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HOLDER CONTINUITY OF SOLUTIONS TO THE
MONGE-AMPERE EQUATIONS ON COMPACT
KAHLER MANIFOLDS

by Pham Hoang HIEP

ABSTRACT. — We study Holder continuity of solutions to the Monge-Ampére
equations on compact Kéhler manifolds. T. C. Dinh, V.A. Nguyen and N. Sibony
have shown that the measure w;; is moderate if u is Holder continuous. We prove
a theorem which is a partial converse to this result.

RESUME. — Nous étudions la continuité de Hélder des solutions des équations de
Monge-Ampere sur des variétés Kéhlériennes compactes. T. C. Dinh, V.A. Nguyen
et N. Sibony ont prouvé que w;! est modéré si u est Holder-continue. Nous démon-
trons dans quelques cas la réciproque de ce résultat.

1. Introduction

Let X be a compact n-dimensional Kéhler manifold equipped with a fun-
damental form w satisfying | w" = 1. An upper semicontinuous function
¢©: X — [—00, +00) is called w-plurisubharmonic (w-psh) if ¢ € L'(X) and
Wy = w+ddp > 0. By PSH(X,w) (resp. PSH™ (X, w)) we denote the set of
w-psh (resp. negative w-psh) functions on X. The complex Monge-Ampere
equation w]’ = fw™ was solved for smooth positive f in the fundamental
work of S. T. Yau (see [31]). Later S. Kotodziej showed that there exists a
continuous solution if f € LP(w™), f > 0, p > 1 (see [24]). Recently in [27]
he proved that this solution is Holder continuous in this case (see also [18]
for the case X = CP"). In Corollary 1.2 in [16] the authors have shown
that the measure w]; is moderate if u is Holder continuous. The main re-
sult is the following theorem which give a partial answer to the converse
problem:

Keywords: Hoélder continuity, complex Monge-Ampeére operator, w-plurisubharmonic
functions, compact Kéahler manifolds.
Math. classification: 32W20, 32Q15.



1858 Pham Hoang HIEP

THEOREM A. — Let p be a non-negative Radon measure on X such
that
w(B(z, 1)) < ArPn=2te
for all B(z,7) C X (A,a > 0 are constants). Then for every f € LP(du)
with p > 1, fX fdu =1, there exists a Hélder continuous w-psh function u
such that w]! = fdpu.

The following results are simple applications of Theorem A:

COROLLARY B. — Let ¢ € PSH(X,w) be a Holder continuous function.
Then for every f € LP(w, Aw™ ™) with p > 1, [, fw, Aw™™! =1, there
exists a Holder continuous w-psh function u such that wi = fw, Aw™ ™t

COROLLARY C. — Let S be a C' smooth real hypersurface in X and
Vs be the volume measure on S. Then for every f € LP(dVs) with p > 1,
/ + fdVs =1, there exists a Holder continuous w-psh function u such that
w{j = deS.

Acknowledgments. — The author is grateful to Slawomir Dinew and
Nguyen Quang Dieu for valuable comments. The author is also indebted
to the referee for his useful comments that helped to improve the paper.

2. Preliminaries

First we recall some elements of pluripotential theory that will be used
throughout the paper. Details can be found in [2]-[3], [5]-[6], [4], [7], [9]-]8],
[13]-[15], [19]-[20], [21], [23]-[27], [28], [29]-[30], [32]-[33].

2.1. In [24] Kolodziej introduced the capacity Cx on X by
Cx(FE) = sup{/ wy p € PSH(X,w), -1 < ¢ < O}
E
for all Borel sets £ C X.

2.2. In [19] Guedj and Zeriahi introduced the Alexander capacity Tx on
X by
Tx (E) = e *"Px Vix

for all Borel sets E C X. Here Vj; y is the global extremal w-psh function
for E defined as the smallest upper semicontinuous majorant of Vg x i.e,

Ve x(2) = sup{cp(z): ¢ € PSH(X,w), ¢ <0on E}

ANNALES DE L’INSTITUT FOURIER



HOLDER CONTINUITY TO THE MONGE-AMPERE EQUATIONS 1859

2.3. The following definition was introduced in [18]: A probability mea-
sure p on X is said to satisfy the condition H(a, A) (o, A > 0) if

WEK) < ACx (K)'™,

for any Borel subset K of X.
A probability measure p on X is said to satisfy the condition H(co) if
for any o > 0 there exist A(a) > 0 dependent on « such that

WK) < A()Cx (K)'e,
for any Borel subset K of X.
2.4. The following definition was introduced in [17]: A measure p is said
to be moderate if for any open set U C X, any compact set K CC U

and any compact family F of plurisubharmonic functions on U, there are
constants o > 0 such that

sup{/ e~ “du: p € }'} < +00.
K

2.5. The following class of w-psh functions was investigated by Guedj
and Zeriahi in [20]:

E(X,w) =19 € PSH(X,w): li T (i) = =13
Let us also define
E(X,w) =E(X,w)NPSH™ (X,w).
We refer to [20] for the properties of the class £(X,w).

2.6. S is called a C' smooth real hypersurface in X if for all z € X
there exists a neighborhood U of z and y € C(U) such that SNU = {z €
U: x(z) =0} and Dx(z) #0forall z€ SNU.

Next we state a well-known result needed for our work.

2.7. PROPOSITION. — Let p be a non-negative Radon measure on X
such that p(B(z,7)) < Ar?"=2t for all B(z,r) € X (A, a > 0 are
constants). Then p € H(oo).

Proof. — By Theorem 7.2 in [33] and Proposition 7.1 in [19] we can find
€,C' > 0 such that

1K) < AR 2t (K) < £TX(K)W < AC%‘CXT%,
o «

TOME 60 (2010), FASCICULE 5
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for all Borel subsets K of X, where h?"~2+< is the Hausdorff content of
dimension 2n — 2 4+ «. This implies that u € H(o0). O

3. Stability of the solutions

The stability estimate of solutions to the Monge-Ampeére equations on
compact Ké&hler manifolds was obtained by Kolodziej ([24]). Recently, in
[12] S. Dinew and Z. Zhang proved a stronger version of this estimate. We
will show a generalization of the stability theorem by S. Kotodziej. As a first
step we have the following proposition. This proof follows ideas of the proof
of Theorem 2.5 in [11]. We include a proof for the reader’s convenience.

3.1. PROPOSITION. — Let ¢,¢ € £~ (X,w) be such that w} € H(a, A).
Then there exist constants t € R and C(a, A) > 0 such that

/ (wg + wZZ) < Cla, A)a”Jrl,
{lo—p—t|>a}

1

here a = [ [ [lwp — wi|] "+

Proof. — Since f{\«p*w*tba}(wg + wZ) < 2, it suffices to consider the
case when a is small. Set

1
e:finf{/ wZ:tER}
2 {lp—v—t|>a}

/ wg <1-—2¢
{le—9—t|<a}

wzgl—e}

Hence

for all t € R. Set

to = sup{t eR:
{p<i+t+a}

Replacing 1 by 1 +to we can assume that g = 0. Then f{w<w+a} wi < 1—e
and f{s&<¢+a} wl > 1 — €. Hence

w"zl—/ w”
J€w<w+a} v {pra<y}

:1—/ wg—f—/ wggl—e.
{e<¥+a} {—a<p<vta}

Since f{\sa—wKa} wl < 1 we can choose s € [—a+ a™ 2, a — a"*?] satisfying
/ W < 2an+1
i .
{le—tp—s|<ant2}

ANNALES DE L’INSTITUT FOURIER
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Replacing ¥ by ¥ + s we can assume that s = 0. One easily obtains the
following inequalities

(1) / <1 —¢ / wy <1 -
{p<tt+ant?} {¥<p+ant?}

w"
<p
/ W g 2an+1
90 .
{le—9|<ant2}

By [20] we can find p € £(X,w), such that

n 1 n n
(2) wy = 1—_61{¢<¢}w¢, + clipzygyw, and st)l(pp =0,
(¢ = 0 is chosen so that the measure has total mass 1). For simplicity of

notation we set 3 = "H . Set
U={(1=a"2)p < (1= a2y + a2}  fp < 0},

From Theorem 2.1 in [15] and (2) we get

an+2+[3
(3) wg_l AW(1,Qn+2+B)¢+an+2+Bp 2 (1 — a"+2+5)w:§_1 /\W¢ —+ (1_76)1(;()%,

on U. From Theorem 2.3 in [15], Lemma 2.6 in [11] and (3) we obtain

n+2+3 n—1 an+2+ﬁ n
(1-a ) we T Awy +——7 | wy
U 1-¢n Ju
< /UW(l_an+2+ﬁ)w+an+2+ﬁp /\w371
< /L[w(l_a7l+2+ﬁ)¢ /\w371
_ _n+240 n n—+2+3 n—1
=(1-a )/Uwgp—ka /UW/\%D

<(1- an+2+ﬂ)(/ wg—l Awy + 2a2n+3+6) +an+2+ﬁ/ w /\wg—y
U U

Hence

1 . _
(4) (l_e)i/UwZ<2aL+1+/Uw/\wZ L

From Proposition 3.6 in [19] and (4) we get

TOME 60 (2010), FASCICULE 5
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1 n n+1
(5) _or [ /{M} aw}w@—cl(a,A)a }

1
— AlC < = 1+ozj|

1 — 6 % |:/{<F<111 an+t2?} Lp [ X({p 20/8 }>]

Wt — wn]
(1-ex [/{¢<¢ wrsy F /{p<—2;ﬁ} ?

w?
(1—¢) % /U
< 2a" T 4+ w/\w

U

< 2¢™ ! +/ w /\z,ugfl7
{p<ip}

Similarly to p we define ¥ € £(X,w), such that

n 1 n n
wy = 17_61{¢<w}w¢ + ll{,/})y,}w(p and 51)1(1319 =0,

(I plays the same role as ¢ above). Set
V= {1 = a0y < (1= a2 )p a2y | € g < o).

We get

1
(6) T [/ wg—Cl(a,A)a"H} < 2a”+1+/ w/\w;}_l.
(1—€)w L {yp<p—ant?) {v<ep}

From (1), (5) and (6) we obtain

ﬁ |:1 — 2a”+1 — 201 (Oé, A)a”+1]
— €)n
1

< — n_ 9 ,A 1+a
(L-en [/{w—waw} “o— 2la An

< 4a™ 4+ 1.

Hence

< Cy(a, A)a™*.

— n+1
egl—{l 2(Cy (o, A) + 1)a }
4antl +1
This implies that there exists ¢t € R satisfying

/ wy < 202(a, A)a™ .
{lo—p—t[>a}

ANNALES DE L’INSTITUT FOURIER
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Finally we have

(w"+w$):2/ w”Jr/ (wyp —w3)
/{sowt>a} v Uo—v—ti>a} ~ J{lp—w—tI>a} v

< 20 («, A)a”+1 + a8 C’(a,A)a"+1.

The second step in proving our stability theorem is the following

3.2. PROPOSITION. — Let ¢, € £ (X,w) be such that wo,wy €
H(cr, A). Then there exist constants t € R and C(a, A) > 0 such that

Cx({le =¥ —t| > a}) < C(a, A)a,

1
nta il
here a = [ [y [|wl} — wp [[]*" 15

Proof. — Since Cx({|¢ — ¢ — t| > a}) < Cx(X) = 1, it suffices to
consider the case when a is small. Without loss of generality we can assume
that supy ¢ = supy % = 0. By Remark 2.5 in [18] there exists M (o, A) > 0
such that |¢]| e (x) < M(a, A), [[1] L~ (x) < M(a;, A). By Proposition 3.1
we can find ¢ > 0 such that

/ (wiy +wy) < Ci(ay, A)a" T
{le—=¢—t|>a}

. . 1 . n n
We consider the case a < min(1, m). Since f{|¢7w7t|>a} (Wi +wy) <1
we get {|¢ — 9 —t| > a} # X. This implies that [t| < supy |¢ — 9|+ 1 <
M (a, A)+1. Replacing ¢ by 1+t we can assume that ¢ = 0 and |[1)[| L (x) <
2M (e, A) + 1. Using Lemma 2.3 in [18] for s = §, ¢ = gm0 a7y We get

Cxlto-v<-a)<Cx({e-v <=5 - st}

< 2"(2M (o, A) + 1)" / or
{p—p<—a}

an
<2"(2M(a, A) +1)"Ci (o, A)a.
Similarly we get
Cx({¢ — ¢ < —a}) <2"(2M(a, A) +1)"Ci (e, A)a.
Combination of these inequalities yields
Cx({le =9[> a}) < Cla, A)a.

Now we prove the promised generalization of Kolodziej stability theorem
(Theorem 1.1 in [27]). O

TOME 60 (2010), FASCICULE 5
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3.3. THEOREM. — Let ¢, € & (X,w) be such that supyx ¢ =
supy ¥ = 0 and w,wy, € H(a, A). Then there exists C(a, A) > 0 such
that

min(1, <)

suplp — ] < Claw 4) /||w — ] R
X

Proof. — Set

a= [ [ g -l .

By Proposition 3.2 there exists C1(a, A) > 0 and ¢ € R such that |¢] <
M(a,A) + 1 and
Cx({le —v =t > a}) < Ci(a, A)a.
Moreover, by Proposition 2.6 in [18] there exists Ca(a, A) > 0 such that
sup | — 1 — 1] < 20+ Ca(a, A)[Cx ({lp =¥ — 1] > a})]
< 2a + Cy(a, A)[C(a, A)a] ™
< Cy(a, A)a™nbw),

Moreover, since supy ¢ = supy 1) = 0 we obtain [t| < Cs(a, A)a™"(L%
Combination of these inequalities yields

sup|<,0 Pl < Sup|<p =t + [t < 203(a7A)arrlin(17%)

min(1, )

= Cla A)[ | s = ]
X
|

3.4. COROLLARY. — Let u be a non-negative Radon measure on X such
that u(B(z,7)) < Ar?"=2% for all B(z,7) C X (A, a > 0 are constants).
Givenp > 1,M > 0,e > 0 and f,g € LP(dp) with || f||Le(au): |91 Lr(an) <
M and [y fdu = [y gdp = 1. Assume that p,¢ € £ (X,w) satisfy
wg = fdp, wy = gdp and supy ¢ = supx = 0. Then there exists
C(a, A, M, €) > 0 such that

aplo— <Clo At 11 -]
X X

Proof. — By Hoélder inequality we have

/deu < F oo ()7 < M{p(E)] 7,

[ s < gl O < M),

ANNALES DE L’INSTITUT FOURIER
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for any Borel subset K of X. By Proposition 2.7 we get fdu, gdu € H(o0).
Using Theorem 3.3 we can find C(a, A, M, €) > 0 such that

sgl(plw—wl < C(a, A, M e) [/X |f —gldu}

1
2n+3+e

4. Local estimates in Potential theory

Let © be a bounded domain in R™ (n > 2). By SH(Q2) (resp. SH™(£2))
we denote the set of subharmonic (resp. negative subharmonic) functions
on . For each u € SH(Q2) and § > 0 we denote

- 1
io(r) = 5 | ulo+y)dValy),
n 5

us(r) = sup u(z +y),
YyEBs

forz € Q5 = {x € Q: d(x,00) > 6}. Here Bs = {x € R": |z| = (23 +-- -+
m%)% < ¢} and ¢, is the volume of the unit ball B;. We state some results
which will be used in our main theorems.

4.1. THEOREM. — Let p be a non-negative Radon measure on ) such
that pu(B(z,7)) < Ar"=2t® for all B(z,r) C D cC Q (A,a > 0 are
constants). Then for K CC D and € > 0 there exists C(«a, A, K, €) such
that

/ [as — u]dp < C(a,A,K,e)/ Au 575,
K D
for all w € SH(Y), where A is the Laplace operator.

Proof. — Since the change of radii of the balls does not affect the state-
ment we can assume that 0 = B4, D = B3, K = By and u is smooth on
By. By [22] we have

u(z) = G(z, 2)Au(z) + h(x),
B>
where G(z,y) is the fundamental solution of Laplace equation and h is
harmonic in By. By Fubini theorem we have

/B 15 () — u(@))du(z)

- /B Cnl(;n /B [u(z + y) — u(x)]dV, (y)du(z)
1

Cnén

[ [ [ 6esn - e s mn)

TOME 60 (2010), FASCICULE 5
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_ /B Au(s L /B Waty) /B G +3,2) = G, 2)dn)

Cn0
Set

Fly,z) = /B (G(@ +v,2) — G(z, 2)ldu(z).

It is enough to prove that F(y,z) < C(a, A, 5)5% for all y € Bs, z € Bs.
We consider two cases:

Case 1: n=2. Fory € Bs,z € By, § < %, we have

Fly,2) = /B ]z +y - 2 —In |z — 2[Jdu(z)

1m1+—ﬁfumxyb/ . Il
xr —Z

Bin{|z—z|<|y| T+ }

1
/Bm{|x—z>|y|1+a}
_|_

()

</ (1 [yl 7))
Bin{lz—z[>[y| T+ }

1
+ 1n4/ L dp+ / . In——du(x)
Bin{|z—z|<|y| T+ } Bin{|z—z|<|y| T+ } |I - Z|
< |yl ™5 u(B1) + Aly| ™= In4
o —€ 1 1
i) 1 I dp(x)
{lo—2l<ly| =} |2 = 2] o — 2|

du(z)

<
o7

<A+l 1y a0 [

{lz—z|<1} |z — 2
< A(1+ln4)|y|1+%

el Y | dp()
j=0"1

2-i-1gjo—z|<2-7} [T — 2|*72
< A(L+I4)[y|[T5 + Ci(a, )y =AY 20D @) —ja

Jj=0

€

< C(a, A, 6)|y] 77 < Ca, A, €)1,

Case 2: n > 3. Similarly for y € Bs,z € Ba, § < %, we have

1 1
Fly,2)= | [-
(. 2) /31[ |z +y — z|n2 + ‘x_z‘nﬁ}du(ﬂf)

ANNALES DE L’INSTITUT FOURIER
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[z +y— 2" |z — 2"

= du(x)
/Bm{pc—z)ypia} |z +y — 2" 2z — 2|2
dp(z)
+ 1 _ n—2
{lo—zl<ly| T} [z — 2|
< Calalyl ™ [ L duw)
Bin{|a—z|>ly| T4 }

dp(z)

+lyle e ap2ree

1
{lz—z|<|y[ 1F=

o a—e d
< AC(a)ly| ™ + |y| 5 / __dulz)
{lz—z|<1} |.’IJ - Z|

< Cla, A, e)y| =
< O, A, €)dT7a
O

4.2. THEOREM. — Let 1 be a non-negative Radon measure on ) such
that u(B(z,7)) < Ar"=2te for all B(z,7) C D CC Q (A,a > 0 are
constants). Then for K CC D and € > 0 there exists C(«, A, K, €) such
that

[l = ulds < Co, A K, Ol 55755
for all w € SH ﬁKLOO (Q).
We need a well-known lemma:
4.3. LEMMA. — Let w € SHN L*>°(§2). Then

||U||Loo(sz)|$ —

ig(2) — tg(y)] < T DT
for all x,y € Q5.
Proof. — Proof of Theorem 4.2 By Lemma 4.3 we have

- - 1
us(x) = sup u(z +y) < sup @y (z +y) < Ay (@) + 6 ull g (0)-
yEBs yEBs

By Theorem 4.1 we get
[ s = add < [ {7, = i+l opn ()5
K K

< Cla, A, K, €)|[u| Lo ) 70F) .

Next we state a well-known result is a direct consequence of the Jensen
formula (see [1]) O

TOME 60 (2010), FASCICULE 5
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4.4. PROPOSITION. — Let u € SH(Bsy) be such that |u(z) — u(y)| <
Alx — y|* for all x,y € By. Then there exists C(a, A) > 0 such that

/ Au < C(a, A)rn 2T,
B(z,r)

for all B(x,r) C By.

5. Main results

Proof of Theorem A. — We use the same scheme as the proof of Theo-
rem 2.1 in [27]. From Corollary 3.4 and from Theorem 4.2 we can replace w™
by dp. This implies that u is Hélder continuous with the Hoélder exponent
dependent on a, A, p, X and || f||zr(dp)-

Proof of Corollary B. — 1t follows from Proposition 4.4 and Theorem A.

Proof of Corollary C. — Direct application of Theorem A.
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