of both sides of (10.17.1).
By the proof of (10.7) and (10.16), we have two canonical isomorphisms

Hr}ig(U/K) AN Hh(RF(]U-SN[P.SJ\HDR(jngO]U,SN[p.SN)))v
)

!
o< N

Hﬁg(U//K/) — H" (RP(}UCSN[PLSN’ DR(J’/JISNO]UI.SN[p

Hence we obtain (10.17). O

Let U? (i = 1,2) be a separated smooth scheme over k. Set U'? := Ul x U2
Let C; (i = 1,2) be an overconvergent F-isocrystal on U!/K. By Kedlaya’s
Kiinneth formula [55, (1.2.4)] which is a generalization of Berthelot’s Kiinneth
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formula [8, (3.2)] for the trivial coefficient case (cf. the last sentence in (10.19)
below), the following canonical morphism

(10.17.2) RTyig(U'/K,C1) @k Rlyig(U?/K,Cy) — RTyig(U'?/K,C1 K Cy)

is an isomorphism. This is generalized to the following as stated in the last
sentence in [55, (1.5)]:

THEOREM 10.18 (Kiinneth formula). — Let U' (i = 1,2) be a separated
scheme of finite type over k. Let C; (i = 1,2) be an overconvergent F-
isocrystal on U'/K. Then the canonical morphism

(10.18.1) RTyig(U'/K,C1) @k Rlyig(U?/K,Cy) — RTyig(U'?/K,C1 K Cy)

is an isomorphism.

Proof. Let ji: U* < U’ (i = 1,2) be an open immersion into a proper
scheme over k. Set U2 := U x,, U? and C}5 := C; X Cy. Let ¢ be an integer
such that H}: (U'/K,C;) =0 (i = 1,2,12) for all h > ¢ ((10.1)). Let N —1 be
an integer satisfying the inequality (2.2.1) for h = c. Let (Ul y, Ui N, Picy)

(i = 1,2) be an N-truncated triple in the proof of (10.17) for (U?, U?). Re-
placing « with a sufficiently large finite extension of x and using a finite flat
base change theorem of Chiarellotto and Tsuzuki (see [19, (11.8.1)]), we may
assume that Ul_y is smooth over k. Consider a triple

12 7712 12y ._ (77l 2 771 772 1 o.p2
(U.ng U.ngp.gN) = (U.gzv X Uscny Uy X U.gN,P.gNXVp.gN)

of N-truncated simplicial (formal) schemes. Then (U}%N, U}%N) is an N-
truncated proper hypercovering of (U2, U12) (cf. (9.4), 4)). Let ijN: U-igN —
(_]fSN (¢ =1,2,12) be the open immersion. Set
R viie AN 3 U 77 31U (7T 3V (Pl -
(V2 Vi, Q) = (cosky (Ulcn), cosky (Uicn),cosky (Picy)) (i =1,2),
(V2 V2,0.%) = (Vi x VE VL %, VI, Qv QD).
By abuse of notation, we denote the pull-backs of C; to UfS N and Vi simply

by C;. Let ki: Vi< Vi (i = 1,2,12) be the open immersion. By a theorem
of Eilenberg-Zilber (see [89, Theorem (8.5.1)], cf. [loc. cit., Theorem (8.3.8)])
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(cf. |25, (8.1.25)]), we have an isomorphism
(10.18.2) s[RF‘(]V}[Qi,DR(k}T((Cl)]V}[Ql)))

@K RI*(V3[gz, DR(k?T((Cb)]V%[Q%)))]
S[AT* (7 oy DRIy, )

ox B (17 2gz DRIZ (O, )

The canonical filtration 7. on the left hand side of (10.18.2) is canonically
isomorphic to

7 BP(T 2l PRGN (Codioss )
by (10.17.2). Hence we have a canonical isomorphism
(10183 7 [s(RO< (ULl DRGILA(C )
QK RF*SN(]Ung[Pf 7DR(J*<N((C2)]U2<N[P2 )))H

< 1e[s{RU=N (U Zylpz  DR(j .<N((012)]U12<N[p12 I

Since the left hand side of (10.18.3) is equal to
7es[res [RT*SN (JU e[y - PRGN (C1) gy et V)
QK TcS [RF*<N(]U*<N[P DR(]*<N((CQ)] DI

<N[7)2 .
it is equal to
787 Rlyig(U' /K, C1) @k 7R yig(U? /K, Cs)].
Hence, by (10.18.3), we have an isomorphism
(10.18.4) 78[7eRDyig(U' /K, C1) @5 7R yig(U? /K, C5)]
5 1Ry (UK, Cha).
Since 7.RIyig(U!/K,C;) = RTyig(U'/K,C;) (i = 1,2,12), we sce that the
morphism (10.18.1) is an isomorphism.
It is a routine work to verify that the morphism (10.18.1) is independent of

the choice of ¢ and N.
Now we finish the proof. a
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REMARKS 10.19. — 1) In (16.15) below, we shall generalize (10.18) to the
case of rigid cohomology with closed support as stated in the last sentence in
[65, (1.5)].

2) The proof of the Poincaré duality and the Kiinneth formula with compact
support (see [8, (2.4), (3.2) (ii)]) is not perfect: we have to make a finite
extension of the base field x in [loc. cit.] (cf.the proof of (10.17)). Strictly
speaking, we first obtain the Poincaré duality and the Kiinneth formula with
compact support over a finite extension of k. Then we need the following two
facts:

(a) The rigid cohomology with compact support of U commutes with the
base change of a (finite) extension of K.

(b) The trace morphism constructed in [8] commutes with the base change
of a (finite) extension of K.

Part (a) is stated in [87, (8.1.1)]; the proof is the same as that of [86,
(5.1.1)].

Part (b) follows from a fact that the trace morphism in an algebraic situation
is compatible with base change (see [20, Theorem 3.6.5]) (we need only the
compatibility with the flat base change) and the construction of the trace
morphism in [8].

In conclusion, [8, (2.4), (3.2)] follows. In fact, we need not assume the
existence of an ambient formal scheme over V by the proof of [8, (2.4), (3.2)].

11. Comparison theorem between rigid cohomology and log crys-
talline cohomology

Let k, V, W, K and Kj be as in §10. In this section we prove a com-
parison theorem between the rigid cohomology of the trivial coefficient of a
separated scheme U of finite type over x and the log crystalline cohomology
of the cosimplicial trivial coefficient of a gs proper hypercovering of U. More
generally, we prove a comparison theorem for an F-isocrystal on U whose
pull-back to a gs proper hypercovering of U has only logarithmic singularities
along boundaries; Shiho has first considered this coefficient in a constant sim-
plicial case (see [82]); he has conjectured that any F-isocrystal on a separated
scheme of finite type over k has only logarithmic singularities along boundaries
if one makes a suitable alteration (see [loc. cit.]). Recently Kedlaya has proved
Shiho’s conjecture (see [56], [57], [58], [59, (2.4.4)]).
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First we prove the functoriality of Shiho’s comparison theorems between
some cohomologies.

Let f: Y — (Spec(k), k*) be a proper log smooth morphism from an fs log
scheme. Let U := Y}, be the maximal log open subscheme of Y whose log
structure is trivial.

Let RI'log-naiv(Y/K) be the complex of the log naive cohomologies of the
trivial coefficient defined in [82, Definition 2.2.12] (the terminology “naive rigid
cohomology” has been used in [6, p.14]; the terminology “log analytic rigid
cohomology” has been used in [82] instead of the terminology “log naive rigid
cohomology”). Then, by [82, Theorem 2.4.4], there exists an isomorphism

(11.0.1) RTog naiv(Y/K) =5 RU4ig(U/K).

Let L be a fine log structure on Spf(V). Let L; be the pull-back of L to
Spec(k). Let (Spec(k),Li) — (Spf(V),L) be the natural exact closed im-
mersion. Let Z — (Spec(k), L1) be a morphism of fine log schemes. Assume
that the underlying morphism Z — Spec(k) is of finite type. By [82, Corollary
2.3.9], there exists an isomorphism

(11.0.2) RU((Z/V)'%4, K 2v) — RTiog naiv (Z/K),

where (27_{})13%%1\/ is the log convergent topos of a log convergent site
(Z/V)i%%w zar in [82, Definition 2.1.3] and Kz is the trivial isostructure
sheaf in (Z/V)lc%%v.

Assume, furthermore, that Z — (Spec(k), L1) is log smooth. By [82, The-
orem 3.1.1], there exists an isomorphism

(11.0.3) RF((Z/W)COHV,ICZ/W) = RT(Z/W)k,

Here the right hand side on (11.0.3) is the complex of the log crystalline
cohomologies of Z/(Spf(W), L).

Before giving the proof of the functoriality of the three morphisms (11.0.1),
(11.0.2) and (11.0.3), we prove the following:

PROPOSITION 11.1. — Let g: X' — X be a morphism of fine log (formal)
schemes over a morphzsm S’ —) S of fine log (formal) schemes such that

the underlying schemes X’ and X are locally of finite type over S' and S
respectively. Then there exist a disjoint union X{ (resp. Xo) of log affine
open subschemes covering X' (resp. X) and a (formal) embedding system
(cosky (X}), P!) (resp. (coski (Xo), P.)) over S’ (resp.S) fitting into the
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following commutative diagram
cosk (X}) —=— P!

(11.1.1) l l

cosk (Xo) —< 5 P,

of simplicial fine log (formal) schemes over the morphism S" — S. (As to the
definition of the embeddmg system in [45, p.237], we have a remark in (11.2),

1) and 2) below.) If X' and X are separated over S’ and S respectively, then
one can take the two horizontal morphisms in (11.1.1) as closed immersions.

Proof. — (Cf. the proof of [82, Proposition 2.2.11].) We give the proof which
is valid only for log schemes; in the case of fine log formal schemes, we have
only to take suitable completions in the following.

First assume that S’ = S. Let V' and V be log affine open subschemes of X’
and X, respectively, such that g induces a morphism V' — V. We assume that
the structural morphism V' — S factors through a log affine open subscheme T'
of S which has a global chart P — T'(T', Or) and that the morphism V' — V'
has a global chart

Q" —— I(V',0v)

I |

Q E— F(V, Ov)

over P — (T, Or). Set A :=T(T,0r), B:=T(V,0y) and B :=T(V',Oy").
Let Q1 — Q (resp. By — B) be a surjection from a commutative free finitely
generated monoid (resp.a polynomial algebra over A with finite number of
indeterminates). The morphisms P — @ and @7 — @ induces a morphism
P ® Q1 — Q. Since By is an A-algebra, we also have a natural composite
morphism P ® Q1 — A ® Q1 — B1[Q1] of monoids (see [loc. cit.]). Then we
have the commutative diagram

Po@Q — Q

| !

Bl [Ql} — B.
By the criterion of the log smoothness (see [51, (3.5)]), the morphism

(A, P) — (Bi[Q1], P & Q1)
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is log smooth. Hence we have a closed immersion V — W into a log smooth
affine scheme over S.

Next we retake W as a base log scheme, that is, we consider the composite
morphism V/ — V — W. Then, by the argument above, we obtain a closed
immersion V/ < W’ into a log smooth affine scheme over W. Since W/ — W
and W — S is log smooth, so is the composite morphism W' — S.

Since the rest of the proof for the case S’ = S is routine (we have only to
use the functor coskg), we leave the rest to the reader (cf. [82, Proposition
2.2.11], (11.4) below).

Finally we consider the case of a general morphism S’ — S of fine log
schemes. Then we first construct a closed immersion V < W as above. Now
we have only to apply the argument before the previous paragraph for the
composite morphism V! — V xg 8" — W x5 5" over S’. O

REMARKS 11.2. — 1) The claim of the existence of the embedding system in
[45, p.237] is not perfect; we have to assume that X is separated over S in
[loc. cit.]. Let X; (i = 1,2) be an open subscheme of X. The condition on
the separateness assures that the natural morphism X; x x Xo — X1 xg Xo
of schemes is a closed immersion. By the same reason, the argument in [47,
p. 602] is not perfect since cosq(Up/X) — cosq(Yo/W) is not necessarily a
closed immersion.

2) As in [82, Definition 2.2.10], we allow the (not necessarily closed) im-
mersion in the definition of the embedding system in [45, p. 237].

LEMMA 11.3. — Let g: ' — Q) be a morphism of log (formal) schemes.
Set ' := i, and 3= Yuiv. Then gl factors through a morphism L' — SL.

Proof. — Let 3’ be a point of $I'. Set y := g(y'). Let (M, «) be the log struc-
ture of §) and m an element of M,. Then g*(a(m)) = ¢g*(m) is an invertible
element of Oy .. Since the morphism g*: Oy, — Oy, is a local mor-
phism, a(m) € Oy . Hence My = Oy, and g: 9" — 2 induces a morphism
gl : U — 4. O

PROPOSITION 11.4. — LetV — V' be a ring homomorphism of complete dis-
crete valuation rings of mized characteristics. Let k' (resp. K') be the residue
(resp. fraction) field of V'. Let (Spt(V'),L’) — (Spf(V), L) be a morphism of
fine log schemes. Let L) be the pull-back of L' to Spec(k’). Then the following
hold:
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1) The isomorphism (11.0.1) is functorial: for a commutative diagram

Yy’ -7, Y

| |

(Spec('), ") —— (Spec(k), £7),
where the vertical morphisms from fs log schemes are proper and log smooth,

the following diagram

RFlog -naiV(Y//K,) ;> RFrig(U//K/)

I I

RT6g maiv (Y/K) " RT\ig(U/K)
is commutative, where U' := Y/, .
2) The isomorphism (11.0.2) is functorial in the obvious sense.
3) Let W' be a Cohen ring of k' in V'. Then the isomorphism (11.0.3) is
functorial in the obvious sense.

Proof. — We recall the constructions of (11.0.1), (11.0.2) and (11.0.3) in [82].
By (11.3), the morphism g: Y' — Y induces a natural morphism g: U’ — U.

1): Let Yy be the disjoint union of log affine open subschemes covering Y.
Set Y, := COSkOY(Yo) and U, := Y,uiv. Let j,: U, — Y, be the open immersion.
Let Yo be a lift of Yy over Spf(V). (In fact, we can take a lift of Yy above over
Spf(W).) Take the disjoint union Y{j of log affine open subschemes covering
Y’ such that g induces a morphism go: Yy — Yj. Then there exists a lift )
of Yjj over Spf(V') with a morphism Y — Yo over Spf(V') — Spf(V) fitting
into the commutative diagram

i —— %

o]

YO A—C——> y().

Set ), = Coskg(yg) and Y. := coskgl (V). Then we have the commutative
diagram

Y, ——
(11.4.1) g.l l

Y, —— ..
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Set U! :=Y/ . andlet j.: U — Y/ be the natural open immersion. Let

otriv

vifos 2 v
Wi L

s | 2
1 o
V.l 2 W[
be the natural commutative diagram (cf. [82, pp. 59-61 and p. 114]). Then we

have the commutative diagram (see [82, pp.121-122, p. 114])
R, Rg%B(A*

i

(11.4.2) T T

. e
RodMy ) —— ReuGiA, )

) —— RpuRg2E(IAS, )
. y‘

— R, (A ) ——— Ry, (LT, )
by Vil
y/

| |
M e A

Ve

Here A* means the sheaf of logarithmic differential forms. Because checking the
independence of the choice of the commutative diagram (11.4.1) is a routine
work, the functoriality of (11.0.1) is obvious.

2): Let Z' — Z be a morphism of fine log schemes over (Spec(x’), L) —
(Spec(k), L1). Assume that Z (resp. Z') is of finite type over x (resp. £'). Let

Z, —— P,

(11.4.3) l l

zZ, —— P,
be a commutative diagram over the morphism (Spf(}’),L’) — (Spf(V), L)
constructed in (11.1), where P, — (Spf(}'), L) and P, — (Spf(V),L) are
formally log smooth. Let 7 (resp. ') be a uniformizer of V (resp.V’). Let
{Ton(i)nzy (resp. {T0,()}3%)  (i=0,1,2)
be the inductive system of the universal log enlargements of the immersion
from Z, (resp.Z.) to the (i + 1)-times fiber product of P, (resp.P.) over
(Spf(V), L) (resp. (Spf(V'),L")) (see [82, Definition 2.1.22]). Then we have
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the inductive systems of natural morphisms T (i) = Tun(i) (0 € Z31). Be-
log
pOa‘Wll/n’

12, [;;)55 |1/ respectively, the functoriality of (11.0.2) is clear by the proof of

cause T, ,(0) (resp.T.,(0)) is a formal model of the rigid spaces ]Z,|

[82, Corollary 2.3.8]. Checking the choice of the independence of the commu-
tative diagram (11.4.3) is a routine work.

3): Assume that V = W and V' = W' in 2). Assume that Z' —
(Spec(x'), L}) and Z — (Spec(k), L1) are log smooth. Let D,(¢) (resp. D% (7))
be the log PD-envelope of the immersion from Z, (resp.Z!) to the
(i + 1)-times fiber product of P, (resp.P.) over (Spf(W),pW,[ ],L)
(vesp. (SpfW'),pW',[ |,L")) (i = 0,1,2). Let {m({)}seny be a sequence
of natural numbers such that the ideal sheaves Ker(O;@,’Z+1 — Og,) and
Ker((?%@,i+1 — Oy,) are generated by m({) local sections over O%ZH and
(’)%Z+17 respectively, for all ¢ = 0,1,2. Set n'(¢) := (p — 1)m(¢) + 1 and
n(f) := max{n'(¢')|0 < ¢ < f}. Then, by the universality of the uni-
versal enlargement, we have a natural morphism Dg(i) — Ty (i). Set
Ty(i) == lim Ty n(i). Then we have a natural morphism ©,(z) — 7,(¢) of
inductive systems of simplicial log formal schemes over (Spf(W),pW,[ ], L).
Set T, (i) := lim Ty ,(i) and let D, (i) — T,(i) be an analogous morphism.
Then we have the following commutative diagram:

(i) —— TU(i)

(11.4.4) J l

D.(1) —— T.(0).
The commutative diagram (11.4.4) is compatible with respect to ¢ by natu-
ral projections (cf. [81, (5.3.1)]). Hence the functoriality of (11.0.3) is clear;
checking the independence of the choice of the commutative diagram (11.4.3)
is a routine work.
We finish the proof. O

REMARKS 11.5. — 1) In the statements [82, Theorem 2.4.4], [82, Corollary
2.3.9] and [82, Theorem 3.1.1], there are only claims that there exist only
isomorphisms between cohomologies. As in [47, II (1.1)], we have to check that
the constructed isomorphisms do not depend on the choice of open coverings;
this verification is not difficult.

By the same reason (as pointed out in [70]), Steenbrink’s main theorem on
the existence of the Q-structure of the Steenbrink complex alone has no sense
because some constructions in [83] obviously depend heavily on the choice of
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the charts (e.g., L} in [loc. cit., (4.5)]); we cannot discuss, for example, the
functoriality of his weight spectral sequence a priori; the Q-structure of the
Steenbrink complex might depend on the choice of the local chart. Fujisawa
and Nakayama have saved his result (see [29]) by using the real blow up in [53]:
the Q-structure of the Steenbrink complex is independent of the choice of the
local chart. However no one has proved the independence of the Z-structure
of the Steenbrink complex in [loc. cit.].

2) The use of the superscripts indicating simplicial degrees in [45] and [82]
is wrong.

3) Let X be a proper smooth scheme over x and D an (S)NCD on X/k.
Set U := X \ D. Then Shiho’s isomorphism (= the composite isomorphism
obtained from (11.0.1), (11.0.2) and (11.0.3))

(11.5.1) RTyig(U/Ko) = RT((X, D)/W) .

is a log version of the isomorphism [9, (1.9.1)] without the assumption of
a global embedding of U into a formal scheme which is formally smooth
around U.

4) In Shiho’s articles [81] and [82] and in our proof of (11.4), we use the dis-
joint unions Yy and ) of local lifts of Y and Y”, respectively. More generally,
all we need is the following commutative diagram

vy —— Y

Lo

Yo —— ),

where the two horizontal morphisms are closed immersions into fine formally
log smooth log p-adic formal V-schemes whose log structures are trivial around
Yy and Youiv (cf. [82, Proposition 2.2.4]); the assumption on the triviality
of the log structures implies that the underlying schemes of the exactifications
are formally smooth around Y, and Yjuiv since a log etale morphism over
a trivial log scheme is etale (cf. [82, p.122]). The proofs of the comparison
theorems for the generalized case are the same as Shiho’s proofs for the case
of local lifts.
This remark is important for the proof of (11.6) below.

Now we prove a generalization of the comparison theorem (1.0.17): the base
field k is not necessarily perfect and we do not assume the splitness.
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Let (U,U) be as in §10. Let (U,, X,) be a good proper hypercovering of
(U, U) which has the disjoint union (U!, X!) of the members of an affine sim-
plicial open covering of (U,, X,) over (U, U) ((9.7), 1)). Assume, furthermore,
that X, is smooth over k. Set D, := X, \ U,.

THEOREM 11.6 (Comparison theorems). — 1) There exists an isomorphism
(11.6.1) RT(((X.,D.)/V). K(xu.00)v) — RTwig(U/K).

The isomorphism (11.6.1) is functorial: for a morphism (V,V) — (U,U) of
pairs and for good proper hypercoverings (U,,X.) of (U,U) and (V.,Y.) of
(V, V') which have the disjoint unions of the members of affine simplicial open
coverings of (U,, X.) and (V,,Y.) over (U,U) and (V,V), respectively, and
which fit into the commutative diagram

(V.,K) B— (U,,X.)

l l

the following diagram
(11.6.2)

RU(((Ya, EL)/V)eis Koy v) —— BU((Xa, D)V Ko payv)

RDyis(V/K) — RT'ig(U/K)

is commutative, where E, :==Y, \ V,. In particular,

RT(((X.,D.)/V)5, . K(x..00)/v)
depends only on U/k and K.

2) There exists a functorial isomorphism

—~

(11.6.3)  RU(((X.,D.)/W)i5,,K(x..poyw) — RI((X.,D.)/W) Ko
3) There exists a functorial isomorphism
(11.6.4) RTyig(U/Ko) — RT((Xe, Da)/W) .-

4) Let ¢ be an integer such that Hrlig(U/Ko) =0 for allh > c. Let N be an
integer satisfying the inequality (2.2.1) for h = ¢ in (2.2.1). Let (Us<n, Xo<n)
be an N-truncated good proper hypercovering of (U,U). Set Dy := X; \ Uy
(0 <t < N). Assume that X.<N 15 smooth over k and that there exists a

closed immersion (Xn, Dy) < (R, M) into a fine log formally smooth scheme
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over Spf(W) such that the underlying p-adic formal W-scheme R is formally
smooth over Spf(W) around Xy \ Dn. Then there exists an isomorphism

(11.6.5) RTig(U/Ko) == TR ((Xo<n, Dos) /W) g, -

The isomorphism (11.6.5) is independent of the choice of N satisfying the
inequality (2.2.1) for h = ¢ in (2.2.1). The isomorphism (11.6.5) is functorial.

Proof. — 1): Let h be a fixed nonnegative integer. Let N be an integer sat-
isfying the inequality (2.2.1). Let (U.., X..) — (U., X.) be the Cech diagram
of (U!,X!) over (U,,X,)/(U,T) ((9.6), (9.7), 2)). Let (Z,Z,Z) be a triple
as in the beginning of §10. Set D,, := X,, \ U,,. Consider the fiber product
(Uee XU Z, Xeu X7 Z) and the pair of schemes defined by

(Xém'm Dfmn) = (COSké(lm (Xfm X U Z)Tu COSk(?lm (Dlm X U Z)n)

with ¢,m,n € N. Then we have a pair (X,,,, D...) of a smooth trisimplicial
scheme with trisimplicial SNCD over k. Set U,y := Xque \ Deeo. We claim
that there exists a closed immersion

(11.6.6) (Xe<Nye0s De<Noe) = (Re<Nees Mo<N,ee)

into a formally log smooth (N, 0o, 0o)-truncated trisimplicial log p-adic formal
V-scheme such that the underlying trisimplicial formal scheme R,<n . is for-
mally smooth over Spf(V); moreover there exists a morphism R,< Nyeo = Za
over V fitting into the commutative diagram

c
Xe<Noe — Ru<Noee

zZ., —S=- Zz.
Indeed, since X is the disjoint union of affine open subschemes of Xy,
there exists a lift (Xno, Dno) of (Xno, Do) over Spf(V) such that Xng is a
formally smooth scheme over Spf(V) and such that Dyy is a relative SNCD
on Xno/Spf(V). The morphism (X,<n0,Du<no) — IX((Xn0, Dno))e<n
in (6.6), 1) is a closed immersion into a formally log smooth N-truncated
simplicial log scheme over Spf(V). Then we have a closed immersion

X D,
(11.6.7) (X-SN,MD-SN,-) = (COSkO SN()(.g]\r’()),COSkO SN(D.SN,()))

s cosky (TX ((Xn0: Dno))e<n) =t (Rue<i,es Mu<n.a)
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into a formally log smooth (N, oo)-truncated bisimplicial log p-adic formal
V-scheme. Hence we have a closed immersion

(11.6.8)
(Xe<N,00s Da<iNyen)
= (CoskOX'SN" (Xe<n,.e X5 Z), CoskOD'SN" (De<ne X Z))
e COSKY ((Ra<N ooy Moc . ) XV Z) = (Re<N ooy Mz ,e0)
into a formally log smooth (N, 0o, co)-truncated trisimplicial log formal scheme
over Spf(V) such the underlying formal scheme of the log formal scheme on
the right hand side is formally smooth over Spf()). Thus the claim follows.

For clarity, we summarize the construction above as follows: we have the
following commutative diagram of pairs of (tri)simplicial schemes

(Uecn: Xo<nN) ¢ (UecNyes Xe<Nye) $—  (Ue<Nee, Xe<N,eo)
(11.6.9)
(U7 U) — (Zn Z.)
and the following morphism of triples:
(11.6.10) (UecNyoor Xe<Noo, RecNyee) — (Z, Z., 2.).
Let C be an overconvergent isocrystal on (U, U)/K. We claim that the induced
morphism
(11.6.11) H"(RTyiy(U/K,C)) = H"(RT(]Z.[z,,DR(C)))
—H" (RF(]X~§N7"[R.5N,..7 DR(C)))

by (11.6.10) is an isomorphism. We prove this claim in the following.

Let (V.,¥) be a refinement of the proper hypercovering
(Usxu Z,Xe x5 Z)

of (Z,Z) such that there exists a closed immersion Vy < Py into a
separated formally smooth p-adic formal V-scheme (see [86, (4.2.2)]). Let
(Ve<n,0es ¥<N,Oe, Qe<n,m.) be the (N,oo)-truncated bisimplicial (formal)
schemes defined in (10.9.5) for L_f.gN = X.<y. Here O means a blank. Let
(X.0e, Duo.) be a bisimplicial scheme defined by

(11.6.12)  (X¢On, Deon)
= (cosky “(X¢ X 57 Z)nycosks“(Dy x5 Z)y) (6, € N).
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Set Uign := Xeon \ Deon.  Since there exists a natural morphism
(Voew, W<n) = (Uusn xu Z, Xo<n Xz Z), we have a natural morphism
(11.6.13) (Va<N.Ow, ¥<n,0.) — (Uecn,0ey Xo<n,04)-

It is straightforward to check that
(11.6.14) (cosky*™* (Use X1, Uso), cosky *7* (Xame X X Xe0)) = (Useas Xoa)-
Set

(11.6.15)  (VicN,eer U<N,0e) == (Cosk(‘{'SN‘D'(V.gN,D. XUsen Us<N0);
Cosk(‘)?SN’D'(V.gN,D. X Xeew Xa<NO))-
Then, by (11.6.14), we have the following cartesian diagram
(Vocn,Ou0s BN Do) —— (Ve<Noes K<N.0)
(11.6.16) l l

(UecN, O, Xe<N,Oe) ¢ (Ue<N,ees Xe<N,ee)

of trisimplicial and bisimplicial schemes over k. Let

Ve Xxy Xnvo = [ [ Vo
By

be the disjoint union induced by the disjoint union Xng = [], Xnox, where
X oy is an open subscheme of X . Set

Avoar = Onoe \ (Vo \ Vo), Qeoer = TR (Qyoan)e

(0< ¢ < N)and
(11.6.17) Qu<Nyos i= Coskg(H Q.gN,D.A>~
)

Then we have the closed immersion
(11.6.18) V<Nee = Qu<Noee-
Set Se<N,ee 1= Qu< N,..QVR.S N,ee- Then we have natural closed immersions
V<Ne = W<N e X Xo<N oo < Se<Nooe-
Hence we have the following natural morphisms of triples:
(VecN oo K<Nioes QecNiee) ——  (VecNoeer H<N 00y Se<iN o)

(11.6.19) l

(UscNoo Xe<Nyo0s Re<N,oe)-
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Since Qpmn and Sy (0 < £ < N,m,n € N) are formally smooth over Spf(V),
we have a natural isomorphism

(11.6.20)  RU(JW<N.ea[Qucn.ae: PR(C)) — RT(JW<N aulSc .00 DR(C)).
We also have a natural isomorphism
(11.6.21) RE ([Viwlo e DR(C)) 5 BL([Viuuls,... DR(C))
for each 0 < ¢ < N. By using the morphism
R (< anlucr oas DR(C)) — BD(1Xe<naa[o oo DR(O))
and by (11.6.20), we have a morphism
(11.6.22)  RT (V<N eel@ucr e DR(C)) — RT(]Xi<N,ea[Recyees DR(C)).

We claim that the morphism (11.6.22) is an isomorphism. Indeed, by the
spectral sequence

Y == B/ (R (JViua[0u0s, DR(C))) == H' (RT(JWsn eal@ucr e DR(C)))
(0 <4 < N) and the similar spectral sequence of
H"(RD(JXo<N 00 [Ruc e DR(O))),
we have only to prove that the induced morphism
(11.6.23) H?(RT(]Viee[0.., DR(C)))
¢ H'(RT(]Xiwu[r.ws, DR(C)))  (j EN)

is an isomorphism (0 < ¢ < N). To prove this, let X;0 < Tip be a closed
immersion into a separated formally smooth scheme over Spf(V). Set T;y, :=
coskg(’Tio)n . Then we have a closed immersion X;, < 7;, and

RTyig(U; /K, C) = RT (] Xi[7,.,DR(C)).

As we have obtained Q,<n..., we have a bisimplicial formally smooth formal
scheme T;,, over Spf(V). Using the fiber product 7., XV Ries, we have a natural
isomorphism

RD(]Xiuu[Fres. DR(C)) 5 RT(]Xiuu .00 DR(C)).
Since RT(]Xiu[7.., DR(C)) = RT(Xiuulr..
Rl’rig(U,;/K7 ) AR RI‘(]X%.[R“”DR(C)),

DR(C)), we have an isomorphism

On the other hand, since (V;g., Viow, Q;0.) is a universally de Rham descend-
able covering of (U;, X;) as in the proof of (10.9), we have an equality

R (]Xi[7,,, DR(C)) = Rlyig(U;/ K, C) = RT(]Vin.[g,n, DR(C)).
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Using the standard spectral sequence and using the de Rham-descendability of
an affine open covering, the right hand side is isomorphic to RT'(]Vis.[g,.., DR(C)) =

RT(]Viea[Siees DR(C)). Thus we have the following commutative diagram
RTi4(Ui/K,C) =—— RI'(]Vin.[o,n..DR(C)) —— RI'(}Vis.[s,... DR(C))
Rlyig(Ui/K,C) —— RI(]Xi[7.,DR(C)) —— RI(]Xi.[r;... DR(O)).

Therefore we see that the morphism (11.6.23) is an isomorphism.
By using two morphisms Q.<n,. — Z, and R.<y.. — Z., we have two
composite morphisms

(11.6.24) S.SN_’" — Q-SN,u — Z, and S-SN,u — R-SN,u — Z,.

Hence we have a natural morphism

(11.6.25) Su<N e XVSeciee — ZoXVEZ,.
Set
RT; := RT(]Z.[z,,DR(C)),
RIs := RF(}V. ND-[Q.<N Oe? DR(C))’
RT3 := RF(}V. N--[Q.<N ..7DR(C))’
RTy := RT(]X.<N,ea[Recn.ens DR(C)),
RI'5 := RP(}V- N--[5.<N ..’DR(C))
Rl'g :RF(}Z'[Z.XVZ. DR(C)),
RI'7 := RF(}V‘ [S.<N . XVS.<N o’ DR(C))

Here Z, (resp. V.gN,..) is embedded into Z, Xy Z, (resp. S.SN,-.;VS.gN,..) di-
agonally. Then we have the following commutative diagram:

~ ~

RT; RI'; RT's
(11.6.26) T T T
RI'y —— RI¢ +—— RIT}.

Here we obtain the left (resp.right) vertical morphism in (11.6.26) by using
the first (resp.second) morphism in (11.6.24). We also have the following
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commutative diagram

W<Nee — W<n,o.

(11.6.27) l l

Xe<Ne —  Z.
and the following (not necessarily commutative) diagram

Se<Noe — Qu<N,Oe

(11.6.28) | |

RQSN,oo — Zo'
Then, using (11.6.27), (11.6.28), (11.6.23) and (11.6.26), we have the following
commutative diagram

RF4 -:——> RF5 L)RF7 %-:* RF5

| =

er —_— RFQ ;> RI‘3.
Because RT'; — RT induces an isomorphism H"(RT;) — H"(RTy), which
has been proved in the proof of (10.9), the left vertical morphism Ry — R[4
induces an isomorphism H"(RT';) — H"(RT). In conclusion, the morphism
(11.6.11) is an isomorphism.

Let RF((X.§N7..,D.§N’..)/K, LDR(O log )) be the

(Re<N,00:Me< N, 00)
complex producing log naive cohomologies which are the trisimplicial ver-

sions of the log naive cohomologies defined in [82, Definition 2.2.12]. Let
Jo<N,e0: Ue<N 00 = Xu<n,ee be the open immersion. Then, by the cohomolog-
ical descent and by the proof of [82, Corollary 2.3.9] and [82, Theorem 2.4.4],
there exists a natural morphism (cf. (11.4.2)):

(11.6.29) RT((Xe<ns Dash) V)i K(Xu < oDacn)/V)

= AT ((Xexooer Desen) V)i K(XucranDacoe) V)
= RD((Xu<N,ee, Du<.0)/ K, LDR(O

1 Xe<N, 00l

log
X,
] .SNJO[(R.SN’.,M.SN‘.-)

)
(Re<N, 00 Me<N o0)

— RT((Xe<N 00y Ducivad) /K, LDR(ijNMO] N

o< N0
= RF(]X-SN,"[R.gN,..v DR(jjgN,..O]X.gN,..[R,SNY"))'

The induced morphism H"((11.6.29)) is an isomorphism. Indeed, set

E? = Hs(((Xt,Dt)/V)lc%%w,/C(XtyDt)/v) for t < N and E% = 0 for

conv,1 conv,1
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t > N. Set also Eﬁng = H},

Then we have the following two spectral sequences
(11.6.30)  Ef,. =
H¥" (RT((Xu<N,e0s Du<n,ee) /K, LDR(O

(U;/K) for t < N and E%

rig1 1= 0 for t > N.

log
X
] .gN,co[(R.SNy..,M.gN,co)

(11.6.31)  Ef =

H*Y(RT(]Xu<n ulr DR(j!_y.0)x

e<N,ee’ .gN,--[’R.SNy..)))'

By Shiho’s comparison theorems (see [82, Corollary 2.3.9, Theorem 2.4.4])
and (11.5), 4), the induced morphism

—_~

H* (X4, Do) [V)ees Kix moyv) — Hig(Ui/K)

conv’ rig

between the Ej-terms of (11.6.31) and (11.6.30) for ¢ < N by the morphism
(11.6.29) is an isomorphism. Hence H"((11.6.29)) is an isomorphism.

So far we have proved that, for any nonnegative integer h, there exists a
positive integer N satisfying the inequality (2.2.1) such that there exists an
isomorphism

—~

(11.6.32) 7, RD(((X.. D) /V)i&. K(xo.00/v)

= ThRT ((Xa<nvs Dosv) V) K(X oo Ducn)v) — ThRLwig(U/K).

By (10.1), there exists an integer ¢ such that Hfig(U/K) =0 fori>c
Hence RTyiy(U/K) = 7.RTyi(U/K). By (11.6.32), for i > c,

H'(((X., D.)/V)ey K(x0,00)v) = 0.

Hence

RT(((X.,D.)/V)E, . K(x..p2)/v) = TRT((Xe, D) /V)E, . K(x..00)/v)-
Using (11.6.32) for h = ¢, we have the isomorphism (11.6.1).

The isomorphism (11.6.1) is independent of the choice of the lift (Xx¢, Do)
by using the product of two log formal schemes and by (11.5), 4) (we may use
the construction of a standard exactification in [44, 2]). By the proof of
(9.8), 2) and by using the product of log formal schemes and by (11.5), 4)
again, the isomorphism (11.6.1) is independent of the choice of the disjoint
union of the members of an affine simplicial open covering of (U,, X,). Since
we need only the isomorphisms (11.6.11) and H"((11.6.29)), the isomorphism
(11.6.1) is independent of the choice of the closed immersion Vy < Py and
the refinement (V,,¥). Moreover, as in the proof of (10.9), we can see that
the isomorphism (11.6.1) is independent of the choice of (Z,,Z,, Z,). Note
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also that the isomorphism (11.6.1) is independent of the choice of N satisfying
(2.2.1) for h = ¢. Indeed, if we take two integers N’ > N, we have two
isomorphisms

—

inyin: TeRU((Xe, Da) V)3, K(xu Do) — TeRT4ig(U/K),

where iy and ins are constructed by the use of lifts (Xno,Dno) and
(Xnr0, Do) of (Xno, Do) and (X g, Do), respectively. By (11.5), 4) and
by using the natural closed immersion

(Xe<n,0, Du<no) — TR ((Xno, DNO)).SN;VF%' (X0 Dﬁvfo))_gNa
we obtain the following commutative diagram:

‘N

~

TR ((Xoans Dusnt) V) s KXo s Do)/ v) 7.RLyig(U/K)

l H

i

—~— N
T RT(((X ey Do)/ V)i Ko Docryy)  — TeRTig(U/ ),

Thus we have proved the existence of the isomorphism (11.6.1).

Next we prove the functoriality.

By the remark for a ringed space in the proof of (6.1), there exists the
following commutative diagram

e

— N

w
(11.6.33) J
Vv — U,
where Z and W are disjoint unions of the members of affine open coverings

of U and V, respectively. Set Z := Z Xz U and W := w xy V. By (10.3),
there exists the following commutative diagram

W —=—=w

7z - z,
where the horizontal morphisms are closed immersions into formally smooth
p-adic formal V-schemes and W is not the Witt ring until the end of the

proof of 1). Set W, := cosky (W). Using (9.8), 1), the proof of (11.4), 1)
and the construction of the closed immersion (11.6.7), we have the following
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commutative diagram

(Yo<N,e0r Ea<N,ee) — (Te<Neos No<, o)
(11.6.34) l l

(Xe<Nees De<N,eo) — (Re<Ne0s Me<Noee);

where the upper horizontal morphism is a closed immersion into a formally
log smooth (N, o0, 00)-truncated trisimplicial log scheme whose underlying
(N, 00, 00)-truncated trisimplicial formal scheme is formally smooth over V.
Here we can assume that the right vertical morphism in (11.6.34) is a mor-
phism over the morphism W, — Z,. Let ¢ be a positive integer such that
HE(U/K) = 0 = HE (V/K) for all h > ¢. Then we have the following
commutative diagram

TeRT(((Yo< N0 E.SN,..)/V)L%%W K(VecnneFacnon)/V)E -
(11.6.35) T

TeRD((Xo<Noaes Daciven) /V )i K(Xenee:Dacae)/VIE —

~

TCRF((Y:SN,007E0§N,QQ)/K7 LDR(O E—

I

TCRF((XQSN,‘C7 DQSN,QQ)/Kv LDR(O

]XogN,u[l((;%

log
Y,
[Ye<n,ee [(TQSN,ovNogN,oJ

) ~
QSN,oo’MogN,cc)

T RI'( }KSN," [T.gN,u ) DR(J’TSN,.-O]Y.SN,"[ ) —

|

T RT( ]X'SNH' [R.SN," ) DR(jjgN,.. O]X.SN,..[

Te<N,e0

Re<N,00 )) —

RU(JW. .. DRI O, 1))

I

RI(1Z.[z,.DR(i0,7,...).

Ze
Thus we obtain the functoriality of the isomorphism (11.6.1).

2): Let A.<n... be the structure sheaf of the log PD-envelope of the closed
immersion (X,<n oo, De<Niee) = (Ro<Ne0, Mo<n,ee) over (SpE(W),pW, [ ]).
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By the proof of [82, Theorem 3.1.1] (cf. the proof of (11.4)) and by (11.5), 4),
we have a morphism

11.6. T((X, D Koy, LD o
(11.6:36)  RU((Xuzew: Dav.ee) /Ko, R(O]X-SN,"[l(7§-§N,-.‘M.§N,..)

— RT (X< e0s Ae<N oo R0 Q;;.SN,"/W(IOg M.gN,..))KO-

e<N,ee
By the usual cohomological descent, the canonical filtration 75, on the target
is nothing but 7, RT'((X., D.)/W)k,-

As in the case of (11.6.29), we see that the induced morphism H"((11.6.36))
is an isomorphism. Indeed, this follows from standard spectral sequences and
from Shiho’s comparison theorem (see [82, Theorem 3.1.1]).

As in the proof of (11.6.1), we have the isomorphism (11.6.3).

As in the proof of (11.6.1), we can prove that the isomorphism (11.6.3) is
independent of the choice of the lift (Xno, Dno). Note also that the isomor-
phism (11.6.3) is independent of the choice of N satisfying (2.2.1) for h = c as
in the proof of (11.6.1).

By the same proof as that of 1), we obtain the functoriality of (11.6.3).
Thus we have proved 2).

3): Follows from 1) and 2).

4): By the proof of 1) and 2), we obtain 4); the proof of 4) is easier than
that of 1) + 2) because we can take (V,<y, W<y) (resp. Py) as

(Uesn Xu Z, Xe<n Xg Z)

(resp. the disjoint union of open subschemes of R: if V X g Z = e, Vi is
the disjoint union induced by the disjoint union Z = 1, Z;, then we have
only to set Py :=[[2, R\ (VN \ Vi) O

(2

COROLLARY 11.7. — The following hold:

1) Let the notations and the assumptions be as in (11.6), 1). Then there
exists a canonical isomorphism
(11.7.1) RIyig(U/K) — RT((X,,D,)/W) ..

In particular, RT'((X,, D,)/W)k depends only on U and K, and there exists
canonical isomorphisms

(11.7.2) HE(U/K) = H"((X,,D.)/W),, (h€).
In particular, there exists the following spectral sequence
(11.7.3) E{* = H*((X¢, D) /W) ;o = HGE*(U/K).
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2) Assume that K 1is perfect. Let (U!, X!) (i = 1,2) be two good proper
hypercoverings of (U,U) which have the disjoint unions of the members of
affine simplicial open coverings of (Uf, X!). Set D! := X!\ Ul. Then there
exists an isomorphism
(11.7.4) p12: RT((XZ,D2)/W) . — RU((X},D})/W)
satisfying the cocycle condition; that is, for another good proper hypercovering
(U3, X3) of (U,U) which has the disjoint union of the members of an affine
simplicial open covering of (U2, X3), the formula p1a o pa3 = p13 holds.

3) Let the assumptions be as in (11.6),4). Then there exists a canonical
isomorphism
(11.7.5) RFrig(U/K) l> TCRF((X.SN,D.SN)/W)K.

In particular, 7.RT((X.<n, De<n)/W)K depends only on U and K.

Proof. — 1): By (10.17) we may assume that ¥V = W. Hence 1) follows from
(11.6), 3).

2): Set U; = (U, X?) (i = 1,2,3). Note that X! is smooth over « since  is

perfect. By (9.9), 2) and 1), we may assume that {l; is split and there exists
a canonical isomorphism
(11.7.6) pi: Rlvig(U/K) = RT (X1, D) /W)
By (9.4), 1), there exists a gs proper hypercovering {15 = (U2, X!?)
of (U,U) which covers (U, X?) (i = 1,2). Set D2 := X2\ U2 Let
Pha: RTyig(U/K) — RT((X12, D!?)/W)K be the isomorphism in 1). By the
functoriality in (11.6), 3), we have the commutative diagram

RTyig(U/K) —— RT((X!,DY)/W)k

| !

(11.7.7) RTyy(U/K) E, RL((X.2,.D*)/W)k

H I

2
Thus we have an isomorphism pj2. Furthermore, we have a pair Llog which
covers s and s, and then we have a pair 1923 which covers ;5 and Lss.

Thus we have 2).
3): Follows immediately from (11.6), 4) and (10.17). O
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COROLLARY 11.8. — Let k be a field of characteristic p > 0. Let o € Aut(V)
be a lift of the p-th power endomorphism of k. Let C' be a nilpotent F-isocrystal
on U/k. Then the rigid cohomology Hrhig(U/K, C) (h € Z) is an F-isocrystal
over K.

Proof. — (Compare this proof with that of [86, (5.1.1) (2)].) By the five
lemma, we may assume that C is trivial. By the base change of rigid coho-
mologies of trivial coefficients on U ((10.17)), we may assume that V = W.
Then (11.8) immediately follows from (11.7), from the following spectral se-
quence (cf. [65, (3.1)], [69, (9.3.2)])

(AL8.1) By = HY (D W)y O iy @2 D3/ W) (=R,

= H"((Xi, Di)/W) g,
and from the Poincaré duality of the crystalline cohomology of a proper smooth

scheme over k. (Instead of using (11.8.1), we may use the Poincaré duality of
Tsuji [85].) O

REMARK 11.9. — The right hand side of (11.7.1) depends only on U/x and K;
this solves a problem raised in [50, Introduction]| for the case where the
pair of the simplicial schemes has the disjoint union of the members of an
affine simplicial open covering (especially the split case) in a stronger form.
Moreover, if x is perfect, then (12.5) (resp.(13.2)) below tells us that the
weight filtration on H"((X,,D,)/W)k (resp. the log Hodge-Witt cohomology
HI(X,, WS (log D))k, (i,j € N)) depends only on U/x and K (resp. U/x).

The generalization (11.6) of (1.0.17) is necessary for the following:

COROLLARY 11.10. — Let ji: Ut < U' (i = 1,2) be an open immersion
from a separated scheme of finite type over k into a proper scheme over k. Let
(UZ, X?) be a good proper hypercovering of (U?, U?) which has the disjoint union
of the members of an affine simplicial open covering of (U, X?) over (U, U?).
Set D! := X!\ Ul. Then there ewist the canonical isomorphisms (11.6.1),
(11.6.3) and (11.7.1) for U x,U? and (X} x, X2, (D! x,, X2) U (X} x, D?)).

Proof. — Set (U2, X12) .= (U} x, U2, X! x,. X2). Then, by (9.4), 4),
(U2, X!?) is a good proper hypercovering of (U! x, U2, U! x, U?). Let
(U, XY be the disjoint union of the members of an affine simplicial open
covering of (UZ, X?) over (U?, U%). Then the pair (U x, U¥, X}V x, X%
is the disjoint union of the members of an affine simplicial open covering of
(U2, X12). Hence (11.10) follows. O
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I do not know whether the assumption on the embedding in (11.6), 4) is
mild:

PROBLEM 11.11. — Let (X, D) be a projective smooth scheme with an SNCD
over k. Does there exist a closed immersion (X, D) < (P, M) into a formally
log smooth log p-adic formal V-scheme whose underlying formal scheme P is
also formally smooth over Spf(V)?

The following is interesting;:

PROBLEM 11.12. — Does there exist a condition under which the induced W-
integral structure on Hgg(U/K) by the isomorphism (11.7.2) is independent of
the choice of the good proper hypercovering of (U, U) which has the disjoint
union of the members of an affine simplicial open covering? For the case
h =1 and p > 3 and under a condition that the augmentation morphism
Xo \ Dy — U is generically etale, the W-integral structure is independent of
the choice by [1, (7.5.4)] and the functoriality of the isomorphism (11.7.2).

More generally, the comparison theorems in (11.6) holds for a certain F-
isocrystal by using Shiho’s comparison theorems. Before stating the general-
ization, we prove the following:

LEMMA 11.13. 1) Let f: X — (Spec(k), L1) be a morphism of fine (not

o

necessarily fs) log schemes. Assume that X — Spec(k) is of finite type. Let
(Spec(k), L1) < (Spf(V), L) be an ezact closed immersion of fine log schemes.
Let U := X414y be the mazimal log open subscheme of X whose log structure
is the pull-back of Ly (see [81, 2.3]). Let

jh: Tsock L (X/(V, L)) = Tsoct . or (X/(V, L)) — Isoc! (U, X)/K)

conv,zar

be the functor defined in [82, Proposition 2.4.1]. Then the following hold:
(a) j;{ is compatible with the operations ®, ®, Hom : ];( is a morphism of
rigid abelian K-linear tensor categories.
(b) Let
(Spec(r’), L}) —— (Spec(k), L1)
n| |n
(Spf(V'), ') —— (Spf(V), L)
be a commutative diagram of fine log schemes, where the left vertical
morphism is an exact closed immersion and V' is a complete discrete
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valuation ring of mized characteristics with residue field x'. Set K' :=
FracV'. For a commutative diagram

X' AN X

f’l lf
(Spec(x’), Ly) —— (Spec(k), L1)
of fine log schemes, the following diagram is commutative:

N
Tsock (X'/(V', L)) X Tsoct (U7, X)/K)

conv

Q*T Tg*

ot (X/(V,L)) —2s Tsock(U, X)/K)

conv

Here U' := X}, ;, and f" is assumed to be of finite type.

(c) Let fi: X' — (Spec(k),L1) (i = 1,2) be a morphism of fine (not
necessarily fs) log schemes. Set Ul := X]i‘i-triv' Let f3: X3 .=
X' X (8pec(r),11) X* = (Spec(k), L1) be the structural morphism and set

U3 = ing_triv. Then the following diagram is commutative:

itaxits
—_—

Hi:l,QISOCLfonv (XZ/(V, L)) Hi:LZISOCT((Ui, XZ)/K)

gl l&
Isoc | (X3/(V, L)) JL‘% Isoc! (U3, X3)/K).

2) Let (Spec(k),L1) < (Spt(W),L) be an ezact closed immersion of fine
log schemes. Let X — (Spec(k), L1) be a morphism of fine log schemes. Let

Ex : IsoCeony (X/(W, L)) := IsoCcony zar (X/(W, L)) — IsoCerys (X/(W, L))

be the functor defined in [81, Theorem 5.3.1] and denoted by ® in [loc. cit.]
(cf.[82, 3.1]). Then the obvious analogues of (a), (b) and (¢) in 1) hold.

3) Let N be a nonnegative integer. The N -truncated simplicial versions of
1) and 2) hold.

Proof. — 1): Follows from the construction of the functor j;(; j}( is locally

defined by the equivalence of the functor [82, Proposition 2.2.7], by restricting
an object of Isoc  (X/(V,L)) on a log tube to a strict neighborhood of the

tube of U in the log tube of X and by taking the direct image of the restricted
object to the tube of X (see [82, Proposition 2.4.1]).
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2): Follows from the construction of the functor Zx; essentially Ex is de-
fined by the pull-back of the local morphism from a log divided power scheme
to a universal log enlargement (see [81, Theorem 5.3.1]).

3): Follows immediately from 1) and 2). O

Shiho’s conjecture [82, Conjecture 3.1.8] (see also (11.17) below) motivates
us to consider the following statement:

THEOREM 11.14 (Comparison theorems). — 1) Let the notations be as in

(11.6), 1). Let C be an overconvergent F-isocrystal on (U, U)/K. Let
Ty Isoc! (U, U)/K) — Isoct (UL, X.)/K)

be the natural pull-back functor. Let Cg, be a (locally free) F-isocrystal in

—~

the log convergent topoi (()ZTE.)/V)IC%%V = ((X., D.)/V)i%gnv,zar, which is the
simplicial version of the topos in [82, Definition 2.1.6]. Let

iyaxy: Tsoc . (((X., D.)/V)) — Isoct (UL, X.)/K)

be the simplicial version of the functor defined in [82, Proposition 2.4.1]. As-
sume that

(11.14.1) WZU,U.)(C) - j;rUhX')(Cc.onv)'
Then there exists a functorial isomorphism
(11.14.2) RU((X0, D) /V)\% . Clone) — RTig(U/K,C).

Here the functoriality means the functoriality for the commutative diagram
(11.6),1) and morphisms of C’s and Cg.,,’s satisfying the obvious commu-
tative diagram. The isomorphism (11.14.2) is compatible with the operations
@, ® and Hom for C’s and C¢,

oonv - For example, there exists the following

commutative diagram:

(11.14.3)
RU(((X., D) /V)ehvs Choony) @k BL(((Xo, D)/ V)6t s Coeony) ———

l

> 1 log o .
Rr(((X07 DO)/V)COEI’W7 C’lconv ®’C(x.,D.)/v CZconv) —

RFrig(U/K, Cl) QK RFrig(U/K, Cz)

lv

RFrig(U/K, C1® Cz).
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2) Let Ut — U? (i = 1,2) be an open immersion from a separated scheme of
finite type over k into a proper scheme over . Let (U!, X?) be a good proper
hypercovering of (U?, U?) which has the disjoint union of the members of an
affine simplicial open covering of (U, X?) over (U*, U?). Let C; be an overcon-
vergent F-isocrystal on (U, U?). Let CL.,.. be a (locally free) log convergent
F-isocrystal satisfying (11.14.1) for C;, U* and (Ui, X?). Set U'? := U x,, U?
and (U2, X12) .= (Ul x, U2, X! x,, X2). Set also D! := XI\U? (i = 1,2,12).
Then the following diagram is commutative:

(11.14.4)

®%{,¢=1RF(((X5 Df)/V)lc%%w» Ci.conv) — ®%{,i=lRFrig(Ui/K7 CL)

ul lu
RT(((X12,D12) V)%, Cteomy B Cioony) —— RTyig(U12/K,Cy R Cy).

3) Let (X,,D,) be a proper smooth simplicial scheme with a simplicial SNCD
over k such that (X,\D,, X,) has the disjoint union of the members of an affine
simplicial open covering of (X, \D., X.) over . Let Cg,,, be a (locally free) F-

isocrystal in the log convergent topoi ((X.,D.)/V)lcc(’,gnV = ((X.,D.)/V)IC%%‘,,ZM.

Let
Zix..pu) Ts0e(((X., Da)/W)IE,) —> Tsoc(((X., D.)/W)'E,)

conv

be the simplicial version of the functor defined in [81, Theorem 5.3.1] and
denoted by ®. Assume that there exists an integer ¢ such that for all h > ¢

—

H" (((Xo, D) /W)y, Clony) =0
or
H (X0, Do) /W)l E(xe,0) (Coome)) = 0.
Then there exists a functorial isomorphism
(11.145)  RO((X0D0)/W)ihes Clone)
=5 RT((Xe, D)/ W) E x50 (Coms)):

The isomorphism (11.14.5) is compatible with ®, ®, Hom and X.
4) Let (X!, D}) and Cy,,,. (i = 1,2) be the log scheme and the (locally free)

F-isocrystal in 3), respectively. Set (X2, D12) := (X}, D})x, (X2, D?). Then
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the following diagram is commutative:
o lo . ~
®%(,i:1RF(((XZa Dz)/V)CO%le Czconv) —
(11.14.6) Ul

~

RF(((X?Z\?_EEQ)/V)}%%W? cVl.conv X CZ.conv) —

®%{z:1RF(((X27 DE)/W)ICCE’& E(X},Dz)(cz.conv))
lv
RF(((X12 Dm)/W)crym E(X},Dl)(cl.conv) X E(XE,DE) (CQ.conv))'

Proof. — 1), 2), 3), 4): The proof of the existence of the isomorphisms is the
same as that of (11.6) by using Shiho’s comparison theorems [82, Corollary
2.3.9, Theorem 2.4.4, Theorem 3.1.1] and Tsuzuki’s functor (6.4) as in the
proof of (10.7) and (11.6). The compatibility of the isomorphisms with @, ®
and Hom immediately follows from (11.13), 3).

As in (11.10), we have isomorphisms

RF(((X?T_D/}Z)/V)}:OOgnv7 Ciconv X 02.conv) L> Rrrig(Un/K’ Cl X 02)7

RT(((X22,D12) /W), Ct ooy B Cieony)

conv?
— RF(((X.127 D.IQ)/W)ic;%/sv =(x1,D}) (Cl.conv) X E(X,2,D2) (CQ’conv))

which fit into the commutative diagrams (11.14.4) and (11.14.6), respectively.
|

COROLLARY 11.15. — Let the notations and the assumptions be as in (11.14),
1) and 3). (The vanishing of the higher cohomologies in (11.14), 3) can be
shown to hold for the simplicial log scheme (X,,D,) in (11.6), 1) by (10.1)
and by the proof of (11.6).). Then there exists a canonical isomorphism

(11151) RFTig(U/K07 C) % RF(((X°7 D )/W)crysv —(Xe,De) (Cgonv))

In particular, RF(((X.,D )/W)CYYS7‘—‘(X.,D.)(Cc.onv)) depends only on U/k

and C. The isomorphism (11.15.1) is compatible with ®, ®, Hom and X.

REMARK 11.16. — Though we have already proved in (10.18) that the Kiin-
neth morphism is an isomorphism, we can prove this by the log Kiinneth for-
mula for the constant case (see [51, (6.12)]) and from the Eilenberg-Zilber’s
theorem as in the proof of (5.10), 2) if the assumption in (11.14), 1) holds.
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The following is Shiho’s conjecture on semistable reduction for overconver-
gent F-isocrystals (see [82, Conjecture 3.1.8]):

CONJECTURE 11.17 ([82, Conjecture 3.1.8]). — Let the notations be as
in §10. Let C be an overconvergent F-isocrystal on (U, U)/K. Assume that
k is perfect and that U is a compactification of U. Then there exists a
morphism 7: (Up, Xg) — (U, U) of pairs such that Xy is a proper smooth
scheme over k, such that the complement Dy := X \ Uy is an SNCD on Xy,
such that 7: Uy — U is proper, surjective and generically etale, and such that
there exists an F-isocrystal Cy in Isoc (X0, Dy)/V) whose image j1(Cp) is
equal to 7*(C).

Recently Kedlaya has proved Shiho’s conjecture (see [56], [57], [58], [69]):
THEOREM 11.18 (see [59, (2.4.4)]). — (11.17) holds.

THEOREM 11.19 (Comparison theorem). — Let the notations be as in (11.17).
Then there exist a gs _proper hypercovering (U,, X.) of (U,U) and an F-
((X.,D )/V)Re, such that (11.14),1) holds. Assume,
furthermore, that V is the Witt ring of k. Then there exists the canonical

isocrystal Co..,

isomorphism (11.15.1).

Proof. — By using (11.18) and the standard argument in [25, (6.2.5)] ((9.2)),
there exists a gs proper hypercovering (U,, X,) such that the formula (11.14.1)
holds. Hence (11.19) follows. O

COROLLARY 11.20. — Let the notations be as in (11.17). Then Hr}ig(U/K, )

(h € Z) is an F-isocrystal over k.
Proof. — By (11.15) we have

rlg(U/K C) (((X-7 D, )/W)crys7 Z(Xe,De )(C(;onv)) .
By the log version of [12, 7.24 Theorem],

Hh(((XH D )/W)cryiv '_’(X.,D.)(C(:OHV))

rlg(U/K C). By the log
Poincaré duality with the Frobenius compatibility (cf. [85]), the Frobenius on

Hh(((Xn D, )/W)crys7 —(Xo, D.)(Cc'onv))KO
is bijective, and so is on U/K,C). a

is a finite dimensional K-vector space, and so is

rlg(
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REMARK 11.21. — The finite dimensionality of Hrhig(U/K, () for an overcon-
vergent F-isocrystal C' on U/K has already been proved by Kedlaya (see [55,

(1.2.1)]).

12. Weight filtration on rigid cohomology

Unless stated otherwise, we assume that the base field k is perfect in this
section. Let V, W, K and Kj be as in §10. We fix an automorphisms o of V
which is a lift of the p-th power endomorphism of . For a V-module M with
o-linear action Fjs and for a nonnegative integer k, M (—k) denotes the usual
Tate twist of M: M(—k) := M, Fy_g) = p*Fur.

Let U be a separated scheme of finite type over k. Let U — U be an
open immersion into a proper scheme over x. Let (U,, X,) be a good proper
hypercovering of (U, U) which has the disjoint union of the members of an
affine simplicial open covering of (U,, X,) over (U, U). Set D, := X, \ U,. Set
also 4 := (U,, X.,).

THEOREM-DEFINITION 12.1. — There ezists the following spectral sequence
(12.1.1)
Rk (v DY) = Frh—2t—k (( pE+F)
1 (( e ')/ ) g (( t /W)cryS7OD£t+k)/W

2 @y (D) (= (E+ ) ¢

= H} (U/K).
The spectral sequence (12.1.1) degenerates at Ey. We call (12.1.1) the weight
spectral sequence of Hr}ig(U/K) with respect to Y. We denote by P¥ the in-
duced filtration on Hr}ﬁg(U/K), and we call this filtration the weight filtration

on Hﬁg(U/K) with respect to U provisionally (cf. (12.6) below).

Proof. — By (11.7.1) and (5.1.3), we have (12.1.1). The Fs-degeneration fol-
lows from (5.6), 1). O

REMARK 12.2. — (12.1.1) is a generalization of the spectral sequence in [86,
(5.2.4)], though the boundary morphisms between the Ej-terms of (12.1.1) are
different from those in [loc. cit.] ((10.15), 1)).

Next, we prove that the weight filtration P is independent of the choice
of the good proper hypercovering of (U, U) which has the disjoint union of
the members of an affine simplicial open covering over (U, U). To prove it, we
use Grothendieck’s idea for the reduction of geometric problems to arithmetic
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problems (see [40, §8], [33, Partie II, VII 5], cf. [2, §6]): a standard deformation
theory, the specialization argument of Deligne-Illusie (see [46, (3.10)]) and the
E-degeneration of the weight spectral sequence ((5.6), 1)).

Let (U.,,X.) and (U!, X!) be two good proper hypercoverings of (U, U)
which have the disjoint unions of the members of affine simplicial open cover-
ings of them over (U,U). By (9.9), 2), we may assume that (U,,X,) and
(U!, X!) are gs proper hypercoverings of (U,U). Set D, := X, \ U, and
D! := X!\ U!. Because two gs proper hypercoverings of (U, U) are covered by
another gs proper hypercovering ((9.4), 1)), we may assume that there exists
a morphism (X!, D.) — (X,, D,) of simplicial log schemes. Fix a nonnegative
integer h. Fix a positive integer N satisfying the inequality (2.2.1). By [40,
(8.9.1) (iii)], there exists a subring A; of x which is smooth over a finite field
F, such that the morphism

(Xecns Dicy) — (Xo<n, Du<n)
of N-truncated simplicial log schemes has a model
(Xicn: Dicy) — (Xosn, Dsn)

over A; since the morphism of N-truncated simplicial log schemes is given
by a finite number of morphisms of log schemes which satisfy a finite number
of equations of morphisms. Here, note that the extension /Frac A; may be
infinite and transcendental. Set

S1 := Spec(Ay), Uy = Xocn \ Du<n, ufgzv = X.lgN \ D:§N~

We can also assume that there exists a model (U,U) of (U, U) over S; such that
(U<n, Xo<n) and (L{:SN, X.’SN) are N-truncated gs proper hypercoverings

of (U,U). By a standard deformation theory (see [41, III (6.10)]), there exists
a formally smooth scheme S = Spf(A) over Spf(W(F,)) such that

S ®W(1Fq) Fq = Sl.

We fix a lift F': S — S of the Frobenius of S;. Then, as is well-known, we have
a natural morphism A — W(A) which is a section of the projection W(A) — A
(see [61, VII (4.12)], [47, 0. (1.3.16)]). Consequently, for an A;-algebra By,
W(B1) becomes an A-algebra by the composite morphism

A — W(A) — W(A1) — W(By).

By the same proof as that of [69, (3.5)] (by using the specialization argument
of Deligne-Illusie and by using the base change of the Gysin morphism and
that of the face morphisms ¢}), we have the following:
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PROPOSITION 12.3. — Let k and h be integers. There exists an affine open
formal subscheme Spf(B) of S such that, for any closed point x € Spec(B/p),
there exists an isomorphism

By MM (X, D) W) @iy W (k(2)
= By MR (Xuen (@), Dazn (@) /W (5(2))) @ye,y W

ofW®W<]Fq>W(H(w)) ~ W(m(w))@wmq)W—modules. Here (X,<n(2), Du<n(z))
is the fiber of (X.<n,Do<n) at x and k(z) is the residue field at x.

COROLLARY 12.4. — Set U(z) = U R4, w(z) for a closed point z €
Spec(B/p). Let Ko(k(z)) be the fraction field of W(k(x)). Then

(12.4.1) dimg Ht (U/K) = dim g, (o(2)) Hitg (U(2) /Ko (K(2))).-

Proof. — (12.1) and (12.3) show (12.4). O

THEOREM 12.5. — Let 8l = (U,, X,) and W' = (U., X]) be two good proper
hypercoverings of (U, U) which have the disjoint unions of the members of
affine simplicial open coverings of them over (U,U). Set D, := X, \ U, and
D! := X!\ Ul. Then the following hold:

1) There exists a canonical isomorphism
(12.5.1) By ""MR(XL, DL W)k = By PR (XL, D)Wk (k,h € Z).

2) p¥ = pi,

Proof. — By (11.7.1) and (9.9), 2), we may assume that (U,, X,) and (U], X!)
are gs proper hypercoverings of (U, U). By (9.4), 1) we may assume that there
exists a morphism ' = (U, X!) — {4 = (U,, X.) of pairs of simplicial schemes
over (U,U). By (11.7.1) we have the following commutative diagram:
Hr}ig(U/K) ~ H}L((X£7D:)/W)K
(12.5.2) H T
HE (U/K) —— H"((X,,D.,)/W)k-
The right vertical morphism preserves the weight filtration with respect to P
and PY,
We prove 1) and 2) at the same time.
For simplicity of notation, set
EX(X.) = B (XL, D)Wk (1 <r <o0),
Er(X,) = Er (X0, D)/W)k.
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First, assume that k£ = 0. By the commutative diagram

P Y (U/K) = BR(X]) = EY*(X]) —— H[(U/K)

Tig
(12.5.3) T H
PYHR(U/K) = ER(X,) = B}*(X.) —— H},(U/K),

the morphism EX9(X,) — EBO(X!) is injective.
Let the notations be as in (12.3). Then,

dimg ES0(X.) = dimg,(u(a)) B30 (Xa(2))

and we may assume that dimg E5%(X]) = dimpg, () E5°(X/(2)). Since
EM(X,(z)) and E}O(X!(x)) are the weight O-part of Hzg(Z/{(.r)/Kg(H(z)))
by the purity of weight of the crystalline cohomology of a proper smooth
variety over a finite field (see [54], [16, (1.2)] (cf.[69, (2.2) (4)])), we have
EM(X,(z)) = EBO(X!(x)). Hence, by (12.3), dimg EO(X,) = dimg EF°(X?).
Thus we have equalities
E’(X.) = B3°(X)) and Py H[,(U/K) = PyH,(U/K).
Next, consider the commutative diagram with exact rows:

(12.5.4)

0 — PYH! (U/K) —— PYHE(U/K) —— EFMY(X) —— 0

H I I

0 —— PMH! (U/K) —— PUHE(U/K) —— EFLY(X,) — 0.

rig
jective. Hence the morphism ngl’l(X.) — E;fl’l(Xi) is injective, and, in
fact, an isomorphism by (12.3) as above. By the diagram (12.5.4) again, the
morphism PluHﬁg(U/K) — Plu/Hgg(U/K) turns out to be an isomorphism.
Repeating this argument, we obtain Pku =P ' (Vk € Z). |

We obviously see that the morphism P*H! (U/K) — P; /Hﬁg(U/K) is in-

DEFINITION 12.6. — We call the filtration on Hgg(U/K) induced by the spec-

tral sequence (12.1.1) the weight filtration on Hgg(U/K). We denote it by
{ P,k } or simply by {Ps}.

PROBLEM 12.7. — Does there exist a condition of (X,,D,) which assures
that the submodule PyH{!, .. ((X.,D.)/W) of H{\, .. ((X.,D.)/W) de-

pends only on U/k? For the case ¢ = 1 and p > 3, the answer is yes
by [1].
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12. WEIGHT FILTRATION ON RIGID COHOMOLOGY 169

Next, we prove some fundamental properties of the weight filtration on rigid
cohomology.

PROPOSITION 12.8. — Let ¥V — V' be a ring homomorphism of complete

discrete valuation rings with perfect residue fields of mized characteristics.
Let K' be the fraction field of V'. Then Py x @k K' = P,k (k € Z).

Proof. — Let W’ be the Witt ring of the residue field of V. Let K{ be the
fraction field of W. By the construction of the weight filtration ((12.1.1)),
it suffices to prove that Py x, ®k, Ky = Py ;. This equality follows from
(12.1.1) and the base change theorem of crystalline cohomologies (see [5, V
Proposition 3.5.2]). |

COROLLARY 12.9. — 1) The filtration on Hﬁg(U/K) induced by the canonical
identifications

(129.1)  HE(U/K) = H"((X,,D.)/W), = H"(X.,WQ%, (log D.)) .

and by the filtered complex (WQ% (log D.), { PkWQ, (log D.)}rez) on X, co-
incides with P.

2) If U is the complement of an SNCD D on a proper smooth scheme X
over K, then the weight filtration P on Hrhig(U/K) = H"((X,D)/W)k co-
incides with the weight filtration defined by the filtered zariskian complex
(Coar (O(x,p)yw), P) (see (3.3),3)).

Proof. — 1): Follows immediately from (7.7), (11.7), (12.1), (12.5) and (12.6).

2): Consider the constant proper hypercovering (U,, X,) = (U, X) of (U, X).
Then it is split. By (11.7) we have an isomorphism Hrhig(U/K) =
H"(X,D)/W)g. (This isomorphism is nothing but Shiho’s comparison
theorem [82, Corollary 2.3.9, Theorem 2.4.4, Theorem 3.1.1].) Thus 2) follows
from the definition of the weight filtration on Hgg(U/K). O

THEOREM 12.10 (Strict compatibility). — Let f: U' — U be a morphism
of separated schemes of finite type over k. Then the induced morphism
f*HEL(U/K) — HA,(U'/K)  (heZ)

Tig

by f is strictly compatible with the weight filtration.

Proof. — (The proof is similar to [72, (2.18.2)] and slightly easier than that
of [loc. cit.].) By (12.8) we may assume that ¥V = W.
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Fix a nonnegative integer h and a positive integer N satisfying the inequality
(2.2.1). Let U and U are proper schemes over « fitting into the commutative
diagram (9.5.1). Let

UL X)) — (U, X.)

l l

!/

(U/7 U ) B (U7 U)
be a commutative diagram such that the vertical morphisms above are
gs proper hypercoverings. Set D, := X, \ U, and D, := X!\ U.. Let
fo: (X1, D)) — (X,, D,) be the natural morphism of simplicial log schemes
over k. As in the explanation between (12.2) and (12.3), there exists a subring
Aq of k which is smooth over a finite field F; and there exist a model

Je<N': (X.ISNvD:gN) — (Xe<n, Do<n)
of fo<n over the spectrum S; = Spec(A;). Furthermore, there exists a for-
mally smooth scheme S = Spf(A) over Spf(W(F,)) such that S®yy ) Fq = S1.
We fix a lift F': S — S of the Frobenius of S;. Then W can become an A-
algebra. By (8.1) it suffices to prove that the induced morphism is strict:
gngi Rhf(X.SN,D.SN)/S*(O(X.SN,D.SN)/S)K
h

— R fay o)1+ (Oa_pi )8 ) K

Hence (12.10) follows from (8.5) and (8.6). d

THEOREM 12.11. — Let U be a separated scheme of finite type over k. Let h
be a nonnegative integer. Then the following hold:

1) P HE (U/K) =0 and Py H,(U/K) = Hf:, (U/K).
2) If U is proper over k, then Pthig(U/K) = Hr”ig(U/K).

Proof. — 1): Follows from the spectral sequence (12.1.1).
2): We can take D, = ¢ in the notation (12.1.1). O

The following is a generalization of [15, (2.2)]:

THEOREM 12.12. — Let U be a separated scheme of finite type over k. If U

is smooth over k, then Ph,lHr}gg(U/K) =0.

Proof. — If k is a finite field, then (12.12) follows from [15, (2.2)].

We reduce (12.12) in the case of a general perfect field of characteristic
p > 0 to the case above as follows. Let U be a compactification of U/k. Fix
a nonnegative integer h and fix an integer N satisfying the inequality (2.2.1).
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Let (U,, X,) be a gs proper hypercovering of (U, U). Set D, := X, \ U,. Let
the notations be between (12.2) and (12.3) and as in the proof of (12.10). Let
{Pr,s}rez be the weight filtration on

R (% Ducn) )5+ (O tu ey Dac)/8) EWiE,) Ko(Fy),

where Ko(F,) is the fraction field of W(FF,). By (8.1) it suffices to prove that
Py_1,5 = 0 by shrinking S. Because Py s (k € Z) is a convergent isocrystal
((5.7), 1)), it suffices to prove that the stalk (P,_1 g), for any closed point =
is equal to 0 (see [74, (3.17)]). Since s(x) is a finite field, (Py—1,5)s = 0 by
[15, (2.2)]. |

THEOREM 12.13 (cf. [25, (8.1.25)]). — Let U' (i = 1,2) be a separated
scheme of finite type over k. Then the induced isomorphism

(12.13.1) P Hi (VK)o H

L (U?/K) = HEL (U %, U?/K)
i+j=h

rig
by the canonical isomorphism (10.18.1) is compatible with the weight filtrations.

Proof. — We may assume that V = W.

Let j°: U* < U’ (i = 1,2) be an open immersion into a proper scheme
over k. Set U2 := Ul x,,U? and U*? := U! x,, U2 Let (U}, X?) (i = 1,2) be
a good proper hypercovering of (U?, U?) which has the disjoint union of the
members of an affine simplicial open covering of (U?, X?) over (U, U?). Set

D= X\U., (i=12),
X=X x,x2 UP=U!x,U?
D12 = X12 \ U12~

By (11.10) we have a canonical isomorphism

RLyig(U'/K) == RU((X,%,D*)/W)k.
By Eilenberg-Zilber’s theorem and by (11.15), we have the commutative dia-
gram:
(12.13.2)

RT((X,,D})/W)k @K RU((XZ,D?)/W)xk —— RL((X}? D;*)/W)k

:T ) T:

RTyig(UY/K) @ RT4ig(U?/K) —~—  RI4(U2/K).
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Hence we can identify the Kiinneth isomorphism (10.18.1) with the Kiinneth
isomorphism in cosimplicial log crystalline cohomologies in the upper horizon-
tal isomorphism in (12.13.2). Therefore (12.13) follows from (2.2), (5.10), 1),
(11.6) and (10.1). |

COROLLARY 12.14. — Let U be a separated scheme of finite type over k. The
cup product

(12.14.1) HE(U/K) @ Hiy(U/K) — HE (U/K)

is strictly compatible with the weight filtration on H2,(U/K).

ng

Proof. — The proof is the same as that of [25, (8.2.11)]: (12.14) imme-
diately follows from (12.13) and (12.10) for the diagonal closed immersion
U — Ux,U. O

In the rest of this section, we prove the analogues of propositions in [25,
8.2].

PrOPOSITION 12.15. — Let X be a proper scheme over k. Let m: Y — X
be a surjective morphism over k from a proper smooth scheme over k. Let h
be an integer. Then the following sequence is exact:

(12.15.1) 0 — H: (X/K)/P,_1H

rig X/K)—>Hh (Y/K)

ri ( ri,
g g

Pz Pl

—)H (Y X x Y/K)/Ph_l

rig fe(Y xx Y/K).

rig
Proof. — (The proof is almost the same as that of [25, (8.2.5)].) Let Y, be a
split proper hypercovering of X such that Yy = Y and such that Y, is smooth
over . Let §;: Y7 — Yy (i = 0,1) be the standard face morphism. Using
(12.11), 2) and the Es-degeneration of the spectral sequence (12.1.1), we have
the exact sequence

(12.15.2) 0— Hgg(X/K)/Ph 1 H(X/K)

*

5567
—— A (Y/K) —— Hl,(M/K).

The morphism &5 — 7 factors through the morphism

pg_ rlg(Y/K)_>Hh (Y ><XY/[<)/]thl

b Y xx Y/K)

I‘l(
g

since P,_1 H"

1ig(Y1/K) =0 ((12.12)). Now we see that (12.15.1) is exact. [
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PROPOSITION 12.16. — Let w: Y — U be a morphism over x from a proper
scheme over k to a separated smooth scheme of finite type over k. Let
j: U — X be an open immersion into a proper smooth scheme over k such
that the image j(U) is the complement of an SNCD on X. Then the images
of Hﬁg(U/K) and Hﬁg(X/K) have the same image in Hﬁg(Y/K) (heZ).
Proof. — By (1.0.11), there exists the following spectral sequence (cf.[65,
(3.1)], [69, (8.7), (9.3)]):

ELPE = HY R ((D®) /W )arys, Opiw jyy @2 (D /5)) (—)
= H"((X,D)/W).

Hence the natural morphism Hé;ys(X/W) — gt H'((X, D)/W) is surjective,
and by (12.9), 2), the morphism Hchrys(X/W)K — gerﬁg(U/K) is surjective.
By using (12.10), (12.11), 2) and (12.12), the rest of the proof is the same as
that of [25, (8.2.6)]. a

PROPOSITION 12.17. — Let X —» X i) Y be a composite morphism of
separated schemes of finite type over k. Assume that X is proper and smooth
over k, that X 1is proper over k, that Y is smooth over k, and that w 1is
surjective. Then

Ker(f*: Hh (Y/K) — HL (X/K))

rig rig
= Ker((fm)": HE,(Y/K) — HA,(X/K)).
Proof. — By using (12.10), (12.11) , 2), (12.12) and (12.15.2), the proof is the
same as that of [25, (8.2.7)]. |

In §17 below, we shall endow the rigid cohomology with compact support
with the weight filtration by using Berthelot’s Poincaré duality (see [8, (2.4)]).
Though the following, which is an analogue of [25, (8.2.8)], logically depends
on this fact, we include it here for convenience:

PROPOSITION 12.18. — Let X %+ X —% Y be a composite morphism of
separated schemes of finite type over k. Assume that Y is proper and smooth
over K, that v is a closed immersion of pure codimension c, and that X isa
resolution of X. Set q:=tom and U :=Y \ X. Then the sequence

(12.18.1) H' (X /K)(—c) 25 H: (Y/K) — H! (U/K)

rig rig rig
is exact. Here (—c) means the usual Tate twist, which shifts the weight filtra-
tion by 2c. Moreover, the exact sequence (12.18.1) is strictly compatible with
the weight filtration.
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Proof. — By (17.13.1) in §17 below, the excision exact sequence
(12.18.2) .- — H' (U/K) — H! (Y/K) — H! (X/K) — -

rig,c rig rig
(see [6, (3.1) (iii)]) is strictly compatible with the weight filtration. By the
same argument of the proof of [25, (8.2.8)], (12.18) follows from (12.17),
(12.18.2) and Berthelot’s Poincaré duality (see [8, (2.4)]). O

REMARK 12.19. — [25, (8.2.8.1)] is mistaken in the cohomological degree of
H*(X,Q) and the Tate twist is forgotten in [loc. cit.]. Because the definition
of the weight filtration on the singular cohomology with compact support
is missing in [loc. cit.]; we cannot use the duality of the weight filtration in
[loc. cit.)].

REMARK 12.20. Let Y be a smooth scheme over a field x of characteris-
tic p > 0. Let E bean SNCDonY. Set V:=Y \ E. Let j: V < Y be
the natural open immersion. Let ¢ # p be a prime number. Recall the étale
orientation sheaf @ (E/k)(~k) (k € N) of E® (see [72, (2.20)]):

k
@ (B/R)(—K) = u™ (NME)/OF) ) | o

where u is the canonical morphism zt — ?Zar. Let b®: E(®) — ¥ be the
natural morphism. By Grothendieck’s absolute purity, which has been solved
by O. Gabber (see [31]), we obtain

R (2/07) = b (20 oy 9223 (B/R)(=k))  (n € N).

Let x be a field of characteristic p > 0. Let U be a separated scheme of finite
type over k. Let U < U be an open immersion into a proper scheme over
#. Then, by using a good proper hypercovering (U,, X,) of (U, U), by using
Gabber’s purity and by using the standard specialization argument in ¢-adic
cohomologies (cf. the proof of (12.5)), we can endow H2 (U ® fisep, Qr) (h € Z)
with a weight filtration which is shown to depend only on U ®; ksep and £.
Note that the analogous explanation in [50, Introduction] is not perfect since
Gabber’s purity is not mentioned. Statements in the f-adic case which are
analogous to those about weights in §12 and later sections hold by a standard
specialization argument.

13. Slope filtration on rigid cohomology
Let U be a separated scheme of finite type over a perfect field s of charac-

teristic p > 0. Let U — U be an open immersion into a proper scheme over .
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Let W be the Witt ring of k and Kj the fraction field of W. By [86, (5.1.1)]
or (11.8), Hﬁg(U/Ko) is an F-isocrystal; hence it has the slope filtration. In
this section we construct the slope spectral sequence of Hgg(U /Ko).

Let (U,, X.) be a good proper hypercovering of (U, U ) which has the disjoint
union of the members of an affine simplicial open covering of (U,, X,) over
(U,U). Set D, := X, \ U,. By (12.9.1) we have

(13.0.1) HE(U/Ky) = H"(X,, W%, (log D) g
Hence we have the following spectral sequence

(13.0.2) EY = H (X, Wk, (log D.)) ., = Hy? (U/Ko).

K rig

DEFINITION 13.1. — We call (13.0.2) the slope spectral sequence of Hf;grj(U/Ko).

THEOREM 13.2 (Slope decomposition). — There exists the following canoni-
cal isomorphism:
(13.2.1) HI (X, Wk, (log D.)) .. — Hie? (U/Ko)jis1)-

In particular, H'(X,, WSy (log D,))k, depends only on U/k. Moreover, there
exists the following canonical decomposition

h
(13.2.2) H},(U/Ko) = @ H" (X, W, (log D.)) .-
=0
Proof. — (13.2) immediately follows from (7.9) and (11.7). O

The following is the compatibility of the weight filtration on Hgg(U/ Ky)
with the slope filtration on it.

COROLLARY 13.3. — One has the equality
(13.3.1) P H" (X, WY, (log Du)) e,
= H},(U/Ko)ji 1) N PH (U/Kp).
In particular, P,H" (X, WS _(log D.))k, depends only on U/k.
Proof. — (13.3) follows from (5.6), 1), (7.10) and (12.9), 1). O

REMARK 13.4. — We shall give the range of the slopes of Hgg(U/Ko) in §16
below.

PROBLEM 13.5. — Does there exist a condition of (X,, D,) which assures that
the submodule P, H"(X,, WQ (log D,)) of H"(X, W _(log D,)) depends
only on U/k?
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P. Berthelot, S. Bloch and H. Esnault have proved the following impressive
theorem:

THEOREM 13.6 ([10]). — Let X be a proper scheme over k. Then there exists
a functorial morphism

H (X/Ko) — H"(X, W(Ox)), (heN)

which induces an isomorphism H"

e (X/Ko)po,1) — H"(X,W(Ox)) k-

Combining (13.6) with (13.2), we have the following mysterious corollary:

COROLLARY 13.7. — Let X be a proper scheme over k. Let X, — X be a
good proper hypercovering of X which has the disjoint union of the members of
an affine simplicial open covering of X, over X. Then the natural morphism

H”(X,W(OX))KO — H" (X W(0x,)), (hEN)

is a functorial isomorphism.

The aim in the rest of this section is to give an interesting example (13.12)
below: an example of a good proper hypercovering X, — X of a proper scheme
over k such that H(X,W(Ox)) = &Y but H(X,,W(Ox.)) = 0 in the case
where « is algebraically closed.

Let k be a perfect field of characteristic p > 0. Let W,, be the Witt ring

of k of length n > 0. Let X be a proper scheme over « and let X, be a good
proper hypercovering of X. Then we have two spectral sequences

(13.7.1) BY = Hly(Xi/Wa) = HIL(X. /W),
(13.7.2) EY = H (Xi,W,(0Ox,)) = H™V (X, W,(Ox.)).

Consider the complexes

(13.7.3) 0= HY_(Xo/Wh)

o a—_at 8 —1 452
———— H (X1 /Wn) ——— H (X2 /Wa),
(13.7.4) 0 — H(Xo, W, (Ox,))
90_o1 900"+

—— HO(X1,Wh(0x,)) —— H°(X3,W,(Ox,)).

Here 0% := &7, where §;: Xpy1 — Xy (0 < 4 < £+ 1) is a standard face
morphism. Assume that X, is split. Then there exists a family { Ny, }men of
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closed and open subschemes of X,,,’s (N, C X,,,) such that
KXm = H H Ny,
0<£<m [m]—[(]

where the subscripts [m] — [¢] means a surjective non-decreasing morphism
[m] — [f]. We have the natural morphism

Bm: Nm —>coskm 1(Xe<m—1)m (meN).

For a nonnegative integer m and an m-truncated simplicial scheme Y,<,
over X, we have a standard face morphism &): coskis (Yo<m)mi1 —
coskX (Yocm)m = Yom (0 < i < m+1). In the projective limit

cost(Y.<m)T = lim Y,
" N

mlr]
over X (see (6.1.3)), we often denote the corresponding scheme to a morphism
v: [g] = [r] (g < m,r €N) by Yy(v).
Let vo: [2] = [1] and 71: [2] — [1] be the surjective non-decreasing func-
tions determined by the equations vo(1) = 0 and 71 (1) = 1, respectively. Set
Ni(v0) = N1(71) = Ny. Then we have the direct sum

Xo = No [T Vi(vo) [T Mi(a) [T e

The complexes (13.7.3) and (13.7.4) are equal to
(13.7.5) 0 — H2_ (No/Wn)

crys
0

%ot 0 0
— H (NO/W )@Hcryb(Nl/Wn)

crys
-0'+0> 0
— Hcrys(NO/W ) S Hcrys(Nl(fYO)/W )
D Ht(:)rys(Nl (71)/W ) D ngys(NQ/Wn)v
(13.7.6) 0 — H°(No,Wa(Ony))

09—t
——— H°(No, Wy (On,)) & H° (N1, W, (On,))

P-0'+0> 0
— H (N07Wn(ONO)) S H (Nl('YO)an(ONl('yo)))

& H° (Nl('yl)» Wn(oNl(“ﬂ))) D HO(N27 Wn(oNz))7
respectively. Then the following holds:

LEMMA 13.8. — 1) The morphisms 0° — 9' in (13.7.5) and (13.7.6) are
equal to

a > (0, (5)61)"(a) — (551)" ()
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for a € HY ( ((No/Wy) and a € HY(No, W, (On,)), respectively.
2) Let &' (i = 0,1) be the pull-back of the composite morphism

Ny — X3 i} Np.
Then the morphisms 0° — 0 + 0% in (13.7.5) and (13.7.6) are equal to
(a,b) — (a,@'l(a),a/o(a),c),

where
2
c=Y (=1)*{(5B2)"(a) + (52)"(b) }
=0
for a € HY (No/Wh), b € HS ((N1/Wy) and a € H(Ng,W,(On,)), b €

HOY(N1, W, (On,)), respectively.

Proof. Because the proof of 1) is simpler than that of 2), we give only
the proof of 2). Recall the definitions of the standard degeneracy morphism
$it Xm = Xm+1 (0 < i < m) and the standard face morphism §;: X, 41 —
X, (0<i<m+1) as in the proof of [35, VP (5.1.3)]) (and (6.9)).

The degeneracy morphism

802N0:X0—>X1:NOHN1

is equal to the natural inclusion map Ny < No [] N;.

Let cosky (X,<1)o — coskiX (X,<1)2 be the corresponding morphism to the
map [2] — [0]. Then the restriction of §;: Xo — X; to Ny (C X2) is equal
to the composite morphism

&
N() = Xo = COSk{((X.Sl)O — COSk{((X.Sl)Q — COSk{((X.Sl)l = Xl.

For any morphism [1] — [2], the composite morphism [1] — [2] — [0] is the
unique morphism. Hence the morphism Ny — X; corresponding to the map
[1] — [0] is equal to so: Ng — X1 = Ny [[ N;.

Next we make the restrictions

00l (7)) 01l N1 ()5 02 N () V1) — X1 (5 =10,1)

to N1(v;) explicit. For simplicity of notation, we denote &;|n, ;) (i =0,1,2)
simply by ;. Let X; = coski' (X,<1); — cosky (X,<1)2 be the corresponding
morphism to the map vp: [2] — [1]. Set

oii=o02:[1] —[2] (0<i<?2)
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in the proof of (6.9). Then the composite morphisms [1] 25 [2] 2% [1]
(1 =0,1,2) are the following morphisms

Y00:0—0,1+—1, 701:0—0,1+—1, ~v902:0—0,1+—0.
Hence 6, d1: N1(70) — X1 are the natural inclusion Ny () = N1 < No [ Ni.
Set also o; := o}: [0] = [1] (0 < i < 1) in the proof of (6.9). Since yyo2 =
([1] = [0] 2 [1]), d2: Ni(y0) — X is equal to the composite morphism

S0

N C X5 Ny 2 X
Similarly, we see that d1,d2: N1(71) — X; are the natural inclusion Ny <
No [ N1 and dg: N1(y1) — X1 is equal to the composite morphism

Ny € Xy 2 Ny % X
Therefore the morphisms (13.7.5) and (13.7.6) are equal to

(a,b) — (a—a+a,(b—b+ 3" (a)),(@ (a) —b+b),c)
= (a,@'l(a),a’o(a),c). O

PRrROPOSITION 13.9. — Assume that k is algebraically closed and that
dim X = 1. Assume also that the augmentation morphism By: Xg — X
and the morphism B1: N1 — Xo xx Xo are homeomorphisms as topological

spaces. Assume, furthermore, that By and (1 are birational. Let E;J and

(E;j)<1 be the Eéj-terms of the spectral sequences (13.7.1) and (13.7.2),

respectively. Then EY0 =0 = (E1%) ;. Especially

HL (X./W,) = Ker(ES! — E20),

crys

H'(X., Wa(0x,)) = Ker ((E5") <1 — (E3")<1).

Proof. — Since fy is homeomorphic and birational and since « is algebraically
closed, we can identify X x x X with X as topological spaces by the diagonal
morphism X < X¢ xx X (see [37, (3.4.9)]). Then the morphism

(%ZXO%XQXXX()—)XO (’L:O,l)

is the identity of the topological space, and hence we can identify §;: N; —
X1 — Xg with 81: N1 = X xx Xo = X as a morphism of topological spaces.
Let ~;: [0] = [2] be a map defined by ~;(0) =4 (0 < ¢ < 2). Then, by (6.1.3),
we have

(13.9.1)  coskf (X.<1)a

= lim (Xo(0), Xo(71), Xo(2), X1(d0), X1 (1), X1(62)).
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Because (1: N1 — Xy Xx Xp is homeomorphic and birational, one has
cosk{( (Xe<1)2 = X1 as topological spaces and because the morphisms
5,01 Xo = Xo xx Xo — Xo are the same as a morphism of topologi-
cal spaces, the three morphisms coski' (X,<1)2 N X1 (i = 0,1,2) are the
same. Therefore ¢ = (6p52)*(a + b) in the notation of (13.8), 2). Because
Bo: No — cosk{((X.Sl)g is surjective, 6)f2: No — X is also surjective. Hence

Ker(0° — 0" + 0% HY (X1 /Wh) = HOyo(X2/Wy)) = 0.

crys

By the same argument, we see that
Ker(9° — ' + 0%: H°(X1,Wa(0Ox,)) = H°(X2, Wy (0Ox,)) = 0. O

LEMMA 13.10. — Let Y be a scheme over a perfect field k of characteristic
p > 0. Then the following hold:

1) Assume that Y is quasi-compact, quasi-separated and smooth over k and
that HY( (Y/Wn,) = 0 for a positive integer ng. Then HY  (Y/Win,) = 0
(n € Z>1).

2) Assume that H'(Y,W,,(Oy)) = 0 for a positive integer ng. Then
HY (Y, Wane (Oy)) = 0 (n € Zs1).

Proof. — 1): Follows immediately from the following triangle (the proof of
[12, (7.16)]) and the induction on n:

+1
RU 1y (Y/Who) — BT erys(Y/Wing) — Rl erys(Y/Win—1yn,) — -

2): Follows immediately follows from the following exact sequence and the
induction on n:

(n—1)n,
0= Wiy (Oy) """ Wing (Oy) — W1y (Oy) — 0. O
COROLLARY 13.11. — Let the notations and the assumptions be as in (13.9).

Then the following hold:
1) Assume that Xo is smooth over k and that H} (Xo/Wn,) = 0 for a

positive integer ng. Then HY  (Xo/Wnno) =0 (n € Z>1).

2) Assume that H'(Xo, Wy, (Ox,)) = 0 for a positive integer ng. Then
Hl(Xanno(OX.)) =0 (n S Zzl)'

Proof. — The Corollary follows immediately from (13.9) and (13.10). O

ExXAMPLE 13.12. — Let s be an algebraically closed field of characteristic
p > 0. Let X be a proper integral curve over x of genus 0. Let X be the nor-
malization of X. Assume that the morphism Xy — X is a homeomorphism.
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We identify the points of Xy with those of X. Then, for a point @ of X, we
obtain a natural inclusion Ox g — Ox, . For a closed point @ of X, let tg
be a uniformizer of the discrete valuation ring Ox, ¢. Recall that X has only a
closed point P “de rebroussement ordinaire” (see [79, §6]) if Ox,,qo = Ox,q for
Q # P and Oxp = {f € Ox,,p | f = Co+62t%+03t?}+-" (¢i € K)}.
Let n be a positive integer. Assume that X has only a closed point P
de rebroussement ordinaire. Then, by [loc. cit.], H' (X, W,(Ox)) ~ k" and
HY (X, W(Ox)) ~ Y. On the other hand, let X, be a split proper hyper-
covering of X such that Nj is the normalization of Xy xx Xo. Then NV; is
homeomorphic to X x x Xo. Indeed, the localization ring of Xy x x X at (P, P)
is isomorphic to k[t ']/ (t* —t'%, 13 —'3). Blow up Xo x x Xo at (P, P) and
let T be the strict transform of Xg x x X by this blow up. Then the relations
t' = ut, 2 —t? = 0 and 3 — t®* = 0 means that t = 0 or u = 1. Hence the
fiber of T" at (P, P) consists of one point, at which it is nonsingular because
the localization ring is isomorphic to «[t] (t)- Furthermore, it is clear that the
morphism N; — X xx Xj is birational. By (13.11), H'(X.,W,(0Ox,)) = 0
and consequently H(X,, W(Ox,)) = 0.
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PART III. WEIGHT FILTRATIONS AND
SLOPE FILTRATIONS ON RIGID
COHOMOLOGIES WITH CLOSED SUPPORT
AND WITH COMPACT SUPPORT

14. Mapping fiber and mapping cone in log crystalline cohomology

In this section we generalize results in §2, §3, §5 and §7 to results on the
mapping fibers and the mapping cones of the induced morphisms of log crys-
talline cohomologies and cohomologies of log de Rham-Witt complexes by
a morphism of smooth multisimplicial schemes with multisimplicial relative
SNCD'’s.

First we work in homological algebra. Let the notations be as in §2. Let
p: (M,P) — (N, P) be a morphism in CF(A*) = CF(A*"*) (r-points). Here
P’s are increasing filtrations. Let MF(p) := (M, P) & (N, P)[—1] be the map-
ping fiber of p. Then

S(MF(p)) = s(M, P) & (s(N, P)[1]),
We define the diagonal filtration dyr(L, P) on s(MF(p)) as follows:
(14.0.1)  dur(L, P)es(MF(p)) := @ P, xM> & €D P; npa N
1>0,s t>0,s
Denote by (n) (n € Z) the shift of a filtration in [24, (1.1)]:
(14.0.2) Py((M, P)(n)) := PpynM

(in [loc. cit.], it is denoted by [n]). The morphism p induces the following
morphism

(14.0.3) p(1): (M, P) —s (N, P)(1).
By (14.0.1) we have
(14.0.4) 5MF(L7 P)kS(N[F(p)) = 5(L, P)ks(l\ﬂf‘_‘(pﬂ»)
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Hence we have the following triangle:

(14.0.5) oo — (s(MF(p)), Smp (L, P)) — (s(M),8(L, P))

S (S(N), 6(L, P)) (1) — -

By the definition of dyr(L, P), we have

e (L,P _
(14.0.6) grkMF(* )S(MF(p)) = EB griJrkAMts @ @ grfrJrkHNt’s L
t>0,s t>0,s
Since the morphism p: grf’ | Mt — grl | Nt is zero,
(14.0.7)

4 L,P . Le
grkMF(_ )S(MF(P)) = @griwat [t @gr£+k+1]\ﬂ [—t, —1].
t>0 t>0

Assume that the two filtrations 6(L, P)’s on s(M) and s(IN) are exhaustive
and complete, that gri M te and gri N te are quasi-isomorphic to objects
of CT(A*) and that the spectral sequence arising from the two filtrations
0(L,P)’s on s(M) and s(N) are regular and bounded below. Then we have
the convergent spectral sequence:

—k,h+k —t.. . —t — .
(14.08) B MR = P HM (o] M) e D H T @] i N
t>0 t>0

= H"(s(MF(p))).
Let

d(M): @H" (g M) — DU @] MY)
£>0 £>0

be the boundary morphism arising from the exact sequence
0— gr?EPs(M) — §(L, P), /5(L, P),,_ys(M) — erdEP)s(r) — 0.
Let

d(N): @H}Litﬁl(grgleﬂNb) — @H}L’tr(gr&km')

>0 >0

be the analogous boundary morphism for (N, P). Then the boundary mor-
phism

d: E;k,h+k El—k+1,h+k
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between the Ej-terms in (14.0.8) is equal to

(14.0.9) (d(éw) 7d€N)):

EB It (griﬂcM@') S2] @ HhLe (gr£+k+1Nt')
t>0 t>0

— @ thtrﬂ(griMflM@‘) @ EBHhiET(grfTMNt’).
t>0 t>0

Next we give the analogues of the above for the mapping cone.

Let MC(p) := (M, P)[1] & (N, P) be the mapping cone of p. We define the
diagonal filtration dnc(L, P) on s(MC(p)) as follows:

(14.0.10)  dnc(L, P)ks(MC(p)) == @ P, 1M o @5 P, 1N
t>0,s t>0,s

The morphism p induces the following morphism
(14.0.11) p(=1): (M, P)(—1) —» (N, P).
By (14.0.10) we have
(14.0.12) dmc(L, P)is(MC(p)) = 6(L, P)s(MC(p(-1))).
Hence we have the following triangle:
(140.13) -+ —> (s(M),3(L, P)) (1) — (s(N),3(L. P))
— (s(MC(p)), dnc (L, P)) — -+
By (14.0.10) we have
(14.0.14) g EPs(MC(p))

P . P .
= @grg,,ﬂc—lMt [-t.+1] & @grt,ﬁ-sz [t.]-
£>0 £>0

Hence, under the same assumptions in the case of the mapping fiber, we have
the convergent spectral sequence:

(14.015) B = QU g M) @ P HM (e kNT)
£>0 >0

= H"(s(MC(p))).
The boundary morphism

d: E;k,h+k El—k+1,h+k
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between the Ej-terms in (14.0.15) is equal to

(14.0.16) (*d(M) ('” ))~

0
@Hh —t,+1 grp+k M) @ @Hh (erf LGNV
>0 >0
— @ Hh_z"”(griﬁdj\/[t') & @ Hh_t'“(gri%let')
t>0 t>0

The filtrations omp (L, P) and one (L, P) are well-defined for the morphisms
of objects of DF(A®), that is, we have the functor

Mor (DF(A%)) 5 [p] — [(s(MFE(p)), dugge (L, P))] € DF(A),
where §€ is a letter F or C.

Next we consider the decreasing stupid filtration on the mapping fiber and
the mapping cone. Let p: M — N be a morphism in C*(A*). Then p induces
a morphism

p: (M>U) — (N7U)
of filtered complexes of A®-modules, where o’s are decreasing stupid filtrations.

Then we define decreasing stupid filtrations on s(MF(p)) and s(MC(p)) as
follows:

(14.0.17) s(MF(p) = @ M¥*a @ N (ieN),
t>0,5>1 t>0,s—1>1

(14.0.18) o's(MC(p)) = @B M»*"'e @ N (ieN).
t>0,s+1>14 t>0,s>1

Let p': M — N (i € Z) be the degree i-part of p. Then

(14.0.19) grbs(MF(p)) = @ M¥[-t,){—i} & @ N"[- {—i}
t>0 t>0

=s(MF(p'{—i}: M*{—i} = N'{—i})),

(140200 gris(MC(p) = @ MY, + 1){~i} & @) N[t ){~i}

>0 >0
=s(MC(p'{—i}: M'{—i} - N'{-i})).
Hence we have the spectral sequences:

(14.0.21) E" = ¢ (s(MF(p'))) = H"(s(MF(p))),
(14.0.22) EPM = HM (s(MC(p'))) = H (s(MC(p))).
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The Ej-terms of (14.0.21) and (14.0.22) fit respectively into the exact se-
quences

(14.0.23) e BV P (s(M)) — HE T (s(NT)) — -

(14,0,24) RN thi (S(MZ)) SN Hh—i (S(NZ)) . Ei’,h*i e

Now we consider the mapping fiber and the mapping cone in log crystalline
cohomologies. Let (S,Z,) and Sy be as in §3. Let

(14.0.25) pe: Yy, E,UW,) — (X,, D, U Z,)

be a morphism of smooth r-simplicial schemes with transversal r-simplicial
relative SNCD’s over Sy which induces two morphisms

pve.E): (Yo, Bo) — (X4, D)), pivaway: (Yo, Wo) — (X, Z,).
Let f(v,,zsuws)/s and fiy, w,)/s be the structural morphisms of (Y,, E, U

W,)/S and (Y,,W,)/S, respectively. Let f(x, p,uz.,)/s and f(x,,z,)/s be the
analogous structural morphisms. Then p, induces two morphisms

(14.0.26)
% log,Ze .
Pars [Rf(xy,z4)/55 (Beryt *(O(x,,pe0za)/5)), 0(L, PP2)]
log,We .
— [Rfvewa)/se (Bt *(O(vy . Eeuwa)/s))s 6(L, PP*)]
(14.0.27)
g+ log, Ze .
Pt [RE(X0.20)/80x (Berys *(O(xo,D0070)5)): P72
log,We .
— [Rf(vawa)/8ex(Berys = (Ovy mauwa)/s))s P2
Then
(14.0.28) PB = (s,0)(p\%r,).

By (14.0.5) and (14.0.13), we have the following:
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PROPOSITION 14.1. — There exist the following triangles:
(14.1.1) — (MF(pl%5.), 6mr(L, P))
— [Rf(x.,20)5+(E crysz’(O(X.,D.uZ.)/s)) §(L, PP*)]
— [Rf vy wayssn B (O, myowsy/s)), 0(L, PP (1) £,
(14.1.2) — [Rf(xs 2.)/50(Eerts *(O(xs Davz2)/8))s (L, PP)] (1)

— [Rfvawa) /S*(Ec(r)iswg (O, Bouwa)/s)), 0(L, PP2)]

— (NIC( log*) 5MC(L7P)) ;1 .

P, ecrys

By (14.0.8), (14.0.15) and (3.1.2), we have the following spectral sequences:

THEOREM 14.2. — There exist the following spectral sequences:
—k,htk h—2t,—k
ETY = tr
1 @R f(DézTM),Z\ (tr+k))/5*
>0
O i 8D, 18 7)) (= (2, + &
( (D§§T-+k)7z‘ (g,.-Hc))/S ®z wCryb ( E/ ’ t))( (—7‘+ ))

h—2t, —k—2
® R k+1
@ f(E(t D | Bt 1))/ 9%

t>0
(O(E££T+k+l>*W‘E§§T+k‘+l))/S ®z wéé?:kﬂ)log(ﬂ;/s? W) (— (¢, +k+1))
(14.2.1) _ — H"(MF(p\%5)),
Do tejoRh—QtrkJrzf(D;gﬁk—l)’Zl (§r+k71))/5*
(O(ngﬁkfl)ﬁz\ (Lﬁkﬂ))/s ®z wgy:rk Y log(D /S; Zt)) ( —(t,+k— 1))

@Rh 2t,—k (B
(B, W Bitr +k))/S*

t>0
(t +k)lo
(O(Etftﬁk)vW@(twk))/S ®z @erys Et/S W) (= (t, + k)
t
(14.2.2) = H"(MC(p%s))-

DEFINITION 14.3. — We call (14.2.1) (resp.(14.2.2)) the preweight spectral
sequence of the mapping fiber (resp. mapping cone) of peciys With respect to D,
and E,. If Z, = W, = ¢, then we call (14.2.1) (resp. (14.2.2)) the preweight
spectral sequence of the mapping fiber (resp. mapping cone) of p.cr;s It s
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is a p-adic formal V-scheme in the sense of [74, §1], if Sy = Spec (Os/p)

and if X, and Y, are proper over Sy, then we call them the weight spectral

sequences of the mapping fiber and the mapping cone of pl!%%;s with respect to

D, and E,, respectively. Furthermore, if Z, = W, = ¢, then we call them the
weight spectral sequence of the mapping fiber and the mapping cone of plzoﬁ;&
respectively

PROPOSITION 14.4. — 1) The natural exact sequence

(1441) - — Hh(MF(Plgocf;s)) — Rhf(x,,D,uZ!)/s*(O(X!,D,uZ,)/S)
— R fy, maowa)/s-(Ovy mauwa) /) — -+

is compatible with the preweight filtration with respect to dmr(L,P), D,
and E, .

2) The natural exact sequence

(144.2) - — R"f(x,.Duzs)/5+(O(Xe,DsUz4)/5)
— R" iy, Bauwa) (O e BaWa)/5)
— HM(MC(p\%s)) — -+
is compatible with the preweight filtration with respect to D,, E, and
dme(L, P).

Proof. — We give the proof only for the mapping fiber. (Note that the trian-
gles in (14.1) do not show (14.4) because the preweight filtration depends on
the degrees of cohomologies.)

First the natural morphism

log, Ze
(R x0. 2055 (Berys* (Ox,,po0z4)/9)), (L PP*)]
log,We .
— [Rfawa)se(Bee = (O moowa)s))s 0(L, PP2)]
induces the morphism

R"f(x, peuza)/5:(O(xe.D0070)18) — R F v o) 5:(Ova,Baowa)/5)

which is compatible with the preweight filtration with respect to D, and E,.
By the definition of dyp(L, P) in (14.0.1), the natural morphism

o8 % log,Ze .
(MF (25 0mp (L, P)) — [Rf(x,.70)/5+(Berys *(Ox,,p0074)/5)): 0 (L, PP*)]

induces the morphism

Hh (I\/IF(pISOC%;S)) — Rhf(X!,D!uZ!)/S*(O(X!,D!UZ!)/S)
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which is compatible with the preweight filtration with respect to dmr(L, P)
and D,.
Finally, by the definition of dypp (L, P) in (14.0.1), the natural morphism

log,We o
[Rfva wa)/se(Eys (O, mauwa)ys) (L, PP2)] (1)

— (MF(p'%8%), onr (L, P))[1]

eCrys

induces the morphism

R"f (v, Boowa) s+ (Ova,Buwayss) — H'TH(ME(p285))
which is compatible with the preweight filtration with respect to E, and
omr(L, P). O
THEOREM 14.5. — Let Ny, ..., N, be nonnegative integers. Set
]_V = (N17 e aN’I')'

Let u, Sy and S|, be as in (3.8). Let us mean by’ the base change with respect
to u. Let € be a letter F or C. Then the base change morphism

(14.5.1) Lu" [MSQ(PIOg* ), 6mze(L, P)] — [MSQ(PdOg* ), Smge (L, P')]

e<Ncrys e<N,crys

s an isomorphism.
Proof. — The Theorem immediately follows from (5.9) and (14.1). a

Let k be a perfect field of characteristic p > 0. Let V, K, W and Kj be as
in §10.

COROLLARY 14.6. — Let S be a p-adic formal V-scheme. Let F€ be a letter
F or C. Assume that X, and Y, are proper over Sy := SpecS(Os/p). Then
the 1mage

Im (" (6mge (L, P)MFC(pl% ) — H" (MFC(plEs,)))

prolongs to a convergent F-isocrystal on S/V. (We denote the image by
Py[HM(MFC(p3s)))-

Proof. — The proof is the same as that of [72, (2.13.3)] by using (14.5). [

PROPOSITION 14.7. — Let S be a p-adic formal V-scheme. Assume that X,
and Y, are proper over Sy := Spec (Os/p). Then the Ey-terms of (14.2.1)
and (14.2.2) prolong to convergent F-isocrystals on S/V.
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Proof. — By [72, (2.13.10)], the Gysin morphism in (5.3.3) extends to a mor-
phism of convergent F-isocrystals on S/V. By (14.0.9), (14.0.16) and (5.3.3),

the boundary morphisms between the Ej-terms are morphisms of convergent
F-isocrystals on S/V. Hence we obtain (14.7) by [74, (3.7), (2.10)]. O

THEOREM 14.8. — Assume that Z, = W, = ¢ and that X, and Y, are proper
over Sy = Spec(Os/p). Let S be a p-adic formal V-scheme. Then the
spectral sequences (14.2.1) and (14.2.2) degenerate at Eo modulo torsion.

Proof. — By (8.3), (14.1.1) and (14.1.2), we have the nilpotent deformation
invariance of the mapping fiber and the mapping cone of log crystalline coho-
mologies tensorized with Q. By using (14.5) and (14.7) and by the same proof
of [72, (2.17.2)], we obtain (14.8). a

THEOREM 14.9. — Let S be a p-adic formal V-scheme. Set
SO = Specs(OS/p)‘
Let
2
(Y2, B?) — (X2,D2)

1
(v, Bl "= (X1,D})
be a commutative diagram of proper smooth r-simplicial schemes over Sy with

r-simplicial relative SNCD’s over Sy. Let F€ be a letter F or C. Then the
induced morphism

(", 0%): MFC(pyeris ) i — MFL(p2erss )i
is strictly compatible with the weight filtration.
Proof. — The proof is the same as that of [72, (2.18.2)]. |

THEOREM 14.10. — Let the notations and the assumptions be as in (14.8).
The ezact sequences (14.4.1) and (14.4.2) modulo torsions are strictly exact
with respect to the weight filtration.

Proof. — 1If k is a finite field, (14.10) is obvious. In the general case, we reduce
it to the case of finite fields as in [72, (2.18.2) (1)]. O

Now assume that S = Spf(W), where W be the Witt ring of a perfect field &
of characteristic p > 0 and that Sy = Spec(x). Then, for each nonnegative
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integer i, we have the following morphism by the functoriality of log Hodge-
Witt sheaves with weight filtrations (see [69, (9.3) (2)]):

(14.10.1)  pl%: [RD(X,, WO, (log(D, U Z,))), 8(L, PP2)]
— [RI(Y,, WOy, (log(E, UW,))),6(L, PP*)].
Hence we have the following morphism
;i 5(L,PPe i
(14.10.2) gr (pl) ery B RD (X, WOk (log(D. U Z.)))
3(L,PTe)

e RT (Y, W, (log(E, UW,))).

Using the Godement resolutions of WQ_ (log(D, U Z,)) and W%, (log(E, U
W.)), we see that the morphism p, in (14.0.25) induces a morphism

(14.10.3)  pl%ay: [RD(X,, WO, (log(D, U Z,))), (L, PP*)]
— [RL(Y,, W5, (log(E, UW,))), (L, P**)].

THEOREM 14.11. — Let §€ be a letter F or C. Then the following hold:

1) There exists the following spectral sequence

(14.11.1) Ebh — phi (Mg@(pffgviv)) — O (MSC(pSﬁ:W))‘

2) The Ei-term H"*i(MF(pﬁgl{\fv)) fits into the following exact sequence:

(14.11.2) - — H'"(MF(pl%50,)) — H' (X, WQ, (log(D, U Z,)))

— Hhii(ngWQi . (IOg(Eg U Wg))) —
3) The Ei-term Hh_i(MC(pl;agg\fv)) fits into the exact sequence:

(14.11.3) s — H'(X,, WO, (log(D, U Z,)))
— H" (Y., WO, (log(E, UW,)))
—i log *i
— H'" (MC(pfaw) — -+
4) Assume that X, and Y, are proper over k. Then the spectral sequence

(14.11.1) degenerates at Ey modulo torsion. There exists the following
decomposition:

h
(14114 1 (Sl L) = € H (NS ).
=0
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5) There exist the following spectral sequences

E;k’h+k = @thi*zérik( (Lrth) ,WQE pltr i (log Z|D(t +)
t>0
2 ll™ (D) (~(t, + 1)

@@Hh i—2t, —k— Q(E(t Hk+1) WQZ (t +k+1)(10gW‘E(t +k+1))
t>0
@z (B, /m))(—(;r +k+1))

—q log *i
(14.11.5) = H"'(MF(p,5w))»

- ot — +k— i
Ef khtk _ @Hh i—2t, —k+2 (D(t,+ 1)’WQID£LTM,1)(log Z|D§§,,,+k,1))
t20 (t,+k—1) ’ ]
&z, Wrar (D /K/))(—(t +l€—1))

& @ a2 (BT ol it (08 W )
t>0
t,

®z wzar (Et/’f)) (_(tr + k))
(14.11.6) = H" 7 (MC(p2%))-
6) Assume that Z, = = ¢ and that X, and Y, are proper over k. Then

the spectral sequences (14 11 5) and (14.11. 6) degenerate at Ea modulo torsion.

Proof. — 1): The stupid filtration on MFE(p (jf’R*w) immediately gives the
spectral sequence (14.11.1). Here we have calculated RIs on the right hand
side of (14.10.3) by using the Godement resolutions of W (log(D, U Z,))
and WOy, (log(E, UW,)). )

2), 3): Follow immediately from the definition of the mapping fiber and the
mapping cone, respectively.

4): The proof is standard: see the proof of (7.3).

5): Follows from (14.0.8), (14.0.15) and the Poincaré residue isomorphism

Res”t: grf " W0, (log(D; U Z,))
5 Walds (108 Zi| o) @z @i (Dy/k)(—0) (L€ N)
t t

in [72, (2.12.4.2)] (cf. [66, 1.4.5], [69, (9.3) (1)]).
6): We obtain this assertion as in (7.10) by using (14.8). a

COROLLARY 14.12. — The slopes oth(MF(pl;Zigl{‘W))Ko (resp. HM(MC(p l.‘zggw
lie in [0, k] (resp. [0, h + 1]).
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Proof. — The Corollary follows immediately from (14.11.1), (14.11.2) and
(14.11.3). |

DEFINITION 14.13. — We call the spectral sequence (14.11.1) the slope
spectral sequence of H h(MSQ:(pl.(ﬁ‘”’l{‘W)). We call the direct sum decompo-

sition (14.11.4) the slope decomposition of Hh(MSQ(plffgW)). We call the
spectral sequences (14.11.5) and (14.11.6) the weight spectral sequences of
Hh*i(MF(plffg\fv)) and Hh*i(MC(,olffg\j’v)), respectively, and we denote by
P = {Pk}kéz the induced filtrations.

Next, we prove the Kiinneth formula of the mapping fiber and the mapping
cone of the induced morphism of log crystalline cohomologies by a morphism
of smooth multi-truncated multisimplicial schemes with multi-truncated mul-
tisimplicial relative SNCD’s.

Let (S,Z,v) and Sy be as in §3. Let Y be a quasi-compact smooth scheme
over Sp. Assume that S is quasi-compact. Let (X?, DI UZ!) and (Y, ELUWY)
(i = 1,2) be smooth r-simplicial schemes with transversal r-simplicial relative
SNCD’s over Sy. Let p': (Y!, B} UW?) — (X!, Di U Z?) be a morphism of r-
simplicial log schemes which induces two morp_hisrfls pZE; : (Y;7 E:) — (X:7 D;)
and p’m : (Yf, W;) — (X i, Z;) of log schemes. We assume that the underlying
structural morphisms X! — Sy and Y — Sy (i = 1,2) are quasi-compact and
quasi-separated. Set ) )

(Y EPOUW?) = (Y E}UW]) xg, (Y2, EZ2UWD),
(XY,”, DEP U ZW?) == (X}, D} U Z}) x5, (Y2, E2 UW}),
(YXP EDPUWZ?) = (Y}, E} UW]}) xg, (X2, DI U Z2),
(X2, DUz = (X),D,UZ})xs, (X2, DIUZ}),
(14.13.1) Y2, W) = (v, W) xs, (Y2, WD),
(XY,2, Z2W}?) = (X}, Z}) xs, (Y2, W2),
(YXP2WzP2) =\ W]) xs, (X2,22),
(X2, 22) = (X}, 2]) xs, (X2, Z2).

Here E!12 = (E!1 X S, Yf) U (Y!1 XS, ESZ), DE!12 = (D!1 X S, Yf) U (X!1 X S Ef)
and so on are analogous unions of direct products.
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We have the following four morphisms of log schemes:

(14.13.2) (p',id): (Y2, EP UW]?) — (XY2, DEP U ZW}?),
(14.13.3) (id,p%): (V2 EP UW})?) — (YX)?, ED> UW Z)?),
(14.13.4) (p',id): (YX)?,EDPUWZ}*) — (X}, DU Z)?),
(14.13.5) (id, p*): (XY,2, DEP U ZW}?) — (X2, D> U Z)?).

Hence we have the four morphisms:

log,ZW 12

(14.13.6) (p',id)*: [Rf(xv2 zwizy s (Berys  ° (O(xyvg2 pEzuzwizys))s
3(L, PPE)]

— [Rfvg2wiz) o (Eifiw— (Owaz,s2owiz)ys))
5(L, PP,

. 2\ % log,W Z}2
(14.13.7) (id,p*)": [Rfiyxizwzizy se (Berys ° (Oryxi2pi2ow zi2)/s))

§(L, PPP)]

log,
— [Rfyge, W“)/S*(ECT§S : (O(y12 E2Owi2)/s))

(L, PP,

log,Z,

(14138) (pl, ) [Rf X12 Zu)/S* (Ecrys - (O<X12 Dlzuzu)/s))
3(L, PP)]
log,W z1?
— [Rfyxizwzizyse(Bays (O xi2, ppizowzi2)s))s
o(L, PEP)],
. « lo, ,ZJQ
(14.13.9) (1d,p2) : [Rf(ng,Zéz)/S*(ECTES * (O(XSH,D;?LJZ!”)/S))?
§(L, PP)]
log, ZW}?
— [R.f(xy!w,zw!n)/s*(Ecrys ; (O(XYglz,DEgzuZW!u)/S))v

5(L, PPP)).
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Consider the two morphisms:

(14.13.10) (p',id)* @ (id, p*)*
log,Z&? 12
: [Rf(X;272;2>/S*(Ecrys = (O(X;Z,Dé2UZ;2)/S))76(L,PD2 )]
log,W Z{2 12
— [RfvxppwzzysdEeays (O(YX,”,ED;QUWZ!H)/S))?5(&;PED! )]
log, ZW L2

12
® [Rf vz, zwizyse(Bays ° (Oxyva2,pEszuzwi?)ys)s 8(L, PPE)],

(14.13.11) (id, p*)* + (p*,id)*

log, W Z3? 12
: [Rf(yxgz,wzy)/s*(Eciis * (Owyxp2,ppzowziz)s)), 0(L, PPP)]
log, ZW 22 12
& [Rf(xvye 2wy se(Beys * (Oxv2 pEyuzwizys):0(L, PPP)]

log, W32 12
— [Rf vz w2y se(Beys * (Oygz gpowizys))s S(L, PP2).

First we take the mapping fiber of (14.13.11):

log, W Z12 12
(Rfyxi2wzi2) /s (Berys* (O(ngQ,EDgzuwz;Z‘)/s)%5(L7PED’ )]

log, ZW}? 12
@ [Rf(XY;Z,ZW!lQ)/S*(EC'fsS - (O(XY212,DE;2UZW!12)/S))75(LaPDE! )]

log, W2 12
& [Rf g2 wizysu(Beys * (O pzowyzys))s 8(Ls PP )[(1)[-1].

Next, by using the morphism (14.13.10), we have the complex
(14.13.12)
log,Z L2

12
[Rf(xi2,22) /54 (Eerys * (O(xgz,pyuzy)/s))y(s(f;PD’ )l

log, W Z12 12
& [Rfyyxpwzizy s Beays * (O xi2mppowzizys)) 8(L, PPP)(1)[1]

1 7ZW012 12
& [Rf(xvpe zwpysa(Beys * (O(xyp2 pEpuzwgzys)) 8(L, PPP)[(1)[1]

® [Rf g wizys-(Bevis* (Opyaz pazowayy o) 3(L, PP (2)[-2).
DEFINITION 14.14. — We denote the complex (14.13.12) by
(14.14.1) [Rf(xi2 (xvi2oy xi2)) s (Bars(O(xi2 (xvi2oy xi2))8)), 6(L, P¥)].
If Z, = W, = ¢, then we denote this complex by
(14.142)  [Rf(xp2 (xvizoy xi2)) /s« (Berys(O(x2 (xvi2oy xi2))/s)), 0(L; P)).

THEOREM 14.15. — Let p; (resp. p2) be the first (resp. second) projections for
the last four objects in (14.13.1). Then the following hold:
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1) Let h be a nonnegative integer. Let N be a nonnegative integer satisfying
(2.2.1). Then the cohomology H" of the N-truncated simplicial version of
the complex (14.14.1), that is, in the case « = « and « < N, is canonically
isomorphic to

log * log *
H (Lp (MF (01 y erys)» OME(L, P)) @64 Lps(MF (055 rys), OME (L, P))).

2) Assume that the four complezes appearing in (14.13.12) as direct factors
are filteredly quasi-isomorphic to filtered bounded complexes. Then the complex
(14.13.12) is canonically isomorphic to

Lp} (MF(pY%5), 0np (L, P)) @6, Lps (MF(p587), dwie (L, P)).

This isomorphism is compatible with the base change of (S,Z,7).

Proof. — (14.15) follows from the filtered log Kiinneth formulas (5.10.1),
(5.10.2) and Eilenberg-Zilber’s theorem. O

THEOREM 14.16. — Let V, K, S and Sy be as in (5.4). Let k and h be two
integers. Let R be the complex (14.14.1). Assume that X! and Y} (i = 1,2)
are proper over Sy. Then the following hold:

1) The weight filtration

PEHM(R) i := Im(H"(8(L, PP¥)sR) — H"(R)) . (k€ Z)

K
prolongs to a convergent F-isocrystal on S/V.
2) Assume that Z, = W, = ¢. Then the following spectral sequence
(14.16.1) BN = UM (o] RE) = HI(R)
t>0

degenerates at Ea. This spectral sequence prolongs to that of convergent F-
isocrystals on S/V.

Proof. — 1): The proof is the same as that of [72, (2.13.3)] by using the base

change theorem for the N = (Ny,..., N;)-truncated version of the complex
(14.13.12) (NVy,..., N, € N).
2): The proof is the same as that of [72, (2.17.2)]. a

REMARK 14.17. — The corresponding object to (14.14.1) for the mapping
cone is:

log,Z}2 D12
(14.17.1)  [Rf(x2 z32)/5+(Eerys * (O(x32 pi2uzi2)/s)), 0(L, P72 )](=2)[2]

log,W Z12 2
@[Rf(yxgz,wzy)/s*(Ecris - (O(nglz,EDéQUWZ!H)/S))?6(L7PED; =1 [1]
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lo, ,ZW 12
@[Rf(xygz,zwgz)/s*(Ecris (O(XY12 pEPUZWI)s))s (L, PPE) (= 1)[1]

log, W, 12
SRS (vazwiz)/se(Eerys * (O(Y12 E20wi2)/5)); (L, PPe)).

The obvious analogues of (14.15) (for N such that N —2 satisfies the inequality
(2.2.1)) and (14.16) for the complex (14.17.1) hold.

We conclude this section by stating the following Kiinneth formula of coef-
ficients:

THEOREM 14.18. — Let (T, J,0) be a fine log PD-scheme. Let Z be a quasi-
compact fine log scheme over SpecT(OT/J). Let h be a nonnegative integer.
Then the following hold:

1) Let N be a nonnegative integer satisfying the inequality (2.2.1). Let
i Xt <N —Z and g Y.igN —Z (i=12)
be log smooth and mt(’gml morphzsms from fine N-truncated simplicial log

schemes Assume that f’ and g are quasi-compact and quasi-separated. Let
: Y‘ZSN — X.SN be a morphism of fine N-truncated simplicial log schemes
over Z. Set

1 1 2
Y2y =Yy xz Yy, YXEy:=YiyxzXly,

XY<N =X, <N XZ Y<N7 X.<N = X.lgzv Xz X.2§N
Let fY.léN, fYX}%N, ny.1§2N and fX.I%N be the structural morphisms of Y_1§2N,
YX}EN, XY.1<2N and X}EN to Z, respectively. Let B;SN (resp. C’;SN) be a
flat quasi-coherent crystal of OX1<N/T—modules (resp. Oyz<N/T—modules). Set
e =0V roessN, BN = oV mBsEY,
BOiEN =BV ROy, BN = BV BN,

Let X<V =N szi‘;é*(c"\’) be a morphism in D+(OXigN/T)’ Then

(Rfllog

<Ncrys*

MF(,\;SN) ®(LDZ/T Rf2log l\/IF()\ESN))

N CTYyS*
is canonically isomorphic to the following cohomology:

(14.18.1) HMRYE | (BEY) @ RA (CBiF"Y)[-1]

NCTyS* X12 2 NCTyS*

@Rf}?é_lgN (BOEN[-18 RAY, . (Ci5Y) =21}

cryss* Y2
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2) Let N — 2 be a nonnegative integer satisfying the inequality (2.2.1). Let
the notations and the assumptions be as in 1). Then

H'{Rf), “Og MC(/\FN)®éZ/TRf21°g MC(AS=M)}

N CLYS® cryss

is canonically isomorphic to the following cohomology:

(1418.2) HARFE . (Bis)2) & RA BN

N CTYS* X12 Ncrys*( 12

@Rflog (BC.<N)[ ]®Rf10g

Y 1 2 N CTYS*

(C'<N)}.

NCTYS*

3) Let r be a positive integer. Let f': X! — Z and g*: Y} — Z (i =1,2)
be log smooth, integral morphisms from ﬁne r-simplicial log schemes. Assume

that )” and g are quasi-compact and quasi-separated. Let pt: YZ — XZ be a

morphism of fine r-simplicial log schemes over Z. Let B C )\ and so on are
1

(312) Rf, o (CBi,),

the obvious analogues of 1). Assume that Rfk’g Y X12eryss

cryss

Rf;(;xg/“crys*(BCﬁ) and Rfil%%ctys*(CI’Q) are bounded above. Then the complex

RS MF(N) @b, Rfyss  MF(A3)

chrys* chrys*
is canonically isomorphic to the following complex:

lo . 1oy .
Rf T2 erys« (Bi,) @ Rf. ilzcrys*(CBm)[* 1]
1 . 1 e
DR (BOL)-1 @ RAS,  (C1)[-2).
The complex
1lo 2lo .
Rf CgYS*MC( B ®OZ/T Rf cgrys*MC(’\i)

is canonically isomorphic to the following complex:

Rfk’g (B,)2] © RIS (CBL,)[1]

cryss X&2erys«

1 1 .

ORIEY 2 erysr(BOLI @ Ry, (Clo)-

Proof. — 1), 2): Follow from Kato’s log Kiinneth formula (see [51, (6.12)])
and Eilenberg-Zilber’s theorem as in (5.10), 1).

3): Follows from Kato’s log Kiinneth formula (see [51, (6.12)]) and

Eilenberg-Zilber’s theorem as in (5.10), 2). a
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15. Mapping fiber and mapping cone in rigid cohomology

In this section we define the weight filtration on the mapping fiber and the
mapping cone of the induced morphism of rigid cohomologies by a morphism
of separated schemes of finite type over a perfect field « of characteristic p > 0.
We also calculate the slope filtrations on the mapping fiber and the mapping
cone by the mapping fiber and the mapping cone of the cohomologies of the log
de Rham-Witt complexes of proper smooth simplicial schemes with simplicial
SNCD’s over k, respectively.

Unless stated otherwise, the base field k is a perfect field of characteristic
p>0. Let V, W, K and Ky be as in §10.

Let p: V' — U be a morphism of separated schemes of finite type over x.
Then we have a morphism (V, V) — (U, U) of pairs over & ((9.5.1)). By (9.2)
and (9.4), 2), there exist good proper hypercoverings (U.,, X,) and (V,,Y,) of
(U, U) and (V, V), respectively, which have the disjoint unions of the members
of affine simplicial open coverings of (U,,X,) and (V,,Y,) over (U,U) and
(V, V), respectively, and which fit into the following commutative diagram:

(V..Y.) —2— (U.,X.)

(15.0.1) l l

v, V) —2— (U, D).

Set D, := X, \U, and E, :=Y, \ V,. Let F€ be a letter F or C. Then, by the
functoriality in (11.6), 3), we have the isomorphism

(15.0.2) MFC(phig) := MFE(plig: RTvig(U/K) — RLyig(V/K))
— MFC(p\8y: RT(X,, D.)/W)k — RT((Y., E.)/W)k).

In fact, by (9.11), 1), we see that the isomorphism (15.0.2) is independent of
the choice of the commutative diagram (15.0.1).

By (15.0.2), (14.2) and (14.8), we have :
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THEOREM-DEFINITION 15.1. — There exist the following spectral sequences:

(15.1.1) El—k,h+k _ @Hh*Qt*k((Din)/W)crysv 10

t>0

DR

Rz W (D W) (= (¢ + k)

@ @Hh—2t—k—2((E£t+k+1)/w)crys7 o)
t>0

E£t+k+1)/w
®z W (E /W) (= (t+k+1))
= H"(MF(p}i,)),

(15.12) B MM = @ HMHR2 (DD /W)y, O
t>0

Dt(H»k—l)/W

®7, wHED(DyW)) (— (t+ k- 1))

® @ Hh72t7k ((E§t+k)/w)crys’ 10)
>0

B W
02 Do (B W) (= (+K)
= H"(MC(p};,))-
The spectral sequences (15.1.1) and (15.1.2) degenerate at Es.

We call the spectral sequences (15.1.1) and (15.1.2) the weight spectral se-
quences of Hh(MF(pfig)) and Hh(MC(p;‘ig)) with respect to p., respectively.

THEOREM 15.2. — The weight filtrations on Hh(MF(p:‘ig)) and H’L(MC(pfig))
with respect to p, are independent of the choice of p,.

Proof. — Using (9.11), 1), (15.1) and variants of (12.3) for the mapping fiber
and the mapping cone, we can prove (15.2) as in (12.5). |

DEFINITION 15.3. — We call the well-defined filtration in (15.2) the weight
filtration on Hh(MF(pjig)) and Hh(l\/IC(p;‘ig))7 and we denote them by

P ={Pi}rez-
PRrROPOSITION 15.4. — The weight filtrations on
Hh(MF (p:ig)) and  H"(MC (p:ig))
are compatible with the extension of complete discrete valuation rings of mized

characteristics with perfect residue fields.
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Proof. — As in (12.8), (15.4) immediately follows from (15.1.1) and (15.1.2)
and the base change theorem of crystalline cohomology (see [5, V Proposition
3.5.2]). |

THEOREM 15.5 (Strict compatibility). — Let

v

vl lu

v 25U
be a commutative diagram of separated schemes of finite type over k. Let §€
be a letter F or C. Then the induced morphism

(u*,v"): H"(MFC(ph,)) — H"(MFC(ps,)) (h€Z)

rig

is strictly compatible with the weight filtration.

Proof. — By using (9.11), the proof is similar to (12.10). O
THEOREM 15.6. — The ezact sequences

(15.6.1) -+ — H"(MF(p}y,)) — HE,(U/K) — HE(V/K) — -

and

(15.6.2) - — HE(U/K) — HE(V/K) — H"(MC(pi,)) — -+

are strictly exact with respect to the weight filtration.
Proof. — The Theorem follows from (14.10) as in (12.10). O

Next, we consider the slope filtration on the mapping fiber and the mapping

cone. Assume that V = W. We have the isomorphism
(15.63) MFC(pli) —MFC(potis+ RU(X,, W, (log D.))
) — RT(Y,, W3, (log E.)) )

by (15.0.2) and (7.7.1).

The following theorem is an immediate consequence of results in (14.11).

THEOREM 15.7. — Let F€ be a letter F or C. Assume that V = W. Then
the following hold:
1) There exists the following spectral sequence

(15.7.1) By = HY(MFE(p ) g, = H" (MB€(p7iy))-

This spectral sequence degenerates at Ej.
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2) There exists the following isomorphism:

h—1 log *i h %
(1572) H (MSQ:(p.ngw))KO = (H (Ms"e:(prlg)))[lth)
3) There exists the following slope decomposition
h
(15.7.3) H"(MFC€(ph,)) = P H" (MF€(p2%1)) K-
i=0

4) There exist the following spectral sequences
(15.7.4)  E;FMHF

= @ # DI, WAy @z D ER (Du/R))(—(E + k)i,
t>0 ] ! )
@ @ Hh—z—Zt—k—Q(E§t+k+1)7 WQZES”““)
t>0
@z D (B /R)(—(E + k+ 1)K,

= Hh(MF(p:ig))[i,iJrl)v

(15.7.5) BN = @ TR war
>0 ‘
@z @t (De/ ) (=t + k= 1)k,

& @@ 'R E WOy 02 D (B/m) (= + R,
>0
= H}L(MC(Pfig))[z‘,iﬂy

These spectral sequences degenerate at Fo.
5) The following equality holds:
—i log *i
(15.7.6) P H" ™ (MFC(p o))

= PH" (MF€(pfi)) N H" (MFC(pfs)) [i,i+1)

PROPOSITION 15.8. The slopes of Hh(MF(p:fig)) (resp. Hh(MC(p;‘ig))) lie
in [0,h] (resp. [0,h + 1]).

Proof. — The Proposition immediately follows from (14.12). O

16. Rigid cohomology with closed support

In this section we endow the rigid cohomology with closed support with
the weight filtration. We prove that the generalized Kiinneth isomorphism
of the rigid cohomology ((16.15), 1) below) is strictly compatible with the
weight filtration and that the Gysin morphism in rigid cohomology is strictly
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compatible with the weight filtration. We determine the possible range of
weights of the rigid cohomology with closed support. We also determine the
possible range of slopes of it. These determinations are generalizations of works
of Chiarellotto (see [15]) and Chiarellotto-Le Stum (see [17]), respectively. As
a corollary of the existence of the weight filtration and the calculation of the
slope filtration on the rigid cohomology with closed support, we prove the
variant of Serre-Grothendieck’s conjecture as to the existence of the desired
functions in the Introduction.

Unless stated otherwise, the base field « is a perfect field of characteristic
p > 01in this section. Let U be a separated scheme of finite type over x and Z a
closed subscheme of U. Let V' be the complement of Z in U and let p: V — U
be the open immersion. Set d := dim U, ¢ := codim(Z,U) and dz := dim Z. If
U is smooth over , then d = c+dyz (see [43, II Exercise, (3.20) (d)]). Assume
that U is of pure dimension. Let us recall the definition of RTyig z(U/K):

(16.0.1) RUyig z(U/K) := MF (pf, - RUyig(U/K) — RDyig(V/K)).

As an immediate application of (15.1), (15.2), (15.4) and (15.7), we obtain
the following:

THEOREM 16.1. — Let U — U be an open immersion into a proper scheme
over k. Let V be the closure of V in U. Let the notations be as in (15.0.1).
Then the following hold:

1) There exists the following spectral sequence

(16.1.1) El—k,thk _ 69Hh—zt—k((Dt(wrk)/)/v)cryS7 O
>0

D)y

®z D (DYW)) (= (t+F))

& @@ H" 22 (B W) arys, ©
t>0

Ef”k*”/w
®z (B /W) (= (t+k+1))
= H}, ;(U/K).

The filtration P := {Py}rez on Hﬁg’Z(U/K) induced by the spectral sequence
above is well-defined. The filtration P is compatible with the base change of
complete discrete valuation rings of mixed characteristics. The spectral se-
quence (16.1.1) degenerates at Es.
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2) There exists the following spectral sequence

(16.1.2)  E5MF = @ a2k (DI war D
>0
@z Wi (Dy/k)) (= (t+ k))KU
o @Hh—i—Zt—k—Q (E£t+k+1 WQE(z+k+1)
>0
@z @it T (EBe/)) (= (t 4k + 1))k
— Hlty 7(U/Ko)jiis)-
This spectral sequence degenerates at Es.
3) Let P := {Py}rez be the filtration on rng(U/KO)[’L i+1) induced by the

spectral sequence (16.1.2). Then the following formula holds:

—i log *i
Pth (l\lF(pongW))Ko rlg Z(U/KO)[L i+1) n PkHrlg Z(U/KO)
DEFINITION 16.2. — 1) We call the filtration P on
rlg Z(U/K) (resp rlg Z U/K [0 H—l))

the weight filtration on rng(U/K) (resp. H, rng (U/K)jiit1))-

2) Let k be an integer. We say that Hﬁg 4 (U/K) is of weight > k (resp. < k)
if Py rng(U/K) = 0 (resp. rng(U/K) P.H" (U/K)). We say that

rlgZ(U/K) is of pure weight k if H3, h 2(U/K) is of weight > k and < k. We

rig,Z
call a vector v of H" ,(U/K) is of weight <k if v € Py rng(U/K)

rig,Z

By the spectral sequence (16.1.1) and by the purity of the weight (see [54],
[16, (1.2)] (cf.[69, (2.2) (4)])), we see that, if x is a finite field, then the
definitions in (16.2) about Hﬁg 47(U/K) are usual ones using the eigenvalues
of the Frobenius endomorphism.

Let h be a nonnegative integer. Let X be a proper smooth scheme over
a perfect field k of characteristic p > 0. By considering the constant simpli-
cial scheme X as a gs proper hypercovering of X, we see that Hﬁg(X /K) =
H!E (X/W)k is of pure weight h (this purity also immediately follows from

crys

(12.11), 2) and (12.12)).

THEOREM 16.3. — Let u: (V,W) — (U,Z) be a morphism of separated
schemes of finite type over k with closed subschemes. Then the induced mor-
phism

(1631) rlg Z(U/K) — Hrlg W(V/K)

is strictly compatible with the weight filtration.

*
urig
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Proof. — By (9.5.1) there exists a morphism (V, V') — (U, U) over , where V'
and U are proper schemes over  including V and U as open subschemes, re-
spectively. Let W and Z be the closures of W and Z in V and U, respectively.
By (14.9) and (15.0.2), we obtain (16.3) (cf. the proof of (12.10)). O

LEMMA 16.4. — Let C be an additive category. Let
[ (B B} — (B {F;)) and g2 (F°, {F}}) — (G*.{G}})

be filtered morphisms of filtered complexes of objects of C. Set h := go f. Then
the following hold:

1) The morphism
(id, g): MF(f) = (E* . {E}}) @ (F*, {F¢})[-1]
— (B* {E1}) @ (G {G7}) [-1] = MF(h)
is a morphism of filtered complexes of objects of C.

2) The mapping cone MC((id, g)) is canonically isomorphic to MF(g) in
KF(C). In particular, there ezists the following triangle

+1

(16.4.1) — MF(f) — MF(h) — MF(g) —— .

3) Let the notations be as in the beginning of §14. Let p: M — N and
o0: N — L be a morphism in C(A®). Then the morphism

s((id,0)): s(MF(p)) — s(MF(c 0 p))

is a morphism of complexes of A-modules, and the mapping cone MC(s((id, 0)))
is canonically isomorphic to s(MF(0)) in KF(A).
Proof. — 1): It is immediate to check.

2): For simplicity of notation, we omit to write the filtrations. There exists
a natural injection

t: MF(g) = F* @ G*[-1]
— (B e )1 e (B G*[-1]) = MC((id, g))
of complexes of objects of C. It is straightforward to check that ¢ is indeed a
morphism of complexes of objects of C. Furthermore, there exists a natural

morphism 7: MC((id, g)) — MF(g) of complexes of objects of C defined by
the following formula

EM e FeoEIeG s (x,y, 2,w) — (y—i—f(z),w) EFIPGITL (qe 7).

It is straightforward to check that 7 is indeed a morphism of complexes (the
boundary morphism d: E9t! @ F1@ 1@ G~ — EIt2 @ Fotl g patl ¢ Ga
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is given by the formula “d(z,y, z,w) = (—dz,dy — f(z),dz + z, —dw + g(y) +
h(z))”. Since 7w o+ = id, it suffices to prove that the composite morphism
id — ¢ o 7 is homotopic to zero. A family
Bl orig Rl it
“3 (x,y,2,w) — (2,0,0,0) € "E1 @ FIT g BT 9 GT? (g€ 2)
of morphisms gives an homotopy from id — ¢ o 7 to the zero morphism.
3): Follows from 1) and the proof of 2). O

The following is a slight generalization of [9, (2.5)] and another proof of
[loc. cit.] itself.

COROLLARY 16.5. — Let T be a closed subscheme of Z. Set U' := U\ T and
Z':=Z\T. Then there exists a triangle

+1
(16.5.1) — RTyig7(U/K) — RTyigz(U/K) — RFrig,ZI(U’/K) —.

In particular, there exists the following exact sequence

(16.5.2) -+ — HE 7 (U/K) — Hp 7(U/K) — Hp 7(U'JK) — -

Proof. — By considering the following two morphisms
[+ RTyig(U/K) — RLyig(U'/K),
0+ RTwg(U'/K) — RUg(U7\ 2')/K) = RUg(U\ 2)/K),
(16.5) immediately follows from (16.4.1). O
THEOREM 16.6. The following hold:

1) The ezact sequence

(16.6.1) o — HE, J(U/K) — H)(U/K) — HE,(V/K) — -

(cf. 19, (2.3.1)]) s strictly exact with respect to the weight filtration. More
generally, the exact sequence (16.5.2) is strictly exact with respect to the weight
filtration.

2) Let U’ be an open subscheme of U which contains Z as a closed sub-
scheme. Then the isomorphism

(16.6.2) Hh, ,(U/K) = HE, ,(U'/K)

(cf.[9, (2.4.1)]) is an isomorphism of weight-filtered K -vector spaces.
3) If Z = Zy U Zy, then the isomorphism

(16.6.3) HE 5 (U/K) & HE, 5 (U/K) = HE, ,(U/K)
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(cf. ]9, (2.4.2)]) is an isomorphism of weight-filtered K -vector spaces.

Proof. — 1): The former statement of 1) is a special case of the strict exactness
of (15.6.1). We prove the latter statement of 1) as follows.

Let U < U be an open immersion into a proper scheme over . Set U” :=
U\ Z. Let U" and U’ be the closures of U” and U’ in U, respectively. By
(9.2) and (9.4), 2), there exist gs proper hypercoverings (U,, X,), (U, X!)
and (U”, X") of (U,U), (U',U") and (U",U"), respectively, which fit into the
commutative diagram

(U:/7X:/) L) (U./vX:) L) (U07X')

(16.6.4) l l l

—// o —/ p

(U”7U ) —— (U,7U) — (U> U)
Set D, := X,\U,, D, := X\ U, and D? := X!\ U!. Then we have the

commutative diagram
RU((X., D.)/W)x —2— RT((X!,D))/W)x —=— RD((X",D!)/W)x
RTyo(U/K)  —2—  RL.(U'/K) —Z— R ((U'\ 2')/K)
= RL,iy(U"/K).
Consider the morphism (id, o7): MF(p¥) — MF(o? o p¥). Then we have the

weight filtration on MC((id, 0})) by (14.0.10). By the obvious generalization
of (14.10) (by the proof of [72, (2.18.2) (1)]), the exact sequence

e s HP (MF(pf)) — H" (MF(O’f o pf)) — Hh(MC((id7 Uf))) —

is strictly compatible with the weight filtration. Again, by the proof of [72,
(2.18.2) (1)], the canonical isomorphism

H"(MF(07)) = H"(MC((id,07))) (h € Z)

is an isomorphism of weight-filtered vector spaces. Now we have proved the
latter statement of 1).

2): Consider the commutative diagram:
U\NZ —=> U
(16.6.5) ml lm
U\zZ —— U.
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The assertion 2) immediately follows from (15.5).

3): Let U; (resp. Uz) be the complement of Z; (resp. Z;) in U. Then we have
natural morphisms (U;, Z;) — (U, Z;) and (U;, Z;) — (U, Z) (i = 1,2). Hence
we have the following isomorphism by (16.6.2) and the following morphism:
(1666) rng (U/K) _> rng (U /K) — Hrlg Z(U/K)

By (15.5) the two morphisms in (16.6.6) are strictly compatible with the weight
filtration; by (15.5) the natural morphism
rlg,Z (U/K) — Hrlg Z(U/K)
is also strictly compatible with the weight filtration. Thus 3) follows. O
The following is a generalization of [15, (2.3)] and (12.12).

THEOREM 16.7. — Assume that U is smooth over k. Then the following hold:
1) The weights of r1gZ(U/K) lie in [h,2(h — ¢)].
2) (cf.[25, (8.2.9)]) The weights of ngZ(U/K) is less than or equal to 2d.

Proof. — 1): By (15.0.2) and by the proof of (12.12), we can reduce 1) to [15,
(2.3)].
2): If k is a finite field, the same proof as that of [15, (2.3)] works; we leave

the detail to the reader. In the general case, we have only to use (15.0.2) and
the proof of (12.12). O

REMARKS 16.8. — 1) The third term of the following exact sequence
: _>Hrzlg(X//K) — rlg(Ul/K) —>H;(’\U1,rig(X//K) —

in [15, p. 690] have to be replaced by H?Iiul rlg(X’/K).
2) By using recent results (17.5) below, we have another proof of (16.7) by

(16.6), (17.8) below and the proof of [15, (2.3)].

The following is a slight correction of [17, (2.1.1)] since “une variété al-
gébrique” in [17] is not necessarily connected (see [17, Convention)]):

LEMMA 16.9 (cf. [62, (8.3.13)]). — Let e be the cardinality of the geometric
irreducible components of Z. Assume that Z is of pure dimension dz. Then
there exists the following canonical isomorphism

(16.9.1) H>2(7/K) =5 K¢(—dy).

rig,c
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Hence the trace morphism Trz: H2%(Z/K) —s K (cf.[8], [6, pp. 21-23]) is

rig,c

an underlying morphism of the following morphism
d
(16.9.2) Try: HYZ(Z/K) — K(—dg).

Proof. — We may assume that Z is reduced. Let T be the set of the singular
points of Z. Set Z° := Z \ T. Then, by the exact sequence

(16.9.3) ---— H" (z°/K)— H" (Z/K)— H (T/K)— ---

rig,c rig,c rig,c
[6, (3.1) (iii)] and by the vanishing of the rigid cohomology with compact
support [8, (1.1)], we have a canonical isomorphism

(16.9.4) HYz(7°/K) = H*2(7/K).

rig,c rig,c
Hence we may assume that Z is smooth and affine by taking a dense affine
open set of Z. By [9, (5.7) (ii)], H,(Z/K) = K®. Hence, by the Poincaré

rig
. 2d - o
duality [8, (2.4)], H;,%(Z/K) = K°. The compatibility of the Frobenius in
(16.9.1) is obtained by the proof of [17, (2.1.1)]. O
REMARK 16.10. — The trace morphism is defined for a separated scheme

Z of finite type over k because the rigid cohomology with compact support
of Z is defined (see [6, pp. 21-23]), because there exists an exact sequence [6,
(3.1) (iii)] and because the vanishing theorem for the rigid cohomology with
compact support holds (see [8, (1.1)]).

By (11.8) and the exact sequence (16.6.1), we see that Hﬁg,Z(U/K) is an
F-isocrystal over & (see [87, (8.1.1) (3)]). The following 3) is a generalization
of the latter part of [17, (3.1.2)]:

THEOREM 16.11. — Let k be a perfect field of characteristic p > 0. Then the
following hold:

1) The slopes of Hggﬁz(U/Ko) lie in [0, h).

2) If U is smooth over k, then the slopes of Hﬁg,Z(U/KO) lie in [c,h — c].

3) Under the assumption in 2), the slopes of Hr’;g,z(U/KO) lie in [h — d, d].

Consequently, the slopes oer}ggz(U/Ko) lie in [max{c, h—d}, min{h—c, d}].
Proof. — 1): This is a special case of (15.8).

2): If Z is smooth over k, then we may assume that U and Z are of pure
dimensions. In this case, 2) immediately follows from 1) and the following
Gysin isomorphism

(16.11.1) Gy Hl 7(U/Ko) — Hr’;jC(Z/KO)(—c).
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Note that we do not need to assume that Z and U are affine by [8, (2.4)] (see
also (10.19), 2)) and (16.9) (cf. [17, (2.1.3)]). In the general case, we have only
to consider the reduced scheme Z,qq, remove the singular locus of Z,¢q and to
proceed by induction on the dimension of Z as in [15, p. 691].

3): We give only a sketch of the proof of 3) because the following argument is
well-known (see [9, (3.3)] (cf. [15, I (2.5)], [17, (3.1.2)])). Follow the argument
of the inductions of two types in [9, (3.3)]: consider the following statements
for any natural number h:

For any perfect field s of characteristic p > 0 and for any separated
(a)g smooth scheme U of finite type over k of dimension d, the slopes
of H},(U/Ky) lie in [h — d, d].
For any perfect field x of characteristic p > 0 and for any closed
immersion Z — U from a separated scheme of finite type over x of
dimension < d to a separated smooth scheme of finite type over &,
the slopes of Hﬁgyz(U/Ko) lie in [h —d, d].

(a)o is clear as in [15, I (2.5)]. (b) is also clear as in [15, I (2.5)]. The
proof of the implication (b)g—1 = (a)q is obtained by a standard method
using de Jong’s alteration theorem (see [50, (4.1)]), the base change theorem
in [87, (8.1.1) (2)] or (16.1) and the slope decomposition of the crystalline
cohomology of a proper smooth scheme over k (see [47, II (3.5.4)]).

Next, let us prove the implication (b)4_1, (a)g = (b)4. Let dz (resp.d) be
the dimension of Z (resp. U). The key point for the proof of this implication is
the Gysin isomorphism (16.11.1); as in 2), we may assume that Z is smooth.
Then, by the inductive hypothesis, the slopes of Hr’gzc(Z/Ko)(—c) lie in [h —

2¢ —dgz + ¢,dz + ¢|. Hence the slopes of Hﬁg’Z(U/K) lie in [h —d, d]. a

REMARKS 16.12. — 1) The proof of (16.11) shows a generalization of [25,
(8.2.4) (i), (ii)] by an easy way.
2) In the statement (b),, in [15, I (2.5)], we have to assume that dim Z < n.

Let us also consider the case of a certain coefficient.

PROPOSITION 16.13. — Let the notations be as in (15.0.1) and (11.14).
Let Be.,, and Cg.,, be locally free F-isocrystals in the log convergent topoi

((X,,D,)/V)lc%‘?w and ((K,E.)/V)lc%gn\,, respectively. Let B and C be overcon-
vergent F-isocrystals on U/Ky and V/ Ky satisfying the condition in (11.14).
Let M5y Blowe — RpsBuen(Coone) be a morphism of F-isocrystals and let
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A: B = Rprig«(C) be a morphism of overconvergent isocrystals. Assume that
the following diagram

Rl—‘rig(U/Km B) D Rr(((Xﬂ D')/W)IC?%’S’ E(X.,D.) (B(:onv))

i J=0ts.

RUyig(V/Ko,C) «—— RU(((Ye, E)/W)&5s, Z(v,50) (Coony))

conv

is commutative. Then the following morphism is an isomorphism:

—~

(16.13.1) MFC(S(A\25,): RT(((X., D.)/W)$Ee. E(xe.0e)(Biony))

conv crys? =

—_~

— RF(((Y,, E‘)/W)£2§7§7 E(Y.,E.)(Oc.onv)))
— MFC(X: RTyig(U/Ko, B) — RIyig(V/Ko, C)).

Proof. — The Proposition immediately follows from (11.15). a

Next we generalize Kedlaya’s Kiinneth formula in [55, (1.2.4)] as stated in
the last sentence in [55, (1.5)] (Kedlaya’s Kiinneth formula is a generalization
of Berthelot’s Kiinneth formula in [8, (3.2) (i)]). To generalize Kedlaya’s
Kiinneth formula above, we need the following lemma.

LEMMA 16.14. Let U = U'UU? be an open covering of a separated scheme
of finite type over k. Let U — U be an open immersion into a proper

scheme over k. Set U2 := U'NU?. Let UL, U? and U2 be the closures
of UL U? and U2 in U, respectively. Let C be an overconvergent isocrys-
tal on (U,U)/K. Fori = 1,2, let C; (resp. C12) be the restriction of C to
(UL, UN/K (resp. (U2, U2)/K). Let

0: RTyig(U' /K, C1) @ RTyig(U? /K, C2)— RTyig(U /K, C12)
be the natural morphism. Then the natural morphism

RTig(U/K,C) — RUyig(U'/K,C1) @ RTyig(U?/ K, Cs)

defined by “x —— (—x|g1, x|y2)” induces an isomorphism

(16.14.1) RTyig(U/K,C) — MF(0).
Proof. — It suffices to prove that the morphism (16.14.1) induces an isomor-
phism
H}(U/K,C) = H"(MF(0)).
By [87, (6.3.2)] we have the Mayer-Vietoris exact sequence:
(16.14.2) - — HE(U/K,C) — HE(U'/K,C1) & HE (U? /K, Cy)
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— HEL (U)K, C1p) — -+

Hence we obtain the isomorphism Hﬁg(U/K, C) = H"(MF(0)) by the five

lemma. O

THEOREM 16.15 (Kiinneth formula). — Let U' (i = 1,2) be a separated
scheme of finite type over a not necessarily perfect field k of characteristic
p > 0. Let Z* be a closed subscheme of U'. Let U* — U® be an open immer-
sion into a proper scheme over k. Let C; be an overconvergent F-isocrystal

on (U, U /Ky. Set
U2 .=U' %, U%* and Z%:=2'x,Z%
Then the following hold:
1) The following canonical morphism is an isomorphism:
(16.15.1) RTy, 11 (U' /Ko, C1) @k, R4 22(U? /Ko, C2)
— RTyi 12(U"? /Ko, C1 R Cy).

2) Assume that k is perfect. Then the induced isomorphism on the coho-
mologies by the isomorphism (16.15.1) for the trivial coefficient is compatible
with the weight filtration.

Proof. — 1): We may assume that « is perfect by the proof of [86, (5.1.1)].
Let V7 be the complement of Z% in U?. Let V' be the closure of Vi in U'. Set
VU2 . =vix, U? UV2.=U'x%,V? V2.=vlx, V2
Then (VU'?) N (UV'?) = V'2 and the complement of Z'2 in U'? is (VU'2)uU

(UV'?). Let B; be the restriction of Cy to (V?, V7). Set
Ci2:=C1XCy, BCi2:=B1XCy, CBig:=C1X By, Bjy:=DB;KXBs.
By (16.14) we have the canonical isomorphism
(16.15.2)  RIy (VU2 UUV'?) /Ky, C12)

= {RT;x(VU"?/Ky, BC12) & RT4;g(UV'?/Ky,CB12) }

@ RIyig(V'? /Ko, Bra)[-1].
Hence we have the following isomorphism
(16.15.3)  RTy, 512(U'/ Ky, C12)
= RIyig(U"? /Ko, C1 R Cy) & { RT3y (VU2 /Ko, BC12)[—1]
@ RTyig(UV'? /Ky, CB12)[~1] @ Rl yig(V'?/ Ko, Bia)[-2]}.
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By the Kiinneth formula ((10.18)), this complex is isomorphic to
MF (RTyig (U /Ko, C1) — RTyig(V' /Ko, By))
@1 MF (RT4ig (U?/ Ko, C2) — RTuig(V? /Ko, By)),
which is isomorphic to RTyi 71(U" /Ko, C1) @Ky Rl yig 72(U?/ Ko, Ca).

2) Let (U?, X?) and (V},Y}) be good proper hypercoverings of (U?, U?) and
(V. V) which have the disjoint unions of the members of affine simplicial
open coverings of (U!, X!) and (VI,Y?) over (U',U%) and (V?,V?), respec-
tively, fitting into the commutative diagram (15.0.1). Set D! := X!\ U! and
Ei:=Y}\ V}. Let the notations be as in (14.13.1) for the case Z! = W] = ¢.
Then, by (11.7.1), the right hand side on (16.15.3) for the trivial coefficient is
equal to

RT((XJ?, D) /W) ., ® {RT((Y X2, ED?) /W) . [-1]
& RD((XY2, DEI2)/W)  [~1] & RD((Y2, E12) /W) . [-2]}.

By (10.1), (11.15) and (14.18), 3), this complex is isomorphic to

MF(RE (X1, DI)/W) . — RU((YL, EL /W)
B Ko le(RF((X.Zv D?)/W)Ko — RF((Y?v E.Q)/W> Ko)'
Now, as in the proof of (12.13), 2) follows from (14.15). O

Next we prove that the Gysin morphism with closed support in rigid coho-

mology is strictly compatible with the weight filtration ((16.19) below).

Let Z be a separated scheme of finite type over k. Until (16.19), assume
that there exists a closed immersion

(16.15.4) Ze U

into a separated smooth scheme of finite type over x of pure dimension d and
that Z is of pure codimension ¢ in U.
The following is a slight generalization of [9, (5.7)]:
PROPOSITION 16.16 (cf. [9, (5.7)]). — The following hold:
1)
(16.16.1) al, ,(U/K)=0 (h<2c).

2) Let e be the cardinality of the geometric irreducible components of Z.
Then

(16.16.2) HE ,(U/K) = K°.
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Proof. — 1): We proceed by the descending induction on the codimension of
Z inU. If Z is a 0-dimensional scheme, then 1) follows from (16.6.2) and [9,
(5.7) (i)]. Let U’ be an open subscheme of U. Set T := U'°NZ and Z' := Z\T.
By (16.5.2) and (16.6.2), we have the following exact sequence

(16163) rlgT(U/K) — Hrlg Z(U/K) — M, rig, Z’(U /K)

By the same argument as that in the proof of (10.1) and by [9, (5.7) (i)], we
may assume that H}j, h ,(U'JK)=0 for h < 2c. By the inductive hypothesis,
rlgT(U/K) =0 for h < 2c. Hence Hrng(U/K) =0 for h < 2c.

2): By a standard argument of e.g., [64, VI (9.1)] (cf. [9, (5.7)]), by (16.16.1)
and by (16.5.2), we may assume that U is an open subscheme of U which is a
closed formal V-scheme which is formally smooth around U. In this case, 2)
is nothing but [9, (5.7)]. O

LEMMA 16.17 (cf. [76, (7.13)]). — Let e be the cardinality of the geometric
irreducible components of Z. Then the canonical isomorphism

~

K — Hrng(U/K)
in (16.16.2) is an underlying isomorphzsm of the following isomorphism
(16.17.1) K¢(—¢) = H ,(U/K)
as F-isocrystals.

Proof. — By the exact sequence (16.5.2) and by a standard argument of e.g.,
[64, VI (9.1)] (cf.[9, (5.7)]), we may assume that U and Z are smooth and
affine, and, furthermore, they are liftable by the argument in [15, p.691]. In
this case, by the proof of [15, I (2.4)], we have (16.17). O

THEOREM 16.18. — Assume that  is perfect. Then the rigid cohomology

Hﬁng(U/K) is pure of weight 2c.

Proof. — We may assume that K = Kq. Let j: U < U be an open immersion
into a proper scheme over k. Let V be the complement of Z in U. Let
V be the closure of V in U. Then, by (9.2) and (9.4), 2), there exist a
morphism p,: (V.,Y,) — (U,, X,) from a gs proper hypercovering of (V, V) to
that of (U, U) fitting into the commutative diagram (15.0.1) for the morphism
(V,V) = (U,U). Set D, := X,\ U, and E, :=Y,\ V,. Let

ple: RU((X., D.)/W) — RT((Y., E.)/W)

be the induced morphism by p,. Then Hrlg 4(U/Ko) = H'M(MF (p285)) ke, (see
(15.0.2)).
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Let N be an integer satisfying the inequality (2.2.1) for h = 2¢. As in §12,
let A; be a smooth subring of x over a finite field IF, such that the truncated
morphism p.<n: (Yo<n, Ee<n) = (Xo<n, De<n) is defined over A;. Let pfx<1N
be a model of p,< over A;. Let A be a formally smooth lift of A; over W(IF:I)
Fix an endomorphism F4 of A which is a lift of the Frobenius endomorphism
of A;. Then we have a natural ring morphism A — W(A;) (see [61, VII
(4.12)]). Thus W(= W(k)) becomes an A-algebra. Let = be a closed point of
Spec(A;). Let Ko(r(z)) be the fraction field of the Witt ring W(k(z)) of the
residue field k(x) of x. Let pf‘<1N(1’) be the reduction of pf‘<1N at z. If Spec(A;)
is small enough, then the natural morphisms B

A *
(16.18.1) P H"(MF(p[2\2) ) ®4 Ko
—s P.H" (MF(Pl.Ogg;\},crys)) ®w Ko = P H"(MF (p285,)) @w Ko,

p oCrys

(16.18.2) P H"(MF(p/L 8" 1)) @4 Ko(k(x))

o<N,crys

— PH"(MF (0,257 (%)) @wiue)) Ko k()

are isomorphisms for all h < 2¢ and for all £ € Z ((8.1)). The isomorphisms
(16.18.1) and (16.18.2) are compatible with the Frobenius action. Since A
is reduced, the morphism A — W(A;) is injective by [72, (2.15.1)]. Con-
sequently the composite map A — W is injective. Hence the Frobenius on

Hzc(MF(pfgl}\?i;‘ys)) ®w(r,) Ko(Fg) acts on p°Fs by (16.17). Because

A1 log *
P H" (MF(pl2550)) @we,) Ko(Fy)

is a convergent isocrystal ((14.6)), it suffices to prove that

(16.18.3) Poey H* (MF(p{2 %7 () ©wir,) Ko(Fy) = 0
and
c A1 log *
PocH* (MF (p2 V%7 (2))) ©wie,) Ko(Fy)
c A1 log *
(16.18.4) = H*(MF (255 (®) @wie,) Ko(Fy)

by [74, (3.17)]. Let o, € Aut(W(k(x))) be the lift of the p-th power isomor-
phism of k(x). Then the Frobenius action on HQC(MF(p?Sl}\?%;‘yS(x))) Ow(F,)
Ky(F,) is p°o, by (16.17). Hence we have (16.18.3) and (16.18.4).

Now we finish the proof of (16.18). O
PROPOSITION 16.19. — The Gysin morphism
(16.19.1) Hlly £ (U/K)(~0) — B (U/K)
is strictly compatible with the weight filtration.
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Proof. — Let cy(Z) € Hﬁ‘é,Z(U/K) be the fundamental class of Z. Let

A: (Z,U) = (Z x4, Z,U x, U) be the diagonal closed immersion. Because
the Gysin morphism (16.19.1) is equal to the following composite morphism

n id®cy (Z) h 2%
(16192) Hrig,Z(U/K)(fc) R Hrig,Z(U/K) e Hrig,Z(U/K)
A
c HF %, (U %, U/K) — HEZ(U/K).
Hence (16.19) follows from (16.18), the Kiinneth formula (16.15), 2) and (16.3).

O

Next we prove the variant of the Serre-Grothendieck’s conjecture of virtual
Betti numbers of a separated scheme of finite type over £ as to the existence
of the desired functions in the Introduction (see [33, Partie II, A, II (469)]).

Let us consider the following Grothendieck group GF2(K)) of bifiltered finite
dimensional Ky-vector spaces:

> The generators of GFy(Ky) are classes
[H, P, F] = [H,{P}rez, {F'}iez]'s

of triples (H, {Py}rez, {F'}icz)’s, where { Py }rez (resp. {Fi};cz) is an increas-
ing (vesp. decreasing) filtration on a finite dimensional K(-vector space H.
> The relation in GFq(Kj) is

[Hs, P3, F3] = [Hy, P1, 1] + [H2, Py, ]
if the following sequence is exact for all k£ € Z and all 7 € Z:

(16.19.3) 0 — (Pyyp N F})Hy — (P3N Fi)Hz — (P N F3)Hay — 0.
PROPOSITION 16.20. The sequence (16.19.3) is exact if and only if the
following sequence is exact for all k € Z and all i € Z:

(16.20.1) 0 — grlp grp Hy — grlp,grp® Hy — grl grp? Hy — 0.

Proof. — More generally, consider a complex (E*, {PyE*}iez, {QrE*}kez)
with two increasing filtrations of Ky-vector spaces such that there exist in-
tegers ko and k; such that Py E* = Qp,E* = E* and P, E* = Qi E* = 0.

We have only to prove that (P, N Q;)E* is exact for all k,i € Z if and only if
gr?grkPE‘ is exact for all k,7 € Z. Since

el B = (PN Q)E*/(Peo1 NQI)E® + (P, N Qi1)E®)
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and since the following sequence
0= (Peo1NQim)E* — (P11 NQHE* ® (PN Qi—1)E®
— (Pk),l n QI)E. + (Pk N Qi—l)E. —0

is exact, the implication = is clear. We obtain the converse implication with-
out difficulty by the double induction. O

Set
BE(H,P,F):=gryH, g},(H PF):=gpH, H;*":=grhgrfH.

By (16.20) we have well-defined morphisms of Grothendieck’s groups:

(16.20.2) B GFy(Ko) — G(Ko) (k € Z),
(16.20.3) grim,: GFa(Ko) — G(Ko) (i €7Z),
(16.20.4) HIF0 GFy(Ky) — G(Ko) (ki € Z).

The dimension dimg, from finite dimensional vector spaces over Ky to nat-
ural numbers extends to the isomorphism
(16.20.5) dimg, : G(Ko) — Z.
Set
(16.20.6) hk :=dimg, 0B, f}:=dimg,ogry, hi"" = dimg, oH

Next let us consider a geometric case.

Let U be a separated scheme of finite type over k. Let Z be a closed
subscheme of U over x. Then H[, ,(U/Kjo) (m € Z) has the weight filtration P
(see (16.1)) and the slope filtration F (see (15.1)). Henceforth we omit to write
the weight filtration and the slope filtration for an element of GFo(Kj). We
have integers hk(H™. ,(U/Ko)), fi(HL, ,(U/Ko)) and hy* ™' (HZ. ,(U/Kp)).
Moreover, let us consider an element

[Hrgz(U/Ko)] == Y (=1)"[H}}, 2(U/Ko)].
meN

DEFINITION 16.21. — We call the integers
hy ([(Hrig,2(U/Ko)]),  fi([Hrig,2(U/Ko0)]),  hy* " ([Hrig.z(U/Ko)])

the virtual Betti number, the virtual slope number and the virtual slope-Betti
number of (Z,U)/k. We denote them by hﬁ,Z(U), ;’Z(U) and h;”kZ*i(U),
respectively. If Z = U, then we denote them simply by h¥(U), fi(U) and
h;,’k_i(U ), respectively.
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THEOREM 16.22 (cf. [33, Partie II, A, II (469)]). — Let CS(k) be the set of
isomorphism classes of separated schemes of finite type over k with closed
subschemes over k. Then the maps

k.
(16.22.1) hk: CS(k) — Z,
ik—i .
(16.22.2) k=i CS(k) — Z

satisfy the following equalities:

1) Let U be a separated scheme of finite type over k. For a closed subscheme
Z of U,

(16.22.3) hEi(U) = W) + hEETU N 2).

More generally, let T be a closed subscheme of Z. Set U' := U\ T and
Z':=Z\T. Then
ik—i ik—i ik—i
(16.22.4) hyy U) = hyr )+ hpA’Z, ).
2) For a proper smooth scheme X over k,
(16.22.5) h;‘?’kii(X) = (_l)k dimp;, Hk_i(Xv WQ%X)KO’
h’;(X) = (_1)k dimKO H({Crys(X/W)KO'

3) Let U be a separated scheme of finite type over k and let Z be a closed
subscheme of U. Let U’ be an open subscheme of U which contains Z as a
closed subscheme. Then

(16.22.6) () = b U,
4)
(16.227) A (U xeUa) = Y BTN (UN)RE TR ().
P
5)
(16.22.8) h 2 (U) =" heb ().
€L

Proof. — 1): By (16.6), 1) and the slope decomposition (15.7.3), the exact
sequence (16.6.1) is strictly exact with respect to the weight filtration and the
slope filtration. The graded objects of the weight filtrations of the graded
objects of the slope filtrations of the exact sequence (16.6.1) are also exact
(cf. (16.1.2)). Hence the first formula in 1) follows. Analogously we obtain the
second formula in 1) by using the exact sequence (16.5.2).
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2): The second formula in 2) immediately follows from the simple remark
after (16.2). The first formula in 2) follows from the slope decomposition of
the crystalline cohomology (see [47, II (3.5.4)]).

3): The formula (16.22.6) immediately follows from (16.6.2).

4): The formula (16.22.7) immediately follows from (16.15), 2).

5): The formula (16.22.8) follows from the definition of h;ﬂszi(U). a

Let £ be a prime number which is prime to p. Denote U ®y fsep by Uk -
By (12.20) we can construct an analogue h’ZZ(U) of h’;’Z(U) for the f-adic
cohomology Hé:t,step (Ukgeps Qe) ((4,p) = 1).

THEOREM 16.23. — Let k be a perfect field of characteristic p > 0. Then
(16.23.1) hi 7 (U) = b ,(U).

Proof. — If k is a finite field, then (16.23.1) is obvious by the Weil conjecture
for the ¢-adic cohomology and the crystalline cohomology of a proper smooth
scheme over k (see [26, (3.3.9)], [54], [16, (1.2)] (cf.[69, (2.2) (4)])).

In the general case, we can reduce (16.23) to the case above by using the
spectral sequence (16.1.1), the analogue of (16.1.1) for the f-adic cohomol-
ogy, the specialization argument of Deligne-Illusie (see [46, (3.10)], [69, §3])
and the standard specialization argument in the ¢-adic cohomology (cf. (12.3)
and (12.4)). O

Consider the finite field case x = [y, where ¢ is a power of p. Let a be an
algebraic number of pure weight i (i € N) with respect to ¢q. Let v be a p-adic
discrete valuation of @Q,(«) normalized as v(q) = 1. The algebraic number
a is of slope > ¢ if v(a) > i. The Frobenius F acts on Hehtzf (U]T?L,’QZ) and
HY, 7 (Ug,» Q). Set !

) q
(16.23.2)  Fil'H{ 5 (Ug,,Q))
q
= {the principal subspace of Héht’zﬁ (Uqu@l)
q
where the eigenvalues a’s of F' are of slope > z}
Using the filtration Fil and the weight filtration on
HY, 7 (Us,, Qo) = HY 7 (Ug,. Qe) ®q, Qr,
q q
we can define an analogue hf{f?i(U ) of the virtual slope-Betti number h;”szi(U )
as in (16.20.6) (cf. [26, III (3.3.7)]). Then the following holds:

THEOREM 16.24. — If k is a finite field, then thZﬂ(U) = h;kZﬂ(U)
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Proof. — The Theorem follows from (16.1.1), from the ¢-adic analogue of
(16.1.1), from [16, (1.3)] (cf. [69, (2.2.6))). |

We would like to conjecture the following:

CONJECTURE 16.25. — Let k be a not necessarily perfect field of character-
istic p > 0. Let f: V — U be a morphism of separated schemes of finite type
over k. Let F€ be a letter F or C. Let £ # p be a prime number. Then

(16.25.1) dimg H"(MFE(f*: RTyig(U/K) — Rlyig(V/K)))
= dimg, H" (MFE(f*: RT&(U ®x fiseps Q) = RLex(V @y Fisep, Qu)))-
If k is perfect, then
(16.25.2) dimg PoH" (MFE(f*: Rlyig(U/K) — RTyig(V/K)))
= dimg, Py H" (MFE(f*: RTe(U ®y; Kseps Qr) = RUet(V @4 Kseps Q1))
with k € Z.

PROPOSITION 16.26. — The following hold:

1) Let k be a not necessarily perfect field of characteristic p > 0. Let the
notations be as in (16.25). The formula (16.25.1) holds for &€ =F and h =
0,1. The formula (16.25.1) holds for §&€ = C and h = 0.

2) If k is perfect, then the formula (16.25.2) holds for §& =F and h =0,1.
The formula (16.25.2) holds for §€ = C and h = 0.

Proof. — Here we prove only 2) for the case h = 0,1 and §€ = F. We leave
the rest to the reader.

By (11.6), by (14.2) and by the base change theorems of crystalline and
{-adic cohomologies, we may assume that x is algebraically closed. Let the
notations be as in (15.0.1). Consider the spectral sequence (15.1.1). In this
proof we denote simply by H *(D§t+k))(—t — k) the crystalline cohomology
group

H (D™ [W)rys, O pes jyp, @2 55 (DefW) (= (4 K)) -

Set h = 0. Then the nontrivial term of the Ej-terms of (15.1.1) is only
EY° = HO(D(()O)). Set h = 1. Then the nontrivial terms of the Ej-terms of
(15.1.1) are only E;'2 = HO(D{V)(-1), EM = HY(D{"), E1® = H*(D\”) &
HO(E(()O)). The boundary morphisms d{°: E)® — Fi® and 4i°: E}° — E2°
are defined over Q. The boundary morphism d': E9! — E1! is induced from
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the morphisms of Albanese varieties; hence the dimensions of E9' in the p-
adic case and the /-adic case are equal. Finally, consider the part £ 12—
HO(D(()I))(—I) — HZ(D(()O)) of the boundary morphism

di?: B — B = (D)) @ HO(DYY)(-1) @ HO(Ey))(-1)

in the p-adic case. The crystalline cohomology H 0(Dél)) has a natural Q-
structure Hg and the most nontrivial part of d;u is induced by the following
composite morphism

Hy — NS(D{) @7 Q@ — NS(D”) @7 Q,— H2(D{")).
By the argument in the proof of [70, (8.3)], we see that the natural morphism
(NS(DY)) @7 Q,) ©g, K — H*(DY")

is injective. Therefore EY? has a natural Q-structure Eg and F,'? =
Ker(Hy — Egp) ®qg K. We also obtain an analogous much simpler fact in
the f-adic case.

Thus we obtain 2) for the case §€ =F and h =0, 1. d

17. Rigid cohomology with compact support

In [80] Shiho has recently proved the relative versions of his comparison
theorems in [82] (see (17.5) below). In this section, by using the relative
versions, we endow the rigid cohomology with compact support with the weight
filtration and prove several basic properties of the weight filtration.

Unless stated otherwise, the base field k is a perfect field of characteristic
p > 0 in this section.

First we note that there is an announcement in [6, pp. 21-23] that the rigid
cohomology with compact support of a separated scheme of finite type over x
is defined.

Let U be a separated smooth scheme of finite type over x of pure dimen-
sion d. Then, by the same proof as that of [8, (2.4)], we have a canonical
isomorphism
(17.0.1) HE (U/K) = HomK(HZ‘;’h(U/K), K).

Here note that U is not necessarily an open subscheme of a proper scheme
U which is a closed subscheme of a p-adic formal V-scheme which is formally
smooth around U.
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By (16.9.2), the trace morphism Try : Hﬁé J(U/K) — K(—d) is compatible
with the Frobenius. Endow K (—d) with an increasing filtration P defined by
the formulas

PyK(—d) = K(=d), Py-1K(-d)=0.
Because Hﬁ‘éﬁh(U/K) has the weight filtration, HomK(Hffé hU/K), K(—d))
also has the weight filtration.

Thus, identifying rlgc(U/K) with Hom g (H*~"(U/K), K(—d)), we have

rig
the weight filtration P on Hj, h (U/K).

PROPOSITION 17.1 (cf. [26, III (3.3.4)]). Let U be a separated smooth
scheme of finite type over k of dimension d. Let h € [0,2d] be an integer.
Then the weights of H (U/K) lie in [0, h).

rig, (,(

Proof. — The Proposition immediately follows from (16.7). a

Using the range of the slopes of the rigid cohomology of a separated smooth
scheme of finite type over x ((16.11)), we can reprove [17, (3.1.2)] (= the
following) for the rigid cohomology with compact support of the scheme; see
also [26, III (3.3.8)].

PROPOSITION 17.2 (see [17]). — Let U be a separated scheme of finite type
over k of dimension d. Let h € [0,2d] be an integer. Then the slopes of
HY (U/K) lie in [max{0, h — d}, min{h, d}].

rig,c

Proof. — Let Z be a closed subscheme of U and V' the complement of Z in U.
Then there exists the following exact sequence (see [6, (3.1) (iii)]):

(17.21) - — H' (V/K) — H!, (U/K) — H, (Z/K) —

rig,c rig,c rig,c

Since dim Z < d, we may assume that U is smooth over x by a standard
argument of the induction on dimU. We may also assume that U is of pure
dimension. Then (17.2) follows from the duality

(U/K) = Homg (Hz, " (U/K), K (~d))

I'lg C rig
and from (16.11), 3). O
PROPOSITION 17.3. — Let f: V — V' be a finite étale morphism of smooth

affine schemes over k. Then the trace morphism
Trf rlgc(V/K) — Hh (V,/K)

rig,c

[8, (1.4)] is strictly compatible with the weight filtration.
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Proof. — The Proposition immediately follows from (12.10) and the formula
Try = f. (see [8, (2.3) (ii)]). O

Let (X,D) be a proper smooth scheme with an SNCD over x. Let
HM(X,D)/W) (h € N) be the log crystalline cohomology with compact
support of (X, D) over W. Set U := X \ D. By [85], [82, Theorem 2.4.4,
Corollary 2.3.9, Theorem 3.1.1] and [8, (2.4)], we obtain

(17.3.1) H!((X,D)/W) . = H}, (U/K).

rig,c

PROPOSITION 17.4. — The weight filtration on Hﬁgvc(U/K) in this book is
equal to the weight filtration on HI((X,D)/W)x in [72, (2.11.15.1)] under
the canonical isomorphism (17.3.1).

Proof. — We may assume that X is of pure dimension d. (17.4) immedi-
ately follows from the definition of the weight filtration on Hgg,c(U /K), from
(12.9), 2) and from the fact that the Poincaré duality

H!((X,D)/W) . = Homg (H**"((X,D)/W)k,K(-d))
is compatible with the weight filtration (see [72, (2.19.1)]). a

The following are relative versions of Shiho’s comparison theorems (see [82,
Theorem 2.4.4, Corollary 2.3.9, Theorem 3.1.1]) for the trivial coefficients. In
[71] Shiho and I have recently proved that the morphism (17.5.1) below is
a functorial isomorphism (see [71]). In [80] Shiho has also proved that the
morphism (17.5.2) below is a functorial isomorphism.

THEOREM 17.5. — Let S be a formally smooth p-adic formal VWW-scheme. Set
S1:=S®wek. Let f: (X,D) — Sy be a proper smooth scheme with a relative
SNCD over S;. Set U := X \ D. By abuse of notation, denote also by f
the structural morphism U — Si. Let sp: Sg, — S be the specialization map
defined in [4, (0.2.3)]. Let Rhf(X7D)/SKO*(IC<X1D)/SKO) be the relative log naive
convergent cohomology of (X, D)/Sk, and let R fyig.(U/Sk,) be the relative
rigid cohomology of U/Sk, (see [19, (10.6)]). Then the following hold:
1) (see [71], [80]) The canonical morphism

(17.5.1) Rhf(X7D)/SK *(K(X,D)/SK ) — Rhf(X,D)/S*(O(X,D)/S)Ko (heZ)
0 0
s a functorial isomorphism.
2) (see [80]) The canonical morphism

(17.5.2) Rhf(X,D)/SKO*(’C(X,D)/SKO) — P, R f1ig:(U/Sk,)  (h €Z)

(cf. (11.4)) is a functorial isomorphism.
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For the proof of the theorem (17.7) below, we recall the following GAGA
in the rigid analytic geometry: we need only (17.6), 1) in this book; we state
(17.6), 2) only for our memory. (Though (17.6) is contained in [3, (3.3.4) (ii),
(3.4.9), (3.4.11)] (see also [27, (4.10.5)]), we give the proof of the GAGA for
the completeness of this book.)

PROPOSITION 17.6 (GAGA). — Let K be a complete field with respect to a
nontrivial non-archimedian absolute value. Then the following hold:

1) Let f: X — Y be a proper morphism of schemes of locally of finite type
over K. Let F be a coherent Ox-module. Let i: X,, — X be the canonical
morphism of ringed spaces defined in [7, 0.3.3]. Set Fan = F @;-10x) OXon -
Then the canonical morphism

(Rhf*(]:))an — Rhfan*(]:an) (heZ)

s an isomorphism.
2) Let X be a proper scheme over K. Then the functor

{coherent Ox—modules} S F+— Fan € {coherent Ox,. —modules}

gives the categories of equivalence.

Proof. — 1): The proof of is the obvious analogue of the proof of [41, XII
(4.2)] and [78, 13].

In the case where f is projective, we may assume that X is the projective
space Py, (r € N). Set X := X,, and 9 := Y,,. We may assume that 2
is an affinoid space. As in [loc. cit.], we have to prove that fu..(Ox) = Oy
and R fan«(Ox) = 0 (h € N). Consider the usual covering of X consisting of
(r + 1)-pieces Uy, ..., 4, of r-dimensional unit balls over 9) (see [14, (9.3.4)
Example 3]). Then the covering {{;}}_, is a Leray covering of X, that is,

H"(8;, N N4, 0x%) =0

for any h € Z>1 (0 < ji,...,4s < r) by Tate’s acyclicity theorem (see
[84, (8.2), (8.7)]). Hence H"(X,0%) is isomorphic to the Cech cohomol-
ogy Hh({uj};zo,ox). Since (PY)an := (P )an Xspm(k) Yan (see [7, (0.3.4)])
and since the completed tensor product is an exact functor for Banach mod-
ules over K (see [27, p.8]), we may assume that 9 = Spm(K). Let R
be the valuation ring of K. Let m be a nonzero element of the maximal
ideal of R. Set R, := R/m"*! (n € N). Then (P%)an is the Raynaud
generic fiber of (PR)" (see [7, (0.3.5)]), where * means the m-adic comple-
tion. For x:=n or nothing, let Up,...,Urx be the usual covering of Pp .
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Then H"(Py, ,Opy, ) = H"({(Ujx)}j—0: Ory, ) = Reif h=0and =0 if h >0
by [39, (2.1.12), (2.1.13)]. Hence, by (39, 0, (13.2.3)],

Hh({( ) }j Oa LH}L Jn }g 07011” ) =R
if h=0and =0 if h > 0. Because
Hh(:fv Ox) = H}L<{uj};:070x) = Hh({( ) }] 0>O(IF’ )/\) ®R ’C’

we see that fan(Ox) = K and R"fo,.(Ox) = 0 (h € N). (Instead of using
[39, 0, (13.2.3)], one may use a more difficult fact “Note added in proof” in
[88, p.104] and [30, (1.2.6)] as a very special case: Hh((P%)/\7O(]P%)A) =
H"(Pr,, Opr) (see [39, (4.1.7)] for the case where R is noetherian).)

The rest of the proof in the projective case is the same as that of [78, 13,
Lemme 5].

In the case where f is proper, the proof is the same as that of [41, XII
(4.2)]: by using Chow’s lemma, we can reduce the proof to the projective case.

2): As in the proof of [41, XII (4.4)], we have only to prove 2) in the
projective case by using Chow’s lemma and 1). In the projective case, the
proof is the same as that of [78, 16, Lemme 8]: we have only to use Kiehl’s
finiteness theorem (see [60]) (cf. [88, p. 103]) for the cohomology of a coherent
sheaf on a rigid analytic projective space. O

THEOREM 17.7. — Let U be a separated smooth scheme of finite type over k
of pure dimension d. Let Z be a smooth closed subscheme of U. Then the
following composite morphism of the cup product with the trace morphism

Tr
induces an zsomorphzsm

of weight-filtered vector spaces over K.

Proof. — By the same proof as that of [8, (2.4)], the pairing (17.7.1) is perfect.
Hence we have the canonical isomorphism:

Hflg 2 (U/K) = Homg (H}, (Z/K), K(—d)).

First we prove that this isomorphism induces the following morphism

(17.7.3) P H3 }(U/K) — PHomg (Hp, (Z/K), K(—=d)) (k€ Z).

Let ¢ be the codimension of Z in U. We may assume that Z is of pure
dimension dz. Then dz = d — c.

MEMOIRES DE LA SMF 130/131



17. RIGID COHOMOLOGY WITH COMPACT SUPPORT 227

For the time being, we do not need to assume that Z and U are smooth
over k. Let U < U be an open immersion into a proper scheme over . Let Z
be the closure of Z in U.

There exists a smooth subalgebra A; of x over a finite field F, such that
the closed immersion Z < U is defined over A;. Let Z < U be a model
of Z < U over A;. We may assume that the compactification Z < Z has
a model Z < Z over A;. Let Spec(A) be a smooth lift of Spec(A;) over
Spec(W(Fy)). Let A be the p-adic completion of A. Let Ky(Fy) be the fraction
field of the Witt ring W(F,) of F,. Set

AKO(]FQ) =A ®W(1Fq) Ko(IFq) and AKO(]FQ) = A ®W(1Fq) K()(Fq).

Fix a lift ¢: A — A of the Frobenius endomorphism of A;. Then we have
a natural morphism A — W(A,) (see [61, VII (4.12)]), and W becomes an
E-algebra by the composite morphism A= W(A1) — W. This morphism is
injective as noted in the proof of (16.18).

We have the rigid cohomology Hr’ﬁg(U/gKo(Fq)) (see [19, (10.6)]) and, in
fact, the rigid cohomology Hﬁg, U /EKO(Fq)) with support on Z. We also
have the rigid cohomology Hgg,C(Z / A\KO(]FQ)) with compact support.

Let h be a fixed nonnegative integer. Let N be a positive integer satisfying
(2.2.1). Let

(ZQSNy Z‘SN) E— (U0§N7 X.SN)

(17.7.4) l l
be a commutative diagram such that the vertical morphisms are N-truncated

gs proper hypercoverings. Let V be the complement of Z in U and V the
closure of V in U. Let

(Vo< Yecn) —— (Ue<n, Xo<n)

(17.7.5) | |
V,V) —— (UD)

be a commutative diagram such that the left vertical morphism is an N-
truncated gs proper hypercovering. Then we may assume that the diagrams
(17.7.4) and (17.7.5) are defined over A;. Here we can take the same model
of (U-SNvX-SN) in (17,7.4) and (1775) over Aj. Set D.gN = XOSN \ U-SN
and E,<y = Y.<y \ Vo<n. Let us mean the models of (N-truncated) schemes
in (17.7.4) and (17.7.5) over A; by calligraphic letters. Then, by using the
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models of schemes, (17.5), Tsuzuki’s proper descent (see [86, (2.1.3)]) and the
argument in the proof of (11.6), we have the following canonical isomorphism

Hgg,Z(u/A\KO(Fq)) ;> Hh(MF(Ran(u/A\KO(]Fq)) — Rrrig((u \ Z)/ZK()(IFQ))))
= H"(MF(RT((Xo<n, Do<n)/A) @y, ) Ko(Fy)
= BL((Vozn, Eazv)/A) ©4yp,) Ko(Fy)))-

Hence we have the following spectral sequence by (14.2.1):

(17.7.6) E;k,thk _ @thQt—k((,Dt(tﬁLk)/A\)crys’O
>0

Dt(H»k) /g

®z @ (D A)) (- (t+ k’))KO(JFq)

@ @Hh72t7k72((5(t+k+1)/;{\)0rys, ngwkm/;@
>0
Rz, wcfr;kﬂ)(g /A))( —(t+k+ 1))K0(]Fq)
= Hrlg Z(U/AKO(]F ))

Consequently, we have a weight filtration P on H}, h U /AKo(lF y) and the
cohomology H! ng u /AKo(qu)) prolongs to a convergent F-isocrystal on

Spf(A)/W(F F,) by [74, (2.10), (3.7)]. If we take a small spectrum Spec(A4;),
then we see that the base change morphism

(17.7.7) PoH), 2 (U/ Ay (r,) ® R epiepy KO P.H, 7(U/Ky)

is an isomorphism by using the weight spectral sequences of Hgg’ zU/ A Ko(Fy))
((17.7.6)) and Hr}ﬁgﬁz(U/Ko) ((16.1.1)) and by Deligne’s remark (see [46,
(3.10)], (cf.[69, §3], [72, (2.14), (2.15)])). In particular, the base change

morphism
Hy 2 U/ Ay e,) ® Ay KO Hp, 7(U/Ko)
is an isomorphism. By (16.1), 1) the base change morphism
Hy 7(U/Ko)x — Hig 7(U/K)
is also an isomorphism. Hence the base change morphism
(17.7.8) Hly 2 U/ Agys,) @3, K — iy 5 (U/K)

is an isomorphism.
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By the exact sequence

(17.7.9) s HYy (2] Agyr,) — HE(Z) Agyr,)

— HY((2\ 2)/Agyw,) —

and by the base change of rigid cohomologies in (17.7.8) for special cases U = Z
and U = Z \ Z, the base change morphism

(17.7.10) H! (Z/EKU(Fq>)®gKO(Fq>K—>Hh (Z/K)

rig,c rig,c
is an isomorphism. By (17.7.9) and by [74, (2.10)], we see that Hr’ig c(Z/AK0 (7))
prolongs to a convergent F-isocrystal on Spf(A ) /W(F,).

From now on, we use the smoothness of Z, U, Z and Y. Let x be a
closed point of Spec(A;). Let Z(z) and U(x) be the fibers of Z and U at z,
respectively. Set

k(z) := Ay /m.

Let W(z) be the Witt ring of x(z) and Ky(z) the fraction field of W(z).
Because Hrlg U/ Ak, w,)) is a convergent F-isocrystal on Spf(A)/W(F,) and
because Hrlg (U(z)/Ko(k(z))) = 0 for h > 2d and for any closed point z of

Spec(A1) (see [8, (1.1)]), we see that

r1g7 (u/AKo (Fq) ) 0

for h > 2d as in the proof of (16.18). Hence there exists a smooth affine
subscheme U’ of U such that H2% (U/Ax,w,) = Hat (U'/Ag,m,) by the

rig,c rig,c
following exact sequence for an open subscheme U" of U:

T Hr}ig C(u”/‘/A\KO(]Fq)) — Hﬁg,c(u/gKo(]Fq))
— Hlty (UNU") ) Ayw,) — -+

rig,c
Now we follow the argument in [8, (1.2)]. Let U’ be a smooth lift of U’ over
Spec(A) and let U’ be a compactification of U’ over Spec(A). Let
ZI/KO(]FQ) = 1/7/ ®W(]Fq) KQ(Fq) and H/KO(FQ) = 1/7’ ®W(]Fq) K()(Fq).

Let w be the dualizing sheaf of 17}(0( F,) over Spec(Ag,,))- Because w has
coherent cohomologies (see [42, VII (3 4) (a)] and [20 (3 3.1)]), the natural

morphism RI‘(L{ Ko(Fg)sWan — RI((U KO(IFQ))an,wan) is an isomorphism by
GAGA ((17.6), 1)).
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As in [8, (1.2)], by using the trace morphism in [42, VII (3.4)] and [20
(3.6.13)], we have the following composite morphism

d 71 d~
(17711) H]Z/{’[((u K()(]Fq))am Q(ulKO(]Fq))an/(AKO(]Fq))an

- H](Z)/{’[((ZZ/KQ(FQ))amWan)

— HO((ZI/KU(]FQ))amWan) — HO(ZJ/KO(Fq)’w)a“
Tran
— (Ago(F,))an-

Let U’ be the p-adic completion of u. Restricting the morphism (17.7.11) to
the open analytic space Spf(A)x,w,) of Spec(Ax,(r,))an and noting that

U' ko) = U Ko (F,) )an XSpec(A ey e,)an SPEA) Ko(E,)

(see [7, (0.3.5)]), we have the morphism

(17.7.12) Try: H]w[(u Ko(F,)» S ) — ZKU(M

W ko) Aoe)
Set Uy, == u ®4 K and U’ := U’ ® 4 k. Because the composite morphism
d d-1 d d
Hiyr (Ui )ans Vg i) — Hitr (Ui Jan, Qg ) — K
is zero (see [8, (1.2)]) and because we have the commutative diagram
(17.7.13)

]ul[(u Ko(Fy)s Qflfl ) — H]u/[(u Ko Fq),QJ ) —— AkyE,)
KO(IFq) Ko(Fq)

! l n

Higy (Ui )ans Ly ) — B (Usc)ans Qg0 — K,

the upper horizontal composite morphism is zero. Hence we have the following
trace morphism

Hl"zlé C(M/A\KO(]F(I)) = Hﬁé,c(ul/A\Ko(Fq))
Ty o~
]w[(u Ko(ea) 5 . >) — Ako(F,)-
olfq

By the Grothendieck base change of the trace morphism (see [20, Theorem
3.6.5]), the morphism

H! (Z/Ak,w.) ®+  HX /A D 3
rlgc( / Ko(Fq) ®AK0(LF) rig, Z / Ko( ]Fq) Ko(Fq)
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is a morphism of convergent F-isocrystals. As in the proof of [74, (3.12)], we
have

(17.7.14) HE, (Z/A,w,)) = Hom o (HX U/ Akoe,) Ao, (—d))

by Berthelot’s Poincaré duality in rigid cohomology (see [8, (2.4)]).
By the Grothendieck base change of the trace morphism again, we have the
following commutative diagram

H%E,C(M/AKD(IFQ)) ®; Ko — Ak, (=d) ®7 Ko
(17.7.15) Ql H

H2d

rig,c

(U/Ko) — Ko(—d).
Hence we have the following commutative diagram

(17.7.16)
h n T
(Hiigo(Z/AKo(k,) @ dy vy Hrigz Ul ARo(#) O3, o —— Ko(—d)

| H

Hh, (Z/Ko) @k, HEL J(U/Ko) —— Ko(—d).

By the formula (17.7.14) for the special case Y = Z, we have a weight filtra-
tion on Hﬁg’C(Z /Ak,(F,))- Because the morphism (17.7.7) is an isomorphism,
we see that the base change morphism

PZHr};g,c(Z/AKO(]Fq)) ®A\ Ko — PéHlﬁg,c(Z/KO)

is an isomorphism by (17.7.15) for Y = Z and U = Z.

Now, to prove the existence of the morphism (17.7.3), it suffices to prove
that, if & + ¢ < 2d, then Try(aUb) = 0 for a € Pkai‘éth(Ll/gKo(Fq)) and
be PHE, (Z/AkyE,)-

Let M(A;) be the set of the maximal ideals of A;. Then, by [72, (2.15.3)],
the natural morphism A — Tc M(AW(A1/m) is injective. Hence it suffices
to prove that the image of Try(a Ub) in W(A;/m) ®z, Q, is zero. Let z €
Spec(A;1) be the closed point corresponding to m. We may assume that the
base change morphisms

PHZ MU/ Ay z,) © Ay Fo0(2) — PHZ T U2)/Ko()),

P[Hgg,c(Z/EKo(Fq)) D Ay Ko(z) — PH}, (2(2)/Ko(x))
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are isomorphisms. Because the base change isomorphisms above are compat-
ible with the Frobenius, we see that Try(a Ub) = 0 in Ky(x) by the yoga of
weight. Hence we obtain the morphism (17.7.3).

If  is a finite field, then (17.7.3) is an isomorphism since (17.7.2) is com-
patible with the Frobenius.

Now we consider the general case. We have only to prove that the di-
mensions of both sides of (17.7.3) are equal since the morphism (17.7.3) is

injective.

Since Hrfﬁg,c(Z/K) = HomK(Hfi;lZ*h(Z/K), K(—dz)), we have only to prove
that
(17.7.17) dimg PoHEJ(U/K) = dimg Pe_gc He? "(Z/K).

For any closed point = € Spec(A;) and for all h € Z, we may assume that

(17.7.18) dimKPkHZg,z(U/K)
= i u(a)) PhHly () (U (2)/ Ko (),
(17.7.19) dimg P, H (Z/K)

= dianQ(n(z))Pleﬁg(Z(x)/KO(H(x)D (E € Z)
as in (12.4). Since k() is a finite field, we have

(17.7.20) dimKW(m))Pka;g(z) (U(x)/Ko(k(2)))

= dimKO(H(w))Pk.,chrZ;;Z_h (Z(I)/Ko (m(w))) .

Therefore the morphism (17.7.3) is an isomorphism. We finish the proof. [

COROLLARY 17.8. — Assume that Z is of pure codimension c. Then the
Gysin isomorphism

(17.8.1) Gz Hi(Z)K)(—c) = H}, 5(U/K)

is an isomorphism of weight-filtered K -vector spaces.

Proof. — Because
H}:?(Z/K)(—c) = Homg (HY (Z/K), K (~d))
and
H}y 7(U/K) = Homg (HZy M(Z/K), K (—d)),
(17.8) is clear. a
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COROLLARY 17.9. — 1) The function h;’kii: CS(k) — Z in (16.22.2) satis-
fies the following equality

ik—i i—e ki
(17.9.1) hyt  (U) = hy M 4(2)

if U and Z are smooth over x and if Z is of pure codimension ¢ (c € N) in U.
Consequently the function h];: CS(k) — Z in (16.22.1) satisfies the equality
(17.9.2) hk 4(U) = hi=2(2)

under the same assumption.

2) Let SCS(k) be the set of isomorphism classes of separated smooth
schemes of finite type over k with closed subschemes over k. If the embedded
resolution of singularities holds for any variety with any closed subscheme
over k, then (16.22.4), the first formula in (16.22.5), (16.22.6) and (17.9.1)
characterize the function h;’kii\scs(n). An obvious analogous characterization
for the function hl;'SCS(n) holds.

Proof. — 1): This immediately follows from (17.8.1).

2): We prove the assertion only for hf;k_i|scs(,€). Because h;;f“z_i(U) =
h;;k_i(U) - h;’k_i(U \ Z) by (16.22.3), we have only to characterize h;,’k_i(U)
for a smooth scheme U over k. Embed U into a proper scheme U such that
dim(U \ U) < dimU. Because we assume that the embedded resolution of
singularities holds for any variety over k, we have the following commutative
diagram

U -S4 x

I

U -7,
where X is a proper smooth scheme over x and the complement D := X \ U
is an SNCD on X. Then REEFTNU) = W5 (X)) - h;’)’fgl(X), and because
h;,’kﬂ(X ) is characterized by the first formula in (16.22.5), we have only to
characterize hzkgz(X ). If D is smooth over k, then

h;;’kD72(X) — h;';l,kfifl (D)

by (17.9.1). By the first formula in (16.22.5), hf;l’kﬂ;l(D) is characterized.
Hence h;’kD_Z(X) is characterized. Consider the general SNCD D again. Let D
be a smooth irreducible component of D. Set £/ := D\ Dy and U’ := X \ D;.
Then

ik—i ik—i ik—i
hy'p (X) = by ((X) + ) (U)
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by (16.22.4); we have only to characterize h;”;i(U'). Let D’ be the closure of
E'in X. Set Z' := D'\ FE'. Then

ik—i ik—i ik—i ik—i ik—i
' (X) = ey (X) + by (XN Z7) = by (X)) + ey (U7)

by (16.22.4) and (16.22.6). By the induction on the number of the irreducible
components of D’ and Z’ (or by the induction on the dimension dim Z’),
h;fCD_,Z(X ) and h;’,kz_,l(X ) are characterized. Therefore h;’,kE_,Z(U ") is character-
ized. d

COROLLARY 17.10 (see cf. [21, Exemple 3.3]). — Let X be a proper smooth
scheme over k and let Y be a smooth closed subscheme of X. Then
grl HE (X \Y)/K) = 0 for j # h, h+1 and P,H}, (X \ Y)/K) =

T(H (X/K) — HL (X \ Y)/K)).

rig
Proof. — (17.10) immediately follows from the strict exactness of the Gysin
exact sequence (16.6.1), (17.8) and the purity. O

Let Z be a separated scheme of finite type over k. Assume that Z is a closed
subscheme of a separated smooth scheme U of finite type over k. Assume that
U is of pure dimension d (we may assume this for the definition of the weight
filtration on the rigid cohomology with compact support below). By the proof
of [8, (2.4)], we have an isomorphism

(17.10.1) H}y (Z/K) = Homg (HZE J(U/K), K).

Because HZ‘;TZh(U/K) has the weight filtration, HomK(HrQig;Zh’(U/K)7 K(-d))

has the weight filtration. Thus, under the following identification

(17.10.2) H}y (Z/K) = Homg (HZE }(U/K), K(—d)),

we have a weight filtration P on Hgg,C(Z/K).

THEOREM 17.11. — The weight filtration P on Hgg,c(Z/K) by the formula
(17.10.2) is independent of the choice of U.

Proof. — Let Z < U’ be another closed immersion into a separated smooth
scheme of finite type over  of pure dimension d’. Then, by using the diagonal
closed immersion Z — U x, U’, we may assume that we have a morphism
u: U — U’ such that the composite morphism Z — U — U’ is also the given
closed immersion. By the same proof as that of [8, (2.4)], we see that the
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natural morphisms

Hrzlté,_Zh(U/K)(d) — HomK (Hgg,c(Z/K)7 K) ’
HX MU' K)(d') — Homp (Hby (Z/K), K)

are isomorphisms. Because the cohomology Hﬁg‘c(Z /K) is contravariant for

the proper morphism idz, we have a natural isomorphism

(17.11.1) HXMU/K)(d) = HXE MU' /K)(d).

It suffices to prove that the isomorphism (17.11.1) is an isomorphism of weight-
filtered K-vector spaces.

First we consider the case where Z is smooth over k of pure dimension.
Let dz be the dimension of Z, and let ¢ and ¢’ be the codimensions of Z in U
and U’, respectively. By the obvious commutative diagram

g,
I
77—z

I

zZ >
and the contravariance of the rigid cohomology HﬁgC(Z/K ) with respect
to idz, we see that the morphism (17.11.1) is the following composite mor-
phism
-1

(17.11.2) H2U/K)(d) GLN”K H227M(2/K)(d)

Cayur 2d' —h (7t i
~ Hrig,Z (U /K)(d)

By (17.8), the morphism (17.11.2) is an isomorphism of weight-filtered K-
vector spaces.

By induction on dim Z for a separated scheme Z of finite type over k, we
prove that (17.11.1) is an isomorphism of weight-filtered K-vector spaces.

We may assume that Z is reduced and then that there exists a non-empty
dense open smooth subscheme Z° of Z.

If dim Z = 0, then Z is smooth over k. Hence (17.11.1) is an isomorphism
of weight-filtered K-vector spaces by (17.8).

Set T :=Z\ Z°, U°:=U\T and U'° := U'\ T. Then, by the contravari-
ance of the rigid cohomology with compact support with respect to a proper
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morphism, we have the following commutative diagram

C—— HXMU/K) ) —— HEU/K)()

D —— H2ZMU/K) () —— HELMU K ()

—— Hi 7 (U°/K)(d) — -

—— H U/ K)(d) —— -
whose horizontal lines are strictly exact with respect to the weight filtration
((16.6), 1)). Since dimT' < dim Z, the morphism

H2ZMU/K)(d) 5 B MU/ K)(d)

is an isomorphism of weight-filtered K-vector spaces. Hence, by the five
lemma, we see that (17.11.1) is an isomorphism of weight-filtered K-vector
spaces. |

DEFINITION 17.12. — We call the well-defined weight filtration on Hr’igyc(Z/K)
given by the formula (17.10.2) the weight filtration on Hriﬁgyc(Z/K).
PROPOSITION 17.13. — Assume that Z is a closed subscheme of a separated
smooth scheme of finite type over . Set V :=U \ Z. Then the sequence
(17.13.1) - — HE (V/K) — H}:, (U/K) — Hp, (Z/K) — -+

(see [6, (3.1) (iii)]) s strictly ezact with respect to the weight filtration.

Proof. — By the duality (17.10.2), the exact sequence (17.13.1) is equal to

(17.13.2) co s HEMNV/K) (—d) — HZMU/K) (—d)
— i 7 (U/K) (=d) — -

The exact sequence (17.13.2) is strictly exact with respect to the weight filtra-
tion by (16.6), 1). O

The following is a p-adic version of a very special case of [26, 11T (3.3.4)];
see also [33, Partie 11, IIT 3].

PROPOSITION 17.14. — Let Z be a separated scheme of finite type over K of
dimension dyz. Assume that Z is a closed subscheme of a separated smooth
scheme of finite type over k. Let h € [0,2dz] be an integer. Then the weights
of HY (Z/K) lie in [0, h].

rig,c
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Proof. — The upper bound immediately follows from (16.7), 1). If Z is smooth
over k, the lower bound follows from the duality

H, (Z/K) =5 Homg (H*27"(Z/K), K(—dy)).

rig,c rig

and from (16.7), 2). The lower bound in the general case follows from the
induction on the dimension dz and from the exact sequence (17.13.1). O

In [8, (3.2) (ii)] we need not assume that X; and Xy are smooth, which is
a special case of Kedlaya’s Kiinneth formula (see [55, Theorem 1.2.4]):

PROPOSITION 17.15. — Let Z; (i = 1,2) be a separated scheme of finite type
over k. Assume that Z; is a closed subscheme of a separated smooth scheme U;
over k. Then the following hold:

1) The Kiinneth morphism
(17.15.1)  RTygo(Z1/K) @ Rlyige(Za/K) — RTyigo(Z1 %y Zo/K)

s an isomorphism.
2) The induced isomorphism by (17.15.1)

(Zy/K) =5 H (71 % Z5/K)

rig,c

h h
(17.152) @ HJ (Z1/K) @k HE,
hi1+ha=h

is compatible with the weight filtration.

Proof. — 1): Set Zia := Zy X, Zy and Uy := Uy X, Us. We have only to
prove that the morphism

(17153) @ (H}L(Z4/K) @K H?

rig,c(ZQ/K)) HH}L (Zl Xk Z2/K)
h1+ha=h

rig,c

is an isomorphism. We may assume that U; (i = 1,2) is of pure dimension d;.
By the construction of the trace morphism in rigid cohomology (see [8, (1.2)])
and the commutative diagram in [5, VII Proposition 2.4.1], we have the fol-
lowing commutative diagram
2d 2d ~ 2(d1+d
H2I (U1 /K) @k HX2 (Up/K) —"— HAST 2 (U K)

(17.15.4) Try, ®Try, l lTrUm
K(—dl) RK K(—dg) — K(—d1 —dg).
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Hence the following diagram
(17.15.5)
®h1+h2:h rlgc(Zl/K) K Hﬁéc(ZQ/K) e

H

D, thoe hHllglzlhl(Ul/K)*( 1)® Hflfzth(UﬂK)*(*dQ) —

Hh

Hgc(Z12/K)

Hfi(g(?lzsz)_h(Ulz/K)*(—dl — da).

is commutative. The lower horizontal morphism in (17.15.5) is an isomor-
phism by (16.15), 1). Hence the upper horizontal morphism in (17.15.5) is an
isomorphism.

2): This follows from the definition of the weight filtration on the rigid
cohomology with compact support, the commutative diagram (17.15.5) and
(16.15), 2). |

As in the rigid cohomology with closed support in §16, we obtain the Serre-
Grothendieck formula of the virtual Betti numbers of a separated scheme of
finite type over s which is embeddable into a separated smooth scheme over
k as follows (see [33, Partie II, A, II (469)]).

Let Z be a separated scheme of finite type over . Then Hj, h (Z/Kp) has the
slope filtration F'. Assume that 7 is a Closcd subscheme of a separated smooth
scheme of finite type over x. Then Hj, h (Z/Kp) has the weight filtration P
(see (17.11)). As in §16, for an element [H, P, F] of GF3(Kj), we omit to write
P and F. Consider

[Hiigo(Z/Ko)] = > (=) [H}}, (Z/Ko)].
heN
DEFINITION 17.16. — We call the integers
hy (Hrigo(Z/K0)]), [y ([Hrige(Z/K0)]),  hy" ™~ ([Huig.o(Z/Ko)])

the virtual Betti number, the virtual slope number and the virtual slope-Betti
number of Z/k for the rigid cohomology with compact support. We denote
them by h¥ (Z), fi .(Z) and h5E=1(Z), respectively.

For a variety V over k, we say that the resolution of singularities in the
strong sense holds for V' if, for any open smooth subscheme V¢ of V', there
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exists a proper morphism g: V — V such that V is smooth over x and such
that g induces an isomorphism g~!(V°) = V°.

THEOREM 17.17 (cf. [33, Partie II, A, II (469)]). — Let ES(k) be the set of
isomorphism classes of separated schemes of finite type over k which are closed
subschemes of separated smooth schemes over k. Then the maps

(17.17.1) hk . ES(k) — Z,
(17.17.2) hok=i ES(k) — Z
satisfy the following equalities:

1) Let Z be a separated scheme of finite type over k which is a closed sub-
scheme of a separated smooth scheme over k. For a closed subscheme Z' of
Z,

(17.17.3) hek=i(Z) = Wik Z") + Bk (2 )\ Z).

2) For a proper smooth scheme X over k,
(17.17.4) hERH(X) = (—1)F dimg, HY (X, WK )k,
hzc(X) - (_l)k dimKo Hfrys(X/W)KO'
3)
(17.17.5) i (2) =" hkET(2).

p.C
i€Z
4) Let Z; (i = 1,2) be a separated scheme of finite type over k which is a
closed subscheme of a separated smooth scheme over k. Then

(17.17.6) WA N2y % Zo) = Y Wi (Z) bk (2).
i1 +ia=i
k1+ko=k

5) If the resolution of singularities in the strong sense holds for any vari-
ety over k, then (17.17.3) and the first formula in (17.17.4) characterize the
function h;,’fz_l. An obuvious analogous characterization for h];,c holds.

Proof. — Except 5), the proof is similar to that of (16.22): to obtain 1), we
have only to use the strict exactness of the excision exact sequence (17.13.1)
instead of (16.6.1). The proofs of 2) and 3) are similar to (16.22), 2) and 5),
respectively. The proof of 4) is given by using (17.15), 2) instead of (16.15),
2). We prove 5) as follows.
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Let Z be a separated scheme of finite type over x. Let g;’fé*i: ES(k) = Z be
a function satisfying the equations (17.17.3) and the first formula in (17.17.4).
Then, by (17.17.3), we may assume that Z is reduced. Let Z° be an open
smooth subscheme of Z such that dim(Z \ Z°) < dim Z. Because
gpe ((Z) = gy (2°) + gy (Z2\ 20,
we have only to characterize g;,’fz_i(Z") by induction on dim Z. By Nagata’s
embedding theorem (see [67]) and the assumption, we may assume that
Z° is an open subscheme of a proper smooth scheme Y over k such that
dim(Y \ Z°) < dimY. Then, because
g (2°) = gy '(Y) =g (Y \ 2°)
= (=1)"dimg, HM (Y, W )k, — g5t (Y 2°),
the induction on dim Z characterizes the function gf,’_y’ffi. O
In an obvious way, we define an analogue h];,c(Z ) of h’;_yc(Z ) for the f-adic
cohomology Hj .(Zy..,,Qe) ((¢,p) = 1) for any base field x.
THEOREM 17.18. — Let k be a perfect field of characteristic p > 0. Then
(17.18.1) hi (Z)=hi(Z) (Z€ES(Kk)).

Proof. — The Theorem is reduced to (16.23) by the strict exactness of
(17.13.1) with respect to the weight filtration, by that of the ¢-adic analogue
of (17.13.1) and by the duality of the rigid cohomology and the duality of the
{-adic cohomology of a separated smooth scheme of finite type. a

If the base field « is finite, then we can define an analogue hé’]z_i of the

virtual slope-Betti number h;;,]zfi by measuring the slopes of the eigenvalues of
the Frobenius on the ¢-adic cohomologies with compact supports as in (16.23.2)
(cf. 26, I1I (3.3.7)]).

THEOREM 17.19. — If & is a finite field, then hi*~" = pk~"
Proof. — The Theorem is reduced to (16.24) as in (17.18). O

PROPOSITION 17.20. — Let f: U — V be a proper morphism of separated
schemes of finite type over k. Assume that U and V are closed subschemes of

separated smooth schemes of finite type over k. Then the pull-back
froHh, (V/K) — HE, (U/K)

rig,c rig,c

is strictly compatible with the weight filtration.
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Proof. — By the proof of (17.7), we can reduce (17.20) to the case where the
base field  is a finite field. In this case, (17.20) is clear. O

COROLLARY 17.21. — Let f: U — V be a finite étale morphism of affine
schemes over k. Assume that U and V are smooth over k. Then the trace
morphism

Try: H},(U/K) — H},(V/K)

(see [8, (1.4)]) is strictly compatible with the weight filtration.

Proof. — By [8, (2.3) (ii)], Try = fi. Hence (17.21) immediately follows from
(17.20). 0

PROPOSITION 17.22. — Let Z be a separated scheme of finite type over k
which is a closed subscheme of a separated smooth scheme over k. The canon-
ical morphism

(17.22.1) HE, (Z/K) — H}(Z/K)

(see [6, (3.1) (i)]) is strictly compatible with the weight filtration.

Proof. — The proof is the same as that of (17.20). a
REMARK 17.23. — We leave the reader to the analogues of results in §§14-17

over the complex number field.
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