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A P-ADIC MEASURE ATTACHED
TO THE ZETA FUNCTIONS ASSOCIATED

WITH TWO ELLIPTIC MODULAR FORMS II

by Haruzo HIDA

0. Introduction.

Let / be a cusp form for TQ^N) of weight k > 2 with character
^ : (FyWZ)x —> Cx, and let g be another cusp form for To(N) of weight
i < k with character $. Write their Fourier expansion as

00 00

/ = y ^ a(n)e(nz) and g = ̂ , b(n)e(nz) for e(z) = exp(27riz),
n=i n=i

and define Dirichlet series of / and g by

W^ /, g) = ( f^ ^(n)^^25-2) ( f^ a(n)&(n)n-5).
n=l n==l

(n,^)=l

As in the first part [II], our object of study is the p-adic nature of the
algebraic numbers :

(0.1) —N + m ' J ' 9 ) for integers m with 0 < m < k - L
T^-2771^/,^

In particular, we shall construct a p-adically analytic L-function of three
variables, which interpolates the values (0.1) by regarding all the ingredi-
ents m, / and g as variables.

Key-words : p-adic measure - zeta function - Modular form - p-adic L-function.
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Let p > 5 be a prime number. Let 0 be a valuation ring finite flat
over Zp. We have constructed in [13] and [14] the universal Hecke algebra
h(7V;0), for each positive integer N prime to p, as a subalgebra of the
endomorphism algebra of p-adic cusp forms of level N with coefficients
in 0, topologically generated by Hecke operators T(n}(n > 0). Then, the
ordinary part h°(^V; 0) is shown to be finite flat over the Iwasawa algebra
A = 0[\T}} of the topological group r = 1 + pZp. We fix an algebraic
closure Qp of the p-adic field Qp and let Q denote the algebraic closure of
Q inside C. We shall assume 0 to be a subring of Q and fix once and for
all an embedding i: Q <~* Qp. For each finite order character e : F —> C^
and for each integer A, the continuous character of F into Qp given by
7 i-̂  7^(7) induces an 0-algebra homomorphism P^ of A into Q . Let
T be a normal integral domain finite flat over A. Replacing 0 by its finite
extension in Q? if necessary, we may assume that 0 is integrally closed in
Z. Let ^(Z) = Homo-aig(Z,Qp); i.e., X{1) is the space of all Qp-valued
points of Spec(Z)/<?. Let ^aig(Z) be the dense subset of X(I) (under the
Zariski topology) consisting of points of X{T) whose restriction to A is of
the form Pj^g with k > 0. We put

^alg(Z; 0) = <Yalg(Z) H Homo-alg(Z, 0)

and ;V(Z; 0) = X(T) n Homo_aig(Z, 0).

For P e ^aig(Z), the integer k and the character e defined by P|A = Pk,e
will be called the weight of P and the character of P. The weight (resp.
the character) of P will be denoted by fc(P) (resp. £p). The exponent in
p of the conductor of ep will be denoted by r(P) (when ep is trivial,
we shall agree to put r(P) = 1). We fix a A-algebra homomorphism
A : h°{N',0) -^ Z. Then A(T(n)) is an element of Z, and thus we can
consider it as a function on X(I) with values in Q . We shall write its
value A(T(7i))(P) as ap(n) € Qp. Then it is seen in [14] that there is a
family of cusp forms fp € -S^p^r^TVy^)) parametrized by the points
P e Aaig(Z)(A;(P) > 2) such that the image under i: Q <-^ Qp of each n-th
coefficient of fp is given by ap(n). Moreover, fp is a common eigenform
of all Hecke operators satisfying /|T(n) = ap{n)f and |ap(p)|p = 1. The
function fp is called the cusp form belonging to A at P.

For simplicity, we shall suppose that N = 1. We take another A-
algebra homomorphism A' : h°(l; 0) —^ I. We write

00

9Q = EW9" € Sk(Q)(WW))
71=1
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for the cusp form belonging to A' at Q e AaigW. Let ^p and $Q be
the characters of fp and QQ, respectively. Then it is known that there
exist characters ^,$ : (Z/pZ)x -^ cT such that ^p = ep^u-^ and
$p = 6:? ;̂-^) for all P € ^aig(^), where uj is the Teichmiiller character
modulo p.

For each normalized common eigenform / e ^(riOf)), as is known
by the theory of new forms, there exists a unique primitive form /o whose
eigenvalue for T(£) coincides with that of / for almost all primes L This /o
is called the primitive form associated with /. We define complex numbers
^(A ^(/) and W(f) by

E^-A))^ = [(1 - aW^l ~ a^f)?-8)}-1

n=0
and

fo\k(°^~^=w(f)fs,
where fo\T(n) = a(n,fo)fo and C is the conductor of / (i.e. the smallest
possible level of /o) and f^{z} = fo(-z). For two normalized common
eigenforms / and g, we take the associated primitive form /o and go and
define the primitive Rankin product of / and g by

'D(s,f,g)=Vc{f.g)(s,fo,go),

where C(f, g) is the least common multiple of the conductors of / and g.
We may suppose that a(gQ) = hq(p), a(fp) ^= ap(p) and 0(5^) = a^go)"
for the complex conjugation p. Then we define some Euler factors by

S(P) - (^^P^-1} fi ^(P)?^-^
\ a(fp)2 ) { a(/p)2 ) '

W^_\

a(9QWp))
E'p,Q(s) = 1

x ^-al(fp)a(gpQ)p-s)(l-^(p)al(fp)a'(gpQ)p-s),

-,-i \
E'P.Q^ = [ 1 ——————— = l - (a(gQ)/a(fp))ps-kW,

\ a(9QWp)j

Ep,Q(s) = Ep^s)E'p^(s).

Let Z<gioI<8>oA be the profinite completion of the tensor product T®e»T®o
A. Any element F e I<2>T®A can be considered as a p-adic analytic function
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on X(I) x X{1) x <^(A). We shall construct an element D of the quotient
field of I(8)Z<8)A whose value at (P,Q,fi) € Aaig(Z) x ^aig(Z) x <Vaig(A)
gives essentially the algebraic number

V(k{Q) + A;(fi), /p, ̂ )/n(P, Q, A).

Here, as the transcendental factor of P, we shall take

n(P,(?,fi) = (27^^)fc(^)+2fc(A)-l(2^)fc(p)+17^2 < /^ > G(^),

where f^p is the primitive form associated with fp and G^q) is the
Gauss sum for $Q. (We understand that G(^Q) = 1 if $Q = id.) This
transcendental factor looks complicated but has an intrinsic meaning, which
will be explained in § 4 in the text in the language of motives of Deligne.
More precisely, our result in a simplest case is as follows :

THEOREM I. — There exists a unique function D in the quotient
field ofl0Z0A on X(I) x X(I) x /y(A) with the following interpolation
property : For a point (P, Q, R) € ^aig(Z) x ^aig(2') x ^aig(A), we suppose
that ^p == ^Q = CR = id, and k(P) - k(Q) > k(R) > 0, k(Q) > 2 and
k(P) > 2. Then jD(P,Q,fi) is finite and

(0.2) D(P,Q,fi)=

cw5(P)-lE(P, Q, R)V(k(Q) + fc(Ji), /p, ̂ |a;fc^))/n(P, Q, fi),

where E(P,Q,R) = £7p,o(fe(0)+fc(fi)), c = (-l)^)r(fc(0)+Hfi))r(fc(^
+ 1) and w = W(pQ)W(/p)~1. Moreover, ifH € Z annihilates the module
of congruence of\ (for definition of this module, see § 4 in the text), then
H(P)D(P,Q,R) is p-adic analytic; namely, HD e I(g)Z(8)A as a function
on X{1) x /V(Z) x A"(A).

Now we restrict D(P, Q, fi) to A" (I) x ;f(Z) x Po for Po = Po,id € ^(A)
and write this function as D(P, Q). We know that

£"(P, Q) = E^(k(Q)) = 1 - a(^)/a(/p)
=l-V(r(p))(Q)/A(r(p))(P)

gives an element in I 0 Z (since A(T(p)) € Z"), When A = A',
E"(P,Q) has a trivial zero at the diagonal divisor A = {(P,P) €
^(I)2!? € ^(I)}. Now we ask whether the function D\P,Q) =
D(P, Q)IE"{P, Q) has a pole at A or not. To give an answer to this ques-
tion, we fix a topological generator nofr and identify A(g)A with the power
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series ring 0[[X, Y}] naturally. We also regard A0A as a subalgebra ofZ0l.
Then A is defined by the equation X •=- Y.

THEOREM II. — Suppose that A = A'. Then D' has a simple pole at
A; namely, we have

{(X-Y)D')(P,Q)\p=Q = (l-^P))^^)
P

ifP is non-critical.
(We say that P is non-critical if P is outside the support of the module of
congruence of A in X(I)).

Here are some remarks about the theorems : The p-adic interpolation
along the cyclotomic line (i.e. the line of the variable R) of our type of
zeta functions was first obtained by Panciskin [24] in a different method
from ours; thus, our result extends the domain of the interpolation to the
spectrum of the Hecke algebras. We shall give a formulation of Theorems
I and II in § 5 Example d in full generality, where we shall state the result
valid for A and A' with arbitrary level and give the similar evaluation
of the function Z5(P,Q,-R) at any algebraic point without assuming that
^p == ^Q = OR = id. Since every primitive from / with |a(p)|p = 1 belongs
to a homomorphism A of above type, Theorem I is general enough to give
a p-adic interpolation of the values (0.1) for any pair of primitive forms
/ and g with |a(jp)|p = |fr(p)|p = 1 of different weight. If I = A, we may
identify A0A0A with 0[[X,Y,Z]] by fixing a topological generator u of
r. Then the function P(P,Q,jR) is given by a quotient of power series
F(X,y,Z)/ff(X)sothat

P(P^,P^,P^)=

F(^)^ - U(iA)i/ - 1,7(1̂  - l)/ff(£(ii)^ - 1).

Thus in this case, the p-adic L-function D is a usual Iwasawa function
of three variables. However, there are examples of A whose values cannot
be contained in A [12, § 4]. Thus, in general, D may not be an Iwasawa
function but is a function on a covering space (of finite degree) over
Spec((9[[X,y,Z]]). Theorem II may be considered as a p-adic analogue
of the well known residue formula [30, 2.5] :

Res,=^(5, /, n = nA:)-1^-^2^1 < /, / >r,(c) (if C > 2),

where C is the conductor of the primitive form /.
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We shall now give a summary of the content of each section. In § 1,
we give a short account of several operations in the space ofp-adic modular
forms which will be used to define the convolution product of p-adic
measures. After that we shall prove the duality between the space of p-
adic modular forms and Hecke algebras (Th. 1.3). In § 2, we shall give
a characterization of the space of p-adic cusp forms (Th. 2.2) which may
be viewed as a p-adic analogue of the classical cuspidal condition. In § 3,
we shall generalize the measure theory over A to that over the integral
extension Z. After giving a brief summary of the theory of modules of
congruence in § 4, we shall state our main result in full generality in § 5.
In fact, our method is applicable to a rather wide class of measures /A,
satisfying certain algebraicity conditions (cf. (5.1 a,b,c)) on a p-adic space
X with values in the space of p-adic modular forms. We shall establish
a p-adic interpolation of the values Z>(m,/p,/A(<^)) by varying m, locally
constant functions (j) on X and P € ^aigCT (Th. 5.1). From this general
result, we shall deduce Theorems I and II as well as a generalization of the
result in the first part [11] on theta measures. After giving in § 6 some facts
on real analytic Eisenstein series for our later use, we develop a theory of
p-adic Rankin convolution of measures in §§ 7 and 8. The final section § 9
is devoted to the proof of the main results.

In the first draft of this paper, the values of the p-adic L-function
P(P, Q, R) as in Th. I was given in a much more complicated form without
uniformity. The simplification of the expression, especially the introduction
of the Euler factor E(P, Q, J?), is due to B. Perrin-Riou. The author is very
much thankful for her careful reading of the manuscript.
Notation. — We shall use the notation introduced in [11] and [14].

For each matrix a = ( - ) € GL^CR) with det(a) > 0, we de-\cdj
fine an operation (of weight k 6 Z) on functions on the Poincare up-
per half plane ^ with values in C by (f\ka){z) = de^a)^2/ (az±^)
(cz -+- d)~k. For each congruence subgroup A of SL^(Z), we denote by
.Mfc(A) (resp. S'jb(A)) the space of holomorphic modular forms (resp. holo-
morphic cusp forms) for A of weight k. For each character ^ : A —^ Cx of
finite order, we put

A^(A,VO = {/ € Mk(KeiW) | f\k-Y = Mf for all 7 € A},

5fc(A,^) = Mfc(A,^) H ̂ (KerW).

For each / € 5fc(A,^) and g € ,Mfc(A,^), the Petersson inner product is
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defined by

</^>A= / J^g^y^dxdy.
J^\S)

When A = To{N), we write < f,g >N for < /,^ >roW • The Fourier
expansion of each / € M^i^N)) is always written as

00

/ = ̂ C ̂  -^n for 9 == ̂ (^^a-
n=0

Throughout the paper, we fix an embedding i : Q c-^ Qp. Thus every
algebraic number can be viewed as a complex number as well as a p-adic
number in Qp uniquely. The normalized p"adic absolute value of x € Qp
will be written as \x\p.

Contents

0. Introduction. 1
1. Hecke algebras and p-adic modular forms. 7
2. The projection to the ordinary part. 18
3. A generalization of p-adic measure theory. 24
4. Modules of congruences. - 28
5. Arithmetic measures and the main results. 36
6. Real analytic Eisenstein series and the holomorphic projection. 56
7. Duality theorem. 64
8. Convoluted measures. 70
9. Proof of Theorems 5.1, 5.1d and 5-ld7. 76

1. Hecke algebras and p-adic modular forms.

We shall give here a brief account of the theory of p-adic modular
forms and their Hecke algebras. We shall refer to our previous papers [II],
[13] and [14] for the results states here without proof.

Let A be a congruence subgroup of SL^(Z) and for any subalgebra
A of C, we put

Mfc(A; A) = {/ € Mfc(A) | a(7i, /) € A for all n}
5,(A;A) =^(A)HA^(A;A).
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For each (abelian) character of finite order ^ : A -^ Ax , put

Mk{^ : A) = .Mfc(Ker(^);A) n Mk{^)
5fc(A,^;A)=5jfe(A,VOn.Mfc(A,-0;A).

Now we shall suppose that A is of the following form :

H .) e SL^Z) | c = 0 mod N, b=0 mod M, a =E d = 1 mod ^l

(1.1)

for positive integers N and M and a divisor t o f M ' N . Let us take a finite
extension A"o/Q in Q, and let K be the topological closure of KQ in Qp.
We put

Mk(^K) = Mk(^Ko) 0Ko K,
Mk(^K) = A1fc(A,^;^o) 0j<o K,

Sk(^K) =5fc(A;A:o)^o^
5jfc(A,^;^) = Sk(^Ko) 0^0 ̂ .

These spaces depend only on K and are independent of the choice of the
dense subfield KQ. By using g-expansions, we may consider these spaces
inside the formal power series ring ̂ [[g^]] (if A is of the form (1.1)). For
each j > 0, put

M^^K) = ̂ Mk(^K), y(A;JQ = Q)Sk(^K) .
k=0 fc=l

One may take these sums inside ^[b1^]], and we shall take inductive
limits inside ^[[g1^]] :

M(^K) = M°°(^K) =lnn^(A;^) ̂  ̂ Mk(^K) ,
3 k=0

oo
S(^K) = 5°°(A;JO =lnny(A;^) ̂  ̂ 5fc(A;^) .

j fc=i

We shall define a p-adic norm on these spaces by

1/lp = sup |a(n, f)\, if / = f^ a(n, y)^^ .
n n=0
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Let AT(A;JQ (resp. ~S(^;K)) be the completion of M(^.;K) (resp.
5(A;AT)) under this norm inside ^[[g^]]. They are K-Banack spaces.
Let Ok be the p-adic integer ring of K and put

A^fc(A; OK) = Mk(^; K) n OK^^}},

S^OK) = Sk(^;K) n OK^^}},
M'(A; OK) = M'^K) n OK^^}},
y"(A; Oj<) = 5-'(A; JiQ n (^[[g1^]] for j = 1,2,. • •, oo ,

^(A; OK) = M(A; K) n CMg1^]],
5(A; O/,) = 5(A; 2?) n Oxdg1^]] .

The space 5(A;Oj<) (resp. AT(A;OA-)) is the completion of
S°°(^;OK) (resp. A1°°(A;C>^)) under the norm | |p. Let M and N be
positive integers prime to p, and put

FcW,M) = { (a &) e 5L2(Z) | b = 0 mod M, c = 0 mod TSTjfl

r^JNV,M) = { (a ft) 6 ̂ (JV^, M) | a = d = 1 mod MJVp'-l

roW) = ̂ (ivp". l),̂ l(Np^.) = riW. i) and
r(lV) = ^ (a 6) e To(N,N) I a = d = 1 mod ^V-l .

It is known by Katz that as subspaces of ^^[[g1/^]]

(1-2) 5(An^l(pr);0/c)=5(A;OK),
AT(A nri (?'•); Ox) =AT(A: OK)

for A = ri(JV),ri(JV,M) and F(^). Proof of (1.2) may be found in [13,
(1.9b) and Cor. 1.2] for Fi(N) and in [20, 5.6.3] for F{N). The operator

__ .n. ~ _
[M] : •^ anq M '-> ̂  ffl»g" induces an isomorphism : S(Ti(N, M); OK) ==:

'S(ri(MN);OK) (resp. M(TI(N,M);OK) ^ ~M(T^MN);OK)_); hence,
(1.2) is true for A = Fi(N, M). We shall write M(N; OK) and 5(JV, OK)
for AT(ri(JV); OK) and 5(ri(JV) : Ojy). We put, for A C C or A = AT, OK,

Sk(Npoo;A)=\w,Sk(^l(Npr)•,A),
r

Mk(Npoo•,A)=\^^Mk(^l(Npr)•,A) .
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By (1.2), we have natural inclusions

(1.3) Sk(Np°°', OK) C S(N', OK), Mk(Np°°', OK) C M(N', OK) .

We shall now introduce several operations on M{N\ OK) ''

I. The action ofZ^:

Put Zn = ]lm(Z/NprZ)x = Z^ x (ZyWZ)^ For each element
r

z € Z N , we shall write ^p (resp. ^o) for its projection in Z^ (resp.
(ZyWZ)^. We let z e ZN act on A^(ri(^jf);.FO and .MfcOW H
ri(jf);.RT) b y / I - ) - /|^ = z^f\k(Tz, where ^ e 5L2(Z) is a matrix

with cr^ = ( ) mod NpT'. We let z act on ^(A;^) as follows : for

f =^fk with fk € A^(A; AT), f\z = ̂  ̂ A|A^. This action preserves
k __ _fc

A^(A; 0^), extends to A-((A; OK) and 5(A; OA:) for A = ri(AT) or r(^)
by continuity and induces the original action on .MA^r^JVj/*);^^) and
^(r^JVy);^?^) under the inclusion (1.3) (this fact is due to Katz; see
[20, 5.3] and [13, § 3]). Via the natural projection : Z -^ (Z/NprZ), any
integer n prime to Np can be considered as an element of Zpf-

II. The action ofHecke operators T(n) :
We shall define, for each positive integer n, the Hecke operator T(n)

by its effect on ^-expansion coefficients :

(1.4a) a(m, f\T(n)) = ^ r^mn/^, f\t) for / e M^v; 0^) ,
0<^|m,^|n
{^Np)=l

where f\t is the image of / under the action of the integer t as an element
of Z N - We can easily deduce from (1.4a)

(1.4&) f\(T(£)2 - T(£2)) = t-^W for each prime i ](Np .

By definition, T(n) induces the usual Hecke operator on
.M^ri^p7');^) for each k and r >: 1 and preserves .M(ri(^y);
OK), since the action of ZN respects O^-integral forms. Then by continu-
ity, T(n) extends automatically on M(N',OK)- Of course, T(n) respects
5(iV; OK) and S^T^Np7')^ OK) for r = 1,..., oo and j = 1,..., oo.
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III. The operator [t]fo^O<teQX :

If A is of type (1.1), A' = Q^A^) n SL^Z) is again of
type (1.1) for each pair of positive integers t and 5. Define for each

/ € M(A; OK) with / = ̂  a(n, /) q^
n==0

f\[t/s]=f^a(n,f)q^s .
71=0

Obviously this operation preserves O^-integral forms and induces a linear
map of .Mfc(A; K) into .MA;(A'; J?) for each fc. Thus by continuity, we have
an 0^-linear map :

[t/s}:M(^OK)-^M^',OK).
This map [ t / s ] is obviously injective.

IV. The action ofSL^Z/LZ) :

Let M and N be positive integers prime to p, and put L = MN.
We shall fix a primitive £-th root of unity CL, and suppose that CL e J<T.
Then it is known that the action : / i-> f\k^ with 7 e 5L2(Z) leaves
^(Jk(^(L);J<r) stable and factors through SL^Z/LZ). We let SL^Z/LZ)
act on ^l(r(L);J<:) and S(T(L),K) diagonally; namely, for / = ̂ fk

k
with fk € Mk(T(L);K), f\^ = ^/jfc|fc7. This action preserves OK-

k __
integral forms [13, § 1] and extends to an action on ~M(T(L)',OK) and
5(r(L);Oj<) by continuity. This action is given on A^ri^^M);^)
under the embedding (1.2) as follows : For each ̂  € SL^(Z/LZ), we choose
7 € SL^(Z) such that 7 = 7 mod L and 7 = 1 mod pr. Then we have
m=f\k^ tor / € Mk^Np^M^K).

V. Trace morphisms :

Let M, ^ and L as above, and let ^ : (ZyWpZ)x -» 0^ be a
character. Since ZL ^ F x (Z/LpZ)x and L = M1V, we may consider ^ as
a character of (Z/LpZ)x or ZL. Let A denote either of Fi^), F(N) or
ri(JV, M). Since Zj, acts naturally on AT(A; Oj<-), the subgroup (Z/LpZ)x

actsonAT(A;Oj<). Put

^((A;OK)[^] = {/ CM(^OK) /|C = ̂ (C)/ torC € (Z/IW C ZL} ,

5(A : OKM = MA; Ox)[^] H 5(A; 0^) .
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Let ^ be the Teichmiiller character defined on Z^ by w(x) = lim x^ and
71—>00

let e : r -)• 0^ be a finite order character of r = 1 + pZp of conductor pr

for r > 1; that is, Ker(£) = 1 ̂ Zp. For (^ ^\ e ^(^p7-) and each

character a : (Z/NprZ)x -^ 0^, write

<•(: ̂ w-
Then a gives a character ofro(iYy) and ro^jf, M). For each 5 ̂  r, let A
be either of To^N?8) or ro(^p5, M). Note that if / e A^&(A, ̂ -A;; Oj^),
then for < (E (Z/LpZ)x C ZL,

/ic^c^-^cv-^o/,
since o/(C) = Cp and e(C) = 1 as characters of ZL. This shows

(1.5) Mk^Np^e^-^.OK) CM(N',OK)W.
^(ro^p^M),^^-^^^) cM(rz(N,M^OK)W .

Let fi be a representative set for ̂ (Np7', M) \ ̂ (NF^ thus,

^o(^r)=IJ^o(^pr,M)7.
7€A

We may suppose that 7 = 1 mod pr for all 7 e -R. Write simply a for
^-fc. Then we see that 0(7) = ^(7) = ̂ (7) for 7 e a, where ̂  is the
restriction of ^ to (Z/Z/Z)^ We shall define a trace map

TrL/N : -M^ro^p^M),^^^) -^ ̂ (ro^^.a;^^)

by/IT^/^^v^)/^.
7€^

Recall that 2:p (resp. zo) is the projection of z e ZL in Z^ (resp.
(Z/LZ)X). Then the action of ZQ € (Z/LZ)X on AT(r(L);0K) coincides

with that O{^°Q ^ ) € SL^Z/LZ) by definition. For any A C SL^Z),

we^lenote by A the image of A in SL^Z/LZ). Note that for every
r^ T^Np^M) = ri(^,M) and ^(Np^M) = FoWM). If we write
r for the image of 7 € JR in SL^ (Z/LZ), we see that ^ = {^7 e R} gives
a complete representative set for To(N, M) \ To(N).
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LEMMA 1.1. — Put
oo

m(T^Np,M)^K) = ̂ Mk^N^M^-^.K)
k=0

and
m(T^Np, M), ̂ ; OK) = m(T^Np, M), ̂  K) n ̂ [[g1^]].

Letm(T^(Np,M),^OK) be the completion in OK^^]} ofm(r^Np,M),
^OK} for the norm | |p. Then we have that m(ri(^p,M),-0;Oj<) =
M{r^N,M),OK)W in OK^I^

Proof. — Put A = ri(AT, M) H Fo(p) and p. = {C € Z^ \^-1 = 1}.

Then, we can decompose, according to the action of /A, for A = OK
and -R",

p-2

M(r,(Np,M^A) = (^(ri(^,M);A)[^°] ,
a=0

__ P-2__

Mri(^p,M);A) = (3).M(ri(lVp,M);A)[a/1] ,
a=0

where on the subspace indicated by [uj0'}, p. acts via the character oA Note
00

that M(r^Np,M)',K)[^} = (^Mk^^'.K) and
fc=o

A1(ri(JVp,M);OK)[^0] =M(^^Np,M^K)[u;a}nOK[[ql/M}} .

Let ^p be the restriction of -^ to (Z/pZ)^ Then ^p = Ct;® for a suitable a.
This shows that M(T^Np,M);OKWp} is dense in M(T^NP,M)',OK)
[0p]. We may define a trace map

TY : :M(ri(JVp,M);Wp] -. AT(r(£),^)

by/|Tr= ^ ^M-ViT
7€A\ro(N,M)

This map sends M(T^Np,M)',A)[^p] into AT(ri(^,M);A)[^] for
A = Oj< and AT and is uniformely continuous. On the other hand, Tr
includes the trace map, defined before the lemma, of ^^(A,^"^;^)
onto Mk(TQ{Np^M)^uJ~k;K) for each k and hence induces a map of
M(T^Np,M),K)[^p\ into m{Y^{Np,M)^K). By continuity, we have a
map

Tr : A7(ri(Np, M); K)[^} -. m(r,(Np, M), ̂  K) .
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On m(ri(Np^M),ip;K), Tr is merely the multiplication by
\To(Np,M) : A] and hence is surjective. If one considers Tr as a map of
M(^;K)[ipp\ into M(F(L);K), it is surjective onto M(ri(N,M);K)[^}
by the same argument. This shows that

m(ri(Np, M), zj); K) = M(Ti(N, M); K)[^]

and therefore, m(r^Np,M)^;OK) = M(Fi(N,M) : OK)W.
By this lemma, we can define

TTL/N •• 'M(Ti(N, M); OK)W -^ M(N; OK)W

^y f\TrL/N = ̂  ̂ ('y)"'1/^ where R is a complete representative set
_ jeR

for ro(Tv.M) \Fo(N) in SL^Z/LZ). We have a commutative diagram for
each pair (k,e)

(1.6)Tr^ : M(ri(N, M), OKM -^ M(N; OK)W

J J
TT£/JV : A^fc(^o(A^pr,M),e^-l;0^) ̂  Mk(Vo{NpT\e^-k;OK) ,

where the vertical arrows indicate the embeddings of (1.5).

VI. TAe twisted trace operator TL/N :

Let L be a positive integer prime to p and N be a divisor of L. Note

that (0 L ) rl {L} (o LJ = rl ̂ ' LIN^ and we know from In that the

map [NIL} sends AT(L;OA-)H into M(ri(N,L/N);
OK)W for each character ip : (7,/NpZ)x -^ 0^. We shall define
the operator TL/N •• M(L;OK)W -» M(N;OK)[IP} as the composi-
tion of [NIL} : M{L;OK)[^\_-^ M(ri(N,L/N);OK)W and of Tr^ :
M(TI(N,L/N);OK)W -» M(N;OK)W. When we denote by I? a com-
plete representative set for ro(J\V,Z,/^) \ ^(Jv^), we have a disjoint
decomposition

W^G ^)^oW)=LI^o(w(; ^)7.

From this combined with (1.6), we have a commutative diagram for each
pair(fc,e):

(1.7) T^:M(L;OKM -^ M(N;OKM
^ J

Mk('^o(Lpr),e^-l^•,OK) ^ ^(ro^p^.e^-^iO^),


