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INVERSE SPECTRAL RESULTS ON EVEN
DIMENSIONAL TORI

by Carolyn S. GORDON, Pierre GUERINI,
Thomas KAPPELER & David L. WEBB (*)

ABSTRACT. — Given a Hermitian line bundle L over a flat torus M, a connection
V on L, and a function @ on M, one associates a Schrodinger operator acting on
sections of Lj; its spectrum is denoted Spec(Q; L, V). Motivated by work of V.
Guillemin in dimension two, we consider line bundles over tori of arbitrary even
dimension with “translation invariant” connections V, and we address the extent to
which the spectrum Spec(Q; L, V) determines the potential Q. With a genericity
condition, we show that if the connection is invariant under the isometry of M
defined by the map z — —=z, then the spectrum determines the even part of the
potential. In dimension two, we also obtain information about the odd part of
the potential. We obtain counterexamples showing that the genericity condition
is needed even in the case of two-dimensional tori. Examples also show that the
spectrum of the Laplacian defined by a connection on a line bundle over a flat
torus determines neither the isometry class of the torus nor the Chern class of the
line bundle.

In arbitrary dimensions, we show that the collection of all the spectra
Spec(Q; L, V), as V ranges over the translation invariant connections, uniquely
determines the potential. This collection of spectra is a natural generalization to
line bundles of the classical Bloch spectrum of the torus.

RESUME. — A un fibré en droites hermitien sur un tore plat M, une connexion
V sur L et une fonction @ sur M, on associe un opérateur de Schrodinger agissant
sur les sections de L ; on note Spec(Q; L, V) son spectre. A la suite du travail de V.
Guillemin en dimension deux, on consideére des fibrés en droites complexes au des-
sus de tores de dimension paire quelconque ainsi qu’une connexion « invariante par
translation » fixée et on se demande dans quelle mesure Spec(Q; L, V) détermine
le potentiel Q. Sous une condition générique, on montre que le spectre détermine
la partie paire du potentiel, & condition que la connexion soit invariante par l’iso-
métrie du tore définie par 'application = +— —z. En dimension deux, on obtient
également des informations sur sa partie impaire. On obtient des contre-exemples
qui montrent que la condition générique utilisée est nécessaire méme dans le cas des
tores de dimension deux. Ces exemples montrent aussi que le spectre du laplacien
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2446 C.S. GORDON, P. GUERINI, T. KAPPELER & D.L. WEBB

défini par une connexion sur un fibré en droites sur un tore plat ne détermine ni
la classe d’isométrie du tore ni la classe de Chern du fibré.

En dimension quelconque, on montre que la collection de tous les spectres
Spec(Q; L, V), lorsque V parcourt I’ensemble des connexions invariantes, détermine
le potentiel de maniére unique. Cette collection de spectres est une généralisation
naturelle aux fibrés en droites du spectre classique de Bloch sur le tore.
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1. Introduction

Let M be a flat n-dimensional torus £\R". To each smooth function
@ on M, viewed as an L-periodic function @ : R™ — R, one associates
a Schrodinger operator A + Q. In their pioneering work [4], G. Eskin, J.
Ralston, and E. Trubowitz address the extent to which the potential @
is determined by its periodic spectrum Spec(@Q), i.e., by the spectrum of
the Schrodinger operator acting on L-periodic functions, and also by the
more extensive data of the Bloch spectrum. The latter associates to each
linear functional @ on R™ the spectrum Spec, (Q) of the Schrodinger oper-
ator acting on smooth functions on R™ satisfying the condition f(x +1) =
e?m ) f(z) for all I € £. In what follows, we will refer to the Bloch spec-
trum as the “classical Bloch spectrum.” As explained in Section 2, the clas-
sical Bloch spectrum can be viewed as the spectrum of the bundle Laplacian
determined by a flat connection on the trivial complex line bundle over M.

Given a Hermitian line bundle L over M and a connection V on L, one
associates a Laplace operator acting on smooth sections of L. A smooth
function @ on M then gives rise to a Schrodinger operator acting on sec-
tions of the bundle. The spectrum Spec(Q; L, V) of this operator depends
both on the connection and on the potential. In case L is the trivial bundle
and V the trivial connection, then Spec(Q; L, V) coincides with the peri-
odic spectrum of Q. The torus M = L\R" is said to have nondegenerate
length spectrum if for each | € L, the only elements of £ of length |I| are
+!I. G. Eskin [3] addressed the problem of determining both the connection
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INVERSE SPECTRAL RESULTS 2447

and potential from Spec(Q; L, V) in the case of an arbitrary connection and
potential on trivial line bundles L over two-dimensional tori with nonde-
generate length spectrum. Our work is motivated by that of V. Guillemin
[10] who addressed the same question for line bundles of Chern number
one. For 2-tori with nondegenerate length spectrum and for the class of
connections and potentials that are invariant under the isometry of M de-
fined by the map x — —ux, he first proved under curvature bounds on the
connection that Spec(Q; L, V) determines the connection. He then proved
that for a given connection, Spec(Q; L, V) determines the potential.

In this article, we consider Schrédinger operators on Hermitian line bun-
dles L over higher-dimensional tori. In general dimensions, it seems unlikely
that one could recover the connection from the spectrum of the Schrédinger
operator. Thus we fix either a single connection or a family of specified con-
nections on a line bundle L and ask whether the potential function can be
determined from the associated spectral data. Associated to each connec-
tion on L is a curvature 2-form on M. By an abuse of language, we will refer
to a connection as translation-invariant if the associated curvature 2-form
is translation-invariant, i.e., invariant under the group of isometries of the
torus given by the translations. For a given potential function @, the map-
ping V +— Spec(Q; L, V) as V ranges over the translation-invariant con-
nections is a natural analog of the classical Bloch spectrum (as explained
in Remark 2.23) and thus will be referred to as the L-Bloch spectrum of Q.
Among the translation invariant connections on L, there is a unique con-
nection (up to gauge equivalence) that is also Zs-invariant, i.e., invariant
under the map x — —zx of R”, and exactly 2" connections that are weakly
Zso-invariant in the sense that they are gauge equivalent to their pullbacks
with respect to the map r — —xz. We address two questions in this article:

e Given a weakly Zs-invariant, translation invariant connection V on
L, does Spec(Q; L, V) determine Q7
e Does the L-Bloch spectrum of () determine Q)7

A line bundle over a torus is uniquely determined up to equivalence by
its Chern class. We consider bundles whose Chern class is represented by
a nondegenerate two-form. This condition forces the dimension of M to
be even, say n = 2m. As will be explained in Section 2, associated to the
Chern class is an ordered m-tuple (rq,...,7,,) of positive integers such
that r;|r;yq for i = 1,...,m —1; we refer to the integers r; as the invariant
factors of the Chern class. The m-tuple of invariant factors is a topological
invariant of the line bundle but not a complete invariant (although in the
case m = 1, r1 is, up to sign, the Chern number of the bundle).

TOME 58 (2008), FASCICULE 7
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For our positive results, we restrict attention to the case in which all
the invariant factors of the Chern class equal 1, the analog of the setting
studied by Guillemin in dimension 2. In this setting, we give an affirmative
answer to the second question even without assuming nondegeneracy of
the length spectrum. For the first question, we obtain some positive results
in the setting of tori with nondegenerate length spectrum. We also con-
struct counterexamples illustrating that, both in the two-dimensional case
studied by Guillemin and in the higher dimensional case studied here, the
hypothesis of nondegeneracy of the length spectrum cannot be dropped.

We first state the negative results. Two potentials ; and @2 on a torus
M are said to be congruent if there exists an isometry o of M such that

Q2=Q100.

THEOREM 1.1. — Let M be a rectangular nonsquare 2-torus for which
the ratio of the side lengths is rational. Then for every line bundle L over
M with nondegenerate Chern class and for every translation invariant con-
nection V on L, there exist pairs of noncongruent potentials Q1 and Qs
on M such that Spec(Q1;L,V) = Spec(Q2; L, V). The potentials may be
chosen to be real analytic.

A slightly weaker result holds in arbitrary even dimensions, as explained
in Section 3.

According to Theorem 4.2 in [6] Part I, the potentials we construct do not
have the same periodic spectrum. This example is contrary to the general
belief that “spectral rigidity” in the case of a non trivial line bundle is more
pronounced than in the case of a trivial line bundle.

The method used to construct the examples in Theorem 1.1 also yields
results concerning the spectrum of the Laplace operator itself. Letting
Spec(L, V) denote the spectrum of the Laplacian defined by V acting on
sections of L, we show (in contrast to the case of the Schrédinger opera-
tor with nontrivial potential) that within the class of translation invariant
connections V on L, the spectrum Spec(L, V) is independent of the choice
of V. We refer to this common spectrum as the spectrum of L. We show:

e For every even integer n > 4, there exists an n-dimensional flat
rectangular torus M and a pair of topologically distinct, isospectral
line bundles over M. The Chern classes of these line bundles have
different invariant factors.

e For every even integer n = 2m, there exist pairs of nonisometric
n-dimensional flat tori M and M’ such that for every choice of
r = (r1,...,7m) as above, there is a pair of isospectral line bundles
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INVERSE SPECTRAL RESULTS 2449

L, — M and L, — M’. Thus the spectrum does not determine the
isometry class of the torus.

We next address the positive results. First note that the spectrum of the
Schrodinger operator associated with a fixed connection on a line bundle
L may sometimes distinguish between congruent potentials. In particular,
given a smooth potential Q on M, let () denote the congruent potential
given by Q(z) = Q(—=z). For the bundles L that we consider, Spec(Q; L, V)
will typically differ from Spec(Q; L, V) when V is not weakly Zo-invariant.
In fact, a consequence of Theorem 1.3 below is that Q and Q are dis-
tinguished by their L-Bloch spectra when all the Chern invariant factors
of L equal one. On the other hand, we will see that Spec(Q;L,V) and
Spec(Q; L, V) do agree when V is weakly Zo-invariant.

Our first theorem below generalizes to tori M of arbitrary even dimension
n = 2m a result of Guillemin [10] in dimension two. Both theorems below
are based on wave invariants constructed in the appendix.

Given a connection V on L and a potential @, we let Iso(Q; L, V) denote
the set of all potentials P such that Spec(P; L, V) = Spec(Q; L, V).

THEOREM 1.2. — Let M?™ be an even-dimensional torus with nonde-
generate length spectrum, and let L. — M be a line bundle with Chern
invariant factors r1 = ---r,, = 1. Let Q be a smooth potential on M.

Then the following statements hold for every translation invariant, weakly
Zo-invariant connection V on L:

(a) For any P € Iso(Q;L,V),
1 . 1 .
§(P+P) = Q(QJFQ),
i.e. the even part Qt := %(Q + Q) of Q is uniquely determined by

Spec(Q; L, V).
(b) If Q is assumed to be even, then Iso(Q; L, V) = {Q}.

We will show in Section 4 that when m = 1, the odd part of @) has strong
spectral rigidity properties as well (see Theorem 4.9) and its corollaries.

Theorem 1.1 shows that the nondegeneracy hypothesis cannot be
dropped in Theorem 1.2, in contrast to the following result.

THEOREM 1.3. — Let M?™ be an even-dimensional torus and let L —
M be a line bundle with Chern invariant factors r1 = ---r,, = 1. Then
every smooth potential Q on M is uniquely determined by its L-Bloch
spectrum.

We emphasize the generality of Theorem 1.3; in particular, we do not
assume nondegeneracy of the length spectrum. In the special case in which

TOME 58 (2008), FASCICULE 7
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the length spectrum is nondegenerate, then Theorem 1.3 can be improved;
see Remark 4.5.

Since, as noted above, Spec(Q; L, V) = Spec(Q; L, V) when V is transla-
tion invariant and weakly Zs-invariant, Theorem 1.3 shows that
Spec(Q; L, V) does not suffice to determine the full L-Bloch spectrum of
Q@ even in the nondegenerate case.

In contrast, when the bundle L in Theorem 1.3 is replaced by a trivial
bundle, then the conclusion of Theorem 1.3 fails. In fact, it can be easily
verified that Q and @ have the same classical Bloch spectrum. Moreover,
G. Eskin, J. Ralston, and E. Trubowitz [4] showed that for real analytic
potentials @, the periodic spectrum of ) determines the classical Bloch
spectrum of ). See Remark 4.6 for further discussion of this contrasting
behavior as well as possible similarities.

The paper is organized as follows. In section 2 we introduce the line
bundles, connections and spectra as well as the notation that are used
throughout the paper. The reader interested only in wave invariants and
positive results need only read the first two subsections of Section 2. The
third subsection gives the background used in the construction of the coun-
terexamples. In section 3 we prove Theorem 1.1 and other negative inverse
spectral results for rectangular tori. In section 4 we prove Theorem 1.2, The-
orem 1.3 and additional positive results. Recall that a quantitiy 1(Q, L, V)
is a spectral invariant of (Q,L,V) if I(Q', L', V') = I1(Q, L, V) whenver
Spec(Q'; L', V') = Spec(Q; L, V). The proofs of the positive results use
wave invariants, which are spectral invariants arising from the asymptotics
of the wave trace. In the appendices, we construct the necessary wave in-
variants by adapting to our setting constructions developed in [4] (cf also
[3] and [10]) to the case of non-trivial line bundles.

Acknowledgment. The authors wish to thank Y. Kurylev for pointing
out that an earlier version of Theorem 1.3 could be strengthened. In par-
ticular, the earlier version assumed that the length spectrum of the torus
was nondegenerate. We also thank Dorothee Schueth for bringing to our
attention the distinction between the notions of Zs-invariance and weak Zo-
invariance of connections (see Definition 2.12). Finally, we thank Thomas
Haller and the referee for suggesting various improvements to the text.

2. Line bundles over tori: construction and classification

The results in this section are standard; we include them for completeness
and for setting up notation.
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2A. Invariant factors of 2-forms

Let n > 2, let £ be a lattice of maximal rank in R™, and let gy be an
inner product on R™. Then M := (L\R", go) is a flat Riemannian torus of
dimension n. We review the classification and construction of complex line
bundles over M.

A complex line bundle L over M is classified up to equivalence by its
Chern class ¢1 (L) in H2(M;Z). Like every real or integer cohomology class
on the torus M, the Chern class may be uniquely represented by a trans-
lation invariant 2-form €2 on R"™; this is the harmonic representative of the
class. This form Q may be viewed as an antisymmetric bilinear map on
R™ x R™ that takes integer values on £ x £. We will consider only bundles
with nondegenerate Chern class; i.e., we require that €2 be a nondegenerate
bilinear map. In order that such a nondegenerate antisymmetric bilinear
form exist, the dimension n of M must be even.

The following result is standard. See, for example, [8], page 304.

LEMMA 2.1. — Let n = 2m be an even integer. Given a nondegenerate
antisymmetric bilinear map €2 on R™ x R™ that takes integer values on
L X L, there exists a unique m-tuple (r1,...,r,,) of positive integers with
the following properties:

° 7"1|’/’2| |’I"m,'
e there exists a lattice basis B = {Uy,...,Un,V1,...,Vin} of L such

that Q(U;,V;) = r; for j = 1,...,m and Q vanishes on all other
pairs of vectors from B.

Equivalently, letting (u,v) := (u1, ..., Um, V1, ..., Vy) be the coordinates
on R™ associated with the basis B and viewing 2 as a 2-form on R", we
have

0= Z rj duj A dvj.

j=1
Remark 2.2. — The nondegenerate form Q : £ x £ — Z induces an
injective map £ — L* := Homgy(L,Z), i.e., an injection Z" — Z™. The
sequence 11,71,T2,T2, ..., m, T m 1S just the sequence of invariant factors

associated with this injection, i.e., the entries of its Smith normal form.

DEFINITION 2.3. — In view of Remark 2.2, in the notation of Lemma
2.1, we will refer to the integers (rq,...,7,) as the invariant factors of the
cohomology class [Q)] € H*(M;Z).

TOME 58 (2008), FASCICULE 7
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Notation 2.4.

(i) Throughout the rest of this section, we fix r = (rq1,...,7,) (all
nonzero) with rq|ra| ... |rm,, and we fix a lattice basis

B=A{Uy,....,Un,V1,...,Vin},

thus defining coordinates (u1,...,Um,v1,...,0y). For x € R", we
will express x in these coordinates as

m

v = (u(a),vi) = 3 (@), + v, (@)Y,

Define a 2-form Q by @ = 3770, r; du; A dv;.
(ii) Given z,y in R™, define

(2.1) eay) =Y ryuy(z)v;(y).

j=1
In particular, viewing 2 as a bilinear form on R™, we have
Qz,y) = ex(y) — ey ().

Remark 2.5. — In the notation of 2.4, [©2] depends on the choice of B
as well as on (rq,...,7,). However, if the torus M is two-dimensional, the
cohomology class depends only on the invariant factor r(= r1) and the ori-
entation of the basis B. In this case, if L is a line bundle with Chern class
c1(L) = [Q], then the Chern number of L is -r, with the sign depending on
the orientation of the basis B. While we will normally assume that the inte-
gers r; in 2.4 are positive (i.e., that they are the invariant factors as defined
in 2.3), the constructions in Subsections 2B and 2C below never use the
positivity of the integers r;. In considering two-dimensional tori, it is conve-
nient to allow r to be an arbitrary nonzero integer so that as r varies (with
the basis B remaining fixed), the corresponding 2-forms 2 range over all
nontrivial cohomology classes in H?(M;Z), which parametrize nontrivial
complex line bundles over a two-dimensional torus M.

2B. Line bundles, connections, and spectra.

Given the data in Notation 2.4(i), we now construct a complex Hermitian
line bundle L over the torus M and a connection on L. By computing the
curvature of this connection, we will see below that the line bundle has
Chern class [(2].

DEFINITION 2.6. — Define an action of the group L on the total space
R™ x C of the trivial complex line bundle over R" as follows: for l € L,

ANNALES DE L’INSTITUT FOURIER
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r €R", and z € C,
(2.2) L(z,2) = (I + x, 2™ (@) 2),

where e;(x) is given by Notation 2.4(ii). We define L to be the orbit space
of the L-action on R™ x C.

Denote elements of L by [(z,z)]. The bundle projection R” x C — R"
is L-equivariant, so induces 7 : L — M by «n([(z,2)]) =T € L\R" = M.
Then L is a complex line bundle over M. Moreover, L pulls back to our
original trivial line bundle R™ x C over R™. Many of our considerations —
sections, connections, curvature, etc. — will be simplified by expressing data
associated with the bundle L via corresponding “pullback” data associated
with the trivial complex line bundle over R"™.

(Aside: We can endow L with local trivializations in such a way that
its structure group is the unitary group U(1). To describe the local trivi-
alizations and transition functions explicitly, let p : R" — M = L\R"™ be
the projection. Given Z € M, let U be an evenly covered neighborhood
of Z in M, so p~!(U) is a union of disjoint open sheets each carried dif-
feomorphically by p to U. Let U be one of these sheets. For each 7 € U,
let y € U be the unique lift of § in U. Define ty : Ll — U x C by
tu([(y,2)]) = (¥, 2). If U’ is another of the sheets of p~1(U), then there
exists | € L such that U' =14+ U = {l+y : y € U}. The transition function
tyro(ty)™t : U x C — U x C is given by (¥,2) — (¥,00v(¥)z), where
oy UnU — U(1) is given by 7 — e*>™¢(¥) We emphasize that 7% )
is independent of the choice of lift y of 7 in R™ since ¢;(£) C Z.)

The Hermitian structure on the trivial bundle R™ x C given by the stan-
dard Hermitian inner product on C induces a Hermitian structure on L.

Given any bundle B, we denote by £(B) the space of smooth sections
of B. An element of E(R™ x C) is a map s : R® — R" x C of the form
s(z) = (x,h(zx)) for some smooth complex valued function h on R™. The
group L acts on E(R™ x C) on the left via the action

(2.3) (lus)(z) = 1.(s(z = 1)) = (&, > @@ p(z = 1)).

Sections of L pull back to sections s : R™ — R" x C of the trivial bundle
that are L-invariant for this action, i.e., to sections that satisfy

(2.4) s(l+z) =l.s(x)
for all [ € £ and = € R™. Such a section has the form

(2.5) s(z) = (2, h(z))

TOME 58 (2008), FASCICULE 7
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with h a complex-valued function on R™ satisfying the functional equation
(2.6) h(l 4 z) = 2™ @) p(g)

for x € R™ and [ € L. Given such a function h, the corresponding section
h of L is given by

(2.7) h(@) = [(z, h(x))].
DEFINITION 2.7. — Given a complex-valued 1-form A on R™, we obtain
a connection V on the trivial bundle R™ x C over R™ by
V =d+ A.

Thus for a section s given by s(x) = (x,h(x)) and a tangent vector X €
T.R",
(Vxs)(x) = (2, dh;(X) + Aj,(X)h(2)).
The connection V descends to a connection on L if and only if it carries
L-invariant sections to L-invariant sections. More precisely, the condition
that V descend to a connection on L is the following: if s is a section

of the trivial complex line bundle over R™ satisfying (2.4), then for every
X e T,R™ and | € L, we have that

(2.8) (Vo.x)s)(l+2) =1.((Vxs)(z))

where T; : R™ — R™ denotes translation by [. In this case we will use the
same notation V for the connection thus obtained on L.

One checks that the condition on A that guarantees that the connection
on the trivial line bundle R™ x C — R™ descends in this way to a connection
on the line bundle L over the torus is that, for any [ € L,

(2.9) T} A= A—2mie

(one uses the fact that e; can be viewed as either a function or a 1-form,
and for a tangent vector X € T,R"™, X(¢e;) = ¢;|(X)).

A necesssary and sufficient condition that the connection be compatible
with the Hermitian structure on the bundle is that the 1-form A be purely
imaginary; for convenience, we will write A = 2mip for some real-valued
1-form ¢ on R™. We will assume in what follows that all connections are
Hermitian.

Remark 2.8. — For [ € L, view the linear functional e; as a harmonic
(equivalently, translation-invariant) 1-form on R™. Then by Equation (2.9),
a connection V = d + 2mip satisfies Equation (2.8), and thus defines a
connection on L, if and only if T*¢ = ¢ — ¢; for all [ € £. By identifying

ANNALES DE L’INSTITUT FOURIER
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each tangent space T,R"™ with R™ and thus viewing the covectors |, and
©|z4 as linear functionals on R™, this equation may be rewritten as

(2.10) Oleri = ple — e

DEFINITION 2.9. — Let ¢ be the 1-form on R"™ given by pP =
— Z;ﬂ:l ryu;dvj, and set VP = d+2mipP. Note that under the identifica-
tion of the tangent space T,R™ with R", we have ©P|, = —e, for x € R,
Thus P trivially satisfies Equation (2.10) and hence defines a connection

on L. This connection will be called the distinguished connection on L.

We will see in Remark 2.19(iii) that this connection is distinguished by
its invariance properties.

PROPOSITION 2.10. — The Chern class of the line bundle L constructed
in 2.6 is represented by the 2-form Q = 377" | r; du; A dv; on L\R™.

Proof. — The Chern class is represented by —%K, where £ is the cur-
vature form defined by a choice of connection on L. (The cohomology class
of this form is independent of the choice of connection.) We use the dis-
tinguished connection V. Pulling back to the trivial bundle over R”, the
curvature form is given by d(2mip?) = —27i Z;”:l rjdu; A dvj. This form,
being translation-invariant, descends to a 2-form on M which is the curva-
ture form of the distinguished connection V” on L. The proposition now
follows. |

Thus for every 2-form  of the type given by Notation 2.4(i), we have
constructed a line bundle with Chern class [©2]. Hence every complex line
bundle over the torus with Chern class represented by a nondegenerate
harmonic form arises from the construction above.

DEFINITION 2.11. — Two Hermitian connections V1 and Vo on L are
said to be gauge equivalent if there exists a Hermitian bundle automor-
phism F : L — L that intertwines the two connections: F o Vo = Vo0 F.

DEFINITION 2.12.

(i) Denote by p both the involutive isometry p : R™ — R"™ given by
x — —x and the induced isometry of M. This isometry of M is
covered by the map p of L given by [(z,z)] — [(—z, z)]. We obtain
an involution p* : E(L) — &E(L) given by p*(s) = posop; in
particular, in the notation of Equation (2.7), we have p*(h)(Z) =
[(z, h(—z))]. We will say that a connection V on L is Zy-invariant if
it is invariant under p, i.e., V5 (xyop* = p*oVx forall X € TM.
Expressing the connection (pulled back to the trivial bundle over
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R™) as in Definition 2.7, we see that it is Zg-invariant if and only
if the 1-form ¢ is invariant under the involution p. We will also say
that ¢ is Zo-invariant in this case. Under the identification of each
tangent space T, (R™) with R™, the Zs-invariance of ¢ says that
90|—z(7X) = 90|z(X)7 iLe., Q0|—r = 750|m-

(ii) We will say that a connection V is weakly Zo-invariant if the pull-
back of V by p is gauge equivalent to V; i.e., if there exists a Her-
mitian bundle automorphism F of L such that p*~'o V5. (xyop" =
F~loVxoF forall X €e TM.

(iii) By an abuse of language, we will say that a connection V on a
line bundle L over M is a translation-invariant connection if its
curvature is a translation-invariant 2-form. (The pullback of such
a connection to the bundle R™ x C — R™ is translation-invariant
in the sense that each translation of R™ is covered by a connection
preserving map from R™ x C to itself. However, in general the anal-
ogous statement does not hold for the bundle L — M.) We remark
that the translation-invariant forms on the torus are precisely the
harmonic forms.

Remark 2.13. — Since the curvature form of any connection is coho-
mologous to that of V?, and since the translation-invariant forms are pre-
cisely the harmonic forms, it follows by Hodge theory that the translation-
invariant connections all have the same curvature form.

Remark 2.14. — Every Hermitian connection on L is of the form
V = VP 4 2miv = d + 27i(pP + v)
where v is a real-valued 1-form on M. By the Hodge decomposition, we
may write
(2.11) v=a+dg+dpu

where « is a harmonic 1-form on M, g € C*°(M), and p is a smooth 2-form
on M. The harmonic form « may be viewed as a linear functional on R"™.

Notation 2.15. — Let £' C (R™) denote the dual lattice to £; L’ consists
of linear functionals on R™ taking integer values on L.

PROPOSITION 2.16. — We use the notation of Definitions 2.6, 2.7, 2.9,
and 2.12 and Remark 2.14. Let V = VP + 27iv be a Hermitian connection
on L with v given as in Equation (2.11).

(i) The gauge equivalence class of V is given by {V + 2mi(8 + dh) :
Be L', heC™®(M)}. In particular, the gauge equivalence class of
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V is independent of g in Equation (2.11) and depends on « only
through the coset of o in L'\(R™)’.

(ii) V is translation-invariant if and only if d*p = 0.

(iii) V is both translation-invariant and Zq-invariant if and only if o =
0 = d*u and g is Zo-invariant. (Thus V = VP +dg.)

(iv) V is both translation-invariant and weakly Zo-invariant if and only
if d*p =0 and (L) C 1 Z.

Proof.

(i) Any Hermitian bundle automorphism F : L — L is of the form
[(z,2)] = [(z,e*f@)2)], where f € C®(R") satisfies f(z + 1) =
f(z) mod Z for all z € R™ and | € L. The function f may be
written in the form f = h 4+ § where h is periodic with respect to
L and 8 € L. We then have F~1 oV o F =V + 2mi(8 + dh).

(ii) The curvature forms of V and VP differ by 2midv = 2widd* ;1. Thus,
if d*p = 0, then V is translation-invariant, since V2 is. Conversely,
suppose that V is translation-invariant. Then dd*p is translation-
invariant, i.e., harmonic. By Hodge theory, this means that dd*u =
0, i.e., d*p is closed. But being both closed and coclosed, d*pu is
harmonic; in view of the Hodge decomposition (2.11), it must be
zero.

(iii) One easily checks that VP is Zs-invariant. The connection V =
VP + 2miv is thus Zs-invariant if and only if p*v = v. By (ii) and
Equation (2.11), we may write ¥ = « + dg and compute p*v =
—a+d(p*g). Hence o = 0 and g is even.

(iv) By (i) and the proof of (iii), we see that the translation invariant
connection V is weakly Zs-invariant if and only if @ = —a mod L',
ie., 2a €L, s0a(l) C 3Z O

DEFINITION 2.17. — The torus L\R™ has a flat Riemannian metric de-
fined by the inner product go on R™. Given a connection V : E(L) —

E(T*(M)®L) on L, we can thus define an associated Laplacian A : (L) —

E(L) by

n

(2.12) A== (Vx,oVx, —va(f(xj))

j=1

where V€ is the Levi-Civita connection on the tangent bundle to M and

X1,...,X, Is an orthonormal frame field on M. The expression (2.12) is

independent of the choice of the orthonormal frame field. Since (M, g) is a

flat torus, we may choose the vector fields X; to be translation-invariant
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vector fields (equivalently, coordinate vector fields), in which case the sec-
ond term in each of the summands vanishes.

As V is assumed to be Hermitian, A is essentially self-adjoint with re-
spect to the L?-inner product on £(L) induced by the metric g on M and
the Hermitian structure on L.

Notation 2.18. — For V = d+ 2mip as in Definition 2.7, we will denote
the associated Laplacian by A,. We will use the shorthand notation AP
for Agp.

Remarks 2.19.

(i)

(iii)

(iv)

The connection V, viewed as a connection on the trivial bundle
R™ x C over R", gives rise to a Laplace operator A on E(R™ x C)
defined by the same expression (2.12), where X,..., X,, is any or-
thonormal frame field on R”. If each X is chosen to be a translation-
invariant vector field on R™, then Equation (2.8) shows that Vyx,
commutes with the action of £ on E(R™ x C) defined in Equation
(2.3). It follows that A commutes with the action and thus induces
an operator on £(L), namely the Laplacian defined in Definition
2.17.

If V and V'’ are gauge equivalent connections, say V' = F1oVoF
for some Hermitian bundle automorphism F', then F intertwines
the associated Laplacians, i.e., A’ = F~! o A o F. Moreover, for
any Q € C*(M), we have A’ +Q = F~' o (A + Q) o F. Thus
the Schrédinger operators A + @ and A’ + @ are isospectral. For
this reason, we will in general only be concerned with the gauge
equivalence classes of the connections. Hence in the notation of
Equation (2.11) and Proposition 2.16, we will always assume g = 0.
The notion of weak Zs-invariance of a connection is invariant under
gauge transformations, but the notion of Zs-invariance is not. As
seen in Proposition 2.16, the only translation-invariant Zs-invariant
connection (with our convention that g = 0) is V2. The one set-
ting in which we will need Zs-invariance rather than just weak Zo-
invariance is in Theorem 4.9; in that case we will work specifically
with V2.

If the connection V is Zs-invariant as in Definition 2.12, then the
associated Laplacian A commutes with the involution p* of £(L).
Equivalently, under the identification of sections of L with complex-
valued functions on R™ satisfying Equation (2.6), we have A(h o

p)(x) = (Ah)(=xz).
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(v) More generally, if V is weakly Zo-invariant, let F' be a bundle au-
tomorphism satisfying p*~! o V5 (xy o p* = F7'oVx o F as in
Definition 2.12, and let T = p* o F~!. Then T commutes with the
Laplacian. Moreover, if Q € C°°(M), then To(A+Q) = (A+Q)oT,
where Q(z) = Q(—x), so the Schrodinger operators A4+Q and A+Q
are isospectral.

PROPOSITION 2.20. — Let L be a complex line bundle over the flat
torus (M, g). In the notation of Definition 2.17, we have

A, = —divograd —47ip o grad +47> |go\2 — 2mi div(p™)

where the “index-raising" map # : T*M — T M is the inverse of the duality
isomorphismb : TM — T*M arising from the Riemannian metric gy on R™.

Proof. — For h a smooth, complex-valued function on R™ satisfying
Equation (2.6) and for X a tangent vector to R™, we have Vxh = dh(X) +
2mip(X)h = (X 4 2mip(X))h. Thus
(2.13)

Vx oVx(h) = X?h — 472p(X)p(X)h 4+ 2mi X (o(X))h + 4mip(X) X h.

Let {X1,...,X,} be an orthonormal, translation-invariant frame field on
M. We have Y7, X2(h) = divgradh, Y7, o(X;)e(X;) = |ef’,
S X (p(X;)) = div(e®), and S, @(X)X,(h) = w(grad h). Thus
the proposition follows from Equation (2.13). d

Notation 2.21. — Given [a] € L'\(R") and Q € C>®(M) (viewed as
a periodic function on R™), let Spec,(Q; L) denote the spectrum of the
Schrédinger operator A b, + @ acting on smooth sections of L. Since
Ay oo+ Q is essentially self-adjoint with respect to the L2-inner product
on (L) and M is closed, Specy(Q; L) is real and discrete. The correspon-
dence that associates to each [a] € L'\(R™)" the spectrum Spec, (Q; L) will
be called the L-Bloch spectrum of @. Usually, the line bundle L will be
understood and we will use “Bloch spectrum” to mean L-Bloch spectrum.

PROPOSITION 2.22. — In the notation of 2.21, Spec,(Q; L) coincides
with the spectrum of the operator AP +Q acting on the space of all smooth
functions on R™ satisfying

(2.14) hz+1) = eZ“ia(Z)eQ“ie’(m)h(x)
for all x € M, | € L, where e, is given as in Notation 2.4.

Proof. — Let L, be the bundle over M given by the quotient of R™ x C
by the equivalence relation (z,2) = (z + [,e?™@We2mie(®) ) for | € L.
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Sections of L,, may be viewed as functions on R™ satisfying Equation (2.14).
The automorphism of R” x C given by (z,z) + (x,e?™(®)2) intertwines
VP + 27mia with VP and induces an isomorphism from L to L. Thus it
intertwines A, with the operator AP acting on the space of all smooth
functions on R™ satisfying Equation (2.14). a

Remark 2.23. — 1In the case of the trivial line bundle M x C, the dis-
tinguished connection is given by V = d, (i.e., ” = 0), the associated
Laplacian A is the Euclidean Laplacian A defined by the Euclidean metric,
and e; = 0 for every | € L. Thus Spec,(Q) is the spectrum of A+ Q acting
on the space of smooth functions on R” satisfying f(x + 1) = > W f(z)
for all x € R™ and [ € L. Hence the notion of Bloch spectrum in Defini-
tion 2.21 in the case of a trivial bundle agrees with the classical Bloch (or
Floquet) spectrum in the literature.

2C. Nilmanifold structure on the principal circle bundle.

We continue to use the conventions of Notation 2.4.

Let m: L — M be a smooth Hermitian complex line bundle over M. The
unit sphere bundle P — M of . — M whose fiber P,, above x € M is
given by P, = {£ € L, | (£,&) = 1}, is a principal S'-bundle. Conversely,
given the principal circle bundle P, one recovers the original line bundle L
as the associated vector bundle given as follows: The circle S1 = U(1) acts
on C by unitary transformations (t € S! acts as multiplication by e27i).
We thus obtain a left action of S* on P x C given by g-(p, z) = (p-g~%,g-2)
for g € S, (p,z) € P x C. We let L be the orbit space of this action,

(2.15) L=Pxg C=S"\(PxC).

Then L is a complex line bundle over £L\R".

The space (L) of smooth sections of L may be identified with the space
of S'-equivariant smooth maps from P to the representation space C:
(2.16)

C*(P,C)% ={f e C®(P,C)| flpg™") = gf(p) ¥p € P,Yg € U(1)}.

(Given f € C*(P, (C)Sl, define its associated section o € £(L) by o(z) =
[p, f(p)] where p is any element of P for which 7(p) = = and where [p, 2]
denotes the equivalence class of (p, z) in L' = S*\(P x C).)

R. S. Palais and T. E. Stewart [14] proved (by explicit construction)
that every principal torus bundle over a torus has the structure of a two-
step nilmanifold, i.e., a quotient of a two-step nilpotent Lie group by a
cocompact discrete subgroup. In what follows, we will first describe the
nilmanifold structure in the case of the circle bundles discussed above. We
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will then construct an associated bundle L’ and show that it coincides with
the line bundle L constructed in Subsection 2B.

2C.1. Principal bundles.
Define a two-step nilpotent Lie group structure on R**! by setting
(2.17)

(0.)w:9) = @45+ 043 riug()eg(y) | = (4w + 1+ eay)
j=1

for all ,y € R™ and t,s € R. (See Notation 2.4.) Let N denote R"*! with
this Lie group structure. The derived group (i.e., the subgroup generated by
all mimony 'ny * with ny,m2 € N) is given by {(0,t) : t € R} and is central in
N. We will denote the derived group by (0, R). It is easily checked that the
center consists of elements (z,u) such that z is in the kernel of the bilinear
form €. In this paper, we are interested only in the case in which r1,..., 7,
are all nonzero, i.e., () is nondegenerate, in which case the derived group
coincides with the center. Thus we will refer to the derived group as the
center in what follows.

The lattice £ in R™ extends to a cocompact discrete subgroup I' of N
given by

={(,k):le L, keZ}.
Letting N = (0,Z)\N, where (0,Z) is the integer lattice in (0,R), then N
is a nilpotent Lie group with center isomorphic to S'. Elements in N will
be denoted by (x,%). Set I = (0,Z)\I' = £ and
P =T\N =T\N.

Denote elements of P’ by (z,t), with (z,t) € N. The surjective group
homomorphism N — R"™ given by (z,t) —  induces a submersion

n: P — L\R" = M,
with fiber St = (0,Z)\(0,R):

T
1
Z\R I\N L\R"

I [ |
S1 P M
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The action by translation of the center (0,R) of N on N gives rise to a
right (and left) action of S' on P’ given by

(z,t) - ¥ = (z,t + s).

This action gives P’ the structure of a principal circle bundle over M.
Let L’ be the line bundle over M associated with P’ as in Equation

(2.15). Elements of L’ will be written [(x,t), z]. We have [(z,t+ ), 2] =

[(z,1),e2™2].

Notation 2.24. — By Equation (2.16), sections of L' may be viewed as
smooth functions f : P’ — C satisfying f((z,t — s)) = €*™* f((x,t)). Such
a function pulls back to a C-valued function, which we again denote by f,

on N satisfying the S*-equivariance condition

f(]),t - 8) = BZﬂisf('r7f);
the latter in turn pulls back to a I-invariant function (still denoted f) on
N satisfying

(218) f(l’,t - S) = €2ﬂisf($vt)
for all s,t e R, z € R™

N
:
(0,Z\N ==TN
i

N\

Note that the T-invariance of f : N — C together with Equation (2.18)
says that

(2.19) f(z,t) = f((Lk)(z,t) = fl+x, k+t+e(z)) = e 2@ f(I4x, 1),

In order to compare the bundle L’ with the bundle L constructed in Sub-
section 2B, we consider the pullbacks of P’ and L’ to bundles over R™. The
former is simply N, with S* action given by (z,%)-€>™ = (z, + s). The lat-
ter is the bundle L' = N x g1 C over R™ given by equivalence classes [(z, 1), 2]
with [(z,7), 2] = [(z, — 5), €2™2]. In particular, [(z,1), 2] = [(z,0), 2™ 2].

PROPOSITION 2.25. — In the notation above, define T : L' 5 R"xC by
T([(z,1), 2]) = (z,e*2). Then T induces an equivalence, also denoted T,
between the line bundle L' over M constructed above and the line bundle
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L constructed in Definition 2.6. Under this equivalence, a section f of L',
viewed as a function on N satisfying Equation (2.18), corresponds to the
section h of L given by h(x) = f(x,0), where h is as in Equation (2.5).

Proof. — The group I 2 L acts on the line bundle L by
(1,0)- (2, 1), 2] = [(L0)(@,7), 2] = [+, T+ ex(@)), 2] = [(1+2,7), €271 ) 2],

The bundle L’ is the quotient of L by this group action. The map 7' carries
orbits of the action of T on L’ to equivalence classes of R™ x C with respect
to the equivalence relation in Equation (2.2). The proposition follows. O

2C.2. Connections on the principal bundle.

The coordinate vector field % on R™*! with respect to the global coor-
dinates (x,t) is invariant under left translations by elements of I" and thus
induces a vector field, which we still denote by %, on P’. This vector field
is the infinitesimal generator of the S' action on P’. A connection on P’
is specified by a real-valued 1-form w on P’ which is invariant under the
St action and satisfies w(%) = 1. (Here we are using the canonical identi-
fication of the Lie algebra of the Lie group S! with R.) The kernel H of w
is referred to as the horizontal distribution defined by the connection. We
have

9 )
(2.20) Hz{X—w(X)at:XGTP}
and ., carries H,, isomorphically to T;.,) (M) for all p € P’. The horizontal
distribution A is invariant under the action of S*. Conversely, any S*-
invariant n-plane distribution on P’, complementary at each point to %7
defines a connection on P’.

A connection specified by a 1-form w on P’ defines a connection V on the
associated line bundle L’ as follows. Given x € M and X € T, (M), choose
p € 7 1(x) and let X denote the unique horizontal lift of X in T,(P');
ie, X € H,, and , (X) = X. Given a section of L', viewed as an element
of C"O(P’,(C)S1 (i.e., as an Sp-equivariant smooth map P’ — C), we then
define Vx(f) = X(f). (The fact that H is S'-invariant guarantees that
this definition is independent of the choice of p.)

Example 2.26. — Let eq,...,e, denote the standard basis vectors of
R™. The left-invariant vector field X; on N whose value at the identity is
given by 52 is given at (z,t) by

J

(2.21)
~ d d 0 0
X; = 75 . (x,t)(se;,0) = 7s . (x+sej, t+sez(ej)) = %j—i—egg(ej)a.
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A left-invariant vector field X on N induces a vector field, also denoted X ,
on P’. We will abuse terminology and refer to X as a left-invariant vector
field on P’. Let H be the distribution on P’ spanned by the left-invariant
vector fields )N(l, . ,)}n given in Equation (2.21). Viewing sections of L’
as [-invariant functions f on N satisfying Equation (2.18), then % =
—27i f. Thus comparing Equation (2.21) and Definition 2.9, we see that the
connection on L’ defined by H corresponds to the distinguished connection
on L under the equivalence between L and L’ given in Proposition 2.25.

More generally, for a = 2?21 a;jdz; a harmonic 1-form on M, the
translation-invariant connection V = d + 2mi(¢? + ) on L corresponds
to the connection on L’ for which the horizontal distribution (on P’) is
spanned by the left-invariant vector fields )?j — aj%, j=1,...,n. (Note
that % is a left-invariant vector field.) Thus by Proposition 2.16, a con-
nection on L’ corresponds to a translation-invariant connection on L if and
only if its associated horizontal distribution H is spanned by left-invariant
vector fields, or equivalently, if the one-form w on P’ lifts to a left-invariant
one-form on N.

Suppose that V is a translation-invariant connection so that H is spanned
by left-invariant vector fields. The Riemannian inner product on M gives
rise to an inner product on H. Let X 1y.e- ,)A(:n denote an orthonormal basis
of H. Then the Laplacian on L’ associated to the connection V is given by

(2.22) Alf) == XX(f)
j=1

where, as usual, we view f as a I-invariant function on N satisfying equa-
tion (2.18).

3. Negative inverse spectral results on rectangular tori

Notation 3.1.

(i) Let n = 2m be an even integer and let (u,v) = (u1, ..., Unm,v1,. ..,
vm) be the standard coordinates on R™. Given m-tuples a =
(a1y...,am,) and b = (by,...,by,) of positive real numbers, give R"
the inner product for which the standard ordered basis elements are
orthogonal and have lengths a1, ..., am, b1, ..., bn, respectively. Let
M = M, be the rectangular torus Z™\R"™ with the metric defined
by this inner product.
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Given an m-tuple » = (rq,...,ry) of positive integers such that
rilral .. rm, let Q. = 30" rj duj A dv;. The construction in Sec-
tion 2 gives us a line bundle over M with Chern class represented
by €),.; we denote this bundle by L,. We will work in the setting
of Subsection 2C, viewing the principal circle bundle given by the
unit vectors in L, as a nilmanifold. We will write elements of the
nilpotent group N in the form (u, v, t), with u,v € R™, t € R. Com-
paring with the notation in Subsection 2C, an element (z,t) € N
in the notation of Subsection 2C will be written as (u(z),v(x),t),
where u(z) and v(z) are defined as in Notation 2.4(i). The group
multiplication in N is given by

m
(u,v,t) (', 0", ) = u—i—u’,v—l—v’,t—i—t'—i—z TjU V)
j=1

The discrete group I' is given by
I'={(u,v,t) € N:u,v € Z™ t € Z}.

Thus under the identifications discussed in Subsection 2C, sec-
tions of L, will be viewed as I'-invariant functions on N satisfying
flu,v,t+ 8) = e 2™ f(u,v,t) (see Equation (2.18)).

Each harmonic 1-form « on M (equivalently, linear functional on
R?™) will be identified with a pair of elements y, v € R™ by writing

a(u,v) = Z;n:l (Hjuj +v;v5).

Remark 3.2. — Recall Remark 2.5. Since in Notation 3.1, we fixed the
basis used to construct €2, and the associated line bundle L,., the bundles

L, do not represent all possible line bundles over M. However, in the case

of two-dimensional tori (so m = 1 and we drop the subscripts on u,v), the

bundles L,., as r varies over the positive integers, range over all equivalence

classes of line bundles with positive Chern number. As in Subsections 2B

and 2C, all the results below continue to make sense if we allow r to be

negative, so as to obtain all nontrivial line bundles over M in the two-

dimensional case.

Notation 3.3.

(i)

Given m-tuples a, b, and r as in Notation 3.1, define an operator
D, o5 on C°(R™) by

m 2
T 1 92
Drav =Y ((272s;) — 55
rab << ﬂ-bjs‘7> a? 83?)

j=1
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where s1,...,S,, are the standard coordinates on R™.
Under the change of coordinates on R™ given by setting w; =

\ /%sj, the operator D, ,; transforms to the operator
J

5 oo\~ L , 02
ra,b — Z rjbj (27TTj1Uj) — 781(}2 .
j=1 J

In particular, the operator depends only on the products a;b;, not
on a; and b; individually. Note that ﬁna’b represents m uncoupled
harmonic oscillators.

(ii) Suppose ¢ € C°°(R™) is periodic with respect to Z™. For ¢ =
(€1, Cm) € Z™ and for p = (p1,..., pm) € R™, define gy, €
C>*(R™) by

¢ c
qf‘,c,u(s):(l<81+#1—rl,..msm-ﬂim—m).
1

’r’m
Since ¢ is periodic, g, ¢, depends only on the coset of ¢ in (rZ x
<o X T Z)\Z™. As q is real-valued, D o b+ ¢r.c,,, IS essentially self-
adjoint with respect to the standard L2-inner product. Its spectrum
is real and discrete. Let S(q,r,a,b, u) denote the join of the spectra
of the operators D 4 + qr.,, as ¢ varies over the right coset space
(MZ x - X T Z)\Z™.

THEOREM 3.4. — Let a, b, v, a, p and v be as in Notation 3.1, and let
M = M, and L, be the corresponding rectangular torus and line bundle
as in Notation 3.1. Let ¢ € C*°(R™) be periodic with respect to Z™.

(1) Define @ € C*®(M) by Q(u,v) = gq(u). Then the spectrum
Speca (Q; L) coincides with S(q,r, a, b, v) as defined in Notation 3.3.

(2) Define Q € C*(M) by Q(u,v) = q(v). Then Specs(Q; L,) coincides
with S(q,7,b,a, ).

Before proving the theorem, we give several applications.

COROLLARY 3.5. — Let M be a rectangular 2-dimensional torus for
which the side lengths a and b are distinct positive integers. Let L be
any line bundle over M with nondegenerate Chern class. Then for each
translation invariant connection V on L, there exist pairs of noncongruent
potentials Q1 and Q2 on M such that Spec(Qq1; L, V) = Spec(Qa; L, V).
The potentials may be chosen to be real analytic.

Proof of Corollary 3.5. — By Remark 3.2, it suffices to consider the
line bundles L, given in Notation 3.1, where we allow r to be an arbitrary
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nonzero integer. Fix r and a. Let ¢ € C°°(R) be periodic with period ﬁ,
and let ¢1(s) = q(s — v) and ¢2(s) = q(s — ) where ¢(s) = q(gs). Define
Q1(u,v) = qu(u) and Q2(u,v) = g2(v). We show that Speca(Q1; Lr) =
Speca (Q2; Ly).

In the notation of 3.3(ii), we have that (¢1)rc, = ¢ and (¢2)rep = ¢
for all ¢ € Z due to the periodicity condition on ¢. By Theorem 3.4, the
spectrum of A+ Q) is given by S(q,r, a, b, v), which is equal to the join of r
copies of the spectrum of D, 43+ q. By the change of variables in Notation
3.3(ii), the spectrum of A 4 @ is thus equal to the join of r copies of the

spectrum of ﬁr,a,b + g where g(s) = ¢ (ﬁs). Again by Theorem 3.4,

the spectrum of A + @5 is equal to S(q,r,b,a, ), which is in turn equal
to the join of r copies of the spectrum of D, , + ¢. By the change of

variables w = \/gs, the operator D, , + ¢ is carried to l~)r7a7b + g, since

7(y/%w) =4q (3\/%111) =q (ﬂw) = g(w). This proves the isospectrality
statement. Since a # b, it is clear that the potentials ;1 and Qs are not
congruent. The corollary follows. O

Remark 3.6. — For 2m-dimensional rectangular tori given as in Nota-
tion 3.1 with Z—j rational and not equal to one for all j, a similar proof shows
that for each r = (71, ..., 7y, ) and each translation invariant connection V
on L, there exist pairs of (analytic) noncongruent potentials on M such
that Spec(Q1; L, V) = Spec(Q2; L, V).

COROLLARY 3.7. — In the setting of Theorem 3.4, suppose that @ is
the zero potential. Then the spectrum Spec,(Q; L) is independent of «v. We
will refer to this common spectrum as the spectrum of the line bundle L.

The corollary is immediate from Theorem 3.4 and the fact that
S(q,r,a,b, ) depends on p only through g.

COROLLARY 3.8. — For every even integer n > 4, there exist an n-
dimensional rectangular flat torus M and a pair of isospectral (in the sense
of Corollary 3.7), topologically distinct, line bundles over M. The Chern
classes of these bundles have different invariant factors.

Proof of Corollary 3.8. — For an example in dimension n = 2m, choose
a so that a1 = as = ... = a,, and let b = (1,2,1,...,1). Set r =
(1,4,1,...,1) and ' = (2,2,1,...,1). Since = % and 32 = %7 we

see from Theorem 3.4 (with @ = 0) and from the definition of D, 4 in
Notation 3.3 that the line bundles L, and L, over M are isospectral. [
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COROLLARY 3.9. — In every even dimension 2m, m > 1, there exist
pairs of nonisometric rectangular tori M and M’ such that for every choice
of r = (r1,...,mm) as in Notation 3.1, the corresponding line bundles L,
and L!. over M and M’, respectively, have the same spectrum in the sense
of Corollary 3.7. In the case of two-dimensional rectangular tori M, the
spectrum of a nontrivial line bundle over M depends only on the area of
the torus and the Chern number of the bundle.

Proof of Corollary 3.9. — We use the notation of 3.1. Choose m-tuples a,
b, a’ and ' of positive real numbers in such a way that a;b; = a’;b; for every
j=1,...,m.Let M = M, and M’ = M, . Choose r arbitrarily subject
only to the condition rq|...|r;, and let L, and L. be the corresponding line
bundles over M and M’ respectively. From the expression ﬁna,b in Notation
3.3(ii) and by Theorem 3.4, with @ = 0, we see that L, and L. have the
same spectrum. In particular, in the two-dimensional case, (writing a = a;
and b = by), the spectrum of the line bundle L, over M depends only on
ab and r. Since ab is the area of the torus and r the Chern number of the
line bundle, the final statement of the corollary follows. (Here we allow r
to take on negative as well as positive values; see Remark 3.2.) O

We now turn to the proof of Theorem 3.4.

Proof. —
(1) We use the notation of 3.1. As in Notation 2.24, smooth sections of the
line bundle L, may be identified with elements of the space of I'-periodic
complex-valued smooth functions on N satisfying

(3.2) flu,v,t) = e 2™ f(u,v,0).

Let Uj, respectively V;, denote the left-invariant vector field on N whose
value at the identity is a%j, respectively, B%j’ and let Z = %. (Note that Z
is also left-invariant.) By Example 2.26 and Equation (2.22), the Laplacian
A,p 4, with respect to the connection V2 + 2mia on L, is given by

(1 1
Appia==) (az(Uj — 15 2)" + 55 (Vi = VjZ)2> :
J

j=1 J

The integral curve of U; (respectively, V;) through the identity element of
N is given by exp(sU;) = (se;,0,0) (respectively, exp(sV;) = (0, se;,0)),
where e; is the jth standard basis vector of R™.

Left-invariant vector fields are defined as derivatives of right translations
(e, Xf(p) = %’t:o f(pexp(tX)) for p € N), so we can understand the
action of the Laplacian on the smooth sections of L, by analyzing the
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right action of N on the larger space K of square integrable sections. As
will be explained below, it is well known that this right action is unitarily

equivalent to the direct sum of ry - - - r,, copies of the action 7 of N on
L?(R™) given by

(3.3) (7(u, v, £)g) (w) = ¢~ 2T H2T00 T30 gy ).

This action of N on L?(R™) gives rise to an infinitesimal action of the Lie
algebra n of N; this action satisfies 7., (U;)g = 8%’ 7.(V})g = —2mir;w;g,
and 7.(Z)g = —2mig. Thus, under this equivalence, the Laplacian associ-
ated with the distinguished connection VP is carried to the operator Dy oy
defined in Notation 3.3. (Later in the proof, we will also construct an in-
tertwining map between D, .5 and A,p, for each a.)

We will make the equivalence between the action of N on K and the
action 7 of N on L?(R™) precise in order to see its effect on the Schrodinger
operator A + @Q. The presentation below of this equivalence was shown to
the first author by E. N. Wilson during preparation of the article [7].

In order to avoid cumbersome notation, we will carry out the proof in
the case m = 1. For the general case, the reader may simply replace rkv
by E;nzl rjk;v;, replace ¢+ rk by (¢1 + r1k1,. .., ¢m + rmkm), replace Z
by Z™, etc

Let f € K. By Equation (3.2) and I'-periodicity, we have

(3.4)  f(u,v,t) = fu+k,v+ 1Lt +rkv) = e 2™ f(u4 kv +1,t)

for all k, [ € Z. In particular, f is periodic with respect to Z in v and we
may perform a Fourier decomposition in the v variable:

(35) U v, t ch 72771 cv 727mt

cEZ

(We are writing fc rather than f,c here for notational convenience.)
By Equation (3.4), we see that

fc+rk(u) = fC(u + k)

for all k& € Z. Thus choosing a representative c of each coset ¢ of rZ in Z,

flu,v,t) chuvt

cErZ\ZL

we may write

where

felu,v,t) = e~ 270t ch(u + ke 2 (c+rk)v

kEZ
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Each of the functions fz on N is I'-invariant. Thus we obtain a decompo-
sition
(3.6) K= P Ks

CcETIN\L
where Kz = {fz: f € K}. (In the case of a 2m-dimensional torus, rZ\Z is
replaced by (1 7Z X - - - X ry Z)\Z™. In particular, the index set in the right
hand side of Equation (3.6) has order ry...7.,.)

For f € K, the square of the L? norm of f as a section of the bundle L,
is given by

abZ/ \fel?(x) dz = ab > /lfc

cEZL cerZ\ZL

Thus for each coset ¢, we obtain a unitary isomorphism 7% : Kz — L?(R)
given by
TE(f) = Vabf.
where c is an arbitrary but fixed choice of coset representative.
Let p denote the right action of N on K. We have

(p(u/a /Ulv t,)f)(uv v, t) = f(u + ’LL/7 v+ vlv t + tl + TUU/)
and thus the Fourier coefficients of p(u’,v’,¢') f are given by
(ol 0/ #) ) = 2 £ 1),

In particular, the right action leaves each subspace Kz-invariant. Moreover,
T: intertwines the right action p on Kz with the action  of N on L?(R)
given by n(u/, v, t")g(w) = e~ 2Tt +(rwte)v'l gy, 1)), For each ¢ as above,
define Sz : L2(R) — L?(R) by
c

Selg)(w) = gre(w) = g (w=2).
Then Sz o T% intertwines the right action p on Kz with the action 7 given
in Equation (3.3) and carries the distinguished Laplacian A on Kz to the
operator D, 4, on L?(R).

We next construct an intertwining operator between the actions of
Aoy, acting on Kz and D, acting on L*(R). Define P, : L*(R) —
L?(R) by
(3.7) Pa(g9)(w) = 2™ g(w +v).

(In case m > 1, then pw is replaced by p - w.) Then we have

(3.8) P, o1(u,v,t) = o(u,v,t) o P,
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where
(3.9) o(u, v, t)g(w) = e~ 2rilttputvotrwn) g, 4 g,

Thus P, o Sz o 1% intertwines the right action p of N on Kz with the action
o of N on L*(R). An elementary computation shows that o.(A,py,) =
Dy qp; i.e., Py 0 Sz o Tz intertwines Aoy, with D 4.

Note that multiplication by the potential function @ (given as in part
(i) of the theorem by Q(u,v) = g(u)) carries K to itself, leaves each Kz
invariant, and satisfies, for f € IC, (Qf)z(u) = q(u)fc(u) Hence T=(Qf) =
qT=f. We thus have P, 0 Szo T=(Qf) = gr,c,pPa 0 Sz 0 Te(f). It follows that
P, o Sz o Tt intertwines the Schrédinger operator A b, + Q on Kz with
the operator D, o4 + grc, on L?(R). This completes the proof of (1).

(2) The asymmetry between the roles of 4 and v above is due to our choice
of coordinates on N. We have been denoting elements of N as (u,v,1).
To avoid confusion as we introduce new coordinates, we will temporarily
write (u,v,t); for (u,v,t). Define new coordinates by setting (u,v,t)s =
(u,v,—t + ruv);. An elementary computation using Equation (3.1) shows
that
(u,v,8)2(u, 0" ) = (u+u' ;v + 0"t +t + rou)s.

Observe that the discrete subgroup I' of N given by all elements with integer
coordinates (u,v,t); still consists precisely of the points whose coordinates
(u,v,t)y are integers. However, in the new coordinates, we have for k, 1 € Z,

(k,0,0)2(u,v,t)2 = (u+ k,v,t)a

and

(0,1,0)2(u, v,t)2 = (u,v + 1, t + rlu)s.
Thus the left I'-invariant functions are periodic in u rather than in v. The
integral curves of U and V through the identity element of N are given by
exactly the same expression in the new coordinates as in the old.

The function space K is given in our new coordinates by those left T'-
invariant functions on N satisfying f((u,v,t)2) = €™ f((u,v,0)2). Write
K = {f : f € K}, where f denotes the complex conjugate, and define
B : K — K by f +— f. Note that the actions of the Schrodinger operator
Appia+Q=—(5U—-p2)?+ %V —-vZ)?)+Q on K and K are inter-
twined by B since @ is real-valued and A b, is a real operator. Thus we
may consider /C rather than K. Since K consists of I'-invariant functions
satisfying f((u,v,t)2) = e~ 2" f((u,v,0)s2), the computation of the spec-
trum is now identical to that carried out in part (i) except that the roles
of u and v are switched. Thus (ii) follows. O
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4. Positive inverse spectral results on tori

In this section we prove positive inverse spectral results, including The-
orem 1.2, Theorem 1.3, and additional results concerning the odd part of
the potential.

Let L be a line bundle over the torus M = L\R?>™ for which all the
invariant factors r1,..., 7, of the Chern class are equal to one. Let ) be
the translation-invariant 2-form representing the Chern class of L. We may
view  as a bilinear form on R?™. Recall that Q(z,y) = e, (y) — ey () (see
Notation 2.4). Let £’ be the lattice in R?™ dual to £, i.e., L = {\ € R*™:
Al € Zfor all | € L}. Define a linear isomorphism S : R*™ — R?™ by
S(u)-z = Q(u, ) for all z € R?™. Since (2 takes integer values on £ x L, the
map S carries £ (injectively) into £’. The fact that the invariant factors of
Q are all equal to one implies that S(£) = £’, thus S gives an isomorphism
between the lattices £ and £’'.

The proof of Theorem 1.2 relies on the following result, due to Guillemin
[10] in the case m = 1 and o = 0. For a proof with m arbitrary, see
Appendix C.

PROPOSITION 4.1. — Let L — M be a line bundle over M = L\R*™
with Chern invariant factors r1 = --- = r,, = 1 and assume that L has
nondegenerate length spectrum. Let o € R*™. For [ € £\ {0}, set

| | il l
Wla — e—27rza‘l/ dr 627”9(1,[)/ dTQ ((E _ 7_)
F 0 ]

(Here F is a fundamental domain for L\R*™.) Then W& + W<, is an
invariant of Spec,(Q; L) for every | € L\ {0}. (See Notation 2.21.)

COROLLARY 4.2. — Express a potential () in its Fourier series
(4.1) Qz) =Y ey,
yEL!

Under the hypothesis of Proposition 4.1, for each nonzero A € L', the

expression
e—27mo¢~lc>\ + eQmwlC,)\,
where | = STY(X), is an invariant of Spec,(Q; L).

Proof of Corollary 4.2. — Let X € £ and let | = S71()\), so that
Q(l,z) = X - x for all x € R*™. Then

I )
VVla _ 6727ria»l / dr 6727ri)\~:r/ dr § /‘ C,y62ﬂ'i’y'x6_2ﬂ'“—’y.ré|
F 0

yeL!

ANNALES DE L’INSTITUT FOURIER



INVERSE SPECTRAL RESULTS 2473

) . [ )
= e 2mievl E Cv/ dx 6_2’”()‘_7)“/ dr (e_%”'y'lifw)
F 0

yeLl’
Since the first integral in each term of the latter sum vanishes when v # A
and since A - [ = Q(I,1) = 0, we thus have W = |I| vol(F)e 2™Ic, and
thus
WP+ W2 = |l[|vol(F) (e 2™ ley + 2™le_y).

The corollary follows. g

PROPOSITION 4.3. — [5] Let L be a line bundle over the torus M, let
V be an arbitrary connection on L, and let A be the associated Lapla-
cian. Then [,, Q(z)dx and [,, Q*(x)dx are spectral invariants of the
Schrédinger operator A + Q.

In particular, the spectrum determines the coefficient ¢y in the Fourier
expansion (4.1) of Q.

Proof of Proposition 4.3. — This result follows immediately from the
heat asymptotics computed by P. Gilkey in [5]. Indeed, Gilkey considered an
arbitrary second order operator D on a vector bundle V' over a Riemannian
manifold M such that the leading symbol of D is the metric tensor. In his
notation, D = Dy — £, where Dy is the Laplacian associated with the
unique connection on V for which Dy — D is a zeroth order operator.
In our case, D is the Schrodinger operator A + @, Dy = A, and £ =
—(@). Consider the asymptotics of the trace of the heat kernel eg of the
Schrodinger operator A +Q as t — 07

eq(t,z,z) = W(l + tug () + t2ug(z) + o(t?)).
The integral [,, u;(z)dx is a spectral invariant of A + @Q for each i. By
Theorem 4.3 in [5] and the fact that M is flat, we have u3 = £ = —Q;
hence [,, Q(z)dx is a spectral invariant of A 4+ Q. Next up = Q% — $AQ
plus terms depending only on the curvature of the connection. Thus by the
Divergence Theorem, the L? norm of @ is a spectral invariant. 0

Proof of Theorem 1.2. —

(a) By hypothesis, the connection V is translation-invariant and weakly
Zo-invariant. By Proposition 2.16 and our standing hypothesis that
g = 0 (cf Remark 2.19(ii)), V = VP + 2mia with (L) C 1Z. Hence
for | € £, we have e?™! = ¢=2ml and thus by Corollary 4.2,
¢y +c_, is a spectral invariant of A p, +@Q for all 0 # v € L. So
is ¢y by Proposition 4.3. Thus the even part QT of @ is spectrally
determined by A, + Q.
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(b) By (a) and Proposition 4.3, the spectrum of A b, +Q determines
the L? norms of both @ and of the even part of @, and hence it
determines whether @ is even. Thus (b) follows from (a). O

Remark 4.4. — Theorem 1.2 together with Proposition 4.3 show that,
under the hypotheses of Theorem 1.2, the L? norm of the odd part Q~ =
%(Q — Q) of Q is a spectral invariant of the Schrodinger operator A + Q.

Proof of Theorem 1.3. — When one drops the assumption that £ has
nondegenerate length spectrum, then the spectral invariant W* 4+ W<, in
Proposition 4.1 is replaced by

> wr

|l|=d

for each length d appearing in |£|. Thus from the computation in Corollary
4.2, we obtain the following invariant of Spec,(Q; L) for each such d:

(4.2) V= Y ey,
leL,|l|=d

Since the mapping S : £ — L’ is invertible, we need only show that for
each d, we can recover the individual Fourier coefficients cg(;) from the
expressions V;* by varying the choices of a.

Given d, let &ly,...,=£l; be all the lattice vectors of norm d. We need to

choose asq, ..., as, so that the matrix
67271'1'&1-[1 627ria1-ll . 6727\'1'&1-[)C e27r7ia1-lk
e—27rio¢2k-l1 eQﬂ'iQQk-ll . e—27rio¢2k-lk eQTriagk-lk

is nonsingular. Choose o1 = 0 and choose as subject only to the genericity
condition that the entries in the second row of the matrix are all distinct.
Then by choosing a; = (j — 1)ag for j = 2,...,2k, the determinant of
the matrix above is a nonzero Vandermonde determinant. The theorem

follows. O

Remark 4.5. — In the special case that the length spectrum is nonde-
generate, then one needs only two Bloch spectra, Spec,(Q;L) and
Specg(Q; L) to determine @), where o and 3 are chosen subject only to
the condition that (o — ) -1 is irrational for all [ € £. Indeed, in that case
the matrix

6727rioz~l eQﬂ'ia-l
|:627Tiﬁ-l 627ri['3~l:|
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is invertible for every [, so the spectral invariants W;* + W<, and Wf +w?h .
determine S(=+l) for each .

This result fits nicely with results of the third author [11] concerning a
discrete version of the Schrodinger equation on a 2-dimensional torus. There
it was shown that, generically, the periodic spectrum does not determine
the Bloch spectrum of @ but, again generically, two spectra Spec,(Q) and

Specg(Q) do.

Remark 4.6. — Theorem 1.3 contrasts with spectral results for the
Schrédinger operator on trivial line bundles over tori. (See Remark 2.23 for
notation.) In the case of a trivial bundle, we have the following: (i) Given
any smooth real potential @, then @ and Q necessarily have the same
classical Bloch spectrum. (Indeed, given a smooth function f : R* — C
satisfying (A + Q)f = pf and the Bloch condition f(x + 1) = e 2™l f(z)
for all | € £, let g := f be the complex conjugate of f. Then g satisfies
(A+Q)g = pg and g(z +1) = e~ 2™ lg(z) for all | € L£.) Moreover, (ii)
Eskin, Ralston and Trubowitz [4], Theorem 6.2, proved that if Q is a real
analytic potential on a torus with nondegenerate length spectrum, then the
spectrum of the Schrodinger operator A + @ acting on periodic functions
determines the classical Bloch spectrum of Q. See also G. Eskin [3] and
Gordon Kappeler [6] for related results.

Theorem 1.3 shows that (i) always fails in the setting of line bundles L
with Chern invariant factors 1 = - - - = rp,, = 1. Also by Remark 2.19(v), Q
and Q are isospectral with respect to the distinguished connection (and in
fact, with respect to any weakly Zs-invariant connection). Thus (ii) also
fails. However, we do have that Spec,(Q) = Spec_o(Q) for all «; in-
deed the map g — g of C*°(R™) intertwines the Schrédinger operators
Aupio +Q and Ayp_, + Q. Thus the result (i) above of Eskin, Ral-
ston, and Trubowitz suggests the following question: Under the hypotheses
of Theorem 1.2, let P and @ be real analytic potentials on M such that
Speco(P; L) = Specy(Q; L). Must it be the case that for each a € R",
either Spec,(P; L) = Speca(Q; L) or Specy(P; L) = Spec_q(Q; L)? If
the answer is yes, then Theorem 1.3 would imply for real analytic po-
tentials @ on even-dimensional tori with nondegenerate length spectrum
that Iso(Q; L; VP) = {Q, Q} without any assumptions on the parity of Q.

It seems likely that I'so(Q; L, VP) = {Q, Q} for generic smooth poten-
tials @. This remains an open problem.

Finally, we give an extension of Theorem 1.2 in the case of a 2-dimensional
torus:
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Notation 4.7. — Denote by S the set of maximal elements in the dual
lattice L' of L, i.e. the set of elements A in £ such that {\-1 |l € L} = Z.
Let §4 C S be a subset with the property that for any A € S, X or —\ is
an element of S but not both. Then the Fourier decomposition of @

(4.3) Qz) =co+ Z c, e
YEL ,y#0
can be written as (see [4])
(4.4) Qz) = co + Z Ax(A-z)
AESL
where @) is the one dimensional potential
(4.5) Qa(s) := Z crne™ ks,
keZ\{0}
Note that if Q* are the even and odd parts of the potential @, then
(QF)a = (Q\)*F forall A € L.

LEMMA 4.8. — Assume that the torus M is two-dimensional. Let A €
Sy and let 1 = S7Y()), so that Q(l,z) = \-x for all z. Let Q be any smooth
potential of mean zero (i.e., the Fourier coefficient ¢y of Q) vanishes). Then
for 0 # k € Z, we have

k1| I
/ dr Q (x— T|l|> = |kl Qx(\ - ).
0

Proof of Lemma 4.8. — We have A -1 = Q(l,]) = 0 since Q is skew-
symmetric. Since M is two-dimensional, it follows that for 0 # v € £/, we
have -1 = 0 only when + is a multiple of A. Thus, with ¢, v € £’, denoting
the Fourier coefficients of @), we have

|kl l , k1| Srimey. L
/ dr Q (x — Tl|> Z 627”7*”07 / dre 2T
0 0

yEL!
= D[R = [k Qa(A - a).
0#£j€Z
]
THEOREM 4.9. — Assume that M is a 2-dimensional torus with nonde-

generate length spectrum and L — M is a line bundle with Chern invariant
factor ry = 1. Then the squares of the odd parts of the 1-dimensional po-
tentials y defined in Notation 4.7 are spectral invariants of AP + Q; i.e.,
for any P € I1s0(Q; L,VP) and any X € S4, (Py)? = (Q))*.

ANNALES DE L’INSTITUT FOURIER



INVERSE SPECTRAL RESULTS 2477

Proof. — Fix A € 8§ and let [ = S7!(\). By Theorem C.5 in Appendix
C, for every j € Z \ {0}, the expression C5 j;, given as in Theorem C.9, is
a spectral invariant. (Here we are letting the element jl € £ play the role
of [ in Theorems C.5 and C.9.) By Lemma C.7 and the assumption that
the connection is the distinguished one, the function ag appearing in the
expression in Theorem C.9 is given by ao(|jl|, = + ji, flﬁ—‘) = eje?mie=(l),
where ¢;; = e~™¢tUD) = +1. Since Q(x,y) = e, (y) — e, (), we have for any
l € £\ {0} that Cs j; is a constant multiple of

o 15l 2
(4.6) / da e2™12(:30) dr@~ (x — Tl) .
F 0 1]

Since | = S7Y(\), we have Q(z,jl) = —jA - z. Thus by Equation (4.6),
Lemma 4.8 and the fact that odd potentials always have mean zero, the
following expression is a spectral invariant for each j:

(4.7) P [ dwe=m(Qs (1)

Writing (Qy (- yc))2 = Y ez bia€®™IN 7 the spectral invariance of the
expression (4.7) implies that the b;, for 0 # j € Z, are spectral invariants.
Thus the function h(z) := (Q} (A-x))? —bp, is spectrally determined. Note
that h(0) = bo,x since Q) is an odd function. Thus by » is also a spectral
invariant and hence so is the function (Q) (X - x))?. This completes the
proof of Theorem 4.9. g

COROLLARY 4.10. — Assume that M is a 2-dimensional torus with non-
degenerate length spectrum and L — M is a line bundle with Chern invari-
ant factor 1 = 1. If {Q¢ }+¢[0,¢] is any continuous family of smooth mutually
isospectral potentials on M with respect to the distinguished connection,
then @QQ; = Qq for all t; i.e., within the space of smooth potentials, there
are no nontrivial continuous isospectral deformations.

Proof. — By Theorem 1.2, we have Q;” = Q7 for all ¢, and by Theorem
4.9, for each A € S§; and = € M, we have

(4.8) (Qi)x (A -2) = +£(Qo)x (A - 2)

for all ¢ (where a priori the sign may depend on x and t). In particular, the
functions (Q¢)y (A - ) and (Qo)y (A - x) have the same zeroes for all ¢t. By
continuity of the map ¢ — (Q¢)} (A - ) and Equation (4.8), it follows that
(Qi)y (A -2) = (Qo)y (A-x) for all £, 2, A and thus that Q¢ = Qo. O
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COROLLARY 4.11. — Assume that M is a 2-dimensional torus with non-
degenerate length spectrum and L — M is a line bundle with Chern invari-
ant factor r1 = 1. Suppose that the odd part Q~ of @ is a 1-dimensional
potential, i.e., there exists A € Sy such that Q™ (z) = Q5 (A - x). Let
P € Iso(Q; L,VP). Then
(i) P~(2) = Py (A-2) and (P~)? = (Q")*.

(i) If Q= and P~ are real analytic, then P = Q or P = Q.

Proof. — The first statement follows from Theorem 4.9. For the second
statement, since P~ and Q~ are both real analytic and (P~)% = (Q7)?,
we have P~ = +Q~. By Theorem 1.2, we also have PT™ = Q% and thus
either P=Qor P=Q=Qt —-Q". O

In contrast, for the rectangular two-dimensional tori considered in The-
orem 1.1, the examples of L-isospectral, noncongruent potentials include
real analytic odd one-dimensional potentials.

Appendices

Throughout these appendices, we use the notation of Subsection 2B. In
particular, L is a fixed Hermitian line bundle over the torus M, V is a
connection on L compatible with the Hermitian structure, ¢ is the 1-form
on R™ associated with V as in Definition 2.7, and A, is the associated
Laplacian, given as in Proposition 2.20. We are following closely the con-
structions developed in [4], adapting them to the case of non-trivial line
bundles.

While we are interested primarily in translation-invariant connections, we
make no assumption on the connection in Appendices A-C, except where
specified at the end of Appendix C.

Appendix A. Wave kernel on R”
Consider the wave equation on R x R™, n > 2, with smooth potential
Q:R*"—R
(A1) Oy +Q(x)) u(t,z) =0 (z €R",t €R)
with initial conditions

(A.2) u(0,2) = up(x); Oyu(0,2) =0,
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where ug € C*(R x R",C) and
92
T o
Denote by K (t,z,y) the distributional wave kernel and K (t) the wave
operator corresponding to (A.1) and (A.2); i.e., for any choice of ug, the

function

u(t, z) = (K(t)uo)(x) := 5 K(t, 2, y)uo(y)dy
solves (A.1) - (A.2). The operator K (t) can be written as the sum of two
integral operators 3(K(t) + K_(t)) where K4 has a symbol of the form

(2;)” 5T g with SF = S*(t,x,y,¢) denoting the phase function of K
and a* = a*(t,x,() its amplitude. (Here t € R and z,y,{ € R™.) As
S*(t,x,y,¢) only depends on the principal symbol of A, + @, which is

independent of ¢ and @, ST are the corresponding phase functions for the

free wave equation on R", i.e.

SE(t,z,y,0) = (x—y) - (£t

Thus

1 , .
(K (tyuo)(@) = 5~ / d¢ | dy e (1 2, CQuo(y).
(27'(') n Rn
The amplitudes a* satisfy the following estimates: for any choice of multi-
indices o = (a;)1<j<ns B = (Bj)1<j<n and any choice of R > 0 and T > 0,
there exists a constant Cy 3 = Cy,g(R,T') such that for any ¢ € R™,

sup
0<t<T, |z|<R

Oz 00a* (t,2,C)| < Cap(1+1¢) ™

where |B| = (1 + -+ + B,». Moreover they satisfy the initial conditions
a(0,2,0) = 1.
Following [13] (see [4] for the case ¢ = 0), we approximate Ky (t) by

(Ad) (KY(t)uo)(z) = # / KS Rnd‘y eile—y)-Cit|C]

% (ag + -+ ay) (2, Ox(¢Duo(v)

where aji = a}t (t,z,() is positive-homogeneous of degree —j in ¢, i.e. Ve >
0,t > 0,z € R",( € R",a]i(t,z,cg) = c*ja]i(t,x,g‘), and aji satisfies the

initial conditions

(A.5) ag (0,7,¢) =1 and a5 (0,2,() =0 (1 < j < N).
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Here x(r) is a smooth cut-off function of the form

[0 for —oco<r<1/2
(A-6) X(T)_{l for 1<r <.

The functions a; £(t,x, () are determined inductively by solving transport
equations. For any given M > 0 we will choose the integer N > 0 so large
that the integral operators K4 (t) defined by

(A7) Oy + Q) K¥ (tyuop = K+ (t)uo,

have CM kernels. Indeed, (O, + Q) K (t)uo () equals

G 4 [ v @+
x (e a4t ) (2,0) (Do)

where [, is computed with respect to the variables ¢t and x. By Proposition
2.20, using the notation ¢|, established in Remark 2.8,

0, - ei(e—y)-(Eit|(]
= (4701a(Q) + 47 [ppa|* — 2mi div(6#) (x) ) "o €I,
Further, one has the product formula

A OB
(A.8) Ou(AB) = (0,4)B + A(O,B) — 472 |¢|* AB + +2mr

—2grad A - grad B + 2mi AB div(¢?)

Hence
(O + Q@) (01 a4 4 ) (1,0))
= ¢i@—y)-CEitlc] (4w|m(g) + 2 || % — 2i¢ - grad + (O, + Q(x)))
(ag + -+ ay)(t,z,¢)
6a0

_ eile—y)-Citlc]

(t,z,¢) — 2i¢ - grad aat(t,w, C))

—

(4w\x< Qo (t,,C) + 2i ¢

M=

8ai
+ (47T<,0|z( ) a; E(t,x,¢) £ 2i[C] ] (t,z,¢) — 2iC - grada (t,z,Q)

j=1

L@, + Q) ot (ta, c)) (O + Q) ak(ta, <>]
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where grad a;t(t, x, () refers to the gradient with respect to x. Thus we are
led to the transport equations
(A.9)

+

4W@\$(C)a0i(t,x,g“) +2i|¢] a(%(t,m,() — 2iC - gradag(t,x,(:) =0
ag (0,2,¢) =1

and for 1 < j < N,
(A.10)

+
aaj

47T<P|Z(C) a;‘t(t7 €L, C) +2 |<|W(t7 €T, C) - QZC : grad a;‘t(t7 €L, g)
= — (0, + Q@) aj_y (t,2,0)
af((),a:,() =0

Note that the solution ag (¢, ,() of (A.9) with + has the property that
ag (—t,z,¢) satisfies (A.9) with —. By uniqueness, it then follows that
ag (t,2,¢) = ag (—t,z, ). As a consequence, Oyag (—t,z, ()= Oyag (t, 2, ()
and hence by the same argument, Equation (A.10) implies that ay (¢,2,() =
af (—t,x,¢) and, by induction, that aj; (t,x,¢) = aj(—t, x,¢) for any j > 0.
Hence, for any j > 0,

0

(A.11) o

(0] .,0) + 4 (,0.0) =0
t=0

Equation (A.7) is then satisfied with the kernel of the integral operator
K (t) given by
(A.12)

[?i(t, x,y) =

R /RndC etl@—y)-CEit(] ((up +Q(x)) aﬁ(t,x,()) x([¢]).

As aﬁ is positive—}iomogeneous of degree —N in (, so is (0, + Q) aﬁ.
Hence, for each of K, it follows that the integral in (A.12) is convergent
for N > n+1 and, given any M, there exists N > n + 1 so that it is a C™
function of x and y, as required.

We are now able to check the accuracy of the approximation of K by

KN = L(KY + KY). Since

% [KN (t)uo] (z)

t=0
1

_ 1 d dyet@—v)€ - +. 0 0
- 5(271')”/,,, ¢ [, dve > (at% +8t%>( 2, OX(ICDuo(y),
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Equation (A.11) implies that

0

(A.13) =

t=0

Moreover, by (A.5)

Y Oua(o) = sz [ 6 [ net e (o)

Hence, with g denoting the Fourier transform of ug,

KN(O)UO(QJ)

_ L ezw C/\ L ei(w_y)'ﬁ 1

o (271')”_/ dC (<)+ (27‘(‘)" /n d( R® dy (X('CD 1) O(y)
Sl (271r)" / A6 | dye TG — Duoly),

by the inverse Fourier transform theorem in L?(R™). Thus
(A.14) KN (0)up = ug + K ug

where K}V is an integral operator with a smooth kernel.
Denoting by K the difference KV — K, we are led to the following
Cauchy problem

(Op + Q) KN (t)ug = K (t)uo
(A.15) KX (0)up = Kg'ug
t=0

where K (t) = %(fﬁr + K_) has a CM kernel for a given M, provided N is
sufficiently large, and where K has a smooth kernel. By regularity theory
for solutions of (A.15), K™V (t) is an integral operator with a C™" kernel, for
any given M’, provided NV is large enough. This will be useful in Appendix
C (see the proof of Proposition C.2).

We now solve (A.9) and (A.10). As we will only need the a;"s we compute
only these coefficients. Let

(A16) aj = a+|R+XRnXSnfl.

Since a; *(t,7,() is positive-homogeneous in ¢, it suffices to solve for the
functlons aj. Dividing (A.9) by 2i and restricting to RT x R™ x $"~1 one
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gets
(A7) %(t,x,w) —w-grad ag(t, z,w) — 2mi |, (w) ag(t, z,w) =0
. 0,0(07$,UJ) =1

LEMMA A.1. — Equation (A.17) has the following solution

t

(A.18) ap(t, z,w) = exp (27m'/ Ol (zrw) (W) dT) .
0

The function ag is smooth in all its arguments.

Proof. — First note that if h € C°°(R"), then for fixed w, the func-
tion g(t,z) = exp (2772' fot h(z + Tw)dr) satisfies (with grad denoting the
gradient with respect to x):

t
w-gradg(t,z) = g(t, x)2m'/ w - grad(h)(z + Tw) dr
0

¢
:g(t,x)2m’/0 a%_h(m—i—nu) dr

= g(t,x) 2mi h(z + tw) — g(t, x) 2mi h(x)

ot
Moreover g(0,z) = 1. Let h(t,z) = ¢|(z4rw)(w) (again viewing w as arbi-
trary but fixed) to see that the function defined in Equation (A.18) satisfies

(t,x) — 2mwih(x)g(t, x).

(A.17). O
Similarly, dividing (A.10) by 2i, we obtain in view of (A.16)
(A.19)
%(t, z,w) —w-grada;(t, z,w) — 2mip|y(w) a;(t, z,w)
)
=5 (Ue +Q(2)) aj-1(t,2,0)
a;(0,z,w) =0

We solve (A.19) by the method of variation of constants. First for 0 < j <
N, define f; : RT x R™ x S"~! — R by

a;(t, z,w)

ag(t,z,w)’

(A.20) fit,z,w) =

By (A.17) and (A.20), we may rewrite the system (A.19) for 1 < j < N as

(A.21) % —w-grad f; = ﬁ Oy + Q) ao fj—1
£i(0,2,w) =
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To solve (A.21) we notice that

ifj(tw’ﬂ —wt,w) = (%J;] —w- gradfj) (t,x — wt,w).

dt
Hence
it —wt,w) = ;/t (Dw(?fj_l) + ij1> (1,2 — Tw,w)dr
0
or
(A.22) fi(t,z,w) = Z./t (D“’MOM + ij—l) (1,2 4 (t = T)w, w)dr.
2 0 ap

Inductively, one proves that f; is smooth in all its arguments.
As fo =1, formula (A.22) leads for j = 1 to the decomposition

(A.23) fi=fio+ fia

of f1, where

(A.24) fiot, z,w) = 3/ 40 (r,z + (t — T)w,w)dr
2 0 ao

and

(A.25)

. y t
fiit,z,w) Q x4+ (t—7)w)dr change of variable ! Q(z + Tw)dr.
2
0

Note that fi o is mdependent of Q whereas f; ; is linear in Q.
Equations (A.20) and (A.23) yield a decomposition for a;:

(A.26) a1 = ai,0 + a1
where for j = 1,0,

(A.27) a1, = aof1,;.
Similarly, one has

(A.28) f2=fa 0+ fo1+ [
and

(A.29) az = az,0 + az;1 + a2

where az j = aofgﬂ' (VJ = 0, 1, 2) and

(A.30) foolt,z,w) == ;/Ot (D@(aoﬁ,o)) (1,2 + (t — 7w, w)dr,

ao

/t (Wm + Qf1,0> (1,2 + (t = 7w, w)dr
0

(A31) fz’l(t,fli,w) = o

N | .

ANNALES DE L’INSTITUT FOURIER



INVERSE SPECTRAL RESULTS 2485

and

(A.32) fao(t, z,w) / Qfii(r,z+ (t — T)w,w)dr.

Substituting (A.25) into (A.32) and changing variables, we obtain
(A.33)
1

foo(t,w,w) = 4/t {Q( +(t—T)w / Qz+ (t—s)w )ds}d

_ _%/O 5o (/ Oz + (t — s)w )ds) dr
_ (/ Qo+ (t — 1w )m)
- - </0 Q(x+m)dT>2

Appendix B. Wave kernel acting on sections of a line
bundle

In this appendix we show how to construct the wave kernel acting on
sections of the complex line bundle L over the n-dimensional torus M =
LAR™, n > 2, from the wave kernel on R™ constructed in Appendix A.

Recall that sections of L — M may be viewed equivalently as functions
f: R™ — C satisfying Equation (2.6) for all [ € £, where ¢; is defined as
in Notation 2.4.

We introduce the following distributional kernel

(B.1) L(t,z,y) Ze_%w’(m (t,z+1,y),
leL

where K (t,z,y) denotes the wave kernel on R™ introduced in the previous
section. For any section ug of L, again viewed as a function ug : R® — C
satisying Equation (2.6), define

u(t,z) = [rKp(t,z,y)uo(y)dy
(B.2)

ZZL e~2mie(@) [ K(t,x +1,y)uo(y)dy,
S

where F denotes a fixed fundamental domain of the action of £ on R". By
a standard domain of dependence argument the sum in (B.2) is finite for
any given x and t.
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We claim that u(t, z) satisfies (A.1) - (A.2) as well as (2.6), i.e., one has
the following:

PrOPOSITION B.1. — For any z € R", t > 0,
() (O +Q)(a) - ult.a) =0

(i) u(0,z) = up(z); us(0,2) =0

(iil) w(t,z +1) = e2 @)y (t, x) for all | € L.

Proof. —
(i) The group £ acts on O (R xR”, C) by (L.v)(t,z) = 2™ @y(t, x—
1). By Remark 2.19, this action commutes with A, and hence with
the Schrodinger operator (O, 4+ Q). Assertion (i) follows.

(ii) Letting ¢ approach 0 in lezﬁ e 2mier() J7 Ktz +1,y)uo(y)dy, one
gets by (B.2) that for any € R™,

w(0,2) =y e~ / Sos1(y) uo(y) dy = €270 @y (x4 1,)
lel F

where 0 denotes the Dirac delta function and [, is the unique ele-
ment in £ such that  + 1, € F. Since ug(z + 1) = e>™ @)y (),

one thus obtains u(0, ) = ug(x). Moreover, as %’t:OK = 0, one
has
Ou o 0
- - —2mie; () = -
o (0:2) = Y e2mia /f 5|, Ktz +1,y) uo(y) dy = 0.
lel =

(iii) This is immediate since w is invariant under the action of £ defined
in (i). O

Appendix C. Expansion of the wave trace at singularities

In this appendix, we analyze the singularities of the wave trace Wi,. This
is a distribution in the variable ¢ which when applied to f € C§°(R) is given
by

(C.1) (Wr, f) Z/fda:/Rdtf(t)KL(t,a:,x)

where F again denotes a fixed fundamental domain of the action of £ on
R™ invariant under the Zs-action.

Eskin, Ralston and Trubowitz [4] analyzed the singularities of the wave
trace in the case of trivial line bundles over tori (i.e., for the Schrédinger
operator acting on smooth functions on the torus). We will use the same
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approach in our setting. We continue to assume throughout this section
that n > 2.
In view of Proposition B.1, we have

(C.2) (Wi, f) = /f da /]R at ()3 e @ K (1211, ),

el

where by a standard domain of dependence argument, the sum in (C.2) is
finite for any « € R™ and ¢ > 0. Hence

(C.3) (Wi, f) = /f iz 2l / dt K (Lo +1,2),

leL R
where the sum is again finite, as f has compact support.
The singular support of the distribution Wy is given by the set
{|l] : L € L}. The contributions to the singularity of W at t = |d|, d €
L — {0}, come from

(C.4) / dx Z e e @ K (t x4 1,1).
T teci=ldl

For d € £\ {0}, let 3|4 be a smooth, compactly supported function on R
such that 3|4/(t) = 1 for t near |d|, supp(3q)) C RT, and supp(Bjq) N L] =
{ld|}. Then the singular support of the distribution fj4Wp is given by
{#£|d|}. Hence, by (C.4) and the assumption that £\R™ has nondegenerate
length spectrum, the Fourier transform QWL of 814 W with respect to
time ¢ satisfies

(C.5)
BiayWr(n) nt °°l _Zi:d [rdx [dt e~y (e 2 e @ K (t o+ 1,2) + O(n~>).

DEFINITION C.1. — Forl € £\ {0}, z € R", w € S" ! and k any
nonnegative integer, set

-5 (77 (8)

Jj=0

6|l\ (t)a‘j (tv T+, _w)
1

t=w

and let

(C.7)  bpu(z,w) = zk: (n ;i ; j> (th)k—j

=0

a;(t,x+1,—w).
t=w-l

(To review the notion of the binomial coefficients (~") when m and r are
positive, see Equation (D.2) in Appendix D.)
In particular,

(C.8) boi(z,w) =ap(w-l,z+1,—w)

TOME 58 (2008), FASCICULE 7



2488 C.S. GORDON, P. GUERINI, T. KAPPELER & D.L. WEBB

For any integer R > 1, set

R+n—2

—1-k —27ie;(x)
v n" / dr e '
(271-)71 1 Z F

k=0

(C.9) Jir(n) =

></ dypoiw e_i”“"lbkyl’ﬁ(nw)
ST
where d,ow is the volume form on 8™~ and

ST ={we S w-1>0}.

PROPOSITION C.2. — Assume that L\R™ has nondegenerate length spec-
trum. Then for any R > 1,

el _
BaWr(n) "= §(Jd,R(77) +J_ar()+0m™")
The proof of Proposition C.2 can be found in Appendix D.

To get an asymptotic expansion of J; g (I = £d) we use the method of
stationary phase. Note that the map

—1
sl — R
w —  —w-l
has w = ﬁ—‘ as the unique critical point and that this point is a minimum.

Thus the asymptotic expansion as 1 — +4oo of the integral
fsi_l(l) e~ by 1 5(z,w)dyow is related to the behavior of by g(x,w) with
w restricted to an arbitrarily small neighborhood of this point. Since 3} (w-
[) is identically one for w in some neighborhood U of ﬁ in "1 we have
bii(z,w) = bgp(xr,w) when w € U. Thus in computing the asymptotic
expansion, we may work with the functions by ; rather than by 3.

We can give explicit Morse coordinates on the open hemisphere S_’ﬁ_l(l).
First, let (y1,-..,yn) be the standard rectangular coordinates on R™, ro-
tated so that the coordinates of ﬁ are (0,...,0,1). Define coordinates

z=(z1,...,2,-1) on ST (1) by setting

/2
ZlyenyZn_1) = ey Yn—1)-
(1 1) 1+yn(y1 Y 1)

These coordinates map S~ '(l) onto a ball of radius v/2 about the origin
in R"~! and carry ﬁ to 0. We will denote by w(z) the point in S7~'(1)
with coordinates z.

LEMMA C.3. — Letz = (z1,...,2,-1) be the coordinate chart on S~ " (1)
defined above. Then:
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(i) w(z) 1= I (1 = |2* /2) where |2[* = 22 + -+ + 22_;
(ii) Letting v(z)dzi A---Adzp—1 be the expression for the volume form
of S"~1 with respect to these coordinates, then v(0) = 1.

Lemma C.3 says that z = (21,...,2n—1) are Morse coordinates for the

functional w — —w - Il\

Proof of Lemma C.3. — For w = (y1,...,yn) € ST '(l), we have w1 =
17| yn.- Since y% 4+ 492 =1—y2, we have |z|° = 2(1 — y,,) and thus

Yn =1 — . Statement (i) follows.

With respect to the “standard” coordinates (y1,...,¥Yn—1) O0 Si_l, the
volume form is given by y%dyl A+ Ndyp—1. Since z; = ﬁyj, we have
dz; = dy; when z =0 (and y,, = 1). Thus (ii) follows. O

Define the functions by ;(z, z) by
(C.10) bp (2, 2) = bpa(z,w(2))v(z)

where v(z) is given as in Lemma C.3(ii). In view of Lemma C.3 (ii),
bit(x,0) = by(z,1/|1]) for any k, z.

By the method of stationary phase (see, e.g., [9] pp. 19-24), one then
gets for | = £d and any given integer M > 1,

/Snl(l) delw e_inw'lbk»l76($7 LU)

nstoo e R (%)"51@1%(“—1)
" (20)°

. (Here we are using the fact that by ; g = bi

1
7A |z Obkl((ﬂ Z)"‘O(W),

n—1
L/ — Slmg‘*‘ n

where A, 1= %+' -+ 0282
1 n—1
on a neighborhood of ¢ = [{|.) This leads to

R-1+(3]

— 400 eiinll‘ ].
Jrm) =T o —
(2m) k+s=0 e
7(n—1) ~ 1
T et%
o DT bk,l<x,z>+0(3)
SUIT (200 n

where k and s are understood to be nonnegative integers. For m > 0, define

m

1 1\’ 4 , -
1) Cue) =31 (g ) A B2
j=0""

By setting m = k + s in the asymptotic expansion above, we obtain:

TOME 58 (2008), FASCICULE 7



2490 C.S. GORDON, P. GUERINI, T. KAPPELER & D.L. WEBB

ProrosiTiON C.4. — Forl = +d,

—_ntl .z
oo (2m)TF et (D)
Jl R(n) n s ( )

3 n—1

U

el

Ry ,
mz::o e /f ! '

THEOREM C.5. — Assume that £ has nondegenerate length spectrum.
Then for any m > 0 and any | € L\ {0}, the expression Cy,; given by

(C.12) Cy = / Con(z,l)dz + / Con(—z, —1)dx
F F
is a spectral invariant of A, + Q.

The theorem follows from Propositions C.2 and C.4 and the fact that
the fundamental domain F was chosen to be Zs-invariant.

PROPOSITION C.6. — Forl € L, we have in the notation of (C.11) that

; _ 12|
Ci(z,l) = g(z,1) + %eiQMEL(””)aO <|l| , T+, —|§|) / Q (m - T|§|> dr
0
where g(x,1) is a function independent of Q.

Proof. — By Definition C.8 and Lemma A.1, by; is independent of Q.
Thus, by (C.11), there exists a function g;(z,) which does not depend on
Q such that

i l
Cu(w,1) = gi(x,1) + 2™ @py <~”’3a |l|) '

Hence, by Definition C.1 and Equations (A.20), (A.23), (A.24), and (A.25),
there exists a function g(z,!) independent of @ such that

ons AN l
Ci(z,1) = g(2,0) + %ﬁmt(w)ao (|1| Lz A+ |l|> / Q (:z: +1- Tm) dr
0

The proposition follows since () is L-periodic. O

We now assume that n is even, say n = 2m, and that the Chern class
of L — M is nondegenerate. By Remark 2.14 and Proposition 2.16, we
may express the connection for the bundle L — M as a smooth real-valued
1-form ¢ on R™ of the form

(C.13) o =¢P +a+dp

where ¢? is the connection form of the distinguished connection, « is a
harmonic 1-form, and p is the pullback to R™ of a smooth 2-form on M.
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For any nonzero vector | € L, write

g
(C.14) G :R*™ — C, z+ exp [—2“77/ d*u|(m7,ri)(l) dT] .
0 [1]

LeMMA C.7. — Given ¢ as in Equation (C.13), define ay as in Lemma
A.1. For any x € R*™ and | € L, we have

ao(ll] sz + 1, =1/ |I]) = £ Q=0 G ()

where the sign is given by e'™(1).

Proof. — By Lemma A.1, we have

i [
(C.15) <|l| x+1,— |l|) exp [2”'/0 sﬁ(z+l7§|)(l)d7:|'

Denote the right hand side of Equation (C.15) by I,. By Equation (C.13),
we have

l
(C.16) ao <l|,m+l,—l|d7) =I,pIo1gx,.

Recall that for w € R", we have ¢”|,(I) = —e,(l); in particular, o
depends linearly on w. Thus ¢ |(x+l ) (1) = —ex () + (Tl%‘yl) ei(l) and
1

. —omie/ (D)
I,p = e?miee (V) exp [T;;l( ) /0 (=) d’r]

— eZTriez(l)eﬂ'iel(l)
— :l:€27riex(l)
where the last equality uses the fact that e;(l) € Z for all [ € L.
Next, the harmonic 1-form a may be viewed as a linear functional on

R"™, and we have
I, = e—2‘n’ia(l).

Finally, since p is the pull-back of a 2-form on M, it is L-periodic. Hence
I+ = Gi(x).
The lemma thus follows from Equation (C.16). O
Proof of Proposition 4.1. — In the notation of Proposition C.6, let

Ci(x,1) = %(Cl(:al) —9(z,1))
1
_ ,—2mie;(x) l —Ti T
e ? ag (ll z+1,— |l>/ Q(fﬂ |l|>d
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Since g(z,1) is independent of @, Theorem C.5 implies that [ (Cy(z,1) +
Ci(z,1)) dz is a spectral invariant of A, + Q. In the setting of Proposition
4.1, ¢ = P 4+ a. Thus by Lemma C.7,

ao(|l], + 1, —1/|I]) = £e?rileD—al)

and hence e~ 27 (%) g <|l| x+1,— \l|> =Fe2miU@ =2l where we used
the fact that Q(z,l) = ey(l) — e;(z) (cf (2.1)). Thus Wy, as defined in

Proposition 4.1, is precisely | P C1(z,1) dz. The proposition now follows
from Theorem C.5. g

In the remainder of this appendix, we assume that the connection V is
Zs-invariant in order to obtain the expression for Cy; used in the proof
of Theorem 4.9. While we are especially interested in the distinguished
connection, i.e., the unique Zs-invariant connection that is also translation
invariant, the results below are stated for any Zs-invariant connection, not
necessarily translation invariant.

PROPOSITION C.8. — Assume that the connection V is Zs-invariant.
Then for any t >0, ¢ € R* and w € S™ 1,

(i) ap(t, —z, —w) = ap(t, z,w).
(ii) If in addition @Q is even, one has for any j > 1, f;(t,—x,—w) =
f] (t,x,UJ)-

Proof. — Statement (i) follows from formula (A.18) and Definition 2.12.
Statement (ii) follows from an induction argument using (A.22), Remark
2.19, and statement (i). O

THEOREM C.9. — Assume that L has nondegenerate length spectrum
and that the connection is Zo-invariant. Let Q~ denote the odd part of Q;
ie, Q™ = %(Q — QQ).Then in the notation of Theorem C.5,

1| 2
Co = —f/ dze2mie(@) g0 <|l| z+1,— |§|) (/ dr@Q~ (1: —T|§|)>

+ terms which do not involve Q™.

Proof. — In view of (C.11), one has

(C.17) 22: L (M)j (2, 1)

.] '
where

(C.18) Bj(z,1) == e 2™ @AI | _oby_ji(z, 2).
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Given any function F(z,l), write F*(z,l) = % (F(2,1) + F(—z,-1)). We
have by Equation (C.12) that

(C.19) CQI—Q/ O (z,1)d :i 2 <2z|l>./ B (2, 1)dx.

o J

In the following, a function of any or all of the variables x € R™, [ € L
and w € S"! will be said to be even (respectively, odd) if it remains
unchanged (respectively, is changed into its negative) when all the variables
are replaced by their negatives. Note that in this sense, the function (z,1) —
e~2me(®) is even. By Proposition C.8, the function (z,w) — ag(t,z,w) is
also even for any fixed ¢t € R. Hence by Remark 2.19, the map (z,w) —
fir0(t, z,w) defined in (A.24) is even as well.

The functions B; in (C.18) are given as follows:

e j = 0: Using (C.7) with k£ = 2 along with (A.26), (A.29), and the fact
that a1 o and az o are independent of @ (cf. (A.20), (A.24) and (A.30)), we
have

(C.20)
Bofe.d) = e sy (1= ) ons (1)

il (o)
te+1,—
t:m 1|

+i(n —2) o + terms independent of Q.

e j=1: By (C.7), (A.20), (A.23), (A.24), and (A.27),

(C.21) Bi(z,1) = e @A g arq(w- Lz + 1, —w(2)v(z)
+ terms independent of )

with v(z) as in Lemma C.3.
e j =2: By (C.8), (A.18), and (C.18), By(x,!) is independent of Q.

We will show below that @~ contributes to C; only through the first
term in By (x,1) (the term involving as ). Assuming this statement for
now, we examine the dependence on @) of the first term in the expression
for By(z,1),

Write Ag o(z,1)= az2 (|l| I Il\) and Ag(z,1) = ao(\l| z+1,— \ll)'
By (A.18), (A.20) and (A.33) we have

(C.22) Aga(z,1) = —éAo(x,l) (/0” Q (ac _ T|§|> )2.

TOME 58 (2008), FASCICULE 7



2494 C.S. GORDON, P. GUERINI, T. KAPPELER & D.L. WEBB

Since Ag(z,1) = Ag(—x, —1), we have

AiQ(m,l) = —éA()(LEJ) (/Oll Q" (gc - T|ll|) dT>2 +...

where ... is independent of Q. Since e;(z) = e_;(—z), the theorem then
follows from Equations (C.19) and (C.20).

It remains only to show that Q~ does not contribute to C3; through
Bf (z,1) nor through the other terms in By (z,1).

By (A.18), (A.20) and (A.31),

as1(t,z+1,—w)

. t
= an(t,m +1, —w)/ (M()h’l) + Qf1 0) (ryx+1—(t — 7w, —w)dr.
2 0 ag '

By (A.18) and (A.24), ap and fi o are independent of @, while by (A.25),
f1.1 depends linearly on Q). Moreover, for each fixed ¢, the functions (z,w) —
ap(t,z,w) and (z,w) — f1,0(t, z,w) are both even. Thus as 1 (¢, z+1, —w) +
a2, (t,—x — l,w) is independent of Q. Thus @~ does not contribute to
B (x,1) through az ;.

We next show that Q= will not contribute to Ca; through aq ;. At this
stage, it is simpler to prove the stronger statement that Q— does not con-
tribute to the whole sum J; p + J_; r through a; ;. We come back to the
expression for J; p +J_; r obtained before using the method of stationnary
phase. By (C.9), for any [ # 0,

Jur(m) + J-1,r(1)
R+n—2

1 n—l—k/ —orie (w)/ —inwl
= n dx e dyorw €~ by 5(z, w)
(2m)n=t 1;) + SETH)

1 R4+n—2
4+ — n"fl*k/ dx 62”61(9”)/ dyoiw ei”w'lbk7_17g(a:,w).
(2m)m—t kzzo F st

After changing x into —z and w into —w in the second sum and taking into
account that F was chosen to be symmetric, one gets

R+n—2
1 y el
(C.23) Jir(n) +J-1,r(n) = W Z T]"_l_k/}_d:v e~ 2mier ()
k=0

X / dyporw e*i"‘“'l[bkwl’g(%w) + bg,—1.5(—x, —w)].
ST
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y (A.25) and the fact that @ is periodic,

alyl(t,x—i—l,—w)zz olt,z+1,— /Qx—m}
Thus
. ¢
ail(t,z +1,—w) = %ao(t,x +1,—w) / Q (z — Tw)dr
0
where ay (¢, 7,w) = $(a11(t,o,w) — a1y, (t,—z,—w)) for all t € R, z €

R", w € S"7L. In view of (C.6) and (C.23), we have to show that for any
s=0,

85
ots

(z,l,w) —

ap,(t,r+1,—w)

t=w-l
is odd.

As the map (z,l,w) — ag(t,z + 1, —w) is even for any t € R, it suffices
to prove that for any s > 0, the function ¢(*) given by

85
“(z — d
t_w.l/o Q (z —uw)du

ots
() (t /Q T — uw)

Then h(_gz _u)(t) = —h(gw)(t) for all ¢, so all the ¢-derivatives also satisfy

h(s)w 7w)( )= —hgz)w) (t) for all t. We thus have

g9 (1, w) = ')

(z,w)

g (2,1, w) =

is odd. Write

(w ' l) _h’(S)w —w)(w ' l) = _g(S)(_‘Ta _l7 —LU)

Le., ¢ is odd, thus completing the proof of Theorem C.9. g

Appendix D. Proof of Proposition C.2

In this appendix we prove Proposition C.2 stated in Appendix C.
We fix d € £ and write 3 for 34
Recall from Appendix A that K = 1(K; + K_). We first prove that

the contribution of K_ to 6/@(17) is O(n~°) as n — +oc. Indeed, as
the symbol of K_(t,x + I,z) is given by e <=l (t, 2 + 1,¢) (see the
beginning of Appendix C), the sum

/dw/dt e‘””ﬂ (t,x—i—l,x)e‘gmel(w)
I=+d
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equals
d!,C dt e—ztnﬂ —27T’L€l(I / dgezlq zt\(\a (t il'-l—l C)
l +d
il ( —2mie;(x) - —it(n+I<])
" lzid/ i [ ace @ [ e -+ 1. 0D,

which, by integrations by parts with respect to ¢, is O(n~°) when n — +o0.
Thus it suffices to consider K .

By the construction of K% (see Equation (A.4)) and regularity results
for the Cauchy problem for the operator [, + @, we obtain for any [ € £
the following property: for any R € N there exists Ng € N such that for
any N > Ng one can find gr y € CF(R x R™ x R™) with the property that

/d:v/dt "B K (t,x + 1, x)e" 2@
F Jr
:/ dm/dt e*itnﬁ(t)Kf(t,x—|—l,x)e*2”ie’("”)
F R
—|—/ dm/dt e Bt gr.n (t, x + 1, z)e” 2T,
F JR

It follows that for any R € N there exists Ng € N such that for any
N > Ng,

WL 2N /dx/dte MBOEY (t,x +1,x)e >+ O F)

= id
77_’+°° —itn ,—27ie;(x) le it|¢]
3 sy o [ a6 [ e
xZﬂ Fta+L,Ox(C) +0m™")
Hence
— — 1o 1
(D.1) BWL(n) "= S(La(n) + L-a(n)) + O(n™")

where, using Notation (A.16) and the fact that a; *(t,m,() is positive-homo-
geneous of degree —j in (, I;(n) is given by

1 —2mie;(x n— ipw-
W‘/}_d:ﬂe 2 i )/Sﬂ_1 d’uolu}/']R dpp 1X(p)6p :
g +

N
% / dt e P 5() 3 M
R

i=0 pj
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with N > Ng. Denoting by Ea\j the Fourier transform of Ba; with respect
to the variable t, we then obtain for [ = +d,

1 ,
Ii(n)= —— [ dx e~ 2miei(x) dyporw
2m)" JF Sn-1
N . . —_—
x Z/ dp p" " I x(p)e ™ Baj(n — p,x + 1, w)
j=0"R

where we used the fact that x(p) = 0 for p < % (see (A.6)). Setting 7 :=
n — p, we have

1 X )
Il(n) — (27T)n /}_d‘r 6—2711@1(95) /5771 dyorw emw.l

N
x Z/ dr e — )" I x(n = 7)Bay(r @ + 1, w).
j=0"%

Note that the integral with respect to 7 in the latter expression is actually
an integral over the interval | — oo, — 1/2], as supp(x) C [1/2, +oo].
In order to expand the expression (7 — 7)" =177 recall that the binomial

coefficients (_];”) are defined when m and k are positive by

(D2) <—]:1) _ —m(=m—1) k' (cm-k+1) _ (_1)k<m +: — 1)

and that (_Om) = 1. For p a negative integer, the power series expansion
for (a+b)? = a?(1 4 )7 is then given by the binomial expansion

oo

(D.3) (at+bp=>" (Z) a?~Foh.

k=0
Interpreting (i) to be zero when p is a nonnegative integer and k£ > p, then
the expansion (D.3) is valid for all integers p.

Since n £ 7 is the symbol of the differential operator n £ i%, we define
the operator (1 i4)P by

(D.4) (n - ii)p - ki:o <z> Pk (:ﬁ:ijt)k.
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We then have the following expression for I;(n):

1 ) .
D5 d 72#26{({1})/ dy inw-l
03 e fp e [ o
N n—1—j
. d !
X Z (7] — ’Ldt>

Jj=0

/ dr e_”tx(n — T)Ea\j(r, x+1lw).
R
t=w-l

For f € C§°(R), Equation (D.4) implies that

mo (=)

S S ) M e A NP

r=0

when 7 — +4o00.

As 3 € C§°(R), the Fourier transform of 8(-)a; (-, z +,w) is in S(R) for
any v € R", [ € £ and w € S" L. It follows that for any integer & > 1
there exists a constant C' = C(k,l) > 0 such that for any 7 € R, © € F,
and w € S"7 1,

[7[*~" | Bay (r, 2 + Lw)| < C.

Thus for any r € N and [ = +d, it follows from the fact that x(s) =1 for
s> 1 (see A.6) that
a
dtr

[ dr et =t - m)ay(ra + L)
t=w-1JR

definition of x £
B dtr

n—+00 —
= 0n™)

+oo o
[ dr et - m)Bare + L)
t=w-l YN

-1

uniformly in # € F and w € S"~!. Hence, in view of (D.5), I;(n) admits
for n — +o00 the asymptotic expansion

1 / —27i L .
dr e wzel(x)/ dyow emul
@m™ Jr gn-1
N n—1—j
.d
X Z <77 — Zdt)

/ dr e*”tga\j(T, x4+ 1lLw)+ O0(n ).
R

t=w-1l
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The integral 5 [, dr e”tﬂaj (1,241, w) is the inverse Fourier transform of

ﬁa]. Hence for n — 400, I;(n) equals

1 ) )
d —271"&6[(.’,8)/ dyo inw-l
<2w>nfl/f e somr E
n—1-—j
3 (n-ia)

7=0

B(=t)a;(—t,z +1,w) + O(n~>)

t=w-l

or, changing t into —t and w into —w, this equals

1 / o o
dr e TFZEL(I)/ dyojw € inw-l
2m)nt Jr ST

E2)

7=0

B(t)a;(t,z +1, —w) + O(n~>)

t=w-1

(we integrate on S~ ' (1) instead of S"~! because supp(8) C R).
In Equation (D.6), make the change of index k = j + r to obtain

(=) = (e (=) o

k=j

Denote by g; the function t — (3(t)a;(t,z + [, —w) (with z, | and w being
fixed). By interchanging the order of summation, we have for any integer
R such that N > R+n — 2,

i +Zi n—1—j
L\ g
R4n—2 k . k—j
n—+oo n—1-— J n—1—*k i
P S O

where the error term is uniform in = € F and w € S*!. Thus

g;(t) + O(n™™)

—+oo 1 —27ie;(x) —inw-l
(D.7) L(n) "= —— / dzr e ! dporw €~
@m)nt Jx ()

R+n—2
X D bz E O™,

where by g(z,w) is given in Definition C.1. Proposition C.2 now follows
from Equations (D.1) and (D.7) .
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