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INFINITE PERIODIC POINTS
OF ENDOMORPHISMS OVER SPECIAL
CONFLUENT REWRITING SYSTEMS

by Julien CASSAIGNE & Pedro V. SILVA

ABSTRACT. — We consider endomorphisms of a monoid defined by a special
confluent rewriting system that admit a continuous extension to the completion
given by reduced infinite words, and study from a dynamical viewpoint the nature
of their infinite periodic points. For prefix-convergent endomorphisms and expand-
ing endomorphisms, we determine the structure of the set of all infinite periodic
points in terms of adherence values, bound the periods and show that all regular
periodic points are attractors.

RESUME. On considére les endomorphismes d’un monoide défini par un sys-
téme de réécriture spécial confluent qui admettent une extension continue a sa
complétion donnée par les mots infinis réduits, et on étudie d’un point de vue
dynamique la nature de leurs points périodiques infinis. Pour les endomorphismes
préfixe-convergents et les endomorphismes expansifs, on détermine la structure de
I’ensemble de tous les points périodiques infinis en termes de valeurs d’adhérence,
on borne les périodes et on prouve que tous les points périodiques réguliers sont
des attracteurs.

1. Introduction

The dynamical study of the automorphisms of a free group and their
space of ends is a well established subject in discrete Dynamical Systems
[4, 5, 10, 12, 13, 14]. This paper constitutes an effort to study these prob-
lems in a more general setting, by considering monoids defined by certain
types of rewriting systems instead of just free groups, and endomorphisms
instead of automorphisms. The idea is to use combinatorics on words and
automata theory to obtain results that have a marked geometric, topolog-
ical or dynamical nature.

Keywords: Periodic points, endomorphisms, rewriting systems, dynamics.
Math. classification: 68R15, 37B10, 20M35, 68Q70.
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The authors initiated this project in [8], where the foundations of the
whole approach were established. In view of the possibilities offered to lan-
guage theory by the study of free groups [19, 21] and more general struc-
tures such as PR-monoids [20], it seemed a natural idea to extend some of
the theory on infinite words to the more general setting of monoids defined
by finite special confluent rewriting systems. We recall that a rewriting
system {(r1,51),...,(rn, Sn)} is said to be special if s =...=s, = 1.

Monoids defined through finite special confluent rewriting systems allow
normal forms consisting of irreducible elements, hence they can be viewed
as proper subsets of a free monoid with a particular binary operation (con-
catenation followed by total reduction, such as in the free group case). This
approach can, up to some extent, be generalized to infinite words that are
endowed with algebraic and topological structures that constitute natural
generalizations of their free monoid counterparts. The fact that we can view
infinite words as the space of ends of the undirected Cayley graph of the
original monoid gives geometric significance to this topology.

We should note that infinite iteration of a (finite) word can no longer be
assumed in every case due to the existence of periodic elements, thus our
approach involves a partial version of the usual concept of w-monoid [18].

The paper [8] was essentially devoted to the basic problem of endomor-
phism extensions: under which circumstances can an endomorphism ¢ of
the monoid of finite words be extended to an endomorphism (continuous
map, weak endomorphism) of the partial w-monoid of infinite words? Char-
acterization theorems leading to positive decidability results were obtained
in most cases.

The well-developped geometric theory of hyperbolic groups has certainly
been an inspiration to this approach. Some of the results in [8] evoke classi-
cal results of the theory of hyperbolic spaces/groups, such as the extension
theorems for quasi-isometric embeddings [11].

In this paper we use the characterization of the uniformly continuous
endomorphisms (those that admit a continuous extension to the space of
infinite words — that may be viewed as the natural topological comple-
tion or as the space of ends originating from the geodesic metric of the
Cayley graph) to study the infinite periodic points of these extended endo-
morphisms. The main results are obtained for prefix-convergent endomor-
phisms and expanding endomorphisms, when we succeed in determining the
structure of the set of infinite periodic points, bounding the periods and
proving that all regular periodic points are attractors. We should remark
that free group automorphisms are never expanding, and most of them are
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INFINITE PERIODIC POINTS OF ENDOMORPHISMS 771

not prefix-convergent (see however Example 5.16), even though they are
all quasi-isometries. However, many free group endomorphisms have these
properties.

The main results will appear in Sections 5 and 6, after introducing all
the needed concepts and notation:

THEOREM 1.1. — If ¢ is prefix-convergent uniformly continuous, then
Per, (®) = U (A5eP) Ad(ap™) .
a€As

Moreover, every o € Per,.(®) is an attractor and there exists some M € N
such that any a € Per(®) has period at most M.

THEOREM 1.2. — Let ¢ be expanding. Then Pery(®) = Per(p) and
there exists some m € N such that

Per,(®) = | Ad(ug")n.

lu|=m

is a finite nonempty set of attractors.

COROLLARY 1.3. — If ¢ is expanding and o € Per(®), then the period
of o is bounded by | A" {M,(RM(tr—1)=m,)|Ql}

The paper is organized as follows: Section 2 is devoted to preliminaries.
In Section 3 we establish the dynamical concepts relevant to our project.
Note that most of these concepts are usually restricted to invertible map-
pings. In Section 4 we establish some preparatory results that will be used
in the next two sections. In Section 5 we discuss the periodic points for
prefix-convergent endomorphisms. This is a natural property to consider
from a topological point of view but does not appear to be decidable in
general. In Section 6 we accomplish a similar study in the case of expand-
ing endomorphisms, which is proved to be a decidable property for a given
endomorphism. As one should expect, the two properties are independent
from each other. In Section 7 we develop the particular case of the free
monoid, generalizing Konig’s Lemma [18] in the spirit of the preceding
sections.

2. Preliminaries

For basic concepts and results on language theory (respectively topol-
ogy), the reader is referred to [3] (respectively [9]).

TOME 59 (2009), FASCICULE 2
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Let A denote a finite alphabet. Given u,v € A*, we write u < v if u is
a prefix of v. A (finite) rewriting system over A is a (finite) subset R of
A* x A*. Given u,v € A*, we write u— g if

u=2Iry, v==sy

for some z,y € A* and (r,5) € R. We denote by — the reflexive and tran-
sitive closure of the relation —. The subscript R will be usually omitted.
The congruence on A* generated by R will be denoted by RF. Note that
Rf = 55 p-1. The quotient M = A*/R?! is said to be the monoid defined
by the rewriting system R.
A rewriting system R over A is said to be
e special if R C A* x {1};
e confluent if, whenever u——v and u——w, there exists z € A* such
that v——z and w——2z:

Let R be a special confluent rewriting system over A. We say that w € A*
is irreducible (with respect to R) if w ¢ U, 1yerA*rA*. For every u € A*,
there is exactly one irreducible v € A* such that u——uv: existence follows
from any reduction sequence being length-reducing, and uniqueness from
confluence. We denote this unique irreducible word by @. It is well known
(see [7]) that the equivalence

uRhv su=1

holds for all u,v € A*, hence A* constitutes a set of normal forms for the
monoid M = A*/R*. Moreover,

M = (A*,),
where - denotes the binary operation on A* defined by u-v = wo. We denote
the monoid (A4*,-) by Aj. We shall often abuse notation and identify A%
with A*. We write also A}, = A%\ {1}.
We denote by A“ the set of all infinite words of the form ajacas ..., with
an € A for every n € N={1,2,3,...}. Write

A® = A" U AY.
Given o € A® and n € N, we denote by a(™ the n-th letter of « (if & € A*
and n > |a, we set a(™ = 1). We write also

2) n).

ol = aMa® | of

ANNALES DE L’INSTITUT FOURIER
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An infinite word o € A¥ is said to be irreducible (with respect to R) if o™
is irreducible for every n € N. We denote the set of all irreducible infinite
words (with respect to R) by A% and we write

AR = AR U A%.
For all o, 8 € A, we define

min{n cam (n) if
o,y - { €Nl 250 a2

o0 ifa=0
and we write
d(aaﬁ) = Zir(aﬁ)a

using the convention 27> = 0. It follows easily from the definition that d
is an ultrametric on A®°, satisfying in particular the axiom

d(ev, B) < max{d(e, ), d(v, 8)}-

We shall identify A* with the metric space (A%, d). It is well known that
the metric space A is compact (and therefore complete) [18, Chapter IIT].
Note that lim,, ., o, = « if and only if

Vk € NIm e N¥n e N(n > m = ol = ol#).

Furthermore, since A% is complete, a sequence uy, usg, . .. € A* converges
if and only if it is a Cauchy sequence, i.e., , if the condition

Vk € N3m € NVn,n' € N (n,n' > m = ul¥ = o)

holds. By [8, Corollary 2.3], (A%, d) is compact (and therefore complete)
whenever R is special confluent. We remark that, since o = lim,,_, oo o for
every a € A®, (A*,d) (respectively (A%, d)) is the completion of (A*,d)
(respectively (A%, d)). Note also that d induces the discrete topology on
A* since the open ball By (n11)(u) = {u} for every u € A™.

Referring to [8], we can mention an interesting geometric viewpoint on
the nature of (A%,d). Let T' denote the Cayley graph of the monoid A},
relative to the generating set A, and let s(u,v) denote the distance on A},
given by the length of the shortest undirected path connecting u and v in
I'. We can view A% as the space of ends of I'. By [8, Theorems 5.7 and
5.12], the metric d on A%, induces the Gromov topology on the space of
ends of the hyperbolic metric space (A}, s).

DEFINITION 2.1. — We recall that x € X is an adherence value of (uy, ),
if:
Ve >0Vn € NIm = n: d(um,z) <e.

TOME 59 (2009), FASCICULE 2
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This is equivalent to say that there exists some infinite subsequence of
(tun)n converging to x. We denote the set of all adherence values of (uy)n,
by Ad(un)n-

DEFINITION 2.2. — Given a mapping ¢ : X — X, we say that x € X
is @-periodic if x = xp™ for some m € N. If m = 1, we say that z is a
fixed point for ¢. We denote by Per(p) (respectively Fix(yp)) the set of all
periodic (respectively fixed) points of .

The following result is essential when considering rational languages in
the context of special confluent rewriting systems (see also [7, Theorems
4.1.2 and 4.2.4]):

THEOREM 2.3. — [2, 6] Let R be a finite special confluent rewriting
system on A and let L C A* be rational. Then:
(i) L is rational;
(ii) D ={u€ A*:u € L} is deterministic context-free.

Moreover, both L and Dy, are effectively constructible from L.

We present now a series of results from [8] that will prove useful in the
forthcoming sections.
We fix R = {(r1,1), (r2,1), ..., (rn, 1)} and write t g = max{|r1]|, |r2],...,

[P}

LEMMA 2.4. — [8, Lemma 4.1] Let u,v,w € A}, be such that |v| >
|w|(tg — 1) and uwv € Ay. Then wow = uvw.

LEMMA 2.5. — [8, dual of Lemma 4.2] For all u,v € A},

(i) u=v'u" andv = v'v" withww = v'v" and |u"v'| < min{|ul|, [v|}-tR.

(i) [av] > max{[v| = (tr — Dlul, |u| = (tr — Dvl}-

LEMMA 2.6. — [8, Lemma 5.8] Let L C A}, be rational and let ¢ : A}, —
A% be an endomorphism. Then L is rational and effectively constructible
from L.

We generalize the concept of w-semigroup [18, Chapter 1.4] as follows.
A partial w-monoid is a structure of the form (M, My, -, 0, 7), where - :
M; x My — M; and o : My x My — My are binary operations and
m: MY = My x My x...— M;UDMS, is a surjective partial map, such that:

(wl) (My,-) is a monoid;

(w2) if (u1,ug,...)m is defined and i; < 92 < ... is a sequence in N,

then (g ... Ui, Uiy 41 - - Wi, Uint] - - - Uiy, - . )7 is defined and equal
to (u1,ua,...)m;

ANNALES DE L’INSTITUT FOURIER



INFINITE PERIODIC POINTS OF ENDOMORPHISMS 775

(w3) if (u1,ug,...)7 is defined and v € My, then (v, uy,ug, ...)7w is defined
and equal to v o ((ug,us,...)w);
(wd) (1,1,...)7 is defined and equals 1.

We noted in [8] that these axioms imply the mixed associative law given
by

uo(voa)=(u-v)oa«

for all u,v € My and o € Ms.
If M7 U M, is endowed with a distance d such that:

e the operations - and o are continuous (considering the product
topology on M; x (M; U Ms), for instance via the max metric on
the components);

o (u1,ug,...)w is defined if and only if lim, oo ujus . . . u, exists, in
which case they coincide;

then we have a metric partial w-monoid.

It follows easily from (w3) and (w2) that the identity of M; is a left
identity for the mixed product o. If 7 is a full map, we have the standard
concept of w-monoid (w-semigroup if we don’t require (Mj,-) to have an
identity).

If u e My and (w,u,u,...)w is defined, we denote it by u®.

An endomorphism of (My, My,-,0,m) is a mapping ¢ : M; U My —
My U My such that:

(h1) Myp C My;

(h2) for all u,v € My, (u-v)p = (up) - (vp);

(h3) for all uw € M; and o € My,

o) = (up) - () if ap € M,
ey {(W)O(aw) if ap € My

(h4) if (u1,us,...)w is defined, then (uip, uzep,...)7 is defined and equal
to (u1,us,...)Tp.
An endomorphism is said to be proper if Msp C Ms.
We define a binary operation
o: AR x Ay, — A%
(u,) — T«

by @ = lim,, o ual™l.

The partial operation 7 : (A})¥ — A% is defined as follows: for every
sequence (un), € (AR)Y, (u1,ug,...)7 is defined if and only if (w1~ un)n

TOME 59 (2009), FASCICULE 2



776 Julien CASSAIGNE & Pedro V. SILVA

converges. In such a case, we have

(u1,ug,..)m = lim uy...Up,.
n—oo

THEOREM 2.7. — [8, Theorem 4.4] With the ultrametric d, (A}, A%, -,
o,m) is a metric partial w-monoid.

The next result shows necessary and sufficient conditions for the existence
of a continuous extension to A% of an endomorphism ¢ of A%. We refer to
the constant homomorphism as the trivial homomorphism.

THEOREM 2.8. — [8, Theorems 8.4 and 8.7] Let ¢ be a nontrivial en-
domorphism of A},. Then the following conditions are equivalent and de-
cidable:

(i) ¢ can be extended to a continuous mapping ® : AR — AY;
(ii) ¢ can be extended to a proper uniformly continuous endomorphism
of the metric partial w-monoid A% ;
(iii) ¢ is uniformly continuous;
(iv) we™!
Moreover, if these conditions hold the continuous mapping ® is unique and
given by a® = lim,_.., ap.

is finite for every w € Aj.

This result constitutes a generalization of its well-known free group coun-
terpart, stating that a nontrivial endomorphism of a free group can be ex-
tended to a continuous mapping of its completion/boundary if and only it
is injective ([11], [8]).

Surjectivity of ® is determined by the surjectivity of ¢:

PROPOSITION 2.9. — Let ¢ be a uniformly continuous endomorphism
of A}, and let ® : Ay — A be its continuous extension. Then ® is onto
if and only if ¢ is onto.

Proof. — By Theorem 2.8, ® is proper and so if ® is onto, ¢ must be
onto as well.
Conversely, assume that ¢ is onto and let v € A%. Let

X = U a[”]cpfl.

n>1

Since ¢ is onto and by Theorem 2.8, al"lp~1

A%, for every n > 1. Thus X is a countable infinite subset of the compact
space (A%, d) and so must have some adherence value in A%, that is,

is a finite nonempty subset of

PeAF Ve>0Twe X :0<d(w,f) <e.

ANNALES DE L’INSTITUT FOURIER
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We show that $® = a. Suppose that a(™ # (®)(™) for some m > 1.
Since @ is uniformly continuous,

AM > 1Vag,az € AR (r(ag,a2) > M = r(a1®, aa®) > m).

Let w € X be such that 0 < d(w, 3) < 2~™. Since there are infinitely many
such w and each al™p~! is finite, we may assume that we = ol with
n > m. Hence r(w,3) > M and so r(al™, B®) = r(wy, 38) > m. Since
n > m, it follows that (™) = (3®)("™), a contradiction. Thus 3® = o and
® is onto. g

3. Endomorphism dynamics

We fix a nontrivial uniformly continuous endomorphism ¢ of A%. Let
® be its continuous extension to A%. We intend to classify ®-periodic
points from a dynamical viewpoint. Clearly, given o« € A%}, we consider
{a®™ : n € N} to be the orbit of a. Then « is ®-periodic if and only
a = a®P for some p > 1. This is of course equivalent to « being a fixed
point for the power endomorphism ®7, and most of the terminology we are
about to introduce is usually defined for fixed points. The smallest such p
is said to be the period of a.

Given « € Per(®), we define the attraction basin to be

Att(a) = {0 € AR : a € Ad(BD"),,}.
If ® is onto, it makes sense to define the repulsion basin of « to be
Rep(a)={a}U{f € AR : Ve >0¥n e NIm>=n3y € o : d(e,y) < &.}

Note that @ is onto if and only if ¢ is onto by Proposition 2.9. In terms of a
dynamical system, we can say that the future of o — the orbit (a®, a®?,...)
— is uniquely determined but the past of o may be not so (unless & is one-
to-one). In that case, its past is a ramified tree corresponding to the various
elements of a®~!,a®2,... The idea is to collect in the repulsion basin of
a all those words that could have been arbitrarily close to « in the past
but got away from it (and also « for technical reasons).

DEFINITION 3.1. — We say that « is singular if a belongs to the topo-
logical closure of Per(y). Otherwise, we say that « is regular. We denote
the set of all regular (respectively singular) ®-periodic points of A% by
Per, (®) (respectively Pery(®)). Clearly, Per,(®) C A%.

DEFINITION 3.2. — We say that o € Per,.(®) is

TOME 59 (2009), FASCICULE 2



778 Julien CASSAIGNE & Pedro V. SILVA

e an attractor if some neighbourhood of « is contained in Att(«).
If ¢ is onto, we say also that « € Per,(®) is

e a repeller if some neighbourhood of « is contained in Rep(a);

e hyperbolic if « is neither an attractor nor a repeller, but some
neighbourhood of « is contained in Att(«) U Rep(a);

e degenerate if no neighbourhood of « is contained in Att(a)URep(«).

If ® is an automorphism, then Per(®~!) = Per(®) and it is straightfor-
ward that the attraction basin of a € Per(®) relatively to ® is the repulsion
basin of « relatively to ® 1. Hence o € Per(®) is an attractor for @ if and
only if it is a repeller for @1 and vice-versa.

The dynamical study of automorphisms of the free group has been carried
on by different authors (e.g., [4, 5, 10, 12, 13, 14]). In particular, it is known
that:

THEOREM 3.3. — [10, 13, 14] Let A}, be a free group of rank k and let
¢ be an automorphism of Ay,. Then:

(i) There are at least two infinite ®-periodic points of period at most
2k. If A% has a single orbit of ®-periodic points, then this orbit has
period 2.

(ii) The period of a« € A% is bounded by some constant M}, depending
only on k, and verifying My, ~ \/klog(k) when k — +oo.

(iii) Every regular ®-periodic point is either an attractor or a repeller.

We intend to deal with a more general situation, going beyond the free
group and beyond automorphisms. It is therefore natural that the condition
(iii) of the theorem does not hold any longer, as we show in the next
example. In the presence of formal inverses in an alphabet, we say that an
endomorphism is matched if it preserves (formal) inverses.

Example 3.4. — Let A = {a,b,c,b"'} and R = {(bb~1,1), (b=1b,1)}.
Let ¢ : A — A% be the matched endomorphism defined by
ap=ab, bp=b, cp=>b>c
Then A%, contains (regular) hyperbolic ®-periodic points.
Proof. — It is clear that ab” and a(b~!)* are ®-periodic. Suppose that
u € AL is ®-periodic. If u ¢ b* U (b™1)*, we may write u = bFzv for some
k € Z and x € {a,c}. Clearly, x = c implies up” = b*~2"c... for every

n € N, hence = = a. If u = b*ab™, then up™ = b¥ab™*™ for every n € N
and v is not periodic. If u = bFab™av, then up™ = bFab™* "a... and u

ANNALES DE L’INSTITUT FOURIER
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is not periodic either. Finally, if v = bFab™cv, then ue"™ = bFab™ "c. ...
Thus Per(p) = b* U (b™1)* and so ab” and a(b~!)“ are regular.

Since lim,, o (ab*c)p™ = a(b=1)“, we have ab®c ¢ Att(ab*) for every
k € Z. Since every neighbourhood of ab“ must contain some word of the
form ab”c, it follows that ab® is not an attractor.

Clearly, ¢ is onto. Suppose that ab® € Rep(ab®) with k > 0. Then in
particular

Im >k Jw € (ab®)@™ : r(ab?, w) > k,

yielding a contradiction since (ab*)®~™ = ab*~™. Thus ab* ¢ Rep(ab®)
for every k£ > 0. Since every neighbourhood of ab* must contain some word
of the form ab”, it follows that ab® is not a repeller.

Similarly, we can check that

ab* Uab*aAy C Att(adb),
ab*cAy, C Rep(ab¥),
thus
d(B,ab”) <272 = B=ab... = [ € Att(ab”) U Rep(adb®)
and ab” is hyperbolic. a

In the following example, we present a case where all the regular periodic
points are degenerate.

Example 3.5. — Let A = {a,b,c,b"'} and R = {(bb=1,1),(b=1b,1)}.
Let ¢ : A — A% be the matched endomorphism defined by
ap=ab, bp=b, cp=>btch.

Then Per,(®) is infinite and all its elements are degenerate.

Proof. — First we show that
(3.1) (u<v A up =ub) = v ¢ Per(p).

Indeed, assume that v € Per(yp) possesses a prefix u such that up = ub. We
may assume that u is maximal for this property. Since v cannot be of the
form v = ub® since " (ub*) = ubF*t™ nor v = ubFaw since " (ub*aw) €
ubftma A%, it follows that v = ubfcw for some k € Z and w € A%. However,
this contradicts the maximality of u since ubfc < v and (ubfc)p = ub¥ch.
Thus (3.1) holds.

Adapting the argument in Example 3.4, it is now easy to prove that
Per(p) = b*U(b~1)*. Hence Pery(®) = {b*, (b=1)*}. Write B = b*U(b~1)*.
We show next that

(3.2) Per,(®) = Ba(Be)*{b*, (b")*} U Ba(Bc)*.

TOME 59 (2009), FASCICULE 2
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Let o € Per,.(®) and write a = box1bya2b3 ... where the x; represent
all the occurrences of either a or c. Similar arguments to those we used in
the finite case show that z;z;11 € {a?, ca} contradicts o € Per,(®). Thus
z;iz;41 € {ac, c?} for every i and so the direct inclusion of (3.2) holds. The
opposite inclusion is easily verified and so (3.2) holds.

In particular, Per,(®) is infinite. Take o € Per,.(®). It follows from (3.2)
that Per,.(®) contains no isolated points, so there exists a sequence («;); of
distinct elements of Per,.(®) such that o = lim;_,, ;. We may assume that
no element of this sequence is in the orbit of a.. Since a; € Per, (@), it follows
that a; ¢ Att(«) for every 4. Since ¢ is an automorphism, Rep(«) relatively
to @ equals Att(a) relatively to ®~1. Since o; € Per,.(®1), it follows by
duality that a; ¢ Rep(«) for every i. Therefore every neighbourhood of «
contains some o; ¢ Att(a) U Rep(«r) and so « is degenerate. O

4. Preparatory results

We fix an endomorphism ¢ of A}, throughout the section. We define

DEFINITION 4.1.
Fin(p) = {u € A% : {up™ : n > 1} is finite } = (Per(p)) (¢ 1),
Inf(p) = AR\Fin(p), Ao=ANTFin(p), A1 =4\ A,.

Clearly, Fin(y) is a submonoid of A% and

(Fin(p))p U (Fin())p~" C Fin(yp).
In particular, A§ C Fin(p) and Aje C Fin(p).

LEMMA 4.2. — (Fin(¢))(Inf(¢)) C Inf(p).

Proof. — Let u € Fin(p) and v € Inf(p). Since (w0)™ = (up™)(ve™),
it follows from Lemma 2.5(ii) that (wv)¢™ has unbounded length and so
wvu € Inf(p). O

By Theorem 2.8, ¢ admits a continuous extension ® to A% if and only
if it is uniformly continuous. Henceforth, we shall assume that, whenever

 is uniformly continuous, ® denotes its (unique) continuous extension to
o0
A%,

LEMMA 4.3. — Let ¢ be uniformly continuous and let w € Aj. Then
the following conditions are equivalent:
(i) Ad(ue™)y, is finite;
(ii) (ugp™*), converges for some k > 0.
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Moreover, if lim,,_, o u@™ = «a, then a®* = o and
Ad(ue™), = {a,ad,...,a® "1} C Per(®).
Proof. — Assume that Ad(ue™),, is finite. We observe that
Ve > 03ng € NVn > ng Ja, € Ad(up™), : d(up™, ay) < €.

Indeed, let & > 0. Since A% is compact, we have A% = U2, B, /5(3;) for
some [1,...,0m € AEF. If up™ € B./3(f;) for infinitely many values of
n, then B.(3;) N Ad(up™), # 0. Hence we take my such that, whenever
up™ € Bc/o(B;) for only finitely many values of n, then ng > n for all
such n.

If € is chosen so that

e<el = %min{d(a,ﬁ) can, B € Ad(up™)n, a # G},

then au, is uniquely defined. Now, as ® is uniformly continuous, there exists
€9 > 0 such that

Vag,ap € AR (d(ag,az) < g2 = d(a1 P, a2®P) < e7).

Taking e3 = min{ey, e}, d(up™, a,) < e3 yields d(up™™, a,®) < e;.
Then, since we have d(up™ ™!, a,41) < 1 and o, € Ad(up™),, yields o, ® €
Ad(up™),, we obtain a,, ® = a1 by uniqueness. Since Ad(up™),, is finite,
there exists some k > ng such that ay = ag, = a;®F. Thus

Ve €10,e3) Ing € NVn > ng : d(up™ . ap) < e

and so lim,,_,« up™ = aj. Thus (ii) holds.
Conversely, assume that lim,_, . u¢™ = «a. Since ® is continuous, it

commutes with limits. It follows that, for i =0,...,k — 1,
lim ue™™* = lim ue™®' = (lim up"*)d! = ad'.
n—oo n— oo n—oo

Thus a®’ € Ad(up™), N A% for i =0,...,k—1.

Suppose now that 3 € Ad(up™),. Then 3 = lim, .o up’» for some
infinite subsequence (ug’n), of (up™),. Clearly, there exists some i €
{0,...,k — 1} such that the intersection {j, : n € N} N{i+nk:n € N} is
infinite. Thus

B = lim up’™ = lim up'™™* = ad’

n—oo n—oo

and so
Ad(up™), = {ad®" :i=0,...,k—1}.
Finally, we remark that

(@®)®* = (lim up™F)®F = lim up"HIE = 0!

n—oo
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and so a®! € Per(®). O

LEMMA 4.4. — Let ® : A%} — A be an endomorphism. If bothu € Ay,
and o € A%, are ®-periodic, then so is Uc.

Proof. — If u®? = v and a®? = « for some p, ¢ € N, then
uwad?? = (udr?)(adr?) = ua
as required. O

LEMMA 4.5. — Let (uy), be a sequence in A%, with |u,| bounded and
let (vn)n, (wn)n be sequences in AY such that

VEe NIl eNVn =1 r(v,,wy) > k.

Then
Vke N3l e NVn > 1 r(Unvn, Unwy,) > k.

Moreover, Ad(un0y,)n = Ad(Un Wy )r .

Proof. — Assume that M = max{|u,| : n € N}. Let k¥ € N. Then there
exists [ € N such that r(v,,w,) > k+ M(tg — 1) for every n > I. It follows
from Lemma 2.5 that (@, 0n, Unw,) > k as required. Hence

Ve >03l e NVn 21 d(u,v,, tyw,) < €.

If a« € Ad(@n0y)n, then a = lim,,_, o U;, 0;, for some increasing sequence
(in)n in N. Thus

Ve >03¢eNVn >q du;,v;,,0) <e.
Since d is an ultra-metric, it follows that
Ve>03h e NVn > h d(ug,w,,, o) <e

and so a € Ad(u,wy,)y,. Thus Ad(t,vr), C Ad(w,w,), and the lemma
follows by symmetry. ]

Next we fix
(4.1) p=min{n >1:Va € Ay ap®™ = ap"}.

Since Ay is finite and {a@™ : n > 1} is finite for every a € Ao, p is well
defined. f u =aq...a, € Tg with a; € Ag, it follows that

(42)  wp® = (a19%) .. (an@?®) = (a19P) ... (anpP) = ug”.

As a consequence, we obtain:

LEMMA 4.6. — Aj¢P C Per(p).

We note that if A; = @), we can always identify all ®-periodic points:
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PROPOSITION 4.7. — Let ¢ be nontrivial and uniformly continuous. If
A = Ay, then:
(i) Per(®) = ARe? U AL OP;
(ii) if A% is infinite, there exist ®-periodic words in both A}, and A%,.

Proof.

(i) By Lemma 4.6, we have A5¢P C Per(p). Conversely, let u € Per(yp).
Then u = ug” for some n > 1 and so u = up™. Let v = up™ VP then
u = vypP and so u € AjpP. Therefore Per(p) = ALpP.

Take o € A% and let 8 = a®P. Since ® is proper, then 8 € A%. Moreover,

BOP = a®? = (lim, o0 a["])¢>2p = limy, 00 ™ 2P
= lim, o al™eP = (limp,— 00 o) oP = ad? = 3

and so A{®P C Per(®). The inclusion Per(®) N A% C A{PP is proved
similarly to the finite case.

(ii) Assume that A}, is infinite. By Theorem 2.8, we ™! is finite for every
w € A%. Iteration of this argument shows that 1(¢?)~! must be finite and
thus a proper subset of A}. Therefore up? # 1 for some u € A} and so
A;g contains ¢-periodic words, infinitely many in fact.

On the other hand, A% infinite implies A% # (). Since ® is proper, it
follows that Per(®) N A% = A% PP is nonempty as well. O

Given u € A}, \ Af, let uf denote the (unique) prefix of u in A§A;. We
define

1

Ay ={a € A;:3Im e NVn € N|ap™0| < m}.
LEMMA 4.8. — Iffg is finite, then As = Aj.

Proof. — For every a € A;, we have ap™0 € AjA; and therefore |ap™0)|
is bounded if Tg is finite. Hence Ay = A;. O

5. Prefix-convergent endomorphisms

We fix an endomorphism ¢ of A}, throughout the section and adopt all
the notation introduced in Section 4.

DEFINITION 5.1. — We say that the endomorphism ¢ is prefix-conver-
gent if:
(5.1)

Vae A1 Vk e NIm e NVYve A Vn > m (a <v=r(ap™,ve™) > k).

The concept expresses the fact that, for every a € Aj, the sequences
(d(ap™, vp™)), converge uniformly to 0 for all v having a as prefix.

TOME 59 (2009), FASCICULE 2



784 Julien CASSAIGNE & Pedro V. SILVA

LEMMA 5.2. — If ¢ is prefix-convergent, then:

(i) Fin() = 45;
(i) Aje C Ag;
(iii) Yu € AF Vv € AR \ Ay uv ¢ Aj.
Proof.
(i) By a previous remark, we only have to show that Fin(p) C Aj. Let
u € Fin(yp) and suppose that u ¢ Aj. Then we may write u = vaw with
v € A, a€ A and w € A%. Applying (5.1) to a and aw, we get

Vke NIm e NVn > m r(ap”, (aw)e™) > k.

Thus, as a € Inf(p), we also have aw € Inf(yp). Since v € Fin(yp), we obtain
u = vaw € Inf(y) by Lemma 4.2, a contradiction. Therefore u € A} as

required.
(ii) follows from (i) and Aje C Fin(¢p).
(iii) follows from (i) and Lemma 4.2. O
LEMMA 5.3. — Let ¢ be prefix-convergent uniformly continuous and let

a=uaf € AF withu € Af and a € Ay. Then
Vke NI eNVn =1 r((ua)p", ad™) > k.
Moreover, Ad((ua)p™), = Ad(a®™),.
Proof. — Let k € N. Since a € A; and ¢ is prefix-convergent, there exists
some ! € N such that:
Vn > Vs € Nr(ap™, (afl)e™) > k + 1.
Let n>1. Since ®" is continuous, lim,_. . a8!* =a yields lim,_ o (a3 )"
= (af)®". Thus d(ap™, (af)p") < 27F=1 for every s € N yields d(a¢™,
(aB)®") < 27F1 < 27% and so r(ay”, (aB)®") > k. Since |up"| is
bounded, Lemma 4.5 yields
Vke N3l e NVn = lr((ua)p”, a®™) > k
and Ad((ua)e™), = Ad(ad®™),. O
We discuss next the periodic points of ¢, recalling the definition of p in
(4.1).
LEMMA 5.4. — If ¢ is prefix-convergent, then Per(p) = A%pP.
Proof. — Assume that u € Per(yp). Then v = up? for some ¢ > 1. Let
v = upPd~Y Then u = upP? = veP. Suppose that v = v'av” with v’ € AF
and a € A;. Since ¢ is prefix-convergent,

Vk>03meNVn>m r(ap”, (a")p") > k.
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Since v,v’ € Fin(p), we have av” € Fin(p) as well by Lemma 4.2. Thus

n

Im e NVn>m ap"” = (av”)p

and so a € Fin(yp), contradicting a € Ay. Therefore v € Af and so Per(p) C
Age?.

The opposite inclusion follows from Lemma 4.6. O

We can now determine the singular ®-periodic points.
THEOREM 5.5. — If ¢ is prefix-convergent uniformly continuous, then
Pery(®) = Per(®) N A° = (A% N A°)DP.
Moreover, every o € Pery(®) has period at most p.
Proof. — Assume that o € Pers(®). Then
VE>03Im >k o™ € Per(p).

It follows that al™ € AFpP C A by Lemmas 5.2(ii) and 5.4. Hence a €
Per(®) N AF.

Assume next that o € Per(®) N AS°. Then a = a®? for some ¢ > 1, and
so a = a®P?. Write 3 = a®P(¢=1)_ Since

8= adPa—1) — ( lim a[”])@ﬁ(‘l*l) = lim a[n](pp(qfl)

by continuity of ® and al™prle—1) ¢ A} by Lemma 5.2(ii), we obtain
8 € AP and so a € (AF N AF)DP.

Finally, assume that a = S®P for some 3 € A% N A§°. We have

ad®? = B = (lim, . BM)®%P = lim,,_ o S
= lim,_ g[n] P = (limy,_ o0 g[n])qw =[PP =
by continuity of ® and (4.2), hence o € Per(®). By Lemma 5.4, o =
lim,,_ o 3™ P is singular.
Since a®? = q, the lemma is proved. (|

Next we determine the regular ®-periodic points.

THEOREM 5.6. — If ¢ is prefix-convergent uniformly continuous, then
(5:2) Per,(0) = | J (Agw?) Ad(ag™)..
a€Ay

Moreover, every « € Per,.(®) is an attractor and there exists some M € N
such that any « € Per(®) has period at most M.
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Proof. — Let a € Ay. For every n > 1, write ap™ = u,a,v, with u,, € Aj
and a, € A;. Since a € Ay, we have usas = Usyqas44 for some ¢,s > 1.
We show that (ap®T"9),, converges. Indeed, since ¢ is prefix-convergent,
we get

VE>03ImeNVn>2m r(ase™, (asvs)e™), r(ase™, (asvstq)@™?) > k.
Thus
VE>03meNVn>2m r((asvs)9™?), (asvstq)p™?) > k.
Since us € Fin(p) and k is arbitrary, we get
(5.3) Vk>03ImeNVn=m r(ap®" apstatne)
= 7((usas05) ™), (Usa5v514)0"™) > k

and so
Vk>03meNVn,n' >m r(apt" a9 > k.
Thus (ap*t™4),, is a Cauchy sequence and therefore converges since A

is compact. Applying Lemma 4.3 with u = ag®, we get Ad(ap*t™), =
Ad(ap™), C Per(®). Then Lemmas 4.4 and 5.4 yield

Uaea, (AgeP) Ad(ap™)n C Per(®).

Since ap"™ = unanvy, and |u,| is bounded, we get Ad(a¢™), N A = 0 and
SO

(Uaea, (JLTSQOP) Ad(apm),) N A =10

by Lemma 5.2(iii). In view of Theorem 5.5, we obtain

UaeA, (‘LTS‘FP) Ad(ap™)n C Per,. ().

Conversely, let o € Per, (D) satisfy « = a®? By Theorem 5.5, we
may write @ = uaf with v € A§ and a € A;. Then Lemma 5.3 yields
Ad((ua)e™)n = Ad(a®™),,, which is finite since a € Per(®). Write ad®” =
UnGpPn with u, € Af and a, € A;. Let k = max{|u,| : n € N}
Since in a compact space any infinite sequence has an adherence value
and any convergent subsequence of ((ua)¢™),, must converge to some a®’
(1 €40,...,q—1}), it follows that

NeNVR=1Fie{0,....,¢g—1} 7((ua)e", u;a;0;) > k.

Then |(ua)e™d| = |uza;| < k+ 1. As |up™| is bounded, it follows from
Lemma 2.5 that |a@™0| is bounded, hence a € Ag. By the first part of the
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proof, it follows that some subsequence (ap™"), converges and so does its
subsequence (a@™?"),,. Thus

o= lim (upP)(ag™) = (ug?) m ap™ € (Age?) Ad(ap™),
n—oo

n—oo
and so (5.2) holds.

Let o € Per,.(®). We show that « is an attractor. As we have already
proved, we may write o = uwaf with u € A§ and a € As. It is enough to
show that o’ € Att(a) whenever r(a, ') > |u| + 1.

Indeed, if r(a,a’) > |u| + 1, then we may write o’ = uaf’ for some
B € A% . By Lemma 5.3, we have Ad(a®"),, = Ad((ua)e™), = Ad(a/®"),
and so @ € Ad(a/®"),, as required.

Since ap?? = apP for every a € Ay, to show that the period of o € Per(®)
is bounded, it is enough to prove it for « € Ad(ap™),. By Lemma 4.3 and
by the early part of the proof, the period of « is bounded by [{ap™0 : n >
1}. O

COROLLARY 5.7. — Let ¢ be prefix-convergent uniformly continuous.
If A} is finite and Ay # 0, then Per(®) N A% is a finite nonempty set of
(regular) attractors.

Proof. — Since Aj is finite, it follows from Theorem 5.5 that Per(®) N
A% = Per,(®). By Lemma 4.8, we have A; = Ay and so

Per,(®) = | (Afer) Ad(ap™),
ac€Aq

by Theorem 5.6. As we saw in the proof of Theorem 5.6, we may apply
Lemma 4.3 to conclude that Ad(ag™), is finite and nonempty, and AP
is finite and nonempty as well. Thus Per(®) N AY, = Per,(®) is finite and
nonempty since A; # ). All its elements are attractors by Theorem 5.6. O

The existence of fixed points follows from the following condition:

THEOREM 5.8. — Let ¢ be prefix-convergent uniformly continuous. Let
u € AL\ Ay and w € A}, be such that up = uw. Then lim, o up™ €
Fix(®).

Proof. — Write u = v/au” with ' € A and a € A;. Since ¢ is prefix-
convergent and uw = u’au”w is irreducible, we have

Vk € NIm € NVn > m (r(ap”, (au”)o") >k A r(ap”, (au"w)e™) > k).
Since |u'¢"| is bounded and k is arbitrary, we get
(5.4) VkEeN3ImeNVn=m (r((va)”, (vau')p™) >k

A r((Wa)e”, (vau"w)e™) > k),
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that is,
VkeNIm e NVn=m (r((Wa)e™,ue™) >k A r((u'a)e™ up™) > k).
Hence
Vk e N3Im e NVn = m r(up™ up™™) >k
and so /
Vk e NIm e NVn,n' =m r(up™, up™) > k.
Thus (ue™), is a Cauchy sequence and therefore converges to some a € A%
by compactness of A¥. By Lemma 4.3, « € Fix(®). |
We proceed now to discuss prefix-convergency through examples and
particular cases.

We say that an endomorphism ¢ of A} preserves prefixes if, for every
prefix v of u € A%, vy is still a prefix of uep.

LEMMA 5.9. — If ¢ preserves prefixes, it is prefix-convergent.

Proof. — Let a € A; and k£ € N. Then there exists some m € N such
that |ap™| > k for every n > m. Since ¢ preserves prefixes, so does ".
Thus, whenever n > m,

a<v=ap” <ve" = r(ap”,ve") = lap™| +1 > k.

Therefore ¢ is prefix-convergent. 0

We show next that preserving prefixes is a decidable property.

LEMMA 5.10. — For every v € A%, the language L = {u € A}, : u < uv}
is rational and effectively constructible.

Proof. —Let k= (tg —1)jv|, L’ ={u e L:|ul<k}and L ={ue L:
|u| = k}. We show that
(5.5) L=LU(ARL") N A}).

Let w € A}, and v € L” with wu irreducible. Then v < @ and so
wu < wuv. By Lemma 2.4, we get wu < wuv = wuv and so wu € L. Thus
L'U((ARL")NnAY) C L.

Conversely, let ©w € L. We may assume that |u| > k and write u = wz
with |z| = k. Since wz = v < W0 = wWzv and WzU = wzv by Lemma 2.4, it
follows that z < zv and so z € L”. Therefore u € (A5, L") N A}, and (5.5)
holds. It follows that L is rational.

Since L’ and L” can be effectively computed, L is effectively constructible.

O

ProPOSITION 5.11. — It is decidable whether or not an endomorphism
¢ of A} preserves prefixes.
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Proof. — We remark that ¢ preserves prefixes if and only if
(5.6) Yu € ApVa € A(ua € Ap = up < (ua)p).

Indeed, if (5.6) holds and wa ...a, € A% (a;, € A), successive application
of (5.6) yields

wp < (uar)p < (uaraz)e < ... < (uay ...an)ep.

For every a € A, let

Lo = {ue Ap :u < ulap)),
K,={ue A% :ua € AR}.
Then ¢ preserves prefixes if and only if
Yu e ApVa € A(u € K, = up € L),
or equivalently,
(5.7) Vae€ A Kyp C L.

Now K, = (Aj N (A*a))a™?! is rational and effectively constructible by
the standard closure properties of rational languages and so is K,¢ by
Lemma 2.6. Since L, is rational and effectively constructible by Lemma
5.10, it follows that (5.7) is decidable as required. O

We shall present now a number of examples. Most of them involve a free
group on 2 generators, so the following lemma will come handy:

LEMMA 5.12. — Let A}, be the free group on the alphabet A={a,b,a™ ",
b=} and let ¢ be a nontrivial endomorphism of A%. Then ¢ is uniformly
continuous if and only if (ab)y # (ba)e.

Proof. — By Theorem 2.8, ¢ is uniformly continuous if and only if wp—!

is finite for every w € A%. Since A% is a group, this is equivalent to 1o~}
being finite. Since the unique finite subgroup of a free group is the trivial
subgroup, this is equivalent to ¢ being injective.

Clearly, if ¢ is injective then (ab)p # (ba)p. Conversely, assume that
(ab)p # (ba)e. By the Nielsen-Schreier Theorem [17, Section 1.2], ALp is a
free group that must therefore have rank 2 since it is nonabelian and so is
the quotient group A%/1¢~!. Since a finitely generated free group cannot
be isomorphic to a proper quotient [17, Proposition 1.3.5], it follows that ¢
is injective. O

In the examples to follow, when we say that A% be the free group on B,
we assume that A = BU B™1L.
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Example 5.13. — Let A}, be the free group on {a,b} and let ¢ be the
endomorphism of Ay, defined by ap = ab, by = ba. Then ¢ preserves
prefixes, is uniformly continuous and |Per(®)| = 5. There are no finite
nontrivial ®-periodic points.

Proof. — Let x,y € A. If xy is irreducible, so is (z¢)(yp). Hence ¢
preserves prefixes. By Lemma 5.12, ¢ is uniformly continuous.

Clearly, the sequences (ay™),, and (be™), converge to some instance of
the Thue-Morse infinite word [15, Section 2.2]. Since a ™ '¢? = a=1b~2a!

and b~ 1p? = b 1a=2b71, it is a simple exercise to check that
Ad(a ™), = Ad(b ") = {a 00 a0 e e L)
consist of two further instances of the Thue-Morse word, hence Ag = 0

and Per(p) = {1} by Lemma 5.4. By Theorem 5.6, the 4 instances of the
Thue-Morse word

abba..., baab..., a 070 a7t b e e 0T L L
are the unique infinite ®-periodic points. O

The next example shows an instance of Corollary 5.7.

Example 5.14. — Let A}, be the free group on {a,b} and let ¢ be the
endomorphism of A% defined by ap = a=2ba?, by = a~'ba. Then ¢ is
prefix-convergent uniformly continuous and Ay = A. Moreover, Per(p) =
{1} and | Per,.(®)| = 1.

Proof. — By Lemma 5.12, ¢ is uniformly continuous.

It is easy to see that if u = x1...2, € AE with z1,...,x, € A, then
up = a"™b%1a™ ... b°~a" with
si €{-1,1} i=1,...,n), ro € {—2, -1},
r, €{-1,0,1} i=1,...,n—1), rn € {1,2}.

Let v = a™b1a™ ...b°". Then vy € v A* whenever u < v. Moreover,
lu] < |u/|. Thus |ug™| > |u] + n for every n and so Ay = ). By Lemma 4.8,
we obtain A = A;. We show that

(5.8) Vu,v € AL (u#v = r(u,v) < r(up,vp)).

Indeed, if u = wug, v = wvg with w # 1, then w’ is a common prefix of wy,
uyp and vep. Since |w| < |w’|, (5.8) holds if r(u,v) > 1. Since r(up, vp) > 1
in any case, (5.8) holds. Thus

(5.9) Vu,v € A Vn €N r(up™, vp™) > n

and so ¢ is prefix-convergent.
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Since Ayp = 0, Lemma 5.4 yields Per(p) = {1}. By Theorems 5.5 and
5.6, we get Pery(®) = {1} and Per,(®) = Ugea Ad(ap™),. As all sequences
converge to the same point by (5.9), we get | Per,(®)| = 1. O

Note that in the preceding example ¢ does not preserve prefixes.

The next example shows an instance of Theorem 5.6 with /TS infinite.

Example 5.15. — Let A}, be the free group on {a, b} and let ¢ be the
endomorphism of A% defined by ap = aba™', by = b. Then ¢ is prefix-
convergent uniformly continuous, 4; = Ay = {a,a™ '}, and Per,.(®) is
infinite.

Proof. — By Lemma 5.12, ¢ is uniformly continuous.

It is easy to show by induction that, for every n > 1,

ap™ = ab®r a2 ab®Pa .. abt-1g !
with &; = £1 for i = 1,...,2" — 1. Thus A; = {a,a 1} since bp™ = b
for every n € N. Since ap™ = a~'¢"0 = a for every n > 1, we obtain
A = Ay

For every ¢ > 1, we have
(5.10) alyp" = (ago”_l)bq(a_lgpn_l).

Let x € Ay and let k € N. Take m = k and assume that xw is irreducible.
If w ¢ (aUa1) A%, then (zw)p™ = (x¢™)(we™) and so

r(zg", (zw)e") = la" | +1=2"" > k
whenever n > m.

Otherwise, w = z%w’ for some ¢ > 1, w
of (5.10)

r(ze™, (zw)e") = r(ze", 27 ") = lap" | +2=2"+1>k

"¢ (aUa 1) A% and so in view

whenever n > m. Thus ¢ is prefix-convergent. By Theorem 5.6, we get
Per,.(®) = {bla : ¢ € Z} where a = lim,, o ap™ = lim,, oo a 1" (a is
related to the paperfolding sequence, see [1, Example 5.1.6]). O

In the next example, /TS is also infinite, but now Ay = 0 so there are no

regular periodic points.

Example 5.16. — Let A}, be the free group on {a,b} and let ¢ be the
automorphism of A} defined by ay = bab, by = b. Then ¢ is prefix-
convergent uniformly continuous, A; = {a,a"'}, Ay = 0, and Per,.(®) = 0.

Proof. — Observe first that ¢ is indeed an automorphism, its inverse
being given by ap~! = b~lab~! and bp~! = b. By Lemma 5.12, ¢ is
uniformly continuous.
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For n € 7Z, it is immediate that ap™ = b"ab™ and (a=1)"™ = b~ "a~ 167",
so that Ag = {b,b71}, A} = {a,a™ 1}, and Ay = 0.

Write u € AR\ A as w = b*°a®1 b1 a® ... a**b°* with ¢; = £1 and s; € Z.
Then up™ = btoaf1bt1a2 ... a° b with tg = sg+e1n, t; = s;+ (s +€01)n
for 1 <i < k, t), = s + exn. Note that no cancellation between a and a=!
occurs. In particular, if the first letter of u is a, we get that b™a is a prefix
of ug™, so that r(ap™, up™) > n+ 1. Similarly, if the first letter of u is a ™!,
then r((a=1)¢", up™) > n + 1. Hence ¢ is prefix-convergent.

As Ay = (), Theorem 5.6 yields Per,.(®) = . O

The next example shows that, as far as fixed points are concerned, we

cannot expect reduction to finite fixed points and Ad(ag™), in the spirit
of Theorem 5.6.

Example 5.17. — Let A = {a,b} and R = {(a®,1)}. Let p : Ay — A%
be the endomorphism defined by ap = a? and by = aba?b. Then ¢ is
prefix-convergent and uniformly continuous and Fix(®) = {1, (a?b)*}.

Proof. — Clearly, Ag = {a} and (a?*b)¢ = (a?b)?. A simple induction
shows that

Vi € N (b = b(a®h)>" 1 A b+ = ab(a?h)? ),

hence
Ad(bp™),, = {b(a®b)*, ab(a’b)“}.

Since the number of occurrences of b increases in each iteration of ¢, it
follows easily that ¢ is prefix-convergent and uniformly continuous. It is
immediate that Fix(p) = {1}. Suppose that o = (a?b)*a'b3 € Fix(®)
with [ € {0,1}. Then a = a® = (a?b)*aba’b(3®) if | = 0 and a =
a® = (a?b)*ba?b(3®) if | = 1, a contradiction in any case. Thus Fix(®) =
{1, (a®b)~}. O

A non prefix-convergent endomorphism does not have to produce regular
periodic points:

Example 5.18. — Let A}, be the free group on {a,b} and let ¢ be the
endomorphism of A% defined by ap = ab, bp = ab~*a~!. Then ¢ is not
prefix-convergent but is uniformly continuous and Ay = (). There exist just
finitely many infinite ®-periodic points, but no regular ones.

Proof. — By Lemma 5.12, ¢ is uniformly continuous.
Let z = aba. Since zp = z, we have 2%, (27 !)% € Per(®). A simple
induction shows that

a(p2n+1 — Znabz—n’ b(p2n+1 _ Znab—la—lz—n’ b(an — ZNpy" (’I’L 2 0),
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a<p2n — anflaflzf(nfl) (TL > 1)7

hence lim,, o, z¢™ = 2% for every x € A. It follows that Ay = () and so
A = Ay by Lemma 4.8. Since r(agp™, z¢™) < 4 for every n € N, it follows
that ¢ is not prefix-convergent.

We show now that 2% and (271)“ are the unique infinite ®-periodic
points. Let o € Per(®) N A%. Then a = a®? for some p > 0. Since zp? =
zPxz~P for every x € A, we get

a = ad® = (lim,_ a™)®%? = lim, . (ap?P)

= limy_ o0 2Palz=P = lim,_, o zPal?l = ZPa.

We may write 2P = uv, a = v~ ! with 2Pa = uB. Thus v 13 = a = 2Pa =
uf. Since uv = zP, we must have either u =1 or v = 1.

If u=1, then 3 = 27?83 yields 3 = (27?)* and so a = z7P3 = (z71)~.
Otherwise 0 = « and so a = 2P« yields a = z¥.

Since 2z and (271)“ are both singular, we conclude that there exist no
regular ®-periodic points. ]

We end this sequence of examples by considering the famous Fibonacci
endomorphism:

Example 5.19. — Let A}, be the free group on {a,b} and let ¢ be the
endomorphism of A}, defined by ap = ab, by = a. Then ¢ is not prefix-
convergent but it is uniformly continuous and Ag = ().

Proof. — By Lemma 5.12; ¢ is uniformly continuous.

Clearly, lim,_ o, ap™ = lim,_, bp™ = a, where a = abaab... denotes
the Fibonacci (infinite) word [16, Section 2.1]. It follows that Ay = (.

We have

(a™'ba)p* = (b 'ab)p = ba,

hence (a=tba)p™ € (a Ub)A% for n > 2. Since a= 1" € (a= Ub™1) A% for
every n € N, it follows that 7(a=1¢", (a=tba)¢™) = 1 for every n > 2. Thus
© is not prefix-convergent. |

However, if we consider the Fibonacci endomorphism for A = {a,b,a™!,
b=} and R = {(aa™%,1),(bb~1,1)}, it preserves prefixes since xy irre-
ducible implies (z¢)(yep) irreducible for all z,y € A. We still have uniform
continuity and Ay = (), therefore Corollary 5.7 applies. It is a simple exer-
cise to check that

Per(®) = {1, lim ap™, lim a™'p?", lim b~ '¢?"}.
n—0oo n—oo n—oo
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6. Length-increasing endomorphisms

Let ¢ be a nontrivial endomorphism of A%.
DEFINITION 6.1. — We say that ¢ is
e length-increasing if
Vu € A} Jup| > |ul;
e eventually length-increasing if
(6.1) Im € NVu € Af (lu] = m = |up| > |u|);
e expanding if
(6.2) Vk € N3Im € NVu € AL (Ju| = m = |up| > |u| + k).

Obviously, if ¢ is either length-increasing or expanding, then it is eventu-
ally length-increasing. Examples 6.14 and 6.15 show that length-increasing
and expanding are independent properties.

LEMMA 6.2. — If ¢ is eventually length-increasing, then it is uniformly
continuous.

Proof. — Assume that ¢ is eventually length-increasing. Then we ' is

finite for every w € A% and so ¢ is uniformly continuous by Theorem 2.8.

O
We fix ¢ and
h = max{|ap| : a € A}.
LEMMA 6.3. — Let ¢ be uniformly continuous. Then
(6.3) IM e NVu € Ay (Ju| 2 M = |up| = 2h).

Proof. — Suppose not. Then
Vn € N3Ju, € A, (Jun| = n Alunp| < 2h).

Since there are only finitely many words v of length < 2h, it follows that
vgo_l
We fix M > max{tpr,2h} satisfying (6.3).

is infinite for some v, contradicting Theorem 2.8. ]

LEMMA 6.4. — Let wvw € A%, with |v| > M. Then there exists a fac-
torization vy = vyvovs such that v, # 1 and

(uvw)e = (up)vy vz v3(wep).
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Proof. — Let v € A%, be such that |v| > M. Suppose the lemma fails for
some choice of u and w. We may assume that |uw]| is minimal.

Assume that u,w # 1. Let uy denote the first letter of v and write
u = uguy. Let wy denote the last letter of w and write w = wiwpy. By
minimality of |uw|, we have a factorization v = vjvovs with vy # 1 and
(urvwr)e = (urp)vr vavs(wip). Write 1 = (u1p)vy, y1 = vs(wip). We
discuss the reduction process in

(uvw) e = (uop)r1v2y1 (Wotp)
and show that (uvw)e is the product of a proper prefix of ugp by a proper

suffix of wyp. By minimality of |uw|, the factor vy cannot be fully cancelled
in the reduction (ugp)z1v2y;. We consider two cases:
Case I: some part of the factor vy is cancelled.
Then we may write (upp)r1v2y1 = usvsy; where us < upp and vz is a
proper suffix of vs. Note that v # 1, otherwise wg would be superfluous.
Now in the reduction of (uvw)y = usvsys (wop) we get a word of the form
ugzwy with ug < uy and wy a proper suffix of wye.
Case II: the factor v, remains intact.
Then we may write (ugp)x1v2y1 = usavoy1 where us < ugp and zo is a
suffix of z1. Now in the reduction of (uvw)e = usxovayr (wop) part of us
must be cancelled, otherwise ug would be superfluous. Hence we get a word
of the form wzws with uz < us and wsy a proper suffix of wyep.

In any case, we get |(uvw)yp| < |uoyp| + |wop| < 2h and so |v| < |uvw| <
M by (6.3), a contradiction.

The cases u = 1 or w = 1 are actually a simplification of the case
discussed and can therefore be omitted. O

LEMMA 6.5. — Let ¢ be expanding. Then
Im € NVu,v € AL (r(u,v) € Im, +oo[ = r(up, vp) > r(u,v)).

Proof. — Since ¢ is expanding,
(6.4) Im > M Vu € A} (lu| =m = |up| > |u| + hM (tg — 1)).
Let u,v € AE be distinct with 7(u,v) > m. Let w be the longest common
prefix of u and v. Write u = wu’. We show that there exists a factorization
we = wiwsy such that
(6.5) up = wiwz(u'p) and lwy| > |w].
Since |w| = m > M, it follows from Lemma 6.4 that there exists a factor-

ization wy = wiwy such that wy # 1 and uwp = wiws(u'p). We assume
that w; has maximal length.
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Suppose that |wi| < |w|. By (6.4), we have
[w| + |wa| = [wi] + wa| = [we] > |w| + hM(tr — 1)

and so |wa| = hM (tg—1). By maximality of |w1 |, we must be fully cancelled
in the reduction ws(u/¢). Let u” be the shortest prefix of u’ such that wy is
fully cancelled in the reduction wq(u”¢). Since the image of the last letter
of v must necessarily help to cancel the first letter of wo, we conclude that
|wa(u”’¢)| < h. Now let wy be the shortest suffix of w such that ws is a
suffix of wpp. Since the first letter of we must necessarily originate from
the image of the first letter of wg, we conclude that |wgp| < |ws|+ h. Since
wou' is a factor of wu’' = w, it is reduced. Writing wop = zws, we have

(wou")p = zwq(u”’p) and so
|(wou")p| = [zwa(u”p)| < |2] + [wa(w@)| < 2h.

By (6.3), it follows that |wou”| < M and so |u”| < M. Hence |u" | < hM.
By Lemma 2.5(ii), it follows that u'’¢ cannot cancel a word with length
> hM(tg — 1) and so |we| < hM(tg — 1), a contradiction. Thus |w;| > |w|
and (6.5) holds.

Applying the same argument to vy, we conclude that ugp and vy have a
common prefix of length |w|+1 and so r(up, vy) > r(u,v) as required. O

LEMMA 6.6. — Let ¢ be expanding. Then Ad(uy™),, is finite and no-
nempty for every u € Aj,.

Proof. — Let u € A%. As AY is compact, Ad(ue™), is nonempty. If
u € Fin(yp), then Ad(ug™), C {ue™ : n > 1} is finite. Assume now that
u € Inf(yp).

By Lemma 6.5,

(6.6)  3Im € NVu,v € AL Vn € N (r(u,v) > m = r(up”,vp") > n).

Since (|ugp™|), is unbounded, there exist some s,q > 1 such that up® and
up*T4 have a common prefix w of length m. Write up® = wv and w9 =
wv'. By (6.6), we have

r(we", up®*") = r(we”, (wv)e") > n,

r(we™, ug® ) = r(we", (wv')e") > n,

hence 7(u@* ™", upsT4T™) > n for every n € N. It follows that r(ugptm9,
upst(HN9) > p for every n > 1 and so

Vk e NVn,n' >k r(up™™, upst'e) > k.
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Thus (up*t™), is a Cauchy sequence and therefore convergent since A%
is compact. By Lemma 6.2, we may apply Lemma 4.3 and conclude that
Ad(up™),, is finite. O

We are now ready for the characterization of the periodic points. We
denote as usual by ® the continuous extension of ¢ to A%.

THEOREM 6.7. — Let A%, be infinite and ¢ be expanding. Then Per(®)
= Per(y) and there exists some m € N such that

(6.7) Per,(®) = |J Ad(ue")n

[u[=m

is a finite nonempty set of attractors.

Proof. — Since ¢ is expanding, Per(¢) is finite and so Per;(®) = Per(p).

We take m from (6.6). Since Aj, is infinite, the set {u € A}, : [u| = m}
is finite nonempty. Then by Lemmas 6.2, 4.3, and 6.6, Ujy|=, Ad(up™),
is finite nonempty and contained in Per(®). Since ¢ is expanding and m
in (6.6) originates from (6.4), then Ad(u¢™), C A% and so Ad(ugp™), C
Per, (D).

Conversely, let a € Per,(®). We may write a = uf for some u € A} of
length m and some 3 € A%,. For all n, k € N, we have r(up™, almtklpny > p
by (6.6) and since ®" is continuous we get

n __ : m+k no__ 1 m+k], n
ad™ = (klirr;oa[ ])<I> —kllr&a[ ]go ,
hence r(ugp™, a®™) > n for every n. Since o € Per(®), we have o = a®? for
some p > 1. Hence r(up™, a) > np for every n and so a = lim,,—, o, u@"? €
Ad(up™)y,. Thus (6.7) holds.

To show that « is an attractor, we check the inclusion By-m (o) C Att(«).
Let v € By-m(a). Then r(,7y) > m and so v = uf’ for some ' € A¥.
Since r(u@™, ™ tFpn) > n for all n and k by (6.6), we get r(up™, y®") > n
similarly to the case of «. In view of r(ue™, a) > np, it follows that
r(y®"P, ) > np for every n and so lim,, oo 7Y®"? = a. Thus a € Ad(yD"),
and so v € Att(a). Therefore By-m () C Att(a) and « is an attractor. O

We address now the decidability question.
Given u € A*, let u§ denote the suffix of length M of v if |u| > M.
Otherwise, let u& = u.
We define a finite (A, Z)-transducer 7, = (Q, qo, T, E) as follows:
Q ={ue Ay : Ju| < M} is the set of states;
go = 1 is the initial state;
T =@\ {1} is the set of terminal states;
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E={(u,a,n,v) € Q x AXZxQ:uac Ay, n=|(ua)p| — |up| —
1, v = (ua)&} is the set of edges.

The label of a path p in 7, is denoted by pA and its projections on A* and
Z by pA1 and pAg, respectively.
For details on automata and transducers, the reader is referred to [3].

LEMMA 6.8. — Let uv,vw € A}, with |[v| > M. Then uvw € A}, and
|(wow)ep| = [(uwv)p| = [(vw)p| — vl

Proof. — Since |v| > tg, we have uvw € A},. By Lemma 6.4, there exists
a factorization vy = v1vav3 such that vy # 1 and

(uvw)p = (up)vy va v3(WY).

Hence
(wow)g| — [(uv)e| = [(up)or] + |v2| + [v3(we)| — [(up)vi| — [vz0s]
= [v1vg] + |us(we)| — [vrv2vs| = |(vw)e| — |ve]
and the lemma holds. (|
Let
m, = min{pAs : p is a cycle-free successful path in 7, }.
THEOREM 6.9. — The following conditions are equivalent:

(i) ¢ is eventually length-increasing;
(i) eAg = 0 for every cycle ¢ in T, and pAy > 0 for every successful
path p with

(max{0,2 —m,})|Q| < [p| < (1 4+ max{0,2 —m,})|Q|.
Proof. — Suppose that

(a1,n1) (az,n2) (ak,nk)

P 4o q1 qdk

is a successful path in 7,,. For every ¢ € {1,...,k}, we have n; = |(¢i—1a:)¢|
—|gi—10l =1, gi—1a; € AR, and ¢; = (gi—1a;)§. We show that a1 ...a; € A},
and

(68) n; = |(a1az)cp\ — |(a1...ai_1)<p| — 1.

Assume first that ¢ < M. Then ¢; = gj_1a; for every j < ¢ and the
claims follow immediately. Assume now that ¢ > M and the claims hold
for + — 1. Let w = a1...a;_1_p. By the induction hypothesis, we have
ay...a;i—1 € Ay. It is easy to check that ¢; = (g;—1a;)¢ for every j < ¢
yields a1 ...a;—1 = ug;_1. Now i > M implies |¢;_1| = M. Since ug;_1,
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gi—10; € A%, we may apply Lemma 6.8 and obtain a; ... a; = ugi—1a; € A}
and also

ni = (qi—10:)@| = |gi—19] =1 = [(wi—1gi—10:)¢| — [(wi—1gi—1)p| — 1
= |(a1...a;)p| —|(a1...a;—1)p| — 1.

The induction is therefore complete and so (6.8) holds.
It follows that
k k
pra=Y ni=Y ((ar...a:)¢| = [(ar...a;1)p| — 1) = |(a1...ax)p| — k
i=1 i=1

and so
(6.9) pA2 = [pArp| — [pAal.
Notice that
(6.10) {pA1 : p is a successful path in 7,} = AE.

Indeed, we have just proved the direct inclusion and the opposite one follows
from the following inductive argument: if ua € AE and we assume that
there is a successful path p ending in state uf with pA; = u, then we
can always extend p by means of some edge of the form (u¢,a,n, (ua)f).
Therefore (6.10) holds.

Assume now that (i) holds and let ¢ be a cycle in 7,. Suppose that
cAy < 0. Since 7, is trim, we have a successful path of the form pc and so
pc™ is also a successful path for every n € N. Let u = pA\; and v = c);.
Then uv* is an infinite subset of A%, by (6.10), and (6.9) implies

[(uv™) | — [uv™| = (pc") A2 = pAa + n(ch2) < pha —n

for every n, yielding |(uv™)p| < |uv™| for infinitely many n, contradicting
(i). Thus cAg > 0.
Next we show that

(6.11) pha > min {1,m,, + Il }

Q|
for every successful path p by induction on |p|. Let p be a successful path
and assume the claim holds for all shorter paths. If p is cycle-free, then
Ip| < |Q| and pAa = my, + % — 1 follows from the definition of m,,. Hence
we may assume that p = pycps for some cycle c¢. Since cAy > 0, we may

assume that

(6.12) (p1p2) A2 < 1,
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otherwise we are done. Suppose first that cAg > 0. Then |c| < |Q| yields
Pl _ |ppa| | el _ |pipa|

2 — — < + 1
el el el
and by (6.12) the induction hypothesis yields
pA2 = (p1p2)A2 + cAo = (p1p2) A2 +1 2= my + |p|165|2| = my + ||g| -

and (6.11) holds. Assume now that cA2 = 0. By (6.12), p1c*p2 is an infinite
set of successful paths with (p1c*p2)Aa C ] — 00, 0], contradicting (i). Hence
(6.11) holds in any case.

Thus, if we take a successful path p with (max{0,2 — m})|Q| < [p| <
(1 +max{0,2 —m,})|Q|, we get

m4p+g||l > my, +max{0,2 —my,} — 1 =max{m, — 1,1} > 1
hence (6.11) yields pA2 > 0 and so (ii) holds.

Conversely, assume that (ii) holds. Let n = (max{0,2 — m,})|@|. Then
pA2 > 0 for every successful path p with n < |p| < n + |Q|. We show that
pA2 > 0 for every successful path p with n + |Q| < |p| by induction on |p|.
Assume that n + |@Q] < |p| and the claim holds for shorter paths of that
form. We may factor p = pieps for some cycle c. Since n < |pip2| < |p|
it follows from (ii) and the induction hypothesis that (pip2)A2 > 0. Since
chg = 0 by (ii), we obtain pAa = (p1p2)A2 + cAa > 0.

Therefore pAs > 0 for every successful path p with n < |p| and so (i)
holds by (6.10) and (6.9). O

It follows from the proof of Theorem 6.9 that

COROLLARY 6.10. — If ¢ is eventually length-increasing, then
Vue A (Jul > (max{0,2 = myHIQ| = |ul < [ug]).

THEOREM 6.11. — The following conditions are equivalent:

(i) ¢ is expanding;
(ii) cA2 > 0 for every cycle ¢ in 7T,.

Proof. — Assume that (i) holds and let ¢ be a cycle in 7. Suppose that
cAg < 0. Since 7, is trim, we have a successful path of the form pc and so
pc™ is also a successful path for every n € N. Let v = pA\; and v = c)\;.
Then uv* is an infinite subset of A% by (6.10), and (6.9) implies

[(uv™) | — [uv™| = (pc™) A2 = pA2 + n(cAz) < pAz

for every n, contradicting (i). Thus (ii) holds.
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Conversely, assume that (ii) holds. We show that

Pl
(6.13) P2 = My + = Q
for every successful path p by induction on |p|. Let p be a successful path
and assume the claim holds for all shorter paths. If p is cycle-free, then
Ip] < |Q| and (6.13) follows from the definition of m,. Hence we may
assume that p = picpe for some cycle c. Since chg > 0 and || < |Q], we
get

pl _ Ipapa| | lel _ [pipol
= + — +1
Q el Tier s
and the induction hypothesis yields
pAy = (plpz))\z +chg > (p1p2))\2 +1
[p1p2] |p|
Z Mot g 2Me T g1

and so (6.13) holds.
Let k£ > 0. We show that
(6.14) Vu € Ay (Ju] = (k —=me +1)|Q] = [up| > [u + k).

Let u € A}, be such that |u| > (kK — m, + 1)|Q|. By (6.10), there exists a
successful path p such that pA; = w. Since |p| > (k—m, +1)|Q], (6.9) and
(6.13) yield

lup| — |u] = pAa > ||g I1>2mey+k—my+1-1=k
and so (6.14) holds. Therefore ¢ is expanding. O
COROLLARY 6.12. — It is decidable whether or not an arbitrary endo-

morphism ¢ is
(i) length-increasing;
(ii) eventually length-increasing;
(iii) expanding.

Proof. — By Theorem 2.8, we may decide whether or not ¢ is uniformly
continuous. This is a necessary condition for ¢ to be eventually length-
increasing by Lemma 6.2. Thus we may assume that ¢ is uniformly contin-
uous. As it is proved in [8, Theorem 8.7], we may effectively compute wp~!
for any given word w. It follows that M can be effectively computed. Now
decidability of (ii) and (iii) follows from Theorems 6.9 and 6.11 since we
can construct the transducer 7 and then check if conditions 6.9(ii), 6.11(ii)
hold. In view of Corollary 6.10, decidability of (i) follows from (ii) since we

only need to test finitely many short words. O
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We can use previous results to bound the periods:

COROLLARY 6.13. — If ¢ is expanding and « € Per(®), then the period
of a is bounded by | A|P&x{M;(hM(tr=1)=m)Q[}

Proof. — Assume first that o € A%. By Theorem 6.7, we have o €
Ad(ug™),, for some u € A},. By the proof of Lemma 6.6 and Lemma 4.3,
a®? = « if r(up®, up*t?) > m where s € N and m is given by (6.6). By
the proofs of Lemmas 6.5 and 6.6, m originates from (6.4). By (6.14), we
can take m = max{M, (hM(tg — 1) —m,)|Q|}. Since (up™)I™) with length
m can take at most |A|™ values, it follows that a®? = « for some

p <A™ < A (M (tr=1)=m,)[QI}

Assume now that a € A%. Then |up™| < max{0, (2 — m,)|Q|} < m for
every n € N by Corollary 6.10 and so a®? = « for some p < |A|™ as
required. O

We end the section by presenting some examples.

Example 6.14. — Let A = {a,b,b='} and R = {(bb~1,1)}. Let ¢ :
Ay, — Ay be the matched endomorphism defined by ap = b~'ab and
bp = b3. Then ¢ is length-increasing but not expanding.

Proof. — Given v = x1...x, € AE with zq,...,2, € A, we have
|(z10) ... (xnp)| = 3n. It is easy to check that the maximum number of
letters that can be cancelled in the reduction of (z1¢) ... (z,p) is 2(n— 1),
hence |up| > 3n—2(n—1) = n+2 = |u| +2 and so ¢ is length-increasing.

Since a"p = b~1a"b for every n > 1, ¢ is not expanding. O

For the next counterexample, we reuse the endomorphism from Exam-
ple 5.17.

Example 6.15. — Let A = {a,b} and R = {(a3,1)}. Let ¢ : A} — A%
be the endomorphism defined by ap = a? and by = aba?b. Then ¢ is
expanding but not length-increasing.

Proof. — As |a?p| < |a?|, ¢ is not length-increasing. Every u € A} can
be written as u = uy ... u,v with u; € {b,ab,a®b} and v € {1,a,a?}. Then
wp = uf ... uv with u) € {aba®b,ba®b,a’ba®b} and v' € {1,a? a}, so
lugp| > 2Ju| — 3 and ¢ is expanding,. O

Given v € A* and a € A, we denote by |u|, the number of occurrences
of the letter a in u.

Example 6.16. — Let A}, be the free group on {a, b, c} and let ¢ be the
endomorphism of A} defined by ap = ac, bp = ¢ ta™1b® and cp = ca.
Then ¢ is expanding and length-increasing but not prefix-convergent.
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Proof. — The unique reducible words of the form (z¢)(yp) with z,y € A
and zy reduced are (ay)(bp) and (b~'p)(a"ly). Let u € A%. We replace
any occurrence of ab (respectively b=ta=1) by d (respectively d=1) to get a
reduced word v’ in the free group F on B = {a, b, ¢, d}. Write v/ = 21 ...,
with z1,...,2, € BUB™!. We extend ¢ to an endomorphism & of F' by
taking dg = (ab)p = b>. It is easy to check that

1~

up=u'o=(x1...2,)0 = (10) ... (D)

and
o~ ~ ! / 3
lupl = |18+ + 2] 2 20+ |u'la + |u'lg-1 = 1+ Jul = Slul.

Thus ¢ is expanding and length-increasing.

Since ¢ is length-increasing, we have Ag = ) and so A, = A by Lemma
4.8. We have a < ab and ap™ € aA* for every n € N. However, (ab)y =
b3 and a simple induction shows that (ab)p™ € {a=t, ¢ 1, b} A* for every
n = 1. Thus r(ae™, (ab)p™) = 1 for every n > 1 and so ¢ is not prefix-
convergent. U

Concerning fixed points, we see in the next example they do not neces-
sarily exist, even when ay = aw for some a € A.

Example 6.17. — Let A}, be the free group on {a,b} and let ¢ be the
endomorphism of A% defined by ap = ab and by = b='a~2b3a. Then ¢ is
expanding and length-increasing but has no nontrivial fixed points.

Proof. — The unique reducible words of the form (z¢)(yp) with z,y € A
and xy reduced are (ap)(by) and (b=1p)(a=ty).

Let u € A%. We replace any occurrence of ab (respectively b~1a™1)
by ¢ (respectively ¢c!) to get a reduced word u’ in the free group F on
B = {a,b,c}. Write ' = z1...2, with z1,...,2, € BU B~1. We extend
¢ to an endomorphism @ of F by taking ¢ = (ab)p = a~'b3a.

It is easy to see that (x;9)(x;119) is reducible if and only if ;2,11 €
{bc,c™ b7t ¢, ¢72} and in that case reduction goes no further than aa—1

1. Since up = (x19) ... (x,P), we get
lugl > 3n — [u'la — [/]g-1 = 3(|/|p + [u[p-1 + []c + ] c-1)
+2(je o + [u']a1)

3 3
2z 5 ([u'lo + [ lp-r + 'l + [ |em) + 5 ([ o + [0]e + [t 4[] 1)

3 3
= Z(lulo + fuy-s + [ula + [ula-1) = Slul.

Thus ¢ is expanding and length-increasing.
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Suppose that a € z122A% is a fixed point with z1,22 € A. Let o/ =
2253 be the word on B U B~1 obtained as before. If 2} = a, then z; = a
and z2 # b and so a® € abA¥, a contradiction. If ] = ¢, then z122 = ab
and so a® € a"'A¥, a contradiction. We omit the remaining cases, that
confirm that Fix(®) = {1}. O

7. The free monoid case

We develop now the particular case of the free monoid, making more
explicit existence results such as Konig’s Lemma [18]. It is well known that
regular infinite fixed points for nonerasing free monoid endomorphisms are
of the form wlim,_,, ap™, where u € Fix(¢), a € A, ap € aAT, and |ap™|
is not bounded [16]. Hence we concentrate our efforts once again in the
periodic case. In view of Theorem 2.8, we remark that an endomorphism ¢

s finite for every w € A*,

of A* is uniformly continuous if and only if we™
and this is clearly equivalent to have ay # 1 for every a € A. Moreover,
Theorem 2.8 asserts that this is equivalent to the existence of a proper
endomorphism extension of ¢ to A, henceforth denoted by ®. We keep
the notation A = Ag U A; introduced in Section 5.

By Lemma 5.9, we obtain:

LEMMA 7.1. — Let ¢ : A* — A* be a uniformly continuous endomor-
phism. Then ¢ is prefix-convergent.

We further introduce
As={a€ A:VneN |ap"| =1} C Ap.
We define also a directed graph G(¢) by

V(G(p) = A1UAs;
E(G(p)) {(a,b) € A} x Ay :ap € AJbA*}
U {(a,b)EA?,XAgZaLp:b}.

As usual, a cycle is a closed path
apg — a1 — ... — Ay = Qo

satisfying
Vi,j €{0,...,n—1} (a; = a; = i =j).

Since G(yp) is finite, it has only finitely many cycles. Moreover, there exists
at least one cycle in each connected component of G(p) since, in each
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(a,b) € E(G(¢)), b is uniquely determined by a and so |E(G(p))| =
[V(G(p))|. We define

I3 =lem{|c| : ¢ is an As-cycle in G(p)}
and
L(¢) = max{lem(l3,|c|) : ¢ is an Aj-cycle in G(y)},
with I3 = 1 if A3 = 0, and L(p) = I3 if 41 = 0. Clearly, L(y) <
|As)! max{1,|A1|} < |A]|!.

LEMMA 7.2. — Let ¢ be a uniformly continuous endomorphism of A*
and let a € Ag. Then every letter of apl°1=1 lies in an As-cycle.

Proof. — We use induction on |Ag|. If |Ag| = 1, then Ay = {a} = A3
since ap = a, thus the claim holds. Assume now that |Ag| > 1 and the
claim holds for smaller values of |A|.

If ap? = uav for some g € N, then a € Ag yieldsu =v =1 and so a € A3
since ¢ is uniformly continuous. Therefore a lies in an As-cycle.

Otherwise, let A be the set of letters occurring in {ap™ : n > 1}. We
may apply the induction hypothesis to ¢ 4y to conclude that every letter of
bpl40l=1 Ties in an As-cycle for every b occurring in agp. Since |Aj| < |Ag|,
this completes the proof. O

THEOREM 7.3. — Let ¢ be a uniformly continuous endomorphism of
A* and let ag € A. Then

0 <[Ad(aoe"™)n| < L(e).

Proof. — By Lemma 7.2, for every a € Ay, every letter of ap!?l lies in
an As-cycle. Thus

(7.1) Va € Ag ap 1Tt = qplAl.

In fact, since every letter of agl?! lies in an As-cycle and I3 is a multiple of
the length of any As-cycle, (7.1) holds.

If ag € Ag, then (7.1) yields directly that Ad(agp™), = {ap!4+: 0 <
i <ls}, hence 0 < | Ad(app™)n| < I3 < L(yp) as required. Assume now that
ag € Ay.

For every a € A;, we have ap € AjA; A*. Hence, for every n € N, we may
write agp™ = unanul, for some u, € Af, a, € Ay and u,, € A*. Clearly,
there exists some Aj-cycle ¢ in G(p) such that

(7.2) Vi = A1l ajy = a;.

In fact, j > |A;| implies that a; lies in some A;-cycle. Hence (7.2) holds.
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Let | = lem(l3, |¢|). We show that:
(7.3) Vi e {0,...,1—1} (agp! ) converges.

Let i € {0,...,l — 1} and k = |A| +i. We have app® = ugaru), and (7.2)
yields

/ _ r Kl _ I,
Upp1QpUy = kG = a0 = (uparuy)e

= (urp") (axp) (up ).
Since ugi;, upp' € A, it follows that ugy; = (ure!)v and agpp' = varw for
some v € Af and w € A*.
Suppose first that v # 1. For every n € N, we have

ape" " = (wparuy )" = (™) (0! ) (0! D) L (v Jva

Since uy,v € A, it follows from (7.1) that, for n > |A|, upp'™ = upe!l4l

and vp!™ = vp!lAl. Moreover, if n > |A| + ng,

k+in

a0 = (w14 gl .

Since vl Al £ 1, it is immediate that
: [Al+itin _ 1| A| I|A|\w
Jim_age (ure™ ) (0 7).
Suppose now that v = 1. Since aj € Ay, we have w # 1. For every n € N,
we get

a0t = (o) o = (wng™agw(we!)(wg) ... (D) wh™)

Since u € Aj, it follows from (7.1) that, for n > |A|, upe™ = upp'lAl.
Since wy!™ # 1 for every n € N, it is immediate that

[Al+itin _ ( l|A|)

Tim_agp urp' N arw(we') (we ) (we) ...

Therefore (7.3) holds.
Tt is straightforward that the limits of the subsequences in (7.3) are the
only adherence values of (agp™), since any such adherence value must be

an adherence value for one of the [ subsequences of the partition, and a
convergent sequence has its limit as its only adherence value. Therefore

0 < [Ad(aop™)n| <1< Lp)

as required. O

The next example shows that the bound L(y) is in some sense tight.

Example 7.4. — Let A= {a1,...,as} and let ¢ be the (uniformly con-
tinuous) endomorphism of A* defined by:

a1 = aga5, a4p = az, agp = ag, a;p = a1 (1 € {2,3,5,6,7}).
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Then a; € Ay and | Ad(a19™)n| = L(p).
Proof. — Tt is easy to see that

Ay ={a1,a5,a6,a7,a8}, Az ={az, a3, a4},

hence G(yp) is the graph described by

] — a5 — Qg ap —— as
ag <—— ay Q4

hence L(p) = lem(3,4) = 12. We have

w2 — ] i for i =2,3,4
R W for : =5,6,7,8.

3

A straightforward induction shows that

n—1 n n
arpt2n = agad" a1p'2" 4 = gyl a1 p'2" 8 = gzad"?
a1p'2" = ayad a1p'2" 5 = gzad"? a 120 = guad"
a1p'2"*? = azad a1p12" 0 = qad"? a1pl2n 10 = gy8"

n n n
a1+ = auad a1p'2"7 = qgad"? a 121 = ggad,

In particular, a; € A; and
Ad(ar¢™)n = {a;aj i €{2,3,4},7 € {5,6,7,8} }
has 12 elements. g

We can now identify all the ®-periodic points:

THEOREM 7.5. — Let ¢ be uniformly continuous. Let B = {a € A :
ap's = a}. Then

(7.4) Per(®) = B U ( U B* Ad(aw)n)

a€Asy
and each a € Per(®) has period at most L(p). Moreover, if « is regular
then it is an attractor.

Proof. — Since ¢ is uniformly continuous, we have B C Asz. Given u €
Per(y), we must have u € A% and so up! 41 = upl4l by (7.1). If up™ = u,
we get

u = g™l = yprlAlHs — yls,
Thus Per(¢) C B* since ¢ is uniformly continuous. The opposite inclusion
being obvious, we obtain Per(¢) = B*. By Lemma 7.1, we may apply
Lemma 5.4 and Theorem 5.5 to get B* = AfpP and Perg(®) = AFPPP.
Hence Pery(®) = B>.
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Now Theorem 5.6 yields

Per,(®) = | ) B*Ad(ap™)n
a€As
and implies that all these regular periodic points are attractors.

Finally, we bound the period. It is immediate that a®!* = « for every
« € B, hence we only need to show that every a € Ad(ap™), (a €
Ay) satisfies a®! = o for some | < L(p) with I3]l. By the remark at the
end of the proof of Theorem 7.3, Ad(ay™), consists of the limits of the
subsequences in (7.3), thus

a= lim apt™™
n—oo

for some k € N and | < L(¢) with I3)l. Since ® is a continuous endomor-
phism of A*° extending ¢, it follows that

a®! = (lim,_ o ap®T)®! = lim,, o (ap* Tl
= lim, oo a@® D =Tim,_  a@ht™ = a.
Therefore each o € Per(®) has period at most L(p). O

Write
Ay ={a € Ay :aphs € aA" for some k, > 1}.
Alternatively, A4 is the set of vertices of G(y) lying in some A;-cycle.
COROLLARY 7.6. — Let ¢ be uniformly continuous and let B = {a €

At ap'® = a}. Then there exists a finite subset F of A¥ with |F| = |A4]
such that

(7.5) Per(®) = B* U B*F
and all elements of B*F' are attractors.

Proof. — For every a € Ay, let a, = lim,,_, o agp”ka. Let
F={a,:a€ A4}

We show that (7.5) holds.

Assume that a € Per(®) and a®™ = « (m > 1). By Theorem 7.5, we
have Per(®) = B> U B*F} with F} = Ugea, Ad(ap™),. Hence we may
assume that « € B*F;. Write o = waf with v € A and a € A;. Since
ad®™ = a, Agp C Aj and ap™ # a, it follows that ue™ = u and ap™ = av
for some v € AT. By Theorem 5.8, lim,,_, o ap™™ € Fix(®™) and it is now
straighforward to check that

a = ad®™ = uav(ve™)(vp®™) ... = u lim ap"™.

n—oo
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Moreover, a € A4 and o = ua, since two convergent sequences sharing an
infinite subsequence must share the same limit. Thus Per(®) C B UB*F.
Trivially, F C F; and so (7.5) follows from Theorem 7.5. Thus (7.5)
holds.
Since all the a, start with different letters, we get |F| = |A4|. Finally,
all elements of B*F' are attractors by Theorem 7.5. g
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