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RESUME. — Nous étudions une équation de Schrodinger qui décrit la dynamique d’un
électron dans un crystal en présence d’impuretés et nous considérons des longueurs d’onde de
la taille des cellules du crystal. Lorsque la donnée initiale satisfait a des hypotheses ad-hoc, il
est bien connu que ’on peut rendre compte des propriétés de la fonction d’onde en considérant
la solution d’une équation de Schrédinger plus simple, appelée équation de masse effective. En
utilisant la décomposition de Floquet—Bloch, comme il est classique dans ce domaine, nous
exhibons des équations de masse effective dans un cadre plus général que dans les travaux
antérieurs, en autorisant notamment des dégénérescences des points critiques des bandes de
Bloch (ce qui ne peut arriver qu’en dimension plus grande que 1). Notre analyse repose sur
l'utilisation des mesures de Wigner et leur application a I’analyse de la dispersion dans des
edp-s et aboutit a l'introduction d’équations de masse effective de type Heisenberg.

1. Introduction

1.1. The dynamics of an electron in a crystal and the effective mass
equation

The dynamics of an electron in a crystal in the presence of impurities is described
by a wave function U(¢,z) that solves the Schrodinger equation:

ihoy W (t, ) + ;;Ax\lf(t, z) — Qper (2) U(t,x) — Qext(t, )V (t,2) = 0,

\I/’t:() - \Ifo.

(1.1)

The potential Qe is periodic with respect to some lattice in R? and describes
the interactions between the electron and the crystal. The external potential eyt
takes into account the effects of impurities on the otherwise perfect crystal. Here
h denotes the Planck constant and m is the mass of the electrons. In many cases
of physical interest, the ratio € between the mean spacing of the lattice and the
characteristic length scale of variation of Q. is very small. After performing a
suitable change of units, and rescaling the external potential and the wave function
(see for instance [PR96]) the Schrodinger equation becomes:

1
iaﬂbe(t 33) + §Ax¢5(t> 33) - glgvper <§> ws(t> $) - %Xt(t? x)¢6(t? IL’) = 07
V% [i=0 = V5.

The potential V,., is periodic with respect to a fixed lattice in R?, which, for the
sake of definiteness will be assumed to be Z.

Effective Mass Theory consists in showing that, under suitable assumptions on the
initial data 1§, the solutions of (1.2) can be approximated for € small by those of a
simpler Schrodinger equation, the effective mass equation, which is of the form:

(1.2)

(1.3) 0:0(t,) + 1 (B Dy D)o(t, ) — Vise(t, 2)6(1,2) = 0,

where, as usual, D, = %895. The approximation has to be understood in the sense
that any weak limits of the density [¢°(t, z)[*dzdt is the density |¢(¢, z)|*dzdt as
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e goes to 0. In the equation (1.3), B is a d x d matrix called the effective mass tensor,
it generates the effective Hamiltonian

H(2,€) = 3B € — Vi (1,2).

The effective mass tensor is an experimentally accessible quantity that can be
used to study the effect of the impurities on the dynamics of the electrons. Both
the question of finding those initial conditions for which the corresponding solutions
of (1.2) converge (in a suitable sense) to solutions to the effective mass equation
and that of clarifying the dependence of B on the sequence of initial data have been
extensively studied in the literature [AP05, BBA11, BLP78, HW11, PR96]. The
effective mass tensor is related to the critical points of the Bloch modes. These are
the eigenvalues of the operator P(£) on L?(T¢) which is canonically associated with
the equation (1.2),

(1.4) P() = 516~ iV, + Vouly), y €T, £ R’

We focus here on initial data which are structurally related with one of the Bloch
mode in a sense that we will make precise later, we assume that this Bloch mode
is of constant multiplicity and we introduce a new method for deriving rigorously
the equation (1.3). The advantage of this method is that it allows to treat the case
where the critical points of the considered Bloch modes are degenerate, leading to
the introduction of a new family of Effective mass equations which are of Heisenberg
type. Our strategy is based on the analysis of the dispersion of PDEs by a Wigner
measure approach which has led us to develop global two microlocal Wigner measures
in this specific context, while they are only defined locally in general ([FK00, FKO05]).

Note that different scaling limits for equation (1.1) have been studied in the
literature: the interested reader can consult, among many others, references [AP0G,
BMPO01, CS12, DGR06, Gér9la, GMMP97, HST01, PR96, PSTO03].

1.2. Floquet—Bloch decomposition

The analysis of Schrodinger operators with periodic potentials has a long history
that has its origins in the seminal works by Floquet [Flo83] on ordinary differential
equations with periodic coefficients, and by Bloch [Blo28], who developed a spectral
theory of periodic Schrédinger operators in the context of solid state physics. Floquet—
Bloch theory can be used to study the spectrum of the perturbed periodic Schrodinger
operator:

2
_%Aw + V;)er (:) + 62‘/8)(1:(.[:’ IL‘),

see for instance [Kuc01, Kuc04, Kuc16, RS78] and the references therein, and [GMS91,
HW11, Out87] for results in the semiclassical context. The Floquet—Bloch decom-
position gives as a result that the corresponding Schrodinger evolution can be
decoupled in an infinite family of dispersive-type equations for the so-called Bloch

modes. We briefly recall the basic facts that we shall need by following the approach
in [Gér91la, GMS91].
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The Floquet—Bloch decomposition is based on assuming that the solutions to (1.2)
depend on both the “slow” z and the “fast” x/e variables. The fast variables should
moreover respect the symmetries of the lattice. This leads to the following Ansatz
on the form of the solutions ¢° of (1.2):

(1.5) Ve (tx) = U (t,a:, Z) ,

where U*(t, x,y) is assumed to be Zd-periodic with respect to the variable y (and,
therefore, that it can be identified to a function defined on R x R? x T¢, where T¢
denotes the torus R?/Z%). The function U¢ then satisfies the equation:

(1.6) ie20,Uc(t, x,y) = P(eD,)US(t,x,y) + Ve (t, ) US(t, 2, y),
' U|i—o = Us(x,y), such that ¢ = LU,

where the operator L° maps functions F defined on R? x T¢ on functions on R?
according to:

(1.7) L°F(xz) :=F (x, i) :

and P(eD,) denotes the operator-valued Fourier multiplier associated with the
symbol £ — P(g€) defined in (1.4). The initial condition in (1.6) can be interpreted
in terms of the natural embedding L*(RY) < L*(R¢ x T) by taking

Us(z,y) = v5(z) @ 1(y).
One can also have more elaborated identifications depending on the structure of the
initial data, as we shall see later. Identity (1.5) makes sense, since one can check that,
under suitable assumptions on the initial datum, U¢(¢, z, ) has enough regularity
with respect to the variable y (the fact that ¢)°* must be given by (1.5) following from
the uniqueness of solutions to the initial value problem (1.2)).

Assuming that the function y — Ve (y) is smooth is enough for proving that the
operator P(€) is self-adjoint on L?(T¢) (with domain H?(R%)) and has a compact
resolvent. For the sake of simplicity, we shall make here this assumption, even
though it can be relaxed into assuming Vye, € LP(T?) for some convenient set of
indices p which authorizes Coulombian singularity in dimension 3 (see [Lew17]). As a
consequence of the fact that P(£) has compact resolvent, there exist a non-decreasing
sequence of eigenvalues (the so-called Bloch energies):

01(§) < 02(8) <+~ < op(§) <+ — F00,

and an orthonormal basis of L?(T%) consisting of eigenfunctions (¢, (&, ))
Bloch waves):

(called

neN

P(&)pn(y:€) = 0a(€)pn(y,€),  for y € T?.
Moreover, the Bloch energies o, (&) are 2rZ4-periodic whereas the Bloch waves satisfy

on(y, & + 2mk) = e_i%k'ygpn(y, €), foreveryke 7.

This follows from the fact that for every k € Z¢, the operator P(& + 27k) is unitarily
equivalent to P(€) since P(£ + 27k) = e ™V P(£)e?®™ Y. Tt is proved in [Wil78]
that the Bloch energies p,, are continuous and piecewise analytic functions of & € RY.
Actually, the set {(£, 0,(£)), n € N, £ € R?} is an analytic set of R4, Moreover, if
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the multiplicity of the eigenvalue g, (€) is equal to the same constant for all £ € R,
then p,, and the eigenprojector II,, on this mode are globally analytic functions of &.
The reader can refer to [Kucl6] for a survey on the subject.

Observing that, via the decomposition in Fourier series, any U € L*(R{ x T¢) can
be written as:

Ulz,y) = > Up(2)e®™¥ with [|U|2@axrey = Y 1Ukll72a),
kezd kezd

we denote by H?(R? x T9), for s > 0, the Sobolev space consisting of those functions
U € L*(R4 x T?) such that there exists C' > 0

e = 3 [ (14|26 + [P ID4(€)Pdé < C.

kezd

(18)  Ve>o0, ||U]

where

Uu(€) = /R e (a)do.

1.3. Main result

We consider the following set of assumptions.

(H1) Assume V., is smooth and real-valued and that V.4 is a continuous function
in time taking values in the set of smooth, real-valued, bounded functions
on R?% with bounded derivatives.

(H2) Assume that g, is a Bloch mode of constant multiplicity and that the set of
critical points of o,
Ay ={£ eRY, Vo (&) =0}
is a submanifold of R<.
(H3) Assume that the Hessian d?p,,(€) is of maximal rank above each point £ € A,

(or equivalently that Kerd?p,(§) = T¢A,, for all € € A,,),
(H4) Assume that the initial data ¢§(z) satisfies

Wi(z) = U <:1c f) with U:(¢,-) € Ran I, (<€),

with U§ uniformly bounded in H?(R? x T) for some s > d/2.

It will be convenient to identify o, to a function defined on (R¢)* rather than R?
(via the standard identification by duality). Then we define the cotangent bundle
of A,, as the union of all cotangent spaces to A,

(1.9) TN, = {(z,§) ER*x A, : x € TE A},

each fibre T A,, is the dual space of the tangent space T¢A,,. Note that this is well-

defined, since T*A,, C (R%)* = R?. We shall denote by M, (T*A,,) the set of positive
Radon measures on T*A,,. We also define the normal bundle of A,, which is the union
of those linear subspaces of R? that are normal to A,,:

(1.10) NA, :={(2,6) €R¥ x A, : 2 € NeA, b,
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where N¢A,, consists of those z € (R?)** = R? that annihilate T¢A,,. Every x € R? can
be uniquely written as ¥ = v + 2, where v € T7A,, and 2z € N¢A,,. Given ¢ € L>®(R%)
we write my(v, ), where v € TFA,, to denote the operator acting on L*(N¢A,) by
multiplication by ¢(v + -). Note that assumption (H3) implies that the Hessian of
0, defines an operator d?p,(§)D, - D, acting on N¢A,, for any £ € A,,.

In the statement below, the weak limit of the energy density are described by
means of a time-dependent family M,, of trace-class operators acting on a certain L?-
space. More precisely, the operators M,, depend on ¢ € R and on £ € Ay, v € Ty Ay;
for every choice of these parameters, M, (¢, v, ) is a trace-class operator acting on L?
functions of the vector space NeA. Note that M, (¢, -) can also be viewed as a section
of a vector bundle over T*A,,, namely: ||, ¢yer-n £ (L*(NeAy)).

THEOREM 1.1. — Assume the hypotheses (H1) to (H4). Then, there exist a
subsequence (gi)ren, a positive measure v, € M (T*A,), and a measurable family
of self-adjoint, positive, trace-class operator

MO,n : TgAn = ('U,f) L MO,n(va) € 'C}f—(LQ(NﬁAn))a TrLQ(NgAn) MO,TL(”»&) = 17

such that for every for every a < b and every ¢ € C.(R%) one has:

lim / b /R B[ (¢, @) Pdadt

k—o0

:/ab/*A Tl"L2(N§An) [m¢(v,§)Mn(t,U7§)] Vn<dU,d§)dt,

where M, (-, v,&) € C(R; LY (L*(N¢Ay,)) solves the Heisenberg equation:

10 My(t, v, €) +
Mn|t:0 == MOm,-

1
§d29n(€)Dy ' Dy + mVext(t,~)(vv€)7 Mn(t,?},f) = O’

(1.11)

Remark 1.2. — We point out that the measure v,, and the family of operators M,
only depend on the subsequence 13" of initial data. The way of computing them will
be made clear in Section 5.

When the critical points of g,,(£) are all non degenerate, then the set A, is discrete
and 2rZ4-periodic, T*A,, = A,, x {0} and NA,, = R% We then have the following
corollary.

COROLLARY 1.3. — Assume we have assumptions (H1) to (H4) and that the
critical points of p,,(£) are all non degenerate. Then the measure v,, and the operator
M,, of Theorem 1.1 above satisfy:

(1) The operator M,(t,&) is the orthogonal projection on ¢ which solves the
effective mass equation:

, 1
(1L12)  iOwe(t,a) = 5d%0u()Ds - Datielt 2) + Vot )t ),
with initial data:
Veli=o is the weak limit in L?(R?) of the sequence (e‘%g'%gk)
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(2) The measure v, is given by

Vn = Z agde, e = |[Veli=oll L2 (me)-
§EAR

This corollary is well known and we refer to the work by Allaire and Piatnit-
ski [APO5] or to [AP06] for similar results in a related problem; in that work ho-
mogenization and two-scale convergence techniques are used to obtain a precise
description of the solution profile for similar data than ours and for Bloch mode hav-
ing non-degenerated critical points. In [BBA11], Barletti and Ben Abdallah obtained
a result similar to Corollary 1.3 by following the approach initiated by Kohn and
Luttinger in [LK55] consisting in introducing a (non-canonical) basis of modified
Bloch functions.

The starting point in our approach is conceptually closer to that in [PR96], in
the sense that we analyse the structure of Wigner measures associated to sequences
of solutions. The main novelty here is the use of two-microlocal Wigner measures,
that give a more explicit geometric description of the mechanism that underlies the
Effective Mass Approximation, showing that it is a result of the dispersive effects
associated to high-frequency solutions to the semiclassical Bloch band equations.
Moreover, we are able to deal with the presence of non-isolated critical points on
the Bloch energies and to prove Theorem 1.1. We believe our approach is sufficiently
robust to be implemented on a Bloch band, isolated from the remainder of the
spectrum, and consisting of several Bloch modes which may present crossings. We
will devote further works to this specific problem. It is also interesting to notice
that our result generalizes to initial data which are a finite sum of data satisfying
Assumption (H4). The weak limit of the energy density associated with the solution
corresponding to this new data is the sum of weak limits of the energy densities of
the solution associated with each term of the data, without any interference (see
Section 6.5 for a precise statement).

1.4. Strategy of the proof

The proof of Theorem 1.1 relies on the analysis of the solution U* to equation (1.6)
with initial data U§ as introduced in Assumption (H4), and more precisely on its
component U on the n' Bloch mode and its restriction ¥¢ by L¢:

US =11,(eD,)U*, ¢ = L°UE.

n

It is shown in Section 6.3 that the family (¢)%) solves the equation

(1 13) i628t¢fz(t7'r> - Qn<€D$)¢fL(t7$> - 52Vvext(t7 $)¢Z(tv .%‘) = EQfE(tv I),
' Unli=o(z) = ¥5()

with
f’r&; = L5 [H(SDx)v V;xt} UE?
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There, we prove that

(1.14) VT ER, 3Cr>0, sup |¢°(t,-) — v5(t, )| poes < Cre.
te[0,7)

and

(1.15) 3C >0, VEER, [|fi(t,-)|2@e < Ce.

Equation (1.14) shows that no other Bloch modes is concerned in the decomposition
of U® and v°: the mass of ¢°* remains above the specific mode o, because it is
separated from the other ones. Therefore, a crucial step in this strategy consists in
performing a detailed analysis of the dispersive equation (1.13).

1.5. Structure of the article

Sections 2 to 5 are devoted to the analysis of a dispersive equation of the form (1.13)
in a more general setting. For this, we use pseudodifferential operators and semi-
classical measures (Section 3) and we introduce two-microlocal tools (Section 4) that
allow us to prove the main results of Section 2 in Section 5. Finally, in Section 6 we
come back to the effective mass equations and prove Theorem 1.1, which requires
additional results on the restriction operator L¢, the projector I1,,(§) and energy
estimates for solutions to (1.6). Some Appendices are devoted to basic results about
pseudodifferential calculus and trace-class operator-valued measures, and to the
proof of technical lemma.

2. Quantifying the lack of dispersion

As emphasized in the introduction, understanding the limiting behavior as ¢ — 0
of the position densities of solutions to the Schrodinger equation (1.2) relies on a
careful analysis of the solutions of equations of the form:

(2.1) {i528tu5(t,x) = NeD ) uf(t, 1)+ Ve (t, 2)us (t,2) +3¢°(t, 1), (t,2) ERXRY,

& R >
Uj=o = Up>

where (g°(t,-)) is locally uniformly bounded with respect to ¢ in L*(RY).

This equation ceases to be dispersive as soon as A(§) has critical points £ # 0,
and this is always the case if A is a Bloch energy. Heuristically, one can think that
one of the consequences of a dispersive time evolution is a regularization of the
high-frequency effects (that is associated to frequencies £ = ¢ # 0) caused by the
sequence of initial data. These heuristics have been made precise in many cases; a
presentation of our results from this point of view can be found in [CFKM19]. The
reader can also find there a detailed account on the literature on the subject.

Here we show that, in the presence of critical points of A, some of the high-
frequency effects exhibited by the sequence of initial data persist after applying the
time evolution (2.1). We provide a quantitative picture of this persistence by giving
a complete description of the asymptotic behavior of the densities |u®(t,z)|*dzdt
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associated to a bounded sequence (u®) of solutions to (2.1). We give an explicit
procedure to compute all weak-x accumulation points of the sequence of positive
measures (|u(¢, r)|*dedt) in terms of quantities that can be obtained from the
sequence of initial data (uf). These results are of independent interest; we have thus
chosen to present them in a more general framework than what is necessary in our
applications to Effective Mass Theory.

In order to obtain a non trivial result we must make sure that the characteristic
length-scale of the oscillations carried by the sequence of initial data is of the order
of €. The following assumption is sufficient for our purposes:

(HO) The sequence (ug) is uniformly bounded in L*(R¢) and e-oscillating, in the
sense that its energy is concentrated on frequencies smaller or equal than 1/e:

. I d
(2.2) ﬂzgp/bmg (5)] § —

We shall assume that A is smooth and grows at most polynomially, and that its
set of critical points is a submanifold of R?. More precisely, we impose the following
hypotheses on A and V:

(H1) Vi € C°(R x R?) is bounded together with its derivatives and A € C*®(R?),
together with its derivatives, grows at most polynomially; i.e. there exists
N > 0 such that, for every a € N‘i, one has:

R—>+oo

sup ‘8?)\(5)‘ (14" < 0.
£cRe

(H2) The set
A={¢eR": VA(K) =0}

is a connected, closed embedded submanifold of R? of codimension 0 < p < d
and the Hessian d2) is of maximal rank over A.

The hypothesis (H2) implies the existence of tubular coordinates in a neighborhood
of A. A stronger version of (H2) is to suppose that all critical points of A\ are non-
degenerate (that is, the Hessian of A, d2\(€) is a non-degenerate quadratic form for
every £ € A). This implies that p = d and A is a discrete set in R?; if moreover one
has that \ is Z%periodic, which is the situation when \ is a Bloch energy, this set is
finite modulo Z%. We first state the main result of this section under this stronger
hypothesis.

THEOREM 2.1. — Suppose that the sequence of initial data (uj) verifies (H0),
denote by (u®) the corresponding sequence of solutions to (2.1). Suppose in addition
that (H1) is satisfied and all critical points of A are non-degenerate. Then there
exists a subsequence (ug*) such that for every a < b and every ¢ € C.(R?) the
following holds:

(2.3) lim / / x)|u (¢, z)|*dadt = Z/a / ) |ug(t, v)|*dxdt,

k—o0 e

where ug solves the following Schrédinger equation:

(2.4) i0pue(t,z) = A*NE) Dy - Dyue(t, @) + Vs (t, 2)ue(t, ),
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with initial data:
Ue|i—o is the weak limit in L?(R?) of the sequence (e_;fcwué’“) :

If A = ) then the right-hand side of (2.3) is equal to zero.

Note that us may be identically equal to zero even if the sequence (uf) oscillates
in the direction £. For instance, if the sequence of initial data is a coherent state:

I [x—xo\ ig.,
ug(l’):Ed/zlp< \/E >ee§0 ,

centered at a point (zg, &) in phase space with p € Cy(R?), then ug|,—o = 0 for every
¢ € R Theorem 2.1 allows us to conclude that the corresponding solutions (uf)
converge to zero in L (R x R?).

Theorem 2.1 can be interpreted as a description of the obstructions to the validity of
smoothing-type estimates for the solutions to equation (2.1) in the presence of critical
points of the symbol of the Fourier multiplier. We refer the reader to [CFKM19] for
additional details concerning this issue and a simple proof of Theorem 2.1. Here, we
obtain Theorem 2.1 as a particular case of a more general result which requires some
geometric preliminaries.

As for the mode Bloch g, in the Introduction, we identify A to a function defined
on (R9)* rather than R? and we associate with A its cotangent bundle T*A and its
normal bundle NA. In the analogue of Theorem 2.1 in this context, the sum over
critical points is replaced by an integral with respect to a measure over T*A, and
the Schrodinger equation (2.4) becomes a Heisenberg equation for a time-dependent
family M of trace-class operators of | |, ¢epn £ (L*(NeA)).

THEOREM 2.2. — Let (uj) be a sequence of initial data satisfying (HO), and
denote by (uf) the corresponding sequence of solutions to (2.1). If (H1) and (H2)
hold, then there exist a subsequence (ug*), a positive measure v € M, (T*A) and a
measurable family of self-adjoint, positive, trace-class operators

My : TEA 5 (v,6) — Mo(v,6) € LY (L*(NeA)), Trga(ven) Mo(v,€) = 1,
such that for every a < b and every ¢ € C.(R?) one has:
kll_{go/ / x)|us (¢, v)|*dadt
= /ab - Trro(veay [me(v, &) Mi(v, )] v(dv, d§)dt
where t — M;(v,€) € C(R; L1 (L?(N¢A)) solves the following Heisenberg equation:

1
iatMt<U7§) = |:2d2/\<§>Dz : Dz + m%xc(t,~)(1}7£)7 Mt<U7€) )
M|t:0 — MO.

(2.6)

Remark 2.3. — When the (H2) hypothesis about the rank of the Hessian d?X is
dropped, then an additional term appears in (2.5) (see [CFKM19)]).
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When A consists of a set of isolated critical points, Theorems 2.1 and 2.2 are
completely equivalent. Note that in this case, T7*A = {0} x A and the measure v
(which in this case is a measure depending on & € R? only) is simply

Vv = Z 05555,
geA
where a¢ = Hug\tZOH%Q(Rd). In addition, N;A = R? and the operator M;(¢) (which
again does not depend on z) is the orthogonal projection onto ug(t, ) in L*(R?)
(recall that ue solves the Schrodinger equation (1.12)). These orthogonal projections
satisfy the Heisenberg equation (2.6).

The proof of Theorem 2.2 follows a strategy developed in the references [AFKM15,
AM12, Macl0] in a different (though related) context. As in those references, the
measure v and the family of operators M; only depend on the subsequence of initial
data (ug*); we will see in Section 3 that they are defined as two microlocal Wigner
measures of (ug¥) in the sense of [FK95, FK00, FK05, Macl0]. At this point, it
might be useful to stress out that in this regime the limiting objects M, v cannot be
computed in terms of the Wigner/semiclassical measure of the sequence of initial
data, as it is the case when dealing with the semiclassical limit. In [CFKM19], we
have explicitly constructed sequences of initial data having the same semiclassical
measure but such that their time dependent measures differ. This type of behavior
was first remarked in this context in the case of the Schrodinger equation on the
torus, see [Mac09, Mac10].

We also emphasize that the original definition of two-microlocal Wigner measures
performed in [FKO00] and their extension to more general geometric setting [FKO05]
were only defined locally. We prove here that they extend to global objects in the
geometric context of closed simply connected embedded submanifolds of R?; related
constructions were performed in the torus [AFKM15, AM12, Mac10, MR18] and the
disk [ALM16].

See also, that as soon as A has strictly positive dimension (i.e. it is not a union
of isolated critical points), the measure v may be singular with respect to the
z variable, while when A consists in isolated points, the weak limit of the densities
|¢¢(t, z)|*dx are proved to be uniformly continuous with respect to the measure dz.
See [CFKM19] for specific examples exhibiting this type of behavior; see also that
reference for examples proving the necessity of Hypothesis (H2); it is shown there
that different types of behavior can happen whenever the Hessian of A is not of full
rank on A.

The main idea of the proof comes from the following remark. If v*(¢, z) = u®(et, x),
then (v°) solves the semi-classical equation

2 {is@tvg(t,:p) = MeD Ve (t, @) + 2V (£, 2)0° (1, 2) + 35 (1, ), (t,7) € RxRY,
' Uftzo = ug,

which means that, in the preceding analysis, we performed the semiclassical limit
e — 0 in (2.7) simultaneously with the limit ¢/ — 400. Such analysis, combining
high-frequencies (¢ — 0) and long times (t ~ t. — +00) is relevant if one wants
to understand the behavior of solutions of (2.7) beyond the Ehrenfest time. This
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approach was followed in the case of confined geometries in the references [AFKM15,
Mac09, MR16]. Note also that in the particular case when A(£) is homogeneous of
degree two, this change of time scale transforms the semiclassical equation (2.7) into
the non-semiclassical one (that is, the one corresponding to ¢ = 1). Therefore, it
is possible to derive results on the dynamics of the Schrodinger equation via this
scaling limit, see [ALM16, AM14, AR12, Mac10]. The reader can consult the survey
articles [AM12, Macl1] and the introductory lecture notes [Macl5] for additional
details and references on this approach.

3. Pseudodifferential operators and semiclassical measures —
preliminaries

In this section we recall some basic facts on Wigner distributions and semiclassical
measures, which are the tools we are going to use to prove Theorem 2.2, and derive
preliminary results about Wigner measures associated with families of solutions of
equations of the form (2.1).

3.1. Wigner transform and Wigner measures

Wigner distributions provide a useful way for computing weak-x accumulation
points of a sequence of densities | f¢(x)|*dx issued from a L*-bounded sequence (f¢)
of solutions of a semiclassical (pseudo) differential equation. They provide a joint
physical /Fourier space description of the energy distribution of functions in R¢. The
Wigner distribution of a function f € L?(RY) is defined as:

Wiz, €) = /]R f (w - 6;) Meiév (;;)d’

and has several interesting properties (see, for instance, [Fol89]).
o W; € L2(R x RY).

1 2

e Projecting W5 on z or { gives the position or momentum densities of f
respectively:
€ _ 2 € — £ §
Lwitaac=1rop, [ witoa = 517 ()
Note that despite this, W5 is not positive in general.
e For every a € C>°(RY x R?) one has:
(3.1) [, ale Wi(e,)dz dg = (0p.(a)f, f)rama)
R4 xR4

where op_(a) is the semiclassical pseudodifferential operator of symbol a
obtained through the Weyl quantization rule:

op.(@)f(a) = [ a5 Yee) F I )y

d¢
(2m)¢

T4y
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If (f¢) is a bounded sequence in L*(R?) then (W}.) is a bounded sequence of
tempered distributions in &'(R? x R?). This is proved using identity (3.1) combined
with the fact that the operators op,(a) are uniformly bounded by a suitable semi-
norm in S(R% x R?), see (A.1). Appendix A contains additional facts on the theory
of pseudodifferential operators, as well as references to the literature.

In addition, every accumulation point of (W5.) in §'(R? x R?) is a positive distri-
bution and therefore, by Schwartz’s theorem, a positive measure on R? x R?. These
measures are called semiclassical or Wigner measures. See references [Gér91a, G193,
GMMP97, LP93] for different proofs of the results we have presented so far.

Now, if € M4 (R? x R?) is an accumulation point of (W7.) along some subse-
quence (g4) and (| f°#|?) converges weakly-x towards a measure v € M, (R?) then
one has:

(32) | nd0) <.
Equality holds if and only if (f¢) is e-oscillating:

3.3 li Fe(O)Pde —s 0,
(3.3) msup TN

see [Gér9la, GL93, GMMP97]. The Hypothesis (HO) that we made on the initial
data for equation (2.1), is this e-oscillating property. Note also that (3.2) implies
that 4 is always a finite measure of total mass bounded by sup, || f¥]|32 (Rd):

Remark 3.1. — 1If |[{(eD.)* f*|| L2 (re) is uniformly bounded for some constant s > 0,
then the family f¢ is e-oscillating.

3.2. Wigner measure and family of solutions of dispersive equations

We will now consider Wigner distributions associated to solutions of the evolu-
tion equation (2.1) where Vi, and A satisfy hypothesis H1 and (¢°(t,-)) is locally
uniformly bounded with respect to ¢ in L*(R?).

When the sequence (ug) of initial data is uniformly bounded in L*(R?), so is the
corresponding sequence (uf(t,-)) of solutions to (2.1) for every ¢t € R. Therefore
the sequence of Wigner distributions (Wg.(, ) is bounded in C(R; &’ (R? x RY)).
Nevertheless, its time derivatives are unbounded and, in general, one cannot hope
to find a subsequence that converges pointwise (or even almost everywhere) in ¢
(see Proposition 3.4 below). This difficulty can be overcome if one considers the

time-average of the Wigner distributions.

PROPOSITION 3.2. — Let (u®) be a sequence of solutions to (2.1) issued from
an L?(R%)-bounded family of initial data (u§). Then there exist a subsequence (g},)
tending to zero as k — oo and a t-measurable family p; € M (R? x RY) of finite
measures, with total mass essentially uniformly bounded in t € R, such that, for
every § € L*(R) and a € C®(R? x RY):

lim 0(t)a(x, YWt (@, §)dz dEdt = / O(t)a(z, &) (de, d)dt.

k—o0 JRxRA xR RxR2xR4
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If moreover, the families (uf) and ¢°(t,- ) are e-oscillating, then for every 6 € L'(R)
and ¢ € C°(R%):

: €k 2
kh_)rgo//Rd x)|u(t, x)|*de dt = //Rded () (de, d&)dt

This result is proved in [Mac09, Theorem 1]; see also [MR16, Appendix B]. Note
that its proof uses the following observation.

Remark 3.3. — Let (u°(t,-)) be a sequence of solutions to (2.1) with e-oscillating
sequence of initial data (uf) and assume ¢°(t,-) is e-oscillating for all time t € R.
Then, us(t, - ) also is e-oscillating for all ¢ € R.

3.3. Localisation of Wigner measures on the critical set

The fact that (u°(¢,-)) is a sequence of solutions to (2.1) imposes restrictions on
the measures p; that can be attained as a limit of their Wigner functions. In the
region in the phase space RY x R¢ where equation (2.1) is dispersive (i.e. away from
the critical points of A) the energy of the sequence (u®(¢,-)) is dispersed at infinite
speed to infinity. These heuristics are made precise in the following result.

PROPOSITION 3.4. — Let (u°(t,-)) be a sequence of solutions to (2.1) issued
from an L*(R%)-bounded and e-oscillating sequence of initial data (u), and suppose
that the measures p; are given by Proposition 3.2. Then, for almost every t € R the
measure ji; is supported above the set of critical points of \:

supp i C A = {(z,6) € R* x R* : V(&) =0}.

The result of Proposition 3.4 follows from a geometric argument : the fact that u®
are solutions to (2.1) translates in an invariance property of the measures p;.

LEMMA 3.5. — For almost every t € R, the measure yu, is invariant by the flow
¢l R X RS (1,6) — (3 +sVA(E),6) e R x RY, s e€R.

This means that for every function a on R% x R? that is Borel measurable one has:
1 J—
/Rdx]Rd ao ¢ (z, &)y (de, d§) = /]Rdx]Rd a(z, & py(de,df), seR.

This result is part of [Mac09, Theorem 2|. We reproduce the argument here for
the reader’s convenience, since we are going to use similar techniques in the sequel.

Proof of Lemma 3.5. — It is enough to show that, for all a € C>°(R? x R?) and
0 € C*(R), the quantity

ROa) = [ o) aoslr.9)

tends to 0 for the subsequence ¢ of Proposition 3.2. Note that

d
&(aoﬂi)

Wk o (@, €)da dE dt

s=0

= VA Vea={\a};

s=0
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therefore, by the symbolic calculus of semiclassical pseudodifferential operators,
Proposition A.1:

ov.  gfaco)

and, using the fact that u® solves (2.1):

) = LINED) . op(0)] + Oy

= [0 (INED) op.(a)) (), w(r, )t + Ofe)
- /e<>jt<0ps<> ) () dt

_8/9' (op.(a)us (L, ), w(t, - )) dt = O(e).

This estimate together with identity (3.1) show that R°(0,a) = O(e), which gives
the result that we wanted to prove. 0

Proposition 3.4 follows easily from Lemma 3.5 and the following elementary fact.

LEMMA 3.6. — Let Q C R? and ®, : RY x Q — R? x Q a flow satisfying: for
every compact K C R? x ) such that K contains no stationary points of ® there
exist constants a, 3 > 0 such that:

als| = f < |@u(z, )| <als|+ 6, V(2,8 € K.

Let p be a finite, positive Radon measure on R% x ) that is invariant by the flow ®,.
Then p is supported on the set of stationary points of ®,.

Proof. — Tt suffices to show that u(K) = 0 for every compact set K C R? x Q) as in
the statement of the Lemma 3.6. By the assumption made on ®,, it is possible to find
a sequence s, — +o0o such that ®,, (K), k € N, are mutually disjoint. The invariance
property of p implies that u(®g, (K)) = u(K) and therefore, for every N > 0:

(L:J o, (K ) — Nu(K).
p(K

) = U

Since p is finite, we must have

4. Two-microlocal Wigner distributions

The localization result for semiclassical measures that we obtained in the preceding
section is still very far from the conclusions of Theorems 2.1 and 2.2. In particular,
Proposition 3.4 does not explain how the measures p; depend on the sequence of
initial data of the sequence of solutions (u®(t,-)). For obtaining more information,
we use two-microlocal tools that we introduce in a rather general framework in
this section.

From now on, we assume that X is a connected, closed embedded submanifold
of (R%)* with codimension p > 0. Given any o € X, T, X and N, X will stand for the
cotangent and normal spaces of X at o respectively (as defined in (1.9) and (1.10)).
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The tubular neighborhood theorem (see for instance [Hir94]) ensures that there exists
an open neighborhood U of {(¢,0) : ¢ € X} C NX such that the map:

U3 (o,v) — o +ve (RY,
is a diffeomorphism onto its image V. Its inverse is given by:

V38— (0(),£—0(8)) €U,

for some smooth map o : V— X. When X = {,} consists of a single point, the
function o is constant, identically equal to &. o
We extend the phase space T*R? := R x (Rd)z with a new variable n € R,

where R is the compactification of R? obtained by adding a sphere S*! at infinity.
The test functions associated with this extended phase space are those functions
a € C®(T*RY x RY) which satisfy the two following properties:

(1) There exists a compact K C T*R? such that, for all n € RP, the map
(x,&) = a(z,&,n) is a smooth function compactly supported in K.
(2) There exists a smooth function a., defined on T*R? x S%~! and Ry > 0 such

that, if |n| > Ry, then a(z,&,1) = ax(x,&, n/[nl).
We denote by A the set of such functions and for a € A we write:

(4.1) a.(z,€) ==a (x,f, 5_:(6)> :

Given f € L*(R%), we define the two-microlocal Wigner distribution W;( “ as the
element of D'(R? x V x R4) defined by:

(4.2) (W7, a) == (op.(ac) | f)r2ey, Va€A

e€—0o(ef)
€

Since a.(z,e€) = a (z, g€, ) has derivatives that are uniformly bounded in ¢,

the Calderén—Vaillancourt Theorem (see Appendix A) gives the uniform boundedness
of the family of operators (op.(a.)).so in L?(R?). In addition, any a € C*(R? x V)
can be naturally identified to a function in A which does not depend on the last
variable. For such a, one clearly has

(W)= [ al.Wj(r,&)drde.
Putting the above remarks together, one obtains the following.

PROPOSITION 4.1. — Let (f¢).-0 be bounded in L*(R?); suppose in addition that
this sequence has a semiclassical measure p. Then, (W;i’g)m is a bounded sequence
in D'(R? x V x R?) whose accumulation points u*X satisfy:

</LX,CL> = /Rdx]Rd a(z,&)p(dr,d€), Va € C(RY x V).

The distributions x4~ turn out to have additional structure (they are not positive
measures on R x V x R, though) and can be used to give a more precise description
of the restriction p]gayy of semiclassical measures. The measure p* decomposes
into two parts: a compact part, which is essentially the restriction of u* to the
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interior R x V x R? of R? x V x R9, and @ part at infinity, which corresponds to
the restriction to the sphere at infinity R% x V' x S%-1.

4.1. The compact part

For 0 € X, we define functions of L*(N,X) as functions
R 5 2z f(2)

where z is the parameter of a parametrization of N,X. These parametrizations
depend on the system of equations of X that we choose in a neighborhood of the
point o. Let ¢(£) = 0 be such a system in an open set (2 that we can assume included
in the set V' where the map o is defined. Then, a parametrization of N, X associated
to this system of equations is

N,X = {'dp(0)z, 2 € RP}.

Besides, one associate with the system ¢(£) = 0 a smooth map & — B(¢) from the
neighborhood €2 of ¢ into the set of d X p matrices such that

(4.3) §—0(§) = B(&e(§), £

Given a function a € C°(R? x Q x R?) and a point (0,v) € TX, we can use the
system of coordinates (&) = 0 to define an operator acting on f € L*(N,X) given
by:

o (v+ pto) 5 Lo Blon) 1) L

2

In other words, Q¥ (o, v) is obtained from a by applying the non-semiclassical Weyl
quantization to the symbol

(z,n) —~a (v +'dy(0)z, 0, B(a)n) € C°(RP x RP).

Qzlo.0)f(2) = |

RP xRP

We write
Q¢ (o,v) =a" (v +tdep(0)z, 0, B(O’)DZ) :

If one changes the system of coordinates into () = 0 on some open neighbor-
hood © of o, then, there exists a smooth map R(£) defined on the open set QN Q
(where both system of coordinates can be used), and valued in the set of invert-
ible p x p matrices, such that ¢(&) = R(£)p(£). One then observe that the matrix
B(€) associated with the choice of @ is given by B(&) = B(£)R(£)~". Besides, for
a€CP(RYx (2NQ) x RY,

Qf(@ v) = / a (U + td@(U)Z r y, o, E(a)n) f(w)em ==y

RP xRP 2

dndy
(2m)P

- /Rpx]Rp “ (U +'de(o) tR(U)Z;—y, o, B(U)R(U)1n> Fw)e =)

We obtain

dndy
(2m)p”

Q¢ (0,v) = U(0)Q¥ (0,0)U* (o),
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where U(o) is the unitary operator of L*(N,X) ~ L*(RP) associated with the linear
map from RP? into itself : z — *R(c)z. More precisely,

YV f € L*(RP), U(0)f(z) = |det R(o)|> f('R(0)2).

This map is the one associated with the change of parametrization on N, X
induced by turning ¢ into @, and the map (z,() — ('R(0)z, R(o)7'() is a sym-
plectic transform of the cotangent of RP. This is the standard rule of transformation
of pseudodifferential operators through linear change of variables (see [AGO07] for an
example or any textbook about pseudodifferential calculus).

Because of this invariance property with respect to the change of system of coor-
dinates, we shall say that a defines an operator Q, on L?(N,X). Clearly, Q,(o,v) is
smooth and compactly supported in (o, v); moreover, Q,(o,v) € K(L?(N,X)), for
every (o,v) € TX, where K(L?*(N,X)) stands for the space of compact operators
on L*(N,X).

PROPOSITION 4.2. — Let uX be given by Proposition 4.1. Then there exist a
positive measure v on T*X and a measurable family:

M :T*X > (0,v) — M(o,v) € LL(L*(N, X)),
satisfying

Trren,x) M(o,v) =1, for v-a.e. (o,v) € T*X,
and such that, for every a € C°(R? x V x R?) one has:

<MX7a> = /T*X Trr2(n, x)(Qalo,v)M(0,v))v(do, dv).

Proof. — We suppose that ¢(£) = 0 is a local system of p equations of X. With-
out loss of generality, we may assume that dge@(§) is invertible. We consider the
smooth valued function B satisfying £ — o (§) = B(£)p(€) and we introduce the local
diffeomorphism

®: (p(6),€") = &
Note that if £ = ®((), ¢ = (¢', ("), we have (' = ¢(§) = ¢(P(()) and (" = £". We
use this diffeomorphism according to the next Lemma 4.3.

LEMMA 4.3. — For all f € L?>(R?) and a € A,

(001 . 1) = (op. (o (‘0000006 52060 £ ) ) eur s ) + 0P
where f — U.f is an isometry of L?(R?).

The proof of this lemma is in the Appendix C. This lemma reduces the problem
to the analysis of the concentration of the bounded family f¢ = (U.f) on the
submanifold Ay = {¢’ = 0} which has the additional property to be a vector space.
This special case has been studied in [CFKM19, p. 96-97, Proposition 2] where it is
proved that up to a subsequence, there exist a positive measure 1, on T*R%P and a
measurable family of trace 1 operators:

My : T*RY? 5 (0,v) — My(o,v) € L (L*(RP)),
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satisfying for any b € CSO(RQder),

m (op. (), f7)

I
e—0
_ Tt L2 <bW ((z,u"), (0,6"), D.) My(u/", 0”)>du0(du”, de").

Rd=P xRd—P

The reader will find in Appendix B comments on the operator-valued families. There-
fore, for compactly supported a € A, and choosing

b, &) = a ("d®() 'z, B(E), B((9)) ),

one obtains

lim (op.(a:)f*, f9)

e—0

- Tragun) (o (140(0,67) (2. ), €(0,6), B@(0,8")) D)

Rd—P xRd—P

x My(u”, 9”)) dvo(du”, d9").

Note that the map 0" — o = ®(0,0”) is a parametrization of X with associated
parametrization of T* X,

(0", u") = (o,0) = (©(0,0"), dD(0,6")7*(0,u")) .

Since the Jacobian of this mapping is 1, after a change of variable, we obtain an
operator valued measurable family M on T*X and a measure v on T*X such that

ll_% (Opa(aé‘)fu f)

= | . T (a" (*d®(0,0"(0)) " (2,0) + v, 0, B(0)D-) M(0,v)) dv(da, dv).

We now take advantage of the fact that ¢(®(¢)) = ¢’ for all ¢ € R? in order to write

dp(®(¢))d®(¢) = (Id,0).
We deduce
VzeRP, 1d®(() de(®(¢))z = (,0),
which implies
VzeR?, 'dp(®(C))z = 'd®(¢)!(2,0).
Therefore,

li_r% (op.(a)f, f) = /T*X Trr2(me) (aW (tdgp(a)z—i- v, 0, B(O‘)DZ)M(O', v)) dv(do, dv)

- /T*X Trre (v, x) (Qu(0) M (0, v)) dv(do, dv). 0
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4.2. Measure structure of the part at infinity

To analyze the part at infinity, we use a cut-off function y € C>*(R?) such that
0<x<1 x(n)=1 for |n|<1 and x(n)=0 for [n>2,
and we write
(W7sa) = (Wi an) + (W7, a"),
with
(44) an(e, &) = ale & () and @®(a,&n) = ale. &) (1= x () ).

Observe that ar is compactly supported in all variables. We thus focus on the second
part, and more precisely on the quantity
lim sup lim sup <W;(’€, aR> :
R—o0 e—0t
We denote by SA the compactified normal bundle to A, viewed as a submanifold
of R x RY, the fiber of which is T*R? x S,A above o with S,A being obtained by
taking the quotient of N,A by the action of RY by homotheties.

PROPOSITION 4.4. — Let (f¢) be a bounded family of L?>(R?). There exists a
subsequence ¢, and a measure v on SA such that for all a € A,

lim lim <W;§;f"' , aR>

R—o00 k—+00

= §—0(&)
B RdxXxsdfl%o(x’J’w)’y(dag’dg’ dw)+ RdxchSdlaOO(r?g’ |§—U(§)!>M(dx’d€)7

where X¢ denotes the complement of the set X in R?.

Proof. — We begin by recalling the arguments that prove the existence of the
measure 7, which are the same that the one developed in the vector case in [CFKM19].
Since a = a for |n| large enough, we have aft = afo as soon as R is large enough
and the quantity

lim sup lim sup <W;§’5, a®t >
R—o0 e—0t
will only depend on a.,. Therefore, by considering a dense subset of C,(T*R9 x S¢~1),

we can find a subsequence (¢;) by a diagonal extraction process such that the
following linear form on C,(T*R? x S1) is well-defined

(:as +— lim lim <W;§;f’“,a3>.
R—00 k—400

We then observe that
Va,feN 3 Cop >0, sup
de

920 (a®) | < Cap (¢ + RV

This implies that the symbolic calculus on symbols (a®). is semiclassical with respect
to the small parameter /2 + R~2. To be precise, one has the following weak Garding
inequality: if @ > 0, then, for all kK > 0, there exists a constant C,, such that

1> 1 €
(W5e,a%) > = (5+ Co (24 £ ) ) 1 ey
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We then conclude that the linear form ¢ defined above is positive and defines a
positive Radon measure p. It remains to compute p outside X. In this purpose,
we set

a = ajf +a™ with a(x,&,m) = a"(x,&n)(1 - X) (5_60(5)>

and we observe that, by the definition of yu:

. . . X,Ek R\ __ 5_ U(f)
<1$1—I>% 1%520 lli% <VVfE’c @ > a /Rdxchsd—1 Goo <I’£’ |€ — J(§)|> p(dz, dg),

which concludes the proof of the existence of the measure ~.

Let us now analyze the geometric properties of this measure. We choose a system
of local coordinates of A and introduce the matrix B as in (4.3). By Lemma 4.3
and the result of [CFKM19] for vector spaces: up to a subsequence, there exists a
measure 7y on R? x R?? x SP~! such that

lim lim lim (W7, o)

§—0t R—o00e—0T1

_ oo <tdq)(0, 5//)—11,7 CD(O, f//)

R xRd—PxSp—1

B(9(0,£")w
"B ((0,£")) w

) ’VO(d:L d€7 dW)
The mapping " — ®(0,£") is a parametrization of X and the mapping
(,€) = ("d®(0,€") "z, 2(0,¢"))

is the associated mapping of T%R?. Therefore, this relation defines a measure ¥ on
the bundle T*X x SP~! such that

B
(4.5) lim lim lim <W;(’a,aR"5> :/ oo ([E,O’, (0)w> A(dz, d, dw).
T* X xSp—1 \ w

50+ R—00 e—0+
Besides, using that
(4.6) Id = do(09) + B(oo)dp(0o)
for any og € X, we deduce that for any ¢ € T,,R? we have the decomposition
¢ =do(0o9)¢ + B(oo)dg(o9)¢, with do(o)¢ € T,X and B(og)de(op)¢ € Ny X.

Now, since dy is of rank p, one can write any w € SP~! as w = dp(00)¢ and the
points B(og)w are in N,,X. By identification of -y in (4.5), we deduce that v(z, 0, - )
is a measure on the set

B
oo ©€8f = N/ =%
o)w
which completes the proof of the Proposition 4.4. O
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5. Two microlocal Wigner measures and families of
solutions to dispersive equations

We now consider families of solutions to equation (2.1). As proved in Proposi-
tion 3.4, the Wigner measure of the family (u®(¢,-)) concentrates on the critical set
A ={VA(&) = 0}. In order to analyze u' above A, we perform a second microlocal-
ization above the set X = A, with average in time. We consider for § € L'(R) the
quantities

o(t) (Whe . a)dt

Lo (Wit a)

for symbols a € A. Up to extracting a subsequence ¢, we construct L> maps
t — y(de,do,dw), t+— v(do,dv), t— M(o,v)

valued respectively on the set of positive Radon measures on R? x A x S?1, on
the set of positive Radon measures on T*A and finally on the set of measurable
families from T*A onto the set of positive trace class operators on L?*(NA), such

that for 6 € L}(R) and a € A:

AEk
/Ré’(t) <W5k(t dt — //RdxAde ) t)aoo (2, 0,w) Vi (dz, do, dw)dt

k——+o0
+ /R /T OO T 20,0 (Qul,v) Mal, )i, o)t

The measures 7' and v!, and the map M? satisfy additional properties coming from
the fact that the family (u(t,-)) solves a time-dependent equation. These properties
are discussed in the next two sections. We shall see that the measures v, are invariant
under a linear flow and that we can choose the sequence ¢, such that the map ¢t — M,
is continuous (and even C!).

5.1. Transport properties of the compact part

Since A is the set of critical points of A, the matrix d2) is intrinsically defined
above points of A. Thus, using the formalism of the preceding sections,

Qa2r(o)ypn = A*AN(0)D, - D,.
PROPOSITION 5.1. — The map t — v; is constant and the map
t = M(o,v) € C(R; LL(L*(N,A))
solves the Heisenberg Equation (2.6).
Proof. — We analyze for a € C®(R3?) the time evolution of the quantity
<WA(€ _ > We have

uE

‘ (Wit a) =

= (W 2 (fop.(ac). MDY w(r, ). (1, )

ic
+ 1( lop.(as), Vexe) us(t,-) , u(t, - )) + O(e).
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By standard symbolic calculus for Weyl quantization, we have in £(L*(R?))

i; [op.(ac), A(eD)] = i op.(VA(E) - Vaa.) + O(e).

Besides, by Taylor formula and by use of VA(c(&)) = 0, we have
(5.1) V) = d*A(a(€)) (& — a(€)) + T(€) (§ — a(&)) - (€ = (8)).,

where I' is a smooth matrix. This yields

LVA) - Veau(5,6) = bu(2,6)
with
b(I7 éa Tl) = d2/\(‘7(§))77 ’ vza(x7 ga 77) + F(S) (5 - 0-(5)) ’ nvza(x7 57 77)

At this stage of the proof, we see that % <W1f;(5t7,),a> is uniformly bounded in e,

thus using a suitable version of Ascoli’s theorem and a standard diagonal extraction
argument, we can find a sequence (g5) such that the limit exists for all a € C2°(R3?)
and all time ¢t € [0, 7] (for some T > 0 fixed) with a limit that is a continuous map
in time. The transport equation that we are now going to prove shall guarantee the
independence of the limit from 7" > 0.

We observe that for any local system of equations of A, ¢(§) = 0, the operator Qf
satisfies for (o,v) € TA,

Qf(o,v) =" (v + 'dp(0)2, 0, B(o) D)
= op, (A®A(0)B(0)n - Vaa(v + 'dp(o)z,0, B(o))) .
On the other hand, we observe that, setting

0. n) = SENE
we have
(5.2) i[QF(0), Qe (o, v)]
=i['B(o)d®\(0)B(0)D. - D. , Q%(0,0)]
= op, ("de(0)'B(o)d*\(0) B(o)n - Vaa(v + 'dp(0)z, 0, B(o)n)) ,

and we now focus on the matrix ‘dp(c)!B(0)d*\(0)B(c), and thus on the properties
of the hessian d)\ (o).

For £ € A, the bilinear form d?A(€) is defined intrinsically on T¢R? and d?\(§) =0
on T¢A. We deduce from (4.6) that any ¢ € TrR? satisfies

¢ =do(§)¢ + B(£)de(§)¢ with do(£)¢ € ToA.
Therefore,
VEe A, dPA(E) = A€ B(€)dp(S).

Taking into account this information, Equation (5.2) becomes

i[QF(0),Q¢(0.0)] = opy (PA(0) B(o)y - Vaa(v + 'dp(0)z,0, B(o)n)) -
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We conclude

Qf(0,v) =1[QF(0), Q% (0, v)].
This implies that

1
10y (M (o, v)v(do, dv)) = §d2)\(0)Dz D, +my, ) (v,0), My(o,v)| v(do, dv).

Taking the trace, we get 0y = 0, thus v; is equal to some constant measure v
and M, satisfies Equation (2.6), which proves the Proposition 5.1. U

5.2. Invariance and localization of the measure at infinity

We are concerned with the property of the L>-map ¢ — *(dz, do, dw) valued in
the set of positive Radon measures on SA. We now define a flow on SA by setting
for s € R

o5 : (x,0,w) = (2 4+ sd*\(o)w, o, w).

PROPOSITION 5.2. — The measure ~' is invariant by the flow ¢5.

Proof. — The proof essentially follows the lines of the proof of [AFKM15, Theo-
rem 2.5]. We use the cut-off function y introduced before and set

a'™(x,€,n) = a(z, &) x (6_50@)) (1 X <ZZ)> ;

we introduce the smooth symbol

b§5<l’ g 77) - CL <$+8d2 (5)%757”) )

which satisfies (bf*)s = as 0 ¢5. Using Equation (5.1), we obtain

&%) (x,8) = a™’ (93 TR Y R "(5)> + 0 (a,¢
(089), (. ) o TNOE T (2.)
where for all multi-index «, 3 € N?, there exists a constant C, 5 > 0 such that r??
satisfies:

sup
z,£€ERY

02O < Cop.
As a consequence, (W;\E(at ) rE2) is uniformly bounded in R, d, ¢ and:
<W t) b)) = <Wzi\57(€t,.)7gf76> + 0(9),

uniformly with respect to R and e, with

pis il E R e—— )\ )
o) = (14— TN o

Note that this symbol is smooth because | — o (€)| > Re on the support of af°. We
are going to prove that for all 6 € C2°(R),

lim lim lim Q(t)(iG/V bt = 0.

6—01t R—o0e—01+ JR us(ty) vs
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Indeed, by the calculus of the preceding section, we have

L (e, ) B) = (Wi, ), VA- Vi)
with
S

1 R, T
@6 = (ﬂé—a(gnwo’é’”)'

The symbol ¢#? is such that for all multi-index o € N?, there exists C,, > 0 for which:

sup |02(cR9).| < Cu(Re)™!
x,£€R4
This implies in particular:
C
RS
Jop((e5*)e)] ey < 72
By symbolic calculus, we have
1 R R ( € )
AeD)| = VAE) - Vi(c)e) +0 = ).
— [0p.((cF)2). MeD)] = op. (VAE©) - Valel):) + O
We deduce that for all § € C°(R),
TR,
/ o(t ds Lo R dr

= [ o ( op.((c)). MD)Wt ) we(t) ) dt +0 ()

= [ 0 ( 0D.((cf)2), AeD) + Voo t,2)] (1) , w()) e +0(}1%>
=< [ 005 (op. () (e, ) e+ 0 ()

20(5)+0(R).

As a conclusion,
Ae RO\ _ Ae TR,
(Wi, ) b8y = (Wit ) B + 0(0)
= (W6 007) + Ollsle) + O(s|R ™) + O(9)
= (WG, 08°) + O(sle) + O(Is|R™") + 0(9),
which implies the Proposition 5.2. U

5.3. Proofs of Theorems 2.1 and 2.2

Remind that Theorem 2.2 implies Theorem 2.1, thus we focus on Theorem 2.2. We
first observe that the measure 7; is zero. Indeed, by (H2); for ¢ € A, d®)\(0) is one
to one on N,A. Therefore, since -, is a measure on SA, the invariance property of
Proposition 5.2 and an argument similar to the one of Lemma 3.6 yields that v = 0.
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As a consequence, the semi-classical measure p, is only given by the compact part
and one has for any a € C°(R*?) and 6 € L*(R),

L6 [, ate, ' (de, dg)

:/Re(t) /T*ATrLz(NUA)(Qa(v,U)Mt(v,a))u(dv,da)dt.

Then, taking 6 = 1,y for a,b € R, a < b, and in view of Proposition 3.2 and of

Lemma 3.3, we deduce that for every ¢ € C.(R?) one has for the subsequence defining
M, and v;:

lim / / )|l (¢, 2)|Pdedt = / ' /T Tz [Qol0, ) Mulv, )] w(dv, d€)dt,

e—0

where M, satisfies (2.6). This concludes the proof of Theorem 2.2. We emphasize
that the measure v and the operator valued family M, are utterly determined by
the initial data.

6. Bloch projectors and semiclassical measures

In this section we prove Theorem 1.1, as a result of the analysis in Section 4. We
shall use properties of the operator of restriction L® defined in (1.7) and of the pro-
jector I, (e D,). Then, we prove a priori estimates for solutions of equation (1.6) and
use them to reduce the dynamics of our original problem to those of equation (1.13)
(Corollary 6.8).

Note that, modulo adding a positive constant to equation (1.2), we may assume
that P(¢D,) is a non-negative operator. With this in mind, the following estimates,
that will repeatedly used in what follows, hold.

Remark 6.1. — There exists a constant ¢ > 0 such that:
671HU| Hs(RIxTd) S (e D.)° UHL?(Rded) + HP(5D1)8/2UHL2(RGZ><T4) < |U] H(RExT4)>

for every U € L*(R? x T?) and € > 0, where, as usual, (¢) = (1 +(¢|?)"/? and where
the sets H? have been defined in (1.8).

6.1. High frequency behavior of the operator of restriction to the
diagonal and of the Bloch projectors

We first focus on the properties of the operator of restriction to the diagonal L®
and prove its boundedness in appropriate functional spaces.
LEMMA 6.2. — Suppose s > d/2, then the operator
. 72(md. prs(md 2md
L L*(Ry; H(Ty)) — L*(RY)
is uniformly bounded in e. Moreover, if U* € L*(RY; H*(T{)) satisfies the estimate:
(61) lim Sljp H]IR(F:D:E)UE”L2(Rd;Hs(Td)) R~>—o>o O,

e—0
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where 1g is the characteristic function of {|{| > R}, then the sequence (L°U®) is
bounded in L*(RY) and e-oscillating.

Remark 6.3. — Suppose that (U¢) is bounded in H"(R? x T?) for some r > d/2.
Then condition (6.1) is satisfied for every d/2 < s < r. This follows from the bound:
H]]-R(g-D:E)UEHLQ(Rd;Hs(Td)) < Rs*THUEHHg(RdXTd)'

In particular, if ¥§ satisfies (H4), then (¢5) is e-oscillating.
Proof. — Let U® € L*(RY; H*(T})) and write
U& [L’ y Z Uk 7,27Tk~y’
kezd
and
HUE“%?(Rg;HS(Tg)) = Z <k>2s HUkE”%%Rd)-
kezd
Then there exist constants C, Cy s > 0 such that

1/2
> Uil e@ey < C (Z |k|28||Uli||%2(Rd)> < Casl|lU|| L2 ra; s 12y,

kezd kezd
and therefore:
(6.2) ILFUS | ey < D0 NURllp2mey < Casl|\UP|| 2 ey ms (ray -
kezd

Let us now show that, under the hypothesis of the proposition, v* := L*U*® defines
an e-oscillating sequence. Given 6 > 0, since s > d/2, there exists N5 > 0 such that

> kT < 6

|k|>Ns
Define:
Z U,i(x)em”k'f.
|k|<Ns
Clearly,

[0° = V5| L2(rey < ONU || L2(resms(ra))-
Therefore, it suffices to show that for any § > 0 the sequence (v5) is e-oscillating.

The Fourier transform of v5 is:
2k
s (e

|k|<Ns

Therefore,
||]1R(5D )UEHLQ Rd) Z ||]1R ED + QWk)Uk||L2 R4)-

|k|<Ns
If R > Ry for Ry > 0 large enough, one has 1x(- + 27k) < 1/, for every |k| < Ns
This allows us to conclude that for R > Rjy:

ILr(eDa)vill 2@y < Y- 1Lrs2(eDe)Ukllr2(ray < Casl|Lr(eDe)UF|| L2 ka; s ray)
|k|<Ns

and the conclusion follows. O
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We shall also need information on the derivatives with respect to £ of the opera-
tor I1,,(£). We recall the formula
1 N

() = —5= S , (PO —2)'a:

20m j=1 Cj

where the functions x; € C®(R?/27Z?) form a partition of unity and, for j =
1,..., N, theset C; is a contour in the complex plane separating o,,(§), for & € suppy;,
form the remainder of the spectrum. The existence of such contours is guaranteed by
the fact that ,(£) is of constant multiplicity for all £ € R¢ and, thus, is separated
from the remainder of the spectrum. As a consequence of this formula, of Lemma 6.1
and of the relation

[Hn(ng)’ P<ED1’)S/2} - [Hn(ng)a <€Dx>s] = 07
we deduce the following result.

LEMMA 6.4. — The map & ~ I1,(€) is a smooth bounded map from R? into
L(L*(T9)). In addition, the operator 11, (¢D,) maps the space H:(R? x T¢) into
itself.

6.2. A priori estimates on U®(t,-)

In order to derive the desired properties of 1% (¢, z), the solution to (1.13), we need
to prove some a priori estimates for the solutions of equation (1.6). We will use them
for reducing the analysis of ¥°(¢, ) (the solution to our original problem (1.2)) to
that of 5 (¢, - ).

LEMMA 6.5. — Given s > 0, there exists a constant Cy; > 0 such that any
solution U¢ to (1.6) with initial datum U§ € H*(R? x T?) satisfies:
(6.3) [U= () msraxray < U || msraxrey + Cselt],

uniformly in € > 0.

COROLLARY 6.6. — Lemma 6.5 and Remark 6.3 imply that for all t € R, the
family (y°(t,-)) is e-oscillating.

Proof. — In view of Remark 6.1, we are first going to study the families
((eD,) U?) and (P(eD,)2U?).
Start noticing that (¢D,) U¢ satisfies the equation
(6.4) ie*0,((eDy) U?) = P(eDy)({eDa) U?) + € Vet (D) U — & [Vext, (e D) | U™,

As a consequence, using the boundedness of V, V.« on R x R? we obtain by the
symbolic calculus of semiclassical pseudodifferential operators, that the source term
can be estimated by:

|H‘/ext(t7 : )7 <8D$>]U€<t7 : >||L2(Rd><Td) < O€||U6(t7 : )HLQ(RdXTd)a
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for some constant C' > independent of ¢ > 0 and ¢t € R. Using standard energy
estimates, we deduce the existence of a constant C; > 0 such that for all t € R,

| (€ D) US(t, - )| r2maxtay < || (€Ds) Ug || p2maxcray + Cielt].
A completely analogous argument yields the estimate:
||P(€Dz>1/2U€(t, . )HL2(Rd><Td) < HP<‘€D9E)1/2USHL2(R‘1><T‘1) + Clg|t‘

A standard recursive argument gives, for all s € N, the existence of a constant Cs > 0
such that for all ¢ € R,

1(eDa)* U%(t, M 2qrare) + |[P(eD2) V20U (1, -)

L2(RixTd)
< |[(eDy)" Ug || 12 maxray + “P(ng)s/2U§ L2 (RIXTY) + Cselt],
and the result follows for any s € R by interpolation. O

We now focus on the case where the initial data Uj; belongs to a particular Bloch
eigenspace: U§ = I1,,(e D, )U§. We set

US(t,) = IL,(eD,)U(t, ).
Note that by Lemma 6.4, for any ¢ € R, the family U £(t,+) is uniformly bounded in
H3 (R x T9).
LEMMA 6.7. — Assume US = IL,(eD,)US and consider U¢(t,-) as defined above.
Then, for all T > 0, there exists Cr > 0 such that

Sup} HUE(t, 0 = (75(75,-)‘

tel0,T

< .
Hs(TdxRd) Cre

Let us prove now Lemma 6.7.

Proof. — Note first that, in view of Remark 6.1, it is enough to prove the uniform
boundedness in L?(T¢ x R?) of

Us(t,-) = U(t,-), P(eDy)"*(Us(t,-) —U%(t,-)) and (eD,)*(U%(t,-) — Us(t,-)).
We have U¢(0,-) = U%(0,-) and U*® solves
(6.5) 20U (t,x) = P(eD,)US(t, ) + Vi (t, ) U (t, z) + 2B (t)US(t, z),
with
B(t) = [Ma(eDz), Vet (£, - )]-
The symbolic calculus of semiclassical pseudodifferential operators implies that:
| B*(t)U(t, - )| r2raxray = O(€), locally uniformly in ¢.
As for (eD,)U® one has:
ie29,((e D,)U?)
= P(eD,)(eD,)U° + €2V (€D, ) U + 2C*(e D, )US — &% [Vigy, (e D) U,
with,
C* = [l (eDy), (eDx) Vet (eD2) ' -
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Again, the symbolic calculus gives that ||C®(t)(eD;)U(t, - )|/ r2(raxey = O() locally
uniformly in ¢. Taking into account that (¢D,)U¢ satisfies equation (6.4) and is
bounded in L?(R? x T%), one concludes that:

H<EDI> (Ua(t’ )= Ut )) L2(RexTd

An analogous reasoning holds for P(eD,)Y?(U¢(t,-)—U%(t,-)). One concludes using
an inductive argument following the lines of the end of the proof of Lemma 6.5. [

: < Celt].

6.3. Analysis of the Bloch component 1}

By the definition of ¢¢ (¢, z), we have
Yot ) = Lsfjs(tv 2);
and the family is bounded in L*(R%) for all ¢ € R. Moreover, as a corollary of
Lemma 6.7, the following holds.

COROLLARY 6.8. — Suppose that ° and 1; are the respective solutions of
equations (1.2) and (1.13) with the same initial datum LU§, where Us = 11,,(¢ D) U§.
Then for every T' > 0 there exist Cr > 0 such that, uniformly in ¢,

sup ng(ta ) - %i(t, : )HL2(Rd) < CTg'
te[0,T7]

The proof is a direct consequence of Lemma 6.7, since Lemma 6.2 ensures that

||¢€(ta ’ ) - ¢Z(t7 ’ )||L2(Rd) < CHUE(tv ’ ) - Ue(t7 ’ )HLQ(Rd,HS(’H‘d))'
We now conclude our analysis of the Bloch component 5 (¢, - ). The following result
gathers the remaining information that we will need in order to conclude, together
with Corollary 6.8, the proof of Theorem 1.1.

PROPOSITION 6.9. — The family v¢¢ solves equation (1.13)
12005 (t, 1) — 00 (€D )V (t, ) — eVt (t, )Y (¢, ) = 2 fE(¢, x),
{wmto(x) — i)
with (1.15): || fa(t, )| r2rey < Ce for allt € R, £ > 0.

Proof. — Let us first prove that ¢¢ solves (1.13). We denote by J the set of the
indexes of the Bloch eigenfunctions ¢;( -, ) which form an orthonormal basis of
Ranll,(§). Define for j € J,

ui(t,x) = /]I‘d ?;(y,eD,)US(t, 2, y)dy,

and notice that:
€ erre o 5
Ui(the) = (L0t 0) = X (22D, ) ui(t o).
jed
Since U solves (6.5) and P(&)g;( -, &) = 0,(&)p;(+,€) for all £ € RY, the family (0

solves:

2005 (t, x) = 00 (eDy)us(t, @) + Ve (t, T)us(t, @) + g5 (¢, ),
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where:
g5(t.) 1= [ [23(9.2D2), Vews (. 2)|U* (1,2, )y,
Since 0,(€) is 2nZ%-periodic, it is easy to check that:

[L,(+,2D%), 0u(eD,)] = 0.

Summing the relations over j € J, this implies (1.13) with f¢ = L°[I1,(eD,), Vexs] U®.
Now, Lemma 6.2 and the symbolic calculus of pseudodifferential operators gives, for
any t € R:

HfrgL(t» ’ )HLQ(Rd) C H [HTL(EDx)a Vaxt(ta ’ )]Ug(t> ) )HLQ(Rd;HS(Td))

<
< C,5||U€(t, : )HLQ(Rd;Hs(Td))a

which concludes the proof of Proposition 6.9. O

6.4. Proofs of Theorems 1.1

The proof of Theorem 1.1 (which implies Corollary 1.3) easily follows from our
results so far.

Proof. — By Corollary 6.6, the family (1°(¢, - )) is e-oscillating. Therefore, the weak
limits of [¢)°(¢, z)|?dx are the projection on R? of the Wigner measures associated
with (¢°(t,-)). By Corollary 6.8, the Wigner measures of (¢°(¢,-)) coincide with
those of (15 (t,-)). Finally, Proposition 6.9 allows us to use the results of Theorem 2.1
for determining the Wigner measure of (¢5(¢,-)). O

6.5. Some comments on initial data that are a finite superposition of
Bloch modes

Our results also apply to initial data that are a finite linear combination of the
form:

(6.6) vo= > LU,
neN
with A a finite subset of N such that for all n € N, P(eD,)Us,, = on(eD)Us,,, for

distinct g, of constant multiplicity and Ug,, uniformly bounded in H(R? x T¢) for
all n e NV.

PROPOSITION 6.10. — Assume we turn assumption (H4) into (6.6) in the hy-
potheses and that assumptions (H2), (H3) hold for every g, with n € N. Then,
there exist a subsequence (& )ren, positive measures v, € M, (T*A,,), and measur-
able families of self-adjoint, positive, trace-class operators

My, Tg/\n > (v,&) — Mon(v,§) € £1+<L2<N£An))7 TrLQ(NgAn) Mo n(v,€) =1,
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such that for every a < b and ¢ € C.(R%) one has:
Jim / /R Oa) |0 (¢, @) Pdadt
) S [ Treian (o 06,0, )] vy (v, dg) e
ne
where M, (-, v, &) € C(R; LL(L*(N¢A,,)) solves the Heisenberg equation (1.11) with

initial data M, ,, associated with the concentration of 1§ on A,,.

Proof. — We associate to any n € N their respective Bloch components ¢ (¢, - ) of
Ye(t,-) as we previously did. We juste have to prove that for all n,n’ € N, n # n/,

60 (ep@)i(t.-), v (t.-) =30

which implies that the Wigner measure of 3, c x5, is the sum of the Wigner measures
of the 15. We take a € C>*(R??) and @ = (9, — o) 'a € C¥ (Rgd); then for all t € R,

(Opa(a)¢i(t7 : )7 761’ (t7 ’ ))
- (Opa(a)9n<6Dw)¢;(t7 : )7 Z’(t’ ’ )) - (Opa(a)l/}i(t, ’ )7 On/ (5Dw)¢2’ (ta : )) + 0(5)

from which we deduce:

d
(ope(@)usy(t,-), Uiy (t,-)) = ie &(Opg(a)%(ta')?%(t, 1)) +0(e).
Therefore, if § € C°(R), then

00 (op-ayei (e, ) vt )) at

Appendix A. Semiclassical pseudodifferential operators

In this appendix we recall a few basic notions on the theory of pseudodifferential
operators that we use trough this article. The reader can consult the references [AGO7,
DS99, FK14, Mar(02, Zwo12] for additional background and for proofs of the results
that follow.

Recall that given a function a € C*®(R? x R?) that is bounded together with
its derivatives (we denote the space of all such functions by S), one defines the
semiclassical pseudodifferential operator of symbol a obtained through the Weyl
quantization rule to be the operator op_(a) that acts on functions f € S(R?) by:

op.(a)f(x) = /Rded a < ,55) ST f(y)dy (Q(f)d'

r+y
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These operators are bounded in L?(R¢). The Calderén—Vaillancourt Theorem [CV71]
ensures the existence of a constant C; > 0 such that for every a € S one has
(A1) | op.(a) |l £(r2may < Ca N(a),

where
N(a)i= Y sup |9l

aeN2d |a|< Jo R xR
for some .Jy € N depending only on d. We make use repeatedly of the following result,
known as the symbolic calculus for pseudodifferential operators.

PROPOSITION A.1. — Let a,b € S, then
op.(a) op.(b) = op.(ab) + - op.({a, b}) + 2R,
with {a,b} = Vea - Vb — V,a - Veb and
[op.(a), 0p.(8)] = = op.({a,b}) + *RY,

IR |2z gay < ¢ Na(0202a)Ny(9{02D),  j=1,2,
al+181=j

for some constant C' > 0 independent of a, b and ¢.

Appendix B. Trace operator-valued measures

In this appendix we recall general considerations on operator-valued measures.
Let X be a complete metric space and (Y, o) a measure space; write H := L*(Y, o)
and denote by LY(H), K(H) and L(H) the spaces of trace-class, compact and
bounded operators on H respectively. A trace-operator valued Radon measure on X
is a linear functional:

M : Co(X) — LYH)
satisfying the following boundedness condition. For every compact K C X there
exist a constant C'x > 0 such that:

TeM(6)] < Crsup o], ¥ 6 € ColK).

Such an operator-valued measure is positive if for every ¢ > 0, M (¢) is an Hermitian
positive operator. Let M be a positive trace operator-valued measure on X, denote
by v € M, (X) the positive real measure defined by:

/X é(a)v(dz) = Tr M(¢),V ¢ € Co(X).

The Radon—Nikodym theorem for operator valued measures (see, for instance,
[Gér91b, the Appendix]) ensures the existence of a v-locally integrable function:

Q: X+ LYH), TrQ(z)=1, Q(x) positive Hermitian for v-a.e.x € X,

such that:
M(9) = [ p@)Q)v(dr), Vo e Co(X).
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Note that this formula implies that M can be identified to a positive element of the
dual of Co(X; K(H)) via:

<M,T>E/XTr[T - /Tr 2)v(de), T € Co(X; K(H)).

It can be also shown that every such positive functional arises in this way.
Consider (e;(z));eny denote an orthonormal basis of H consisting of eigenfunctions

of Q(x): N
Qe)eis) = o). S o) =1 v,

Clearly, both p; and e;, 7 € N, are locally v-integrable and
Z 0j(x)|ej(x))(e;(x)], v-ae.,

where, as usual, |ej($))(ej(x)| denotes the orthogonal projection in H onto e;(z).
Moreover, as a consequence of the monotone convergence theorem, the following
result easily follows.

LEMMA B.1. — Let M be a positive trace operator-valued measure on X. Then
there exist a non-negative function p € L} (X,v; L'(Y,0)) such that, for every
a € Co(X; L>*(Y,0)) one has:

J, Telma(@)M(dn)] = [ [ atey)ple.vo(dy)v(da).

where m,(x) denotes the operator acting on H by multiplication by a(x,-). The
density p is given by:

ZQJ |6ny|

Appendix C. Proof of Lemma 4.3
We denote by F. the semi-classical Fourier transform defined for f € L?(RY) by
711 = 2re) 7 £
and we observe that for a € C°(R39),
(0p-(a)f o f) = 2r) " | . <“”’” ) ot F () FLF(§)dg ¢ du,

where a. is associated with a according to (4.1). We consider a smooth cut-off
function x which is equal to 1 on the support of a so that we have a(z, £)x(€) = a(z,§)
and we write

(op.(a:)f . f)
= @re) [ . (‘””’ : f) e ENFS(E)F

§+¢
2

(©)x(§x(&)dEdE dz + O(e).
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The rest term O(e) comes from Taylor formula close to HE , the observation that
(& = §)er ) = Za, (=€) 1< <d,

and the use of integration by parts in z. Similarly, we just need to consider vec-
tors (£, ¢') which are close to the diagonal and if we introduce a smooth function ©
compactly supported on || < 1 and equal to 1 close to 0, then for some § > 0 (that
will be chosen small enough later), we have

§+¢
2

) f.) = 2ne) [ o (-

7706 (<5 ) voencae an + o),

% eﬁf'(éff’)}“gf(g)
We are left with the integral
N
I. = (2775)*d/3d . (—x, H) eéx-(éfi’)}-gf(é/)
R

5 Ff(E)xE)x(&)

) (5 ; g) d¢ d¢’ dx
_ (27‘(‘6)_d /R:;d a. (—ZL’, W) eér.(Q(C)—‘P(C/))}‘Ef(cb(C/))

(@(c) - <I><<’>> dcds

o
where ¢ — Jg(() is the Jacobian of the diffeomorphism ®. Setting

X Fef(2(¢)Ja(C) Ja(C") x © R(C) x © 2(¢)O

Cz@—i—e% and C'z@—eg,

we have for t € R,
1
B0 + ctv) = B(0) + ctdd(0)v + £ / 20 (0 + etsv)[v,v)(1 — s)ds,
0
whence
1

L(B(0) + B(C) = 20+ 5 B0, )]0, (O ~(C) = ca@(B)o+22B7 (0, o],

with
t Bj(@,v):/old2 ((I> <9+632>i®(0—53;})>(1—s)ds.

Note that the functions BF are smooth, bounded and with bounded derivatives,
uniformly in e, as soon as the variables 6 and v are in a compact. We obtain

2

< Fof <<I> (e—ag)) m(q> (9%2)) T (9+£ )J@ (0 g) d0 ¢’ dz,
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where we have omitted the localization functions in 6 + &3 and ¢ — €3, which makes
that the integral is compactly supported in 6 and ev Moreover, we have ¢|v| < § on
the domain of integration. We shall crucially use this information later.

The change of variable x = d®(0)'u gives

2
I, = (2m)™ /de a. (— FAD(0)tu, ®(0) + %Bj(@,v)[v, v])
% eiu~v+i5u-td@(@)*lB;(ﬂ,v)[v,v]‘/—_;f ((I) <9 . 5;)) ff <(I> <9 + 52))

X Jo (9 4 a;)) To (e - s;) J51(6) 46 d¢’ du,

with the same property on the domain of integration (6 in a compact and ¢|v| < §).
Note that

ae (— LD (0) u, () + iBj(@, v)[v,v])

= a( —1A®(0) u, () + 8223:(9,@)[2), vl

ig(wm+f3yame0w(ﬂﬁ+§3ﬂamwwo>

0/
=a (— LD (0) tu, (), B (®(0)) > + er.2(0,u,v)[v, ).
€
The matrix 7(?) is supported in a compact independent of ¢ in the variables (u, ).
Besides, the matrix rg) is smooth, bounded, and with bounded derivatives, uniformly
in £, as soon as the variable v is in a compact, which is the case on the domain of
integration of the integral I.. Using Taylor formula on the Jacobian terms, we write
2
€

a. (_ LD (0)tu, ®(9) + i BX(6,v)[v, v}) Jo <0 + 52) Jo (9 _ 8;)

/

—a (Jdcp(e)—lu, ®(0), B(2(0)) ’

6) Jo(0)? + €r£2)(9, u,v)[v,v] + 67{9(«9, U, ) - v,

where the vector 7(!) is supported in a compact independent of ¢ in the variables (u, 0)
and, as r.(?, is smooth, bounded, and with bounded derivatives, uniformly in ¢ on
the domain of integration of the integral I. (where 6 is in a compact and e|v| < d, §
to be chosen later).

Denote by U the isometry of L*(R?) :

fo o2 Ff (R(4)),
then
(op.(ac)f, f) = (op. (@) U.f , Uof) + e (RUf , Ucf),
with

a.(u,0) = a (— Lo (0) tu, ®(0), B (9(0)) 9;) ,
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and where R, is the operator of kernel

(0,0 — (21) K. <9 6 o-6 ) ,

2 7 ¢
with K, = K + K@)

KO(0,0) = [

[ (r00,10,0) 04 120,10, ), ]) e 90 B 0

K®(0,v) = /Rd Qe <td<1>(0)_1u,<b(0) + 5223:(970)[071}]) R

x L [eiewtav0 Bz @l _ 1) gy,
£

The proof concludes by Schur lemma and the next result.

LEMMA C.1. — Let us fix 0 small enough. Then, for any j € {1,2}, there exists
a constant C; > 0 such that for all € > 0,

/ sup |K9(0,v)|dv < C;.
Re geRrd
Indeed, by this Lemma, we obtain that for all £ > 0

KE<9+9,9_0>|d9’
2 €

(2me) ™4 /R sup

4 geRrd

= (27r)’d/ sup |Ke (0 — ev,v) |[dv < (27)’”[/ sup | K. (0,v) |[dv < Cy + Oy,
R R

4 geRrd 4 geRrd

and similarly

(2me) ¢ /R sup

4 greRd

Kg<6+9,0_9>‘d0
2 €

= (27?)_‘1/ sup |K. (6' +ev,v) |dv < (27T)_d/ sup | K. (0',v) |dv < Cy + Cy,
R? greRrd R? greRrd
By Schur Lemma, these two inequalities yield the boundedness of R, uniformly in ¢

as an operator on L*(RY).
Let us now prove Lemma C.1.

Proof. — Note first that the functions KY) are compactly supported in the vari-
able 6, uniformly in . We are going to prove that for any N > 0, there exists a
constant C'y ; such that, for [v] > 1,

(1+ [o)N | K9 (6, v)] < Cw;.

These inequalities are enough to conclude as in the lemma. For proving these
inequalities, we crucially use that the domain of integration in u is compact and we
shall gain the decrease in v by using the oscillations inside the integral.

Let us first focus on KM Since 6 is in a compact and BZ is bounded, we have

v+ £'d®(0) " BZ (0, v)[v,v]| > [v] — Mo]o|
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for some constant M. Therefore, if M < 1/2, we have
o+ £ 1d@(0) B (0, v)[o,v]] > ;m,
and, for |v| > 1, integration by parts give
ED(0,0)
= /]Rd ‘v +e'd®(0) "' BZ (6, v)v, U]‘iQN (AN’FS)(@, u,v) - v+ ANr@ [y, U])

u

> eiu-v+isu-td<1>(9)_1Bg (9’”)[”’”]du.
Since (") and r® have smooth compactly supported derivatives in u, uniformly
bounded in e, we obtain the existence of a constant Cx; such that

[KD(0,0)] < ol MO

Let us now study K(? that we turn into

K2(0,0)

— /O 1 /R L uld®(0) " B2 (6, v)a (tdcp(e)lu,cp(e) + iBj(@,fu)[v,uO

% eiu-v+it5u~tdCI)(G)’lBg(9,v)[v,v}dudt'
Once written on this form, one can see that the arguments developed for K apply
again since the function

2

u— u'd®(0) " B (0,v)a. (tdq)(e)_lu, P (0) + %B;(Q,v)[v, v]>
is compactly supported in the variable u, smooth and bounded with derivatives that
are bounded uniformly in e. O

BIBLIOGRAPHY

[AFKM15] Nalini Anantharaman, Clotilde Fermanian Kammerer, and Fabrici Macia, Semiclassical
completely integrable systems: long-time dynamics and observability via two-microlocal
Wigner measures, Am. J. Math. 137 (2015), no. 3, 577-638. 11059, 1060, 1072

[AGO7) Serge Alinhac and Patrick Gérard, Pseudo-differential operators and the Nash—Moser
theorem, Graduate Studies in Mathematics, vol. 82, American Mathematical Society,
2007, translated from the 1991 French original by Stephen S. Wilson. 11066, 1080

[ALM16] Nalini Anantharaman, Matthieu Léautaud, and Fabricio Macia, Winger measures and
observability for the Schridinger equation on the disk, Invent. Math. 206 (2016), no. 2,
485-599. 11059, 1060

[AM12] Nalini Anantharaman and Fabricio Macia, The dynamics of the Schrodinger flow
from the point of view of semiclassical measures, Spectral geometry, Proceedings of
Symposia in Pure Mathematics, vol. 84, American Mathematical Society, 2012, based
on the international conference, Dartmouth, NH, USA, July 19-23, 2010, pp. 93-116.
11059, 1060

[AM14] Nalini Anantharaman and Fabrici Macia, Semiclassical measures for the Schrodinger
equation on the torus, J. Eur. Math. Soc. 16 (2014), no. 6, 1253-1288. 11060

ANNALES HENRI LEBESGUE



[APO5]

[APO6]

[AR12]

[BBA11]

[Blo28)]

[BLP78]

[BMPO1]

[CFKM19]

[CS12]

[CVT71]
[DGROG]

[DS99]

[FK95]
[FKOO]
[FKO5]

[FK14]

[Flo83]
[Fol89)

[Gér9la)

Wigner measures and effective mass theorems 1087

Grégoire Allaire and Andrey Piatnitski, Homogenization of the Schridinger equation
and effective mass theorems, Commun. Math. Phys. 258 (2005), no. 1, 1-22. 11051,
1055

Grégoire Allaire and Mariapia Palombaro, Localization for the Schréidinger equation
in a locally periodic medium, STAM J. Math. Anal. 38 (2006), no. 1, 127-142. 11051,
1055

Nalini Anantharaman and Gabriel Riviere, Dispersion and controllability for the
Schrédinger equation on negatively curved manifolds, Anal. PDE 5 (2012), no. 2, 313-
338. 11060

Luigi Barletti and Naoufel Ben Abdallah, Quantum transport in crystals: effective
mass theorem and k-p Hamiltonians, Commun. Math. Phys. 307 (2011), no. 3, 567—
607. 11051, 1055

Felix Bloch, Uber die Quantenmechanik der Elektronen in Kristallgittern, Z. Phys. 52
(1928), 555-600. 11051

Alain Bensoussan, Jacques-Louis Lions, and George Papanicolaou, Asymptotic analysis
for periodic structures, Studies in Mathematics and its Applications, vol. 5, North-
Holland, 1978. 11051

Philippe Bechouche, Norbert J. Mauser, and Frédéric Poupaud, Semiclassical limit for
the Schréodinger—Poisson equation in a crystal, Commun. Pure Appl. Math. 54 (2001),
no. 7, 851-890. 11051

Victor Chabu, Clotilde Fermanian Kammerer, and Fabricio Macia, Semiclassical anal-
ysis of dispersion phenomena, Analysis and partial differential equations: perspectives
from developing countries, Springer Proceedings in Mathematics & Statistics, vol. 275,
springer, 2019, pp. 84-108. 11056, 1058, 1059, 1066, 1068, 1069

Rémi Carles and Christof Sparber, Semiclassical wave packet dynamics in Schrodinger
equations with periodic potentials, Discrete Contin. Dyn. Syst. 17 (2012), no. 3, 759-774.
171051

Alberto-P. Calderén and Rémi Vaillancourt, On the boundedness of pseudo-differential
operators, J. Math. Soc. Japan 23 (1971), 374-378. 11081

Mouez Dimassi, Jean-Claude Guillot, and James Ralston, Gaussian beam construction
for adiabatic perturbations, Math. Phys. Anal. Geom. 9 (2006), no. 3, 187-201. 11051
Mouez Dimassi and Johannes Sjostrand, Spectral asymptotics in the semi-classical limit,
London Mathematical Society Lecture Note Series, vol. 268, Cambridge University
Press, 1999. 11080

Clotilde Fermanian Kammerer, Equation de la chaleur et Mesures semi-classiques,
Ph.D. thesis, Université Paris-Sud, Orsay, France, 1995. 11059

, Mesures semi-classiques 2-microlocales, C. R. Math. Acad. Sci. Paris 331
(2000), no. 7, 515-518. 11051, 1059

, Analyse & deuz échelles d’une suite bornée de L? sur une sous-variété du
cotangent, C. R. Math. Acad. Sci. Paris 340 (2005), no. 4, 269-274. 11051, 1059

, Opérateurs pseudo-différentiels semi-classiques, Chaos en mécanique quan-
tique. Journées mathématiques X-UPS 2014, Editions de I'Ecole polytechnique, 2014,
pp- 53-100. 11080

Gaston Floquet, Sur les équations différentielles linéaires a coefficients périodiques,
Ann. Sci. Ec. Norm. Supér. 12 (1883), 47-88. 11051

Gerald B. Folland, Harmonic analysis in phase space, Annals of Mathematics Studies,
vol. 122, Princeton University Press, 1989. 11060

Patrick Gérard, Mesures semi-classiques et ondes de Bloch, Séminaire Equations aux
dérivées partielles (Polytechnique) (1991), Exp. No. XVI (19 pages). 11051, 1061

TOME 3 (2020)



1088

[Gér9lb]
[GL93]

[GMMPY7]

[GMS91]

[Hir94]

[HSTO1]

[HW11]

[Kuc01]

[Kuc04]

[Kucl6]

[Lewl7]

[LK55]
[LP93]
[Mac09)]
[Mac10]

[Mac11]

[Mac15]

[Mar02]

Victor CHABU, Clotilde FERMANIAN KAMMERER & Fabricio MACIA

, Microlocal defect measures, Commun. Partial Differ. Equations 16 (1991),
no. 11, 1761-1794. 11081

Patrick Gérard and Eric Leichtnam, Ergodic properties of eigenfunctions for the Dirich-
let problem, Duke Math. J. 71 (1993), no. 2, 559-607. 11061

Patrick Gérard, Peter A. Markowich, Norbert J. Mauser, and Frédéric Poupaud, Ho-
mogenization limits and Wigner transforms, Commun. Pure Appl. Math. 50 (1997),
no. 4, 323-379. 11051, 1061

Christian Gérard, André Martinez, and Johannes Sjostrand, A mathematical approach
to the effective Hamiltonian in perturbed periodic problems, Commun. Math. Phys. 142
(1991), no. 2, 217-244. 11051

Morris W. Hirsch, Differential topology, Graduate Texts in Mathematics, vol. 33,
Springer, 1994, corrected reprint of the 1976 original. 11064

Frank Hoévermann, Herbert Spohn, and Stefan Teufel, Semiclassical limit for the
Schridinger equation with a short scale periodic potential, Commun. Math. Phys. 215
(2001), no. 3, 609-629. 11051

Mark A. Hoefer and Michael I. Weinstein, Defect modes and homogenization of periodic
Schrédinger operators, SIAM J. Math. Anal. 43 (2011), no. 2, 971-996. 11051

Peter Kuchment, The mathematics of photonic crystals, Mathematical modeling in
optical science. Proceedings of a minisymposium on optics at STAM’s annual meeting,
Stanford Univ., Palo Alto, CA, USA, 1997, Frontiers in Applied Mathematics, vol. 22,
Society for Industrial and Applied Mathematics, 2001, pp. 207-272. 11051

, On some spectral problems of mathematical physics, Partial differential equa-
tions and inverse problems. Proceedings of the Pan-American Advanced Studies Insti-
tute on partial differential equations, nonlinear analysis and inverse problems, Santiago,
Chile, January 6-18, 2003, Contemporary Mathematics, vol. 362, American Mathemat-
ical Society, 2004, pp. 241-276. 71051

, An overview of periodic elliptic operators, Bull. Am. Math. Soc. 53 (2016),
no. 3, 343-414. 11051, 1053

Mathieu Lewin, Eléments de théorie spectrale: le Laplacien sur un ouvert borné, 2017,
class notes, Master. CEntre de REcherche en MAthématiques de la DEcision, Université
Paris Dauphine, France. 11052

Joachim Mazdak Luttinger and Walter Kohn, Motion of electrons and holes in perturbed
periodic fields, Phys. Rev., II. Ser. 97 (1955), 869-883. 11055

Pierre-Louis Lions and Thierry Paul, Sur les mesures de Wigner, Rev. Mat. Iberoam.
9 (1993), no. 3, 553-618. 11061

Fabricio Macia, Semiclassical measures and the Schridinger flow on Riemannian man-
ifolds, Nonlinearity 22 (2009), no. 5, 1003-1020. 11059, 1060, 1062

, High-frequency propagation for the Schréidinger equation on the torus, J. Funct.
Anal. 258 (2010), no. 3, 933-955. 11059, 1060

, The Schridinger flow on a compact manifold: High-frequency dynamics and
dispersion, Modern Aspects of the Theory of Partial Differential Equations, Operator
Theory: Advances and Application, vol. 216, Birkhauser, 2011, pp. 275-289. 11060

, High-frequency dynamics for the Schridinger equation, with applications to
dispersion and observability, Nonlinear optical and atomic systems. At the interface
of physics and mathematics, Lecture Notes in Mathematics, vol. 2146, Springer, 2015,
based on lecture notes given at the 2013 Painlevé-CEMPI-PhLAM thematic semester,
pp- 275-335. 11060

André Martinez, An introduction to semiclassical and microlocal analysis, Universitext,
Springer, 2002. 11080

ANNALES HENRI LEBESGUE



[MR16]

[MR18]
[Out87]

[PRI6]

[PSTO03]

[RSTS]

[Wil78]
[Zwol2]

Wigner measures and effective mass theorems 1089

Fabricio Macia and Gabriel Riviere, Concentration and non-concentration for the
Schrodinger evolution on Zoll manifolds, Commun. Math. Phys. 345 (2016), no. 3,
1019-1054. 11060, 1062

, Two-microlocal reqularity of quasimodes on the torus, Anal. PDE 11 (2018),
no. 8, 2111-2136. 11059

Abderrahim Outassourt, Comportement semi-classique pour l’opérateur de Schrodinger
a potentiel périodique, J. Funct. Anal. 72 (1987), no. 1, 65-93. 11051

Frédéric Poupaud and Christian Ringhofer, Semi-classical limits in a crystal with
exterior potentials and effective mass theorems, Commun. Partial Differ. Equations 21
(1996), no. 11-12, 1897-1918. 11050, 1051, 1055

Gianluca Panati, Herbert Spohn, and Stefan Teufel, Effective dynamics for Bloch
electrons: Peierls substitution and beyond, Commun. Math. Phys. 242 (2003), no. 3,
547-578. 11051

Michael Reed and Barry Simon, Methods of modern mathematical physics. IV. Analysis
of operators, Academic Press Inc., 1978. 11051

Calvin H. Wilcox, Theory of Bloch waves, J. Anal. Math. 33 (1978), 146-167. 11052

Maciej Zworski, Semiclassical analysis, Graduate Studies in Mathematics, vol. 138,
American Mathematical Society, 2012. 11080

Manuscript received on 4th March 2019,
revised on 14th September 2019,
accepted on 25th November 2019.

Recommended by Editor P. Gérard.
Published under license CC BY 4.0.

This journal is a member of Centre Mersenne.

“ad
i‘ S
CENTRE

TRE
MERSENNE

Victor CHABU

Universidade de Sao Paulo,

IF-USP, DFMA, CP 66.318 05314-970,
Sao Paulo, SP (Brazil)

vbchabu@if.usp.br

Clotilde FERMANIAN KAMMERER
LAMA, Univ Paris Est Créteil,

Univ Gustave Eiffel, CNRS,

F-94010, Créteil, (France)

Clotilde.Fermanian@Qu-pec.fr

Fabricio MACIA

M2ASAI,

Universidad Politécnica de Madrid
ETSI Navales. Avda. de la Memoria 4,
28040 Madrid (Spain)

fabricio.macia@upm.es

TOME 3 (2020)


https://creativecommons.org/licenses/by/4.0/
http://www.centre-mersenne.org/
http://ahl.centre-mersenne.org/item/AHL_2020__3__1049_0
mailto:vbchabu@if.usp.br
mailto:Clotilde.Fermanian@u-pec.fr
mailto:fabricio.macia@upm.es

	1. Introduction
	1.1. The dynamics of an electron in a crystal and the effective mass equation
	1.2. Floquet–Bloch decomposition
	1.3. Main result
	1.4. Strategy of the proof
	1.5. Structure of the article

	2. Quantifying the lack of dispersion
	3. Pseudodifferential operators and semiclassical measures – preliminaries
	3.1. Wigner transform and Wigner measures
	3.2. Wigner measure and family of solutions of dispersive equations
	3.3. Localisation of Wigner measures on the critical set

	4. Two-microlocal Wigner distributions
	4.1. The compact part
	4.2. Measure structure of the part at infinity

	5. Two microlocal Wigner measures and families of solutions to dispersive equations
	5.1. Transport properties of the compact part
	5.2. Invariance and localization of the measure at infinity
	5.3. Proofs of Theorems 2.1 and 2.2

	6. Bloch projectors and semiclassical measures
	6.1. High frequency behavior of the operator of restriction to the diagonal and of the Bloch projectors
	6.2. A priori estimates on U eps(t,.) 
	6.3. Analysis of the Bloch component psi epsn
	6.4. Proofs of Theorems 1.1
	6.5. Some comments on initial data that are a finite superposition of Bloch modes

	Appendix A. Semiclassical pseudodifferential operators
	Appendix B. Trace operator-valued measures
	Appendix C. Proof of Lemma 4.3
	Bibliography

