
MÉMOIRES DE LA S. M. F.

ALBRECHT PIETSCH
Absolutely p-summing operators in Lr-spaces
Mémoires de la S. M. F., tome 31-32 (1972), p. 285-315
<http://www.numdam.org/item?id=MSMF_1972__31-32__285_0>

© Mémoires de la S. M. F., 1972, tous droits réservés.

L’accès aux archives de la revue « Mémoires de la S. M. F. » (http://smf.
emath.fr/Publications/Memoires/Presentation.html) implique l’accord avec les
conditions générales d’utilisation (http://www.numdam.org/conditions). Toute
utilisation commerciale ou impression systématique est constitutive d’une
infraction pénale. Toute copie ou impression de ce fichier doit contenir
la présente mention de copyright.

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques

http://www.numdam.org/

http://www.numdam.org/item?id=MSMF_1972__31-32__285_0
http://smf.emath.fr/Publications/Memoires/Presentation.html
http://smf.emath.fr/Publications/Memoires/Presentation.html
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/


Colloque Anal. fonctionn.[1971, Bordeaux]
Bull. Soc. math. France,
Memoire 31-32, 1972, p. 285-315.

ABSOLUTELY-p-SUMMING OPERATORS IN ^ -SPACES

by

Albrecht PIETSCH

The purpose of this paper is to give a uniform presentation of all known

results about absolutely-p-summing operators in <£ -spaces.

§ 1. ABSOLUTELY-p-SUMMING OPERATORS (cf. [11]).

Let E and F be Banach spaces. We denote by ^(E,F) the set of all

bounded linear operators from E into F. An operator T € ^(E,F) is called

absolutely-p-summing (l < p < co ) if there exists a constant o > 0 such that
for every finite set of elements x ,...,x € E the inequality

[Z H T x ^ f } ̂ p sup {E |^,a> [V^

l|a||<L i

holds. The set P (E,F) of all absolutely-p-summing operators T ^ £ (E,F) is a
Banach space with norm defined by

TT (T) : = inf p .

It is convenient to put

PjE.F) : = £ ( E , F ) and ^(T) : =| |T| |

If l < P ^ q < " > then

Pp(E,F)c P^(E,F) and^ (T)> -n (T) .

§ 2. THE £ -SPACES (cf. [8]).

In the following let 1 be the Banach space of all n-dimensional real

vectors x = (^ . ) with the norm
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IM .̂ : = { Z IS^I1 ' }171" for l<i:<00 and llx)^ : = sup 1^| ,

»

A real Banach space E is called, an c£ -space if for every finite set of elements

x,,. . . ,x € E there exist operators A ^ ^(E,!11) and X € .SCl^E) such that

| | x ^ - X A x J | < l tor i=l,...,m a^d ||x|| ||A|| < c^ ,

where the constant c_ > 1 depends only on E. We note that our definition is a
£1

slightly weaker than the definition of J. Lindenstrauss and A. Pelczynski.

All function spaces L ( S , Z , p ) are of type £ . The operators A and X can

be constructed as follows. Given x.,,...,x € L ( S , Z , p ) we find step functions

x°.. . ,x° C L ( S , E , p ) such that || x. - x° |[ < 1/2. Then there exist disjoint subsets

S ,...,S € S with y ( S . ) > 0 such that the step functions x- , . . . ,x are linear
combinations of the corresponding characteristic functions f ,...,f . Now we define

the operators A and X by

A x : = ^(S^r1711* J- x(s) f^(s) dp(s))
0 "

and

^ : ̂ k11^"173"^
Then we have

X|| = 1

and since X A f- = f- the estimatek k

K - x A ^ll < II x! - ^11 + II x A x! - x A x! II <z

holds.
Now we show that it is possible to reduce the considerations of absolutely-p-
summing operators in £ -spaces to finite dimensional 1 -spaces.
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Proposition : The following statements are equivalent :

(l) There exists a constant c >0 such that

TT (T) < c TT (T) for all T € ^(l11,!11) and n = 1,2,... .p rs,pq q ————— r s ——

(2) For every £ -space L and every <£ -space L the inclusion
——————————————fc- y ——6—————— p ——————————————It- g —*—————— g ———————————————————————

^r^s^p^r9^

holds.

Proof : (l) -^(2) Let T € IP (E,F) and x -,,...,x € E. Then for all e > 0 there

exist A €£(E,11 1 ) , X € ^(l^E), B 6 ^(F,!11), and Y € ^(l11,?) such thatr r s s

II x^ - X A x^||<e , ||T x^ - Y B T xj| < e , ||x|| ||A|| <Cg, and |IY|| ||B||<Cp.

Then

HTX^ || < || T x^ - Y B T x^|| +|| Y B T x^ - Y B T X A x^|| + || Y B T X A x^ ||

^(l+Cp||T[|) + | | Y B T X A . x J ,

{Z ||Y B T X A x^ll1'}3711 <TTp(Y B T X A) sup { Z | <x^, a> | P51/p ,

i ' 1 1 ^ 1 ^1 i

and

^(Y B T X A ) < ||Y|| ^(B T X) ||A|| ^ c^^ || Y|| ^(B T X) || A||

< "rs.pq 11^1 ll^l ^(T) I I ̂  INI ^^s^ ^ ^ ^^^

Consequently,

• {S || T xJlP}17? <
i

e(l + c- HTlDm^P + c_ , c c IT (T) sup fi | <x a^P}1711-F rs,pa E F q ^n ̂  ^ l
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If e ^ 0, we obtain

^^rs.pqyF^ ajld T€Pp (E ,F ) .

(2) -» (l). Since the sequence space 1^, resp. 1^, is of type £ , resp. £ , we have

^^w^^w •
Consequently, by the closed graph theorem there exists a constant c "> 0

rs,pq '
such that

^ ^rs.p^q^ fora11 ^•V1,.'^-

Let us consider the operators

0 .̂...,̂ ....) = = (q,...,^)
and

V^-..,^) : = (^,.•.,^,0,...) .

Then for every T^ ^(l11^1) since T = Q ( J T Q ) J we haver s n ,n n n

^ < "p^n T ̂  < ̂ s.p^.^n T ̂  < ^s.pq^^)-

§ 3. HISTORICAL REMARKS.

The first result about absolutely-p-summing operators in £ -spaces goes

back to A. Grothendieck [5] who shoved in 1956 that all bounded linear operators

from an £ -space into an £ -space are absolutely-1-summing. A simplified proof of

this important results was given by J. Lindenstrauss and A. Pefczynski [8].

In 196T, A. Pefczynski [9] and A. Pietsch [11] proved that the absolutely-p-

summing operators in Hilbert spaces coincide with the Hilbert-Schmidt operators.

This proof used Chintchi^s inequality for Rademacher functions. Finally,

D.J.H. Garling [3] determined the exact value of the ir -norm of diagonal operators

in 1^.

Important progress was made in 1969, when L. Schwartz [l3], [l4], [15] remar-

ked, in his theory of p-radonifying operators, that it is possible to use in place

of Rademacher functions general sequences of independent and equidistributed random

variables. By his met-hod S. Kwapien [T ] and P.Saphar [12] proved the fundamental

theorems on absolutely-p-summing operators in £, -spaces.
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§ U. A PROBABILITY LEMMA.

For 1 ̂  s ^ 2 let pg "be the probability measure on the real line which is
uniquely determined by its characteristic function

e - H ^ e ^ d u ^ ) .
r ^
^

If 1 ^ s < 2 and l ^ p < s o r i f s = 2 and 1 ̂  p < oo then the moments

'sp : - t j H^^B)}1^
1R

exist (cf. [4] ).

Let p be the n-dimensional product measure of p then the following probabilitys
lemma holds. It was used in functional analysis at first by J. Bretagnolle,
D. Dacunha-Castelle and J. D. Krivine [1].

Lemma : If y € IR11 then

{^J<y^>lpdu,(b)} l /^c^[|y|[^.IP/, ^^^/P

Proof ; We consider on the probability space [IR11,^11 ] the independent random
variables

f ^ ( b ) : = ^ for i = l,...,n.

Then

^e-N3,

A
where f. is the characteristic function of f . .1 i

Consequently, the random variable

f (b ) : = < y , b>= £ r^ f^ (b )

has the characteristic function

^ ) = e - " < Ns

The same characteristic function corresponds to the random variable

cp(e ) : =||y||, e
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which is defined on the probability space [IR,U ] .
s

Therefore, the two random variables f and cp are equidistributed and we have

Lnl^.^l^s^-rlBl^) l |y | |^ .
In (R

§ ^. ABSOLUTELY-p-SUMMING OPERATORS IN l^SPACES.

We begin the central part of this paper with some few lemmata.

Lemma 1 : Let T ^ J-(E,1^). I f l < s < 2 a n d l < p < s or if s = 2 and 1 < p <oo
then

V^^pt.fnII^II ̂ (b))^.
V-

Proof : It follows from the probability lemma that if x-,...,x € E then

{z I lTx^ l l ^^c^ tL Z^Tx^lPdP^)]1^
i iR i

<c^{;J|T-brdp^(l) }1/? sup {E|<x^a>|P^ l /P .
R H <1 z

Lenrna 2 : Let T 6 £(l^, ,F)l I f l < s < 2 and l < p < s o r i f s = g a n d l ^ p < ° '

then

^n^ll^^171'5^).

Proof : The main theorem of absolutely -p-summing operators (cf. [8], [ll])

implies that there exists a measure p on the closed unit ball U11 of I11 such
s s

that

||T x | |<{ j . | <x,a ^^d p(a ) } l/p for all x € E and vO/;)3733 = TT (T).

s

Therefore, it follows from the probability lemma that

{TIlTxIlPd^x)]171^; „]• J<^a>|Pdp(a) dp^x)}^
»R R us

^^pMI^"^^^
s

^Wp^-
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Now we obtain the following lemma, which was proved by S. Kwapien [T], limned lately.

Lemma 3 : Let T € ^(E,!11). If 1 < s < 2 and l ^ p ^ q < s o r i f s = 2 and

1 < P < q. < °° then

V^^P '̂  •

In particular,

^ p ( T ) < ^ ( T ' ) .

Proof : Applying lemma 1 to T $ j;(E,l") and lemma 2 to T 'g .cd",^') we obtain

^^ptj.nr^i13^)}1^
IK

^^nll^r^^^W^^

Remark (of C. Sunyack) : Let T 6 J-d11,,!"). Then by lenma 3

.p(T) = ^(T-) .

and from the inequality in the proof of lemma 3 we obtain the equality

^ = ̂ n 11^ 11^:^) 11/p = c;^^ ||T x P d p^(x) } 1^ .

In particular, if I is the identity operator of the Hilbert space 1̂  then
(cf. [3])

^fr^^
p [7^^]

The next lemma was proved by J. S. Cohen [2] and P. Saphar [12].

Lemma k : Let T 6 J'(E,111). Then

7r^(T) ^(T*).

Proof : If e ,...,e are the usual unit vectors we have———— j^ ^

||Tx|| = { E | < T x , e ̂ l3}176^^,^ e >\s]l/s
s k k
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and

{^P'^ll' l173^ ^(Tl) ^ {^<y^>\s]l/s=^)•
IMIs <1 k

Consequently, if x-,.. . ,x € E then
-L Dl

^ll^iC?173-^! ^i.T'e^l8}175

1 lj£

^HT'eJI8]178 sup [s^a^5}178

k m < 1

< T r g ( T ' ) sup { z | < x^a;,!8}37'3 .

l l a l l ^ l 1

The proofs of the following propositions are obtained by different combinations
of lemma 3 and h.

Proposition 1 : Let T € J-(l^l^). If 2 < r < oo, 1 ^ s < 2. and 1 < p < r' then

^^r.p c^! ̂ (T)

Proof : Applying lemma 3 to T* $ JC(l11, ,111, ) we obtain

^^p^l7?^ •

On the other hand by lemma 3 in the case 1 < s < 2, and by lemma k in the case
s = 1,

7T^(T) ^TT^T* ) .

Theorem 1 (P. Saphar [l2] ) : Let T € •Cd11, F). If 2 < r < °° and 1 ^ p < r' then

\W ^ c^ c;̂  ^(T) .

Proof : Without loss of generality we may assume that the Banach space F has

the extension property. Consequently (cf. [l0]), for all e > 0 there exists a
factorization

T : 1° -^ I"1 ̂  I" -J, F
r °° P

such that

||A|| <1, [|Y|| <1, a^d Tr^(D) < ^(T) + e .
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Now it follows by proposition 1 that

^(T)< | [ Y | | ^ ( D A ) ^ c^p c;̂  ^ ( D A )

^r'p ̂ l^p^ + E ^

Proposition 2 (S. Kwapien [?]) : JLet. T € £(l^,l^) . If 1 < r < oo then

^1^) ^ ̂  c^ V^-

P1'0^ : Applying leinma 3 to T 6 £(l^,l^) and lemma h to T' $ ̂ (l"!11, ) we obtain

^(T) < c^, c^ TT^, (T* ) and ̂ , (T' ) ^ ̂ , (T) .

The case r == 1, which is not dealt with in proposition 2, is identical with the

fundamental theorem of A. Grothendieck [5].

Proposition 20 : _Let_ T € .Ed^l^). Then

^(T)^cJ|T|| .

Remark : If the constant c is the best possible then

7T/2 ^c ^ sinh 7r/2.

^o^m 2 (S. Kwapien )[7]:̂ ei T € J-(l^,F) . If r = 1, resp. 1 < r ̂  2, then

TT^(T) < c^ ^(T), resp. ^(T) ^ c^, c^ TT^(T) .

Proof : For all e >0 there exists a factorization

T = 1^ l^l^Fr oo d

such that

1, [ |Y [ | <1, and 7^(D) <TT^(T) + e .

Now it follows by proposition 2 that

^(T) < | |Y | [ ^ (DA) ^c^. c^^ (DA)

^^r' c^ ^2^ A) ̂ r' C^^7^2(T) + £ ] •

The proof in the case r = 1 is the same.
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Proposition 3 : Let T € ^(l11,!11) . If 1 < s < p <00 then

^T)^ ^p^p^-

Proof : Applying lemma 4 to T €£ (l̂ , I11) and lemma 3 to T1 C ^(l11, ,1^) we

obtain

TT (T) ^ TT (T1 ) and TT (T1 ) < c^ c~1 TT (T).s s s dp ds p

Theorem 3 (S. Kwapien [?]) : Let T € <£(E,111). I f l < s ^ 2 and 2 < p < ° ° then———————— —- s

^^Sp^V^ •

Proof : If x-, . . . ,x € E we define the operator x € <£(l ,F) by———— 1 m £-

x(q) = =^x^ .

Then

| | X | | = sup [E| < x ^ , a >|2}1/2 .

||a|| < 1 i

Consequently, by proposition 3 we have

( Z | | T x j [ 2 j ^ ^ Z l l T X e J ̂ ^
i i

< ^(T X) sup ( S^e^f;^2]172

IMla <1 i

<^(TX)<c^c^ Xp(TX)

^ ^p ^s "p^5 sup { sl<xi 'a> I2}172

I I ^1 < 1 i

Because of symmetry it seems very probable that we have :

Theorem 4 (CONJECTURE) : Let T ^ ^(E,!11). I f 2 < s < p ^ q < ( x ) then. with a

constant c >0»—————— s,pq

"p^^^^V^ •
Finally, we illustrate the results in the following diagrams where the ordinate
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is a symbolic measure of the largeness of P (L ,L ).

Pp(^,Lg), 1 <r <2, 1 <s ^2
^r^' l < r^2 . 2< s

Th. 4

Th. 2 Th. 3

~5> p ->P

^p^r^s^ 2^r ^w9 l ^ s <2 Pp(^,L^), 2 ^ r ^°o, 2 ^s < -

Th.U

Th.3

1 r' 2 1 r' 2 s

Remarks :

(1) If the spaces L and L are infinite dimensional then "/" means that P (L L )
r s p -r' s

is strictly increasing

(2) P (L^L^) depends continuously on p if and only if it is' constant since

B. Maurey proved, assuming approximations property, the following results.

If Pp(E,F) = n ^(E,F) thenPp(E.F)=p^(E,F) for 0 < c < c^ .
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If (Pp(E.F) = u P (E,F) then P (E,-F) = P ^ ( E , F ) for 0 < e < e .

§ 6. THE \> -NORM (cf. [ 10] , [23], [2UJ) .—————— p ———

In the following let us assume that at least one of the Banach spaces E

and F has finite dimension. Then every operator T € £(E,F) can be represented
in the form

T = £ < x. a. > y. for all x C E

with a^,...,a^ € E' and ^•••>y^ ^ ^ Now the \; -norm is defined by

.p(T) : = i n f [ { Z ||a, || P)1/? sup {Z | < y, ,̂ 1 pt l17^] .
z II13 II < 1 i

1 < p < o o , where the infimum is taken over all possible representations. In the
case p = 1 and p = oo we put

^(T) : =inf[Z||aJ| ||^]|]
1

and

^ (T). : = inf[ sup ||a^[| sup z | < y . , b > [ ] .
1 11^11 ^1

It follows from the well-known relations

7Tp(T) = sup { | t race(ST) | : S$ £ ( F , E ) , ^ ^(s) ^1 } for all T ^ < ^ ( E , F )

and

^ (S)=sup{| trace(ST) | : T € ^ (E ,F ) , ^ (T) <1 for all S $ <£(F,E)

that the inequalities

IT (T) ^ c TT (T) for all T $ j ;(E,F)

and

\^ , (S) ^ c \> , (S) for all S ^ j;(F,E)

are equivalent.

We have

TT (T) ^ x; (T) for all T ^ £(E,F) ,
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and in the case p = 2,

TT^(T) = v^(T) for all T € £(E,F) .

If at least one of the Banach spaces E and. F has the extension property

then also the equation

TT (T) = v (T) for all T € <£(E,F)

is valid. On the other side A. Pelczynski [21] has shown that there exists no

constant c > 0 such that for every "bounded linear operator T between arbi-

trary finite dimensional Banach spaces the inequality

\^ (T) < c IT (T)

holds.

Problem. : If 1 ^ r, s ̂  °° and 1 < p < °°, does there exists a constant c > 0

such that

\) (T) ^ c IT (T) for all T € ^(l11,!11) ?

Now we prove further results by duality.

Theorem I* : Let T ^ .£(E,111) . If 2 < s < p ^ °° then

^(T) ^s'p- ̂ 1^ •

Proof : If 2 < s < 00 and 1 ^ p' < s* then by theorem 1 we have

TT (S) ^ c ,_.c~1 TT , (S) for all S $ ^(l^E).
-L S P S -L p S

Consequently, there holds the dual inequality

^p(T) < c^p. c^ ^(T) for all T $ £(E,1^).

Theorem 2* : Let T 6 ^(E,!11). If s == 1, resp. 1 <s < 2, then

^(T) ^^oo^)' ^P- ^(T) ^ ^s'0^ ^(T)

Theorem 3* : Let T $ Xd11,?). If 1 ^ r < 2 and 1 < p ^ 2 then

^ (T) < c , c"1 ^-(T)p 2p 21 2
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Theorem h* (CONJECTURE)' : Let T ^ jed11,?). If 2 < r < °° and 1 < p < q < r* then,

with a constant c >0,r,pq.

^ < ̂ ^
Finally, we formulate some spacial cases of theorem I* and 2*.

Proposition 4 (S. Kwapien [7]) : Let T^^d11,!11). If 2 < s < p < oo then

^(T) ^ ^p* ^i rn
Proposition ^ (J. Lindenstrauss and A. Pekzynski [8]) : Let T ^ JCd11,!11).

If s = 1, resp. 1 < s ^ 2, then

^(T) < c^ ||T|| , rê ,. ^(T) ^ c^, c^ ||T|| .

Proof : The results follow from the fact that

^(T) = ||T|| tor-all T € <^(l^F)

Remark : It is easy to prove the following stronger form of

Lemma U : Let T € ^(E,!11). Then—_——___ g

^(T)< 7Tg(T») .

One can obtain further results by using this inequality.

§ 7. IDENTITY OPERATORS IN ^-SPACES.

Let I "be the identity operator from I11 into I11. We define the limit order

X-(r,s,7T ) to be the infimum of all real numbers \ for which there exists a cons-

tant c >0 such that the inequality

f-T - l 1 1 - ! 1 ^ ^ir(I : l ^ l ) < c np n r s ^ rs,p

for all n = 1,2,... holds. The limit order X (r,s,\/ ) is defined in the same way.

Historical remark : The TT - and v -norm of the identity operator from 1 into
————————————— P P •' ' r
itself was determined or estimated by D.J.H. Garling and Y. Gordon (cf. [l6] ,[17] ,

[l8J)« In the cases \^ and TT the first result was proved by B. Grunbaum [19] and

D. Rutovitz [22]. A. Tong [26] has given necessary and sufficient conditions for

a diagonal operator from 1 into 1 to be nuclear (cf. also L. Schwartz [25]).r s
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Lemma 5 : If a + 0 ^1,

A ^ ( r , s , 7 T ) ^ a and \^(s , r^ , ) ^ 3

then

X-,-(r,s,7r ) = a and X (s,r,\) , ) = g

Proof : Since

n = trace (1^) < ̂ (1^ : 1; -. 1^) ^,(1^ : 1^ . 1^)

we have

1 < X^(r , s , i r ) + X^( s , r , ^ , ) ^ a+8 = 1 •

Consequently, identity holds.

Lemma 6 : /1/s - 1/r if r^s s

X,(r,s. H.ll )^

t 0 1^ r< s •

Proof : The result follows from the veil-known inequality

(l/s - 1/ri if r > s

Ui : î  i11!! ^II n r s " ^
1 if r < s .

Lemma T ;

X^(l,-,^) ^0 .

Proof : If e = (e . ) ranges over the set of all n-dimensional vectors with c. = - 1
———— i i
then'the identity operator I has the representation

I x = 2~11 z < x,e > e for all x ^ 1^ .

Consequently,
i - r ^n •,n\ -i

^n '• 1!^ 1J^1 •

Lemma 8 : If 1 < p < oo then

^(1,2.^ ) < 0 .
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Proof : We represent the identity operator I in the form
———— n

I x = 2'~n E < x,e > e for all x ^ I11 •

Then

p 1/p ^ ^n/p
{ ^ l l 6 ! ! :}

On the other hand, it follows from LittlevoodT s inequality (cf. [20]) that

sup l 1 : }<e^> \ 1 ? ' } l / v 1 ^ S^' c . .

Ml 2 ^ 1 e

Therefore,

/ T ^ n - n \
^n : ll"12) ^^ •

Lemma 9 ;

X^(l, 2, TT^) < 0 .

Proof : From Little-wood" s inequality we have

||x|| ^ 2'n z| <x, e>| .
'- e

Consequently, if x- , . . . ,x € 1-

^ll^l^ ^ sup ^ ̂ i9 a > I 9

1 ^ 1 <1

and therefore.

^n'- ^ "^X^ •

Remark : Lemma 9 follows also from proposition 2 .

Lemma 10 :

A^(~,P,v ) < 1/P

Proof : If e ,..., e are the usual unit vectors we can represent the identity

operator I in the form

I x = Z < x,e. >e. for all x ^ I11 .n . i i ooi
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Since

{£ lle^^n1^ a^d sup { Z J <e^,a> [PI }1/PI = 1

i IMp,<l i

we obtain

^ : 1° . 1^) ^ n^ .

Lemma 11 : If 1 < s < 2 then

X^s^s^ ) ^ 1/s

Proof : In the case s = 1 the result follows from lemma 10. Now we assume

1 < s < 2. Then there exists e with 0 < c < s-1. By lemma 3 and. 10 we obtain

IT I11 •^n\ ^- ~1 ( T I1 1 1n\TT- ( I : 1 , -)• 1 ) ^ c c - ir (I : 1 , ^ 1 )1 n s1 s s s-e sl s-e n s' s

—1 ii n _ nn / — -, n -n \ ii-r -i^- i^-< c c - I : 1 , ->1 •n- (I :1 -»1 ) I :1 ->1s s-e sl I 1 n s* o o 1 1 s-e n oo s-e 1 1 n s-e s

-1 I/(s-e)
^ ^ s-e ^1 n

C o ns e que nt ly

X-,-(s' ,s,7r-.) ^l/(s-e)

The result follows since e can be made as small as we please.

Remark : It should be possible to determine the exact asymptotic behaviour of

IT (i :1 , ->-1 ) as n tends to infinity by using the relation

V In : ls.- l : )= c ;p{4nl lx^d v : ( x )51 / P .KP<- •

The limit orders X (r,s, || . || ) and X (s,r,\^ )

By lemma 6 we have

fl/s - 1/r if r > s

(1) ^(r,s, ||. || )^

^ 0 if r ̂  s .

On the other hand it follows from lemma 6, T and 10 that

X^(s,r,^) < X^(s,l, II. || )+A^(l,°°,^)+^(°°,r,||.|[ ) ^ l/s1 + 1/r
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and

X^(s,r,^) < X^(s , °°, jl.ll ) + ^(°o,l,^) + ^(l,r, || •|| ) ^ 1 .^T^0 9 - ' - 9 V - ^ / -SS7 '--^0? » |n| / '•'•T ^~9- ' -9V-, / r A,.

In each case, choosing the best result we obtain

fl/s* + 1/r if r ^ sp-/s1 +

I z

(1*) X^(s,r,^) ^

if r ^

Finally, lemma 5 implies that identity holds in (l) and (l*). In what follows

we illustrate our results with pairs of diagrams in the unit square with coordi-

nates 1/r and 1/s. In the left hand diagram we plot the level curves of X.-(r,s»ir )•

In the right hand diagrams we indicate the algebraic expression for \ (r.s.ir ).
I P

The limit orders X-,-(r,s,7Tp) and A (s,r,^ )

By lemmas 6, 9 and 10 we have

A^(r,s.7r^) ^ ^(r,°o. ||.||) + ^(",2,7^) + X^(2,s, ||.||)

fL/s - 1/2 if 1 ^ s < 2

^0 + 1/2 +

0 if 2 ^ s < °o
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and

^((r.s,^)< ^(r,l. ||.||) + ^(1,2,7^) + ^(2,s, ||.||)

fl/s - 1/2 if 1 ^ s ^ 2

< 1/r1 + 0 +

'if 2 < s <<

Consequently,

(2) ^(r,s,7r^) ^ ^

1/r1 + 1/s - 1/2 if 1 < r < 2, 1 < s < 2,

1/s if 2< r <», 1 ^ s ^2,

l/rT if l < r ^2 , 2 < s <<»,

1/2 if 2< r <", 2 <s <">.

Since \ (s,r,v ) = \ (s,r,7r ) it follows from lemma 5 that identity holds in (2).

X^(r , s , i r^ )

!
s

1
2

1
r

r*

1
s ~

1

1
2

The limit orders \ (r,s,7r ) and \ (s,r,\^ ) vif^h 1 ̂  p < 2

Since by theorem 2 and 2* for 1 ̂  r < 2 we have

\ (r,s,7r ) = X (r,s,7r ) and \ _ ( s , r , v , ) = \_(s,r,\^)'^v-,- , -2 j v^^^p i -

in the following we need only consider the case 2 < r ^ <».
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By lemma 6 and 11 we obtain

\(r,s,^) ^(r.s^H . 1 1 ) + ^(s^s,^) <l/s if r ^ s' and l ^ s ^ 2 ,

and

X^(r ,s ,7Tp) < X^Cr^^TTp) + X^( r ' , s , || .||) ^ 1/r' if r '^ s and 1 < ^ <$ 2.

On the other hand it follows from lemma 6 and 10 that

X ( r , s , 7 T ) < X (r,oo, || .|| ) + X- (<».p ,7r ) + A-(p,s, || .|| )p^ • A^p,.,,

1/s - 1/p if p > s,

^ 0 + 1/p +

if P < s

In each case, choosing the best result we obtain

(3) ;l/s if p' < r ^°°, -1 < s ^ p,

1/p if p» ^ r ^oo, p ^s ^<x>,
^(r,s,.p)^ ^ ^ 2 < r < p « , l <s ^r'.

l/r' if 2 < r < p t , r '^ s < °° .

By lemma 6 and 11

^(s,r,^ ) <X^ (s ,<x> , | [ . [ | ) + X^,?^ ) + X^P^r,]! .|| )T '^ "p17 AIV

[l/r - l/p' if p1 ^ r,

^ 0 + 1/p' +

0 if p' ^ r .

Moreover,

\^(s,r,v ) ^ x^(s,r,\;^) = l/s' if 1 ^ s ̂  2.

Conse quently,

ff/s1 if P ' ^ r ^ o o , 1 < s < p,

(3*)
^1/p1 if p ' ^ r ^ o o , p ^ s ^co ,

^I^^'V^l/s1 it 2 ^ r < p t , l ^ s ^ r 1 ,|l/s1 if 2 ^ r< p* , 1 ^ s < r* ,

^1/r if 2 < r ̂  p1 , r' < s < oo .
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Finally, lemma 5 implies that identity holds in (3) and (3*).

X^(r,s,7T^)

X^(r,s,ir^)

1 < P <2

1 1 1 1
s r ^ s " 2

The limit orders A-,-(r,s,7r ) and A-r(r,s,v> ,) with 2 < p < oo

Since by theorem 3 and 3* for 1 ^ s < 2 we have

^(r,s,7r ) = ^(r,s,TT^) and \ (s,r,^ ,) = \ (s,r,^ )

in the following we need only consider the case 2< s <oo.

Since

X--(r,s,-rr ) < X-p(r,s,v )

by (3*) we obtain

( U ) X^(r ,s,TT ) <

1/r* if 1 ^ r^ p», p ^ s^ oo,

1/p if P^ r^oo , p ^ s ^ o o ,

1/r' if 1 ^ r ^ s 1 , 2 ̂  s ^p,

1/s if s ' < r < o o , 2 ^ s < p .
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It follows from lemma 6 and 10 that

^(s,r,^.) ^(s,°°, ||.[|) + ^(°o,p»,v^) + ^(p^r. II.H )

fl/r - 1/p* if p'^ r,

^0 + 1/p' +

if p'^ r .

On the other hand lemma 6 and 8 imply that

^(s,r,^.) < ^(s,l, 1 1 . 1 1 ) + ^(1,2.^) + X^(2,r, || .

^ l/s* + 0 + 0 if 2 ^ r .

In each case, choosing the best result we obtain

(^*)

1/r if l ^ r ^p^ p < s ^ 0 0 ,

1/p1 if P' < r^ °°, p ̂  s <°°,
X (s,r,v .)<
I'0" ''V ̂  } 1/r if 1 ̂  r ̂  p» . 2 ̂  s ^ p,

1/s* if 2^ r ^ ° ° , 2 < s ^ p

Because the square

Q^p : = ? (1/r, 1/s) : p ' < r < 2 , 2 < s < p }

does not appear in (!+*), we have the open problem wether identity holds for all r
and s in (4 ) .

X^(r ,s ,7r )

2 <p < <

1
P

J
s

1
P

^
P

1^1 .1
r^s i

?
1
r*

"*
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§ 8. LITTELWOOD OPERATORS IN ^-SPACES.——————————————————————— y —————

In the following n ranges over the set of all natural numbers n = 2 -with

k = 1,2,... . The symmetric Littlewood operators A = (a ., ) are defined.n ik
inductively by (cf. [20])

Fl, 1\ /A , A \
A • = 1 A • = / n n}

2 ' 1 J ''"' 2n " A A ' ' * ' '
1 5 -1/ \\9 ^n;

Then

A2 = n I and a^ = ^ 1 .n n ik

The limit orders X.(r,s,7r ) and A.(r,s,\; ) are introduced in the same way as inA p A p
the case of identity operators.

Lemma 12 : If a + g ^ 2,

X^(r,s, ir ) < a and X^(s ,r ,^ ^) ^ 8

then

X^(r ,s ,7r ) = a and x^(s,r ,^ ) = @ .

Proof : Since

n2 = trace (n I,) < ̂  : 1^ . 1^) ^, (A^ = 1^ . 1^)

we have

2 < x^(r,s,7r ) + ^A^'1''^?' ) < a + @ < 2 .

Consequently, identity holds.

Lemma 13 : If 2 ̂  s < oo then

^(r,s, ||.||) <l/s .

-1/2Proof : Since the operator n A is unitary we have

| ] A ^ = l^l^n172 .
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On the other hand, because |a ^l = 1, it follows that

||A^ :1^||<1 .

Finally, if 2< s ^°o, the M. Riesz* convexity theorem implies

ll^1:.-1:^11178

Lemma lU :

X^(l,2,^) ^ 1/2 .

Proof : The result follows from

^ = î  i:) - ̂  : î  i:)
/-I- 1 H 1 ^ \ II A 1^ ^ ̂  II II T -1^ 1^

^l^n^l" ^^l^-'^'^ll II \^2 " loo

^ c^n 1/2

The limit orders X.(r ,s, || .|| ) and X,(s,r ,v )

By lemma 6 and 13 we have

X^r.s, | [ . | |)<^(r,2,H.||) + X^(2,2. || .|| ) + ^(2,s. || .|| )

{(1/2 - 1/r) + 1/2 + (1/s - 1/2) if r ^ 2, 2 > s,

< 0 + 1/2 + (1/s - 1/2) if r ^ 2, 2 ^ s,

(1/2 - 1/r) + 1/2 + 0 if r ^ 2, 2 ^ s.

On the other hand we obtain

X^(r,s, ]i.||)< ̂ (r^, 1 ] .||) + X^(s ' ,s , | | . | 1 )

^ 0 + 1/s if r ^s* and 2 < s,

and

A^(r,s, ||. |[) <^(r,r',l|.||) + A^r'.s. ||.||)

< 1/r' + 0 if r < 2 and r' < s .
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Summarizing the results we have

(5) Yr.sj.iD <
[l/r' + 1/s " 1/2 if 2 < r < °o, 1 < s < 2,

1/s if 1 < r ^ 2, 1 ^ s < r' ,

l/r' if s' < r < ", 2 < s < <» .

With the known values of X (s,r,v ) -we obtain

X^(s,r,\^) <^(s,l,^) + X^(l,r, ||.||)<1 + l/r,

and

X^(s,r,^) <X^(s,°°, ||. |[) + X^(°°,r,^) < l/s' + 1 .

On the other hand it follows from lemma lU that

X^(s,r,^) < X^(s,l, || .||) + X^(l,<»,^) + ^(">,r, ||.||)

^l/s' + 1/2 + l/r .

In each case, choosing the best result we obtain,

(5*)
l/r + 1/s1 + 1 / 2 if 2 < r < °°, 1 ^ s ^ 2,

1 / s ' + 1 if l < r ^ 2 , l < s < r 1 ,^(s,r,\^) < ^ 1/s' + 1

l/r + 1 if s* < r <°°, 2 < s <" .

Finally, lemma 12 implies that identity holds in (5) and (5*).
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The limit orders X^(r,s,iT ) and X (s,r,\; )

Since

^(r,s,7r^) <^( r ,2 ,7T^) + X^(2,s , |[. | |)

we obtain, using the known values of \ ( r ,2 ,7T ) and X (2,s, || ,||),

(6)

1/r* + 1/s if 1 < r ^ 2, 1 ^ s ^ 2,

1/2 + 1/s if 2^ r<° ° , l ^ s < 2 ,
^r,s^)^ .^ ̂  ^ l ^ r ^ 2 . 2 ^ s ^ c o ,l/rt + 1 / 2 if 1 ^ r ^ 2, 2 ^s ^-,

1/2 + 1 / 2 if 2 < r < ~ , 2 < s <°°

Finally, it follows from lemma 12 and X^(s,r,\^) = X^(s,r,ir ) that identity

holds in (6)

X^(r , s ,7r^)

^1 1+1
2 ^ s r^ s

1 ^ 1
r' 2

The limit orders \ (r,s,7r ) and X (s,r,v ,) with 1 < p < 2

Since by theorem 2 and 2* for 1 < r < 2 we have

^(r's'T'p) = X^(r,s,7r^) and X^(s,r,^ ) = X^(s,r,^)

in the following we need only consider the case 2< r < 00.

Since

^(r,s,7Tp) < X ^ ( r , p , 7 T p ) + X^(p,s , || .|| )
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we obtain, using the known values of A (r,p,-n- ) and A . ( p , s , | | . | [) ,

X^(r,s,7r ) < 1/p +

fl/p' If s ̂  p' ,

[l/s if s < p* .

On the other hand it follows from

^(r,s,7Tp) < ̂ (r,r' ,7^) + X^(r* ,s, || .|| )

that

^(r,s,7Tp) < 1/r1 +
[1/r if s > r ,

[l/s if s < r

In each case, choosing the best result we obtain

f
1 if p'^ r ̂  <», p' ^ s < °o,

1/p + l/s if p* < r < oo, 1 ^ s ̂  p' ,
(7) \,(r,s,iT )<

•"• T> 1 if 2 < r ^p^ r ^ s ̂  °o,

l/r^ l/s if 2 ^ r < p T , l ^ s ^ r .

Moreover,

"A^^^p ^A ( s ' r^T^» ) ^ ^A^5009 1 1 - 1 1 ) + ^i^^^-nt1

1/r if r^p ' ,fl/r i

'{l/P' i
< l/s l/p' if r > p * ,

and

^A^^^p^ < ^A^'2^?^ + ^l^^' 1 1 - 1 1 )

< X^(s,2,^^) ^ 1 if 2 < s < < x > .

Conse quently,

(T*) X^(s,r,^ .)^

1 if P* < r < °°, P' < s< °°,

l /p'+ l/s' if P ' ^ r ^ o o , l ^ s ^ p ' ,

1 it 2 < r^ p', r< s <c» ,

1/r + 1/s' if 2 ^ r ̂  p' , 1 < s < r .

Finally, lemma 12 implies that identity holds in (7) and (7*) .
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^(r,s,7r^)

A ( r , s , T r )
--a____E_

1 < p < 2

1.1
P s

1 + 1
r1 s

^i

The limit orders ^(r,s,7T ) and A^(s,r,^ ,) with 2 < p <

Since by theorem 3 and 3* for 1 < s < 2 we have

A^( r , s ,TTp) = ^(r,s,^) and X^(s,r ,^ .) = ^(s,r.^)

in the following we need only consider the case 2 < s ^ °o.

From (T*) and

^(r,s,7T ) ^X.(r,s,x;)

we obtain

(8) A/, ( r ,s ,7r ) <
-a P

l/r* + 1/s if 1 < r^ s, 2 ^ s ̂  p.
1 if s < r < o o , ^ 2 ^ s ^ p ,

^l/r^l/p if l ^ r^p , p ^ s ^ c o ,

1 if p < r < ° o , p ^ s ^ o o
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On the other hand, we have

X,(s,r ,^) ^(s.p^,) + ^(p^r, ||.||)

"1/p if p <r ,

< 1/P1 +

1/r if p > r,

and.

^(s,r,^.)<^(s,2, 1| . | | ) + ^(2,2,^) + X^(2,r , ||,||)

^ (l/2-l/s) + 1 + (l/r-1/2) if l < r ^ 2 and 2 ^ s < ~

In each case, choosing the best result we obtain

(8*) XA(s9r^p^

1/r + 1/s' if l < r<2 , 2 < s ^ p ,

1 if p< r ^ " , 2 ^ s ^ p ,

1/r + l/p* if l ^ r^p , p < s ^ 0 0 ,

1 if p ^ r < < » , p < s < ° ° .

Because the square

"A,p
: = { (l/r* , 1/s) : 2 < r < p , 2 < s < p }

does not appear in (8*), we have the open problem wether identity holds for all

r and s in (8).

X (r ,s ,7r )
—"^____£

2 < p < °°

i4

1 '

!
P

?
?^

?4.
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Final remark (Cf. end of § 5)

Let L and L be infinite dimensional. Then P (L ,L ) is strictly increasingr s p r s
1) if 2 ^ r ^ oo, 1 ^ s ^ 2, and r'^ p ^2 since \ (r,s,7r ) = 1/p + 1/s ,

-"• P
2) if 1 ^ r ^2, 2 < s < oo, and 2 < p ^s since \ (r,s,ir) = 1/P + 1/r' ,

•"• P
3) if 2 < r ^03, 2 ^ s ^o°, and r1^ p ^ s since A^(r,s,7r ) = 1/P.
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