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Sets in CY with vanishing global extremal function
and polynomial approximation

J6zEF Sictak®

ABSTRACT. — Let ' be a non-pluripolar set in CV. Let f be a function

holomorphic in a connected open neighborhood G of I'. Let {P,} be a

sequence of polynomials with deg P, < dy, (dn < dn+1) such that
limsup | f(z) — Pa(2)]Y/% < 1, z€T.

n—oo

We show that if
limsup|Pn(z)|1/d” <1, z€E,
n

—00
where E is a set in CN such that the global extremal function Vg = 0 in
CN | then the maximal domain of existence Gy of f is one-sheeted, and
L

limsup ||f — Pal;» <1

n—oo
for every compact set K C Gy. If, moreover, the sequence {dn41/dn} is
bounded then Gy = CN.
If E is a closed set in CV then Vg = 0 if and only if each series of ho-
mogeneous polynomials Zj’;o Qj, for which some subsequence {sy, } of
partial sums converges point-wise on E, possesses Ostrowski gaps relative
to a subsequence {ng,} of {ny}.
In one-dimensional setting these results are due to J. Miiller and A.
Yavrian [5].

RESUME. — Soit I' un sous-ensemble non pluripolaire de CV. Soit f une

fonction holomorphe sur un voisinage ouvert connexe G de I'. Soit {Py}

une suite de polynémes de degré deg P, < dp (dn < dn+1) telle que
limsup | f(z) — Pn(2)|"/% < 1, z €.

n—o0

(1) Institute of Mathematics, Jagiellonian University, Lojasiewicza 6, 30-348 Krakéw,
Poland
Jozef.Siciakm.uj.edu.pl
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Sets in CN with vanishing global extremal function

On démontre que si

limsup |Pa(2)|Y/4 < 1, z € E,
n—o0
olt E is est un sous-ensemble de C¥ tel que la fonction extrémale globale
Vg = 0 sur CV, alors le domaine maximal d’existence Gy de f est
uniforme, et .
limsup || f — PnHId(" <1
n—oo
pour tout compact K C Gy. Si, de plus, la suite {dny1/dn} est bornée
alors Gy = CN.
Si E est un sous-ensemble fermé de CN alors Vg = 0 si et seulement
si chaque série de polynomes homogenes Z:io Q;, ayant une sous-suite
{sn, } de sommes partielles convergeant ponctuellement sur E, admet des
lacunes de type Ostrowski relativement a une sous-suite {ng, } de {ng}.
En dimension 1, ces résultats sont diis & J. Miiller and A. Yavrian [5].

1. Introduction

Given an open set  in CV, let PSH () denote the set of all plurisub-
harmonic (PSH) functions in Q. Let £ be the class of PSH functions in
CV with minimal growth, i.e. u € £ if and only if u € PSH(CY) and
u(2) —log(1+|z||) < B on CV, where 3 is a real constant depending on wu.

If E is a subset of CV, the global extremal function Vg associated with
FE is defined as follows.

If F is bounded, we put
Ve(2) == sup{u(z); u € £L,u <0on E}, zc CN.
If E is unbounded, we put (see [7])
Ve (2) := inf{Vp(2); F C E, F is bounded}, z¢c CN.
It is known (see e.g. [6, 7]) that V}; (the upper semicontinuous regular-

ization) is a member of £ iff F is non-pluripolar (non-plp). V3 = +oo iff
E is pluripolar (plp).

If N =1 and E is a compact non-polar subset of C, then Vji(z) =
gr(z,00) for z € Dy, where Dy, is the unbounded component of C\ E, and
g is the Green function of D, with the logarithmic pole at infinity.

If N > 2 and FE is non-pluripolar, the function V} is called pluricomplex
Green function (with pole at infinity).
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By [5] a closed subset E of C is non-thin at oo if and only if V3 =
One can check that for all E C CY, N > 1, we have V} = 0 if and only if
Vi = 0. Therefore, one can agree with the author of [9] that it is reasonable
to say that a set E C CV is non-thin at infinity (vesp., thin at infinity),
if Vg = 0 (resp., Vg # 0). In particular, if V5 = oo the set E is thin at
infinity.

In chapter 2 of this paper we discuss properties of sets E in CV with
Vg = 0. Similarly, as in [5] and [9] , very important role in our applications
is played by the necessary and sufficient conditions stated in section 2.18
(which are a slightly modified version of the conditions of Tuyen Trung
Truong’s Theorem 2 in [9]).

In chapters 3 and 4 we prove an N-dimensional version of the classical
Ostrowski Gap Theorems for power series of a complex variable.

In chapters 5 an 6 we show that properties of sets £ C CN with Vg = 0
(N > 1) may be applied to obtain results in N-dimensional setting analo-
gous to those obtained earlier by J. Miiller and A. Yavrian [5] in the one-
dimensional case.

2. Sets in CV with Vg = 0

Now we shall state several properties of the global extremal function.
Most of the properties are known and follow either from the elementary
theory of the Lelong class £ and from the definition of the extremal function,
or from the Bedford-Taylor theorem on negligible sets in CV.

In the sequel F, E, E,, (resp., K, K,,) are arbitrary (resp., compact) sub-
sets of CV.

2.1. Monotonicity property of the extremal function. Vi < Vg,
if ECF.

2.2. Vg = limp_ oo Vg, where Er := EN B(0,R), and B(0,R) :=
[z €O | < R} (vosp., BO.B) = (=] < B).

2.3. Vi(2) = limp oo Vi, (2) = sup{u(z); u € L,u < 0 q.a.e. on B},
where “q.a.e. on E” means that the corresponding property holds quasi-
almost everywhere on F, i.e. on F \ A, where A is a pluripolar set.

Hence, if I is non-pluripolar then the pluricomplex Green function Vy is
the unique mazimal element of the set W*(E) := {u € L,u < 0 q.a.e. on E}
ordered by the condition: if uy,us € W*(E) then up < usz if u1(2) < ua(2)
for all z € CN.
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Sets in CN with vanishing global extremal function

2.4. Vg, T Vg, if K11 C Ky, K = NK,.

25. Vg Vg it B, C By, B = UE,.

2.6. (lim Vg, )* = (limVy )* = Vg, if B,y C By, B = NE,.

2.7.If E, A are subsets of CV and A is pluripolar then V3 4, = Vi =
Vina:

2.8. Product property of the extremal function [1]. If E ¢ CM,
F c CY then

Vi r(z,w) = max{Vzi(2), Vi(w)}, (z,w) € CcM x N,

Hence, a product E x F' is non-thin at infinity if and only if the both
factors are non-thin at infinity (a different proof of this property was given
in [9]) .

In the sequel we shall omit ”at infinity” while speaking about non-thin
(resp., thin) sets at infinity.

2.9. A set E in CN is non-thin if and only if the set E\ B (resp., EUB)
is non-thin for every bounded set B.

Without loss of generality we may assume that B is a ball B(0, R). If
E\ B is non-thin then E is non-thin by the monotonicity property.

Now assume that E is non-thin. Then F \ B is non-pluripolar because
otherwise we would have log™ % = V5(2) = Viump) (?) = Vi(z) = 0.
A contradiction. Therefore Vi, p € L. Put M = max|.=r Vi (). Then
u = VE*\B—M € Land u < 0qa.e. on E. Henceuw < Vi = 0in cN
which implies that E \ B is non-thin.

It is obvious that £ U B is non-thin if E is non-thin. In order to show
the inverse implication, it sufficient to observe that E\ B = (EU B) \ B.

2.10. If E is non-pluripolar then the limit

o = lim max Vi (2)/log R
Rioo |iz|=R (2)/1og

exists and o either equals 0 (if and only if E is non-thin), or o = 1 (if and
only if E is thin).

The function V3 is a member of the class £. Therefore the limit exists
and 0 < o < 1. One can check that ¢ = 0 if and only if E is non-thin.
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We should show that the case 0 < o < 1 is excluded. Indeed, the function
U = %VE* is a member of £, and u < 0 g.a.e. on E. Hence, %Vg < Vi oon
CN. It follows that o > 1. Consequently, o = 1.

2.11. Robin function, Robin constant and logarithmic capacity.
If F is non-pluripolar then there exists a uniquely determined homoge-
neous PSH function V() z) of 1+ N variables (), z) € C x CN such that
Vi(1,2) = Vi(2) on CN. One may check that V(X z) = log|A|+ Vii(z/))
if A#0, and Vg(0,2) = Hmsup(y ¢)_ (0,2 (l0g [A| + VE((/A)).

The homogeneous PSH function VE(O, z) is called Robin function of E,
and the set function y(E) := max = Vi(0, z) - Robin constant of E. The
set function ¢(F) := e~ 7 is called logarithmic capacity of E. It is clear that
the Robin constant and the logarithmic capacity of E depend on the choice
of the norm || - || in C¥.

2.12. A necessary condition for non-thinness. If F is non-thin then
c¢(E) = 0.

Indeed, if Vg = 0 then Vg(\, 2) = log|\|. Hence, Vg(0,2) = —oo
which implies that y(F) = —o0, i.e. ¢(F) = +o0.

It is known that the condition 2.12 is not sufficient for closed subsets of
the complex plane (and, consequently, for subsets of CV with N > 2). We
shall give a simple example.

2.13. An example of a closed set E C C with Vg # 0 and ¢(F) =
o0.

Let {a,}, {en} be two sequences of real numbers such that:

o0 n

Ant1 > an > 0, €, > 0, Zen =1, nan;oZeklogak = +o0,
1 1

eg. €, = 27" a, = 2"
Put
U(z) = ie log |z = an| E:={zU(z) < 0}
: n 17 a, : ; < 0}.

1
It is clear that F is closed and unbounded. It remains to check that ¢(E) =
+oo and Vg(z) = UT(2), where UT(z) := max{0, U(z)}. To this order we
put

n

Ua() = (e S elog 2% B~ (v <0}

)
n 1+ ag
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One can easily check that F,, is compact and regular (F,, is a finite union
of non-trivial continua), E, C En41, Vg, (2) = U (2) L UT(2) = VE(2),
Ve, (\, ) = (> Ve) > exlog ‘ler’\ai’“l if |z/A\| = R = R(n) = const > 0,
Va, ( = log ||z|| +~v(Ey,) for all z € C, and hence log ¢(E,,) = —y(E,) =

) 21 ex log(1 + ay) for all n > 1, which gives the required result.

Taking F x F with F in C as just above , and with a non-thin subset F’
of CN=1 (N > 2), one gets a thin subset of C with ¢(E x F) = oc.

2.14. A sufficient condition for non-thinness. Using an inequality
due to B. A. Taylor [8] one can show (see [9] for details) that a sufficient
condition for E to be non-thin is

i IOg C(ER) > 1 1

im su - —

RTOop log R Cn’

where C is a constant depending only on the dimension N with Cny > 1
for N >2,and C; = 1.

2.15. Example. Let {a,} be a sequence of distinct points in CV with
an, # 0 (n > 1). Let ¢, be a sequence of positive real numbers such that
> 17 €n = 1. Let u be the function defined by

Iz = anll N
u(z) = enlog ————, 2z CV.
Zl T o]
Then u is a non-constant (u(0) > —log2, u(a,) = —oo for every n >

1) member of the class £ such that £ := {z;u(z) < 0} is an open set
containing the unit ball and all points a,,. It is clear that E is thin. Moreover,
if the sequence {a,} is dense in C" then E is a thin unbounded open set
dense everywhere.

2.16. Example. Every non-pluripolar real cone E in CV (without loss
of generality, we assume that F has its vertex at the origin, so that tz € FE,
ift e R, t >0, z € FE) is non-thin. Indeed, one can check that the sets
Egr := En{||z|| < R} are non-pluripolar, and Er = REF; for all R > 1.
Observe that Vg(z) < Vgg,(z) = Vg, (%2) for all z in CV and for R > 1.
It follows that Vg (z) < Vg, (0) for all z which gives the required result.

2.17. Example. It follows from Wiener Criterion [3] that if F is a
countable union of closed (or open) discs {z € C; |z — a,| < r}, where
r = const > 0, a, € C and a,, — o0 as n — oo, then E is non-thin at
infinity.

We shall show that analogous property is no more true in CV with N >
2. Put B := U$°B,, where B,, := {(21, 22); |21 —an|® + |22/*> < 1}, a, € C
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and a,, — 0o as n — oo. It is sufficient to prove that Vi (21, 22) = log™ |22|
for all (21, 22). It is clear that log™|22| < Vi (21, 22) on E and hence in the
whole space C2. Now let u be a function of the class £ with u < 0 on E. We
want to show that u(z1, 22) < log™|zs| in C2. Without loss of generality we
may assume (by taking max[u, 0]) that « = 0 on FE. Fix 2§ with [29| < 1.
Then u(z1,23) = 0 for all z; in the union of the discs {|z1 — a,| < 1}.
Therefore u(z1,22) = 0 for all (z1,29) with z; € C and |22] < 1. Hence
u(z1,22) < log™|ze| in C2,

2.18. Necessary and sufficient conditions for non-thinness. For
a non-pluripolar set £ C CV the following conditions are equivalent.

1) Ifue £, u<0 g.a.e. on E then u = const < 0;

(
(2 = 0
(

(

3) Vg = 0

)
) Vi
)V
4) Ifup, € L (k> 1) and u(z) = limsup,_,  ux(z) < 0 g.a.e. on E
then u* = const < 0;

(5) If {pr} is a sequence of polynomials of N complex variables and {ny}
is a sequence of natural numbers such that degpr < ng and
v = limsupy_, n%‘log Ipk] < 0 g.a.e. on E then v* = const < 0.

Proof.— The implications (1) = (2) = (3) = (4) = (5) are easy to
check. In order to show the implication (5) = (1) fix v € £ with u < 0
q.a.e. on E. Assuming (5) holds, we need to show that u = const < 0.

It is known [6, 7] that there exits a Sequence of holomorphic polynomials

{pn} such that degp, < n and u = v* where v := lim SUDp 00 7y Llog py|-
By theorem on negligible sets [4], we know that v = v* < 0 q.a.e. on E.
By (5) it follows that u = v* = const < 0. D

2.19. Remark. Consider the following property (1’) of F
(") Ifue Liu < 0 on E thenu = const < 0.

It is obvious that if F has the property (1) then E satisfies (1’). The
inverse implication does not hold for N > 2 (we do not know if it is true for
arbitrary sets on the complex plane). Namely, by Example 1.1. of [2], the
set £ = {(z1,22) € C% (21 € C,|22] < 1) or (21 = 0, 2 € C)} satisfies
(17) but it does not satisfy (1), because Vj(z1,22) = log™ |2a].

- 195 -



Sets in CN with vanishing global extremal function

3. Power series with Ostrowski gaps

Let
flz) = ZQj(z), where Q;(z) = Z an2”, (3.1)
0 la=j

be a power series in CV, i.e. a series of homogeneous polynomials Q; of N
complex variables of degree j.

The set D given by the formula D := {a € C¥; the sequence (3.1) is
convergent in a neighborhood of a } is called a domain of convergence of
(3.1).

It is known that
D = {z e CN;y*(2) < 0},

where
Y(2) == limsup {/|Q;(2)|-
]A)OO

If 4* is finite then it is PSH and absolutely homogeneous (i.e. ¥*(\z) =
I\|¥*(2), A € C, 2 € CV). Therefore the domain of convergence D is either
empty, or it is a balanced (i.e. Az € D for all A € C with |A] < 1 and z € D)
domain of holomorphy. Every balanced domain of holomorphy is a domain
of convergence of a series (3.1).

The number

Jj—o0
where B := {z € CV; ||z|| < 1}, is called a radius of convergence of series
(3.1) (with respect to a given norm || - ||).

If N = 1then D = pB. If N > 2 then pBB C D but, in general, D # pB.

Series (3.1) is normally convergent in D, i.e.

lim sup </\|Qj||K < 1, limsup VI||f —snllx < 1,
j n—o00

j—oo

for all compact sets K C D, where s,, := Qo+ --- + @, is the nth partial
sum of (3.1).

For a strictly increasing sequence {ny} of positive integers we say that
a power series (3.1) possesses Ostrowski gaps relative to {ny} if there exists
a sequence of real numbers ¢, > 0 such that limg, = 0 and
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lim QY7 =0 (3-2)

j—o0,j€eI
where B is the unit ball in CV, and I := Ug[gxns , nx] N N.

We say that a series (3.1) is overconvergent, if a subsequence {s,, } of
its partial sums is uniformly convergent in a neighborhood of some point
a € CN\D.

)2
. : _ oo ([ z(z+1

Ezample.— Consider the function f(z) = >3] (T)
_ e} 72k2 2’C2 2k2+1 _ e’} 7 h -0 h
—Zgr (z —|—~-2~+z ) = >0 ¢jz’, where ¢; = 0, when
2h=1"+1 11 < j < 2841 — 1, k > 1. The function f is given by a power
series with Ostrowski gaps relative to the sequence n, = 2¥ +1 —1 (with

k241 .
gr = (2=D°+111) /(2541 _1)). The sequence s,,, (2) = .o Yejal =
2
(k—=1)2+1 ) _ 2
g ¢zl = Zg ! (@) is normally convergent to f(z) in the

lemniscate & = {z; |2(z +1)| < r},r > 0.

The radius of convergence of our power series is given by the formula
p = dist(0,0&,). If 0 < r < i then &, has two disjoint components. If
r> i the lemniscate &, is connected. Our power series is overconvergent at
every point of €.\ {|z] < p}. If G is a a connected component of &, then the
function f|¢ is holomorphic in G and it has analytic continuation across no
boundary point of G.

4. Two Ostrowski Gap Theorems in CV

We say that a compact subset K of (CAI is polynomially convez if K is
identical with its polynomially convex hull K := {a € CV; |P(a)| < ||P||x
for every polynomial P of N complex variables }.

We say that an open set  in CV is polynomially ‘conve, if for every
compact subset K of €2 the polynomially convex hull K of K is contained
in Q.

The aim of this section is to prove the two fundamental Ostrowski gap
theorems in N-dimensional setting, N > 1.

Let f be a function holomorphic in a neighborhood of the origin of C
whose Taylor series development (3.1) possesses Ostrowski gaps relative to
a sequence {ny}.
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Sets in CN with vanishing global extremal function

Let Q be the set of points a in CV such that the sequence {s,,} is
uniformly convergent in a neighborhood of a. By classical theory of envelops
of holomorphy, each connected component of 2 is a polynomially convex
domain. Let G be a connected component of ) with 0 € G.

THEOREM 1. — G is the mazimal domain of existence of f. Moreover,
G is polynomially convex and

1/ng

lim sup | f — sy |1 < 1
k—o0
for every compact subset K of G.
COROLLARY 4.1.— The mazimal domain of existence G of a function

f holomorphic in a neighborhood of the origin of CN with Taylor series
development possessing Ostrowski gaps relative to a sequence {ny} is a one-
sheeted polynomially convexr domain of holomorphy.

COROLLARY 4.2. — If a function f holomorphic in a neighborhood of
0 € CN has Taylor series development of the form

o
my
f(z) = E Qm, (%), where my < mpi1 ’7m:1 — 00,
0

then the domain of convergence of the series is identical with the mazximal
domain of existence of f.

We need the following lemma (known for N = 1, seee.g. [5], Lemma 3).

LEMMA 4.3.— If a power series (3.1) with positive radius of conver-
gence possesses Ostrowski gaps relative to a sequence {ny} then for every
R > 0 we have

limsup ||, |2 < 1, (4.0)
k—oco

where Br := B(0, R) is a ball with center 0 and radius R.

If series (3.1) possesses Ostrowski gaps relative to {ny}, then either
lim gxny = oo, or N\ I is finite and consequently the function f is entire.
In the second case (4.0) is obvious. In the first case, we have

€ 1= maac{||Qj||113/j; gk <j< ngt — 0ask — oo.
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Fix R > 0. Since the radius of convergence of the series (3.1) is positive,
there exists M > 1 such that RM > 1, and

1Q5llBr < (MR), >0,

because |Q;(2)| < |Q;llellzl” < (M]2])’, j > 0, where M > 1 is suffi-
ciently large. Therefore ||s,,, H}g/:’” < Z][‘fglk]*l(MR)j—i—Z?i rene (€ R) <
(e | (M R)T="™ + (g —[qen | ) (ex M R) ™ < nyy (M R) %" where k > ko
and kg is so large that e, MR < 1for k > kg, and HQ]»HIIB/J < ¢ for k > ko,
gk < j < ng. Therefore

limsupHsnkH}g/(%’fR) < limsupnllc/n’“(MR)qk = 1.
k— o0 k—o0

Proof of the Lemma is completed.

Proof of Theorem 1.— In the component G of 2 the function f is a
locally uniform limit of the sequence of polynomials {s,, } of corresponding
degrees < ny.

The function

1
up = —log |f — Sn,|
ng

is PSH in G. By (4.0), the sequence {uy } is locally uniformly upper bounded
in G. Therefore, if v := limsupy,_, o, uk, then v* € PSH(G), v* < 0in G
and u* < 0 in a neighborhood of 0. Hence, by the maximum principle for
PSH functions , we have u* < 0 in G. Hence, by Hartogs Lemma,

limsup ||f — snkH}{/n‘ <1
k— o0

for every compact subset K of G.

Suppose G is not a maximal domain of existence of f. Then, there exist
a point a € G, a real number r > dist(a,0G) =: rg, and a function g
holomorphic in the ball B(a, r) such that ¢ = f on B(a, r9). Basing on
the inequality (4.0), similarly as just above, we can show that

limsup |lg — snk||}(/nk <1
k— o0

for every compact subset K of B(a, r). It follows that s,, — ¢ locally
uniformly in B(a, r) as k — oo. Therefore the sequence {s,, } converges
uniformly in a neighborhood of some boundary point of G which contradicts
the definition of Q. It follows that G is a polynomially convex maximal
domain of existence of f. The proof of Theorem 1 is completed.
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THEOREM 2. — For every polynomially convex open set Q C CN with
0 € Q there exists a function f holomorphic in  whose Taylor series de-
velopment around 0

> (@)
flz) =D Q(2), Qi(2) = Y f a'<0)za7 (4.1)
0 =7 '

possesses Ostrowski gaps relative to a sequence {ny} such that:

(i) Every connected component D of Q is the mazimal domain of exis-
tence of fip;

(ii) The subsequence {sn,} of partial sums of (4.1) converges locally
uniformly to f in Q; in particular, Taylor series (4.1) is overconvergent at
every point a of Q\ D, where D is the domain of convergence of (4.1);

(iii) If G is the component of Q with 0 € G then

limsup ||f — snk||}(/"k <1
k— o0

for every compact subset K of G.

Proof.— Let {€™)} (€W #£ ¢(®)j £ k) be a countable dense subset of
Q. Put B, := B(¢W), r,) with r, := dist (), 9Q). Let ¢*) be a point of
00NOB,, and let £, = {a(‘“’)}wl be a sequence of points of the ball B,
such that ™) € (¢€®) | W) = {¢¥ +t(c™) — ) 0 < t < 1} and

1

la) — ) < = p> 1L
pv
Let {E}} denote the sequence
Ev; EBr, Eos By Boy B3y By oo Eys - (4.2)

in which every set F, is repeated infinitely many times.

Since €2 is polynomially convex there exists a sequence of polynomially
convex compact sets {Ag} such that Ay is contained in the interior of Ay
and Q = UPA.

Taking, if necessary, a subsequence of {A}, we may assume that 0 € Ay
and

EZ n (Ak+1 \Ak) 75 @, k>1.

Let a(®) be an arbitrary fixed point of this intersection. Given k > 1, let
Wi be a polynomial such that dy := deg Wy > k, and

Willa, <1 < [Wi(@®)]. (4.3)
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Put fo(2) =0, po = vo = 1, and

(k)

_(k) _ M
a; 'z1+---+ay zZn v
fi(z) = ( ' [a® ]2 = ) (Wi(2)™, k=1, (4.4)

where pyg, v are positive integers. We claim that integers can be chosen in
such a way that the following conditions are satisfied for all & > 1

(a)  pr—1 + vk—1dr—1 < ui/k;
(b)  lfella, <275
(©) [fu(@®)] >k + |52 fi(a®)].

Indeed, put p; = 1 and choose v; > 1 so large that || fi||a, < . Then
the conditions are satisfied for £ = 1. Suppose that p;, v; are already chosen
for j = 0,1,---,k for a fixed k > 1. Observe that |f,(a'®))| = |Wg(a®)|*
tends - by right hand side of (4.3) and (¢) - to oo as v, — oo (here vy, denotes
a positive integer valued variable). It is clear that one can find an integer
tk+1 such that (a) is satisfied with k replaced by k + 1. Now, applying left
hand side (respectively, right hand side) inequality of (4.3) one can find an
integer vi11 so large that (b) (respectively,(c)) is satisfied for k replace by
k + 1. By the induction principle, the claim is true.

We shall prove that the function f, given by the formula
oo
fz) = ij(z), z €9,
j=0
where f; are defined by (4.4), has the required properties.

It follows from (b) that the series is uniformly convergent on compact
subsets of Q. Hence f € O(Q). Since for v = 1,2,... the sequence {a*}
contains a subsequence of the sequence {a(‘“’)},@l, we have

lim sup | (V) + #(c) = €2)] = +oo.
11

It follows that every connected component D of () is a maximal domain of
existence of fip.

The function fi is a polynomial given by

e tvede

frz) = D0 Qi)

J=Hk
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where @); is a homogeneous polynomial of degree j. By the condition (a),
the Taylor series development of f around 0 is given by

F(2) =052, izl <o, (4.5)
0

where p = dist(0, OD) and Q; = 0 for pg_1 +vg_1dp—1 +1 < j < pp — 1,
k> 1.

Put ng == pp — 1, and q, = %’i’“{l“ Then ¢ > 0 and, by (a),
limg—ooqr = 0. It follows that the series (4.5) has Ostrowski gaps relative
to the sequence ny := ur — 1, k > 1. It is clear that

ng k
sm(2) = D> _Qj(2) = fi(2),
=0 j=0

Therefore the subsequence {s,, } of partial sums of the Taylor series (4.5)
converges locally uniformly to f in £2. Moreover, by Theorem 1, we conclude
that {s,, } satisfies condition (iii), which completes the proof of Theorem 2.

5. Sets E in CV with Vi =0 and power series
with Ostrowski gaps

The following theorem is an N-dimensional version of Theorem 2 in [4].

THEOREM 3. — Given a closed subset E of CV, the following two con-
ditions are equivalent:

(a) Vg=0.

(b) If a subsequence {sn,} of partial sums of a power series (3.1)
satisfies the inequality

lim sup |sy,,, (z)\t <1, forevery z€E, (5.1)
k—o0

then series (3.1) possesses Ostrowski gaps relative to a subsequence {ng,}
of the sequence {ny}.

Proof of Theorem 8.— Our proof is an adaptation of the proof in one-
dimensional case presented in [5].

First we shall show that (a) = (b). To this order observe that — by (a)
— we have (5) of section 2.18 which implies — by Hartogs Lemma — that

1

lim sup HS”’CHE_;EO,R) <1, forevery R >0. (5.2)

k—o0
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The implication (a) = (b) follows from
LEMMA 5.1. — If {s,, } satisfies (5.2) then the power series (3.1) pos-

sesses Ostrowski gaps relative to a subsequence {ny,} of {n}.

Proof of Lemma 5.1.— By (5.2), for every | > 1, we can find k; € N
such that k; < k41 and

1 n
HSnkL”B(O,l) < (1 + 7) ku [ > 1.

Hence, by Cauchy inequalities, we get

_kr & n .
L+ < %@snk,, 1>1,

~] =
—_

o
Q1157 <

which (with ¢, := %) completes the proof of Lemma 5.1.

(b) = (a). It is enough to prove that non(a) = non(b). Let E be a
thin closed set in C. We shall construct a power series (3.1), for which
a subsequence {s,, } satisfies (5.1), but which does not possess Ostrowski
gaps relative to any subsequence of {ny}.

Our construction is based on the following useful known result.
LEMMA 5.2. — If K is a compact subset of CN then
Vi (z) = sup{%log|Pk(z)|; |Pellx = 1, k>1}, ze CV,
where Py is a polynomial of N complex variables of degree at most k.

Without loss of generality we may assume that B,C E (because, by
property 2.9 we know that E is thin if and only if £ UB is thin).

Choose a point a € CV such that Ry := |la|]| > 1 and Vg(a) =: n > 0.
Put e :=n/k, R := Ro+ k, and E, = EN{|z|| < R} for k > 0. Then
Vi, (a) | Ve(a).

Let po, g0 = 1 be arbitrary integers, and let W, be a polynomial of
degree < qo such that |[Wy, ||z, = 1, |[Wy, (a)] > e(1=<0)% where 0 < ¢ < 1.

Suppose pj, q;, Wy, (j = 0,...,k) are already chosen in such a way
that W,, is a polynomial of degree < ¢; and

Pi—1+qi—1 < p; <qj/J, (5.3)
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RY 1
< =, 5.4
(14¢)u — 52 (54)
IWo,llz, = 1, Wy, (a)] > 5. (5.5)
Now, it is easy to find integers pri1, qrx+1 and a polynomial W, ., such

that (5.3), (5.4), (5.5) are satisfied for j = k + 1.

First choose an arbitrary integer prx+1 > pr + gk, next choose an arbi-
trary integer qx41 > (k + 1)pr41 and a polynomial Wy, ,, such that (5.4)
and (5.5) are satisfied with j = &k + 1.

k+1

Consider the series

. _ > 121+ ...+anNzn P qu(Z)
f(2) Z( e ) . (5.6)

k=0 (1 + ex)

From (5.5) it follows that series (5.6) converges uniformly on every
Ey, k > 0. In particular, its sum f is a holomorphic function in the unit ball.
The k-th component of (5.6) is of the form ZP’“H’“ Q;, where Q; is a homo-

geneous polynomial of degree j. Hence f(z) = > 7o, ( ? ’“;;j’“ i(z )) , 2 €

B. After removing the parentheses we get a power series with positive radius
of convergence. Put ny = px + qi. It is clear that for every k > 1

k-1
[Wa, (a)| etk (n=ex)
s, (a)] = Ut ew Sy (@)] 2 T+ ey ZemquVE (a) >
ek (n—ex) .
- k—1
(14 €)ax RM ’

where M is a positive constant. Taking into account that e;, — 0, (kM 1)1/ 2
— 1 and px/qr — 0 as k — oo, we have

= N
liminf {[sn, | glg g,y = Wminf|s,, (a)|™ > € > 1,

which by Lemma 4.3 gives the required result.

Remark. — The same idea of proof may be used to show that Theorem
3 remains true if E C C¥ is of type F,,. The implication (a) = (b) holds for
every set E with Vg = 0.
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6. Approximation by polynomials
with restricted growth near infinity

Let E be a subset of C with Vi = 0. Let T' be a non-pluripolar subset
of an open connected set G. Let f be a function holomorphic in G. The
following theorem is an N-dimensional counterpart of Theorem 1 in [5].

Theorem 4.— If {P,} is a sequence of polynomials of N complex vari-
ables with degP,, < d,, (d, < dp41, dy, is an integer) such that

limsup |f(z) — Pa(2)|V/% <1, zeT, (6.1)
n— oo
limsup |P,(2)|Y4 <1, z€E, (6.2)
n— oo

then the mazimal domain of existence Gy of f is a polynomially convex open
subset of CN such that

limsup || f — P}/ < 1 (6.3)

n—o0
for every compact subset K of G¢.

If, moreover, the sequence {d,+1/d,} is bounded then Gy = CN.

Observe that the point-wise geometrical convergence (6.1) of {P,} to f
on a non-pluripolar set I" along with the restricted growth (6.2) of { P, (2)} at
every point z of a non-thin set E imply the uniform geometrical convergence
(6.3) of {P,} to f on every compact subset K of Gy.

In Theorem 1 of [5] the authors assume that I' is a nontrivial continuum

in C, and limsup;,_, . ||f — Pn||1£/d’“ < 1, which in the case of N = 1 is
more restrictive than (6.1).

Proof of Theorem 4.— 1°. First we shall show that (6.3) is true for every
compact subset K of G. To this order observe that the function

un(2) = 7 loglf(2) — Pa(2)]
is PSH(G). The condition (6.2) and property (5) of the necessary and suffi-
cient conditions 2.18 for non-thinness imply that for every compact subset K
of G and for every € > 0 there exist a positive constant M = M (K, ¢) and a
positive integer ng = ng(K, €) such that u,(z) < i log(M + M (14¢€)®) <
%log@M) +e€,n = ng, z € K. Hence u := limsup,, , u, < 0in G, and
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u < 0onT by (6.1). The function u* is non-positive and plurisubharmonic
in G, and , by the theorem on negligible sets, we have u(z) = u*(z) < 0
on I'\ A, where A is pluripolar. By the maximum principle v*(z) < 0 in
G which, by the Hartogs Lemma, implies the required inequality (6.3) for
compact sets K C G.

20, Put Q = {a € CV; the sequence {P,} is uniformly convergent in
a neighborhood of a}. It follows from 1° that G C Q. Let G; denote the
connected component of (2 containing G. It is clear that Gf is polynomially
convex. We claim that Gy is the maximal domain of existence of f. It is clear
that f(z) = limy, 00 Pn(2), 2 € Gy, is holomorphic in G, and f=fin
G. We need to show that Gy is the maximal domain of existence of f. By
19 we have (6.3) with G replaced by G and f by f.

Suppose, contrary to our claim, that there exist a € G¢,r > dist(a,dGy)
7o and a function ¢ holomorphic in the ball B(a,r) such that g(z) = f(z) if
|z —all < ro. By 1° we have limsup,, . ||lg — Pn||}</d" < 1 for every com-
pact subset K of the ball B(a r). Therefore the sequence {P,} converges
locally uniformly in this ball which contains boundary points of G¢. This
contradicts the definition of the last set.

30. Let us assume that the sequence {dg“} is bounded, say d,,+1/d, <

a7
n > 1. By 2°, it is sufficient to show that in this case Q = C~. Consider
the following sequence of elements of the Lelong class £

1

Up(2) = log|Puy1(2) — Pu(2)|, zeCN.
dn+1

Put u(z) := limsup,, ., un(2),z € CN. It follows from (6.1) that for every

z € T there exit € > 0 and M > 0 such that u,(z) < ﬁ log[Me€dn+1 4

Me—<dn] < Wlﬂ log(2M) — L€, n > 1. Hence, u(z) < 0 for every z € I'.

One can easily check that if z € E, then by (6.2) u(z) < 0. Therefore
u* € L and u*(z) < 0for all z € E\ A, where A is pluripolar. It follows
that u* < Vi = 0in CN. Hence u* = ¢ = const <0. But, by the theorem
on negligible sets, u*(z) < 0 on a non-empty subset of T" which implies
that ¢ < 0. Hence, by Hartogs Lemma, for every compact subset K of CV
and for 0 < € < —c there exists ng = ng(K,€) such that u,(z) < —e
for all z € K and n > ng. It follows that the sequence {P,} is uniformly
convergent on K. By the arbitrary property of K we get O = CV.

The method of proof of Theorem 4 may be used to show that the fol-
lowing corollaries are true.
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COROLLARY 6.1.— Let E be a subset of CN with Vg = 0. Let T be a
non-pluripolar subset of CV. Let {d,} be a strictly increasing sequence of
positive integers such that d,11/d, < a, n > 1, with a = const > 1.

If f : T — C is a function such that there exists a sequence of polynomials

{P,} with deg P,, < d,, such that

limsup |f(2) — Pn(2) W o<1, zeT, (6.4)
n—oo
limsup\Pn(z)|ﬁ <1, ze€kE, (6.5)
n—oo

then f extends to an entire function f such that for every compact set
K c CVN we have

. 2
limsup || f — Pl < 1.

n—oo

Indeed, by (6.4), given z € T', there are M > 0 and 0 < § = 6(z)
such that |f(z) — P.(2)] < M60%, n > 1. Hence |P,y1(2) — Pu(2)
2M@=4n+1 which implies

<1
| <

limsup |Pn41(2) — Pu(2)] ™+ < 1, ze€T.

n—roo

By (6.5), given z € E and € > 0, there is M > 0 such that |P,41(2) —
Po(2)| € |Puy1(2)| + |Pu(2)| € Ment1€ 4 edne < 2Me¥dn n > 1, which
implies that

limsup ““+/|Poy1(2) — Pu(2)] < 1, z€E.
n—oo
Put u(z) := limsupﬁlog\PnH(z) — P,(2)|, z € CY. Then u* € L,
u* <0on FE and u* < 0 on I' \ A, where A is pluripolar. Therefore v* =
const < 0. Hence, by Hartogs Lemma, we have lim sup ||Pn+1—Pn||}(/d"+1 <
1 for every compact subset K of CV. It follows that f := P + S (Pog1—
P,) is an entire function with the required properties.

In the sequel P, denotes polynomials with degP, < d,, where d,, are
integers with 1 < d,, < dp4+1 < ad,, a = const > 1, T'is a non-pluripolar,
subset of CV, and f is a complex valued function defined on T

COROLLARY 6.2.— If f is holomorphic in an open connected set G
containing I' such that

limsup |f(z) — P,(2)

n—oo

<1, zel, (6.6)
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limsup\Pn(z)|dLn <1, zed, (6.7)

n—oo

then f has a holomorphic extension f to G such that

1
dn+1

. e
limsup ||f — P, < 1, limsup|[Poy1 — Poll" < 1, (6.8)

for every compact set K C G. If, moreover, G is non-thin at infinity then
there is an entire function f satisfying (6.8) for G = CV such that f = f
onT.

COROLLARY 6.3. — If
1

limsup |f(2) — P,(2)|%» =0, z¢€Tl, (6.9)

n—oo

then f extends to a unique entire function

o0

f(z) = Pi(z) + > (Pni1(2) = Pu(2)), 2 € cv,

and (6.8) is satisfied.

In order to show the last two corollaries, define

u(z) := limsup log |Pri1(2) — Pa(2)],

n—00 n+1
observe that u* € £, and check that u*(z) < 0on G in the case of Corollary

6.2 (resp., u*(z) = —oo on C¥ in the case of Corollary 6.3) which, by
Hartogs Lemma, implies Corollary 6.2 (resp., Corollary 6.3).
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