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MULTISUMMABILITY
OF FORMAL POWER SERIES SOLUTIONS
OF NONLINEAR MEROMORPHIC
DIFFERENTIAL EQUATIONS

by Boele L. J. BRAAKSMA

0. Introduction.

In this paper we consider nonlinear ordinary differential equations

dy
v+l 77
0.1) X I F(x,y)

where xeC, yeC" veN, v> 0 and F is an analytic function in a

neighborhood of (0,a)eC x C”. If (0.1) has a formal power series
solution

0.2) Jx) = Y cux™, co=a
m=0

then we will show that j can be summed by a new injective summation
procedure, called multisummability, introduced by Ecalle (cf. [7], [8]).
We use the description of this procedure given by Martinet and Ramis
[13]. Equivalent forms of multisummability have been given by Balser
[1]1, [2], Jurkat [10], Malgrange and Ramis [12], [15].

This multisummability property of formal power series solutions has
been announced by Ecalle during the « Journées Résurgentes » in Paris
1989, with a rough idea of a proof. Later Ramis [14] announced several
conjectures of which the statement concerning (0.1) given above
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constitutes the main conjecture. He gave a sketch of the principal ideas
of a complete proof using essentially the techniques and ideas of his
paper with Sibuya [16] extended to analytic infinitesimal neighborhoods
of the origin. Here we give a proof in the spirit of Ecalle’s work (cf.
[6]) using convolution equations similar to our treatment of the linear
case in [5] and to the nonlinear case with one level only in [4]. A
different treatment of the linear case occurs in [3] and [13].

The organization of this paper is as follows. In section 1 we give
a concise review of the definition of multisummability. In section 2 we
reduce equation (0.1) to a normal form D[y] = 0 (cf. (2.2)) from which
the different levels k, > k, > --- k, > 0 of this equation can be read
off. These levels are closely associated with the Newton polygon of
(0.1). To each level correspond singular values and singular directions
(cf. definition in section 2). The formal power series solutions j of
D[y] = 0is (kq, ..., k,)-summable in nonsingular directions to an analytic
solution. In theorem 1 in section 2 this result is formulated for a
somewhat more general case where F (cf. (0.1)) itself is the sum of a
(ky, ...,k,)-summable power series F(x, y) in x with coefficients that are
analytic in y.

In section 3 we derive convolution equations Q; = 0 which arise
by application of some form of Borel transformation of order k; to
Dly]=0, j=1,...,r. Here Q; and Q;., are connected by an
acceleration operator (cf. (7.2)). An analysis of these convolution
equations leads to a proof of the main result which is given in section
3. This proof consists of four steps which are formulated as lemmas
in that section : First it is shown that the convolution equation @, = 0
corresponding to the lowest level has an analytic solution ¥, in a
neighborhood of the origin (lemma 2) and we show that Y, can be
analytically continued on a sector (lemma 3) and has a certain exponential
growth order p, (lemma 4). Since p, > k, if r > 1 the Laplace transform
of order k, of Y, does not exist in general (it would have led to a
Borel sum y of ), but the growth order p, is such that we may apply
the acceleration operator from level k, to level k,_, to {, (lemma 5).
Thus we obtain a solution ¥,_, of Q,_,¢ = 0. Repeating this procedure
with lemmas 2-5 we obtain finally a solution {, of Q¢ = 0, the
convolution equation of highest level k; which appears to have
exponential growth of order < k,. Therefore its Laplace transform y
of order k, exists and this function y is analytic solution of D[y] = 0,
it is the (k,,...,k,)-sum of y.
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Lemma 2 is proven in section 4 by means of the contraction
principle. Lemma 3 concerning the analytic continuation of solutions is
derived in section 5 from a linearization of the convolution equations.
In section 6 we prove the exponential estimates of the solutions V;
(Lemma 4) by means of a majorant equation. Section 7 contains the
proof of lemma 5 concerning the acceleration of Q; to Q;_,. In section 8
we compare multisum-solutions on different sides of singular directions
in view of the Stokes phenomenon.

1. Definition of multisummability.

In this section we give a concise review of the definitions of Laplace
and Borel transforms, accelerations and multisummability as given by
Martinet and Ramis [13] (cf. also Malgrange and Ramis [12], [15]).

If p>0, neN then A,(0,p): = {£EC"| || < p}. A direction d will

be a half line {ieC'é’;;ﬁO, arg £=0} where 0 is some real number and
1

argd: = 0. If o« > 0 then Sd,o): = {E_,EC £#0, |arg E —argd| < Ea}.

A neighborhood of 0 in S(d,o) will be a set

{£eSd,n)

1 1
function on (arg d— 3 o, argd+ 3 oc) .

Let p > 0. We say that a function f defined on a neighborhood of
oo in S(d,a) is of exponential growth of order < p if to every closed
subsector S’ of S(d,a) corresponds a positive constant ¢ such that
f(€) = O)exp|ct*| as & > o0 on S".

Let k > 0 and f: S(d,a) » C be analytic and of exponential growth
of order < k whereas f(§) = O£ %) as £ >0 on S(d,a) for some
€ > 0. Then the Laplace transform of order k in the direction d of f
is defined by

(L.1) (Zraf)x) = ff(&) exp — (&§/x)*d(Eh),

0<|&| <p(arg &)} where p is some positive-valued continuous

where the path of integration d runs from O to oo. Then %, ,f is
analytic in a neighborhood of 0 in S(d,a+m/k).

Let o
(1.2) & = Y cntm*eg ' C[E]

m=1
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be a formal power series. Then we define

1.3) (&N : = f el (mfk)x™ e xC[x].

m=1

If f(§) ~f(€) as £ > 0 in S(d,o) and the assumptions above on f are
satisfied then (&5 ) (x) ~ (Zf)(x) as x - 0 on S(d,a+n/k).

Let U be a neighborhood of 0 in S(d,a+mn/k) and g: U — C be
analytic and g(&) = O(E®) as £ — 0 where « > 0, § € R, d, are directions
in S(d,a+mn/k), argd, > argd + n/(2k),argd_ < argd — n/(2k). Then
the Borel transform of order k in the direction d of g is defined by

1
(1.4) (%#x.08)(8) = 5 f g(x) exp (§/x)"d(x7"),

2mi
where v is a loop from 0 to 0 in U with the first part in direction d,
and the last part in direction d_, &€ S(d,a). Then %, ,g is analytic
and of exponential growth of order < k in S(d,a). If

(1.5) g(x): = i a,x™e C[x]
then "
(1.6 (#:8)(®): = Z an&"* /T (mfk).

If g(x) ~£(x) as x >0 on U and the assumptions above hold then
(Br.a8) () ~ (#:8)(E) as £ — 0 on S(d,o). We have B, %, , = id, and
&L aPBrq = 1d on the spaces of functions f and g which satisfy the
assumptions above.

Let (prf)(E) = f(EY¥). If f and ¢ are analytic in a neighborhood U
of 0 in S(d,a) and f(€), (&) = O *) as £ > 0 in U for some ¢ > 0,
then the k-convolution of f and ¢ in U is defined by

(1.7) (fx0)(E) = pr ((PiN*(Px@))(€), E€U.

If f and ¢ are also analytic and of exponential growth of order < k
in S(d,a) then Z.(fxp) = L, f- Lo on a neighborhood of 0 in
k

S(d, o+ m/k). Similarly if g and V satisfy the assumptions in the definition
of B4 on S(d,a+mn/k) then B,(g¥) = (#,g)*(B:V¥) on S(d,o). Here
Ly =Lraand By = Bya. g
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Let 0 < k <k'. Then the operator of (k' ,k)-acceleration in the
direction d — A, 4., — is defined by Ay .o = Br 4 ZLr.qa. This operator

makes sense in the space of analytic functions f: S(d,a) - C which are
of exponential growth in S(d,a) of order < k ‘and which satisfy
f€) = O %) as £ » 0 in S(d,o) for some € > 0. However, Ecalle has
shown that this operator may be extended to functions with the same
conditions except that order < k is replaced by order < p where
pti=k7'— (k)" (cf. [6], [7], [13]). Then A, ,..f is analytic in a
neighborhood of 0 in S(d,a+m/p). Moreover if f(&) ~ f(§) as & — 0
in S(d,a) (cf. (1.2)) then
s Timfk)

1. Ay ~

( 8) ( 3 ,k,d,f)(&) ; Cm r(m/kl)
If f and g:S(d,a) » C satisfy the assumptions of the definition of
Ay raf and Ay ;.2 then we have

(1.9) Ak’,k;d(f’:g) i= (Ak’,k;df):, (A ka8)-

g™ K as £ >0 in S(d,a+m/p).

DerFINITION 1. — k-summability of a formal power series in a
multidirection d or multisector S.

Let n and reN, fe xC[x]", k = (ky,...,k), 0 <k, < --- <k,
d=(,...,d), S=(S,...,S,) where d; is a direction,
S; = Sd;,gj+n/k;), >0,j=1,...,r. Let

(1.10) ky: =+ o0, w:=(k'=k ), j=1,...,r.

Then f is said to be k-summable in the multidirection d or multisector S
if

a)S_,cS;,j=2...,r.

b) %, j is convergent in A,(0;p)\{0} for some p > 0. Let g, be the
sum of this series.

¢c) Forj=r,r— 1,...,1 respectively the function g; can be continued
analytically on S(d;,€;) and is of exponential growth of order < p; on
S(d;,€;), and if j #1 we define g;_,: = Akj_l,kj;djgj on a neighborhood
of 0 in S(d;,g;+m/y;).

Then the k-sum of  in multidirection d or multisector S is defined by
Skaf + = Lra,8: (of. [13)).

This sum is analytic in a neighborhood U of 0 in S; and satisfies
Siof(x) ~f(x) as x - 0 in U. The operator S;, is injective.
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The definition above implies that f is k-summable on (I, ...,1,) in
the sense of Malgrange and Ramis [12], [15] if I; is a closed subsector
of S; with length > n/k; and I, = I, = --- < I,. This may be shown
using a decomposition of multisums as for example in Lemma 4 in [5].

If $ =a+ f where a is a constant and f is as above we also say
that ¢ is k-summable in direction d with S ,6:=a + Sy,f. If ¢ is

A

k-summable in all directions except finitely many then ¢ is said to be
k-summable. If ¢ is k-summable in direction d with d, = ... =d, = :d
then @ is said to be k-summable in direction d.

If no confusion arises we omit the directions d and d in the
operators Fy a4, Bra> Ay ra and Sy 4.

2. Normal form and statement of the result.

First we reduce (0.1) to a normal form (cf. [16] and [17]). Let

M+u—1

y(x) = P(x) + x*j(x) where P(x) = Y, c¢nx" (cf. (0.2)) and N, peN

m=0

will be chosen later on. Substitution in (0. 1) gives
(2.1) Xy = F(x,9)
where
Fx,9): = xMFy(x) + Ax)F + x*Fy(x,7),
Fy(x): = — x M MF(x,P(x))—x""' P (x)},

A(x): = — px'I + D,F(x,P(x)),
Fy(x,7) : = x7™{F(x,P(x) +x*7) = F(x,P(x)) = DyF(x, P(x))x"J} .

Il

Then F, is analytic near (0,0) in C X C" and O(]7|?) as j — 0. Since
(2.1) has the formal solution y(x) = Y cn.,x™, we see that F, is
m=M

analytic at 0.

Next we apply to the linear part of (2.1) the usual reduction
procedure to a «normalized form » (cf. [9], [19], [11], [20]). Let
k, > k,> ... >k, be the positive slopes of the Newton polygon
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v+1

. . d ~ . .
associated with x i A(x). If M is sufficiently large then

ki, ..., k, are independent of M. We may assume that k,, ..., k, are
integers since otherwise we first perform a ramification x* = x'¢ for
some geN. There exists an n X n-matrix polynomial S(x) with
det S(x) # 0 such that

5T xgt- A5 = x L~ 009 = 5400

where A*(x) is an analytic matrix in a neighborhood of 0 and

r+1

O(x) = @ x *r4,.
h=1

Here A, is an n, X n,-matrix, n,eN, n, + --- +n..;,=n, k., =0
and if 1 < h <r then A4, is invertible. Let det S(x) have a zero of
order p, >0 at x=0. Then p,, A4,,...,4, and A,,, + ul, are

independent of M and p for sufficiently large M. Here I, denote the
n, X n,-identity matrix.

Next we substitute j(x) = S(x)y*(x) in (2.1). After deleting stars
we obtain

x%—Q(x)y = xA(x)y + XM VST (x) Fy(x) + x*7VSTH(x) Fu(x, S(x)y) -

Because S7'(x) = O(x ™) as x—->0 we choose p>v+p, and
M > v + , sufficiently large. Thus we see that (2.1) is equivalent with
D[y] = 0 where (cf. [16])

(22) Dpl(x): = <;(131xkh1h> x% - <91Ah>y - G(x,y).

Here G(x,y) is analytic in A,(0;p) X A,(0;p) for some p > 0,

23) G(x,0) = O(x") as x >0, G(x,y) = O(x) as x —» 0,
uniformly in y on A,(0;p) with some NeN. Since D[y] =0 has a
formal solution S7'(x) i Cm+yX™ we see that we may choose

m=M

N = M — p, arbitrary large and that D[y] = 0 has a formal solution

0
Y é&,x™. Note that G depends on the choice of N.
m=N
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We will consider the case r > 0 only. If r = 0 then D has a regular
singularity in 0 and so the formal power series solution j converges
(theorem of Briot-Bouquet).

We now formulate the multisummability result for D[y] = 0 in a
somewhat more general case. Instead of G(x,y) analytic at (0,0) in
C x C" we assume that G(x,y) is the k-sum in a multidirection d of
a formal power series G(x,y) in x:

24 G(xy): = Y Gu()x"

m=1

with coefficients G,(y) analytic on A,(0;p). Here we use the notation
of section 1 with k = (k;,...,k,), (1.10) and U;: = S(d;,¢;+7/k)),
Uj: = S(d;,g;). More precisely we assume :

a) U_,cU,j=2,...,r.

b) %, G(-,y)(&) converges for 0 < |&| < p,, if yeA,(0;p), where
p, > 0; its sum will be denoted by g,(§,y).

¢) Ifj=r, ..., 1 respectively then g;(&, y) can be analytically continued
on Uj X A,(0;p) and g;(&,y) is of exponential growth of order p; at
most as & —» oo in Uj uniformly for ye A,(0;p).

The latter means that to every closed subsector U’ of Uj correspond
positive constants K and c, such that

2.5) 1giE )| < KexplcEh| on {U\A,(0;1)} x A,(0;p).

If j # 1, then

(2.6) 8i-15) = Ag;_ k0,80 ().
Moreover

Q7 gEy) ~ BrG(y)(E) as £~ 0
on Uj uniformly in y on A,(0;p).

d) G(x)): = (L ai(-)I@) on U X A0.p) where U is a
neighborhood of 0 in U,.
Then G(x,y) is k-sum of G(x,y) in d and on U = (U,, ..., U,). The

assumptions above are satisfied if G(x,y) is analytic in (0,0): now d
and U may be chosen arbitrarily.
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To formulate the result we also use

DerFINITION 2. — Let je{l,...,r}. Then & is a singular value of
level k; for D and the direction of & is a singular direction of level k;
for D if k;E¥ is an eigenvalue of A (cf. (2.2)). The set of singular values
and directions of level k; for D will be denoted by V; and W, respectively.
A direction o is a Stokes direction for D if there exists d € W; for some
j such that arg o = argd + n/(2k;).

Using the notation above we have

THEOREM 1. — Let D be given by (2.2) where

@A) reN,k,,,=0<k, < --- <k, ky,eN, I, and A, are (n, X n,)-
matrices, n,eN, n,+ --- + n,., =n, I, is identity matrix,
h=1,...,r+1,and if 1 <h<r then A, is invertible,

(i) G(x,y) is k-sum in multidirection d or multisector U of G(x,y)
(cf. 2.4)) satisfying a) - d) with k = (k,,...,k,), d =, ...,d,),
U=(U,...,U), U= Sd;,g+n/k;), >0,j=1,...,r.

Let y(x)e xC[x]" be a formal solution of D[y] = 0. Let t; be a
direction and 8; > 0 such that S(t;,8;) < S(d;,¢)\W; and S; < S;,, if
j=1,...,r, where S;: = S(t;,8,+n/k;).

Then y(x) is k-summable in multidirection t© and on multisector S
where T = (T4, ...,7,), S=(S,...,S)).

Its multisum y(x) is analytic solution of D[y] = 0 in a neighborhood
Vof0Oin S, and y(x) ~ j(x) as x > 0 in V.

Remark 1. — If S, is a subsector of U, such that S, does not
contain a pair of Stokes directions o + m/k; with o € W, then we may
choose S, ..., S, in the theorem in such a way that the corresponding

k-sum y exists in a neighborhood V, of 0 in S,, D[y] = 0 on V, and
y(x) ~ y(x) as x > 0 in V.

CoroLLARY. — Combining theorem 1 with the reduction of (0.1) to
D[y] = 0 described in the beginning of this section we see that the formal
power series solution y in (0.2) of (0.1) is (k,/q, ...,k,/q)-summable. Its
multisums exist on all sectors which do not contain any pair of Stokes
directions d, with argd, = q(arg o+n/(2k;)), o€ W,;. The exceptional
directions in which y is not k-summable are singular directions of (0.1).

The proof of Theorem 1 and Remark 1 will be given in sect. 3.
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3. The convolution equations.

From the transformations in section 2 it follows that it is sufficient
to consider the case that the first N terms in the formal solution
vanish :

3.1 Jx) =Y cpx"

and that (2.3) holds with N sufficiently large.

First we consider D[y] with y = _kaj\h for some je{l,...,r} where
YeCy(d,C") and d is a direction in Uj. Then we apply the Borel
transformation By, to a modification of D[,?kj\ll]. Here we utilize the
relation

() (#foziv) @ = v,

Therefore we consider M;D where

r+1

(3.3) M] = h('B xmjhlh With mj,, = max (k]_kh,o).
=1

In this connection we use the following notation: if we C* then w®
denotes the projection of w onto the space spanned by the unit vectors
of C" with indices n, + --- +n,_, +1,.---,n,+ --- + n, where
n,: =0 and he{l,...,r+1}. Hence

(34) (M, D™ = x**! %y"” = XTI ALY = XFTIRG P (x,y)

if h > j whereas if h < j we replace k; by k, in the right hand side.

Next we define an operator @Q; on Cg(d,C") which formally is of
the form %, M;DZ,,. To give a meaning to the nonlinear part of this
expression we use the function g;(€,y) of condition ¢) in section 2,

which corresponds to %, G(:,y). We have the expansion

35 gEy = Y gu@®y" if (Ey)eU;x A0;p).

meNn?
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Let Vjun = @kj(,?kj\ll)”‘ if meN"{0} and ¢ as above. If
m= mye, + --- + m,e, where e, denotes the h**-unit vector we have

(36) Wj*m = \Ilj*mlel;:‘ e : \"j*mne", \l’j*mheh = \I](h) * oo ok \I’(h)

j J kj kj

where in the last term (m,—1) convolutions * are performed.

kj

If ye Cy(d,C") we define
3.7 gxE W) : = Z &mi(§) :‘ Vjkm -

me N

In lemma 1 we will show that g (§,¥) makes sense if
Ve Cyd,C"),d c U; and also if { is analytic and bounded in a
neighborhood of 0 in Uj. In the latter case we define V4, by (3.6).

Let

r+1 d
(38 D,:= "(-4_31 (xk"“IhE—Ah>, so Dy[y] = D[y] + G(x,y).

We define the operator Q; on C7(d,C") by:

(3.9) QN = B MD LN — (%,M,-): gix(EV), VelCr(d.Ch.
j
From (3.2) and (3.4) we now derive, if k: = k;:

Q) ®= — Y™+ 1:%:0«&%)@ — g€V if h<j,

(3.10) { @0 =(E L= ANV =g EW),
i

(Q)® =kgN™ — Fa=kJk)

& AN+ P EV))
if j<h<r+1.

Here the first terms in the righthand sides are the principal terms
with the factors of ™ invertible if £ # 0 and & not a singular value
of level k;.

In view of lemma 1 we may extend the definition of Q; to analytic
functions ¥ in a neighborhood of 0 in U; with

0

@3.11) YE) ~ Y EEH, £E-0 in Uj.

I=N
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We will solve Q¢ = 0 with y(&) ~ J;(€) as £ - 0 in a subsector of
U;. Here

oo}

G.12) WO = 3O = T 5t

where N > k, will be suitably chosen later on.

The analysis of the equations Q\y = 0 proceeds in 5 steps which
we state as lemmas to be proved in later sections.

Let S be a closed subsector of Uj and U: = S} n A,(0;p) for some
p > 0. Consider the space W(U) of continuous functions : U — C"
such that

(3.13) Il : = sup IER~Mp(E)] < o

and V¥ is analytic in the interior of U. Then we have

Lemma 1. — a) If e W(U) then
(3.14)

W (©)] < {L W/l Y™

L (Im|N/k))
b) For g,; defined by (3.5) we have :

(3.15)  1gmi(&)] < Kp~™|E M| exp c,&4], E€S), me N"\{0}
(3.16) 180;(E)| < KIEN % exp |c£Y|, EeS)

where K and c, are certain positive constants.

1§78 if EeU, me N"\{0}.

c) The series for g;, (&, V) in (3.7) is uniformly and absolutely convergent
on U if e W(U), in particular if ye C7(d,C") and S; = d.

This lemma implies that Q; is well defined on Uj. The solution of
O\ = 0 will be deduced from the following lemmas :

LemMMA 2. — The equation Qs = 0 has a unique solution V,(E)
which is the sum of the formal series \,(€) that converges on A(O;r,) for
some r; > 0.

LemMA 3. — Let je{l,...,r}. If j = r we denote by \, the solution
VY, in lemma 2. If j < r we assume that \; is an analytic solution of
Q¥ =0 on a neighborhood U of 0 in S(tj.,,8;.,t7n/p.,) and
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yi(€) ~ \le(F,) as £ — 0 in U. Here 1;,, is some direction in U, and
8;+1> 0. Then \s; can be analytically continued on §; and Q\s; = 0 on
S; where S,: = U\V, and §;: = S(t;, 1,8, +T/u ) N UNV; if j < r
with V; given by definition 2.

Lemma 4. — Let j, V; and S; be as in lemma 3, and S(z;,8) < S
for some direction t; and &; > 0. Then \; is of exponential growth of
order < p; in S(1;,9)).

LEMMA 5. — Let je{2,...,r} and \; be as in lemma 4. Then
Vjmri = Ay, kj\llj is an analytic solution of Q;_ 1 = 0 in a neighborhood
of 0 in S(t;,8;+n/u) and V;_,(£) ~ U;_1(&) as & — 0 on this sector.

We postpone the proofs of these lemmas but now give the

Proof of theorem 1. — First apply lemmas 2, 3, 4 and 5 with j = r
consecutively. Then we obtain an analytic solution {,_; of Q,_ ¥ =0
in a neighborhood of 0 in S(t,,8,+m/u,) with \,_, ~ ,_,. Then we
apply lemmas3, 4 and 5 consecutively first for j = r — 1, then
j=r—2,...,until j = 2. Finally lemmas 3 and 4 with j = 1 give
an analytic solution {, of Q. = 0 on S(t,,d,) which is of exponential
growth of order < p, = k; (cf. (1.10)), and with {, ~ {,. Hence j(x)
is k-summable in multidirection t and on multisector S with sum
y(x): = (L, ¥)(x) on a neighborhood of 0 in S;. Then it follows
from (3.9) that

o, = gakl{MlDo[J’]} - (@klMx): g (&EVy) = 0.

Hence using (3.7), (3.6), (3.15) and (3.5) we obtain
Dyly] = gklgl*(' V) = Z gklgml(')ym = gklgl(' »¥)

meN?

= G(-,y), i.e. D[y] = 0 on §,. O

Proof of remark 1. — The construction of S, ..., S, is similar to
that in [5], end of sect.2. Let S, = S(t,,0,+n/ky), 8, > 0. Then there
exists he N such that n/k,_, < &, + n/k, < n/k,. If 1, is a singular
direction and/or 6, + n/k, = n/k, we replace 1, by a nonsingular
direction t; near 1t, and/or &, by 0, near o, such that
n/k,_, <0, + n/k, < n/k, and S,:= S(1,,0,+n/k,) = S,. Then we
choose S;: = S,ifj=2,...,h—1. Now S; c U, c U; and S; does
not contain a pair o; + n/(2k;), o;e€ W;. Therefore S;: = S(t,,6,+
n/k,—m/k;) does not contain a singular direction of level k;if j < h — 1.
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Since the opening of S, is less than =n/k; and S, ¢ U; < U;, if
j = h, we may choose S; for j > h in such a way that for j > h we
have: S, ¢ §;  Sj+;, S; « U;, S; does not contain a Stokes pair
o; + n/(2k;) with o;e€ W; and if S; = S(1;,8;+n/k;) then &, > 0. Hence
ST, N W, = ¢.

Thus j is k-summable on S with multisum y on a neighborhood
of 0 in S,. If 1, # 1, and/or 3, # &, we may vary t, and/or &, such
that t, - 1, and 8, —» 3,. Then we obtain an extension of the multisum
y on a neighborhood of 0 in S, with y(x) ~ j(x) as x - 0 in S,. I

Finally we rewrite the equation Qv = 0 (cf. (3.10)) in a form which
is more suitable for the proofs of lemmas 2, 3 and 4. Let U be a star-
region with vertex 0 in Uj/V;. Let W(U) be the space of analytic
functions : U — C" such that y(§) = O(*"%) as £ > 0 on U. Then
we define the operator 7; on W(U) as follows: let k: = k; and
Y e W(U); then

(T =4 {F(—L:ﬁm:("ﬁk"’)m —g}f)(a,w)} if h<j

G.17) (T =(kE* = A4)7 gl E W),
(T)® :={T(1- kn/k)kik}”{&*k":(x‘ih\ll('” +g50(E,¥))}
ifj<h<r+1.
Then Q) = 0 is equivalent with T3y = .

4. Proof of lemmas 1 and 2.

Proof of lemma 1. — Let k:=k;, p: =p;. We have for a > 0,
B>0:

a—k, ph—k — E,E atB—k
@4.1) SN B(k k)a :
where B denotes the beta-function. Hence

(@2 1E WO < IVHEHE 4 = v B(%%) g

if £ e U. Now a) follows by induction.



MULTISUMMABILITY OF FORMAL POWER SERIES SOLUTIONS 531

To prove b) we extend (2.5). From (2.3) and g;E,y) ~
2:G(-,y)(€) as £ -» 0 U’ uniformly in A,(0;p) it follows that we may
choose K in (2.5) so large that

|8;(E»)| < KIE'*|exp [cE| on U’ x A,(0;p),

and that (3.16) holds. From (3.5) and Cauchy’s inequality we deduce
(3.15). Assertion c) follows from (3.7), (3.15) and (3.14) with (4.1).

Proof of lemma 2. — The proof is analogous to that in [4], sect. 4.3.
It is sufficient to prove theorem 1 for N sufficiently large in (3.1). We
will choose N so large that 7, is a contraction.

Let k:=k,, 0 <p<p, <dist(V,,0) (cf. definition 2 for V, in
section 2). We define W(p) as the space of continuous functions
V:A;(0,p) > C" which are analytic in A;(0,p) and with

4.3) Wl = [EFMY(E)] < 0.

max
A,(0;p)

First we estimate the linear part T, of T, in W(p). Recall k.., = 0.
If ye W(p) and e A,(0;p) we deduce from (4.1) in the same way as
we obtained (4.2) :

44 l&""”":(é"\lf)l < IWllpB(=1+ka/k, 1+ N/k) [E"*n*|if h<r,
Ii_"(lt\ll)f < N7k, 1EY7F.

Moreover, if [m| = 1 we deduce from (3.15) and (4.1)
(4.5) Igmr:\llr*ml < p“Klll\Illlplil""ti""‘l

= p 'K, B(k™!, Nk~ ) [EVF17H]
I§_1(1:gmr:\l'r*m)| < pTINHD)TRK [, B(k T NKT ) [EVTIH

where K, = Kexp (cpy). Because B(a,b) > o0 as b —» o if a > 0 we
may deduce from (3.17), (3.7), (4.4), (4.5) and the definition of T,
that there exists Noe N, N, > k, such that for all N > N, and p € (0,p,]

) .
we have || Ty, < 3 on W(p). Therefore we choose N > N, in (3.1).

Because of (3.17), (3.7) and (3.16) we have T,(0)e W(p,) = W(p) if
0<p<p, Let R, = IT.(0)l,,- Next we consider the higher order
part of T,:letT:=T,— T,, — T,(0). We estimate 7T on
B,: = {e W(p):llVll, <2R,} where 0 < p < p,.



532 BOELE L.J. BRAAKSMA
The main ingredient in TV is

(46) g(&n‘l’) L= Z gmr * ‘I’r*m .

meNn»
|m|>2

Utilizing (3.15), (3.14) and (4.1) we derive that
@47 1EEWI < K'[EV7H if VYeB,, E€A(0;p), 0 < p < p,.

Here K’ is a positive constant independent of V, & and p.
Hence g, W)eB, if p is sufficiently small. Next we consider
g€, v+y) — gE, V) with ¥ and y + xeB,. From (3.14) and (4.1)
we deduce that on A,(0;p) we have

Z (r;,) Vs (m— l): Arxi

|(\l’+X)r*m_ \"r*ml =

Oiéelllum
< {T(ImIN/R} HTWN/RIE™IEH Y <’;’)u\|’||',;""'||xn',f'
leNn
0#I<m

< 2RI (Im|N/k)} ™ H4R, D (N/R) I E¥ 1™ 1€~ * 1xll, if Ee A 0;p).
From this, (4.6), (3.15) and (4.1) we derive that

1EEV+0)—EEWI| < K"l 1€ 5,

if y, ¥y + x € B,, £EeA(0;p), where K" is a positive constant independent
of y, x, & and p if 0 < p < p,.

From this, (4.7), (3.17), the definition of T and (4.4) it follows by
a similar reasoning as above for T, that there exists a positive constant
K" independent of Y, x, & and p such that

(TWE) < K7E™,  [{T+0-TWE) < K1l 1821

with y, %, & and p as above. Hence there exists p € (0,py] such that

~ 1 ~ ~ 1 .
1TWl, < §Ro,||T(‘~"+X)_N|| < gllxllp if Y, ¥+ yeB,.

Combining this with the estimates in T, and T,(0) we see that T, is
a contraction on B,. Therefore we get a unique solution Vy, in B,.
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For every M > N, we obtain a unique solution V, , depending on
M on a disc around 0. From the construction of @, and T, from D
and (0.2) it follows that

M-1

Vv — V@) = Bk,( ) me'">(§) if M> N2> N,.

m=N

Hence if j(x) is given by (3.1) and V, corresponds with V, y then the
Taylor coefficients of \, and %, y(£) = V,(£) are the same. So V,
converges and V() is the sum of (&) on A,(0;p).

5. Analytic continuation of solutions.

Let S'(p):={eCla<<argE <B,0<|| <p’} be a bounded
closed subsector of Uj\V; on which a continuous solution V; of
Ty =\ exists such that \; is analytic in the interior of S’(p’) and
V(&) ~ Uy(E) as £ — 0 on S’(p’). (V; is defined as set of singular values
of level k; in section 2.) We prove lemma 3 in this section and show
that {; can be continued analytically in Uj\V; by linearizing Q;y = 0
in a subsector (cf. [6], [4], section 4.3). We fix j and denote k: = k;.

Choose E,e€ S'(p’) with |E| = :p,, 0 < p, < p'. Let pe(0,p,], S”
a subsector of S’ with vertex 0, S”(p) = {£Ee S”|0 < || < p} such
that §: = {£eC|(E*—EE) " e S"(p) or £E=E,} satisfies § < U)\V, and
S0 S (p) = &}

For the analytic continuation of {; on S we utilize the space W of
continuous functions ¢ : § — C" which are analytic in the interior of
S Let Sy: = S'(p,) u S and W, be the space of functions ¢ : S, - C"
which are continuous on Sy\{§,} and analytic in its interior whereas
lim @ (&) exists as £ = &, on |&| < p, and || > p, respectively.

If o W we define ¢, = ¢ on S and ¢, =0 on S’'(p,)\{&,}. Then
o€ W,. Moreover we define e W, by y =1\, on S'(p,) and
J’ = y;(&) on S.

If o, xye W, we define ¢ ¥y as follows: @ %y = @+ on S'(p,)
k
whereas if &e S\{¢,} we define

((P;x)(€)=j Q(E" =t x(0)d(t")

c®)
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where C(£) is a path from 0 to & in S, (so & e C(§)) such that
te C(¢) implies (§*—t*)* e S,. In particular if te C()n S then
(EF—t*)* € S’(p;). Such paths C() exist because of the definition of
S and S,. Now ¢ %y € W,.

If the m-fold convolution of x € W, with respect to ¥ is denoted by
Xim(m e N"), then we have ¥z, = (V;);xn on S'(p,) and if ¢ € W and
[m| = 2 then (Qy)sm = 0 on S,.

From this we may deduce

n
(V+@0)im = Vim + Z ml‘l’f(m‘e,) * (pi)l),
=1

where m = (m,, ...,m,) and e, denotes the | — th unit vector. Let

EEN: = gy®) + gu® Fx®) + Y gm(®) ¥ xen(®) if x € W,.

meN”»
|m| =2

Then it follows that for ¢ € W we have

EE, U+ ) = EE ) + B() # 94(8)

where B(E) is an (n X n)-matrix valued function with (h,l)-element B®*P(€)
given by

Ba(E) = gl 0(E) +| Y g®(E) F M- ep(©).

imeN®
Im| >2

To get a solution of ¥ = T,y on S we substitute = § + ¢, with

@ € W in this equation, and replace the convolutions * in the definition
k

of T; by %. Then the equation for ¢ becomes ¢ = Lo + ) where
X = {(T,-\Tl)—$}|§ and L is the linear operator given by

(Lo)™: = A, [T (= 1+ku/R)}TIEM 5 (kE o) = B(E) R o)™ if h<j,
(Le)? = (KE*I,= 4,)) ' B(E) * ¢,)?,
(Lo)™ : = {T(1—kn/K)KE"} T E™ n%{Apo+ BE)¥@o}™] if h > j,

where in the right hand sides we take the restrictions to S.
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Let ||o]| be the supremum norm of ¢ € W. Then for &S we have

|BE)*¢,(8)| =

13
JB((ﬁk‘tk)llk)w(t)d(tk)l
%o

< ol r | B(r)d(x")| where n = (§"—&7)"* € S"(p) = S"(p").

0

Similarly for B replaced by £ *» % B. Hence L only depends on the
values of B in S”(p), so on {; in S”(p).

Therefore there exists p, > 0 independent of p’ and p, such that
for 0 <p<p, we have ||[L]| < 1. Hence we get a unique solution
oeW of o =Lo + 1y if p<p,. Thus ¥ =0 + {;(§,) is unique
solution of T,y =y on S. If p<p' — p, then we have already the
analytic solution {; on S < S’(p’). Hence ¢ + {;(&,) is analytic
continuation of V{; on Sif pp—py=p — &l <p<p, Repeated
application of this procedure gives the analytic continuation of y; on
the star region with vertex 0 in Uj\V;. Moreover, we obtain analytic
continuation on the singular directions in Uj outside the singular points
of level k;. This implies lemma 3. We remark that the analytic
continuation may be obtained arbitrary on Riemann surfaces above
Uj\V; by means of more complicated symmetric paths of integration
for the convolution integrals as in Ecalle [6].

6. Exponential estimates.

In this section we prove lemma 4 using a majorant equation for
V= T;¥ and the following lemma.

LemMMA 6. — Let a >0, b>0, pw>1 and a + b < pa. Then
there exists a constant K > 0 such that for all ¢ = 1 we have for all
positive p

(6.1) p*~ 1+ {p”exp (cp*)} < K™ "M exp (cp*)
and if a < p
(6.2) {p"~ " exp (cp*)} * exp (cp*) < Kc™**exp (cp*).

We postpone the proof of lemma 6 till the end of this section. Let
S’ be a closed subsector of §,~ (cf. lemma 3) with vertex 0 and let
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k:=k;, p:=p/k;, p, > 0 and {; be the analytic solution of Q¢ = 0
as in lemma 3. We define W(p) : = sup {|{;(§)| : Ee S', |E|=p*} if p > 0.
We first derive an integral inequality for ¥. From (3.15) we deduce
that if |§] = p* and j < h <r + 1 then

&7 g, (E)] < Kp™'™{p™*n*x(p™ 1" exp (cop*))}
k
< Kp~"exp (cop*)} B(1 —ky/k, 1/K)p*~* /% if |m| = 1.

A similar estimate holds for m = 0 (cf. (3.16)).

From this, (3.17), T;¥; = ¥; and (3.7) it follows that there exist
positive constants [ and g such that for p > 1 we have ¥(p) < (MY¥)(p)
where

j—1 r+1

(M¥)(p) = l[eXp Qeop*)+ Y p R (pR)+ Y pRek e

h=1 h=j+1
r+1 [e9)
+{Z P(l_"rmk exp (CoPu)}* Z qu*m:l(P),
h=j m=1

with ¥,,, the ordinary m-fold convolution of ¥. Since ¥(p) is bounded
on (0,1) we may choose I so large that ¥(p) < (M¥)(p) also holds for
0<p<l1.

We now consider separately the cases 1 < j <r and j = 1.

I. Case 1 <j <r. Thenp > 1. Let v(p) : = lexp (cp*) where ¢ > 2c,,
¢> 1. We show that it is possible to choose ¢ so large that
v(p) = (Mv)(p). From lemma 6 it follows that vs,(p) < (IKc™")" v(p).
Next we apply lemma 6 to the other terms in Mv. Here we use also
that if o > p and ¢ > 2¢, then there exists a positive K, independent
of ¢ such that p*~"exp (cop*) < Kop*~ 'exp:(cp®).

Thus we may derive
(Mv)(p) < l[exp (2¢,p*)+ Kyc™ o (p)]

1 .
if glKc™"" < 7 Here K, is a constant independent of c. Thus we see

that we may choose ¢ so large that Mv <v. Now ¥ < MY,
¥Y(0) < v(0), Mv < v and M is a monotone operator. So if W(t) < v(t)
on 0 <t < pthen ¥(p) < M¥(p) < Mv(p) < v(p). Hence ¥(p) < v(p),
¥p > 0 and so V; is of exponential growth of order < w; if j <r.



MULTISUMMABILITY OF FORMAL POWER SERIES SOLUTIONS 537

II. Case j = 1. We now have p =1 and lemma 6 does not apply.
We proceed similarly as in [4], section 4.5 and solve v = Mv using
Laplace transforms. Let u: = L,v. Then v = Mv becomes

r+1

u(x) = l[(x"‘—2c0)"+ Y T (1—ke/k)x'*n'*u(x)

+ Z FA+A=ka)/R)(x™ = cg) 7 (1~ qu(X))'lqu(X)]-

h=1

This equation has a unique solution u which is analytic in x** in a
neighborhood of 0, real valued for x > 0 and u(x) = Ix(1+o0(1)) as
x — 0. Hence we obtain a solution v = #,u of v = Mv. Then v(p) is
real-valued for p > 0, v(p) = O(exp (cp)) as p - oo we choose ¢ > 2¢,,
v(p) = I(1+0(1)) as p— 0. Again monotonicity of M now implies
Y(p) < v(p) and so Y, is of exponential growth of order < k;.

Proof of lemma 6. — A proof of (6.1) has been given in [5], (I) in
section 3. To prove (6.2) we use

1

(6.3) {p"~ " exp (cp*)} * exp (cp*) = p“f g(t) dt

0

where
g(t): = t* texp [ep*{t*+ (1 —t)*}].

We now use that f(t): = t* + (1—t)* is convex on 0 <t < 1 since

1 1
pu>1. Hence if 0<t< 3 then f(t) < (1—-28)f(0) + 2tf(§> =
1 — p,t where p, = 2(1—2'"*) > 0. Therefore

1

1
(6.4) J2g(t)dt < Jz 1~ Vexp {cp"(1—p,t)} dt
0

0

< T(@){ep,p*} ™% exp (cp*} .
Similarly

(6.5 f,' g(t)di < (1+2'7%) J ? exp {ept(1 - 1)} de
3 0

< (1427 (emap") " exp (cp*).
If ¢p* > 1 then

p"(cp“)_“ = c—alu(cpu)—a+a/p < c-alu
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and

p“(cp“)_l = c—alu(cpu)—HGIu < C-a/u_

If cp* > 1 we now obtain (6.2) by combining these estimates with (6.3),
1
(64) and (6.5). If cp*<1 then p°<c ® and J g(t)ydt<

0

1
J t® 'edt =ef/a and now also (6.2) follows.
0

7. Proof of lemma 5.

The proof of lemma 5 is analogous to that of lemma 3 in [5]. Let
Ve Cy(d,C") where d is a direction in S(t;,9d;) and

~

(7-1) \I’ = Akj_l,kj‘IL

From the definition of Q; in (3.9) we deduce

Qj—l\T’ = '@kj_l(Mj—lDogkj\h) - (gkjfle—l) k* gj—l*(é,\T’)
-1
= gkj—l(Mj—le-l) k_* X

j—1
where

X = Bx,_ (M;D L) — (Bi,_ M) k* g-1x & V).
j—1
From (3.7), (1.9) and lemma 1 we may derive

gj-l*(&s&) = Akj_l,kjgj*(§a¢)-

Hence
X = Akj_l,kj{gkj(MjDogkj\l’)“(gijj):gj*(ia\I/)} = Akj_l,kj(Qj‘l/)f‘:
i
and so

(7.2) Qj—l\T’ = gakj_l(Mj—le_l) k‘* Akj_l,kj(Qj‘V)'

By a density argument we may extend (7.2) with (7.1) to the case that
¥ e C®(d,C"), V¥ continuous at 0 on d and of exponential growth of
order < y; at oo on d. So (7.2) holds for {; as in lemma 4. Hence
Q;-1V¥j-; = 0 on the set where Akj_l,kj\llj existf, so on a neighborhood
of 0 in S(t;,d;+m/p;). Furthermore y;,_; ~ y;_, at 0 in this sector
because of (1.8) and (3.11).



MULTISUMMABILITY OF FORMAL POWER SERIES SOLUTIONS 539

8. Stokes phenomenon.

Suppose 1, is a singular direction for D[y] and k is the highest level
for which 1, is singular (cf. section 2). Assume moreover that G(-,y)

is multisum of G(-,y) in all directions 7 in a neighborhood of t,. Then
theorem 1 gives two solutions y, and y_ of D[y] =0 which are
multisums of j(x) in all directions t with argt, < argt < argt, + €
and argt, — € < argt < arg 1, respectively. Hence y,(x) ~ y(x) and
y+(x) — y-(x) ~ 0 as x - 0 on S(ty, n/k,). Therefore y, and y_ exhibit
a Stokes phenomenon.

From the construction of the multisums y, and y_ given in section
3 we may extract more precise information on y, — y_ in an analogous
way as in [5]. In particular we may show that

y+(x) = y-(x) = O exp (= (¢/x)*) as x >0  on  S(to,m/k)

where ¢ € (0,c,) arbitrary close to c,, if ¢, is the singular value of level
k which is closest to the origin. It is possible to give more accurate
estimates for y, — y_ using the analysis of [5]. Compare also Sibuya
[17], [18] and Ramis and Sibuya [16].

BIBLIOGRAPHY

[1] W. BaLser, A different characterization of multisummable power series,
preprint Universitdit Ulm, (1990).

[2] W. Barser, Summation of formal power series through iterated Laplace
integrals, preprint Universitit Ulm, (1990).

[3] W. BaLser, B. L. J. BraaksMma, J.-P. Ramis and Y. SiBuya, Multisummability
of formal power series solutions of linear ordinary differential equations,
Asymptotic Analysis, 5 (1991), 27-45.

[4] B.L.J. Braaksma, Laplace integrals in singular differential and difference
equations, in Proc. Conf. Ordinary and Partial Differential Equations
Dundee, 1978, Lecture Notes in Mathematics, Vol. 827, Springer Verlag,
(1980), 25-53.

[S] B.L.J. Braaksma, Multisummability and Stokes multipliers of linear
meromorphic differential equations, J. Differential Equations, 92 (1991),
45-75.

[6] J. EcaLLe, Les Fonctions Résurgentes, Tome I, II, Publ. Math. d’Orsay
(1981), Tome III, Idem (1985).

[71 J. EcaLLg, L’accélération des fonctions résurgentes, manuscrit, 1987.



540 BOELE L. J. BRAAKSMA

[8] J. EcaLLe, Calcul accélératoire et applications, book submitted to « Travaux
en Cours» Hermann, Paris, (1990). (See also The acceleration operators
and their applications, invited address ICMVKyoto (1990)).

[9] M. HukuHARra, Sur les points singuliers des équations différentielles linéaires
II, J. Fac. Sci. Hokkaido Univ., 5 (1937), 123-166.

[10] W. B. Jurkat, Summability of asymptotic series, preprint Universitit Ulm
(1990).

[11] B. MaLGrANGE, Sur les points singuliers des équations différentielles linéaires,
Enseign. Math., 20 (1974), 147-176.

[12] B. MaLgranGge and J.-P. Rawmis, Fonctions multisommables, Ann. Inst.
Fourier, Grenoble, 42-1 & 2 (1992), 353-368.

[13] J. MarTiNeT and J.-P. Ramis, Elementary acceleration and multisummability,
Ann. Inst. H. Poincaré, Physique Théorique, 54-1 (1991), 1-71.

[14] J.-P. Ramis, Conjectures, manuscrit, 1989.

[15] J.-P. Ramis, Multisummability, preprint, 1990.

[16] J.-P. Ramis and Y. SiBuva, Hukuhara domains and fundamental existence

and uniqueness theorems for asymptotic solutions of Gevrey type, Asymp.
Analysis, 2 (1989), 39-94.

[17]1 Y. SBuva, Linear differential equations in the complex domain : Problems
of analytic continuation, Transl. Math. Monographs, 82, AMS, (1990).

[18] Y. Smuva, Gevrey asymptotics and Stokes multipliers, in Differential
Equations and Computer Algebra, Academic Press, 1991, 131-147.

[19] H. L. TurritTiN, Convergent solutions of ordinary homogeneous differential
equations in the neighborhood of a singular point, Acta Math., 93 (1955),
27-66.

[20] W. Wasow, Asymptotic Expansions of Ordinary Differential Equations,
Dover, 1976.

Manuscrit recu le 12 septembre 1991.

Boele L. J. BRAAKSMA,

Mathematics Institute
University of Groningen
GPO Box 800
9700 AV Groningen (Pays-Bas).



