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A family of flat connections on the projective space
having dihedral monodromy and algebraic Garnier
solutions )

ArATA Komyo (D

ABSTRACT. — A. Girand has constructed an explicit two-parameter family of flat
connections over the complex projective plane P2. These connections have dihedral
monodromy and their polar locus is a prescribed quintic composed of a conic and
three tangent lines. In this paper, we give a generalization of this construction. That
is, we construct an explicit n-parameter family of flat connections over the complex
projective space P™. Moreover, we discuss the relation between these connections
and the Garnier system.

RESUME. — A. Girand a construit une famille explicite de connexions a deux
paramétres sur le plan projectif complexe P2. Ces connexions ont une monodromie
diédrale et leur lieu polaire est une quintique prescrite composée d’une conique et de
trois droites tangentes. Dans cet article, nous donnons une généralisation de cette
construction. Autrement dit, nous construisons une famille de connexions plates
explicite & n parametres sur I’espace projectif complexe P". De plus, nous discutons
de la relation entre ces connexions et le systéeme Garnier.

1. Introduction

A meromorphic rank 2 connection (E,V) on a projective manifold X is
tha datum of a rank 2 vector bundle £ equipped with a C-linear morphism
V: E — E® QY (D) satisfying the Leibniz rule

V(f-s)=f-V(s)+df®s
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for any section s and function f. Here D is the polar divisor of the connection
V. The connection V is flat when the curvature vanishes, that is V-V = 0.
For a flat meromorphic rank 2 connection, we can define its monodromy rep-
resentation. When det(E) = Ox and the trace connection tr(V) is the trivial
connection on Ox, we say that (E,V) is an sly-connection. A connection
(E, V) is called regular if local V-horizontal sections have moderate growth
near the polar divisor D (for details, see [4, Chapter II, Definition 4.2]).

In this paper, we introduce a family, parametrized by A € C™, of mero-
morphic sly-connections Vy = d + Ay on the trivial bundle Op» & Opn over
P™ with n > 2, with an explicit connection matrix Ay.

1.1. The explicit expression of Vy

The explicit connection matrix Ay is described as follows. Let [z : y :
21t ... Zpn—o : t] be the homogeneous coordinates of P™. Set f(x,y,t) :=
224y +12 —2(axy+yt+tz). For A = (Ao, ..., \y_1) € C", we define rational
1-forms on P™ as follows:

(M +A)dz — 2A +Ao)dy - Ai(y—1)de + Ao(z —1) dy

ao(w,y) = 5 - y : ?’
ar(@y) = _im7 az(z,y) = —m,
and
- D)
(o) =~ B
which are described by the affine coordinates [x 1y : 21 :...: 250 : 1]. We

define a connection matrix Ay as

A A — L AbL )
Ay = 1 2
8 (—A21 —A11> * Z <—A’21 -Al )’



A family of flat connections and algebraic Garnier solutions

where
A = (2 = Daz(z,y) + ai(z,y) + %%7
L= (= Dab(z,y, z),
4y, o ot (@ = D%s(e,y) + 2o~ Da(ey) + aplz,y)
Yy
i (@ =1)2ah(2,y, 2) + af(2,y, 2i)
12 '= y )
Ao1 = yao(z,y),
b1 = yas (e, Y, %),
in the affine coordinates [z :y: 21 :...: 22 : 1].

1.2. Main results

Let Qy and Q; be the divisors on P™ defined by Qp := (f(z,y,t) = 0)
and Q; = (f(z,y,t) — 22 =0),i=1,...,n — 2, respectively. Let D,, be the
divisor on P™ defined by

Dyi= (3 =0)+(y=0)+(=0)+Q+ Qi+ + Qs

From the explicit expression of Vy, it follows that all V share the same
polar divisor D,,. Note that the conic Qy plays a special role: it is tangent to
the conic Q; inside the coordinate hyperplane (z; = 0) for i = 1,...,n — 2,
and it is tangent to the three coordinate hyperplanes (z = 0), (y = 0) and
(t=0).

THEOREM 1.1. — For each A, the connection V y is flat and has at worst
regular singularities.

We say that two connections (E, V) and (E', V') are birationally equiv-
alent when there is a birational bundle transformation ¢: E --» E’ that
conjugates the two operators V and V'. We say that two connections (E, V)
and (E',V') are projectively equivalent if the induced P!-bundles coincide
P(E) = P(E'), and if moreover V and V' induce the same projective con-
nection P(V) =P(V').

THEOREM 1.2. — Via a generically finite Galois morphism f: P" — P™,
for each A, the pull-back connection f*Vx on the trivial bundle is projectively
birationally equivalent to a split connection of the form

w 0
d+(0 _w>

with w a rational closed 1-form on X.
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In this case, the generically finite Galois morphism is a genetically finite
morphism of degree two. Loray, Pereira, and Touzet have proved the struc-
ture theorem of flat meromorphic sla-connections on projective manifolds
in [9] (see also [1]). By Theorem 1.2, each V} is the first type of the three
possible types of flat meromorphic sl;-connections over projective manifolds
in the sense of Loray, Pereira, and Touzet [9, Theorem EJ.

Since the connection Vy is flat for each A, we can define its monodromy
representation 71 (P™ \ D,,) — SLy(C) of Vy for each A. Let D, be the
infinite dihedral group:

Do ::<(—3—1 3‘)’(/3 /391)

For the monodromy representation of Vy, we have the following.

a,B € <c*> < SLy(C).

THEOREM 1.3. — For generic X, the monodromy representation of V
is conjugated to an explicit representation

px: (P \ D) — SL2(C),

which is virtually abelian, i.e. abelian after a finite cover of P™ \ D,, and
takes values in the infinite dihedral group D .

1.3. Algebraic Garnier solution

The (2n — 2)-variable Garnier system Ga,_o is the completely integrable
Hamiltonian system

Opi _ 0K ij=1,...,2n—2
g Bti 8z/j
2n—2
8l/j 6[(4 .o
8tz apj Z’.] 3 9 n )
where
K _At) 2&’:2 T () - QZ b =i n
) | & - )N o) T =t T - 1)
With t2,—1 = 0, to, = 1, K := 2{(X2" 0 — 1)2 — (0% + 1)}, A(t) =
22t — vg) and T(t) == [[o%,(t — tx) (see [5], [6] and [11]). Here 6,
(m=1,...,2n,00) is the constant parameters defined by
1 1 .
91257 9225, O2i41 = Nit1, Oaigo=Aip1 (i=1,...,n—2)
Oon—1=A1, 02, =X —1, O =N+ A1
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A family of flat connections and algebraic Garnier solutions

To give a solution of the Garnier system Gs,,_o, we consider the Fuchsian
system with 2n + 1 regular singularities at 0,1,%1,...,t2,—_2,00:

2n—2
dz ~
d+ Hanot fE+H2n~_ + Z (1.1)

where H; (i = 1,...,2n) are 2 x 2 matrices independent of 7 and #; # t;
(i # j). We assume that Hopyp = — ZZ 1 H; is a diagonal matrix and the
cigenvalues of H; (i =1,...,2n + 1) are as in Table 1.1.

Table 1.1. The eigenvalues of the residue matrices (i = 1,...,n — 2).

Reside matrices ‘ H1 H2 H2i+l H2i+2 H2n—1 Hgn H2n+1

. 1 1 Ait1 it A1 Ao—1 Xo+A1
Bigenvalues | £1 +1 st gl M pdool plesh

We fix generators vz (z = 0,1,¢1 ...,t2,—2,00) of the fundamental group
71 (P1\{0,1,%1,...,tan_2,00},*). Here the loop 7z on P! is oriented counter-
clockwise, = lies inside, while the other singular points lie outside. Let
ph: T (PY\{t1,. .. tan, 00}, %) — SL2(C) be the representation of the funda-
mental group defined by Table 1.2. If we have the isomonodromic deforma-
tion of the Fuchsian system (1.1) whose preserved monodromy representation
is conjugated to ply, then we obtain a solution of the Garnier system Gap,—o
(see [10, Section 2]).

Table 1.2. The representation of the fundamental group; here a; =

exp(—mv/—1X;) 7 =0,1,...,n—1.

7o \ 71 \ Tt \ Tto
ap O —ag 0 0 1 0 a%
0 a;t 0 —ay* -1 0 —ay? 0
Vegiws ((=1,....0n=2) | yg, (i=1,...,n—2) | Yoo
Qit1 0 ai__:l 0 aoal_l 0
0 a;_,’_ll 0 Ai4+1 0 aalal
We say (p] (tl, [N 7t2n—2)7 vj (tl, NN 7t2n_2))j:17“_72n_2 is an algebmic S0-

lution Of ggn,Q if (pj (tl, . ,t2n72), Vj (tl, . ,th,Q))jzl ..... 2n—2 satisfies the
Garnier system Go,,_2 and the graph of the solution has Zariski closure of
dimension 2n — 2.

THEOREM 1.4. — Let T be a certain Zariski open subset of A>"~2 param-
etrizing generic lines in P™. From the natural morphism P' x T — P", one
obtains a relative connection (Vpixp/p)ax with 2n + 1 simple poles by the
pull-back of V.
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(i) Up to an étale base change T — T, an isomorphism of the relative
trivial bundle, and up to relative Mobius transformations in the base,
we can consider the relative connection (Vi r)x as a family of
the Fuchsian system (1.1) parametrized by T

(ii) The family (Veixr ) is isomonodromic. The preserved mono-
dromy representation of the fundamental group 1 (P*\ {0,1,t1,...,
ton—2,00}, %) of this isomonodromic family is conjugated to the rep-
resentation given by Table 1.2

(iii) Since dim T = 2n—2, the connection matrices of the isomonodromic
family (Vpixr/r)a defines an algebraic solution of the Garnier sys-
tem Gap—s.

In the case of n = 2, the family of connections V have been established
by Girand in [7]. Moreover Girand have discussed an explicit relation to
certain algebraic solutions of the sixth Painlevé equation in [7]. Our argument
is generalization of Girand’s idea of explicit construction of Vy, and of the
proof of the main results, to the case n > 2.

The organization of this paper is as follows. In Section 2, we intro-
duce a family, parametrized by A € C", of meromorphic sly-connections
Va = d+ Ax on the trivial bundle Opn @ Opn over P with n > 2, with
an explicit connection matrix Ay. In Section 2.3, we show Theorem 1.1 and
Theorem 1.2. In Section 3, we compute the monodromy representation of
Va for generic A. In Section 3.3, we show Theorem 1.3. In Section 4, we
consider the natural morphism P' x T — P", where T is a certain Zariski
open subset of A?"~2 parametrizing generic lines in P". Let (Veisr/r)a
be the relative connection with 2n + 1 simple poles given by the pull-back
of V. In Section 4.1, we introduce an étale base change T" — T to prove
the assertion (i) of Theorem 1.4. In Section 4.2, after the étale base change
T — T, we compute the residue matrix of (Vp. xT/T)A for each simple pole.
In Section 4.3, we recall the relation between isomonodromic deformations
and the Garnier system following [10]. In Section 4.4, we show Theorem 1.4.

2. Construction of flat connections on projective spaces

In this section, we introduce a family, parametrized by A € C", of mero-
morphic sly-connections Vi = d+ Ay on the trivial bundle Opn @Opn over P™
with n > 2, with the explicit connection matrix Ay described in Section 1.1.
For this introduction, we start from a family, parametrized by A € C”, of flat
meromorphic slp-connections (Vo)x on the trivial bundle O¢n @ O¢n over
C™ whose connection matrix splits. Next, we consider a birational transfor-
mation of the projective connection P((Vg)x). We define a generically finite
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Galois morphism f: C* — C". We show that this birational transformation
descend to a projective connection over C". We denote by P((V1)x) this
projective connection. The connection corresponding to P((V1)x) does not
split. If we extend the projective connection P((V1)x) over C" to a projective
connection over P" naively, then the extended projective connection over P™
has poles of oder 2 along the divisor P \ C™. Then we consider a birational
transformation of P((V1)x). By this birational transformation, we obtain
the meromorphic sly-connections Vy = d + A with the explicit connection
matrix A described in Section 1.1. Finally Theorem 1.1 and Theorem 1.2
follow from this construction of V.

2.1. Flat connections (Vi) defined by rational closed 1-forms

Let Ao, ..., Ap—1 be complex numbers. Set Y := Spec Clug, u1, 21, ..., 2n—2].
Let wg and 1, be the closed rational 1-forms on Y defined by

wo = A\ % — % duO - dU1
0= Ao\ T 1 v v
n—2 d(uo—ui+z; d(up—u1—z;
Py 1= Zi:l Ai-"—l ( ("Oo—ull-i'zi L Swo—ull—zi )) n>2
0 n=2.

We have a family of flat connections

on the trivial rank 2 vector bundle Ey — Y. The family (Vq)a is parametrized
by A = (Ao, ..., An—1). On the associated projective bundle P(Ey), we have
the associated projective connection P((Vg)a) = dwo + (wo + ¥ )wo, where
wy is a projective coordinate on the fibers.

2.2. Descent of the connection (Vj)ax

We consider the birational transformation of the projective connection
P((Vo)a) defined by ®: P(Ey) --» P(Ey);

(u07u17217---;zn727[w8 w(l)]) ? (UO,U17217...,ZTL,27[@8 w(l)])7
where
~1 1 0
Wy Wy + Wy
— = (ug —u1) ———. 2.1
w8 (uo l)wé — wg (2.1)
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The rational function (2.1) is an invariant of the involution ¢: P(Ey) —
P(Eo);

v (Uoy Uy, 21y 2, (WY T wR]) > (U1, U0, 215 - -+ s Zngy [Wh  WY)),
that is (wg/wy) ot = wp/wy as functions on P(Ep). Put wg = w}/w) and
Wy = W/ wY. We can check the following proposition by direct computation.

PROPOSITION 2.1. — We define a map f: Y — P™ by
(Ugy U1y 21y vy Zp—2) —> [S1 18221 1 vovt 2o 1],

where s1 = ug + w1 and so = wuguy. The birational transformation
(@~ 1*P((Vo)a) on P(Ey) descends to a projective connection on f(Y) x
Pl — f(Y):

(&1 B((Vo)a) = j% (duwo + (w0 + n o)

n—2
:d@0+<a2(81,82) +Za§(51752;2i)> ’lZ% (22)

=1

n—2
+ 2011 (81, 82)Wo + <a0(31, s2) + Z ag(s1, 52, Zz)) ;
i=1
where
200(1 — s1 + s2) + A1(—s1 + 2s2)
2(1 — 81 —+ 32)
. )\081(1 — 851 + 52) + )\152(51 — 2)
282(1 — 81+ 82)
2;d(s? — 4sg — 22)
2( 1-4s2—27) )’

ao(s1,82) := dsq

dSQ,

ag(s1,82,2i) == Niq1 (dzi

2.3
1d(s} —4s2) (2.3)
aq(s1,82) = — el
1
040(81,52)
as (s, 82) = R R
— *92
aé(shSZ,Zi) = —040(8177842;27‘)
— 482

The corresponding connection (V1)x on f(Y) x C? — f(Y) is

(Vi)a=d+ ( ai(s,82)  ao(s1; 82) )

—042(81752) —041(31752)
016(517827Zi)
+Z( ab 51,52,21) 0 >
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We consider a relation between this connection and the connection (Vo).
Let V{, be the meromorphic connection on ¥ x C — Y defined by V| :=

d— %d("o_ul). We define a matrix M (ug,u1) on Y by

ug—uy
71 —Up +’LL1
M (o, ur) = (1 Ug — Uy > '

Let V{ be the meromorphic connection on Y x C? — Y defined by

o = d+ M (ug,u1)~ dM; (ug, ur)

11 fwo+ 0
1= 0 n
+ M (ug, u1) 3 ( 0 i — ¢n> M (uo, uy).
Then we have
f*(Vi)x = Vi @ Vg, (2.4)
Moreover, we consider the map P — P"; [s1 : S : 21 ¢ ... : Zp_2 : t] —
[T:y:21:...: 259 :t], where z :=t — 81 + 3 and y := s5. Set

flay) =2 +y* +1 -2y +z+y).
Then the rational 1-forms (2.3) are transformed into
(2)\0 + Al)dx — (2)\1 + )\o)dy

ao(x’y):f 9
My—1)dx Aoz —1)dy
— 7_‘_ —,
2 T 2 Y

ab(x,y, ) = N1 <d2’i ~ zd(f(z,y) — zf)) 7

2(f(x,y) — 27)

o) L) (25)
AL, Y) = =7 7
! 4 f(z,y)
Olo(x,y)
a2(T,Y) = — ,
2(%:9) f(z,y)
i aé(w7yazi)
O\, Y, %) = ——F
2 ) f(x,y)
which are described by the affine coordinates [x :y: 21 :...: 2,9 : 1].

2.3. Birational transformations of the connection (V1)

From the connection (Vi)x on f(Y) x C2 — f(Y), we construct a con-
nection on the trivial bundle P* x C? — P™ whose pole divisor is D,,. If we
extend the rational 1-forms (2.5) to rational 1-forms on P”, then ag(z,y),
ad(r,y,z) and a;(z,y) have poles of order 2, 2 and 1 along the divisor
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(t = 0), respectively. On the other hand, the rational 1-forms as(x,y) and
ab(z,y, 2;) have no pole along the divisor (¢ = 0). So we consider a birational
transformation of the projective connection (2.2) as follows. The dy/y part
of the projective connection (2.2) is

)\0(’@0 —x+ 1)(@0 +x — 1)%
z+1 Y
+ [terms whose pole divisors do not contain the divisor (y = 0)].

dwy —

Then we consider the following birational map

P" x IP’l - P x P!
(2.6)

where wo—x+1 = wy. By this birational transformation (2.6), the projective
connection (2.2) is transformed into

n—2
dw + <A21($U,y) + ZAZZI(:E7yaZ2)> w

i=1

n—2 n—2
+2( l’ y + ZAll € y7zl)> U)‘i’AiQ(l’,]J)‘FZAZlQ(ZE,y,Zl),

i=1 =1
where
A21(1'7y) = yag(x, y)v
AQl(x Y,z 2) . yaé(xay,zi)a
1dy
All(‘r’y) (xfl)ag(g:,y)+al(x,y)+§?,
"411(3j Y, ZZ) . (‘/I’. - 1)0(;(1‘,y, Zi)7 (27)
dz + (I B 1)2a2($,y) + Z(I — l)al(zay) + 040(177y)
Au(:c,y) = Y >
(LU - 1)2043(33, Y, ZZ) + OZ%)(SU, Y, Zi)

Ai ((E,y7 Z) =
12 7 y

The corresponding connection Vy on P* x C? — P" is

_ All(l‘,y) A12 $ y ) ( 'All z y7zl) AiQ(xaywzz) )
Va=dE (—Agl(a:,y) —An(z,y) +i§: Ay (2,9, 20) — Al (2,y,2) )

whose polar divisor is D,,. This connection V is the connection described
in Section 1.1. We consider a relation between V and (V1)a. Let V] be the
meromorphic connection on P* x C — P" defined by V| := d — %d?y We
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define a matrix Ms(z,y) on Y by

My(z,y) = (g i 1).

Let V/ be the meromorphic connection on P* x C? — P" defined by
,1/ =d+ MZ(xa y)ildMQ(xa y)

L e@my)  aoley)
+ Moz, ) (—a2<x7y> —m(as,y))M?(x’y)

n—2 ‘
-1 0 046(137%2’1')
+ ZlMQ(xay) (OCZQ(x,y,ZfL) 0 MQ(_(L"y)
i=

We can check that

Va=V{® V. (2.8)
By a combination of the equalities (2.4) and (2.8), we have the following
proposition:

PROPOSITION 2.2. — The pull-back f*Vx is birationally equivalent to
(Vo)a ® Vo @ f*Vy.

Proof of Theorem 1.1 and Theorem 1.2. — First, since (Vo)a, V{ and

| are flat and f is a generically finite Galois morphism, we have the flatness
of V for each A by Proposition 2.2. Second, we have that V has at worst
regular singularities for each A by the explicit expression of V and [4,
Chapter II, Theorem 4.1(ii)]. Finally, the assertion of Theorem 1.2 is deduced
by Proposition 2.2. O

3. Monodromy representation

In this section, we consider the monodromy representation 7 (P™\D,, ,*) —
SLa(C) of V for generic A. In Section 3.1 and Section 3.2, we discuss struc-
ture of the fundamental group 71 (P™ \ D,,, *) by using the Zariski’s hyper-
plane section theorem and the Zariski—Van-Kampen method. In Section 3.3,
we show Theorem 1.3 by using the results in Section 3.1 and Section 3.2.

3.1. Zariski’s hyperplane section theorem

Let H; (i =1,...,n —2) be the hyperplanes in P" defined by
H =(z;—aiz—by—ct=0) i=1,...,n—2.
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Here a;,b;, and ¢; (i = 1,...,n — 2) are generic complex numbers. For sim-
plicity, we assume that 0 < |a;] < 1 and 0 < |b;| < 1. Let f(z,y,t) be the
following quadratic polynomial
fla,y.t) = 2 +y? + 2 = 2(ay + yt + tx)
= (y—x—t)? — 4at.

Let éo, Qi and l~)n be the divisors on P? =P N (ﬂn 2 H;) defined by

éO = (f(xayvt) :0)7
Q; = (flz,y,t) — (ax+by+ct)>=0) (i=1,...,n—2), and
D, = (x:O)+(y:O)+(t:O)+@o+é1+"'+én—2,

respectively. By Zariski’s hyperplane section theorem (for example see [8]),
we have the natural isomorphism

T (P \ Dy, %) & 71 (P2 \ Dy, %)

3.2. Zariski—Van-Kampen method

We derive some equalities in 7 (P2 \ D,,, %) by the Zariski-Van-Kampen
method (see for example [3]).

Let 7: P2 \l~)n — P! be the projection defined by

7: P2\ D,, —s P!
[:y:t]— [z 1]

Let {[z] : 1], [z : 1]} C P! be the roots of the discriminant of f(x,y,t) —
(aiz + by + c;t)? with respect to y. We denote [z} : 1] and [z; : 1] by
z; and z;, respectively. Since 0 < |a;| < 1 and 0 < |b;| < 1, there exists
an element of {z;,z; } in a neighborhood of oo = [0 : 1]. We assume that
x; is a point in a neighborhood of co. Set @ = [a : 1] where 0 < |a| < 0.

Fori=0,1,...,n —2, let y;” and y; be the intersection of Q; and 7~ !(a):
Q;NmY(a) = {y;,y; }. Here we assume that

o (U (a+1) . Yn-o — (a+1) .
0<Ag(yo <+1>>< <Ag<yo+—<a+1>><'
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_ T~

LC) 7 1(0) 7' (a) 7 (1) 7 (00) 7 ()
Figure 3.1. Fibers of .

We define natural numbers i, and jp (k = 1,...,n — 2) so that
{il,...,in_g}:{1,...,7’?,—2}, {jl,...,jn_g}:{1,...,7’1—2},

+ +
0 <Arg(z)) <--- < Arg(z] ) <2m

< 2m.

1
and 0<Arg— < -+ < Arg —
Lj, Jn—2
Here we define the range of the principal value of arguments Arg by the
closed-open interval [0,27). Let T be the group defined by

g, O+, ., 00 +
1_‘_< 05 va Sy,

o -y, 00 — «
Yo’ » Py, Froo

Qoo+ L+ O~ — . O~ O+ O = 1 ).
0&y3 Yn—2 Y Y1 Yp_o Yo >

Then we have 7 (7~ (a) \ (D, N7 1(a)),*) = I and have an exact sequence
1 — T — m (P?\ Dy, %) — m (P*\ {0,00},a) — 1.
Let
V0V Yok e s Yark s Voo Vo s Voo (3.1)
be loops with base point a on P!\ {O,I,wli,... zE | o0} such that for

y¥n—1°
x € {0,1, xli, R xf_l, oo}, the loop 7, is oriented counter-clockwise, x lies
inside, while the other points {0,1,z%,...,2> |,00} \ {2} lie outside as in

yMn—1°
Figure 3.2.

Let s: P2\ {0, 00} — P2\ D,, be a continuous section of 7 such that s(a) =
% € P2\ D,,. For the loops (3.1), we define the monodromy actions of the
loops (3.1) on T" as in [2, Theorem 2.2.1]. Namely, the action (v, &) — vz ()
for loops 7, and « € T is characterized by the equality v,(a) = 7, 'ay, in
71 (P2 \ D, *). Here we denote by 7, the 1oop s,(vz) € 71 (P2 \ D,,*) for
simplicity. For explicit computation of this action, we consider the motion
of the points yli (¢ =0,1,...,n — 2) when a varies along the loop 7, and
a continuous deformation of a € m (7 (a) \ (D, N7~ 1(a)),*) according
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Figure 3.2. Loops on 7~ 1(a) and P! = (C,)o U (Cy)eo-

to the motion of these points. Note that the assumptions 0 < |a;| < 1,
0 < |b;] < 1 and 0 < |a|] < 1 make the computation of the motion of the
points yzjE simple. By explicit computation of the action on some loops, we
can check the following equalities:

_ . _ -1 _ .

70(04y0+) =, Vot (O‘yj) = ooy -ay (i=1,...,n—2); (3.2)

Yo(ao) = ao; Yolays) = oy (1=1,...,n=2); (3.3)

Fool,+) = aoa,-ag s (3.4)
and

'yl(ay;r) = (aoay;r)aoay;raal(aoayar)_l. (3.5)

Here we put Yoo := 7,- ***V,— 7Voo- In fact, if a varies along the loop 7o,

J1 In—2
then ys moves to the location of y;, and 0 and y;” (i = 1,...,n — 2) go

back to the prior locations, respectively. If a varies along the loop ~,+ for

i=1,...,n—2, then yj' moves to the location of y; . Here we assume that
—1 <« Arg(a) < 0and ya' closes to 0 when a approach 1 along the real axis. If
a varies along the 100p Yo, then yg moves to the location of y; round by 0.
If a varies along the loop 71, then ya“ go back to the prior locations round by
0 twice. If we consider continuous deformations of the corresponding loops
according to the motion of these points, then we have the equalities (3.2),
(3.3), (3.4) and (3.5). Here note that the images of the intersection of Q;
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and Q; under 7 are close to oo for ¢,j = 0,1,...,n — 2 since 0 < |a;| < 1
and 0 < |b;| < 1.

In 71 (P2 \ Dy, *), we have the equality v,(a) = v, oy, for o € I'. By
the equality (3.2), we can show that o - (i = 0,...,n — 2) are generated

by o+, ... ay+ and 5o in 71 (P2 \ D,,*). Then we obtain the following

Yy
proposition.

PROPOSITION 3.1. — The group m (P?\ l~)n, %) is generated by «p, Qs

Ces Qi and Y.

Y

PROPOSITION 3.2. — Seta = Qb Qs For the elements Qi Q0,05

In—2

and & of m (P2 \ D,,,*), we have the following equalities:

[ao, yo] = [, 70] =1, (3.6)
(0@, )* = (a5 (o)
(Oéy0+040)2 = (aoayar)z. (3.8)

Proof. — By the equality (3.3), we have the equality (3.6). Second, we
show the equality (3.7). By the equalities (3.2), (3.4), G0 = YooY0, and (3.6),
we have

_ —1 —-1_-1
ay(‘)*' = Yoo 0V ayg"Yan Voo

—-1_-1 —-1_-1
= 00y Yo Oéy(;rWO’Yoao (678N

—1
=(a,+ 0+ O - -~ O+
( Y1 Yn—2 Yo % Yn—2 yo)
—-1_ -1
X o+ O+ 0t Q- -~ O+
Yo 7o Yo /7070( Yy Yn—2 Yo W Yn—2 yo)

_ a1 ~ —1, -1, -1 ~ 1 ~

= (@ ay000,1) " 0 0 @y 070(g a0y y)
—(x ~ —1,-1 ~ ~

= (aaygfyoaayg) Yo ayg’yo(aayg’yoaay;r).

Then we have the equality (3.7). By the equality (3.5), we have the equal-
ity (3.8). O

3.3. Monodromy representation of Vy

Let Do be the infinite dihedral group:

(@R
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PRrROPOSITION 3.3. — For generic A, the monodromy representation of
Va is conjugated to the dihedral representation px: w1 (P™\ D,,,*) = Dy, of
the fundamental group m (P™ \ Dy, *) defined by

pa(ao) = (eXp( ™) N )

—exp(mAo)

exp( 7r/\1 0
exp(mAr)

(0 )

(exp —TAit1) 0 >
exp(mAit1)

wherei=1,...,n—
Proof. — Let py, : m (P™\ Dy, *) — SLy(C) be a monodromy represen-
tation of V. Put Ao := pv, (o), A+ = pv,(e,+) (i =0,...,n—1) and

Co = pv, (70). Let U be some analytic open subset of P? \ (QoU(y=0)U
(t = 0)) such that U is simply connected and U contains the loops Qv+

(¢ = 1,...,n — 1) and 7. On the open subset U, the connection Vy is
isomorphic to (Vo)a- Then by some conjugation, we may put

Co = (exp(om) exp((:r)\l)) !

_ (exp(—7mAit1) 0 . _
Ay:r_ ( 0 exp(Thiir) 1=1,....,n—2.

Assume that exp(—m\;) # exp(mA1). By Proposition 3.2, we have the equal-
ity A(]Co = Cvo. Then we have

Ao = (GXPE)MO) —expo(w)\o)> '

Note that the image Im(pv,) is non-abelian. Since Cy, Ap, and Aygr

(i=1,...,n—2) are diagonal matrices, we may put
_ (a11 a2
Ayg— o (—1 a22> ’
Put A = Ay1+ -~-Ay+ - By Proposition 3.2, we have the equalities

(4,5 (CoA))? = ((CoA)A,;)? and (A,+Ag)* = (ApA,+)?. Assume that
(exp(—mAs =7 S 2 Nir1))2#1 and (— exp(—7A))? # 1. Since Ay (CoA)#
(C’OA)Ay;r and Ay0+ Ay # AoAy§, we have the equalities (Ay;r (CoA))? = —1I
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and (Ayo+ Ap)? = —I5. Then we have the following equalities:

aiiag +ajpz =1
ari (exp(—mh — 7 377 Aig1))? = a4z
all(f eXp(77T>\0))2 = a922.

We assume that (exp(—mA; — 730> Ait1))2 # (—exp(—7mA))%. Then we
have a1 =0, a12 = 1, and ase = 0. O

Proof of Theorem 1.3. — By Theorem 1.2, we have that the monodromy
representation of Vy is virtually abelian. By Proposition 3.3, we have that
the monodromy representation of V is conjugated to the explicit represen-
tation

pxa: m(P"\ D,) — SLy(C),

which takes values in the infinite dihedral group D . O

4. Algebraic Garnier solution

Assume that an n-tuple of complex numbers A = (Ao, ..., A,—1) is suffi-
ciently generic. In this section, we restrict the flat connection Vx to a generic
line P N (/=7 H}), where

H) = (y—ax — bt =0) (1)

ng(zi—cix—dit:()) (i:1,2,...,n—2). .
Here a,b,¢;, and d; (i = 1,2,...,n — 2) are generic complex numbers. We
consider the transformation ¥ = —¢z. Let T be a Zariski open subset

of SpecCla, b, ¢;,d;)i1,... n—2. We consider the map P! x T — P" defined
by (4.1). Let (Vpix7)a be the flat connection on the trivial rank 2 vector
bundle Fy over P! x T induced by the flat connection V over P”. Let

(Versryr)a: Fo — Fo ® Qp1ypyr(Dn)

be the relative connection on Fy over P! x T" associated to (Vpiy7)a. In Sec-
tion 4.1, we introduce an étale base change T' — T to prove the assertion (i)
of Theorem 1.4. In Section 4.2, after the étale base change T — T, we com-
pute the residue matrix of (vple/T)A for each simple pole. In Section 4.3,
we recall the relation between isomonodromic deformations and the Garnier
system following [10]. In Section 4.4, we show Theorem 1.4.
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4.1. Regular singular points of (Vpi,7/7)A
By the pull-back of 22 + y? + 2 — 2(xy + yt + tx) and 22 + y? + 2 —

2(xy + yt + tx) — 22 under P! x T — P", we have the following polynomials
over 1"

—1)2p2 2b(1 —
flah, @)= OV g AT AR Z )5 e
a

a
(adi — bcif)Q

2 9

fi(a7 b7 Ci, di7 %) = f(a/a b> 5) -
a

which are described on the affine coordinate [z : 1]. Let I be the ideal of
(C[a, b, b, Ci, di, di]izl’_”,n_g defined by = (b2—4(a+b—ab), d?—Aé)i:L_”,n_Q,
where A% is the discriminant of f;(a,b,¢;,d;, ) with respect to Z. We have
the natural morphism

SpecCla, b, b, ¢i, d;, CA[i]iZl,..A,n—2/I — SpecCla, b, ¢;, di]i=1,... n—2-
Let T be the inverse image of T" under this morphism: T — T. Let t1 and 5
be the rational functions on T" defined by

b— 2)2 b4 2)2
PO Ul O IO | e ) i

4(a—1)(2 - a) 4(a—1)(22 - a)

Then f(a,b,t1) = f(a,b,t2) = 0. Moreover, let to;41 and to; 2 be the rational

functions on T' defined by

2ab(14+a+b—ab— ¢d;) — aQCFl;-

T T T R 1= )
2ab(1 +a+b—ab— ¢;d;) + a2d;
W@ 1P-)

and t2i+2 =

Then f;(a,b,c;,d;, toiv1) = fi(a,b,¢iyd;, tai42) = 0. By these rational func-
tions, we have a generically finite morphism

T — Spec (C[tl, to,... ,t2n72]7 (42)

if the Zariski open subset 1" shrinks. We take the pull-back (Vpi,7/7)x of
(Versr/7)a under the morphism P! x T — P! x T. Then (Vpryq7)a 18
a family of the Fuchsian systems with 2n + 1 regular singularities at T =
0,1,t1,...,tap_2,00 parametrized by T.
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4.2. Residue matrices of (Vpi, 7/7)a

We describe the residue matrices of (Vpi, 7,7)x at the regular singular
points. Put

My(F) = (“b(g -1 b= a>

and Oéi (5) — )\, (_ch . adi — bcﬁ _ adi — bc@ )
0 ' Bk a 2@(% — t2i+1) QG(% — t2i+2) '

Let H;nq be the residue matrix at £ = 0. We have the following equality

_ 0 A1 (b2 —4)
ngnfl = M2(0)_1 (2,\1(a1) S(G(;l) ) M;(0).
b2 —4

Let H;n be the residue matrix at £ = 1. We have the following equality
. 1—Xo 2(b*+4a*—8a) n—2 O 14 (a+b)?

HI = bz_ 4a2 + Pla—D2(1—t)(1—t2) |
L () ) :

Let HIT and HQT be the residue matrices at © = t; and = = tq, respectively.
We have the following equalities

1

= 0
H1T = MQ(tl)*l <_ Ao(a—1)  Ai(a—1) + Z a’al(t1) 1> Mg(fl)
2(b—2a) 2(b—2) = 1 b2(a—1)2(t1—t2) 4

) Mg(tz).

1

HY = My(t2) ™" | no(am1) | Ai(a-1) aal(ty)
2[(]E+2a) + 21(13+2) +Zz 1 sztl)

o

=

Let ngﬂ and H272+2 be the residue matrices at & = t9; 411 and T = t9;49,
respectively. We have the following equalities

7 L 0 Ait1(adi—beitaitr)
— — 2
Hy; iy = Ma(tait1) Ais1a(—adi+beitais) 61 Mo (tait1)
2b2(a71)2(t21‘+17t1)(t2i+17t2)
7 L 0 Ait1(adi—beitaiqo)
— - 2
Hy; o = Ma(t2is2) N1 a(—adi+beitass) 61 Ms(t2i42)-
2b2(a—1)2(t2i+2—t1)(t2i+2—t2)

Let HQT;LH be the residue matrix at ¥ = oo. Let A% (Z) be the relative

rational 1-forms over 7' which are the relativization of the pull-backs of the
rational 1-forms (2.7) under the composition P! x T'— P! x T — P". Since
limz_,q af)(%) =0, we have

) n@  AL@ N\ _, oo -
resg—co (—f@l(i) _Ji;fl(%))_o (i=1,....,n—2).
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Then we have
gr (-1 a=2) (R 0 1 a-2\""
2n+1 — 1 a 0 _/\0;)\1 1 a .
4.3. Garnier system

Let A(Z) be the Fuchsian system with 2n + 1 regular singularities at
t17...,t2n,002
2n

~ dz
Ax)=d Hi——,
(@) =d+ ; o
where H; (¢t =1,...,2n) are 2 x 2 matrices independent of Z and ¢; # t;
(i # j). We assume that Hopiq := — 2?21 H; is a diagonal matrix and the

cigenvalues of H; (i =1,...,2n + 1) are as in Table 4.1.
Table 4.1. The eigenvalues of the residue matrices (i = 1,...,n — 2).

Reside matrices ‘ H1 H2 H2i+1 H2i+2 Hgnfl Hgn H2n+1

FEigenvalues ‘j:i :l:% 41 A i% :I:% :l:)\O‘;‘Al

2 2

We fix generators vz (Z = t1 ... ,tan, o) of the fundamental group 71 (P*\
{t1,...,tan,00},*). Here the loop 7z on P! is oriented counter-clockwise,
T lies inside, while the other singular points lie outside. Let p}: m (P! \
{t1,...,tan,00},%) — SLa(C) be the representation of the fundamental
group defined by Table 4.2. We consider the isomonodromic deformation
of the Fuchsian system A(Z) whose preserved monodromy representation is
conjugated to pfy. Let d+ 22221 }NI?% be the Fuchsian system with 2n + 1

regular singularities at ¢{,...,t3, 00 whose monodromy representation is
conjugated to p. There exists an open neighbourhood Up C C?" of the
point t% = (¢9,...,19,) such that for any ¢t € Uyo, there exists a unique tuple

(H;(t))i1....2n of analytic matrix valued functions such that H;(t°) = }NI?,

.....

1 =1,...,2n, and the monodromy representation of d + Zfﬁl H, (t)id—ffi is

conjugated to p. The matrices H;(t) ¢ = 1,...,2n are the solutions of the

Cauchy problem with the initial data (fIi(tO))i:Lm,gn for the Schlesinger
equations (see [10, Theorem 2.7]).

Let A(z) be the Fuchsian system with 2n + 1 regular singularities at
t1,...,tan, 00 as above. We fix the poles to,, 1 and ¢y, at 0 and 1, respectively.
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Table 4.2. The representation p) of the fundamental group; here a; =
exp(—my/—1X;) j=0,1,...,n — L

T =1lyn1 \ T =1toy \ T=1
P'A(%zn,l) = ((101 a?l) Pl)\(%m) = <go _20—1> P/A(%l) = (_01 (1))
T =ty | Z=typ (i=1,...,n—2)
() = <—C?o_2 ?) ‘ PAVtzisn) = (algl a?j)
T=tgsz (i=1,...,n—2) | T =00
At = (G0 ,0) | = (5 )

Let {v1,...,van_2} be the roots of the following equation of degree 2n — 2:

2n

H
> Hiiz _ (4.3)
xr — tk
k=1
For each v;, we define p; by
2n 7 [
(Hg)in + &
=y 2 4.4
P ; — (4.4)

If a tuple (fIz (t))i=1,....2n is a solution of the Schlesinger equations, then the
corresponding functions v;(t1,...,tan—2) and p;(t1,...,tan—2) (j = 1,...,
2n — 2) satisfy the Garnier system Gs,,_2 (see [10, Theorem 2.1]).

4.4. Algebraic solution

By the morphism (4.2), we have a generically finite morphism
SpeC(C[pi, Vi]1<i<2n—2 X f — Spec C[pl, Vi]1<i<2n—2 X Spec (C[tl, . ,tgn_g}.

We consider the algebraic solution of G, o associated to the representa-
tion pf.

Proof of Theorem 1.4. — For the residue matrices H;f of (V1,7 /7)),
we put

AT . -1 a—-2 71H-T -1 a—-2
v 1 a g 1 a
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fori =1,...,2n. Let AT (%) be the family of the Fuchsian systems with 2n+1

regular singulantles at 0,1,t1,...,tap_2, 00 parametrized by T defined by
2n—2
= dx = dx - dx
AT()—d+H2n1~+H§n~_ +Z Hf ——.  (45)
Since I;TQT,LH = - Zle I;TIT is a diagonal matrix, we have the assertion (i)

of Theorem 1.4.

By Proposition 3.3, for each £ € T, the Fuchsian system AT( ) has the
monodromy representation which is conjugated to p’, which is independent

of £ € T. That is, the family AT(E) of the Fuchsian systems parametrized

by T preserves their monodromy representations. Then we have the asser-
tion (ii) of Theorem 1.4.

By (4.3), (4.4), and (4.5), we have algebraic functions v;, p; (i =1,...,
2n—2) on T. These algebraic functions give the solution of Gy, _o associated
to the representation p'. Since dim7T = 2n —2 and T — Spec Clt1, ta, . . .,
ton—2] is a generically finite morphism, we have the assertion (iii) of Theo-
rem 1.4. 0
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