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SIGN FUNCTIONS OF IMAGINARY QUADRATIC
FIELDS AND APPLICATIONS

by Hassan OUKHABA

1. Introduction.

In this paper we introduce the concept of a sign function of a
imaginary quadratic field. As we will prove below this concept is very
helpful in the study of some arithmetical problems. Classically by sign
we mean the extension to R* of the continuous homomorphism s : Q* —
{—1,1} satisfying s(—1) = —1. Here A* is the multiplicative group of the
ring A. In 1985 David R. Hayes introduced the concept of a sign function
of a global function field and used this notion to normalize Drinfel’d
modules of rank one, cf. [7]. The torsion points of these modules have many
important arithmetical properties. They are essential in the construction
of Stickelberger elements, Stark units, Euler systems, groups of cyclotomic
units in characteristic p, etc. To recall this definition we let K be a global
function field. We denote by oo a fixed place of K, and by K the completion
of K at oco. Let us also denote by IF, both the finite field of g elements and
the constant field of K. Then a sign function, with respect to (K, o0), is
a continuous homomorphism s : K* — Fx satisfying s(a) = a for all
a € Fy. See [7] and [8] for more details. Our definition of a sign function
in the case of a imaginary quadratic field £ C C is as follows. Let H C C
be the Hilbert class field of k. Then a sign function of k is a surjective

Keywords: Sign function, narrow ray class field, Shimura reciprocity law, ordinary s-
distributions, Anderson’s resolution, spectral sequences.
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group homomorphism s : Ag — ppy satisfying s(Ui2) = 1 and such that
s(&) = & for all & € py (see the notation below). As one may check the
homomorphism % : Ag — pg induced by x~!, where & is the character
defined by Hajir-Villegas in [6], satisfies all these properties. Hence % is a
sign function of k.

In section 2 below we associate to each couple (s, m), where s is a sign
function and m is a non zero integral ideal of k prime to 6, a finite abelian
extension km, s C Cof k. The field £y is well described by class field theory.
In particular kn s contains the ray class field modulo m, which we denote by
k. The extension km, s/km is cyclic of degree wy (resp. wyr/wy) if m # (1)
(resp m = (1)). As explained below the properties of the ramification in
the extension ky s/Hs, where Hy = k(1),s lead us to consider km s as the
analog of a cyclotomic number field or a cyclotomic function field as well.

In section 3 we associate to each integral ideal ¢ of k prime to 6N (m)
an algebraic integer I'm(c), which is a root of the Ramachandra invariant,
see definition 3.1. The construction of I'y (¢) involves the Klein function and
the eta function of Hajir-Villegas. In Theorem 3.1 we describe the Galois
action on I'yy(c). This is essentially done by using the Shimura reciprocity
law. In particular we prove that I'm(c) € ky, s, where m = N(m) and s is
the sign defined by the formula (3.2). In Theorem 3.2 and Corollary 3.1
below we describe the behavior under the norm map of a certain power of
Tm(1). In this we use the distribution law of the Siegel function stated in
[12] §2. The result we get is a refinement of the well known Theorem 2 of
[17] that gives the norm formulas satisfied by the Ramachandra invariants.

In section 4 we define the level m universal ordinary s-distribution
Us(m), in spirit of those considered in [11], [1] or [24]. We give the structure
of Us(m) as an abelian group and compute the Tate cohomology groups
ﬁ"(J, Us(m)), where J = Gal(km, s/km). In this we follow the method of
Ouyang, cf. [16], which essentially uses Anderson’s resolution and related
spectral sequences. These cohomology groups naturally appear in many
settings. See for instance Anderson’s theory of epsilon extensions and it’s
analog for function fields in [2] and [3]. Let us remark that Us(m) is
naturally a Gal(km s/k)-module. It’s Galois module structure is closely
related to a certain group of elliptic units. This connexion will be made
clear in a forthcoming paper in which we extend some results of Ouyang’s
paper [16] to our case and use them to improve Theorem B of [14].
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1.1. Notations.

In this subsection we give some of the notation we will use in this
paper.

k?:= the maximal abelian extension of k in C.

loo:= The group of roots of unity in C and pur = poo N k.

Oy,:= the ring of integers of k and Dy < 0 the discriminant of k.

Ty:= the monoide of non-zero integral ideals of O} prime to 6.

To:= the group of fractional ideals of k prime to 6.

Ag:= the group of elements x € k* that are prime to 6

Uya:={x € k* such that x =1 mod™ 12}

Further if n € Ty then we call n primitive if it is not of the form tu, with
u € Tpand 2 < t € N. It is always possible to write n = nin’, where
ny; € N* and n’ primitive. This decomposition is unique. We will denote
the primitive part n’ by pr(n). Let L C k% be a finite abelian extension of
k. Then we let ur, = poo N L. If a € Tp is prime to the conductor of L/k
then we denote by (a, L/k) the automorphism of L/k associated to a by
the Artin map.

I,:= the group of fractional ideals of k prime to 6n.
Un:={x € Ag such that z =1 mod™ n}

Run:= the sub-group of I;; formed of those principal ideals xO) with
T e Z/{n

kn:=the ray class field modulo n
en:=the positive generator of nNZ and N (n):= the cardinal of O /n.
n:= the image of n by the complex conjugation.

deg(n):= the number of non zero prime ideals dividing n

2. The narrow ray class fields k;m7 S-

Let s be a sign function. Then for all m € Ty we define Ry s to be
the group of fractional principal ideals Oy such that x € Ag N Uy and
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s(xz) = 1. By class field theory there exists a unique finite abelian extension
km,s C C of k such that the Artin map gives the isomorphism

Gal(km.s/k) = In/Run.s.

If m # (1) then the map Oy — s(z), where © € Ag N Uy induces an
isomorphism from Rym/Rm,s into pm. In particular the tautologic exact

sequence
1— Rm/Rus — Im/Rm,s — Im/Rm — 1

clearly shows that kny s is a cyclic extension of ky of degree wp. Let us
put Hy, = k(. Since R(1)/R1),s is isomorphic to pup/pux via the map
2O +— s(x)px for © € Ag we see that Hy/H is a cyclic extension of degree
wp /wg. Moreover for m € Ty and m # (1) we have

Gal(l{?m75/H5) ~InN R(l),s/Rm}s ~ (Ok/l‘n)><

The inertia group of a prime ideal q|m in &y s/k is isomorphic to (O /q%)*,
where ¢ is the exact power of q that divide m. In particular Gal(km,s/Hs)
is the direct product of the inertia groups of the prime ideals qlm. We
call ky s the narrow ray class field of £ modulo m relative to s. One may
consider kpy s as the analog of a cyclotomic number field or the analog of
the narrow ray class field of Hayes. See for instance [8] page 27.

3. A fundamental example.

Let us recall the definition of the character x : (Of/120k)* — ug
constructed in [6] definition 11. If A € Oy N Ag is such that A, is primitive
then

o 17*(AOy)
(3.1 K = (1) L L)
where N(\) = N(AOg) and a — n(a) is the eta function on primitive ideals
a € Tp, cf. [6] definition 8.

If £ € O N Ag then we denote by ¢(x) the class of z in Oy /120;. We
extend multiplicatively this definition to obtain a group homomorphism
q: A¢ — (0r/120;)*. In this section we investigate some aspects of the
abelian extensions ky s where s is the sign function satisfying

(3.2) s(z) = (=1) 2 k(g(x))"?, for all z € Oy, N Ag,

Using the properies of k one may easily prove that s(t) = (71)% for all
positive integer ¢ prime to 6.

ANNALES DE IINSTITUT FOURIER
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Let a € Ty be a primitive ideal of O. Let A € Ag and denote by o)
the automorphism of k%®/k associated to AOy by the Artin map. Then by
Proposition 10 (i) of [6] we have

2 2 _
7 (Ok) _ L ap 7" (Ok)\or 1 N(a)—1
3.3 €k d = s(A .
8 Tpa < m Caa ) =W
Thus 7%(O)/n*(a) € Hg and H, is the extension of H generated by all

these quotients. Let a,b € Ty be primitive ideals of O, prime to Dy and
such that N(a) and N(b) are coprime. Then ab is primitive. Let us put

1(a)n(b)
3.4 a,b) = 02
(34) 18, 8) = Oyn(ab)
Then we have
(3.5) n(a,b) € H, and n(a,b)" ! = s(\)z(N(@-DN®)-1)

thanks to Theorem 19 (i) of [6].

Let L be a lattice of C and let (wy,wz) be a positive Z-basis of
L, which means that Im(w;/wz) > 0, then we denote by f(z, L) and
g(z,w1,ws) respectively the Klein function and Siegel function as defined
n [12], formulas (2.8) and (2.12).

DEFINITION 3.1. —  For all m,¢ € Ty such that m # (1) and ¢ is
prime to 6N (m) we put
—2m§(N (c), me)n? (pr(mec
Tin(e) = 2N mI(pr(®@e) o,

€mc

where ¢; € N* is defined by ¢ = ¢1pr(c)

PROPOSITION 3.1. —  Let us set m = N(m). If (¢, kqn),s/k) =
(¢, k(m),s/k) then I'y(c) = Liy(c’).

Proof. — Let A\, € Ag N Ok be such that A = p modulo N(m),
s(A) = s(u) and Ac = pc’. Then we have

AN(N (€), me) = (RN (¢), Ame) = (N (¢'), Nime?) = 7 f(uN (¢'), Ame’)

But since A, p are prime to 2 and A = p modulo N(m) we also have the
equality f(uN ('), Amc’) = f(AN(¢/), Am¢’), thanks to the transformation
law (K3) of the Klein function in [12] page 232. Thus we have

(3.6) XNV (€), m) = 7 HV(E), m).
let us set co = pr(c), ¢, = pr(c’), A = M A2 and p = pjpe where Ay and

(1 are positive integers, moreover, AoOy and psOj are primitive integral

TOME 55 (2005), FASCICULE 3
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ideals. Let us denote by 0 the ideal pr(Azca) = pr(pech). In particular we
have

n?(pr(m)es) {772(@) 7% (0) }T
P (pr(m)es) — Ln2(0) 12 (ch)

where 7 = (pr(m), Hy/k). Let a be a primitive integral ideal of O, prime to
6D N (A2c2) and such that aco = Oy for some a € O. Then Proposition
10 (i) of [6] give

(3.7)

2 2
n (cz) (a,Hq/k) n (a@k)
3.8 {—} = ————*>—— = 5(Aa/t)t/ Ao,
) 1 (2) 2 ((A2a/t)O%) (a/t)t/ 22
where t is the positive integer defined by Agco = 9. In the same manner
we have
2( . ’ -1
n (C2) (¢, H/k) AW
(3.9) %] = s(uz/ ) 12,
()
with pach, = 0. Now to complete the proof we have just to use the
definition 3.1 and the equations (3.6), (3.7), (3.8) and (3.9). O
THEOREM 3.1. — Let m,¢ € Ty be such that m # (1) and ¢ is

prime to 6N (m). Put m = N(m) and o¢ = (¢, k(),s/k) then
Tm(c) € kmy,s and Ty(c) = Tn(1)7.
If ¢ = Oy, with X\ € U,y then I'yy(1)720% = s(X) ™"y (1).

Proof. — By the above proposition 3.1 and Chebotarev theorem we
may assume without loss of generality that ¢ is a prime ideal p of residual
degree 1 in k/Q and such that p t 6D, N(m). Let us write m = mypr(m),
where m; is a positive integer. Let u € Z be such that v = Dy modulo 4
and u = —v/Dj, modulo pr(m)p. Put o = (u+ vDy)/2, ma = N(pr(m))
and p = N(p) then (o, 1) is a positive Z-basis of Oy. Moreover we have

pr(m) =Za+7Zmse, p=Za+Zp and pr(m)p=Za+ Zpms.
On the other hand recall that

2’ (pr(M)p) = e2a(pma(—u + 3&))7;2(2%2),

where e,(z) = ¢*%" and & = ged(*E,2), cf. [6] definition 8. The Dedekind
n? function is given in [12] formula (2.11). Thus we have the identity

(3.10) Pi(p) = ig(p. m101, emp) ez (pma( —u + 33)).

ANNALES DE IINSTITUT FOURIER
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Let us also remark that T'm(1) = ig(1,mic, em)eas(ma(—u+ 30)). Now we
may use the Shimura reciprocity law as stated in [21] Theorem 3. Indeed,
it is well known that hy : z — zg( ;2,1) is in Fype2 , that is the set of
modular functions of level 12¢2 Wlth Fourier coefﬁaentb in Q(Clgem) at
every cusp. Hence by Theorem 3 of loc.cit. we have

ig(1,mia,em) = hi(0) € k:12€2 and (Zg(l mia, em)) » _ = [h1o(pB~ )](B@)

where 0 = a/my, o = (p, k192 /k) and B = 65 p) The operation f o A for
fe .7-'1262 and A an integral matrlx of determinant prime to 12¢2, is defined

in loc.cit. pages 210 and 211. Now we have pB~! = (? 701) (é 2) (91 %))
Moreover hj o ( 1 o ) = hy : 2+ g(Z, 2,1). On the other hand the function

z — g(u1z + ug, 2, 1) has the g- expansmn

g(urztuz, 5 1) = —¢22D2e; (uy(ur 1) /2) (1-qu Hl 02 qu)(1=4 /qu),

where u = w1z + ug, ug,us € R, ¢, = e1(2), q, = el( ) and By(z) =
2% — x 4+ 1/6, cf. [13] page 29. In particular the g-expansion of hy has
rational coefficients. Thus we have hy o ((1) 2) = hy and hy o (pB~') = hy.
Now since ez4(ma(—u + 3w)) € kg2 our first conclusion is
Tin(1) € kygez and  Ti(c) = Tm(1)7,
for all integral ideal ¢ prime to 6/N(m). In order to complete the proof
of the theorem we must compute I'm(1)»¢x for A € O N Uy Let
¢ = MOy = c1pr(c). The equation (K2) and the transformation law (K3)
of the Klein function in [12] give
_ 27§ (AN, Am)n? (pr(Am
L)% = Tp(A0y) = XA (prOm)
€cm
—2mcr f(A, m)n? (pr(Xm))

- )\em S(Cl)

ot rOm)
Aem '

2 J—
c1 1 (pr(Am))
= AP pa(
\ P pr(m)
_ (1P (nOR)\T _ -
- <ﬁ oD ) s(e)Tm(1) = s(0) " Tm(1)
where 7 = (pr(m), Hs/k) and u = A/c;. The sixth equality is an application
of Proposition 10 (7) in [6]. The proof of the theorem is now complete. O

Remark 3.1. — Here we draw the attention of the reader that the
computation of the congugates of g(1,w,ws), where (w1, ws) is any Z-basis
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of the ideal m with $(wq/w2) > 0, is already made by several authors even
in the case m is not prime to 6. See for instance Satz(1.1) in [19] or the
Corollaire in page 228 of[18]. Perhaps the most recent such computations
are those made by A. Hayward in his thesis, cf. [9] Proposition 5.2 and
Corollary 5.3. What is really new here is the fact that we succeded
in defining invariants by using the algebraic numbers g(1,w;,ws) which
depend on the Z-basis of m.

Let us put
(3.11) Tim(c) = (Tm(c))™,
where m and ¢ are as in the above theorem 3.1.

One may prove that
(3.12) Ti(1) € kms and Dp(1)7€% = s(A) "™ T(1),
for all A € O N Uy prime to N(m). The proof is similar to that of
theorem 3.1. One has just to remark the following. If A € O N Uy, then
f(A, m)em = f(1,m)°™. In particular we have
(313) k(N(m)),s = k(N(m))(Fm(]-)) and km,s = km(fm(l))
Let us remark that (3.12) is the analog of formula (16.4) of [8].

THEOREM 3.2. — Let n and q be ideals in Ty such that q is a prime
ideal. Let us put m =nq, ' = ky s and F = k, 5. Then we have
s(e) (Fal1)) ™ if gln,
(3.14) NE/F(fm(l)) = (fn(l))(1_(C"F/k)71)z—?11 if qfnandn# (1)
(o) (azigey) i =)

Proof. — Let us choose a = (u + v/Dy)/2 € Oy, as we did in the
proof of theorem 3.1, such that

Or=2Za+7, pr(n)=Za+7Zny and pr(m)=Za+ Zms.
Also let us fix X a set of elements A\ € Oy prime to 6N (m) such that A =1
modulo 12n; and A\O is primitive. Moreover the map A — (AOg, E/k) is a
bijection from X to Gal(E/F). If A € X then we have

L (1)72% = Ty(AOy) = _ZWf()\,m)nz()\pr(ﬁ))

Aem
_ l<772()‘0k))T_277f()‘7m)n2 (pr(m))
A\ 72(Oy) em

= s(A) "™ ig(A\, miq, em)eaq(ma(—u + 30))

= ig(\, mia, em)eas(ma(—u + 3w))
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where 7 = (pr(m), H/k). Now, for each A € X there is unique non negative
integers ay and by satisfying 0 < ay < mi/n1, 0 < by < em/eq and
such that A — (1 + axnia + byen) € m. Let us put v(ax,by) = —1 if
2|ay and 2 1 by, and v(ay,by) = 1 otherwise. Then we have f(A, m)*m =
f(1 4+ axnia + bren, m)®™v(ay, by) by the transformation law (K3) in [12].
This implies

(3.15) NE/F(fm(l)) = (i)mIEFlre H g(1+ aynja+ byreg, mia, eqn)™,

reXx

where T = [],cy v(ax,bx) and © = (624(m2(7u n 3&)))6m[E:F]. Wo e
{ (Caslnalu-5)) if gln,
€ — -1
(e24(n2(—u + 3))) m(1=(a,F/k)")

Moreover, if g|n then the map A — (ay,by) is a bijection from X to the set
Y of couples (z,y) with x € {0,...,:’;—11 —1} and y € {O,...,Z—‘;1 —1}. In
particular we have

if gtn.

H g(1 4+ axnia+ byen, mia, em) = e(1)g(1,n1c, en)
AeX

thanks to Theorem 2.2 (b) of [12], where (1) is the root of unity defined
in Theorem 2.2 (a) of loc. cit. We have

em _ mi_ Cmo_ fm _
(3.16)  (2(1))"™ = es (em(3N(q) o 3))@4(6n N(q)).
On the other hand the integers U = 7:_11 and V = ‘Z—‘: are such that

B =[] vz, y) = (—1) () (F)

(z,y)en
= es(em(N(q) Sy Cm 1))

This completes the proof of the theorem in case gn. If q 1 n there exists
a unique (xg,%0) € ¥ such that g := 1+ xgnia + yoen € q. The map
A (ay,by) is a bijection from X to ¥ — {((xo,y0)}. Let us put

A=T H g(1+ axnia + bren, mia, en).
AeX

Then we have

Yv (o, yo)e(1) -—LLnac.cn) if n+#(1)

v(z0,Y0)g(p,mia,em)

A—

00 ) 1
Te() im eite poany e 0= (1)

TOME 55 (2005), FASCICULE 3
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by Theorem2.2 (b) of [12]. Now suppose n # (1) and fix an ideal ¢ of Oy
prime to 6N (n) such that qc is principal generated by A € Oy satisfying
A = 1 modulo 12n. Moreover, if g { n we suppose that A € ¢qOy, and \/eq
is prime to 6N (q). Let us also choose our a such that u = —+/Dj, modulo
pr(nc) and put p = (q, F/k). The two identities

i, m)™ = FOL M) (20, 50) and AL, m) = N(@)f(N(c), né),

which are easy to check then imply

em

(ig. 1 em)v (o, o) (eaa(na(—u+33))" ) " =Ta() B @om

where

Q = s(c1)

Nl 2l _ (e o 1
Xem  n2(pr(ac)) 1 if gn.
Since Yv(xo,yo) is equal to the term on the right of (3.17) the theorem
is proved in case n # (1) and q { n. If n = (1) then we deduce from (K3)

and Proposition 2.5 of [12] the limit ;LIHI f(zf(fui(zﬁ)q) = v(w0,Yo), and this
concludes the proof of the theorem in all cases. a

Let us associate to a prime ideal q in Ty the number x(q) = s(eq).
Then extend x by multiplicativity to all ideals m € T and set

(3.18) Fin(e) = X(m)T'm(c).

Then we have

COROLLARY 3.1. — Let n and q be ideals in Ty such that q is a
prime ideal. Let us put m =nq, &' = ky s and F' = k, ;. Then we have

(Fa)™ i,
NE/F(fm(l)) = (f‘n(l))(l_(q’F/k) S f qfnandn# (1)

200 .
s(eq) (carday) i n=(1).

4. The universal ordinary s-distribution Us.

Let s be a sign function. Then the map £x — £s(x) for £ € py and
x € Ag, is a well defined homomorphism from pgAg to the group pg.
It coincides with s (resp. the identity map) when restricted to Ag (resp.
tpr). This homomorphism will also be noted s. In this § we define both
the universal ordinary s-distribution U, and the level m universal ordinary

ANNALES DE IINSTITUT FOURIER
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s-distribution denoted by Us(m), where m € Ty. We give some of their
properties. The first definition we propose below for U, and Us(m) follows
the construction of G. Anderson in [1], section 3. Recall that the main goal
of [1] is to study the Galois-module structure of the sign-cohomology of
the modules appeared in the course of Yin’s calculation of the unit index,
cf. [22]and [23]. The approach of G. Anderson is based on the use of Farrell-
Tate theory which extends the theory of Tate cohomology of finite groups
to groups of finite virtual cohomological dimension. He also introduces
a certain double complex to compute this cohomology. The Anderson’s
double complex turns out to be a powerful means for other cohomological
computations like those made in [15].

Of course we have to make some adaptation of the definitions used
in [1] subsections 3.2 and 3.3. But we will keep almost all the notations of
Anderson.

By a lattice we mean a set W = &c, where € € puy and ¢ € Ty . Two
lattices W7 and W5 are homothetic if Wy = AW, with A € ugAg and is
positive, i.e. such that s(\) = 1. A lattice translate is a set « + W, where
x € pglAg and W is a lattice. Two lattice translate 1 +W; and x5+ W5 are
homothetic if there exists a positive o € pugAg such that Wy = aW; and
azx) — xo € Wy. We say that x + W is torsion if the ideal m = ='W N Oy,
is nonzero. In this case x + W is said to be torsion of order m. Note that
m is necessarily prime to 6. We let = be the set of homothety classes of
torsion lattice translates. We denote the homothety class of a torsion lattice
translate = + W by [x+W].

For each ideal m € Ty we put Gus = Gal(kms/k) and Jyns =
Gal(km,s/km). Let us consider the inverse limits

Gs=lmGns and Goo =lim Dy ;.

Also in our case we have a left action of G5 on = and an isomorphism
Goo — pm, cf. [1] Proposition 3.4.3 and Proposition 3.5.3. Let Ag be the
free abelian group generated by E. We may view Ay as a Z|G]-module by
extending linearly the action of G5 on =. By definition Uy is the quotient
of As by the Z-module generated by the sums

E-= >
neY ' (€)
where m € Ty, £ € Z and Yy, : 2 — Z is the Gs-equivariant map defined
in [1] Proposition 3.3.1. Let us recall that Yn([z + W]) = [z + m~'W]. In

fact U, is also a Z[Gs]-module. In the same manner if m € T, we define
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As(m) to be the free abelian group generated by Z(m), which is the set
of homothety classes of torsion lattice translates of order dividing m. Its
quotient by the Z-module generated by the sums

5 - Z m,
neYy (&)

where n divides m and £ € Z(m/n), is denoted U, (m). The reader may also
check that Us(m) is a Z[Gs]-module and even a Z[G s]-module.

There is an other way to define Us and Ug(m) (here we take our
inspiration from both [4] and [16]). Indeed, let 4 (resp. 25(m)) be the free
abelian group generated by the disjoint union erTo Gj,s (resp. Hﬂm Gjs)-
Let U! be the quotient of s by its Z-submodule generated by

S(f,g,0) =0 — Z Z T

n|g ’TGZgyn(O')
(n.f)=1

for all f,g € To and all o € Gj . Here Zg (o) is the set of the automor-
phisms 7 € Gfg/n s such that 7 coincides with o(n, ks ,/k)~" on kj ;. Then
U! is Gs-isomorphic to Us. Let Ul(m) be the quotient of Qs(m) by its Z-
submodule generated by S(f,g,0), for all f,g € Ty such that fgjm and all
o € Gj . Then Ug(m) is G s-isomorphic to Us(m).

Let Yy be the set of the ideals n dividing m such that the
ged(n,m/n) = 1. Let QY(m) be the free abelian group generated by
To = [lies, Gfs- Let DY be the G s-submodule of 22(m) generated
by

So(fape’a):U_U(pakf,s/k)_l_ Z T

TEsz‘(1>(O')

for all f,p¢ € Xy such that p is a prime ideal not dividing f. It is easy
to prove that Q%(m)/DY and U.(m) are isomorphic as Gy s-modules. Let
us put U2(m) = Q%(m)/DY,. Our next step now is to prove that U?(m) is
Z-free and give an explicit basis. But let us first fix some notation. If p is a
prime ideal dividing m then we denote by p the p-power satisfying p € Jm.
We associate to p a Gm)s—operator

Xp  Q(m/p) — Q(m)

such that X,(0) = S°(f,p,0) for all f € ¥y and all 0 € Gj,. Let us put
X1y = 1 and Xy = leg Xy for g € Y. This is a G s-operator from
Q(m/g) to Q(m).

For a ideal g € Ty we fix S(g) C Ggs such that 1 € S(g) and the
restriction map S(g) — G, is a bijection. Let 0 € Gy . Then there
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exists a unique 7 € S(g) such that o771 is the identity on H, = kay,s-

! can be uniquely written as

e

plg

Moreover o7~

where for each prime ideal p dividing g the automorphism o € Gy and
is the identity on kg/p: o, with p! being the exact power of p dividing g.
Indeed, Gal(kg,s/H,) is equal to the direct product

Gal(kg,s/H,) = [ [ Gal(kg,s/kg/pt.s)-
plg

We say that o € B, if there exist exactly n prime ideals p such that op = 1.
By definition G(1),s C Bo. Thus we have

II Gis =TI B~

fe€To nz0

THEOREM 4.1. — Let m € Ty. Then the set
Xm = {Xg(0) such that g € X and 0 € By N Tiy/q}

is a Z-basis of Q%(m). Moreover U?(m) is Z-free of rank #Gm s with basis
the set Bo N Tiy.

Proof. — This result is nothing both Theorem 4.1.1. assertion 1 and
Theorem 4.3.1 assertion 3 of [1]. See also Proposition 3.1 (i) and (ii) of [16].
For the convenience of the reader we repeat the proof here. Let o € Gy s
for a certain g € X,. Suppose that o € B,,, with n > 0. Let ¢’ be the
restriction of o to ks ,, where | = g/p. Then, by considering Xp(o’) we see
that

o€ Xp(Q(F) + Q(f) + Bn-1(g).

Here B,_1(g) is the Z-module generated by the automorphisms 7 €
Gg,s N Bp—1. This allows us to conclude by induction that X generates
Q%(m). On the other hand we have

G
#(BoN Gys) = #G1).e H(## g ): S (1)@ gy,
plg Cafps fesg

In particular #(By N Ty) = #Gy and #Xn = #YTm. Thus Xy, is indeed a
Z-basis of QY(m). Now the second claim of the theorem is a straightforward
consequence of the first one. O
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Our goal now is to compute the Tate cohomology groups
Hi(Goo,U%(m)) for m # (1). Let us point out that these groups are use-
ful in many purposes. See for instance the index calculation of Sinnott in
[20]. They are naturally equipped with a Gy s action. Let us identify G
with the group J = gal(km,s/km). As mentioned in the introduction we
will use Anderson’s method introduced in [1] and improved by Ouyang
n [16] and also in [15]. The first step is to define the Anderson’s resolu-
tion of U2(m). Let supp(m) be the set of prime ideals dividing m and let
=< be a total order of supp(m). If g € ¥y and p € supp(g) then we let
w(p,g9) = #{q € supp(g) such that ¢ < p and q # p}. Now consider the
free abelian group Ly, generated by the symbols

[o,9], 0€Tyn,y and ge Xy
If v = Y ny,(0) € Q%m/g) then some times we will write [z, g] instead
of Y nylo,g]. It is easy to see that Ly is a graded G s-module with the
definition of degree given by deg[z, g] = — deg(g). We define a differential
d on Ly, as follows
0 if g=(1)
d(lo,g]) = { S pla(— D PDSO(5,5,0),9/p] if g# (1) and o € Gy,

It is easy to check that d> = 0. Moreover the 0-cohomology group
H°(Ly,d) ~ U?(m). The isomorphism is induced by [o, (1)] = o.

PROPOSITION 4.1. —  The complex (Ly,d) is acyclic in nonzero
degree.

Proof. — We refer the reader to the appendix by Greg W. Anderson
n [15]. O

As in [16] Anderson’s resolution (L, d) can be used to compute the
cohomology groups H'(J,U%(m)) for m # (1). Indeed let

(Pd: -+—P—...— P — P — P — P y—s---
be a complete resolution for J, cf. [5] page 132, and consider the double
complex C' and its total cochain complex Tot C defined by

Cpq =Hom, (P, L) and (Tot C)n = P Cu.

u+v=n
Here we consider the differential D on Tot C' whose restriction to Cp 4 is
the sum d + (—1)P9. Also recall the classical filtrations of Tot C

'FP(Tot C) = @D Cuw and "FP(Tot C)p= € Cun.
ut+v=n ut+v=n
uzp vz2p
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Since we have C,, , = 0 for u > 0 or u < 0 each one of these two filtrations
is finite, cf. [10] page 267, and hence gives rise to a spectral sequence which
converges finitely to the cohomology of Tot C', see Theorem 3.5. of loc. cit.
The E;-term and the Fs-term of the first filtration are

'BPT = HO(J,Ly) and (YT = HY(H(J.LY)).

Moreover the Ey-term of the second filtration is "EY'? = HY (Hom ;s (Py, Ly,)).
But since P, is projectif we have ” EY"? = Hom ;(P,, HY(Ly,)). On the other
hand we have
0 if p#£0
nppa _ e ppay )
E2 = Ha( E1 ) - {Hq(J, Uf(m)) if p= 0.
It is easy to check that the spectral sequence ”E degenerates at " FEs.
In particular the convergence "EY? — HPT4(TotC) gives the identity
HPT4(Tot C) = HPF4(J,U%(m)). Let us compute 'EY"? and 'EY?. If f € Xy
is such that § # (1) then Z[Gj,] is Z[J]-free. Moreover if ¢ is odd
then HY(J, Z[Gal(H,/k)]) = 0. We deduce from these two remarks that

-~

'ERY =" EP = HI(J,LE) =0 if ¢ is odd. If ¢ is even then

'EPU=HUJLLE) = P [Ag.
gesm
deg(g)=—p

where A = Z/w,Z[Gal(H/k)] and [A,g] = {[z,g], = € A}. Let us denote
by d the differential on ’E; induced by d. We have

0 if g=(1)
d(lo.gl) = { D _(~1)*PV[o —o(p, H/k) " 0/p] if g# (1).

plg
THEOREM 4.2. — Let (1) # m € Ty. Let D be the subgroup of

Gal(H/k) generated by the Frobenius automorphims (p, H/k) = 7, at the
prime ideals p € supp(m). Then for q even we have an isomorphism

'ERT ~ @ (4, g].

gesm
deg(g)=—p
where A = Z/w,Z|Gal(H/k)/D].
Proof. — The Theorem is obvious if w, = 4 or wi = 6 because in

these two cases we have d = 0. Let us suppose wy = 2. If S C supp(m)
is not empty then we denote by Dg the subgroup of D generated by the
Frobenius automorphims 7, p € S. Also we set Dy = 1. In the following
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we will use the group algebra Ag = Z/2Z[Gal(H/k)/Dg] and the graded
Ag-module
Ms= @ [As,g],  deglz,g] = — deg(g)

gesy
supp(g)NS=0

on which we define the differential dg naturally induced by d. Let zg
and BY be the kernel and the image of ds in degree p. Thus we have
HP(Mg,ds) = Z%/B% and #S — deg(m) < p < 0. These groups satisfy
some interesting properties that we give below

1) H?(Mg,ds) is naturally an A-module.

2) If S C S’ then the natural map Aggs : As — Ag induces a
morphism (Mg,ds) — (Mg, ds:) (which sends [z, g] to 0 if supp(g) N
S’ # (). This gives us an A-homomorphism

)\2«75«/ : Hp(Ms,CZS) — Hp(MS/,(ZS/).

3) The map )\%, g 1s an isomorphism of A-modules.

4) If S € S" and #S" = deg(m) + p then the homomorphism XY
is onto. To prove this claim we may take S = () without loss of generality.
On the other hand the sum )" o, where ¢ €< 745/ | qlm and q € S" >, is
an A-basis of H?(Ms:,dg). Here Tq,s¢ is the image of 7q in Gal(H/k)/Dsg:.
One may easily prove that Y o may be lifted to a element of HP(Mjy,dy).

5) Let S C 8" and let u be the unique ideal in Xy, such that supp(u) =
S’—S. Then we have a well defined morphism p5 s/ : (Mg, ds/) — (Mg, ds)
satisfying

ps,s:([z,g]) = [£(5,5)’, gu].

where ¢(5,S”) is the sum in Ag of the elements of the group generated by
Tp,s, p € S'—S and 2’ is any element of Ag whose image is = via the natural
map Ag — Ag/. Let us remark that x — #(S,S")z’ is a homomorphism of
the Z/2Z-vector spaces Ag: and Ag. We also denote it by g s/ and we let
s g be the A-homomorphism

p g o HPT4®W (Mg, dgr) — HP(Ms, ds)
induced by pg s

6) Suppose we have S’ = S U {p}. Then it is not hard to prove that
the sequence

P

— pr ’ — A ’ —
HP*Y (Mg, dsr) —25 HP (Mg, ds) —> H? (Mg, dg)
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is exact whenever these groups exist.

7) Let us prove by induction that )\g’ o is onto for all S C S’. The
induction is initialized by remarks 3) and 4). Suppose we have proved that
N x» is onto for all i > p and all X, X’ such that )‘3(,)(' is defined. Suppose
also we have proved that )‘g,sw{p} is onto. Let us put U = S U {p} and
U’ = S"U{p}. We deduce from 8) and our hypotheses that the following
commutative diagram

P P

Hs s,U

_ _ A
HP L ( My, dy) —=7, H?(Mg,ds) —— Im(/\g,U) — 0

p+1 P P

J{AU,U’ l)‘s,s’ l)\U,U’ l
P P
s’,u’ s’u’

_ % - A -
Hp+1(MU/,dU/) — Hp(MS/,dS/) — HP(MU/,CZU/) — 0
has exact rows. Moreover )\’{]’U, and )\’;E, are epimorphisms. Hence by the

four lemma X% g, is also an epimorphism.

8) Let us prove that ng g is injective whenever it is defined. Actually
since g g» = pg g © ,u?fls for all S ¢ S € S§” and i = #(9' - 9)
we may take S’ = S U {p}. Let X € Z% and Y € Mg be such that
t g (X) = ds(Y). We have

X =) [Xgg and Y =3 [V].
geg feF
where F and G are defined as follows
F={f€Zn|supp(f)NnS=0 and deg(f)=-p+1}
G={g€Xm[supp(g) NS =0 and deg(g) =—p—1}.
Further, for a fixed u € Us: = {u € Tyy| supp(u) NS’ = Pand deg(u) = —p}
we must have
() Gombve= Y G-ndve
tZS’Usupp(u)
Let us set H = {h € T| supp(h) N S’ = Pand deg(h) = —p + 1}. Then
the image of EbeH[Yb7h] in Mg/ gives us a element of H?~1(Mg:,dg/).
But we have proved in 9) that )\g_sl/ is an epimorphism. Thus there exist
7 = YierlZfl € 2§ and Z' = Yy 4, 7], b] € Mss such that
Yy = Zy + (1 —7.5) %4,
for all h € H. Moreover we deduce from (4.1) the identity
(4.2) Yo=Zs+ Y (1-73)Z-+1(s5)Z],
tZS’Usupp(u)
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where Z € Ag. Now (4.2) and the equation p§ ¢ (X) = 15(Y) clearly
show that
-1
Xg= ), (- To.5)As,5'(Z2)-
q¢S’Usupp(g)
In particular X € Bgfl.

9) Now we are ready to prove by induction that HP(Mg,dgs) is
isomorphic (as an A-module) to a direct sum @, [4,u]. This is easy to
check if p = 0 or —p = deg(m) — #S5. On the other hand if this property
is satisfied for all H'(Mg,ds) with @ > p and for all H7(Mg:,dg/) with
S"=SU{p} and j > p then the exact sequence

p+1 7o Fss 7y 58S ]
0 — H"*(Mg/,dg) —— HP(Mg,ds) —— HP(Mg,dg) — 0
of A-modules splits and this gives us the desired property for H?(Mg,ds).
The proof of the theorem is now complete since we have 'ED? =
HP(My, dy). 0

LEMMA 4.1. — The spectral sequence 'EY? — HPVI(J U9 (m))
degenerates at 'Es. In other words we have 'EFP'? = 'ENY for all r > 2.

Proof. — Since J is cyclic we can use the following complete resolu-
tion of J

) Lz[!]]:plgz[ﬂ:po Lz[J]:p_lj;,...

where j is a fixed generator of J and N =14 j +j2+---+j¥#~1, On the
other hand we consider the double cochain complex C', with

6p,q = @ [379]7

ge=m
deg(g)=—p

where B = vZ[Gal(H/k)/D] and v = wy /wg, equipped with the unique
differential D whose restriction to C, 4 is given by
~ 0 if ¢ is even
D =
(@) {(—1)pwka; if ¢ is odd.
If ¢ € Hom, (P, = Z[J], L};) then vp(1) has a component in

D [vz[Gal(H./k)),g].

gesy
deg(g)=—p

Let us denote by F(p) the projection of this component in C/Z\'pyq. This
gives us a filtration-preserving cochain map F : Tot C — Tot C. The
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corresponding family of maps F,. : 'E, — ' ET from the spectral sequence
('E,) into ("E,) is such that F is an isomorphism. Therefore F,. is an
isomorphism for all » > 2. Now it is clear that 'E, ~ 'Ey, for all r > 1. O

THEOREM 4.3. — Supposem # (1) then H'(.J,U?(m)) is isomorphic
as a G, s-module to

2deg(m) —1

(Z/wiZ|Gal(H/k)/D))

Proof. — Since the two filtrations are finite in each dimension the
theorem follows from Theorem 4.2 and Lemma 4.1. O
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