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ON THE COMPLEXITY OF SUMS
OF DIRICHLET MEASURES

by Sylvain KAHANE

1. Introduction.

Let E be a metrizable compact space. We denote by M(FE) (resp.
M;(FE)) the set of all non-negative (resp. probability) Borel measures on E.
Recall that M;(F) is a metrizable compact space for the weak* topology,
which is the topology of the duality with the set C(F) of all continuous
functions on F'; in the following, the topological complexity of a subset M
of M(E) actually means the topological complexity of M N M;(E). P(E)
(resp. K(F)) denotes the set of all subsets (resp. compact subsets) of E.
Let C be a closed under countable intersections subset of P(E). We denote
by M(C) the set of all non-negative Borel measures concentrated on an

element of C : M(C) = |J M(X). Let C° (resp. C") denote the set of all
Xec

unions of sequences (resp.eincreasing sequences) of elements of C. Note that
M(C") is equal to the norm-closure M(C) of M(C) and that M(C?) is the
convex norm-closure of M(C). We denote C* the set of all measures which
annihilate all elements of C. We have the following algebraic decomposition :
M(E) = M(C°) @ C*. Recall that K(E) is a metrizable compact space in
the Hausdorff topology. If C is a Borel subset of K(E), then M(C), M(CT)
and M(C?) are analytic subsets of M;(E) and Ct is a coanalytic subset
of M 1 (E ) .

Let T be the unit circle R/Z. We are interested in the four following
subsets of K(T).

Key words : Analytic sets — Dirichlet measures — Singular measures — Sums of measures.
A.M.S. Classification : 28A33 — 04A15.
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A compact subset K of T is a set of type D or a Dirichlet set if for
all e > 0 and N € N there exists n > N such that [sin2rnz| < e for all
z€K.

A compact subset K of T is a set of type H if there exist a non empty
interval I of T and a strictly increasing sequence (ng)ren of integers such
that ny K NI = & for each integer k.

A compact subset K of T is a set of type L or a lacunary set if
there exist a sequence £, — 0%, a sequence a,, — 400 and for each
integer n a finite sequence (I;) of intervals such that |I;| < e, for each k,
d(Ig, Ix') > anen for each k # k' and K C | I.

A compact subset K of T is a set of type Ly if there exist a sequence
en — 0%, a > 0 and for each integer n a finite sequence (Ix) of intervals
such that |Ix| < e, for each k, d(Iy,Ix) > ae, for each k # k' and
K CU .

Note that both H and L are supersets of D and subsets of Ly. The
classes D and L are Gs subsets of K(T) and H and Lg are K,5 subsets [1].

A measure concentrated on a DT-set is called a Dirichlet measure.
For every p € M(T) and n € N, we denote (n) = [e*™"®du(z) and
f(n) = [ |sin2wnz| du(z). For every u € M(T), the following conditions
are equivalent :

(1) pe M(D")

(2) limsup [a(n)| = / du

n—o0

(3) liminf i(n) = 0.
Note that M(DT) is a norm-closed Gs subset of M;(T).

THEOREM 1.1. — There does not exist a Borel subset B of M;(T)
such that BN Ly™ = @ and M(D'") + M(D") C B.

For all M C M(T) and n € N, we denote M (™ the set of all sums
of n elements of M.

CoRrOLLARY 1.2. — The sets M(CT)™, M(CT)(™ and M(C°) are
analytic non Borel for allm > 2 and C = D, H, L or Ly.

We obtain also the following property which has been studied suc-
cessively by Host, Louveau and Parreau (3|, Kechris and Lyons [3] and
Kaufman [2].



.

ON THE COMPLEXITY OF SUMS OF DIRICHLET MEASURES 113

CoOROLLARY 1.3. — C* is a coanalytic non Borel set for C= D, H, L
or Lo.

CoOROLLARY 1.4. — None of the sets in the two previous corollaries
can be pairwise separated by a Borel set.

We prove also that the sets M(C)("), for n > 2 and C = D, H, L or
Ly, are not norm-closed.

THEOREM 1.5. — There exists a measure in M(D') + M(D') which
is not a finite sum of measures in M(Lo").

THEOREM 1.6. — For every n > 3, there exists a measure in
M(D1) + M(D?) which is the sum of n measures in M(D') and is not the
sum of n — 1 measures in M(Lq").

2. Kaufman’s reduction.

We follow Kaufman’s construction used to prove that H~ is not a
Borel set [2]. Let N be the set of positive integers, [N] be the set of all
infinite subsets of N, N<N be the set of all finite sequences of positive
integers and 7 be the set of trees on N, i.e., 7 C P(N<N) and T € 7T if
and only if all initial segments of s € T are also in T. We say that T € T
is a well founded tree if T' has no infinite branch, i.e., there does not exist
o € NY all whose initial segments belong to T. The set of all well founded
trees is denoted by WF. Recall that 7 is a Polish space in the product
topology on P(N<N) and WF is the classical example of a coanalytic non
Borel set.

We denote 2V the compact, metrizable space {0,1}N. If z € 2N,
z = (z(n))nen with z(n) = 0 or 1. Let X be the Lebesgue measure
on 2N. Let ¥ be the Polish space of all Borel sets on 2N with metric
d(A,B) = M(A A B), quotiented by the relation d(A,B) = 0; X can be
viewed as a closed subspace of L!(2N). Consider the sets

X ={(An)nen € ZN; M([) An) =0 for all R € [N] }
R
and
Y ={(An)nen € ZN; A((lirr}%nf An) U liminf An)) =1
for some (R, S) € [N]? },
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where liminfgr A, = U 1  A,. Note that X is a coanalytic subset
meEN n>m,nER

of UN [2] and that } is an analytic subset of XN.

LemMA 2.1. — There is a continuous mapping ® from T to XN such
that ®(WF) C X and ®(WF*) C ). Therefore, there is no Borel subset B
of N such that Y C Band X N B = .

Proof. — Construction of ®. To each s € N<N | we attach subsets
E(s) and F(s). Let <, > be a one-to-one mapping from N? to N. We
define E(s) and F(s) by induction on the length |s| of s. Let E(Q) = 2N
and F(Q) = @. If s € N<N has length |s| = k — 1 and n;, € N, put
E(s"ny) = {z € 2N (z € E(s) and 3i € [kng, k(nk + 1)[, z(<k,i>) = 0)
or (z € F(s) and Vi € [kny, k(ng + 1)[, z(<k,i>) =1) }
and
F(s"ng) = {z € 2N; (z € F(s) and 3i € [kng, k(nk + 1)[, z(<k,i>) = 0)
or (z € E(s) and Vi € [kng, k(ng + 1)[, z(<k,i>) = 1) }.
We have E((n1)) = {z € 2N; z(<1,n;>) = 0} and F((m1)) = {z €
2N; 2(<1,n1>) = 1} if ny € N. Note that E(s) = F(s)° and A(E(s)) =
AF(s)) = % for all s € N<N\ {@}. Let 0 € NN. The length k initial
segment of o is denoted by or,. We have

A( N E(om) > A\(E(ora)) x [[01-27)

k>n k>n

for each n € N. But lim [] (1 —27%) =1, whence

n—+00 S,
A(liminf E(o ;) Uliminf F(opy)) = 1.

Let us enumerate N<N = {s,;n € N} and consider the mapping
®:T — EN T (,(T )neN defined by

E(sp) ifn=2pands, €T,
@ (T) = {F(sp) ifn=2p+1ands,eT,
%) otherwise.
Clearly, ® is continuous and ®(WF°) C ).

To complete the proof of Lemma 2.1, it remains only to show
that ®(WF) C X. Let T € T such that there exists R € [N] with

)\(ﬂfbn(T)> > 0. Let us suppose that R N 2N is infinite (the case
R
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RN (2N + 1) infinite is similar). Let P € [N] such that 2P C R. We
have A(ﬂE(sp) > 0. Let s, = (n{,n,---,nj, |) for each p € P. Let
us prove that {n}; p € P} is finite for all k € N. Otherwise, there exist
k € N, s € NN and an infinite subset P’ of P such that s, = s™n}t,

with t, € N<N for all p € P’ and n} # ni, for distinct p, p' € P'. Let
p € P'. For all z € 2N, we have

(o s {2
) k\!'p
{‘v’i € [kn}, k(n} + 1)], and { z € E(s) N Fi(tp

z(<k,i>) =1 x € F(s)N Ek(ty,

~

z € E(sp) =

o ~—

where Ej(t) and F(t) can be defined by induction as follows : Ey (&) = 2N
and Fj,(@) = @;if t € N<N has length |t| = j — 1 and m; € N, put

Ei(t'm;) ={z € oN. (z € Ex(t)
and 3i € [(k + j)m;, (k + §)(m; + 1), z(<k + j,i>) = 0)
or (z € Fi(t)
and Vi € [(k + j)m;, (k+ j)(m; + 1), z(<k +j,i>) =1)}

and

Fi(t'my) = {z € 2N; (z € Fi(t
and 3i € [(k +])mj, (k+7)(m; + D[, z(<k + j,i>) = 0)
or (z € Ex(t)
and Vi € [(k + j)my, (k+ j)(m; + 1) z(<k + j,i>) = 1) }.

Note that Ey(t) = Fi(t)° for all t € N<N. Moreover in the probability
space (2N, )), the conditions {z € E(s) }, {Ji € [(k + j)m;, (k + j)(m; +
D[,z(<k + j,i>) = 0} and {z € Ei(t)} are independent, because the
mappings ¢ — xz(j), j € N, are independent. The conditions {Ji €
[kn?, k(nP+1)[,z(<k,i>) = 0} and { 3 € [knl , k(n? +1)[,z(<k,i>) =0}
are also independent for distinct p,p’ € P’. So we can explicitely calculate
/\( N E(sp)) for any finite subset I of P’. We have

pel

7]

)\( ﬂ E(sp)) - Zai(Q—k)i(l _ 2—k)|1]—i
=0

pel
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where ag = ,\([E(s) N N Ext)] U [F(s)n N Fk(t,,)]) and a; > 0,
pel pel

| 1

Zai =1. S0 ap < 3 whence

1=0

( N E(sp)) % _ gkl %Z—k(l —gk)lr-1 %(1 _ g—kylIl-1,

pel

Thus /\( DP E(s,,)) = 0 which is a contradiction, and proves that
p ’

{n};p € P} is finite for all kK € N. So the tree T/ = {s € N<N; 3p €
P, s is an initial segment of s, } is an infinite tree (P is infinite) with finite
branching, so 7' ¢ WF, whence T ¢ WF. O

3. The abstract case.

We introduce a subset I of K(2N) which plays the role of D in this
simpler case.

A compact subset K of 2N is a set of type I if for all N € N there
exists n > N such that z(n) = 0 for all x € K. Note that I is a G5 subset
of K(2N).

For each A € [N], put
KA:{x€2N'VnEA z(n) =0},
={ze2N;ImeN,V¥ne AN[m,+oo, z(n) =0}

and let pa be the Haar measure on the subgroup K4 of 2N ~ (Z/2Z)N.

More precisely, p4 is the product measure ®N Vp with v, = §p ifn € A
ne

and v, = %(60 + 61) otherwise.
We will use the following elementary, but fundamental fact.
LeMMA 3.1. — Let A and B € [N]. If B\ A is finite, then ,uA(KB) =1.
If B\ A is infinite, then ,uA(KB) =0.
Note that
I={Kek(2V);3JAe [N, KCKa}

and
I'={Kek@V);34€ N, K c K} }.
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Let fi(n) = [2(n )- We have
M(IT) = {u € M(2N); liminf fi(n) =0 }.
Note that M(I1) is a Gs subset of M;(2V).

Following Kaufman’s ideas [2], we assign to each sequence A =
(An)nen € ZNa mapping A from 2N to P(N), defined by A(z) = {n €
N;z e A, }, and a measure v; defined by vz = [ f1a(e) dA(2). Let © be
the mapping from XN to M;(2V) defined by ©(A) = vz. Note that © is
continuous.

LEMMA 3.2. — ©(X) C I+ and ©(Y) ¢ M(I") + M(I).

Proof. — Using Lemma 3.1 we have
A(liminf A,) = A({ = € 2%; R\ A(z) finite }) = vz (Kp),
for all A = (An)nen € XN and R € [N]. This remark allows us to finish
easily the proof. O
We have an abstract version of Theorem 1.1.

TueoreMm 3.3. — There does not exist a Borel subset B of Mj(2N)
such that M(I") + M(I') C B and BN I+ = Q.

Proof. — Such B insure (®.0)~!(B) = WF¢ and cannot be a Borel
set, because ®oO is continuous. O

4. How to go from the abstract case to T.

Every element = of T can be expressed in the form z = Y z(n)2™"
with z(n) either 0 or 1, and z(n) = 0 for large enough n if = iT;erl:Ltional.
For each A € [N], let
Ka={zeT;Vne A z(n)=0},

Kl ={z€T;ImeN,Vne AN[m,+oo|, z(n) =0}

1 1
A = n(?N (550 + §5z—n)

and
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be the canonical Bernoulli product measure concentrated on K. A set
A is called colacunary if for each n € N, there exists a € N such that
[a,a 4+ n] C A. Note that K4 € D if A is colacunary.

Lemma 3.1 still holds with these new notations. Our next goal is to
extend this property to the Ly-sets.

LEMMA 4.1. — Let K € Ly and o > 0 and (e,)neN Witnessing this.

Let A € [N] and ¢ = sup(—|log, ],0) + 2. If limsupd(log2 ei’A) > ¢,
n n
then pa(K) =0, where d(z,A) =inf{ |zt —n|;n€ A} (z€R).

This property is derived from a result of Lyons [4] whose conclusion
is much more precise, but which concerns only the case K € H and A
lacunary. The proof of Lemma 4.1 uses the following simple result ([1]
Lemma 2.9).

LEMMA 4.2. — Let K € Ly and o > 0 and ¢, €]0, —;—[ witness this.
Let m = —|logye,] and p = sup(—|logy @],0). For each (z:)ic(1,m—2] €
{0,1}™2, there exists (i)icim—1,m+p+1] € {0,1}P+3 such that for each
rzeT,
Mie[l,m+p+1],z(t) =z;) =z & K.

Proof of Lemma 4.1. — Let K € Lo and let @ > 0 and (€,)neN
witness this. Let p = sup(—|log, @],0) and m, = —|log,en]| for each
n € N. Without loss of generality, we can suppose that the intervals
[mn — 1,m, + p+ 1], n € N, are pairwise disjoint and disjoint from A.
Let n € N. There exists, by Lemma 4.2, a mapping ,, from {0, 1}{1:7»~2]
to {0, 1}[mn—Lmn+p+l] gych that the set B, of all € T such that

Vs € {0, 1}[mn=2l (3: (x(i))ie[l,mn~2] = p(s)= (x(i))ie[mn—l,mn+p+l])

is disjoint from K. But u4(B,) = 27P~3 and the B,’s, n € N, are indepen-
dent events in the probability space (T, pa4), so pa(K) < pa(NB,°) =
[Tra(Br) =0. O

5. Proof of Theorem 1.1.

Let (ax)ken and (bg)ren be two sequences of positive integers such
that lim(bx — ax) = +o00 and lim(ag+1 — bx) = +o0. Put Iy = [ak, bx] C N.
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For AC N, put A = U Ix. Note that Ais colacunary if and only if A is
k€A
infinite.
To each sequence A = (A, )nen € EN, we assign a mapping A from
2N to P(N) defined by A(z) = {n € N; z € A, }, and next a measure
=/ e d\(z). Let © be the mapping from XN to M;(T) defined by

A) = i74. Note that © is continuous.

DS

LEMMA 5.1. — ©(X) C Lot and ©(Y) ¢ M(D') + M(D).

Proof. — Using Lemma 3.1, we have for each A = (A,)pen € ZN
and each R € [N],
)\(lin}{iann) = A({z € 2™; R\ A(z) finite }
AM{ze 2N, R\m) finite }
va(KL).
But K}T.% e DT, because R is colacunary, whence ©()) ¢ M(D")+ M(D").

I

The previous remark does not allow us to prove that ©(X) C Lo».
Let A = (Ap)nen € EN such that ©(A) ¢ Lot, ie., there exists
K € Lo such that 74(K) > 0. Let @ > 0 and (ep)nen Wwitness that
K € Lo. We have A(H) > 0 with H = {z € 2N, HA gy (K) > 0}.

1 -
Now H C {z € 2N limsupd(log2 g—,A(z)) < c} by Lemma 4.1. Thus
n
1 - 1 -

limsupd(log2 5—,N> < ¢, because \(H) > 0, so d(log2 s_’N) < ¢ for
large enough n. Tll\/Ioreover ak+1 — bx > 2c for large enough k, So there exists

1
a unique k,, such that d( log, o 1 kn) < cfor large enough n (n > ng). Let

n
R = {kn; n>no }. We have H C {z C 2%; R\ A(z) finite } = liminf A,,

so there exists a € N such that /\( N An) >0, whence A¢ X. O
RN[a,+oo[

Clearly, we can deduce Theorem 1.1 from this.

6. Theorems 1.5 and 1.6 in the abstract case.

We denote CV = { X UY; (X,Y) € C?} for C C P(E) where E is a
metrizable, compact set. It is easy to verify that

M(CT) +M(CT) = M((CTYH)
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and

M(CT) + M(CT) = M((c)N.

We use again the notations of Part 3. Let (A, )nen be a sequence of
infinite, pairwise disjoint subsets of N. Consider the set

Xo=J ) (Ka,. UKa,,.,)

neEN n>m
which belongs to (I#)". Note that Xo ¢ (I")¥. To all z € 2N and m € N,
we attach Cp,(z) = | Azn4az(n); note that K¢ () C Xo. Consider the
n>m

weak*-integral

Poo = ) 2_"’/Mcm(z) dX(z).

meN

Clearly poo € M1(Xp) and M;(Xo) C M) + M(IT).

LEMMA 6.1. — poo is not a finite sum of measures in M(I1).

We can immediately deduce an abstract version of Theorem 1.5.

THEOREM 6.2. — There exists a measure in M(I1) + M(I") which is
not a finite sum of measures in M(IT).

We can generalize the previous construction. Let (Fi,)men be a
sequence of finite subsets of N. We define

W(Fp) = Z 2_m/ll.c($,pm) d\(z),

meN

where C(z, Frn) = | Aznta(n). Note that pg,) € Mi(Xo). In particu-
n&Fp,

lar, pioo = p([1,m)-
Let k¥ € N and (FX)men be an enumeration of all subsets of N
containing k elements and
Bk = H(Fk)-

In particular y; = p({m)). Note that uj is concentrated on [J (K Ag, U
neF
Ka,,,,) for each subset F of N containing k + 1 elements, whence

px € M(IT)(k+2),

LEMMA 6.3. — py & M(IT)2*+1) for each k > 0.

We can immediately deduce an abstract version of Theorem 1.6.
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THEOREM 6.4. — For every n > 3, there exists a measure in
M(IT) + M(I") which is the sum of n measures in M(I") and is not the
sum of n — 1 measures in M(IT).

PROPOSITION 6.5. — For every n > 2, there exists a measure in
M(IM)™) which is not in M(IT)(n—1),

1 n
Proof. — Consider v,, = - Z pa,- If B € [N], there exists at most
k=1

one k such that B\ Ay finite, so, by Lemma 3.1, I/n(K;) <
n—1

I X isa

S

union of n — 1 I'-sets, then v, (X) < , whence v,  M(IT)(»=1), O

We deduce from Theorem 6.4 and Proposition 6.5 the following fact.

COROLLARY 6.6. — The sets M(I")™) and M(I")(™, n > 2, are all
distinct.

We will now prove Lemmas 6.1 and 6.3.

LEMMA 6.7. — Let u = pf,,) and X € I T. Then urx is concentrated
on K4, for some p.

Proof. — Let X € I such that u(X) > 0. There exists B € [N] such

that X C K{;,. If B\ U A, is infinite, then B\ C(z, F},) is infinite for
peEN

all m € N and z € 2N. Using Lemma 3.1, we have #C(m,Fm)(K{;) =0, so

w(K )TB) = 0 which contradicts our hypothesis, whence B\ |J A, is finite.
pEN

Consider C = {p € N;BNn A, # @}. If C is infinite, C =
{2nk 4+ C;k € N, ¢ = 0,1}. If m € N and z € 2V are such that
}Lc(x’Fm)(K;) > 0, then B\ C(z, F;,) is finite by Lemma 3.1, so z(ny) = (k
for large enough k, because F, is finite. But A({z € 2N;z(nx) =
(x for large enough k }) =0, so u(K L) = 0. This contradiction prove that
C is finite and B N A, is infinite for some p.

If m € N and z € 2N are such that uc(m,pm)(Kg) > 0, then
Ap C C(x, Fr), S0 pe(,F,,)(Ka,) = 1, whence Bkl is concentrated on
Ka. . O

P

Proof of Lemma 6.1. — Let X be a finite union of I'-sets. Using

Lemma 6.7, we can suppose that X = |J Ka, for some finite subset F
neF
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of N. Let mgo with p < 2myg for all p € F. For all m > mg and z € 2N,
BCo () (X) = 0 by Lemma 3.1. So pi0o(X€) > 0. O

Proof of Lemma 6.3. — Using Lemma 6.7, we have just to prove that

. cannot be concentrated on X = |J K4, for every F with cardinality
neF

< 2k + 1. Let F be a set having this property. Thus F = {2n; n €
Glu{2n+1LneG}U{2n+(y;n € H} with (, either 0 or 1. Now
G has cardinality < k, so G C F,’fm for some mg. Using Lemma 3.1, we
have “C(w,Fr’zo)(Xc) > 0 for every x € 2N such that 2(n) = 1 — (, for each
n € H, whence ux(X€) > 0. O

7. Proof of theorems 1.5 and 1.6.

To prove Theorems 1.5 and 1.6, we follow the ideas and techniques
of Part 6. We introduce the same notations and the same lemmas, expect
that, in this case, (A,)neN is a sequence of colacunary subsets of N such
taht for & going to +o0, d(A4, N [k, +oo[, Am N [k, +00[) — +0o uniformly
for all n # m. Moreover, K4 and p4, A € [N], are the same as in Part 4.
Finally, Lemma 6.7 is replaced by the following result.

LemMA 7.1. — Let p = wr,,) and X € L(T,. Then prx is concentrated
on K4, for some p.

Proof. — We start by proving the result for K € Ly. Let a > 0 and
(ek)keN witness that K € Lg. Let p = sup(—|log, €k |,0), my = —|log, €k |
and Jx = [my — 1,my +p+ 1], k € N. If u(K) > 0, then pc(s 5,,)(K) >0
for some z € 2N and m € N. But C(z, F,,) C |J Ay, so, using Lemma 4.1,
we deduce that J meets at least one A, for large enough k. Now |J| is
constant and as k — +o0, d(A, N[k, +oo[, Am N[k, +00[) — +00 uniformly
for all n # m, so Ji meets exactly one Ap, for large enough k. If (px)ren is
unbounded, then (pi)kep is injective for some D € [N]. Put px = 2ny + (i
with ¢, = 0 or 1. By Lemma 4.1, if pc(q,r,,)(K) > 0 for some z € 2N,
then z(ny) = (x for large enough k. But A({z € 2V; z(nk) = ¢ for large
enough Ic}) =0, so u(K) = 0. If (px)ken is bounded, there exists p such
that p = py for infinitely many k. If m € N and z € 2N are such that
BC(z,Fm) (K) > 0, then A, C C(z, Fry), 80 pe(a,F,) (K a,) =1, whence pyx
is concentrated on K4, .
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Let X € Lo'. There exists a sequence (Kj)jen of Lo-sets such that
X C liminfKj. Now, for each j, there exists p; that u[x, is concentrated on
K Ap,» SO firx is concentrated on liminfK A, As before, p(liminf K Ap,-) =0
if (p;)jen is unbounded. So urx is concentrated on K4, for some p. O
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