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Automorphisms of �nite order of nilpotent groups IV

B. A. F. Wehrfritz (�)

Abstract – Let � be an automorphism of �nite order of the nilpotent groupG of class c and

m and r positive integers with �m D 1. Consider the two (not usually homomorphic)

maps  and  of G given by

 Wg 7�! g � g� � g�2 � : : : � g�m�1 and  Wg 7�! g�1 � g� for g 2 G:

We prove that the subgroups

X D hx˛W x 2 ker ; ˛ 2 AutG; xr 2
S

s�0
.G/si;

Y D hg˛W g 2 G; ˛ 2 AutG; .g/r 2 ker i;

X� D hxr˛W x 2 ker ;2 ˛ 2 AutG; xr 2
S

s�0
.G /si;

Y � D h.g/r˛W g 2 G; ˛ 2 AutG; .g/r 2 ker i D h..G/r \ ker /AutGi

ofG all have �nite exponent bounded in terms of c,m and r only. This yields alternative

proofs of the theorem of [4] and its related bounds.
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Let � be an automorphism of �nite order of the group G and m a positive

integer with �m D 1. There are certain maps � (not usually homomorphisms)

of G into itself that one frequently needs to consider (so in particular G� and

ker � D ¹g 2 GW g� D 1º are not usually subgroups of G). There are just two

maps � that interest us here, namely the maps

 W g 7�! g � g� � g�2 � : : : � g�m�1 and  W g 7�! g�1 � g� for g 2 G:
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In a series of papers we have discussed in some detail these two maps for nilpotent

FAR groups. – Soluble FAR (short for “�nite abelian ranks”) groups are de�ned

and discussed in the book [1]. An equivalent de�nition, more convenient for our

purposes, is given by the following. A soluble group is an FAR group if and

only if it has �nite Hirsch number and satis�es min-q, the minimal condition on

q-subgroups, for every prime q. A group has �nite Hirsch number if it has a series

of �nite length whose factors are in�nite cyclic or locally �nite, the number of

in�nite cyclic factors in such a series being its Hirsch number.

LetG be a nilpotent FAR group. In [3] we proved thatG �ker andG �ker 

are both very large subsets of G in that they contain characteristic subgroups of

G of �nite index. In [4] we proved that hG \ ker i and hG \ ker i are both

very small; they are �nite �-groups, where � is the set of prime divisors of m.

Firstly our proofs in [3] require us to study G � .ker /m and not just G � ker  .

Secondly in [3] we have a version of the theorem that requires no rank restrictions.

Speci�cally if G is just nilpotent of class c and if m, r and s are positive integers

and if � is an automorphism of G with �m D 1, then there is a positive integer f

such that

hGf i � .G/r.ker /s \ .ker /r.ker /s \ .ker /r .G /s \ .G/r.G /s:

Moreover f can be chosen only to depend on c,m and the least common multiple

of r and s and to be divisible only by primes dividing cmrs. (If S is a subset of some

group and if n is a positive integer, then here Sn denotes the subset ¹snW s 2 Sº and

not the more usual hsnW s 2 Si.) We did not consider this more general situation

in [4], if only because the obvious analogue is false (example below). However

a very slight weakening does hold and this is the main content of this current

paper. Moreover it turns out still to be strong enough that the results of [4] can be

recovered from it and thus it gives an alternative, and I feel a better, approach to

those results. The following is the main theorem of this paper. (Note that whenever

we have a group G, m � 1 and � 2 AutG with �m D 1, the maps  and  are

always de�ned as above.)

Theorem. LetG be a nilpotent group of class c,m and r positive integers and

� an automorphism of G with �m D 1. With  and  de�ned from � and m as

usual, set

X D hx˛W x 2 ker ; ˛ 2 AutG; xr 2
S

s�0.G/
si;

Y D hg˛W g 2 G; ˛ 2 AutG; .g/r 2 ker i;
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X� D hxr˛W x 2 ker ;2 ˛ 2 AutG; xr 2
S

s�0.G /
si;

Y � D h.g/r˛W g 2 G; ˛ 2 AutG; .g/r 2 ker i D h..G/r \ ker /AutGi

Then X and Y have exponents dividing .mr/c and X� and Y � have exponents

dividing m.mr/c�1 (meaning 1 if G D h1i).

Trivially
S

s�0.ker /s D ker  . The point of this theorem is that h.ker /r \

.G /si � X� and h.G/r \ .ker /si � Y �. Further below we will see that if G

is abelian, then expX (D the exponent of X) and expY divide m, if m D 2, then

expX� and expY � divide 2c , if X is abelian, then expX� divides mc and expX

divides mcr , and if Y is abelian then expY � divides m and expY divides mr .

With the hypotheses of the theorem above, assume that � is a �nite set of

primes such that G satis�es min-q for all primes q in � and that m and r are

�-numbers (meaning that all the prime divisors ofmr lie in �). Then T D O�.G/

is a Chernikov group. Let A denote the �nite residual of T , d the rank of A, t the

order of T=A and e the exponent of T=A. Let k be minimal such that ŒA; kG� D h1i

(note that k � c and k � d ).

Corollary. The groups X and Y have exponents dividing .mr/kte and or-

ders dividing .mr/dktdC1, the group X� has exponent dividing mkte and order

dividingmdk tdC1 and the groupY � has exponent dividingmte and order dividing

md tdC1.

The proofs

Our notation below is accumulative and re�ects the notation of the theorem and

its corollary.

a) LetN be a normal subgroup of a groupM such thatNm � ŒN;M� for some

positive integer m. Then ŒN; i�1M�m � ŒN; iM� for all i � 1. In particular if M

is nilpotent of class c, then N has �nite exponent exp.N / dividing mc .

Proof. If g 2 M , then xŒN;M� 7! Œx; g�ŒN; 2M� is a homomorphism of

N=ŒN; M� into ŒN;M�=ŒN; 2M�. In particular Œx; g�m 2 Œxm; g�ŒN; 2M� D

ŒN; 2M� for all x 2 N and g 2 M . Therefore ŒN;M�m � ŒN; 2M�. A simple

induction completes the proof. �
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b) Let G be a nilpotent group of class c, m and r positive integers and � an

automorphism of G with �m D 1. Set

X D hx˛W x 2 ker ; ˛ 2 AutG; xr 2
S

s�0.G /
si

and

Y D hg˛W g 2 G; ˛ 2 AutG; .g/r 2 ker i:

Then X and Y have �nite exponents dividing .mr/c .

Proof. Let x 2 ker , g 2 G and s � 1with xr D .g /s. Of courseX=ŒX;G�

is abelian and induces an endomorphism on it. Thus 1 D .x /r 2 .xr /ŒX;G�.

Also for i � 1, if g.i/ D g � g� � g�2 � : : : � g�i�1, then

xr�i D ..g /s/�i D .g �i /s D ..g /g.i//s D ..g /s/g.i/ D .xr /g.i/:

Thus xr D xr � .xr /g.1/ � : : : � .xr /g.m�1/ 2 xmr ŒX; G�. Hence xmr 2 ŒX; G�, so

each .x˛/mr 2 ŒX; G� and therefore Xmr � ŒX; G�. Consequently a) yields that

X has exponent dividing .mr/l , where l is minimal such that ŒX; lG� D h1i and

in particular that expX divides .mr/c.

Now let g 2 G with .g/r 2 ker  D CG.�/. Then ..g/r/ D .g/mr .

Also Y=ŒY; G� is abelian, so modulo ŒY; G� we have .g/r � .g /r D 1.

Thus .g/mr 2 ŒY; G�, .g˛/mr D ..g/mr /˛ 2 ŒY; G� and Y mr � ŒY; G�.

Consequently the exponent of Y divides .mr/l
0

and hence also .mr/c , where l 0 is

minimal with ŒY; l 0G� D h1i. �

c) Continuing with the notation of b), set

X� D hxr˛W x 2 ker ; ˛ 2 AutG; xr 2
S

s�0.G /
si

and

Y � D h.g/r˛W g 2 G; ˛ 2 AutG; .g/r 2 ker i:

Then X� has exponent dividing m.mr/l�1 (1 if X D h1i) and m.mr/c�1 (1 if

G D h1i). Also Y � has exponent dividingm.mr/l
0�1 (1 if Y D h1i) andm.mr/c�1

(1 if G D h1i).

Proof. Assume X ¤ h1i. Now a) and the proof of b) yields that ŒX; G� has

exponent dividing .mr/l�1 and also that xmr 2 ŒX; G� for all x as in the de�nition

of X�. It follows that .X�/m � ŒX; G�. Therefore the exponent of X� divides

m.mr/l�1. The proof for Y � is similar. �

d) Corollary. If G is abelian, then the exponents of X� and Y � divide m.

e) If m D 2, then the exponents of X� and Y � divide 2c .
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Proof. Let x 2 ker . Thenx�x� D 1, x� D x�1, xr� D x�r andxr 2 ker .

Thus

X� � hx˛W x 2 ker ; ˛ 2 AutG; x 2
S

s�0.G /
si

and the latter has exponent dividing mc D 2c by b).

If g 2 G, then g� D g�1� � g�2 D g�1� � g D .g/�1. Hence .g/r� D

.g/�r . If also .g/r 2 ker  , then .g/r� D .g/r ; .g/�r D .g/r and

.g/2r D 1. Consequently Y � is generated by involutions and therefore Y � has

exponent dividing 2l 0 and hence also 2c . �

f) IfX is abelian then .X�/m � ŒX�; G�, expX� dividesmc and expX divides

mcr . Also if Y is abelian, then .Y �/m D h1i and expY divides mr .

Proof. Let x 2 ker , g 2 G and s � 0 with xr D .g /s. Since X is abelian

 induces an endomorphism on X . Thus xr D .x /r D 1. Also, as in the proof

of b) we have that

xr D xr � .xr /g.1/ � : : : � .xr /g.m�1/ 2 xmr ŒX�; G�:

Therefore xmr 2 ŒX�; G�. It follows easily that .X�/m � ŒX�; G�. Now apply a).

Now let g 2 G with .g/r 2 ker  . Since Y is abelian, so  jY is an en-

domorphism of Y and .g/r D .g /r D 1. Also .g/r 2 CG.�/, so

.g/r D .g/mr . It follows that .g/mr D 1 and that .Y �/m D h1i. The conclu-

sions for X and Y are now immediate. �

Again continuing with the notation of b) let � denote the (�nite) set of prime

divisors of mr . Suppose G satis�es min-q for each q in � . Then T D O�.G/ is a

Chernikov group. LetA denote the �nite residual of T , d the rank ofA, t the order

of T=A and e the exponent of T=A. Let k be minimal such that ŒA; kG� D h1i. Then

k � c and also (by [4], Lemma 4) k � d . By b) both X and Y are contained in T .

Then with this notation and hypotheses we have the following.

g) The groups X and Y have exponents dividing .mr/kte and .mr/d te resp.

and orders dividing .mr/dktdC1. The group X� has exponent dividing mkte and

order dividing mdktdC1. The group Y � has exponent dividing mte and order

dividing md tdC1.

These bounds depend only onm and the structure constants ofO�.G/ and not

for example on the class c of G.
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Proof. Suppose T D A. Since X � A by b), we have l � k. The proof of b)

yields that expX divides .mr/k . In general there is a characteristic subgroup K

of G with KA D T , with expK dividing te and with jKj dividing tdC1, see [4],

Lemma 2. Applying the ‘T D A’ case toG=K yields that in general expX divides

.mr/kte and jX j divides .mr/dktdC1. The proof for Y is similar.

For X� and Y � apply f) and a) to G=K. Then X�K=K has exponent dividing

mk and Y �K=K has exponent dividingm. The remaining claims of g) follow from

the properties of K. �

The theorem of [4] and the various bounds computed in connection with it

(in [4] see the introduction, the proof of the theorem and the remarks following

that proof) all follow from the above. Further the above applied to the �-invariant

�nitely generated subgroups of the group under consideration yields the following

generalization and strengthening of Lemma 3 of [4].

h) Let G be a locally nilpotent group, m a positive integer and � an automor-

phism of G with �m D 1. With  and  de�ned from � and m in the usual way,

then the subgroups

hxW x 2 ker and xr 2
S

s�0.G /
s for some r � 1i

and

hg W g 2 G and .g/r 2 ker  for some r � 1i

are periodic. Further if x 2 ker and g 2 G are such that xr D .g /s for

some positive integers r and s, then x has order dividing some power of mr and

if m D 2, then xr is a 2-element. If g 2 G with .g/r 2 ker  for some positive

integer r , then g also has order dividing some power of mr and if m D 2, then

also .g/r is a 2-element.

Examples. In general .ker /r \ G need not have exponent dividing some

power of m and nor need .G /
r \ ker  , even if the group G is �nite and even

though they do have exponents dividing some power of mr and their exponents do

divide some power of m if m D 2 or if G is abelian. Of course ker \ G and

G \ ker  do have exponents dividing some power of m.

Proof. The smallest examples will have to have class at least 2 andm at least 3.

Let D D ha; bi be dihedral of order 8, where ab D a�1. Let x 7! xi be an

isomorphism of D onto Di for i D 1; 2; 3 and let P be the central product of D1,

D2 and D3 where the a2
i are amalgamated to z, hzi being the centre of P .
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Let � 2 AutP permute the Di cyclically; speci�cally let xi� D xiC1 for each

x 2 D and each i , where x4 D x1. Trivially � has order 3, so setm D 3. Consider

x D b1a2b3a
�1
3 . Simple calculations show that x D 1, x2 D z and z D z ¤ 1.

Thus x2 2 .ker /2 \ P and x2 has order 2, so .ker /2 \ P cannot have

exponent dividing a power of m D 3.

Let Q D hi; j i be the quaternion group of order 8 in its usual representation

in the real quaternion algebra. ThenQ has an automorphism � of of order 3 given

by i� D j , j� D ij (and .ij /� D i and .�1/� D �1). Set m D 3. Then

i D �ij , .i/2 D �1 and .�1/ D 1. Thus �1 2 .Q/2 \ker  , so the exponent

of .Q/2 \ ker  does not divide any power of m D 3. �

Remarks. Obviously in the example P above ker is not a union of sub-

groups, althoughG is a 2-group and even although quite generally ker always is

a union of subgroups ifm D 2 (since ifm D 2 then ker D ¹g 2 GW g� D g�1º).

This is not just because 3 D m and the exponent 4 of G are coprime.

Let G be the wreath product of a cyclic group of order 9 and a cyclic group

of order 3. Speci�cally let G D ha1; a2; a3; bi, where the ai commute and have

order 9, b has order 3 and conjugation by b permutes the ai cyclically. Let � denote

conjugation by b, so � has order 3, and set m D 3. Then ker is not a union of

subgroups. For let x D b2a�1
1 a2. Then simple calculations show that x D 1,

x2 D ba2a
�1
3 and .x2/ D a3

1a
�3
2 ¤ 1. Hence x2 lies in .ker /2, does not lie in

ker and x but not hxi is contained in ker .

Also G and G need not be unions of subgroups. For consider a dihedral

group G D ha; bi, where ab D a�1. First suppose a has order 4. Now G has an

automorphism � of order 2 given by a� D a�1 and b� D ba. Set m D 2. Then

hai D ¹1º and .bai / D a1�2i , so b D a and .b /2 D a2 … G . Therefore

G is not a union of subgroups.

Continue with G D ha; bi as above, but now assume that a has order 8. Let

� denote conjugation by a, so j�j D 4. Set m D 4. Then hai D ¹1º and

.bai / D a2. Thus here G D ¹1; a2º, which clearly cannot be a union of

subgroups.

Now consider the quaternion groupQ and its automorphism � of order 3 D m

as in the example above. Then � permutes cyclically the three involutions of

Q=h�1i and hence �1 … .Qnh�1i/ . Also h�1i D ¹1º. Thus �1 … Q , so

clearly Q is not a union of subgroups. So far for G we have not considered the

case wherem D 2. In this case quite generallyG is always a union of subgroups.

This follows at once from the following formulae.
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If n is a positive integer, G is any group and � is an automorphism of G with

�2 D 1, then for each g 2 G the following hold:

.g/2nC1 D .g.g�/n/; .g/2n D ..g�/n/; .g/�1 D g�:

The third formula here is the case n D 1 of the following more general result:

g�n D .g/h for h D .�1/n2n�1:
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