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TAME SEMIFLOWS FOR
PIECEWISE LINEAR VECTOR FIELDS

by Daniel PANAZZOLO

1. Introduction.

Piecewise linear vector fields often appear in modeling physical and
chemical phenomena. They are also of interest in Control Theory and a
source of examples of so-called chaotic dynamics (see e.g. [ACT], [S]).

Given a decomposition R™ = |J,.; €; into pairwise disjoint subsets
(called cells), we shall say that a vector field X € X(R™) is a piecewise
linear vector field on the decomposition £ = {&;}¢ if

X|e, =Aix+b;, foreachiel,
for some n x m real matrix A; and a vector b; € R™. We let PL"(£) denote

the set of all such vector fields.

Intuitively, it is quite clear that a flow for a vector field X € PL"(£)
should be defined as a suitable composition of the following exponential
maps:

R x R" 3 (t,z) — etz +/ et=9)4p, ds e R, foriel,
0

which correspond to the flow of each individual vector field X;(z) = A;x+b;.

Therefore, in view of the recent results concerning the o-minimality of
structures including the exponential function (see e.g. [W], [DMM], [LR]),

Keywords : Piecewise linear vector field — o-minimal — Semiflow.
Math. classification : 03C64 — 14P10 — 34C25 - 37G15.



1594 DANIEL PANAZZOLO

a natural question which arises is wherever the flow of a piecewise linear
vector field can be definable in one of such o-minimal structures.

In particular, this fact would imply the definability of Poincaré
first return maps in the same structure. In dimension two, an immediate
consequence would be the non-accumulation of limit cycles in planar
polycycles (in the same spirit of the work [MR]).

However, it is easy to convince ourselves that such flow is not always
definable in an o-minimal structure.

Examples 1.1.

(i) Let ®(t,z,y) be the flow of linear center £ = —y, ¥y = x. Any
structure S which contains the graph of ®(¢,z,y) also contains the graph
of sin(¢), and obviously cannot be o-minimal.

(ii) Consider the one-dimensional vector field X defined as X (z) =1 if
z€Qand X(z) =0if z € R\ Q. Then, a flow associated to X is clearly
non-definable in any o-minimal structure (for instance, because the set of
equilibrium points is not a finite union of intervals and points).

Our goal is to prove that the above two phenomena are the only
sources of non definability. That is, if we remove the infinite spiraling,
assume that the cells are in finite number (i.e. #I < oco) and that each
cell €; is definable in some sufficiently large o-minimal structure, then one
is able to prove some definability result.

It is important to remark that even the definition of a flow for a
discontinuous vector fields is a subtle problem (see e.g. [Fi], [Ha]). That is
the reason for introducing the notion of weak-semiflow in Section 3. Roughly
speaking, this is a class of semiflows which is stable by the operations of
composition and restriction.

Using this notion, we will be able to associate a weak-semiflow ®x ¢
to each vector field X € PL™(£), when restricted to some finite list of
composable cells € = (&;,,..., €, ) (we shall not define precisely this notion
here). In this context, we prove the following result:

THEOREM 1.2. — Let £ be a cell decomposition of R™, definable in the
o-minimal structure Ray, exp, and suppose that a vector field X € PL™(E)
has bounded spiraling on a composable cell-list €. Then, ¢-restricted weak-
semiflow ® x ¢ is definable in Rap exp.

ANNALES DE L’INSTITUT FOURIER



TAME SEMIFLOWS FOR PIECEWISE LINEAR VECTOR FIELDS 1595

In the case where X € PL"(€) is continuous (and hence globally
Lipschitz), it will be an immediate consequence of the constructions that
® x ¢ coincides with the restriction of the usual flow ® x to the union of the
cells €, ,...,¢,_.

In the last section, we shall introduce the notion of definable polycycle
for a continuous piecewise linear vector field. Under suitable conditions, we
shall prove the definability of the Poincaré first return map on a transversal
section to such polycycles.

Acknowledgment. — 1 wish to thank Prof. J. Sotomayor for posing
me the question which inspired this work.

2. Basic notions.

In this section, we fix some basic definitions and notations from the
theory of o-minimal structures. For this, we follow closely the book of
van den Dries [D].

DErINITION 2.1. — An o-minimal structure on R is a sequence
S = (Sp)nen such that for each m > 0:

1) S, is a boolean algebra of subsets of R™;
2)AeS,=>AxReS,11andRx A€ Spy1;
3) {(z1,...,zn) ER® |z, =2} €S, for1 <i < j<m;

4) A € 8,41 = 7(A) € S, where m : R**! — R" is the projection
map;

5) {r} € S; for each r € R, and {(z,y) € R? | z < y} € Sy;

6) the only sets in S are finite unions of intervals and points.

We shall say that a set A C R™ is definable if A € S,. A map
f:A— R™ is definable if its graph T'(f) C R™*™ is definable.

2.1. Cell decomposition.

Let us fix once and for all some o-minimal structure S over the field
of real numbers. For each definable set A in R™, we put

C*(A) == {f:A—R] f is definable and C' },
O (A) = C(A) U {~o00, +oo},

oo

TOME 52 (2002), FASCICULE 6



1596 DANIEL PANAZZOLO

where —oo and +o0 are seen as constant functions on A. If A is not an open
set, to say that f is C' means that there exists a definable open set U ¢ R™
containing A and a definable C'!-function F:U — R such that F|, = f.

For f,gin CL (A), we write f < g if f(z) < g(x) for all x € A. In this
case, we define

(f9)a :={(z,71) e AxR| f(z) <r < g(z)}.

DeFINITION 2.2. — Let (i1,...,in) be a sequence of zeros and ones
of length m. An (i1,...,im)-cell is a definable subset of R™ obtained by
induction on m as follows:

(i) A (0)-cell is a one-element set {r} C R, a (1)-cell is an interval
(a,b) CR.

(ii) Suppose (i1, ... ,im)-cells are already defined. Then
a (i1,...,4m,0)-cell is the graph T'(f) of a function f € C*(A), where

Ais an (i1,...,0,)-cell;
a(i1,...,4m,1)-cell is a set (f,g)a, where A is an (i1, . . ., iy, )-cell and
fr9€Cy(A), f<g.

A cellinR™ is a (iy,...,im)-cell, for some sequence (i1, ..., im).

A decomposition of R™ is a special kind of partition of R™ into finitely
many cells. The definition is by induction on m:

(i) A decomposition of R! =R is a collection
{(—oo, a1), (a1, az2), ..., (ak, +o0), {a1},..., {ak}}
where a; < a3 < --- < aj are points in R.

(i) A decomposition of R™*! is a finite partition of R™*! into cells A
such that the set of projections w(A) is a decomposition of R™. (Here
m:R™*L — R™ is the usual projection map.)

A decomposition D of R™ is said to partition a set S C R™ if S is a union
of cells in D.

THEOREM 2.3 (C!-cell decomposition; see [D], Chap. 7, Section 3.2).
(I,) For any definable set A1, ..., Ay C R™ there exists a decomposition
of R™ into cells partitioning Ay, ..., Ag.

(II,,) For every definable function f : A — R, A C R™, there exists a
decomposition of R™ into cells, partitioning A, such that each restriction
flc: C — R is CY, for each cell C C A of the decomposition.

ANNALES DE L’INSTITUT FOURIER
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2.2. The logical notation.

The logical formulas provide a synthetic way to show that a set belongs
to some o-minimal structures. We shall use them quite often, adopting the
usual conventions stated in [D].

It will be also convenient to adopt the following notation: given a
subset V C {(y,z) € R™ x R"} and a point z € R", we let

Ve :=V N (R™ x {z})

denote the fiber of V' over the point x.

3. Weak-semiflows.

DerinITION 3.1. — A weak-semiflow (or shortly, a w-semiflow)
on R" is a pair ® = (U, ®), where ! C RT x R" is a subset such that

Vr € R®, U, is either empty or an interval [0,)

for some t; € R} U{oco}, and ® : Y — R" is a map with the following
properties:

(a) For all z € R™ such that U, # 0, we have ®(0,z) = = and the curve
0y 1 tEUy — D(t, )

is continuous. We call it the orbit of ® through x. When U, = (), we say
that the orbit o, is empty.

(b) For allt € U,, if we consider the point x; := ®(t,z), then
(i) Uy, = {s €RT | t+s €Uy}, and
(ii) ®(t+ s,z) = ®(s,a¢), for allt + s € U.
The support of a a w-semiflow ® = (U, P) is the set
(1) supp® = {z € R" | U, # 0}.

Below, we shall need to drop the condition (b.i) in some special cases,
and replace it by the weaker condition

(2) (bi) Uy, D{seR |t+secl}.

In this case, we shall say that the pair ® = (U,®) is an incomplete
semiflow (or shortly, an i-semiflow).

TOME 52 (2002), FASCICULE 6



1598 DANIEL PANAZZOLO

Let 04(t) = ®(t,x) be the orbit of ® through z. We say that such
orbit has open end if one of the following two conditions hold:

o U, =[0,00), or

e U, =[0,t4) for some t; € R and if there exists a x4 € R™ such
that

= I, #69)

then we require that U, = 0.

We shall say that the w-semiflow ® is definable on some o-minimal
structure S when the graph I'(®) of ® is a definable set in Rt x R?".

Remark 3.2. — If we assume in Definition 3.1 that &/ = Rt x R™
and that ® is continuous, we obtain the usual concept of a semiflow. This
concept is too restrictive for our purposes, since is not invariant by the
operations described below (see Remark 3.5).

3.1. Composing W-semiflows.

Let us consider two w-semiflows ®; = (U!, &), &, = (U2, V?).
We shall say that ®; and ®, are composable if

Unu? =9, or

3 for all z € R™, either
) {I/Izl =U?, ol = 02 and 0?2 has open end,

where ol denote the orbit of ®° through z (for i = 1,2). In this case,
we define the composed w-semiflow by considering the following map ¥:

z = ®(t,z) if (t,z) e U,
z=®%(t —ty,wy) if Ity e RF (UL =10,t4)
(4) z=Y(t,z) <= and 3z4 = limo<<r, ®'(t, 2)
and t —t4 EU§+,
z = ®%(t,x) if (t,z) € U?.

Clearly, the map z = ¥(¢, z) has its domain on some subset V C RT x R™.
Notice that assumption (3) implies that if (¢t,z) € U' NU?, there is no
ambiguity in defining (¢, z) = ®!(¢, ) or ¥(t,z) = ®%(t, z).

LEMMA 3.3. — Let ®! and $2 be composable w-semiflows. Then, the
pair ¥ = (V, ¥) is a w-semiflow on R".

ANNALES DE L’'INSTITUT FOURIER
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Proof. — All properties of Definition 3.1 are immediate to verify,
except for the semigroup properties on item (b). Let us fix a point x € R”
and a time ¢ € V... We need to prove that for all s € V,,, we have

(i) s+t €V, and
(if) C(t+ s,z) = U(s,zy).

First of all, if ! = () then necessarily V, = U? (because in this case
only the third option of (4) can be applied to defined the positive orbit
through z). We claim that

Vo, =UZ,.
Indeed, if U;t = (), we are done. Otherwise, Assumption (3) implies that

UL, = U2, and the orbit of ' and $? through z; coincide, for all ¢.

A problem would appear if the orbit of ®! through z; could be
extended using the second option of (4), since this would imply that V,, is
larger than ngt. But, since the orbits of ®! and ®2? through z; coincide,
this would contradict the assumption that o2 has open end. This proves the
claim. Items (i) and (ii) easily follow.

Let us suppose now that ¢} # 0. Then, either the second option of (4)
does not hold for the orbit through z, and then

Vo =U,,
or else there exists a point z; € R™ such that
Ve=UpU{u+ty|ueld }.

In the former case, the same reasoning of the previous paragraph allows
us to prove (i) and (ii). In the latter case, we have the three possible
configurations (2.i-iii) for the times ty,t and ¢ + s which are shown
in Figure 1.

(1) 0 t t+s
R

0 t t+s t+

(21) o . ° °
t ty t+s
(2.ii) e . . .
ty t t+s
(2.iii) o . . —e

ul Uz

Figure 1. The four possible time scales for V,

TOME 52 (2002), FASCICULE 6
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Here again, it is easy to adapt the arguments used in the proof of the
above claim to conclude the proof. O

When the hypothesis of the lemma hold, we shall call ¥ the composed
w-semiflow, and note ¥ = [H!, $2].

LEMMA 3.4. — If ¥ = (V,¥) is the composition [®!, ®2] then
Z/Im1 C Vg, for all x € R™. Moreover,

supp ¥ = supp ®' U supp ®2.

Proof. — This is obvious from the definition of the composed flow. [0

Notice that, if all orbits of a w-semiflow ® have open ends then ® is
composable with itself. In this case, it is easy to verify that the composition
[®, @] is equal to ® (because the second option of (4) will never hold).

Remark 3.5. — Even if we assume that ®! and ®2 are continuous

maps, in general the ¥ will not be continuous, as the simple example in
Figure 2 illustrates.

—_— @ —

Figure 2. Example of composition of two continuous
w-semiflows which gives a discontinuous w-semiflow

Remark 3.6. — It follows directly from (3) that, given two w-semiflows
®! @2, the condition supp ®! N supp ®? = ( is sufficient to guarantee
that ®! and ®2 are composable.

3.1.1. Definable case.

ProposiTioN 3.7. — Suppose that two composable w-semiflows
®!, &2 are definable in some o-minimal structure S. Then, the w-semiflow
¥ = [®!, ®?] is also a definable in such o-minimal structure.

ANNALES DE L’INSTITUT FOURIER
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Proof. — We need to verify that the graph ¥ of the map given in (4)
is definable. First of all, we define the the following subset L' C Rt x R™:
(t,x) L' <= Is(scU)AVsERT (s <t secld)).

Thus, for each z, L. is the length of the interval U4} (it is undefined if ¢4} is
empty or unbounded). Now, we consider the set C! C R™ x R™ given by

(z,24)€C' & 3ds(seLy) A (Ve>0, 36 >0, Vt €Uy,

(It =Lyl < § = [|®'(t,2) — 24 ]| <e)).
This relation associates to each point z the limit of its positive orbit (if it
exists). Of course, if L} = () then C} = 0.

Let P' and P? be the graphs of ® and ®2 on the space
(t,z,2) € R x R?". For simplicity, we introduce the following auxiliary
subset of Rt x R?":

(t,z,2) € PP < 3z, € R" ((z,24) EC* A (t — Ly, 3y,2) € P?)
and denote by U* the linear projection of P! into the space {z = 0},
fori=1,2,3.

Now, the definition of ¥ can be given as follows:

(t,z,2) €V <= (t,z,2) € PV (~((t,z) eU') A (t,z,2) € P?)
V (=((t,2) e U UUB) A (2,7, 2) € P?).
From these series of definitions, it is clear that if P! and P? belongs some

o-minimal structure S, then ¥ also belongs to such o-minimal structure. O

Remark 3.8. — In the definable case, the condition that the orbit
®(.,z): U, — R™ converges to a definite point 4 € R ast — ¢ (where
ty+ € RTU{oo} is the upper limit of the interval U, ) is equivalent to require
that ®(U,, ) is a bounded set (see [D], Chap. 6, Section 4).

3.2. Restriction of a W-semiflow.

Given a subset V C R" and a semiflow ® = (U, ®) on R"™, we consider
the set T4 (V) € R* x R™ given as follows:

(5) Tp(V):={(t,x) eRf xR" | (t,z) €U and ®((0,t],z) C V'}.

Intuitively, T4 (V) is the interval of time during which the orbit through =
remains in the set V.

TOME 52 (2002), FASCICULE 6
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LEMmMA 3.9. — Given a point x € R", following two situations can
occur:

(i) z € V : then Ty (V), is either empty, or has the form (0,t,), for
some t, € R U {+o0}.

(ii) z € R®\ 'V : then Ty (V). is empty.
Here V denote the closure of V in R™.

Proof. — This follows immediately from continuity of the orbits of ®.
a

Let us consider now the subset Uy C U given as follows:

(6) Uy = {(t,z) eU | (t,x) € TH(V)

or (T4(V), is nonempty and t = 0)}
and the restriction ®y := @), of ® to such set. Clearly, the pair
®y = (Uy, Py) defines a new w-semiflow.

We will say that the w-semiflow ®y = (Uy, Py ) is the restriction of
® to V. Given a point = € supp ® (the support of ® defined in (1)), we
shall say that the orbit through z is

o inward pointing to V if T, (V) # 0,

o outward pointing to V if it is inward pointing to R™ \ V.
Remark 3.10. — Of course, there can be orbits which are neither
inward pointing nor outward pointing. For instance, take the one-

dimensional flow ®(t,z) = z + t and the set V C R given by all rational
numbers. Then, no orbit is inward or outward pointing to V.

The following result is immediate:

LemMmA 3.11. — The support of the restricted w-semiflow ®y is the
set of points x € supp ® such that the orbit of ® through x is inward
pointing to V.

Obviously, it follows also from Lemma 3.9 that supp ®y is a subset
of V.

Remark 3.12. — We can define exactly in the same way the restriction
of a i-semiflow to a subset V' C R"™.

ANNALES DE L’INSTITUT FOURIER
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3.2.1. Definable case.

ProposiTioN 3.13. — Suppose that ® and V are definable in some
o-minimal structure S. Then, ®v is also definable in S.

Proof. — If & is definable, the set T,.(V) in (5) can be given by the
formula

(7) (t,x) e Ty (V) & ((t,x) eU)A(t > 0)AVs (0 < s <t = ®(s,x) € V)

which clearly shows that it is definable. The same is true for the set Uy
given in (6), which is defined by the formula

(8) (t,z) ey & ((t,x) e TL(V)) V ((t=0)ATs | (s,2) € T (V)).

Thus, since the restriction of a definable function to a definable set is always
definable, the proposition is proved. O

The following result is also an immediate consequence of the o-
minimality.

CoROLLARY 3.14. — On the hypothesis of the above proposition, each
orbit of ® is either inward or outward pointing to V.

Remark 3.15. — Exactly the same results hold for the restriction of a
definable i-semiflow to a definable subset V' C R™.

3.3. Examples.

Example 3.16. — The map ®* (¢, z,y) = (z+t,y) defines a w-semiflow
®+ = (U,®T) on U = R x R?. If we consider the domains

Vt={(z,y) €R?*|2>0} and V™ ={(z,y) € R* |z <0},
the domain Z/(‘J,‘+ of the restricted w-semiflow <I>$+ is given by
Uur, ={(t=zy) eR* xR*|z >0},

of &

while the domain U V-

V- is given by
us- ={(t =zy) e R* x R*|(z<0)A(t<—2)}.

TOME 52 (2002), FASCICULE 6
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+ T - EXE:
Py - oy, L oy,
(undefined)
@ f @y o) SRR

Figure 3. Compositions of w-semiflows

Similarly, if we consider the w-semiflow given by ®~(t,z,y) = (z — t,y)
(on the same set U),

U, ={(t,z,y) eERT xR* | (z > 0) A (t <)},
U, ={(t zy) e Rt xR? |z <0}.

Let us consider the several possible compositions of such flows:

1) The composition [®,_, ®{,] gives the w-semiflow ®* itself.

2) The composition [®7;,,®}_] gives the w-semiflow ¥ = (V, V),
where

V=A{(tz,y) eRt xR*|(z>0)V(z<0)A(t<-2))}

and ¥(t,z,y) = (z +¢,y).

3) The composition [®}_, @] gives the w-semiflow ¥ = (V,¥),
where

V={(tz,y) eR* xR*| ((z<0)A(t<—2z)V((z>0)A(t<z))}

and U(t,z,y) = (z +t,y) ifx <0; U(t,z,y) = (z —t,y) if z > 0.

4) Finally, the composition [®,_,®7,] is undefined because these
flows are not composable. Indeed, U;,_ NU;}, is the subset S = {(t,z,y) |
z = 0} and the restriction of <I>‘t + to S is different from the restriction
of ®;,_ to S.

Example 3.17. — Keeping the notations of the previous example, it
is also possible to introduce some sliding along axis {x = 0} by considering
the flow ¥ = (R* x {z = 0}, ¥), with

U(t,0,y) = (0,y — ).
The composition ¥’ = [<I>$,,\Il] followed by the composition ¥” =

[®1,, ®’] gives the w-semiflow shown in the bottom of Figure 3.

ANNALES DE L’INSTITUT FOURIER
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Remark 3.18. — The above example illustrates the appearance of
orbits with different initial points which collapse in finite time. Thus, in
general it is not possible to go back to the past along the orbits of a
w-semiflow.

We conclude this section by remarking that the notion of w-semiflows
is analogous to the local semi-dynamical systems, which are treated
extensively in [BH]. For instance, we can consider the following dynamical
concepts:

o A stationary point is a point x € R™ such that |U;| > 0 and
O(t,z) = x for all t € U, (here |U,| denotes the length of the interval U,,).

o The orbit o, through a point x € R" is periodic if there exists a
strictly positive number 7 € U, such that

o(r,z) ==z

and ®(t,z) # z for all 0 < ¢ < 7. Such 7 is called the period of the orbit.

o A subset M C R" is invariant if for all x € M, the orbit o, is
entirely contained in M.

e Given a point z € R™ with a non-empty orbit o, we say that it is
attracted to a subset M C R™ if for each neighborhood U of M there exists
a T € Uy, such that ®(t,z) € U for all 7 < t € U,.

Notice however that some properties proved in [BH] will not hold in
our context because we do not require the continuity of the map ®(¢, z).

4. Piecewise linear vector fields.

From now on, we shall fix ourselves in the o-minimal structure

Ran,exp = (Rv 0,1,+, -, <, {}T}fean’exp)

that is, the expansion of (R, 0,1, +, -, <) (the semi-algebraic sets) by adding
the graphs of the exponential exp(z) and all restricted analytic functions
fe€an.

We recall this last notion: Let R{z,...,z,,} denote the ring of all
real power series in x1,...,Z,;, that converge in a neighborhood of I™,

TOME 52 (2002), FASCICULE 6
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with I = [-1,1]. For f € R{z1,...,Zmn}, we define the restricted analytic

function f:R™ — R as follows:
~ flz) ifzel™,
fa={0" o
0 ifx g I™.
We refer to [DMM] and [LR] for general results on such structure.

For shortness, from now on we shall use the word definable as a
synonym for the expression definable in Ran exp-

DErINITION 4.1. — Let £ be a definable cell-decomposition of R™. A
vector field X (x) in R™ will be called piecewise linear on £ if for each
cell€e &,

for some (A,b) € R x R™ (we identify the space of real n x n matrices
with R™").

Thus, fixing an enumeration & = {€;}{_; of the cells, the space
PL™() of all piecewise linear vector fields on £ is isomorphic to (R™*+7)s.
4.1. The exponential of a matrix.

Let us consider the analytic map
Exp :R* x R® x R — R" x R,
(t,A,z) — (A, ez),
where /4 = 3777 (t*/k!) A*. Then, the pair

E = (RT x R” x R", Exp)
is a w-semiflow, according to Definition 3.1. We shall call that it the
exponential w-semiflow.
It is easy to see that if n > 2, such w-semiflow cannot be defined in

any o-minimal structure, as the following simple example shows:

Example 4.2. — Let n = 2. If we take the matrix
0 —1]
1 0

then Exp(t,A,z1,22) = (A4, z1cos(t) — zasin(t),z;sin(t) + z2 cos(t)).
Clearly, the graphs of sin(t) and cos(t) are needed to define E.

|
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Our next goal is to prove that we can obtain a definable semiflow by
a suitable restriction of the domain of definition of E.

LEMMA 4.3. — There exists a semi-algebraic cell-decomposition
C = {¢;} of the space R™" of nx n real matrices such that on each cell € € C,
the number of distinct real and non-real eigenvalues, resp. r = r(€) and
¢ = ¢(€), is constant. Moreover, on each cell the corresponding multiplicities
Vi,...,Vp and pi,..., e of such eigenvalues are constant and there is a
semi-algebraic continuous map (the spectrum map)

spec : € — R” x (R** @ i R%°),
Ar— ((Al,...,AT),(al ﬂ:iwl,...,aciiwc))

which associates to each matrix its collection of distinct eigenvalues.

Proof. — This is an immediate consequence of the general theory of
semi-algebraic sets (see e.g. [BR], [D]). a

The structure of the map Exp can now be described as follows:

PROPOSITION 4.4 (see also [A]). — Suppose that the spectrum spec(A)
of the matrix A is formed by real eigenvalues \; (1 < j < r) of multiplicity v;
and complex eigenvalues o; + iw; (1 < j < ¢) of multiplicity p;. Then, each
component E;(t, A,z) of the Exp = (Ey,...,E,) is a sum

Ei(t, A, z) = Z eik(t, A)xk
k=1

where the e;), are functions of the form

-,
(9) eir(t,A) = eMipi(t, A)
Jj=1 e
+ Z e (qik; (t, A) cos(wjt) + rix; (¢, A) sin(w;t))
j=1

where p;;(t, A) is a polynomial of degree strictly less than v; in the
t-variable and gqixj,Tik; are polynomials of degree strictly less than p;
in the t-variable. The eigenvalues \;,a; * tw; and the coefficients of the
polynomials p;xj, q;je and 7;j¢ are real semi-algebraic functions of the entries
of the matrix A € R"’.

Proof. — To prove such result, we will use the following beautiful
characterization of the exponential of a matrix:
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Cram. — Each entry of the matrix e'4 satisfies the n-th order

linear differential equation ¢(D)y = 0, where c¢(z) = det(zI — A) is the
characteristic polynomial of A and D = d/dt.

Indeed, the Hamilton-Cayley Theorem asserts that ¢(A) = 0. On
the other hand, D¥(et4) = A*et4 for each k € N. Therefore, c(D)e!4 =
e!4c(A) = 0. This proves the claim.

Let us follow the study made on [F]. From the claim, it follows that
the matrix et is the unique solution of the initial value problem

(10)  ¢(D)B(t)=0, B(0)=1, B'(0)=A4, ..., B®Y(0) = A""1.

Suppose that A has n distinct real eigenvalues Ay, ..., A,. Then, the general
solution of the differential equation ¢(D)B(t) =0 is

B(t) = CreMt + Cye*?t 4 ... 4 O, et

where the initial conditions in (10) determine that the n x n matrices of
constants C}y, satisfy the following equations:
I= C + C +-+ C
)\101 + )\202 +-- )\nCn,
A? = MO, + MCy +---+ NGy,

AL = MG AT O AT

Solving these equations, one obtains the Cy, as polynomials of degree at most
n — 1 in the entries of the matrix A. The coefficients of these polynomials
are the entries of the inverse of the Vandermonde matrix in Aq,..., A,
(the coefficient matrix of the above linear system of equations). Therefore,
by Lemma 4.3, it is easy to see that each entry of Cy is a semi-algebraic
function of the entries of A.

Suppose now that A has r distinct real eigenvalues Aq, ..., A, with
multiplicities v, ..., v,. Then, the general solution of ¢(D)B(t) = 0 is

(CrittCrate -+ 71 Cry ) @M (Cratt Cratoo o 1771 Cy, )

The initial conditions in (10) yield again a linear system of equations for
the matrices Cj;, but now with a coefficient matrix which is the following
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confluent Vandermonde matrix:

1 0 0 1 0 0
A 1 0 A 1 0
22 S VIR 0 o A2 22, - 0

NP (= A2 2D ynevaned () yne2. (1 v Apr

-t n—v.)!

The matrices C; are again obtained as polynomials of degree at most n — 1
in the entries of A and the coeflicients are the entries of the inverse of the
confluent Vandermonde matrix. By Lemma 4.3, it follows again that the
entries of C} are semi-algebraic functions of the entries of A.

The case where A contains complex eigenvalues is treated in a very
similar way. O

Remark 4.5. — If we suppose that the characteristic polynomial ¢(z)
factors as

[+

c(z) =[] (= - 2052 + (o2 + w?))" H (2= A))"

j=1

each entry of e'4 is a linear combination of the elementary functions

{e)\]tate)‘]tv'“ Vj_le/\Jt} fOrjzl,...,’I‘;
{ e** cos(wjt), €** sin(w;t),
L et cos(wjt), t et sin(wit)},  forj=1,...,¢

4.2. Exponential semiflow.

Let us consider the cell decomposition C of R™ which is described in
Lemma 4.3. On each cell € € C, we can define the semi-algebraic function

(0 if ¢(€) =0,
(11) m(A) = {max{|w1|,,,,,|wc|} if c(€) > 1,

where, we recall, ¢(€) is the function which describes the number of distinct
eigenvalues with nonzero imaginary part.

Given a constant k € N, the k-periodic region (associated to the map
2
Exp) is the semi-algebraic subset U* C RY x R™ *™ defined as

(12) U* = {(t,A,z) € RY x R™*" | m(A) ¢ < 2kn}.
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Remark 4.6. — Notice that if € € C is a cell such that ¢(€) = 0 then
{(t,A,z) e Rt x € xR*"} NU* = {(t,A,z) e R x € x R"}

(i-e. above each cell in which all eigenvalues are real, the fiber of U}, contains
the entire positive t-axis).

Let us consider the pair E¥ = (U*, E¥), where E¥ = Exp |y* is the
restriction of the exponential map Exp to U*.

LEMMA 4.7. — The pair E¥ = (U*, E¥) is an i-semiflow.

Proof. — All properties in Definition 3.1 are trivially verified, except
for (b.7), which should be replaced by the condition (b.¢)" which is described
in (2). o

We shall call EF = (U*, E¥) the k-periodic exponential i-semiflow.

THEOREM 4.8. — For each constant k € N, the k-periodic exponential
i-semiflow E*¥ = (U*, E¥) is definable in the o-minimal structure Ran exp-

Proof of the theorem. — It is convenient to extend the map E* to the
whole space Rt x R +n by defining it as the null map on the complement
of U*. Let us call the resulting map E. Thus, it suffices to prove that F is
definable.

Consider the restricted analytic function sj defined by

~ {sin(?lmrt), ift e [-1,1],
Sk t) =
0 ift ¢ [-1,1].
Then, we have the equality

¢ ¢
(13) sin(t) :gk(%), for —1< 2= <1,

Similarly, we define the function
- cos(2kmt) ifte[-1,1],
ci(t) = .
0 ift ¢ [~1,1].
From the Equation (9) in Proposition 4.4, it is clear that each column E;

of Exp(t, A, z) is a semi-algebraic function of the form

n

E(tv Av z,u,v,w, y) = Z Tk ( Z U’jpikj(tv A)

k=1 Jj=1 c

+ Z v; (qik]-(t, A)w; + ik (t, A)yj))

=1
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in which each variable u;,v;,w;,y; is replaced by the function exp(A;t),
exp(a;t), cos(w;t) and sin(w;t), respectively.

Clearly, the corresponding column E;(t, A, z) of the map E(t, A, z)
can be written as

ﬁi(t,A,x,u,v,w,y) = ¢Uk(t7A7:L') : Fz‘(t,AJ,U,%w»y)

where each variable uj,v;, w;,y; is replaced as above and ¢y« is the (semi-
algebraic) characteristic function of the domain U* (i.e. ¢y = 1 on U* and
dur =0 on RT x R¥*+n\ U*). Using the expression of F;, we obtain

Z.’L‘k(z ¢U] pzk](t A)
7j=1
+ Z'Uj (%’kj(t, A)(Pw;) + rik;(t, A) (¢ yj)))

j=1

where we have written ¢ = ¢y, for shortness. Therefore, E; is simply
obtained by replacing in F; each uj,v;,w;,y; respectively by ¢exp(A;t),
exp(a;t), ¢ cos(w;t) and ¢sin(w;t).

Let us recall now the definition of the domain U*. Since m(A) > |wj]
foralll <j<g,

2km 2k .
m(A)

Therefore, we know that the characteristic function ¢(t, A, z) is identically
zero for the values of ¢ such that

2km
o))

te o,

On the other hand (13) implies that, for ¢ € [0,2k7/|w;|), sin(w;t) is
identical to Sy (w;t/2km). Hence,

¢ sin(w;t) = ¢sk(;}ét )

and, similarly, ¢ cos(w;t) = ¢cr(w;t/(2km)). Therefore, it is clear that
each E; is a function in Rap exp, @and hence F is a map in Ryp exp- O
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4.3. Non-homogeneous exponential semiflow.

The solution of the non-homogeneous linear differential equation
§ = Ay + b, with (A,b) € R®*+" and y(0) = z is

t
(14) L(t, A b,x) = Exp(t, A, z) + / Exp(t — s, A, b) ds.
0

This motivates the introduction of another semiflow: the non-homogeneous
2
exponential w-semiflow is the pair L = (Rt x R* x R™ x R", L), where £
is the analytic map
(15) L£:RY x R” xR x R” — R" x R" x R™,
(t, A, b,z) —> (A, b, L(t, A, b, a:))
Now, in analogy with previous subsection, we introduce the following

objects: given a k € N, the k-periodic non-homogeneous exponential i-semi-
flow is the pair L* = (U*, £¥), where

U* = {(t,A,b,z) € R* x R xR" x R" | (t, A, z) € U*}

(U* being the k-periodic region in (12)), and £F := L.

A simple integration yields the following corollary to Theorem 4.8:

COROLLARY 4.9. — For each k € N, the i-semiflow ¥ is definable
in Rap exp-

4.4. Semiflows associated to PL"(£).

4.4.1. Semiflow on a cell. — Let X (z) = Az +b be a linear vector field
on R™. The w-semiflow associated to X is the pair x = (Rt x R", ®x),
where ®x (t,z) := L(t, A, b, z) is the map defined in (14).

Remark 4.10. — Equivalently, the map ®x can be defined as the
composition
Sx(t,x) =7y o L(t,A,b,x)
where £ is the map defined in (15) and m, is the linear projection
(4,b,2) — z.
Let now X € PL"(€) be a piecewise linear vector field on a cell

decomposition £ = {€&;}_, of R™ and write X;(z) = A;x + b; for the
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restriction of the X to the cell €. We define the ¢th-restricted w-semiflow
®x ; to be the restriction of the w-semiflow ®x, to €, (according to
Subsection 3.2).

Writing such restricted w-semiflow as the pair ®x; = (U, ®), we shall
say that a piecewise linear vector field X € PL"(€) has bounded spiraling
on the cell &; if there exists some constant k € N such that for all z € R™,

(16) m(A;) |Uy| < 2km

where m(-) is the function defined in (11) and |U;| is the length of the time
interval U,.

ProposiTiON 4.11. — Suppose that X has bounded spiraling on a
cell €;. Then, the the ith-restricted w-semiflow ®x ; is definable.

Proof. — Write & = €; to simplify the notation. Let us denote
by Lz = (Ug L) the restriction of the non-homogeneous exponential
w-semiflow LL to the subset

€ ={A;} x {b;} x € CR" x R" x R™.

Then, it is clear (see also Remark 4.10) that the w-semiflow ®x; = (U, )
can be obtained by setting

(17) U=my(Uz) and ®(t,z) =7, 0 Lz(t, As,bi, ),

where 7, is the linear projection (A,b,z) — .

Let now k € N be the constant of inequality (16). Then, it follows
from the construction of restricted semiflows that the set U is entirely
contained in the domain of definition 4* of the k-periodic non-homogeneous
exponential i-semiflow L* (defined in Subsection 4.3). Thus, the restriction
of L to Uy is identical to the restriction of L¥ to Ug.

Since the i-semiflow L* is definable, it follows from Proposition 3.13
that LLg is also definable. Now, the equation (17) immediately implies that
® x ; is definable. This proves the result. ]

Example 4.12. — The hypothesis of bounded spiraling is clearly
necessary in the previous result. For instance, take the cell € = {(z,y, 2) €
R3 | 2 > 0}, let X be the following linear vector field in R3:

_i-:—x—y, y=r—y, 222,
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e

U,

Figure 4. A non-definable Poincaré map

and consider the transversal sections Uy = {(z,y,2) |y =1, 0 < 2 < 1}
and Uy = {(z,y,2) | z = 1}. It is clear that if the w-semiflow ®x is
definable, the Poincaré map P :U; — Us must also be definable.

Let us show that P is not definable. If we parameterize the points
on U; by (z1,21) and the points on Uz by (z2,y2), the transition time
between U; and U, will be given by the function

T(x1,21) = —In(z;).
Thus, the Poincaré map will be
z3 = z1(—sin(—In(z1)) + 1 cos(—In(z1))),
P(z1,21) = .
yo = z1(cos(—In(21)) + 21 sin(—In(z1))),
which is clearly not definable in any o-minimal structure.

Notice however that if we had considered the cell € = {(z,y,2) €

R3 | u < z < A} for some constants A > p > 0, the restricted flow would

be definable since X would have bounded spiraling on € (just take any
constant k > In(\/p) in inequality (16)).

4.4.2. Semiflows on cell-lists. — Let us generalize the previous
discussion to define a semiflow on a sequence of cells.

An ordered list £ = (£3,...,&), where §; € {1,...,s}, will be called a
cell-list.

Let @ x ¢, be the &;-restricted w-semiflow corresponding to each one of
such cells. We shall say that a cell-list £ = (£1,...,&) is composable for X
when

supp Px ¢, NsuppPxe =0 foreach 1 <isj<s.

Thus, it follows directly from Lemma 3.4 and Remark 3.6 that the
following definition makes sense:
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¢ (<)
e3 \ G4
-

Figure 5. The semiflow ®x ¢

DerFINTTION 4.13. — Given cell-list £ which is composable for X, the
&-restricted w-semiflow ® x ¢ is defined inductively as follows:

(1) If¢ =1 then <I>X,§ = @X’gl )
(i1) If¢ > 2, we consider the sublist E: (&1,-..,&—1) and define

Pxe=[Pxs Pxel
where [,] is the composition operation defined in Subsection 3.1.

We shall say that a piecewise linear vector field X € PL"(€) has
bounded spiraling on the cell-list £ if it has bounded spiraling on each
cell & ,for 1 <4 <s.

The next theorem is the main result of this paper:

TueEorREM 4.14. — Suppose that a piecewise linear vector field
X € PL™(E) has bounded spiraling on a composable cell-list £&. Then,
{-restricted w-semiflow ® x ¢ is definable.

Proof. — It is a direct consequence of Proposition 4.11 and
Proposition 3.7. ]

5. Continuous piecewise linear vector fields.

In general, it is a subtle problem to associate a global flow to a
piecewise linear vector field (see, for instance [Fi], [Ha]). In the previous
section, we have bypassed such problem by considering semiflows defined
only on composable cell-lists.

Let us see one special situation where such restriction can be dropped.
We shall say that a piecewise linear vector field X is continuous if each one
of its components (X1, ..., Xy) is a continuous function on R™.
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Remark 5.1. — It is easy to prove that the set of continuous
vector fields is a definable subset of PL"(E). We shall denote such subset
by PL"(&,C°).

LEMMA 5.2. — Given a continuous vector field X € PL™(E,CY), there
always exists a globally defined flow map

Px :RxR*" — R",
(t,z) — Px(t, )

associated to it. Such flow map is continuous in (t,z) and C' in the
t-variable.

Proof. — It is clear that X is a K-Lipschitz function on R", for the
Lipschitz constant K := max {||A1]|,..., ||As||}- Thus, it suffices to apply
the existence theorem for solutions of ordinary differential equations. O

If X is a continuous vector field, such global flow ® x induces the w-
semiflow ® x = (Rt x R, ®x), obtained by considering only the positive
orbits through each point.

ProposiTION 5.3. — Let X € PL™(E,C°). Then, given a cell €; C £,
the i-restricted w-semiflow ® x ; defined in Subsection 4.4.1 is equal to the
restriction of the w-semiflow ® x to &;, as defined in Subsection 3.2.

Proof. — This is a trivial consequence of the construction of the
restricted semiflow. We omit the details for shortness. O

The following consequence is immediate.

CoroLLARY 5.4. — Let X € PL™(E,C°). Then, given a cell-list
& = (&1,...,&) which is composable for X, the &-restricted w-semiflow
® x ¢ is equal to the semiflow obtained by the composing successively the
restrictions of ® x to &, ..., &,.

s

Another important consequence is that the condition of composability
for cell-lists is immediately verified for continuous piecewise linear vector
fields.

CoroLLARY 5.5. — Let X € PL"(£,C°). Then each cell-list
& = (&1,...,&s) which is formed by distinct cells (i.e. & # &; for i # j) is
composable for X .
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Proof. — We have to prove that supp ®x ¢, Nsupp Px ¢, is empty
for i # j.

Suppose by absurd that there exists a point z € supp®xe, N
supp @ x ¢,. Then, it follows from Lemma 3.11 and the previous proposition
that the positive orbit ® x(-,z):RT — R™ through the point z is inward
pointing to both &; and €;. That is, there exists some 7 > 0 such that

<I>X(t,x)€€iﬂ(’3j, forall0 <t <.
But this clearly contradicts the fact that the cells €; and &; are disjoint. O

For the rest of this section, we shall restrict our discussion to the
set continuous piecewise linear vector fields. Thus, from now on the term
piecewise linear vector field will always refer to an element of PL™(&, C?).

5.1. Sufficient conditions for bounded spiraling.

Let us denote by Z(X) the set of singularities of a vector field X.
Clearly, if X € PL™(€,C°) then Z(X) is a definable set.

Given a n x n real matrix A, we shall decompose its spectrum in the
form
spec(4) = AU AU A
where A® (resp. A% A") is the collection of all eigenvalues with negative

(resp. zero, positive) real part. Correspondingly, we have the direct sum
decomposition of R™ into generalized eigenspaces,

R" = E°(A) ® E°(A) ® E*(A).
The subspace of centers associated to A is the linear subspace E™e"(A) C

E<(A) generated by all pairs of vectors z,y € R™ such that 2 = z +1iy € C"
is an eigenvector associated to some eigenvalue A € A°.

Remark 5.6. — In particular, E°"*°*(A) contains Ker(A).

Given a non-homogeneous linear vector field X = Az + b, we define
the (affine) subspace of centers E<°™*'(X) C R™ as follows:

o if Z(X) = 0 then E®ntr(X) = 0;

o otherwise, E°*T(X) = E°r(A) 4 ¢, where ¢ € Z(X) is an
arbitrary singular point.

Clearly, E°™r(X) is independent of the choice of such ¢ since for
any other ¢’ € Z(X), ¢ — ¢ € E®™°T(A). We shall prove now the following
result:
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LemMA 5.7. — Let K C R™ be a compact subset and let X = Ax + b
be a non-homogeneous linear vector field in R™ such that

K N Ecenter(x) — 0
Then, for each x € K, there exists a positive time t such that ®x (t,z) ¢ K.

Proof. — We write z(t) = ®(¢t,z) to simplify notation. Let
spec(A) = {A1,..., A} C C be the collection of distinct eigenvalues of A.
Up to a linear change of coordinates, we can suppose that A is in the real
Jordan canonical form. Thus, it is a block-diagonal matrix

A = diag(Ay,, ..., Ax,)

where A, is a p; x p; block diagonal matrix formed by Jordan elementary
blocks with eigenvalue )\; and \; for each 1 < i < k. We consider also
the decomposition of R™ as a direct sum of the corresponding generalized
eigenspaces

Rn:E)\l@"'@E/\k-

Let us suppose, first of all, that the vector field Az + b has no singular
points in R™. Then the equation Az = —b has no solution. This implies
that A is not an isomorphism, and so zero is an eigenvalue. Moreover, the
projection of b in the corresponding eigenspace Ey is nonzero.

Suppose that (z1,...,zs) are the coordinates in the subspace Ej.
We shall prove that there exists at least one 1 < ¢ < s such that

lim |z;(t)| = oo.

t—oo
Take the first Jordan elementary block in Ag (of size, say, m x m). Then,
in the corresponding coordinates (z1,...,Zm), X projects into the vector
field

/ . . . .
X't @y =xz2+b1, Ta=T3+ b2, ..., Tn1 =Ty + b1, Trn = by

Of course, if b, = 0 then such vector field vanishes at the points (z1, . .., Zm)
such that x,, = bp—1,...,Z2 = b;. Using the same argument for each
Jordan elementary block in Aj, we conclude (from the assumption that
Az = —b has no solution) that there exists at least one of such blocks, say
the first one, such that the last component b, of the vector b in such block
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is non-vanishing. But this implies that the |z, (t)| = |zm + bmt| goes to
infinity as ¢t — oo. This concludes the proof in the case where Az + b has
no singular points.

We assume now that Az + b has a singular point ¢. Then, up to the

translation ' = z — ¢, it suffices to prove the claim for the homogeneous
vector field X = Azx.

Let E°, E* E¢ C R™ denote the subspaces generated by the sum of
the generalized eigenspaces corresponding to the eigenvalues with negative,
positive and zero real part, respectively. Each vector z € R™ can be uniquely
written in the form x = x5 + z, + z.. The following two facts are obvious
from the basic properties of e*4:

e If £, # 0, then |z(t)| — oo as t — oo (exponentially fast).

e If £, = 0 and =5 # 0 then z(t), = 0 and |z(t) — z(t).] > 0 ast — oo
(exponentially fast).

Therefore, it suffices to prove the lemma for x € E°. Recall that, by
assumption, x does not belong to the subspace of centers E<"*T(A) C E°.

For each purely imaginary eigenvalue i w € A€, the exponential of each
elementary 2m x 2m Jordan block B in A;,, can be written, in appropriate

complex coordinates (z1,...,2m) = (T1 + T2, ..., Lam—1 + 1T2m), a8
1t t23/2 - tm1/(n-1)!
.. pm—2 — 2!
B _ giw 01 ¢ t™=2/(n — 2)!
00 O 1

Since z is not contained in E°™*T(A), there exists some set of coordinates
as above such that z; # 0 for some 2 < j < m. Therefore, if we let j
be the largest index for which this holds, the first component z;(t) of the
solution z(t) with z(0) = z is given by

. i1
Zl(t) = eu‘J(Zl +zot+ -+ 2 W)

which shows that |2;(t)| — oo as t — oo (¢t € R). This finishes the proof of
the lemma. O

ProrosiTiON 5.8. — Let &; € £ be a relatively compact cell. Writing
X|e, = Aix + by, let us suppose that

(18) & N ECter (Auz + b) = 0.
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Then, if we consider the ith-restricted w-semiflow ®x; = (U, ®), there
exists some T € R such that, for all z € R™,

U] < T.

Remark 5.9. — Intuitively, this means that each orbit through a point
z € € leaves the cell in an (uniformly bounded) finite time.

Proof. — We have observed in Subsection 3.2 that U, = ) (and hence
|U;| = 0) if z € R™\ &;. Thus, we can suppose that z is in the compact
set K = €.

From the continuity of X, it follows that the restriction of X to K is
also given by the vector field A;z+b;. By the continuity of the flow ®x (¢, x)
and the compactness of K, the proposition follows immediately from the
previous lemma. O

CoROLLARY 5.10. — Keeping the notations of the proposition, let €;
be a relatively compact cell such that either

e m(A;) =0, or

o Hypothesis (18) holds.

Then, X has bounded spiraling on &;.

Proof. — It suffices to look at the definition of bounded spiraling (see
Condition (16) in Subsection 4.4). Nothing has to be proven if m(A4;) = 0.

Otherwise, it follows from the above proposition that there exists some
sufficiently large k € N such that, for all z € R™,

m(A;)| Uy| < 2k O

5.2. Definable polycycles.

A definable polycycle for X is a simple closed curve I' which is
parameterized by a definable homeomorphism v:S' — R™ and invariant
by the flow of X.

Given an € > 0, we define the e-neighborhood T, (I') of " as the image
of the mapping

H,.:S'x B, — R",
0,y) —z=7(t)+y
where B. = {y € R" | |y| < €}. Of course, T.(T') is a definable subset.
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E center

D

Figure 6. Bounded spiraling

A point t € S! will be called smooth for v if there exists some open
neighborhood of ¢ in S! where 7 is C! and 7 is nonzero. Since (t) is a
definable map, there exists a finite number of points t1,...,t, € S! such
that v is C? in each interval (¢;,t;11) (with the identification ¢,,41 = t1).

Remark 5.11. — This last statement follows from the Cl-cell
decomposition and the fact that the derivative of a definable C! map
is also definable (see [M]).

For a smooth point ¢t € S', we can consider the affine orthogonal
subspace

I‘#(t) = {¥(t)+v|v e€R" and (v,9/(¢)) = 0}.

For simplicity, we shall say that a point = € I is smooth if it is the image of
a smooth point ¢ € S! under 7.

Remark 5.12. — Notice that a smooth point € I can be a singular
point of the vector field X. In fact, we do not exclude the case where
I' c Z(X).

LemmMmA 5.13. — Let = 4(t) € T be a smooth point. Then, there
exists an £, > 0 (depending on x) such that for all 0 < € < €, the set

(19) Ye(z) := Bo(z) NTE

is the connected component of T.(T') N % which contains = (where B, (z)
is the open ball of radius ¢ centered at x ).
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T.(T) r

Figure 7. The e-section

Remark 5.14. — If y:S! — R™ is C! and 7 is nowhere vanishing, the
result is an immediate consequence of the tubular neighborhood theorem
(see e.g. [Hi]).

Proof. — Let ig € {1,...,m} be the index such that t € (ti,,tig+1)-
We can choose constants 71,7m2,p > 0 such that the closed interval
I:=[t—m,t+mne] is contained in (t;;,t;,+1) and y(I) is a neat submanifold
with boundary of the closed ball B,(z) (see definition in [Hi]). Let now

e ¢ > 0 be the Hausdorff distance between the compact subsets
V(ST (¢ —m,t +m2)) and y([t — 37, ¢+ 7]);

eg” > 0 be such that the submanifold +(I) has a tubular
neighborhood of radius ¢” in B,(z) (see [Hi], Theorem 6.3).

Then, it suffices to take £, < min{ %8’, e} O
Given a 0 < € < g4, the e-section at the smooth point z = «(t) is the
codimension-one disk ¥ (z) = T't N B.(x) given above.

Now, we would like to define the Poincaré first return map on such
section. We start by defining the set of returning points

Se(z) = {y € Sc(z) | the orbit through y stays on T.(T) \ Z.(x)
for a positive time interval (0,t) and
intersects T, (z) again at time t}.
Thus, for each y € f)s(a:) there is associated a unique positive time,
say ts,(z)(y), such that the positive orbit through y remains on the e-
neighborhood of T' for all times 0 < s < tx_(5)(y), and intersects X.(x)
again (for the first time) at ts_()(y). The Poincaré first return map is
given by
P: 3. (z) — Zc(2),
Yyr— oy (tZ}E(E) (y)a y)
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r (8.1) (8.ii)
Figure 8. Illustration for Example 5.15

Even in the class of piecewise linear continuous vector field we can have
Poincaré maps which are non-definable in any o-minimal structure.

Example 5.15. — In [ACT], the authors consider the following
piecewise linear vector field X:

T=y,
Y=z,

where 8 > 0 and f(z) is the piecewise linear function

l+azx ifz<0,
1—px ifz>0.

@)= {

If a and p are positive, the system has two singularities at
A =(-1/a,0,0) and B = (1/1,0,0). For a convenient choice of a, 3, p, it
is possible to prove that A is a saddle-focus and there exists an invariant
set Q like the one illustrated in Figure (8.i), a Shilnikov-type homoclinic
connection.

Although € is not a definable polycycle (the spiraling prevents
this), we could (up to some technicalities) generalize the concept of
definable polycycles to allow components of different dimensions. Using
such generalized definition, we can show that the set I" in Figure (8.ii) is
a definable polycycle. Now, it follows directly from the results of [ACT)]
that the Poincaré map on the section ¥ cannot be definable (for instance,
because there is a countable set of horseshoes arbitrarily near I'). A similar
observation has been made in [KaJ.
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Example 5.16. — An even more dramatic example of non-definable
Poincaré map is the so-called Chua’s circuit

& =a(y—z— h(z)),

y =zr—-Yy+z,

z= —/By’
where h(z) = miz + 3 (mo — m1){|z + 1| — |z — 1|}. We refer to [S] for a
detailed discussion.

We shall prove in the next section that the non-definability of the
Poincaré map is exactly due to the spiraling behavior which is present in
these examples.

5.3. Definable Poincaré maps.

Let X € PL™(£,C°). A definable polycycle T' for X is said to be
§-bounded away from spiraling (for some § > 0) if for all cell €; € €,
writing X |g, = A;x + b;, we have

m(A;) >0 = d(T, E“™ (Az +b;) N K) > 6,

for all compact subset K C &; (where d is the Hausdorff distance between
compact sets in R™).

THEOREM 5.17. — Let I be a definable polycycle for X which is
6-bounded away from spiraling. Let x € I be a smooth point and let £, be
the constant given by Lemma 5.13. Then, for all 0 < € < min{e, %6},

(i) the set of returning points ¥, (x) C S.(x) is definable;

(ii) the Poincaré first return map P : S.(x) — S.(z) is definable.

Proof. — Let F = {§;} be a definable cell decomposition which
partitions simultaneously the sets T, (I'), 3. (z) and all the cells in £. Clearly,
the vector field X can be naturally seen as an element of PL™(F, C?).

There exists a finite collection of distinct cells in F, say §1,-..,3m,
such that

T.)=F1UF2U...UFn.

Let o, denote the set of all lists obtained by permutation of the indices
(1,...,m). Then, for each cell-list £ € o,,,, we can consider the associated
&-restricted w-semiflow ®x ¢ = (Ux ¢, Px ¢), defined as in Subsection 4.4.2.
We now prove the following statement:
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CramM. — The w-semiflow ®x ¢ is definable.

Indeed, notice that §; C 7.(I'). Thus, each §; is a relatively
compact cell. Moreover, it follows from the choice of € that, if we write
Xz, = Aiz + b;, either

e m(A4;) =0, or

o d(Fi, BT (Az 4+ b)) > %6.

From Corollary 5.10 it follows that X has bounded spiraling on §;.

Now, the proof of the claim is concluded by direct application of
Theorem 4.14.

For each cell-list £ € 0y, we introduce the set P C X, (z) xR} x X, (z)
given as follows:
(y,t,z) € Pg i (t > 0) A ([O, t) X {y} C nyg)
A\ (VO < s < t, @X@(s,y) ¢ EE(SL'))
A (z= ilgi Pxe(s,y))-
Clearly, P is a definable subset (the relation z = lim,_; ®x¢(s,v)
is obviously definable). We define the Poincaré domain
P C Ze(x) x RY x B, (x)
as the finite union of all P,
P=J Pe
§€om

The set of returning points can now be defined as &, (z) = my(P), where
7y is the linear projection (y,t,z) — y. Clearly, P is the graph of a map
over X, ()

y—t=T(y), z=P(y).

The first function T'(y) is the time of return and P(y) is the Poincaré first
return map. O

5.4. Accumulation of periodic orbits in polycycles.

Let v be a periodic orbit of X. We shall say that « is e-near a definable
polycycle I if d(v,T) < e (for the Hausdorff metric d). This is equivalent to
say that it is contained in the e-neighborhood T (T") of T'.

Let z € T be a smooth point and let ¥, (z) be an e-section as defined in
Theorem 5.17. The e-near periodic orbit v will be said to be k-intersecting
Y (z) if vy N X (z) is composed of exactly k points.
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CoOROLLARY 5.18 (to Theorem 5.17). — Let I' be a definable polycycle,
0-bounded away from spiraling and let x € I' be a smooth point. For all
0 < € < min(e,, %5) and all k € N, let O i the set of periodic orbits which
are e-near I' and k-intersecting Y..(x). Then O,y is a definable subset
of T.(T).

Proof. — First of all, for each ¢ € N we can consider the ith iterate of
the Poincaré map
P*(z) := Po---0 P(z).
N ——
k times

It is obldous that P* is a definable map with domain on some definable
subset L (T') € £.(T') such that
SM=SD)>E2M oM.
Now, it suffices to consider the set of its fixed points of period i,
zeF <= (zeZ{D)) A (z = Pi(z))
and define the set of periodic point of minimum period equal to k as
Fk = FF\ (F'u...UF*Y,

The set of e-near, k-intersecting periodic orbits Og  C Tc(I') can now be
defined by a straightforward procedure, very similar to the one used to
define the set P in the proof of Theorem 5.17. O

5.5. Future work.

The corollary of the previous subsection has as an obvious consequence
the non-accumulation of semi-limit cycles in definable polycycles of planar
piecewise linear vector fields (a semi-limit cycle is a periodic orbit v which
is either w-limit or a-limit of some point z € R? \ 7). In dimension 2, the
hypothesis for a definable polycycle of being bounded away from spiraling
can be dropped by using the Poincaré-Bendixson Theorem.

We intend to treat these matters in a forthcoming work, and prove
the following uniform finiteness result:

CONJECTURE. — Given a definable cell-decomposition £ of R2, there
exists a natural number N(€) (depending only £) such that each vector
field in PL?(E,C°) has at most N(E) semi-limit cycles.
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In the spirit of the Hilbert’s 16th Problem, we also treat the following
question: given two finite collections of real numbers

u:{u1<---<ur} and y:{l/1<~-<l/s},

we consider the (obviously defined) cell-decomposition £, , of R? which
partitions the family of lines {z = p;}]_; and {y = v;}5_,.

Let PL%(r, s, C®) denote the set of continuous piecewise linear planar
vector fields in PLQ(S#,,,, CY), for all possible collections u € R”, v € R® as
above.

The original question which was posed to me by Prof. Sotomayor can
now be stated as follows:

CoNJECTURE. — There exists a natural number N(r,s) (depending
only on r,s) such that each vector field in PL?(r, s, C°) has at most N(r, s)
semi-limit cycles.

In fact, using the uniform bounds for the number of roots of expo-
nential polynomials which are given in [Kh], we believe that it is possible
to obtain an explicit upper estimate for N(r,s).
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