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Thermal approximation of the equilibrium measure and
obstacle problem )

ScoTT ARMSTRONG (1) AND SYLVIA SERFATY (@)

ABSTRACT. — We consider the probability measure minimizing a free energy
functional equal to the sum of a Coulomb interaction, a confinement potential and an
entropy term, which arises in the statistical mechanics of Coulomb gases. In the limit
where the inverse temperature 8 tends to oo the entropy term disappears and the
measure, which we call the “thermal equilibrium measure” tends to the well-known
equilibrium measure, which can also be interpreted as a solution to the classical ob-
stacle problem. We provide quantitative estimates on the convergence of the thermal
equilibrium measure to the equilibrium measure in strong norms in the bulk of the
latter, with a sequence of explicit correction terms in powers of 51, as well as an
analysis of the tail after the boundary layer of size 8~1/2.

RESUME. — On considére la mesure de probabilité qui minimise une énergie libre
égale a la somme d’une interaction coulombienne, d’un potentiel de confinement et
d’un terme d’entropie, et qui apparait en mécanique statistique des gaz de Coulomb.
Dans la limite ou la température inverse 8 tend vers l'infini, le terme d’entropie
disparait et la mesure, que l'on appelle “mesure d’équilibre thermique”, tend vers
la mesure d’équilibre habituelle qui peut également étre interprétée comme solu-
tion du probléme de l'obstacle classique. On obtient des estimées quantitatives de
convergence de la mesure d’équilibre thermique vers la mesure d’équilibre dans des
normes fortes a l'intérieur du support de cette derniére, avec une série de termes
correctifs explicites en puissances inverses de 8, de méme qu’une analyse des queues

apparaissant aprés une couche limite de taille 8~1/2.
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Scott Armstrong and Sylvia Serfaty

1. Introduction
1.1. Setting of the problem

The Coulomb gas is a system of points in RY with pairwise interaction g
defined by

g(z) =

—log|z| ifd=2,
lz[27¢  ifd > 2,

and an external (or confinining) potential (or field) V, so that the total
energy of the system of N point at locations x1,...,zy is given by

N
Hy(x1, ..., zN) = % Z g(xi—xj)—FNZV(mi). (1.1)
1<i#£j<N i=1
Here, the strength of the external potential V' has been scaled so that the
potential energy is of the same order as the interaction energy. In the limit
N — oo, called the “mean field limit,” one is led to minimizing among
probability measures the (mean-field) energy

1
W=y [ pe-p @)+ [ Ve, 12
R xRd Rd
Here p should be thought of as the limit as N — oo of the empirical measures

N
% Zi:l 6961
It is well known that if V' grows sufficiently fast at infinity, problem (1.2)
has a unique minimizer among probability measures, called the equilibrium
measure, or the Frostman equilibrium measure, see for instance [19] for the
two-dimensional case. This measure will be denoted . It is well-known

that minimizers of (1.1) converge as N — 00 t0 [ in the sense of measures
(see [9] or [20, Chapter 2]).

The equilibrium measure g is typically compactly supported and char-
acterized by the fact that there exists a constant c,, such that letting

Cla) o= [ o = 9) ) + V(@) = e (1.3

we have ( = 0 g.e. in supp p and ¢ > 0 g.e. where g.e. is the abbreviation
of “quasi-everywhere” which means except on a set of zero capacity.

This way we can see that u., can be interpreted in terms of the classical
obstacle problem. Using the notation

w(a) = | e = n)dnty) (14)
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the function hte satisfies —Ahte = cqjico, Where

27 ifd=2, )
TN d(d-2)|By| ifd> 2, (15)

is the constant for which —Ag = cqdg. By the above properties on ¢ it holds
that

min (A" +V — coo, —AR*><) =0 in RY, (1.6)
which is precisely the equation for the solution to the classical obstacle prob-
lem in whole space with obstacle c,, — V. For more details about this corre-
spondance between equilibrium measure and obstacle problem, one can see

for instance [20, Chapter 2], [3] and references therein. The dependence of
loo in V has been previously examined in this full space context in [22].

The Gibbs measure corresponding to a Coulomb gas at inverse tempera-
ture B is

exp <—]€HN($1,...,SL‘N)) dz;...dzyN. (1.7)

Different normalizations of 8 with respect to N can be chosen, the specific
above choice with 1/N in front of the energy leads in the mean-fied limit
N — 00 to a minimization problem with an added entropy term of the form:

Epp) :=E(n) + % /Rd plog p, (1.8)

see for instance [6, 8, 14, 16]. Again (1.8) should be minimized among prob-
ability measures, and if V' grows sufficiently fast, it has a unique solution g
which we will call the thermal equilibrium measure. The functional (1.8) can
also be seen as the free energy associated to the McKean—Vlasov equation
which is its Wasserstein gradient flow, see for instance [13] and references
therein.

On the other hand, a natural normalization for the energy and tempera-
ture in (1.7) is shown in [2, 15] to be

exp (—,BNgierN(Il,...,l‘N)> dzy...dzy, (1.9)

it is natural as § fixed is then shown to be the temperature choice that leads
to a competition at the microsopic scale between interaction energy and
entropy. This is in particular the normalization most studied in dimension
two where 8 = 2 then corresponds to the famous determinantal case of the
Ginibre ensemble. This choice, for which # can still be considered to depend
on N, then leads in the mean-field limit to minimizing

Eslu) = E() + mlvg | mose (1.10)
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in place of (1.8). In other words it leads to considering the regime where
in (1.8) tends to oo as N — oo, and thus formally to minimizing just (1.2).
In [2], we showed however that, compared to the usual equilibrium measure
minimizing (1.2), the thermal equilibrium measure still provides a more pre-
cise description of a Coulomb gas, even for the regime with 8 in (1.10) of
order one, equivalently § of order N2/ in (1.8).

In this paper we thus focus on the regime § > 1 in (1.8), where one
expects tg — [leo. This can also be seen as a way to smoothly approximate
the obstacle problem solution. The goal of this short paper is to specify
how pz is close to s and h## to h*>, which we will do in C* norms. The
quantitative estimates we provide are crucially used in the papers [2, 21] and
allow to treat possibly quite large temperature regimes in (1.9) (note that
large temperature regimes for Coulomb or log gases have started to gain
interest quite recently, see [2, 12, 18]).

We note that this question, although quite natural, does not seem to have
been fully answered in the literature, the only results that we are aware of
are less precise, they are those in [14] which consider the two-dimensional
case with no external potential, and [18] which provide some results in the
particular case V(z) = |z|?, and finally the work [4] motivated by Kihler
geometry, which proves an L bound on the difference of h#4 and h*= a bit
weaker than (1.24) (with an extra log S factor) but in the compact setting
of a manifold. There were also explicit formulae for the one-dimensional log-
arithmic case (related but slightly out of our scope) and quadratic potential
in [1].

By contrast with pi, p1g is not compactly supported, but always positive
in RY and regular. In fact h## defined as in (1.4) solves the PDE
1
hte —I—V—I—Elogu/g = cg, (1.11)

for some constant cg. Taking the Laplacian of that equation leads to a PDE
on log g with notoriously delicate exponential nonlinearity

Alogug = Bcaps — AV). (1.12)

Instead of studying this equation directly, we observe for the first time that
when subtracting two such equations (with possible error term) with solu-
tions p and v respectively, the quotient u = p/v — 1 rewrites nicely as a
divergence form equation

div Vu
14+u

= [uu + error (1.13)
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for which elliptic regularity theory is readily applicable as soon as w is small
enough. This allows to obtain corrections to arbitrary order of the approx-
imation pg = pieo, see (1.30) below. In fact our proofs only use maximum
principle-based arguments and regularity theory, and do not require going
through energy estimates.

Finally, we comment that the other extreme regime § — 0 is easier to
treat. We can formally expect the interaction energy to become negligible
and we are then led to minimizing, among probability measures, the quantity

1
Vdu + f/ ulog 1,
Rd ﬂ Rd

the minimizer of which is pu = %, see [18].

1.2. Assumptions and results

We let ¥ := supp fiee and assume that X € C!. Note that it was very
recently established in [10] that this holds generically with respect to V. We
assume in addition

Vec? (1.14)
V — 400 as|z] 00 if d>3
{ lim (V+g)=+oc if d=2, (1.15)
Tr|—0o0
B .
exp | —5V(z) | dz < oo, if d > 3,
|z|>1 2
/ e_g(V(x)—log\z\)dx +/ e—B(V(z)—log\m|)|x|10g2 lz| dz < oo (1.16)
|z[>1 |z|>1
if d =2,
and
AV > a >0 in a neighborhood of X. (1.17)
Observe that
rc{¢=0} (1.18)

The set {¢ = 0} is called the contact set or coincidence set of the obstacle
problem, and ¥ is the set in which the obstacle is active, sometimes called the
droplet. The assumption (1.17) ensures that these coincide. Note that hte =
Coo — V in {¢ = 0}, hence the density satisfies

AV

Hoo = —1s.
Cd
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Thanks to this connection, the regularity of py and of ¥ can be known
by the standard regularity theory for the classical obstacle problem [7] (see
also [22] for the formulated in the whole space).

Since we assume 9% € C11 (which rules out boundary cusps), (1.15)
and (1.17), by standard results on the obstacle problem [7], we have

¢(x) > a dist(z,%)? in a neighborhood of ¥, (1.19)

with ¢ the function of (1.3), and a corresponding upper bound also holds.
‘We now assume in addition that

¢(x) > amin(dist(z, X)?, 1), (1.20)

which amounts, up to changing to constant a > 0 if necessary, to assume that
the solution to the obstacle problem never gets very close to the obstacle,
outside of X. A sufficient condition is for instance that V' be strictly convex.

THEOREM 1.1. — Assume (1.14)—(1.17) and (1.20). Then (1.10) has a
unique minimizer pg. Moreover, there exists C(V,d) > 0 such that, for every
r €RY and B € (2,00), we have

min(C, Cexp(—B(V(z) — C)) if d>3
0<ns(@) < {min(C,CeXp(—B(V(w) —loglz| = C)) if d=2 (1-21)
pua(x) > 1 >0 forzel, (1.22)

C
exp (g dist(z, )% — C’) < pp(w) < exp (g dist(z, ©)* + C) (1.23)

in a B-independent neighborhood of %,

C
||h’u5 —C3 — h“x + COOHLOC(]RU') < E, (124)
IV (= — ) | e ey < =, (1.25)
VB
. C
pp(X°) < N (1.26)
and
‘/ log ‘ < < (1.27)
- :uﬂ :uﬁ ~ \/B .

Let m be an integer > 2 such that V € C*™7 for some v € (0,1] and
letting fr be defined iteratively by
1

B, Alog fr, (1.28)

1 1
fo=—AV, fer1 = —AV +
Cd Cd
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we have fi, € C2"=k=1(X) and for every even integer n < 2m — 4 and
0 <~ <7, if B is large enough depending on m, for any U C X, we have

Hﬂﬁ - fm—2—n/2||C”>'Y’(U)
< OB 5 exp(—Clog?(Bdist(U, 0%)%)) + CA" ™5 . (1.29)
The functions f; provide a sequence of improving approximations to g

defined iteratively. Spelling out the iteration we easily find the expansion in
powers of 1/

AV
A]Og o
AV

A 1
uﬁzfmmr—mo v, A(

cafs Cdﬁz
up to an order dictated by the regularity of V' and the size of .

) +--- inside ¥ (1.30)

The relation (1.24) improves in particular the equivalent result in [4]
(a bound in logﬂ ), while (1.25) improves on the energy comparison-based

estimate in 1/4/8 given in [18]. The estimates reveal the natural lengthscale
1/+/P appearing in the approximation of g by fioo-

Remark 1.2. — Since h*# — h#*> vanishes at infinity because pg and 1o
are both probability measures, (1.24) also implies that

|coo — ca| < E

It seems difficult to obtain such a precise estimate from energy considerations
only.

The rest of the paper is organized as follows: in Section 2 we check the
existence of a minimizer to £g under the assumptions (1.14)—(1.16) and prove
a few of its qualitative properties. In Section 3 we obtain a first L>° bound
on the difference between the solutions to (1.11) and (1.6) via a comparison
principle, and a uniform bound on pg. This then serves to obtain a lower
bound for pg inside ¥ by a barrier argument in the following section. This
in turn leads to the optimal uniform estimates on h*# — h#e in Section 5.
These estimates are then eventually upgraded in Section 6 to C* spaces
via the iterative approximation sequence fr thanks to DeGiorgi—Schauder
elliptic regularity theory applied to (1.13).

Acknowledgements

We thank Stephen Cameron as well as the anonymous referee for their
careful reading and many useful comments that helped improve the paper.
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2. Existence of a unique solution and first properties

Throughout the paper, C denotes a positive constant which depends only
on V and d and may vary in each occurrence.

Some of the results of this section may be known, but we could not find
a reference and therefore we include them here for the convenience of the
reader.

LEMMA 2.1. — If (1.14)~(1.16) hold, then £z has a unique minimizer.

Proof. — Let us first consider d > 3. We may write

1 1 1 1
Es(p) = / SVdu+ 5 // g(r —y)du(z)du(y) +/ SVdu+ —pulogp.
Rd 2 2 JJ)RdxRrd Rd 2 B

The function z — %x—i— 12 log x achieves its minimum at x = exp(—%V— 1)
hence we may bound from below the last integral

1 1 1 8
=Vdp+ —pl >—-[ = —-=V-1]. 2.1
/]Rd2 pot gplogp Rdﬁexp< 5 ) (2.1)
This is finite by (1.16). On the other hand, since V € C? and g > 0 in the
case d > 3, we have
1

) SVdu+t g // B = p)du(a)duly) > —oc. (2.2)

We deduce that inf g > —oo. In view of (1.15) we deduce from the above
that minimizing sequences are tight and therefore the existence of a mini-
mizer.

We now consider the case d = 2. We note that g(z —y) > —C —
log max(|z|, |y, 1) and thus, by symmetry,

Es(p)

1
> | Vdu-— // log max(|z|, 1)du(z)du(y) — C + */ plog pi
R jel>1y] B Jro (2.3)

1
2/ Vdu*/ (10g|$|)+du(x)70+*/ plog pi.
Rd Rd B Rd

Arguing as in the case d > 3 but with V replaced by V — (log|z|)+ and
using (1.15) and (1.16), we deduce the existence result for d = 2.

The uniqueness of the minimizing measure is immediate from the strict
convexity of the energy functional. (|

LEMMA 2.2. — Under the same assumptions, the minimizer g of €
is positive almost everywhere in RY, bounded above, locally bounded below,
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continuous, and satisfies (1.11) almost everywhere in RY. Moreover, we have
the following asymptotics
hte (x
lim < ()+1>=O ind=2,
lz|—o0 \ log |z
lim A (x) =0 ind>2.

|z|—o00

(2.4)

Proof.
Step 1. — We start by showing that h*# € L _(RY). Let B be a bounded

set in RY, we have
/B po = / d /B gz — y)dedyis(y). (2.5)

If d > 3 it is then straightforward, by integrability and boundedness of g,
that the right-hand side is finite. If d = 2, then we first need to show that

| Gola) sdus(a) < oc. (2.6)
To do so, we return to (2.3) and use that for each x € R?\ {0}, the function
1
¢(u) = (V — (log |z[)+) p + ilos

is convex and achieves its minimum at ug(z) = exp(—=S8(V — (log|z|)+) — 1).
Its second derivative is the decreasing function ¢”(u) = ﬁ Thus

(1) = ¢(uo) + 3 10g fdy

= ¢(uo) + % <ulog uﬂo — i+ uo> (2.7)

> ¢(ug) + 5

Inserting into (2.3) and using (2.7) and (1.15), we obtain
&) > ~C'+ [ dlns(a)) da

-C—- = /]R2 exp(— — (log|z])+) — 1) dz

iﬂ(,u — up)? min (p_l,ual) .

1 (2.8)
+f ha(@) (og(1 +[a) ~ 1) do
s @) (1 +alyuo (@) B

1 (15 (x) — uo(x))*
25 2u0(2)<pis (2)<(1+lzhuo(@) (L + [z[)uo(z)
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‘We next write

| Golahsisp(o)az
< / 2(log [2])+ exp(—B(V — (log |o)1) — 1)da
pp(x)<2uo ()

+/ (log [2]) 1 15(2)d
pg (@) 2 (1+|z)uo(x)

- (og J)) (1 + o))} —2__
2u(2) <ps (2) < (1+ |2 uo (2) (1 + [z)uo(z))?
The first integral on the right-hand side is finite by (1.16), the second is
finite by finiteness of the terms in (2.8) and the third is seen to be finite
by applying the Cauchy—Schwarz inequality and using (2.8) and (1.16). This
yields (2.6). It then follows from (2.5) that k¢ € LL (RY) for d = 2.

Step 2. — We check that ug > 0 except on a set of measure zero, as

in [17, 18]. Assuming by contradiction that yg = 0 in a bounded set S of
pp+el
1B~H~:|Sig

positive measure, let us consider . Let us expand out

“(:)
= Ea(ps) — €l95| <// g(z — y)dps(2)dus(y) + / Vdpug + %#ﬁ log HB)

+ s/(h“’i +V)+ |g|alogs + O(£%).
s

By Step 1 and the fact that S is bounded, we have that fs hts +V < oo.
We deduce that

pg+elg < @
Es <1 Y] > < Es(pp) + Ce + 3 cloge,

a contradiction with the minimality of pg if |S| > 0 when ¢ is chosen small

enough.

Step 3. — We next check that (1.11) is satisfied. For every smooth com-
pactly supported function f such that [ fdus = 0 and ¢ € R with [¢| suffi-
ciently small, (1 +¢f)ug is a probability measure and we may expand

Ea(pp) < Ep((1+1tf)pp)
to find
t/d(h“ﬁ +V+ %bg pg) fdus +O(t?) = 0,
R

where h#*# is defined as in (1.4) and may take infinite values. Since this is
true for all small enough |¢| and any smooth f with [ fdus = 0, and since
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pp > 0 almost everywhere, it follows that (1.11) holds almost everywhere,
for some constant cg.

Step 4: Proof of (2.4). — For dimension d > 3 we have that h## >
0 hence from (1.11) and (1.15) we deduce that ug is bounded above. To
prove (2.4), given ¢ > 0, we choose R such that ug(B%) < e (which is
possible since pg is a probability measure). We then write

B () = /B &(z — y)dps(y) + /B g(z — y)dus(y)

SN {ly—=z|<n}

+/ gz —y)dus(y). (2.9)
B {ly—z|>n}

The first term of the right-hand side tends to zero when x — oo because g
does, the second term is bounded by ||| o an g which tends to zero as 7
tends to zero by integrability of g near the origin, and the last term can
be bounded by g(n)us(Bf;) < g(n)e. We may then choose n appropriately
to make all the three terms be at most e2 when |z| is large enough, which
proves (2.4) in the case d > 3.

For d = 2, we use —log |z — y| > —C — logmax(|z|, |y|,1) and (2.6) to
obtain

(@) + (log el = | (<logle =yl + oz a])) dins(o)

>_C4 / (gl = (o8 lu-)dnate)
> —C. }

Therefore h*# + (log|z|)+ is bounded below. Since V — (log|z|)+ is also
bounded below by (1.15), we deduce from (1.11) that pg is bounded above,
and then we can finish the proof as in dimension d > 3 from the decompo-
sition (2.9), using (2.6).

Step 5: Continuity. — The computations of the previous step starting
from (2.9) show that h*# is locally bounded above, and so is V. It then
follows from (1.11) that ug is locally bounded below. Once we have shown
that pg is locally bounded above and below by positive constants, we may
rewrite (1.12) as a uniformly elliptic equation for pgs:

v
div Hp
127¢]

= B(caps — AV).

By standard elliptic regularity theory (for instance [11]), we thus deduce
that pg is as regular as V, in particular pg is continuous. O
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3. The comparison principle and upper bound on pg
3.1. A preliminary lemma

We will use the following comparison principle for the obstacle problem
in the whole plane.

LEMMA 3.1. — Suppose that v,w are two continuous function in R?
which satisfy

min{—Av,v — (coo — V)} <0 < min{—Aw,w — (coo — V)} nR?* (3.1)

as well as
v(x) < —1 < liminf w(zx)

< .

(3.2)

Then v < w in R2.

Proof of Lemma 3.1. — Let ¢ = co, — V be the obstacle function. We
may assume without loss of generality that ¢ < 0 (otherwise we may subtract
a constant). Then v < 0 by the maximum principle, since the zero function is
a harmonic function which, due to (3.2), is larger than v in the complement
of a bounded set. Moreover, min{tw, 0}, with 0 < ¢ < 1, satisfies the same
assumptions as w, and thus it suffices to show that v < tw for every 0 < ¢t < 1.
In light of this, we may assume that

lim sup v(z) < —1 < liminf w(z) .

In particular, {v > w} is bounded. Observe also that {v > w} C {v > ¢}.
Since v is subharmonic in the latter and w is superharmonic in R?, we deduce
that v — w is subharmonic in {v —w > 0}. Assume that this set is nonempty,
to get a contradiction. Let xg be the point at which v — w attains its global
maximum, say M := (v — w)(xg) = supg2(v — w). Then, since v — w is
subharmonic at xy, we deduce that it is constant in a neighborhood of xzg.
In fact, this argument shows that the set {v —w = M} is open; since v — w
is continuous, it is also closed. Since {v —w = M} # ), we must have that
v —w = M. Thus v and w are harmonic. Since v is bounded above, it must
be constant. This violates the growth condition. O

3.2. Main proof

We now turn to the main comparison result of this section.
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LEMMA 3.2. — Let mg = supga pig. If B is large enough, we have

1
- % S h — g — (A" — cop). (3.3)

Proof. — To compare h*# — cg and h*> — c, we recall that h*# satis-
fies (1.11) while h*e> satisfies (1.6). We may write from (1.11) that

1
W 4V — —Ogﬁmﬁ >0 (3.4)
It follows that
1
min (W +V g+ —218 —AW) > 0. (3.5)

In dimension d = 2, applying the comparison principle of Lemma 3.1 to
hH8 + coo — cg + 2 and h*> we deduce that

log mg

huﬁ‘f'coo_cﬁ‘f' >hﬂoo7

which is the desired result. For dimension d > 3, we first show that we have

1
lim inf (W + oo —c+ —B18 ) >0 (3.6)

2|00 g
which is equivalent by (2.4) to showing that coo — cg + log% > 0.

To do so, by contradiction assume that cc — cg + log% < 0 and let us
consider ¢ harmonic in R4\ Y. such that 1) = 0 on 9% and 1) = co —cg+ log mﬁ
875 ) we have that 1 — (Coo —c5 + logmﬁ)

decays at infinity like the Green’s function, i.e. like |z|>~¢. On the other
hand, setting

at oco. Because coo — cg +

log mg
/3 Y

@ i=h"" — ke f o —cpg +
by (3.4) and (1.6) we have

>0 in %
3.7
Ago <0 in Rd\Z (3.7)
It then follows that —A(p — 1) > 0 in RN\Y with ¢ — 1 — 0 at co and
@ —1 > 0 on 9%. Thus by the maximum principle ¢ — ¢ > 0 in RY\X.
On the other hand, since — [pq Ap = cq [po 18 — foo = 0 we also have

that ¢ — (c —c3+ log mB) decays at infinity like |x|'~9. This, the fact that
v—(c—cs+ log mﬁ) decays at infinity like |#|279, and the fact that ¢ > 1
bring a contradiction, which shows that lim inf|;| o, ¢ > 0. Since (3.7) holds
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in any case, we then deduce by the maximum principle that ¢ > 0 in all R9,
which is the desired result. O

We deduce the following bounds on pg.

LEMMA 3.3. — For every x € RY and 8 > 1, we have
min(C, Cexp (—8(V(x) — C)) ford >3

min(C, Cexp (—B(V(z) —log|z| — C)) ford=2. (38)

0 < pp(x) <{

Proof. — Let us now turn to the upper bound. With the result of (3.3)
and bounds on h*, we have

log mg
B

¥ (x) — cg = —max(1,log|z|)lg=2 — C —

Inserting into (1.11) we deduce that
log ug = B(cg—h#)— BV < fmax(1,log |z|)Ly=2+LC+logmps—BV. (3.9)

In view of (1.15), there thus exists R > 0 independent of § such that if
r € RN\Bg we have logug < logmg — 1 (and recall that mg < oo by
Lemma 2.2). This, with the fact that p is continuous, implies that supga 1
must be a maximum, and it must be achieved at some point zg in Br. Then
we must have Alogpg(zg) < 0, hence by (1.12)

capp(zp) — AV (z5) < 0.
We may then deduce that

1
= <= AV
meg ug(l‘g) o Héix
i.e. that mg is bounded independently of 8. The first bounds in the right-
hand side of (3.8) follow. The bound in (3.9) then gets improved to
log pig < Bmax(1,log|z|)lg=2 + BC — SV
which yields the second set of bounds in (3.8). O
PROPOSITION 3.4. — There exists C > 0 (depending only on V and d)
such that if 8 is large enough, we have
C Clogp
77<h/"[376 _ huooicoo <
3 5= ( ) 5

Proof. — The lower bound is an immediate consequence of (3.3)
and (3.8). Let us turn to the upper bound.

. (3.10)

We know that

1
min(h"? — cg +V, —Ah*?) = min <_5 logympﬁ;) .
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If the right-hand side were < 0 we could directly conclude by comparison
principle. Instead, we need to modify our test function slightly. To that end,
let us define

E:={xecR: ug(z) < 72}
Let us estimate pg(E): using (3.8) and (1.16), we find that

us(E) < C/Eﬁ*1 (exp (—g(v — 0)> A 1) <opt (3.11)

or respectively using V — log || — C in dimension 2. Since pg(RY) = 1 and
pp < C, it also follows that if § is large enough,

1

RN\E| > =. 3.12
RE| > - (3.12)
Let now w be

o 1 (E)

This way w decays like |z|'~9 in all dimensions d > 2, and in view of (3.11)
we have

VazeRY  |w(x) <OB™ (3.14)
Let us then set
2

ﬁlogﬁfwa’ﬂfl

vi=h" —cg 4 oo —

for the C of (3.14). Observe that

1 ps(E) . md
——Av = pugl ——1 R®.
o v=pplrae + R\ E| ROA\E 1D
By choice of E, (1.11) and (3.14), we have in R¢ \ E,
2
v+ V — oo = hHF +V—65—710g6—w—0ﬁ_1
g
. ) (3.15)
=——logus — =logf —w—CB*<O0.
RS
It follows that
min(v +V — oo, —Av) <0 in R, (3.16)

In dimension d = 2 the comparison principle of Lemma 3.1 allows to conclude
that v < h*e> which yields the desired upper bound for h#*8. Let us now turn
to dimension d > 3. Setting

@ 1= ht~ — o,
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by (3.15) and (1.6) we have

{<p>o inRI\ E

. (3.17)
—Ap >0 in E.

We also have ¢ — ¢g — coo + %1og6 + CB7! at co. Arguing as in the
proof of Lemma 3.2, let 9 be a harmonic function equal to zero on OF
and cg — Coo + %bgﬂ + CpB~1 at infinity, we have ¢ > ¢ in E and if
€3 — Coo + %1ogb’ + CB~' < 0, ¢ tends to its limit from above at speed
|z|>79. On the other hand [, Ap = 0. As in the proof of Lemma 3.2, we get
a contradiction and conclude that cg — coc + %logﬂ +CB~! > 0. We then
conclude from (3.17) and the maximum principle that ¢ > 0 everywhere,
which yields the desired result. (|

We deduce some corollaries.

LEMMA 3.5. — There exists C' > 0 (depending only on V and d) such
that

pg(z) < exp(—Bamin(l, dist(z, %)%) 4+ C), (3.18)
ug(x) = exp(—ClogB) forxz e, (3.19)
C
¥ < —, 3.20
pp(E) < NG (3.20)
and
‘/ s log/w‘ < Q (3.21)
VB

Proof. — Taking the exponential of (1.11) and using (1.3), we find
s = exp(B(cg — B** — V) = exp(B(cs — coo + A= — B —()). (3.22)
Inserting (3.10) and (1.20), we find

exp (=fA¢(z) = Clog ) < ps(z)
< exp(—Bamin(1, dist(z, X)?) 4+ C).
The upper bound in (3.18) follows, and (3.19) as well since ( =0 in X.

(3.23)

For (3.20), using (3.23) and (3.8) as well as (1.16) and the coarea formula,
we may write

ps(2€) < C’/anXp(_ﬁO‘32) ds + Cexp <—§a> /Rdexp (—g(V —C)A 1)

c
<5 (3.24)

or respectively using V' —log || — C in dimension d = 2.
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Arguing in the same way, and using the behavior of the function z logz
we have

/ g 1og,u3’ < C/ Bs? eXp(—ﬁaSQ) ds
se 0

+ Cpaexp <—§a> / exp <_§(V - C)A 1)
Rd

<“
S VB
(respectively with V' — log|z| in dimension 2) which proves (3.21). O

4. Study of the radial case and barrier argument

Here we first specialize to V(z) = 3|z|?, which will provide a barrier

function for the general case. The problem is then radial and the solution
ps(z) = e*s 2D with ug solving in place of (1.11) the ODE

(9T = Bleae® ). (4.1)

By scaling, the coincidence set ¥ is then a ball of radius RgA~/9, where Ry
only depends on d, more precisely po, = %ﬂB(O,RdA—l/d). We first note that

at a point of local maximum of pg we have Alogpg < 0 hence pug < % =
%. We thus know that cqus < A everywhere and thus (rd’lu’ﬁ)’ < 0 and
rd’lu’ﬁ < 0 hence ug is nonincreasing.

In view of the exponential decay proved for the general problem in (3.18),
for 1 <« Kg < Clogp, there exists an ry (depending on ) and bounded
above by 2RgA\ "1/ such that ug(re) = —Kp.

A

LEMMA 4.1. — Let n be such that e 52 < n < 5o and let ro be as above
such that ug(re) = —Kg. There exists r1 > ro — C W (depending
on ) such that

ug(r1) = logmn,
with C' depending only on d and .
Proof. — Integrating (4.1), we may write
rd =t (r) = / Bsd™(cge™®) — \)ds. (4.2)
0
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Let 71 be the largest r < ro such that ug(r1) = logn. For r > r we have
ug(r) <logn < log 2~ 5, hence

T2 1 t
logn+K5:uB(r1)—u5(r2):6/ tdj/ s97H N — cqe# ) ds dt

/ﬂ/ dl/dldsdt
t .

T2 td 7,,1
/ﬂ Cpd—1 dt
1

T2

> B= _
/62(21 . (t Tl)dt

A
> 5@(7“2 —r1)”.
The result follows. ]

We may now use the radial solution as a barrier for the solution in the
general case.

PROPOSITION 4.2. — Let
Mg = ﬁnigx(h"ﬁ —cg — hH>* +c), (4.3)
and 1 >n > e Ms. There exists C > 0 depending only on V and d such that
for x € X satisfying dist(z,0%) = C %, we have
pp(x) = 1. (4.4)

Proof. — We know from (3.10) that Mg < C'log 8. Taking the exponen-
tial of (1.11) and using the definition (1.3) and the definition of Mg, we find

pg = exp(flcp — W = V)
=exp (B(cg — Coo +hF' — W —()) = e M5 (4.5)

in ¥, since ¢ = 0 in X. Since 9% € O, it satisfies an interior ball condition,
with a ball of radius which can be chosen independently of the point, say of
radius €. We then choose A > 2¢q4 large enough that A > o and 2Rd)\_1/d <e.
Given this A, we consider v to be a/\ times the radial fep of Lemma 4.1,
which satisfies

Alogv = B(cqv — ). (4.6)
We also let K,3/5 = Mg in Lemma 4.1 applied at the inverse temperature
Ba/A, and we let r be the ry given there. Since r9 < 2RgA" ¢ < €, a ball
B, tangent to 93 at any point can be included in ¥. In view of (4.5), the
monotonicity of v and the definition of 7 and K,g,x, we check that v < ug

- 1102 —



Thermal approximation of the equilibrium measure and obstacle problem

on 0B,. We now substract (1.12) and (4.6) and test the resulting relation
against (logv —log pug)+ which vanishes on 0B,. We obtain

/B (Alogv — Alog pg)(log v — log pa) +

= B/ (cqv — capp + AV — a)(logv — log p1g) +-
B’V‘

Using that AV > « in B, by (1.17) and an integration by parts, we are led
to

-/ V(logy ~ logua)l* > fes | (v us)log v ~ log ) >0,
B.n{v=>pg}

It follows that v < pg a.e. in B,, thus v is a barrier for pg. In view of
the result of Lemma 4.1, we deduce that ug > n as soon as x € B, and

dist(z,0B,) = C4/ Mﬁ%og‘" for some C depending only on V and d. The
result follows. O

5. Optimal estimates and lower bound on pg

We may now conclude

PROPOSITION 5.1. — There exists C > 0 (depending only on V and d)
such that if B is large enough, we have
C
hte —cg — (hH>* — c) < 5 (5.1)
B .. 2
exp ( — & dist(z,X)* — C | < pg(x) (5.2)
for x in a neighborhood of 3, and
1
pua(x) > c> 0 forzeX. (5.3)
Proof of Proposition 5.1. — We iterate and improve on the proof of

Proposition 3.4. Let Mz be as in (4.3). We know from (3.10) that Mg <
Clog 8. If Mgs is bounded above independently of /3, then there is nothing
to prove. If Mg — +00 as § — 00, let i be a constant in [e’Mﬁ,min(T’zd, 1)],
to be determined later. Let then

with C as in Proposition 4.2. In view of that proposition we have that pg > 7
in 3.
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Since 9X € C1! so is O for B large enough, and we may consider R(z)
to be the reflexion with respect to 93, defined in a tubular neighborhood.
We next let iz = pglp where

E = ({0 < dist(z,%) < 571} U(S\)) 1 {pas(e) <}

Arguing as in (3.24) we have that

Ina((£\E)) = FA(E)| < 5. (5.4
We note that E is included in a 75 4+ #7/% neighborhood of 9%.
Let w be
wim g <@R#@+(Mﬁﬂ(zw)c,@) h "((Z\EQ%(E) ng>, (5.5)
where # denotes the push-forward of measures. We claim that
Vo € R (@) < C5(M + [lognl) (5.6)
with C depending only of V and d. We note that w decays like |z|'~¢ in all

dimensions d > 2 because its Laplacian integrates to 0, and in view of (5.4)
we have

<oph

_ Y\E)) — ug(E
g * (,U/ﬁ]l(Z\E)c—Mﬁ_MIB(( \ |)§)| s )]1§>

Hence there remains to show that

o M
g+ (15 — R#tp) | < Cnf- (5.7)

By definition of the push-forward, we have
g * (11p — R#thp) (z)]

_ ‘ / (g(x —y) — gz — R(y))) dii (y)

< Cn lg(z —y) — gz — R(y))|dy

/minwznm(y)x)sm (5.8)

e |<y_|];(ij)ﬂ_x>|dﬁ§(y)

ly—z| 275, R(y)—=| 275

. 2
+C/ ly = R(y)| i (y).

_ d
ly—al>7a,|Ry)—zl>75 1Y — ]
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The first time in the right-hand side is bounded by CT]TE in all dimensions,
while the second is bounded by

. dist(y, X)[(y — 2, n(y))|
ly—z|>7s ly — x|d
O<dist(y,2)<,371/4

min(n, exp(—Ba dist?(y, Z)))dy

~

dist (y, 2)|(y —
+Cn/ dis (y, %)y da:,n(y)ﬂdy (5.9)
ly—z|>75,yEX\S ly — x|

where n(y) is the normal vector to 9% at y. We claim that these terms are
bounded by Cm'g . To see this, let us use local coordinates adapted to ¥ of

the form (s,t) € 9% x R such that each vector y can be decomposed into
y = s+ tn(y), with s € 05 and t = dist(y,S). We choose the origin so
that = has coordinates (0,tg), and assume |tg| < ¢ (for otherwise the result
is clearly true). The Jacobian of the change of variables is bounded, and
(y —z,n(y)) = O(|s|?) + t — to as |s| — 0, using that % € C11, so we may
locally on d% bound this integral by

tmin (1, exp(—Ba(t — 75)%)) ((t — to) + O(5))

c [t—to| 275 4 dsdt
Ta<t<rg+A~/4 (It = to> + [s|* + O(|s[*|t — to])) >
seéﬁ
tmin (n, exp(—Ba(t —75)2)) (O(1+ |s'|?|t —t
o | tmin fexp(—alt—)%) 00+ 5Pl =)
Te<t<Tg+B 1 4
o L)
5€8|t—t0|
X N1 ﬂ X 7’]7-/3 B

where used the change of variables s = |t — #o|s’, that 9% € C! and that &
can be chosen small enough.

The second term in (5.9) and the third term in (5.8) are bounded by CnTg
by similar computations, which concludes the proof of (5.7) hence of (5.6).
Let us then set

logn

(M + flogn]) + =57

v::h“"—clg-i-coo—w—Cﬁ

for the C of (5.6). Observe that

1 o
—aAU = ppls\g + R#pup + &
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hence Av is supported in ¥\ E. By (1.11), (5.6) and pug > n in £\ E, we have
in X\ E,

1
v+ V —coo = R#? +V—cﬁ—w—Cg(M5+|logn|)+%
1 logn Mg + |log 7| (5.10)
B
=——logug+ -C —w < 0.
gt T YT
It follows that
min(v +V — oo, —Av) <0 in R, (5.11)

In dimension d = 2 the comparison principle of Lemma 3.1 allows to conclude
that v < h** which yields the desired upper bound for h*#. Let us now turn
to dimension d > 3. Setting

@ = ht>~ —v
by (5.10) and (1.6) we have

{<p>o in 2\E

—Ap >0 in(X\E)". (5:12)

Mg+l . .
Mptllogn| 10% at 0o. Arguing as in the

We also have ¢ = cg — coo — C7
proof of Lemma 3.2, let 1) be a harmonic function equal vanishing on 9(X\ E)
and ¢g — Coo — an + bﬁ at infinity, we have ¢ > ¢ in X\ F and if

€8 — Coo — an + log" < 0 1) tends to its limit from above at speed

|z|2~9. On the other hand fRd Ay = 0. As in the proof of Lemma 3.2, we get a

contradiction and conclude that cg — coo — an + 10% > 0. We then

conclude from (5.12) and the maximum principle that ¢ > 0 everywhere,
which yields

logn Mpg + |log 7|
e
g "B

R — cog — WM 4 cg >

hence by definition of Mg

My OnMﬂJF logn| _ logn
B B g
Choosing 7 a small enough constant, we obtain that Mz < C, which con-

cludes the proof of (5.1). The result (5.2) follows from combining (3.22)
and (5.1), and (5.3) follows from combining (3.22), (5.1) and the fact that

¢(=0inX. 0
COROLLARY 5.2. — We have

IV (R — 1) o (rey < CB73. (5.13)

Proof. — This follows from (3.10), the fact that ||ug — fioo|/~ < C and

interpolation (see for instance the appendix in [5]). O
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6. Regularity theory and iterative approximation

Once pg is bounded below, the PDE (1.13) becomes uniformly elliptic
and we may apply regularity theory tools to compare ug to the expected
solution. In the case that AV is constant, then we can show that pg is
very close to the constant . inside 3, however in the case where AV is
not constant, there are corrections to arbitrary order that need to be added
to fhoo-

Assuming that V' € C?™7 for some m € N and exponent v > 0, we re-
cursively define f; by (1.28). We note that, for 5 sufficiently large depending
on the norms of V' and on k, and by (1.17),

@

[ fellczm—r-1(sy < C and  fi > i T (6.1)
We also define
ek = Alog fr — B(cafi — AV) = Bea(frr1 — fr) (6.2)
and check that
€k
€ =Alog| 1+
o g( 5Cdfk>
and thus
ekl ozim—r—2.4(s) < cpr. (6.3)

Thus since €, gets small as [ gets large, fr is a good approximate solution
to (1.12) for k > 1. In view of (6.2) and (6.3), if V € C* then fj converges
as k — oo in all C"™ spaces to f, an exact solution of (1.12).

PROPOSITION 6.1. — Assume m € N, m > 2, and v € (0,1] are such
that V€ C?™7. Then for every n even integer with n < 2(m —2) and every
0 <+ < v, there exists C > 0 depending only on V,d,n such that if 3 is
large enough depending on m, for any U C X, we have

(|5 () — fm_Q_%(x)Han’(U)
< CF™F exp (~Clog?(fdist? (U,0%))) + CA"~ 1% | (6.4)
Proof. — Define ug := ’;—f — 1. By (1.12), we have
Alog(fr(up +1)) = B(cafwup + cafe — AV).

In view of (6.2), we get
Alog(1 + ug) = Bea frup — €k

which can be rewritten as

. Vu
—d1V<1+5ﬂ> + Bed frupg = €k (6.5)
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This equation is uniformly elliptic in ¥ since, by (3.8),(5.3) and (6.1),

— <ug+1< in X. (6.6)

a
We next seek a local L? estimate for ug in X. Select 79 € X, r €

(0, dist (x0,9%)) and a cutoff function x € C2°(B,). Testing (6.5) with x?ug,
we obtain

2 2 .
/ 2 |Vug| +/ ugxVx - Vug 4 5Cd/ XkaU?g
Br(zo) L1t us  JB.(x0) 1 +ug B, (x0)

= / X2€ku5.
BT(ZEO)

Using Young’s inequality and (6.1), we obtain after rearrangement that

1 Vu 2 5Cd
5/ X2|1 il +7/ XkaU%
B, (z0) +ug B (x0)
w2 |Vy|? 1
<4 / 5Vl / X’er
B.(wo) Ltus  2B¢d /B, ()

C
< C’/ IVx|?u? + — £3.
B, (z0) 7B JB.(ae

Choosing x such that 1p_, ) < X < 1B, (4, and Vx| < 4r~! and us-
ing (6.1), (6.3) and (6.6), we find that, 1f k < m — 2, then

C
[ o], GG dearan e
B./2(%0) B,./2(%0) " J B, (z0)

In particular, keeping only the second term on the left side, we obtain

o
f u% 32 ][ u% + Cp2k+Y), (6.8)
B2

After an iteration of the previous inequality, we obtain, for s := Cﬁ_%,

][ u% < exp (—clog2 (67“2)) + C’B_Q(kJrl).
B (o)

Let us now rescale the equation (6.5) by defining
ug(z) = ug(zo + sx), (6.9)

and similarly fk, €. In terms of Ug, the equation becomes

Vig ~
_div<1+u >+cdfku;3 5718, in B. (6.10)
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Note that the function cdfk is bounded. Applying the De Giorgi-Nash
H'older estimate (see [11, Theorem 8.24]) for uniformly elliptic equations,
we obtain, for some ¢ > 0 and again for k < m — 2,

1

2
18505y + sl <€ ([ 1 )+ 5 Bl o,
< C’exp(—c(log2 (67‘2)) + Bkt

Repeatedly applying Schauder estimates yields, for every n < 2(m — k — 2)
and 0 < <7,

(V") co (, ) < Cexp(—c(log?(Br?)) + CH~EHD, (6.11)
with constants C' which now depend on m. Taking k = m — 2 — 3, after
rescaling back, by definition of ug this implies (6.4). O

Remark 6.2. — The estimates above apply in the same way to all so-

lutions of relations of the form (6.5). This allows to handle questions of

stability of the solutions with respect to V: if V' is changed into V + t£ with

& supported in X, then letting utﬁ be the corresponding thermal equilibrium
t

. I .
measure, the function u; = M—Z — 1 satisfies

Y
div(l +u;t) = B(capgus — tAE) . (6.12)

which is of the same form as (6.5). The same method then allows to estimate
uy hence iy /g
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