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ON THE LIFTING PROPERTY (IV).
DISINTEGRATION OF MEASURES (%).

by A. IONESCU TULCEA and C. IONESCU TULCEA.
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In Section 1 we introduce in particular the notion of strong
lifting. In Section 2 (Theorem 1) we consider a hifting T and we
give several conditions (concerning T) equivalent with the
assertion that T is a strong lifting. In Section 3 (Theorem 2)
we show in particular that the existence of a strong linear lifting
implies the existence of a strong lifting. The results of Section 4
are auxiliary; they are used in Section 5.

The principal results of this paper are contained in Section 5.
These results are Theorems 3 and 4 on the disintegration of
measures. The notion of strong lifting is essentially used in
the formulation and proof of these theorems. We also introduce
and use here the notion of «appropriate family of measures »
which replaces Bourbaki’s notion of «adequate family ». -

(!) Research supported by the U. S. Army Research Office (Durham) under
contract DA-ARO (D)-31-124-G218. The main results of this paper were
announced in a note to appear in the Bulletin of the Amer. Math. Soc. (Added in
proof : This note has appeared in vol. 70, January 1964).
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In Section 6 (Theorem 5) we prove, in a special setting, the
existence of a strong lifting satisfying a supplementary condi-
tion. The Appendlx contains a result concernlng the integra-
tion of appropriate families.

1. Notations and terminology.

Let Z be a locally compact space and ;<=0 a positive
Radon measure on Z. Let Mg (Z, ) be the Banach algebra
of all bounded real-valued p-measurable functions defined on Z,
endowed with the norm f—[|f||., = sup.ez|f(z)|. Let Cx(Z) be
the subalgebra of Mg (Z, ) consisting of all bounded conti-
nuous functions on Z and R(Z) the subalgebra of all fe CR(Z)
having compact support. For two functions f and g defined
on Z we shall write f= g whenever f and g coincide locally
almost everywhere.

Let now T :f— T, be a mapping of Mg (Z, 1) into Mg (Z, p).
Properties of T such as those listed below will be considered
in what follows :

(I) T,=f;

(IT) f= gimplies T, = T;
(ITI) T, =1;

(IV) f=0 implies T,>0;
(V) Tapypy = T, + BT,;
(VI) fo = T/T,;

(VII) T,=f if feCr(Z).

A mapping T: f— T, of M7 (Z, 1) into MR (Z, ) satisfying
(I)-(V) will be called a linear lLftmg of MR (Z, y.); if the condi-
tion (VI) is also verified the mapping will be called a lifting (?)
of MR(Z, ). A strong linear lifting [strong lifting] of MR (Z, @)
is a linear lifting [lifting] which verifies also (VII).

Denote by ©(i) the tribe (= o-algebra) of all p-measurable
sets. We shall write A =B whenever (A—B)u(B—A) is
locally p-negligible; it i1s obvious that A =B if and only if
ea=¢s(for X c¢ Z, gx denotes the characteristic function of X).

(?) Condition (III) above can be replaced by: (IIT*) Ty =1 or T; =0, if we want
to avoid the restriction (. %= 0. In this paper, however, we always assume . 5 0,
whenever we consider a lifting of Mg (Z, u) or Mg(Z, p).
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Let now T : f — T, be a lifting of Mg (Z, ) and let pr be the
mapping of G(x) into (i) defined by the equations T, = 9.,
for A e®(p). It 1s easy to verify that py has the following
properties :

() en(A) = A;

(IT") A=B implies er(A) = px(B);
(IIT") er(d) =8,  pr(Z) = Z;

(IV') ex(A n B) = pr(A) n px(B);

(V) ex(A v B) = pr(A) v px(B).

Conversely if p is a mapping of G(u) into G(i) having the
properties (I')-(V’) then there is a lifting T of Mg(Z, &) such
that p = pr (this is proved in [5], Proposition 2, when i has
finite total mass; the same proof is valid in the general case). A
mapping p of G(®) into ©(@) having the properties (I')-(V’) 1s
called a lfting of G(w).

Let p be a lifting of G(i); denote by © the set of all parts
p(A)-N where A e G() and N 1s locally p-negligible. Then <
is a topology on Z (this result is essentially due to J. Oxtoby
and was given by him in a lecture at Yale in the fall of 1960):

We shall denote below by f— N_(f) the essential supremum
semi-norm on Mg (Z, ). Let us remark that if T:f—T,1s a
linear lifting of Mg (Z, w), then ||T |, = N_(f) for each
fe Mz (Z, ).

It 1s known that there i1s always a lifting of Mg (Z, ) (see
[5] and [7]).

2. Properties characterizing a strong lifting.

Let T be a lifting of Mg (Z, ). For each z € Z we shall denote
by VUr(z) the set of all parts pr(V) where V belongs both to U(z)
and to G(). We shall prove now the following :

Taeorem 1. — Let T:f— T, be a ULfting of MR (Z, ).
Then the following assertions are equivalent: 1.1) T is a strong
lifing; 1.2) There 1s V e« Mg (Z, ) dense in R(Z) for the topology
induced by the norm f — ||f||. such that T, = f for all fe V; 1.3)
er(U)o U for all UcZ open; 1.4) pr(F)cF for all FclZ
closed; 1.5) (= the topology corresponding to the lifting pr)
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is stronger than the topology of Z; 1.6) For each zeZ, Vy(z)
is a fundamental system of z.

It is obvious that 1.1) implies 1.2). Suppose now that 1.2)
1s true. Then we deduce that T, = f for all f € #(Z). Let now
UcZ open and let Jy be the set of all feXR(Z) such that
0<f<<9u; we have gy =sup Fy. But T,, >T,=f for
each f e Jy, whence Tg, > sup Fy = ¢u. Therefore pr(U)>U
and hence 1.2) implies 1.3). Suppose now that 1.3) is true.
We shall show first that T, > g for each ge CR(Z), g > 0.
In fact, let U, be the set of all functions apy < g, with & >0
and U < Z open. It 1s easy to see that sup U, = g. As in the
proof of the implication 1.2) =~ 1.3) we deduce that T, > g.
Let now f e CR(Z) and let A be a constant such that A + >0,
A—f>0. Since To=2A (by (III) and (V)) we deduce
A+ T, =Ty >+ fand A — T, = Th; > A — f; hence
T; = f and thus 1.1), 1.2) and 1.3) are equivalent.

By duality we deduce that 1.3) and 1.4) are equivalent.

Suppose now that 1.3) is true. Then U = py(U) — N if
N = p(U) — Uj; since N is locally p-negligible, U e <. There-
fore 1.3) implies 1.5). Conversely, if 1.5) is true then for
each open set U there 1s Aye () and alocally w-negligible
set Ny such that U = pr(Ay) — Nuy. We deduce that
pr(U) = pr(Ay) and hence U c pr(U). Thus 1.3) and 1.5) are
equivalent. Lo

Suppose again that 1.3) (=1.4) is true. Let zeZ, Ve 9(z)
and let W e ¥(z) such that W = W c V. Then

W e pr(W) c pr(W) c W V;

hence 1.3) implies 1.6). Conversely, suppose 1.6) true and let
UcZ open. For each ze U let U, ePVr(z) such that U,cU.
Then U = |_J U, whence p(U) > |_J ¢=(U.) = |_J U. = U.

2€U zelU zeU

Therefore 1.3 and 1.6) are equivalent.
Hence Theorem 1 is completely proved.

Remarks. — 1) Let % be a basis for the topology of Z. As
above it can be shown that T is a strong lifting if and only if
pr(U)> U for every Ue®. 2) One can also show that T is
a strong lifting if and only if for every A e %() such that
A = pr(A), every ze A and VeU(z) we have p*(AnV)=£0.
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3. On the existence of a strong lifting.
We shall use below the following result :

_Proposition 1. — Let T: f—T; be a linear lifting of
MR(Z, ). For each A e®(y) define 0'(A) = {z|T,,(z) = 1}
and 0"(A) = {2|T,,(z) %= 0}. Let D be the set of all linear
Lifings S of MR (Z, ) such that

Pon) < Sg, < Poay, A eT(p).

Then D contains a lifting of Mg (Z, w).

. This result was proved in [5] (see the proof of Proposition 4)
in the case when p has finite total mass; the general case can
be proved exactly in the same way.

Let Mg(Z, ) be the algebra of all locally bounded (= boun-
ded on every compact K cZ) real-valued p-measurable func-
tions defined on Z. Denote with Cg(Z) the subalgebra of real-
valued continuous functions on Z. A mapping T:f—> T,
of Mi(Z, 1) into Mg(Z, ) which verifies properties (I)-(VI)
will be called a lifting of Ma(Z, ). A strong lifting of Ma(Z, 1)
1s a lifting T: f— T, such that T, = f for all f e Cg(Z).

TaeoreM 2. — The following assertions are equivalent: 2.1)
There s a strong linear lifting of MR (Z, 1); 2.2) There is a
strong lifting of MR(Z, ); 2.3) There is a strong lifting of
M,R (Z’ f"')

Assume 2.1) true. Let T : f — T, be a strong linear lifting of
Mg (Z, ) and define 8'(A), 8”(A) (for each A eG(i)) and D as
in Proposition 1. Let S be a lifting of Mg (Z, ») belonging
to 9. Then

Porn) S So, < oy

for all A € ©(p). Let now U be an open set. Then ¢y << T, (%)
and thus ¢y << ¢prw). We deduce ¢y << Sy, whence ps(U) o U.
By 1.3) of Theorem 1, S is a strong lifting. Hence 2.1) implies
2.2). Since 2.2) obviously implies 2.1) it follows that 2.1) and
2,2) are equivalent.

(3) One can show as in Theorem 1 that a linear lifting T: f— T, of Mg (Z, p)
is strong if and only if Ty > ¢y for every open set Uc Z.
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Suppose now that 2.2) is true and let T : f— T, be a strong
lifting of Mg (Z, i+). Let fe Mg(Z, ) and let t e Z. Let V e Vx(t)
be relatively compact. We shall define (remark that
?Vf € Mlo‘o(za V‘))

THt) = Tous(0)-

If Ue®(t) is relatively compact, then T, (t) = Tq,(¢). In
fact let W = U n V € Ur(¢); then

Tour(t) = Tou(t)Tous(t) = Towpus(t)
= T‘?W?V.f(t) = T‘Pw(t)T?vf(t) T‘Pvf(t)

We deduce that T/t) is well defined, for fe Mgr(Z, 1) and
teZ. Let us remark that T; belongs to My(Z, 1) for each
feMgr(Z, ). In fact, let K< Z be a compact set and let U> K
be open and relatively compact. Since T 1s a strong lifting
U > pr(U) > U; hence pr(U) is relatively compact. For te K
we have Tyt) = T, ,s(t); this shows that ¢xT; belongs
to MR(Z, @). Since K is arbitrary we deduce that T;e Ma(Z, ).
Thus T’ 1s a mapplng of Mgr(Z, 1) into Mgr(Z, ). It is easy to
see that this mapping 1s a strong lifting of Mgr(Z, ). To
prove (I) for instance we may reason as follows: Let

f & Mx(Z, p),
and let U be open and relatively compact. Then for
te U, THt) = Topudt);

whence ¢uT; = 9uT¢ 0y = Puppf = ¢uf- Since U was
arbitrary we deduce T;={f. The proof of the properties (II)-
(VI) 1s left to the reader. Below we shall show only that
T; = f for each f e Cg(Z). In fact let f € Cx(Z) and teZ. Let
Ve Ur(t) be relatively compact, and geH(Z) such that
g(z) =1 for ze V. Then

THt) = Toult) = To,ult) = To, () Tof{t) = (8)(8) = £(®)-

Since f € Cx(Z) and ¢t e Z were arbitrary, T’ is a strong lifting.
Therefore 2.2) implies 2.3) .Conversely if T : f — T,1s a strong
lifting of Mg(Z, 1), T maps Mg (Z, ) into Mg (Z, ) (since T 1s
positive and T, = 1) and hence the restriction of T to Mg (Z, @)
1s a strong lifting of Mg (Z, ). Thus 2.2) and 2.3) are equivalent.
Hence the theorem is completely proved.
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Remark. — We proved above that if T is a strong lifting of
MR (Z, ) then there is a strong lifting T': f — T; of Mg(Z, 1)
such that the restriction of T’ to Mg (Z, ) coincides with T.

4. Remarks on measure-valued mappings.

For an arbitrary locally compact space E and a positive
Radon measure § on E we shall denote by C(E, ) the set of
all locally countable families & = (K;);e; of disjoint compact

parts of E such that the complement ofU K; 1s locally

jel
B-negligible. We shall use below the following properties
which are easy to prove:

a) If (K})jEJ’ € @(E, B) and (K;)jeJ”E G(E, B) then
(K 0 Kj)i, mer<r < E(E, B);

b) Suppose B =0 and let T be a lifting of Mg (E, 8). Then
given (K;)eseC(E, B), there is (L)), ereC(E, B) such that
every L; is contained in some pr(K)).

Let now Z and B be two locally compact spaces. For each
mapping A: b— A, of B into M{(Z) (*) and for each ge X(Z)
we denote by ( g, A ) the mapping b — ( g, A, ) of B into R.

Let now « be a positive Radon measure on B. Denote by
(B, My (Z), @) the cone of all mappings A: b — A, of B into
M. (Z) having the following property :

¢) There i1s & = (K));e; € €(B, «) such that
q"‘j( 8 A )eMg(B, «)

for every ge X(Z) and jeJ.

From ¢) it follows that (g, A) is a-measurable if
AeFB, M (Z), a) and ge RK(Z).

Suppose now a == 0 and let T : f — T, be a lifting of Mg (B, a).
To shorten the notation we shall sometimes write pr(f) instead
of T, for feMg(B, a). If AeJ(B, M (Z), «) we shall write

pr[A] = A

() M(Z) is the vector space of all Radon measures on Z and M, (Z) the cone of
all positive Radon measures on Z.
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whenever there is (K;);e; € €(B, «) such that

Pr ?’Kj< 8 )‘> = ?OT(Kj)< 8 )‘>

for all ge X(Z) and jeJ (since the lifting T is defined on
Mg (B, a) this presupposes implicitely that

¥x; (& A )« Mi(B, o)

for all ge R(Z) and j eJ).

For X' e#B, M (Z),«) and A" eF(B, M (Z), ) we shall
write A’ = A" whenever ( g, A" Y=g, A" ) for every ge R(Z);
in this way we define an equivalence relation in #(B, M(Z), a).

Prorosition 2. — 2.1) For every A e (B, M(Z), &) there is
N eF(B, My(Z), «) such that pr[M] =N and N =21A; 2.2)
If NedB,M(Z),a), N eFB, M{(Z),x) and ps[A] =N,
or[A"] = A", A" =L" then A, coincides with A, locally almost
everywhere for a; 2.3) If A € F(B, M (Z), «) and px[A] = A then
b — Ay(1) ts a-measurable.

Let us prove 2.1). Let (K;);es e C(B, «) such that

¢, (8 2 )eMR(B, o)
for all ge R(Z) and j € J. For each ge & (Z) define
O (rlen (g AN i bepa(K)
Ao(8) =90 if be | Jer(K)

Since pr(Kj) npr(K;) = ¢ if j' 557" 1t follows that Ay ) 18
well defined for g e J{(Z) The properties of the lifting T imply
that A; is a positive linear mapping of A(Z) into R. Therefore
Ap 1s a positive Radon measure on Z; whence A’ : b—2%; is a
mapping of B into M, (Z).

We shall show now that A'e%B, M (Z),«), A=A and
er[A] = A,

Let (L;);ex1 € C(B, a) such that each L; is contained in some
er(K;). Let te I and j €J such that L; c py(K)); then

P, < g N > = ?LiPT<q}K1< g A >) e MR (B, «).
Since ge R(Z) and i1 el were arbitrary we deduce

A e 9(B, M,(Z), %)
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Remark now that for tel and j € J as above, we have

cPM( f) 1Y > = ?LiPT(?Kj< 8 A >) E?Li?Kj< 8 )‘>E?L;< 8 x>

Since t1el was arbitrary, (g, A )={(g, A); since ¢
was also arbitrary it follows that A =12A’. Let again te I ans
j €J as above. Then

pT(“PLi < :f) A >) = PT(?Li ?Ki< 8 A >) = PT<?Li?K.i< 8 A >)
= QPT(Li).OT(?Kj< f) A >)
But since pr(L;) € pr(K;), we deduce

or(px; { & A N)(B) =g X )

for b epr(L;); whence
PeactaP(9x; 8 X)) = Perry 8, A ).
We deduce
PT(?Li < 8> N >) = ‘FPT(Li)< ) N >
and hence (geX(Z) and 1el being arbitrary) A" = py[A].
Thus 2.1) is proved.
Let us prove now 2.2). Let (Kj)jeseC(B,a) and
(K);er € €(B, a) such that
- pr(Px; (8 A" )) = Prmp (8 A')
and pr(9xs- (& A" )) = Pexxiy (& A")
for all ge R(Z) and j'eJ’, "€ J". Let now (j',j") e J’ X J".
We deduce that for every ge H(Z)
‘FP:(K}'nK}')( &N )= PorE)n K5 (g A" ).
Thus A, = A} for every bepr(KjnKj) and hence Ay = A}
for almost every be Kj n KJ.. Since
(Kj n Ki)gs mesxar € €(B, a),
2.2) 1s proved.
It remains to prove 2.3). Let (K});eseC(B, «) such that

?PT(KJ') < 8 A > = PT(CPKJ’ < 8 A >)

for all ge K(Z) and jeJ. Let (L;);e1<C(B, a) such that each
L; is contained in some pr(K;). Let te I and jeJ such that
L; c pr(K;). Then for beL; we have

Ml) = sup_ (Fhd=  sup_ prlex,(f, 1)) (B).

0</<1, fel2) 0</<1, feduz)
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But sup er(9x;{f, X)) is a-measurable (see A.IL. of

0</<L, feR@
the Appendix). Hence the restriction of b — Aj(1) to L, is
a-measurable and thus 2.3) is proved.

Remark. — Proposition 2 above is, in a certain sense,
similar to Proposition 1 in [6].

Denote by J°(B, M (Z), ) the cone of all mappings
A:b—> A, of B into the cone of bounded positive Radon
measures on Z such that:

d) (g, A) is a-measurable for each ge R (Z);

e) The mapping b — ||A,]| is bounded.

Obviously (B, M\ (Z), a) c (B, My (Z), «).

Suppose now that « 550 and let T be a hfting of Mg (B, «).
If \eJ*(B, My(Z), o) we shall write

pr(A) = A

er(( g A)) =(g )

for all geK(Z). It is clear that, if A eJ°(B, My (Z), «) and
pr(A) = A then pr[A] = A

whenever

Proposition 3. — 3.1) For every A e 3*(B, M (Z), «) there
is M eJ*(B, M(Z), a) such that pr(A') = A" and N =1; 3.2)
If X\e 3B, My(Z), a) and px(A) = A then b —||A,]| is a-mea-
surable.

The first assertion is a particular case of (4.1) of Proposition
4 1n [6]. It can also be proved directly as 2.1) of Proposition 2
above. The second assertion is a consequence of 2.3) of Pro-
position 2.

ProrositionN 4. — Let A € (B, My (Z), a) such that pr(A) = A.
Let K<cZ be compact and let Ax: b — Ax , be the element of
(B, M{(K), a) defined by Ax y = (Ap)x for each beB. Then
if Ax : b— Ax p belongs to (B, M(K), &) and has the properties :

4.1) er(Ax) = Ax;

4.2) Ak = Ax;

we deduce that Ax , = Ax, s locally almost everywhere for a.
For ge K (K)and beB

(8 )‘K,b> = < ¢xh, )‘b>
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if heX(Z) is such that h|K = g; 1t follows that

< ?Kh, lb> == inf <fh, )\b >;
JeR(2), 2%
since pr({ fh, X)) = (fh,\) for each feX(Z) we deduce
(see A.IT of the Appendix) that ( g, Ax ) is a-measurable;
hence { g, Ax ) is a-measurable for each ge %A(K). For each

beB, |[Ax || <<|[Asl|; hence b — ||Ak 4|| 1s bounded. It follows
that Ag € (B, M (K), «).
Let now ge %, (K). Then

< 8 1;1 > = PT(< 8 )"K >) = PT« 8 )\K >)
But for each beB

<g’7‘x,b>=<?‘l‘ha7\b>= inf (fh’lb>
sel@), r29%

if heX,(Z) is such that h|K = g; then

pr(( g M) < inf  px((fh, 1))

rel@), r>% .
= inf (fh,A)=1{(g k).
SeJUZ), f29x
We obtain Ax , < Ak, , for each beB. Since (1, Ax Y=(1, A ),

we deduce that Ax and Ax coincide locally almost everywhere
for «a.

5. On the disintegration of measures.

Let Z and B be two locally compact spaces and a =0 a
positive Radon measure on B. Let T be a lifting of Mg (B, «).
- We shall say that a mapping A: b — A, of B into M(Z) is
appropriate with respect to («, T) if :

A,)) AeJ(B, M (Z), o) and gr[A] = A;

- Ap) (g, A) 1s essentially a-integrable for each geX(Z)
(that 1s A is scalarly essentially a-integrable when M(Z) is
endowed with the topology o(M(Z), #(Z))).

If the mapping A: b — A, of B into M{(Z) i1s appropriate

with respect to (a, T), then f)\,,doc(b) 1s a positive Radon
measure on Z. "
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Before proceeding further we shall prove the:

ProrosiTion 5. — Suppose that @ =0 and that there is a
strong lifting T of Mg (B, ). Let A: b— A, be an a-adequate
mapping ([1], chap. V, p. 18) of B into M, (Z). Then A is
appropriate with respect to (a, T).

Since A is a-adequate, the mapping b — A, of B into M(Z)
(endowed with the topology o(M(Z), K(Z)) is a-measurable.
There is then (K;);e;eC(B,a) such that (g A)K; is
continuous, for each geR(Z). This shows in particular that
AeFB, M (Z), a). Let now geX(Z), jeJ and let heCg(B)
such that

WK, = (g, 2K,
Then

er(9x;C 8 A )) = pr(xh) = Pouxph = Pouxp{ 8 A)

since pr(K;) € K; (see 1.4) of Theorem 1). Thus pr[A] = A and
hence A satisfies A;). Since A,) is verified by any a-adequate
mapping, we deduce that A is appropriate with respect to
a, T).
( We shall prove below three propositions which prepare the
ground for Theorem 3. To avoid repetition we shall introduce
now several notations (and assumptions) which will be used
throughout the Propositions 6, 7, 8.

Let:

(1) Z and B be two locally compact spaces;

(2) » a positive Radon measure on Z;

(3) p a p-proper mapping of Z into B;

(4) « == 0 a positive Radon measure on B such that v=p(p}

1s absolutely continuous with respect to a«(that is v=¢.a
for some locally a-integrable function ¢);

(5) T a lLifting of MR (B, a);
(6) A: b— A, a mapping of B into M (Z) appropriate with
respect to («, T) such that

Joelfop)dp= [ f(g 1) da
for every ge K(Z), fe X(B).
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Remarks. — 1) We have
(6 = [k da(d)

In fact, let gef(Z) and let & be the set of all f € %(B)
satisfying 0 <Cf<C 1. Then

f(g,A\da“sup/‘f(g,)\>da
—supfgf ° p) dv-~supffdpg W)= [ gdy;

thus (6) 1s proved. .
2) For f: B — R, a-measurable, bounded and with compact

support, g: Z — R, p-measurable, bounded and with compact
support we have

(6) S, efop)du=[ f(b) [ g dhs.

Formula (6”) follows easily by approx1mating f and g
with functions from J(B) and %(Z) and using the Corollary of
the Appendix (this formula remains obviously valid under
more general conditions, but the above form is sufficient for our
purposes).

ProrositioNn 6. — The measures A, are bounded and
[[Asl] = 4(b), locally almost everywhere for a. '
Let (K));e; € (B, ) such that

FT(?K1< 8 A >) = ?PT(K]') < 8 A >

for every ge R(Z) and j e J. Foreach H e (J) (= the set of all
finite parts of J) denote

KH:UKj;

jeH

then for ge J(Z) and H e H(J) we have

PT(C‘DKH < g? )\ >> = C)DPT(KH) < g? )\ >'

Let now feJ{+(B) and let J; be the set of all geX(Z)

satsifying 0 < g < 1. Then (9pap & A yegi, megen is

a directed family of functions belonging to Mg (B, «). By A.IlL.
22
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of the Appendix we deduce (use also Remark 2) above) :
S FX(1) da(b) = o Foenwn (& X ) d
_ g« H egFm

= 5 op dy = opnd
flegaul?eg( f 8(foxa) P P’ ai‘;‘})/; (foxy) o p dp

= sup [ fox, dp(p) = [, fdp(w) = [} f da.

HeF(J)
Since f e R,(B) was arbitrary, we deduce |[A,]| = $(b) locally
almost everywhere for «.

Prorosition 7. — Suppose that: 7.1) T is a strong lifting of
MR (B, a); 7.2) Z is compact; 7.3) p ts continuous; 7.4)

A e 3°(B, M(Z), 2)

and pr(A) = A. Then Supp A, c ;)1({65) for every b e B.
Let b, € B; then

-1 -1 \ -1

M p(V)=p< M V)=p<§bo§)-
V=V, VeV (by) v=V, veV®,) .

Hence given a neighborhood W of —;(gbo}) there is V=V,

V e U(b,) such that p (V) cW.
- Let g e %(Z) such that Supp gn p({ o}) = 8. Then by the
above remark there is V= V, Ve U(b,) such that

-1

Supp gn p(V) = 4.
Let feR(B) such that Supp fcV. Then f(p(z)) =0 for
ze€ —pl(V), whence

fl;fq’v<g’x>d°‘=fzg(f°p)dp=0.

Since f e A(B) 1s arbitrary, except for the condition Supp fc V,
we deduce ¢y (g, A )=0. Then

Poxy{ & A Y = pr(9v (g A )) = 0.

But pr(V) > V = b, (see 1.3) of Theorem 1). Therefore { g, A, ) =0.
Since ge K(Z) was arbitrary, except for the condition Supp

gn —;( {be}) = &, the proposition is proved.
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Prorosition 8. — Suppose that T is a strong lifting of

Mg (B, a). Then A, is concentrated on ;)1({b}) locally almost
everywhere for a.
We shall divide the proof into four parts:

(I) Let (K;);es €€(B, a) such that
1) PT(?K1< 8, A >) = t?Px(l‘j)< 8, L
for each geR(Z) and jeJ. We may suppose that {|K; is

bounded for every jeJ and that ||A)| = {(b) for every
be|_JK, For each j e J and beB define

JjEeJy
M= ?Pt(xj)(b))\b'

Since the Lifting T is strong, pr(K;) € K; (see 1.4) of Theorem 1);
we deduce that b — [[A{|| is a bounded mapping.
To prove the proposition it is enough to show that, for each

j €J, M is concentrated on?(gbg) locally almost everywhere
for a. In fact suppose that this is true; for each j € J, let H; be

the set of all b € B such that A is not concentrated on ;)1( {b}).
Since A} = 0 for bepr(K;), it follows that H;cpr(K)) < K,

Therefore H, = U H; is locally a-negligible. If b e U er(K;)
Jjed . - j
and be H,, then 3\,, = A} is concentrated on pl({b}).jEJ
(II) Let now j eJ be fixed. By the definition of XM : b—> A

and formula 1) we have

pr(9x, (& A ) = (& ¥)

for every geX(Z). Since (as we remarked in (I)) b — ||Aj]] is

bounded, these formulas show that X’ belongs to (B, M (Z), «),

er(N) =¥ and that (g, ¥ ) is essentially a«-integrable for

every ge ®(Z). Thus ¥ is appropriate with respect to (a, T).
By (6”) of Remark 2) above, we have

2) Jelfex) o pdp= [ fopxy (g ) da

for g« K(Z) and f e £(B). Denote by u; the measure (¢x; o p).@;
remark that ¢; is bounded and p; < .. With this notation we
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may rewrite formula 2) as follows

Salfop)du=[fgV)de
for ge K(Z) and fe X(B).

(III) Since i; is bounded and p; < v there is a countable
family (L,),ex € C(Z, ;) such that p, = p|L, 1s continuous for
each ne N. For every ne N, let A/ : b — Al , be the element
of #(B, M (L,), @) (see Proposition 4) defined by

)\i,,,b - ()\i)L,.’

for b e B. By Propositions 3 and 4 there 1s v,:b — v, , belon-
ging to F°(B, M(L,), ) such that pr(Y,) =7, and A, ,=7Yas
except for b in a locally a-negligible set D,. We have (note
that Z,B, i, p, a, T, N, satisfy obviously (1)-(6) and wuse
correspondingly the formula (6”) of Remark 2) above):

L. &(f o pa) Al = f, €'(Fop) dpy
= [f(b) da(b) [ g’ dhi = [ f( g, 1n) da

for ge K(L,), feR(B); here g is defined by g'(z) = g(z)
for ze L, and g'(z) = O for z « L,. By Proposition 7 (note that
L., B, ()1 P @, T, v, satisfy again (1)-(6) and the hypotheses
of Proposition 7)

-1

Supp Yn,bCp,.({bS), b e B.

But then Supp M, ,c pi({b}) if b& D, If u,: L, —>Z is the
canonical injection we have u,(M, ;) = ¢i,.A for every

beB and hence (see [1], chap. V, p. 75)

Supp (¢1,-M) < pa(§b}) < p({b})  if  beD,

(IV) The family (¢1,.A))sex is obviously summable for
every beB and
)\'Il, = 2 qh,n.)\i

neN

locally almost everywhere for a (we use the Corollary of the
Appendix to deduce that the complement of U L, is Aj-negli-

neN
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gible, locally almost everywhere for a). We conclude (see [1],
chap. V, p. 27) that A} is concentrated on ;( {b}) locally almost

everywhere for a.

Tueorem 3. — Let Z and B be two locally compact spaces,
¢ a positive Radon measure on Z, p a p-proper mapping of Z
into B and v = p(p). Let now a be a positive Radon measure
on B such that v = {.a for some locally a-integrable function

Suppose & - 0 and lot T : f — T, be a lifting of Mg (B, ). Then :

3. 1) There is a mapping A: b — A, of B into M(Z), appro-
priate with respect to (a, T), such that:

(@) [|[As]] = 4(b) locally almost everywhere for a;
(vt) ﬁg(fop) dp =—-l/;f( g A)Yda for every feXR(B) and
ge J’{(Z). '

) Moreover, if T is a strong lifting then Ay is concentrated

on p (g }) locally almost everywhere for a.
3.3) Let N':b— A, and A" : b — X, be two mappings of B
Lnto M.(Z), appropriate with respect to (a T) °) and such that :

(J) As and Ay are concentrated on p (§b}) locally almost
everywhere for a;

i7) p = [ N da(b) = [ %} da(b)
Then Ay, = Ay, locally almost everywhere for o

Eaxustence of A. — Consider the mapping f — (fo p). . of H(B)
into the Banach space M'(Z) of bounded Radon measures on Z
endowed with the usual norm; MY(Z) 1s the dual of the Banach
space of all continuous real-valued functions on Z, vanishing at
infinity. We have

(Fop)-ull = f,If o pl diw = [ 1f] dv.

We deduce that f— (f p).1 1s a positive continuous linear

mapping of J{(B)c.,fR(B V) into MYZ). By the Dunford-
Pettis theorem, which 1s valid without any countability

(5) Here the lifting T is not necessarily supposed to be sirong.
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hypotheses (see [5] and [6]), there is ¢: b — ¢, belonging to
F*(B, M(Z), v) verifying

J,8lfop)du= [ f(g3)d
for all ge R(Z) and fe R(B). Henceforth

Joefep)de=[f(g8)}da

for all geK(Z) and fe%K(B). Define y, = (b)é, for beB;
1t 1s clear that y: b — v, belongs to #(B, M (Z), «). Let A : b—>A,
in #(B, M (Z), a) be such that Y= A and pr[A] = A (by 2.1)
of Proposition 2 such a A exists). Obviously

3) Selfep)de=[f{gr)da

for ge R(Z) and fe %X(B). By an argument similar to that
used in the proof of Remark 1) (preceding Proposition 6) we
obtain, for ge X, (2)

f,3;<g,l>da=/;gdm

hence ( g, A ) is essentially a-integrable for ge R, (Z) and
therefore for each g e J(Z). Thus A is appropriate with respect
o («, T) and satisfies (i) (see formulas 3) above). By Proposi-
tion 6, A verifies also (¢). Hence 3.1) is proved. The assertion
3.2) 1s a consequence of 3.1) and Proposition 8.

Uniqueness of \. — Let A cB be the set of all beB such

that A; is not concentrated on p ({b}); then A is locally a-negli-
gible. Let fe X(B) and ge X(Z). There is then a set A, ,cB
locally a-negligible such that g(f o p) is A;-integrable if be A, ,
(use the Theorem in the Appendix and remark that g(f o p) is
p-integrable since it has compact support). Then,if be A v A,

Jo&(f > p) dh = [ ¢7qu(=)g(2)f (p()) i (2)
= f(b) f?p(m) (2) dhs () = £(B) (g, N .

Therefore, given feX(B) and geX(Z), we have (we use
again the Theorem in the Appendix)

Jof<e N yda= [da(b) [ g(fp)dhi= [ gfop)d



ON THE LIFTING PROPERTY (IV) 463

In the same way we prove that

JfCeryda= [ glfop)dp
for fe %(B) and ge%(Z).

From the above formulas we deduce that A’ = A" and hence,
by 2.2) of Proposition 2, that A, = A, locally almost every-
where for a. Hence 3.3) 1s proved.

This completes the proof of Theorem 3.

Remarks. — 1) Theorem 3 above generalizes Theorem 1.
n [1], chap. VI, p. 58-63 (see also [2]). In fact (with the nota-
tions of the latter theorem), if Supp v =B then (B, v) has
the «strong lifting property » (see Section 6) and hence Theo-
rem 1 in [1], chap. VI, p. 58-63 follows directly from Theorem 3.
The case Supp v =B can be reduced to the previous one.
2) Theorem 4 (%) in [2], p. 40-41 (see also [4]) and the resultsin [3],
section 6, are also particular cases of Theorem 3. 3) Theorem 2
in [1], chap VI, p. 64-65, for instance, can be generalized
using the strong lifting. For certain other methods and results
concerning the disintegration of measures see also [8].

The next result is in a certain sense converse (?) to Theorem 3 :

TueoreM 4. — Let B be a locally compact space, a <=0
a positive Radon measure on B with Supp « =B and T: f— T,
a lifting of Mg (B, a). Then the assertions 4.1) and 4.2) below

are equivalent :

4.1) There is a locally a-negligible set Brc B such that
T;(b) = f(b) for each f eCg(B) and b« Br;

4.2) For every locally compact space 7, positive Radon
measure (. on Z and w-proper mapping p of Z into B such
that v = p(i) is absolutely continuous with respect to a, there is
a mapping \: b — A, belonging to (B, M. (Z), =), appropriate
wzth respect to (e, T) and having the properties :

f?x,, da(b _

(hh) 7\,, is concentrated on p ({b}) locally almost everywhere
for .

(®) This is in fact a consequence of Proposition 7 in this paper.
(?) Concerning the implication 4. 2) =3 4.1) see the remark in (X,) of the Example
at the end of Section 6.
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The proof will be divided into three parts :

(I) Suppose that the lifting T satisfies 4.1). For each b & By
let y, be a character of Mg (B, ) such that y,(f) = f(b) for
f=CR(B) and y,(f) = yu(g) if fe MR(B, a), g« Mg(B, «) and
f=g For feMg(B,«) define Tyb) = T4b) if be&By and
THb) = y,(f) if beBr. It is easily seen that T':f—T; is
a strong hfting of Mg (B, ) and it is obvious that for each
fe MR (B, a) we have Tyb) = T/b) if b ¢ Br.

(IT) Suppose 4.1) valid and let T’ be the lifting constructed
n (I). By Theorem 3 there is a mapping A" : b — A, belonging to
¥(B, M (Z), «), appropriate with respect to (a, T') and such
that (k) and (hh) of 4.2) are verified. Let now A e (B, M(Z), «)
such that A=A and g¢[A] = A. Then A is appropriate with
respect to (a, T) and obviously satisfies (k). It remains to
show that A satisfies also (hh). For this it will be enough to
show that A; = A, locally almost everywhere for «. Let

(K))jer € €(B, «)
e (9x; (8 A" )) = Tppmp (8 A )

PT((PK;'< g’ )\ >) = ?P't(xj)< 8, 7\ >
for ge R(Z) and jeJ. But

er(K) —Br = p2(K) — Bx(= C)

PT'<?‘K_;< 8 A >)<b) = Pr ?K1< 8 A >

if beBr. Hence for be(C; we have (g, 7\,,>_<g, A s
whence, since g was arbltrary, Ay = Ap. Since jeJ was also
arbltra‘ry, ir follows that A, = A, locally almost everywhere
for a.

(I1I) Suppose now 4.2) valid. Let Z = B, p = the identity
mapplng and p = a; then v=p(p) = a. By 4.2) there 1s
a mapping A: b — A, belonglng to #(B, M(Z), «), appropriate
with respect to (a, T), such that (k) and (kh) of 4.2) are veri-
fied. From (hh) of 4.2) it follows that Supp A, < {b} locally
almost everywhere for a and by Proposition 6, [|A||, = 1 locally
almost everywhere for a. Hence there 1s A ¢ B locally a-negli-
gible such that A, = ¢, for be& A. We deduce that for every
geJ{ <g,7\b>—g if beA.

such that

and .

and
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Let now (K));e;e€(B, @) such that

er(9x,( 8 A ) = Py & 1)
for every ge %(B) and jeJ. We shall show that for every
geh(B), Tyb)=g(b) if bel| Jor(K)—A. In fact, let
jed
bep (K;)—A for some jelJ. J'El‘hen for each ge K(B) we

have

pr(8)(b) = pr(8)(D)Peuxp(b) = pr(x,8)(b) = pr(7x,( & A ))(])
: = Ppix () Cgdo)=C(g h)=g(d)

and the assertion is proved. Denote the complement of

U er(K;) — A with Br; then Br is locally a-negligible and
Jjey

for every g e A(B) we have
' T,4(b) = g(b) if b « Br.

Let now ge CR(B), g > 0 and let &, be the set of all fe %(B)
satisfying 0 <<f<C g Then, if be¢By, we have

Tg(b) = TAb) = [(b)

for every fed, whence Tyb) > g(b) if b ¢« Br. Let now

heCg(B) and choose a constant ¢ such that ¢ 4+ 2> 0 and

¢c—h > 0; we deduce Ty(b) > h(b) and — T,(b) > — h(b) 1if

b« By, whence T,(b) = h(b) for b ¢ By. Thus 4.1) is proved.
This completes the proof of Theorem 4.

6. Various examples and remarks.

- Let Z be a locally compact space and i a positive Radon
measure on Z. To simplify some of the following statements we
shall say that the couple (Z, 1) has the strong lifting property
whenever there is a strong lifting of Mg (Z, w.).

We shall state here several results without proof; some of
them are quite easy to prove. In the statements below Z is
a locally compact space and @ =0 a positive Radon measure
on Z with Supp p. = Z.

A) The couple (Z, ) has the strong lifting property in
each of the following cases: t) Z is metrizable; i) (Z, 1) is
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hyperstonean (= Z is stonean and every rare set is locally
w-negligible); iit) w is atomic.

B) If (Z, ) has the strong lifting property and KcZ,
K 5= g, 1s a compact such that Supp px = K, then (K, pux)
has the strong lifting property.

C) If (K));es e &(Z, ) is such that (K, ux;) has the strong
lifting property for each jeJ, then (Z, ) has the strong
lifting property.

D) Let Z,, Z, be two locally compact spaces and w, #:0
e 7= 0 two positive Radon measures on Z,, Z,, respectively.
Suppose that (Z,, ;) has the strong lifting property, Z; is
metrizable and Supp gy = Z,. Then (Z; X Z,, 1, ®%;) has the
strong lifting property.

E) Let (Z;);es be a family of metrizable compact spaces
and for each jeJ let u; be a positive Radon measure on Z;

with py(Z) =1 and Supp p;=17Z;; Let Z,=][Z; and
jex
T =j® ;. Then (Z,, ) has the strong lifting property (®).
€J

Let R be the real line and f the Lebesgue measure on R.
Denote by Cg (R, +) the algebra of all bounded real-valued
functions defined on R, continuous on the right and by Cg (R, —)
the algebra of all bounded real-valued functions defined on R,
continuous on the left. With this notation we may state and
prove the following :

Taeorem 5. — There is a lifting T:f— T, of MR(R B)
such that T; = f forevery f e CR (R, +) [for every fe CR (R, —)].
We shall consider only the case of Cg(R, +4); the case of

Cx (R, —) can be treated similarly.
For each zeR and ne N* = {1,2, ...{ let

Ii(z) = [z, z 4+ 1/n].
For fe Mg(R, ) and ne N* define the function f, on R by
the equations
o) =n [ fOd), =z<R;

(®) This result is essentially contained in [7].
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it 1s obvious that f,e Mg (R, B) (in fact f,=Cg(R)) and that
sup |fi(2)] < Nolf)-

(n, )eN*<R

Let U be an ultrafilter on N* finer than the Fréchet filter on
N*. Then for each z € R, n — f,(z) has a limit f_(z) with respect
to U. Since (see for instance [9], p. 132) (fu(2))rex~ converges
almost everywhere to f, () and since f, is bounded on R it
follows that f,e Mg (R, ). Define S;={f, for fe Mg(R, f).
Then S:f—S; 1s a linear hfting of MR(R,B) and S,=f
if feCR(R, +). Let D be the set of all linear liftings V of
Mg (R, B) such that

o < Vo, < $oay,  for A eG(B);

here §'(A) = {x|S,,(z) = 1} and 0"(A) = {&|S,,(z) 7= 0. Then

(see Proposition 1) there i1s a lifting T:f—> T, belonging to

the set D. It 1s obvious that gy = goa) whenever Sg,

a characteristic function; hence T, = S;, whenever S?‘ a

characteristic function. We deduce that T;, = S;, = qa if
= [a, b) where aeR, beR, a<<b (since in this case

¢4 = CR(R, +)).

Let us now prove that T, > g for each ge CR(R, +), g > 0.
In fact let UV, be the set of all functions agy , << g with
«a>0,aeR,beR, a <b. It is easy to see that sup V, = g.
But T, > T;={f for each fe%,; whence T, > sup?, = g.
Let now feCg(R, +) and let ¢ be a constant such that
c+f>0,c—f>0. Since T,=c we deduce c+ T,=T.;; >c+f
and ¢c—T;=T._;>c—f; hence T,=f and the theorem

1s proved.

Remarks. — 1) The use of the ultrafilter U was suggested
by [3]. 2) Theorem 5 can be stated and proved in more general
forms; however we shall not consider here such generaliza-
tions. 3) From Theorem 5 we deduce that if

FcCx(R, +)[F < Cx(R, —)]

i1s a directed set of positive functions, then f, =sup & is
f-measurable and, for every positive Radon measure v on R
absolutely continuous with respect to 3, we have

supf fdv—-f f dv.

JeF
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An example. — For each ze R and y>0 let U,(z) be the
union of the intervals [z,z 4+ y) and (— 2 —y, — ). Then
there is a topology X on R such that {U,(z)ly >0} is a
fundamental system of z, for each z € R. Let Z be the interval
[—1,1) endowed with the toplogy induced by 2. Then Z
i1s non-metrizable, compact and f:Z — R belongs to Cg(Z)
if and only if f(z) = f(z +) = f((— 2z) —) for each zeZ. We
shall denote below by B and H the intervals [0, 1) and [— 1, 1)
respectively, when endowed with the usual topological struc-
tures. Let § be the Lebesgue measure on R and « the restric-
tion of B to B. Let « be the Radon measure on Z defined by
the equations

w(f) = [ (fIB)do,  feCu(Z)

For a set A cZ the equations B*(A) =0 and p*(A) = 0 are
equivalent (for the above assertions see N. Bourbaki, Topo-
logie, chap. IX, p. 49 (1958) and [1], chap. VI, p. 99). It
follows that if f:Z — R 1s p. -measurable then f is g-measu-
rable; in particular Mg (Z, ») Mz (H , Bu). Also if T is a lifting
of MR H, fu) then T|Mg(Z, 1) is a l1ft1ng of MR(Z, @).

(Xl) The couple (Z, ) has the strong lifting property.

In fact let U:f— U; be a lifting of Mg (R, ) such that
U;=/f1if feCR(R, +) (see Theorem 5). Let U': f— U; be
the hifting of MR (H, Bu) defined by the equations Uy(z) = Up(z)
if fe Mg (H, Bx) and z e H; here (and further below) f'(z) = f(z)
if ze H and f'(z) = 0 if z¢ H. Since every function in Cgr(Z)
is in particular continuous on the right, it follows that

T = U'MR(Z, )

1s a strong lifting of Mg (Z, &).
(Xg) There is a lifting S: f— S, of MR (Z, ) such that

0 WREDOESOIE
SE€Cn(2)

Let Y: f— Y, be a lifting of MR (R, B) such that Y, = f if
feCg(R, —). ‘Let y be a character of Mg(Z, &) such that
W) =f(1/2) if feCy(Z) and y(f) = y(g) if feMR(Z, H)
ge Mg (Z, ») and f=g. For fe MR (Z, ) define

_Yy(z) if 250 and zepy(Z)nZ=(—1, 1)

SA2) —Sx{ﬁ H =0 or z——1.
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Then S: f—S;is a lifting of MR (Z, ¢). If f = ¢(_q, 0, 0 < a <1,
we have fe Cr(Z) and S/(z) = f(z) for 2= —a or z =a. We
deduce (use also the definition of vy) the relation (x).

This shows in particular that a lifting of Mg (Z, 1) can not
necessarily be modified on a set of measure zero so as to become
a strong lifting.

(X3) Let A:z— A, be the mapping of Z into M (Z) defined
by the equations (S is the lifting defined in (X,)) :

<f7 )\Z> = S/(‘z)’ fECR(Z), zel.

We have Supp A, n {2} = ¢ for each z < Z, although X is appro-
priate with respect to (i, S). Moreover Z, Z, i, p = the identity
mapping, i, S, A, satisfy (1)-(6) formulated at the beginning
of Section 5.

The main interest of (Xj) 1s that a situation is exhibited

here, where for every b, Supp A, and pl({bg) are disjoint.
That such a situation can occur was first remarked to us by
Professor Gustave Choquet. It was this remark which sugges-
ted to us some of the considerations in this Example (inclu-
ding (X;)) as well as the formulation of a «converse» to
Theorem 3 (namely the implication 4.2) = 4.1) of Theorem 4).

(X4) Let Z, B, 1, « be as in the introduction of this Example.
Let p be a mapping of Z into B such that p(z) = |z| for
ze(—1,1). Let T: f— T, be a lifting of Mg (B, «) such that
T,= f if fe Mg (B, a) is continuous on the right. Finally let
A:b— A, be the mapping of B into M (Z) defined by A, = ¢,
for b e B. Then A is appropriate with respect to (a, T) but X is
not a-adequate (even though T is a strong lifting). Moreover
Z, B, i, p, a, T, X satisfy (1)-(6).

It 1s known that for every couple (Z, i) with @ == 0, there 1s
a lifting of MR (Z, ). Problem: Decide whether or not every
couple (Z, ) with 1 5=0 and Supp » = Z has the strong
lifting property.

Appendix.

A.I. — Let Z be a locally compact space and let M(Z) be
endowed with the topology o(M(Z), RA(Z)). Let B be another
locally compact space and let a be a positive Radon measure
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on B. If A: b — A, is a scalarly essentially a-integrable mapping
([1]), chap. VI, p. 8) of B into M(Z) then

* =/];7\o da(b)

1s a positive Radon measure on Z. Let us recall that A is scalarly
essentially a-integrable if ( g, A ) essentially a-integrable for
every g€ R(Z); i is defined by the equations

(g )= [(gh)dub), ge<Kk(Z).

Let us now formulate the following condition :
(C) If f: Z— Ry 1s lower semi-continuous then

S 1(2) dtz) = [ do(v) [ 1(2) oz

Recall that if A 1s a-adequate (see [1], chap. V, p. 18-19)
the condition (C) is verified. We shall prove now the follo-
wing :

ProrosiTioN. — Assume a0 and let T:f— T, be a
lifing of Mg (B, a). Suppose that A:b— )\,, 1s appropriate
with respect to (a, T). Then the condition (C) ts verified.

Let (K));es € €(B, o) such that

PT(?K;( g A)) = %r(l‘j)< g A >

for all ge R(Z) and j e J. For each H e &(J) (= the set of all
finite parts of J) denote

Ko =|_JK;;

JeH
then for ge R(Z) and H e F(J) we have
pr(Pxa (8 A )) = P ( &} )-

Let f: Z — R, be lower semi-continuous and let & be the set
of all ge K(Z) satisfying 0 < g < f. Then

sup _ pa(g, { & A ))(b) = [ £(2) dhulz)

9EF Heg(l)
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for cach be UpT(Kj). It follows (see A.IL. below)

JjeJy

[dat) [(@) dne) =  sup [ goawn (g A ) da

g€y, HeF(J) *

= sup (sup f%«xn)(g,?\)d“)*sup JRERNY

.‘Iecif HeF ()

supfgdu S f .

Therefore condition (C) 1s satisfied.

Exactly as in [1], chap. V, pp. 21-23, one can prove the
following :

Tueorem. — Suppose that A:b-—> A, satisfies condition
(C). Let f be a real-valued i.-integrable function on Z. Then there
is a locally a-negligible set H < B such that f is A,-integrable

for be H, b— ﬁ f d\y ts essentially o-integrable and

Sfdu= [ da(b) | fdh.

From the above theorem we deduce immediately the :

CoroLrLARY. — Let A cZ be a p-negligible set. Then there is
a locally a-negligible set H < B such that A is A,-negligible for
each b« H.

A.TI. — Let B be a locally compact space, « 5= 0 a positive
Radon measure on B and T a lifting of Mg (B, «). The following
result was used several times in the text:

(P) Let F be a directed set of functions belonging to Mg (B, «),
such that f > 0 and px(f) = f for each fe . Let f, be defined by
fo(b) = sup f(b), for each beB. Then f, is a-measurable and

for every posztwe Radon measure v on B absolutely continuous
with respect to o we have

<3 =3
jseugp ‘/1; fav =V/B fo dv.

This 1s (essentially) the Theorem (P) of the Appendix in [6].
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