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264 R. DUBOSCQ & A. REVEILLAC

RESUME. — Dans ce papier, nous nous intéressons 4 une inégalité de Hardy—Littlewood—
Sobolev stochastique. Etant donné la nature non-homogene du le potentiel dans I'inégalité,
nous montrons qu’une constante proportionnelle & la longueur de 'intervalle considéré apparait
dans le membre de droite. Une application directe de ce résultat est d’obtenir des inégalités de
Strichartz locales pour des dispersions modulées par un bruit et, ainsi, résoudre le probleme
de Cauchy pour des équations de Schrodinger non-linéaires critiques.

1. Introduction

Let (2,P) be the standard probability space endowed with the Wiener filtration
(Fi)t=0. We consider the stochastic process WH  a fractional Brownian motion with
Hurst parameter H € (0, 1), given by, V¢t € R,

W — /too ((t =) = (=9)) aw,,

where W is a standard wiener process. The main objective of this paper is to derive a
stochastic counter-part to the classical Hardy-Littlewood—Sobolev inequality [HL28,
HL31, Sob38|. To be more specific, we obtain the following result.

THEOREM 1.1. — Let (WH);~¢ be a fractional Brownian motion of Hurst index
He(0,1),8€(0,1—-H), p,q€ (1,00) and a € (0, 1) such that
1 1
2—a=—-+-.
p q

Then, there exist T > 0 and C7; > 0 such that, P-a.s., V f € L*([0,T]),V g €
L4([0,T1]) the following inequality holds

an [0 s wr - wr

Our motivation to prove such result stems from the Cauchy problem of nonlinear
evolution equations with a randomly modulated dispersion. Such equations are for
instance: the nonlinear Schrodinger equation [BBD15, CG15, BD10, DT11], the
Korteweg—de Vries equation [CG15] and the Benjamin-Bona-Mahony [CGM17].
They have recently raised an interest due to the effects of the stochastic modulation.
Here, we address the local Cauchy problem for the following nonlinear Schrodinger
equation with noisy dispersion in its mild formulation

t
(12)  o(tx) = Postbo(a) +/\/0 P, |o(s, z)ds, ¥ (t,2) € [0,T] x R,
where A € C and, V ¢ € C°(R?),
Ppi= F! (e—iﬂ?(WtH—W!‘)@) .

Ford =1, H = 1/2 and o = 1, this equation arises in the field of nonlinear optics as
a limit model for the propagation of light pulse in an optical fiber where the dispersion
varies along the fiber [AgrO1, Agr07]. These variations in the dispersion accounts
for the so-called dispersion management which aims to improve the transmission
of a light signal by constructing a zero-mean dispersion fiber in order to avoid the

) g(S)det‘ < CLaT|| fll oo, 1) 191l Lo, 77)-
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problem of the chromatic dispersion of the light signal. When the variations are
assumed to be random, a noisy dispersion can be derived (see [BD10, Mar06]) which
leads, in the white noise case, to Equation (1.2).

As part of the problems concerning the propagation of waves in random me-
dia, there is a vast literature around random Schrodinger equations. Let us men-
tion in particular the cases of random potentials [ESY08, EY00] and noisy poten-
tials [BD02, BD05, BD99]. In these works, the effects of the stochastic potential
greatly affect the dynamic of the Schrodinger equation and are, in a broader con-
text, a motivation to introduce randomness in PDEs. Specifically, there is a well
known effect which attracted a lot of attention: the so-called regularization by noise
phenomenon (see [Flall] for a survey). This phenomenon can be summarized as an
improvement, due to the presence of noise, of the well-posedness of differential equa-
tions and has been studied in the context of SDEs [CG16, KRO05, Pril2, Ver81, Zvo75],
transport equation [Cat16, FF13, FGP10], SPDEs [DPFPR13] and scalar conserva-
tion laws [GS17]. We remark that obtaining a regularization by noise in the context
of nonlinear random PDE is a challenging task and most of the results are obtained
in a linear setting. For instance, an open problem is to obtain a regularization by
noise for the Euler or Navier-Stokes equations.

As mentioned previously, we are not the first one to investigate the Cauchy problem
of Equation (1.2). It was first studied in [BD10] where the global Cauchy problem
was solved for H = 1/2 and o < 2/d (which corresponds to a classical L?-subcritical
nonlinearity). In [DT11], the authors proved that, in the L?-critical case, when
d =1, H =1/2 and 0 = 5, the solutions are globally well-posed, which is not
the case for the deterministic nonlinear Schréodinger equation and, thus, hints for a
regularization by noise effect. In [CG15], the authors study the case for d = 1, 0 = 2,
H small enough and d =2, 0 =1, H € (0,1). By a simple scaling argument on the
space and time variables of (1.2) and thanks to the scaling invariance of the Wiener
process, it was conjectured in [BBD15] that, in fact, the critical nonlinearity should
be o0 = 4/d for H = 1/2, a L*-supercritical nonlinearity, which is twice as large as
the deterministic L2-critical nonlinearity. Furthermore, this fact was supported by
numerical simulations in 1D and leads to believe that the white noise dispersion has
a strong stabilizing property.

In this paper, we prove the global Cauchy problem (1.2) for d € N, 0 < 2/d and
H € (0,1). To be more specific, we obtain the following result.

THEOREM 1.2. — Let 0 < 2, 99 € L*(RY) and a € (2,00) such that 2/a =
d(1/2 —1/(20 + 2)). Then, P-a.s., there exists a unique solution v which belongs in
L*([0, +oo[; L*T2(RY)) N C([0; +oo[; LA(RY)) to (1.2).

Remark 1.3. — Thus, the modulation by a random noise of the dispersion operator
leads to a regularizing effect since we are able to prove the global existence and
uniqueness of solutions in the critical case o = 2/d for arbitrarily large initial data
Yo € L*(R?). The other interesting fact of our result is that, no matter how close to
1 the Hurst parameter is, we still reach the critical case. This problem was left open
in [CG15] where H needs to be small enough.
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266 R. DUBOSCQ & A. REVEILLAC

The classical approach to investigate the Cauchy problem for nonlinear Schrédinger
equations is to derive local Strichartz estimates [Caz03]. These estimates are a
direct consequence of the dispersive property of the linear operator iA. However,
as pointed out in [DT11], it is much harder to obtain such estimates in the case of
a white noise dispersion because of the presence of the Wiener process. We recall
from [BD10, Mar06] that the propagator associated to the linear part of (1.2) is
explicitly given by, V ¢, s € (0,00) and V ¢ € C°(R?),

|z —y|?

1 Z.4 wH-wH
/Rd e !l Jo(y)dy.

(4 (WH — W)Y

Following the classical proof of Strichartz estimates (see for instance [KT98]), a
fundamental tool is the Hardy—Littlewood—Sobolev inequality. This is where Theo-
rem 1.1 comes at hand since the classical potential [t —s|~* is replaced by |W;—W|~°.
As a direct consequence, we obtain the following stochastic Strichartz estimates.

(1.3) P, 1p(x) =

DEFINITION 1.4. — For any (q,p) € (2,00)?, we say that (g, p) is an admissible

pair if
2 1 1
q d ( - ) .
q 2 p

PROPOSITION 1.5. — Let (W);»¢ be a fractional Brownian motion of Hurst
index H € (0,1), 8 € (0,1—H), (¢, p) an admissible pair and o« = d(1/2—1/p) = 2/q.
Then, P-a.s., there exist T > 0 and Cy 15,C5 15 > 0 such that, V f € L*(RY) and
Vg e L"([0,T]; LV (RY)), the following inequalities holds

(1'4) ||P0,~f”Lq([o7T];Lp(Rd)) < 01,1.5Ta,8||f“[,2,

(1.5) H/OT P g(s)ds

< 02,1.5TQB”9||LT’([0,T];Ll'(Rd))’

Lq([07 T); Lp (Rd))
for any (r,l) admissible pair.

These Strichartz estimates are more powerful due to the presence of the term 7.
Indeed, in the fixed-point argument, this term will be necessary to obtain the contrac-
tion of the mapping in the critical case ¢ = 2/d and, as opposed to the deterministic
case, it will only depend on the size of the initial data (even in the critical case).
This will be the main argument to prove Theorem 1.2. The rest of the paper is
devoted to the proof of Theorem 1.1 in Section 2 and the proofs of Proposition 1.5
and Theorem 1.2 in Section 3.

2. Proof of Theorem 1.1

Before proceeding any further, let us remark that we can, without loss of generality,
assume that f € LP([0,7]) and g € L%([0,T]) are non-negative functions and,
furthermore, by a scaling argument, we can assume that || f|| 2o (o, 7)) = |9/l za(po,77) = 1.
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Our strategy follows the proof of Lieb—Loss [LL01, Section 4.3]. It is based on the
following layer cake representation

+o0 400
FO= [ Lsadas gls)= [ Ly-0db

—a +00 o
= O{/[\) C 1|WtH_
Then, by Fubini’s theorem, the left-hand-side of (1.1) can be rewritten as
T T "
e [ [ |-
o Jo
—+o00 +oo —+o00 1a T T
Oz/o /0 /0 C /0 /0 1f(t)>alg(s)>b1|WtH,WS{J|<Cd3dt dedbda.

By denoting

and ‘WtH

<Cdc.

. - g(s)dsdt =

T
/ 1f >adt g(b) ::/0 1g(s)>bd5

and W(ce,T):= sup 1’WH—WH‘ _.ds,
te0,7]/0 t s
we have the following result whose proof is postponed.

LEMMA 2.1. — Let H € (0,1) and 5 € (0,1 — H). There exists T > 0 and
Cy1 > 0 such that, P-a.s., Vc € R,

W(C, T) < CQ_lTﬁC.

We now set p, q € (2,+00) such that
1 1
-+ -—4+a=2.
p 4q

We see that we can bound each characteristic function by 1 in (2.1) and, thus, we
deduce that

[ s -

“+o00 “+o00 “+o00
s)dsdt < / / / ~a=17(q, b, ¢)dadbde,

with
f@g),  if m(a,b,e) = hie),
I(a,b,¢) := § f(@W(e,T), if m(a,b,c)=g(b),
W(e,T)§(b), if m(a,b,c)= f(a),
where
m(a,b,c) = li_r)r%) max {f(a),g(b), h(c) + L} and  h(c) := Cy T c.
Remark 2.2. — In the previous definition of m, we choose to have, in the case

where max{ f(a), j(b), h(c)} = f(a) = h(c), m(a,b,¢) = h(c) (and similarly for §).
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268 R. DUBOSCQ & A. REVEILLAC

From here, we essentially follow the arguments from [LLO1]. We first assume that

f(a) > g(b). We deduce that

+oo
/ ¢ (a,b,c)dc <
0

We denote kg = Cy TP, Since B(c} < f(a) is equivalent to
c < .f(a)/l{Ta
the first integral on the right-hand-side is estimated as
[ 0 e < s [ e
c c)l; ode < K ¢ “de
; () < (o) T,

<(—a)nr (fla)/mr) " = (1- ) Rpf (@)

The second integral is bounded as

Hence, since by assumption §(b)~* > f(a)™®, it follows that

v

+00 v v
| e b o) de Sa w6 fla) = rgmin {5(6) (@), Fla)g() "}
By assuming that f(a) < §(b) and following the same arguments, we obtain

/ 0 a,b0)de So wgmin {5(6) (@), F(a)g (b))

We then proceed by integrating with respect to b and a. We have
+00 +o0o
[ min{a®) i@, f@)am) O‘}dbda:

too paP/d V
/ F(a)3(b)" dbda + / / / )= dbda.

Thanks to Holder’ inequality, we have, for r = (¢ — 1)(1 — a),

aP/a

aP/a
/ G0y o db = / G(0) b0 db
0

0

aP/4 l-a ab/a a
< ( / g(b)bq—ldb> ( / b‘”%ib)
0 0

The norms of f and g are such that

+oo o +o0
||f||]2p([o,:r]) = P/O a’~'f(a)da =1 and ||9||qu([o,T]) = Q/O bt g(b)db = 1.
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Thus, since

= (1-q(1-a))

3
7N
—_

|
o1
N———
(o}
Il
»Q\’B <3
/N
)

|
=
|
=
g
|
2
N——

1
p<—1+a>:p—1,
q

we obtain

/O ™ Ha) /0 " (b))~ *dbda

q(1—a)

+00
~ HgHLq [0,7]) f(a)@p tda = HgHLq [0, T] HfHLP([O T]) <L

By similar arguments, we deduce that

—+o0
/ // Y =Cdbda < 1,

which concludes the proof of Theorem 1.1.
It remains to prove Lemma 2.1. We have that, ¥ ¢ > 0 and V ¢ € [0, T,

T WtHi c WtHi
Jy s <eds = [ Q< "y = [ G dy

where ¢ is the local time of W# given as

s, = lim P, (Wf) du,

e—=0Js, 1]
where (P;);>0 is the heat semigroup. We need the following result from [Xia97].

THEOREM 2.3. — Let (W});>¢ be a fractional Brownian motion with Hurst
parameter H € (0,1). Then, for any interval I C R, there exists a positive finite
constant K such that, P-a.s.,

. Supx gx—r r
lim sup sup U A < K.

r—0 ter ri=Hlog(1/r)H

We deduce from the previous result that for any § € (0,1 — H) and 7' > 0 small
enough, there exists a constant Cs 3 > 0 such that, P-a.s., we have

sup ‘6[0 T] C2.3T6.
z€R

It follows that, for T" small enough,

T
/0 1|WtH*WSH| <Cd8 < 202_3CT5,

which is exactly the desired result.
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270 R. DUBOSCQ & A. REVEILLAC

3. Proof of Proposition 1.5 and Theorem 1.2
3.1. Stochastic Strichartz estimates

Since (Ps ¢)o<s<: is an isometry from L? to itself, we deduce by the Hausdorff-
Young inequality and an interpolation argument, that, ¥ p € [2, 0o,

1
(3.1) 1Pl (o) S (a1 )
t s

where p’ is the Holder conjugate of p. We denote (P ;)o< s < the adjoint of (Ps )o<s<,
that is

" _ 2 (W H HY
f@ﬂ@?f1< slel (W, WM%DZR&
This leads, in particular, to the fact that
P;t:Pt,sa P&SPO,t:PS,t and Ps’tP:t:PS,T,VTE[S,t].

The proof of Proposition 1.5 is based on the 77 argument. We set a = d(1/2—1/p)
and consider the integral, V f, g € C([0, T],C5°(RY)),

]/ / (PS¢ Po*tg<>>L2dsdt'

P f(s )>L2dsdt|

I(f.9): ’// (Pouf(s). Posg(t)) ,dsdt| =

By Holder’s inequality, (3.1) and Theorem 1.1, we deduce that

](fa g) < /OT /OT ||Ps,tf<3)||Lp(Rd) ||g(t)||Lp/<Rd)d3dt
S /OT /OT (We = Wl 1 Ol ot () 19 ()] o (e dsclt

S TOlBHf”Lq’([Q,T],Lp’ (]Rd)) HgHLq’([o,T},LP’ (Rd))v

1 1 1 1 2
2—dl-—-Z]==4+==2-=.
2 p

since

This yields, on one hand, that

s | = 10,1 S TN B 1y ()

L2(R?)

and, on another hand, by a duality argument,
T

/ P, f(s)ds
0

ANNALES HENRI LEBESGUE
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We are now in position to prove (1.4) and (1.5). It follows from (3.2) that, V f €
I2(RY) and ¥ g € I¢([0, T); L (RY),
T *
/0 POJg(t)ds

T T
/0 <P0,tf7g(t>>[,2 dt = <f7/0 P(itg(t)>L2 < Hf”LQ(Rd)

S TaﬁHme(Rd) ”g”Lq’([o,T],Lp’(Rd))>
we obtain (1.4) by a duality argument. We now turn to (1.5). We have, by (3.2),

T T
’/0 P, f(s)ds </0 ||Ps,-f(3>||Lq([o,T];Lp(le))ds
ST / ' 1f ()] 2 rayds = TN Fll o 0,77, 22 (o))
o ST

Thanks to this estimate, by an interpolation argument with (3.3), we deduce (1.5).

2

L2(R%)

Lq([o, T) ;LI’(Rd))

3.2. Well-posedness of equation (1.2)

We can now apply the previous result to solve the local Cauchy problem of (1.2) The
strategy is based on a fixed-point argument of the mapping I' from L4([0, T]; LP(R%))
to itself given by

T
(3.4) D) () = Potho(e) = i [ PP (s, 2)ds
We denote a closed ball of L%([0,T7]; LP(R?))

B, ra(o,17; 1o (r1)) = {¢ e L7([0, T); L7 (RY)); 11 o (10,77 £ () S R}-

Fix R > 0 that will be set later. For any ¢ € Bg ra(, 1, Lr(r4)), We apply the
L9([0,T); LP(RY)) norm to (3.4) and deduce, thanks to (1.4) and (1.5),

||F(¢)||Lq([o7T];Lp(Rd)) < Cl||¢0||L2(]Rd) + C2|)‘|Ta5 ||¢||iif(r2lo+1)([oj];Ll’(2a+1)(Rd)) :

for any (r,1) admissible. By choosing (¢, p) = (r,1) = (a,20 + 2), we have
[ 20+2
I—1 20+1
Hence, we obtain, by Holder’s inequality,

l/

20+1
HwHLUr/JEQU+1)([07 ] ;Ll’(20+1)<Rd))
20+1 — = 2041
= Hw||L(:’—i(_2cr+1)([07T];L2a+2 (Rd)) Tl ||1/}||LZ—E[O T); L2‘7+2(Rd)) ’

which gives us
(3:5) T a0, 27 2o ()
Cl“wouLQ(Rd> + C2|)\’T1+aﬁ77 Hw“ii—at T L20+2(Rd)> .

TOME 5 (2022)



272

R. DUBOSCQ & A. REVEILLAC

By similar computations, we obtain that, V 11,19 € Bg ra(o,17; 1r (%))

(36) IT(W1) = D) o017, 10

< CQ’)\|T1+&B?ER2U ||w1 - ¢2||La([O,T];L20+2(Rd)) .

We remark that, since 2/do < 1 and af > 0, we have

2

Hence, by setting

R= 26'1 ||w0||L2(Rd)’

and taking 7" > 0 such that

Co [T o83 R% < 1,

we can see that I' is a contraction from Bpg pa(o,17; 120+2(re)) to itself. It follows
from a Banach fixed point theorem that there exists a unique solution to (1.2).
A classical argument shows that ¢ € C([0,T]; L*(R%)). The proof of Theorem 1.2
then follows by iterating this argument on time intervals of length 7" since we have

[P(T) [ r2(ray = [[Y0ll2we)-
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