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LOCAL RIGIDITY OF ASPHERICAL
THREE-MANIFOLDS

by Pierre DERBEZ (*)

ABSTRACT. — In this paper we construct, for each aspherical oriented 3-mani-
fold M, a 2-dimensional class in the [1-homology of M whose norm combined with
the Gromov simplicial volume of M gives a characterization of those nonzero degree
maps from M to N which are homotopic to a covering map. As an application we
characterize those degree one maps which are homotopic to a homeomorphism in
term of isometries between the bounded cohomology groups of M and N.

RESUME. — Dans ce papier nous construisons, pour chaque variété de dimen-
sion trois close orientable et asphérique M, une classe d’homologie [1 de dimension
deux dans M dont la norme permet avec le volume simplicial de M de caractériser
les applications de degré non-nul de M dans N qui sont homotopes a un revéte-
ment. Comme conséquence, nous donnons un critére d’homéomorphisme pour les
applications de degré un en terme d’isométries entre les groupes de cohomologie
bornée de M et N.

1. Introduction

Throughout this paper all manifolds are orientable. Given a topological
space X we denote by (C.(X),d) its real singular chain complex endowed
with the /;-norm defined by |||l = >°, |ai| if 0 = Y, a;o;, where o; are
singular simplices.

Any finite covering map f: M — N between closed orientable
3-manifolds induces an isometry fy: H3(M;R) — Hs(N;R) with respect
to the l; (semi) norm induced by the /;-norms on the real singular chains
of M and N.

For hyperbolic manifolds this condition is sufficient to characterize cov-
ering maps by Gromov and Thurston’s works. However, since the Gromov

Keywords: Aspherical 3-manifolds, bounded cohomology, [;-homology, non-zero degree
maps, topological rigidity.
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394 Pierre DERBEZ

simplicial volume of a 3-manifold M, which is the ly-norm ||[M]]|; of a gen-
erator [M] of H3(M;Z) C H3(M;R), does not detect the "non-hyperbolic
part" of 3-manifolds one can construct, using pinching maps, many pairwise
non-homeomorphic 3-manifolds with the same Gromov simplicial volume
related by a degree one map.

When M is a surface bundle over the circle with a fiber of negative
Euler characteristic, M. Boileau and S. Wang gave in [3, Theorem 2.1,
Corollary 2.3] a characterization of nonzero degree maps f: M — N into
an irreducible 3-manifold which are homotopic to a covering map in terms
of isometry with respect to the Thurston’s norm in the second homology
group of the manifolds. The purpose of this paper is to extend [3, Theorem
2.1] to aspherical 3-manifolds.

According to the Geometrization Theorem of Perelman, any closed as-
pherical 3-manifold M admits a JSJ-splitting along a family of character-
istic tori Ty such that each component of M \ Ty either admits a Seifert
fibration or has a complete finite volume hyperbolic interior.

We say that M is orientable* if M is orientable and if each Seifert compo-
nent of M\ s admits a fibration over an orientable surface. This condition
is satisfied for example when M contains no embedded Klein bottle or when
M is obtained from a holomorphic function f: (C3,0) — (C,0) with an
isolated singularity at 0 by taking the boundary of the singularity of f at
0 defined by f=1(0) N S(g), where S(¢) is a Milnor sphere centered at 0
in C? with radius € (see [18]). Notice that this orientation* condition is
also satisfied when M is a surface bundle with a fiber of negative Euler
characteristic ([3]).

In [3, Theorem 2.1], a key point, is that when M is a surface bundle, there
there exists a class ayr € Ha(M)\{0}, namely the class of the fiber, "passing
non-trivially through the whole manifold". Of course, such a fiber class, does
not exist in the homology of a general 3-manifold because if we try to define
local classes in M there are often homological obstructions which do not
allow to glue them together in order to define a global class. However these
obstructions disappear considering the I;-completion HL' (M) of Hy(M)
and a fiber class oy can be defined in HL (M) as follows. Let M be a
closed orientable aspherical 3-manifold :

When M is a geometric 3-manifold, set ap; = 0 excepted when M is
a éig(R)—manifold. In this case, M admits a finite covering p: M — M
which is a (true) circle bundle &: M — F over a smooth surface. Then we
set

o =meogs* (7]
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LOCAL RIGIDITY OF ASPHERICAL THREE-MANIFOLDS 395

where [ﬁ } denotes the [;-class of the l1-cycle F'. This makes sense since by
1

[9, Mapping Theorem] £ induces an isometric isomorphism &;: HY (]Tf ) —
HL(F).

When M is not a geometric 3-manifold, each Seifert component of M\ Ty,
admits either a Euclidean geometry or a H? x R-geometry. For each H? xR-
component P;, i = 1,...,1, of M \ Tar we choose a horizontal properly
embedded incompressible surface F; in P; and we set

!
1
oy = E T OM (F3)
i=1

where k; denotes the intersection number between F; and the generic fiber
of P; and where a s (F;) denote the [1-class of F; in M which makes sense
since the relative cycle F; of P; can be "filled" in a natural way giving a
l1-cycle in M (see paragraph 2). If M \ Ta; contains no H? x R-components
we just set apr = 0.

Remark 1.1. — Obviously, it follows from our construction that our
fiber class does not need to be unique, as well as the fiber class of a surface
bundle when the rank of the homology is distinct from 1, by a result of
[17]. On the other hand, it follows from our proof of Theorem 1.2 that our
results hold for any choices of a fiber class.

The main result of this paper states as follows

THEOREM 1.2. — Let f: M — N be a nonzero degree map from a
closed orientable® aspherical 3-manifold into a closed orientable irreducible
3-manifold such that || (M)l = [[M]], and [|fy(aar)ly = llan]ls for
some fiber class aps. Then f is homotopic to a deg(f)-fold covering map.

To make the hypothesis ||f;(aar)|i = |lan|l1 more concrete one can
compare it with a condition given in [6] where we indroduce an invariant
denoted by vol(M) and defined as the sum of the absolute value of the
orbifolds Euler characteristic of the Seifert pieces of M. This volume is
used to state rigidity results, see [6, Theorems 1.3 and 1.6]. Using sections
2 and 3 of this paper and results in [6] one can easily check that ||ap|1 =
vol(M) and if [|f((M])]s = [I[M]]l1, meaning that M| = |deg(f)|[N]],
then [lanlls = vol(M) > || fyanrlls > llanlls = vol(NV).

As far as we know, there are no general results to characterize local
isometries for aspherical 3-manifolds excepted when the sectional curva-
ture is negative. In the situation we deal with, the best metric we can
hope, in many cases, is a metric with non-positive curvature by [14] and
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396 Pierre DERBEZ

our manifolds contain many totally geodesic surfaces where the curvature
vanishes. From the point of view of maps f: M — N there are more flexi-
bility when the sectional curvature of M vanishes and so it is more difficult
to control the behavior of f. On the other hand, we hope that our results
offer an application of the theory of bounded cohomology and /;-homology.

Notice that if M and N are both orientable* then the isometry condi-
tion is also necessary (see Lemma 2.2 and Proposition 2.4). If N is not
orientable* the condition is not necessary. Indeed, consider for N the triv-
ial orientable S!-bundle over the genus —3 surface RP(2){RP(2)fRP(2)
and for M the trivial bundle ¥£5 x S* which is a 2-fold covering p: M —
N, where Yy is the genus 2-surface. Let aj; denote the class of ¥y in
H.' (M;R). Then it follows from the arguments of section 2 that ||aas|[; > 0
and py(aa) = 0.

By the Hahn-Banach Theorem, for each fiber class aps with ||aas|]1 > 0,
there exists a class (), in the second bounded cohomology group of M,
denoted by HZ(M;R) and endowed with the semi-norm ||.||oo, such that
(Bar,anr) = 1 and ||Barlloo = 7o When |Jaxs]|1 = 0, just set By = 0.

laar [l1

Thus we deduce the following

COROLLARY 1.3. — Let f: M — N be a nonzero degree map from a
closed orientable* aspherical 3-manifold into a closed orientable irreducible
3-manifold such that ||fy([M])|x = ||[M]||i. If there exists a class [ €
HZ(N;R) such that f*(8) = Bar and ||Bar|loo = ||B]| then f is homotopic
to a covering map.

We give the following corollary answering positively to a question of
Professor M. Boileau.

COROLLARY 1.4. — A degree one map f: M — N from a closed ori-
entable* aspherical 3-manifold into a closed orientable irreducible
3-manifold is homotopic to a homeomorphism iff

(i) fy: Hs(M;R) — H3(N;R) is an isometry with respect to the li-
norms and

(i) f induces an isometric isomorphism f*: HZ2(N;R)) — HZ(M;R),
resp. an isometry fy: Hél (M;R) — Hél(N; R).

THEOREM 1.5. — A nonzero degree map f: M — N from a closed ori-
entable aspherical 3-manifold into a closed orientable irreducible 3-manifold
is homotopic to a covering map iff it induces a homomorphism f,: ™ M —
7 IN with amenable kernel.
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LOCAL RIGIDITY OF ASPHERICAL THREE-MANIFOLDS 397

We end this section by mentioning a related result for self maps which is
a direct consequence of [24] and [13, Theorem 0.7] using a standard covering
space argument suggested by Professor W. Liick:

THEOREM 1.6. — Any nonzero degree map f: M — M from a closed
orientable aspherical 3-manifold to itself is homotopic to a deg(f)-fold cov-
ering.

Organization of the paper. This paper is organized as follows. In
Section 2 we collect some technical results which will be used in the proof
of the theorem. More precisely we compute the [1-norm of certain classes in
Hél (M) which come from classical integral homology classes and we study
some isometric properties of finite coverings with respect to the l;-norms.
Section 3 is devoted to the proof of Theorems 1.2 and 1.5.

2. Norm of surfaces in aspherical 3-manifolds

To fix the notations we recall the basic definitions of /;-homology and
bounded cohomology according to the main papers of [16] and [9]. For a
topological space X, denote by C’* (X) the l;-completion of the real singular
chains C,(X). Then

Cch(x)= {c = Zaiai s.t. |lc|l1 = Z la;| < oo}
=1 i=1

where a; € R and o;: A, — X is a singular n-simplex. We will denote
by S,(X) the set of singular n-simplices. The topological dual of C!(X)
is given by the set

CH(X) = {w € C™(X) st. |wl|loo = sup |{w,0)| < oo}
o€Sn(X)
Note that the 9 and § operators are bounded so that (C!(X),d) and
(Cy(X),d) are chain, resp. cochain, complexes. We denote by H'* (X), resp.
by Hj(X), the homology, resp. cohomology, of this chain, resp. cochain,
complex. The vector spaces H!1 (X) and Hj (X) are endowed with the quo-
tient semi-norm that we still denote by ||.||1 and ||.||o respectively. In the
same way it is a standard fact that one can define the l;-homology and
bounded cohomology of a pair of topological spaces (X, A). Denote by
i: A — X the natural inclusion and by j: CL(X) — Ch (X, A) the pro-
jection. Then we get the classic long exact sequence

s HY(A) B Eh(x0) B Eh (X, A) B D ()

TOME 62 (2012), FASCICULE 1



398 Pierre DERBEZ

If moreover each component of A has an amenable fundamantal group
then by [16, Corollary 2.5] we know that H'(A) = {0} for any n > 1 and
thus j; admits an inverse jﬁ_ls HUY (X, A) — HY(X) for n > 2 defined by
j[l([z]) = [z 4 u] where z is a relative cycle in (X, A) and w is any [;-chain
in A such that Ou = —0z. It follows from the definition that any contin-
uous map of pairs f: (X, A) — (Y, B) induces a bounded homomorphism
fy: Ho(X,A) = H,(Y, B) such that ||f3]| < 1. On the other hand, when
M is compact orientable n-manifold with (possibly empty) boundary we
will denote by [M] its fundamental class in H,,(M,0M), by [M]; the image
of [M] under the homomorphism H,(M,0M) — H% (M,0M) induced by
the completion and by |[|M|| its Gromov simplicial volume. For technical
reasons we need the following

LEMMA 2.1. — Let p: X = X be a regular covering map with finite
Galois group T'. For any T'-invariant class o € HJ(X) then |ps()|1 =

llerflr-

Proof. — We use the averaging retraction A: C’Z}()?) — CP'(X) defined
in [9] by

by,

where 5: A" — X denotes a lifting of o: A™ — X. This definition does
not depend one the choice of the lifting o since the covering is regular.
By construction, A commutes with the differentials so that it induces a
homomorphism A : Hg‘()?) — HJ'(X) such that |A|l < 1. Let a € HI (X)
such that gs(a) = a for any g € I'. If ||a||1 # O then by the Hahn-Banach

Theorem, there exists § € Hj'(X) such that (8,a) = 1 and ||8]|ec =
7Hal\|1' Since o is I'-invariant then by the definition of the averaging we

have <A\(ﬁ), pﬁ(a)> =1 and thus using the Holder inequality and the fact
that || A] <1 we deduce llpg(a)|l1 = ||e|[1. This proves the lemma. O

2.1. SLy(R)-manifolds

Let M be an orientable* 3-manifold admitting a éig(R)-geometry. If
moreover M is a (true) circle bundle, with projection £ and base F' then by
9, Mapping Theorem] ¢ induces an isometric isomorphism & : Ha' (M) —
H.'(F). Denote by ap/(F) the class 5;1([F]1).
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LOCAL RIGIDITY OF ASPHERICAL THREE-MANIFOLDS 399

LEMMA 2.2. — Let M be an orientable* éig(R)-manifo]d.
(i) If M is a (true) circle bundle with base F' then

laar(F)ly = (1]

(i) Otherwise, for any finite covering p: M — M such that M is a (true)
circle bundle over a surface F and projection &: M — F then Ipga gz ()] =
171, N

(iii) Moreover when M is a circle bundle, the vector space generated by
puozﬁ(F) does not depend on the choice of the finite covering p: M — M.

Proof. — We first check point (i). The inequality |l (F)||; < ||F|| fol-
lows from the definition. To check the converse inequality we use exactly the
same construction as in [2]. Fix a complete hyperbolic metric on F. Since
F' is orientable we can define a bounded 2-cocyle Q2 in F' in the follow-
ing way: for each 2-simplex o: A? — F, where A? denotes the standard
2-simplex, we set (Qp,0) = A(st(o)), where st(o) denotes the geodesic
simplex obtained from o after straightening and A denotes the algebraic
area with respect to the fixed hyperbolic metric. In particular we get, if z
denotes a 2-cycle representing the fundamental class of F'

((120]), & (F11)) = (19¢),[F11,) = (@0, 2) = Area(F)

where [Qp] € HZ(F) and [F];, € HLY(F). Since by the construction
1% )l = |l[QF][lc < 7 then by the Hoélder inequality we get
laas(F)|l; = [|F||. This proves point (i). We now prove point (ii). We
consider two casis depending on whether the covering is regular or not.

Case 1. Assume that p is regular. Denote by I' the Galois group of the
covering. Note that since M is a Seifert bundle with orientable base 2-
orbifold then any g € T" induces an orientation preserving homeomorphism
g: F' — F such that {o g = go¢ and thus a;(F) is [-invariant and point
(ii) of the lemma follows from Lemma 2.1 and point (i). This completes the
proof of point (ii) in Case 1.

Case 2. If p is not regular then consider a finite covering ¢: M~ M
such that p o ¢ is regular. Since g4 (<a1\//} (ﬁ)>> = <a1\7I(F)>, where (v)
denotes the vector space generated by the vector v and where F is the base
of the bundle M, then point (ii) in Case 2 follows from Case 1.

To check point (iii) it suffices to consider a common covering M to M,
and M, (which corresponds for example to (py)«(m1 M) N (p2)« (w1 Ms)).
This completes the proof of the lemma. g

TOME 62 (2012), FASCICULE 1



400 Pierre DERBEZ
2.2. Aspherical 3-manifolds

Let M be a closed orientable* aspherical 3-manifold. We fix an orienta-
tion on M. In the following we will assume that H? and R are oriented
with the usual convention. Let P denote a component of M \ Ty whose
interior admits a H? x R-geometry. Since M is orientable® then P admits
a Seifert fibration over an orientable basis and we denote by hp the fiber
of P. We orient the fiber hp in such a way that the universal covering
p: H? x R — P induces an orientation preserving map R — hp. Let F
be an oriented surface and let f: (F,0F) — (P,0P) be a proper map. For
any z € R we denote by ap(xF, f) the class defined by kﬁjﬁflfﬂ(x[}']l)
following the composition of homomorphisms:

1
J

oy (F,0F) B Hi (P oP) S HY (P) 5 HY (M)
where k: P — M denotes the inclusion.
LEMMA 2.3. — We have |lap (xF, f)|1 < |=|||F|| for any = € R.
Proof. — The proof follows from [9, Equivalence Theorem| combined

with [16, Theorem 2.3]. O

Consider now a proper map f: (F,0F) — (P,0P) transverse to the
fibers of P. We choose always the orientation of each component of F' of F
so that so that f is orientation preserving which means that the orientation
of f(F) followed by the orientation of hp matches the orientation induced
by M. The main purpose of this section is to check the following

PRrROPOSITION 2.4. — Let M be a closed aspherical orientable*
3-manifold and denote by Pi, ..., P, a collection of pairwise distinct Seifert
components of M \ Tys whose interior admits a H? x R-geometry. For
each i = 1,...,1 assume that we are given an orientation preserving proper
embedding f;: (F;,0F;) — (P;,0P;) . Then

(i) Isometry: for any ¢ = 1, ...,1 we have the equality

llecar (Fi, fo)lly = (175l
(ii) Additivity under JSJ-splitting:
lanm (1 F1, f1) + ...+ an (@ F, fi)lly
= llaas (1 F1, f)lly + -+ llans (@ F2, )l

where x1, ..., x; are positive real numbers.
(iii) Let f: M — N be a covering map with N orientable*. If a =
an(z1F1, f1) + -+ an(@Fi, fi) then || fy(a)lr = [l
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LOCAL RIGIDITY OF ASPHERICAL THREE-MANIFOLDS 401

To prove this proposition we need two intermediate results. Hypothesis
are the same as in Proposition 2.4.

LEMMA 2.5. — Suppose that {P;};cr is a family of circle bundles com-
ponents of M \ Ty admitting a H? x R-geometry. For any i € I there exists
a bounded 2-cocyle Q)p, in M satisfying the following properties:

(i) k3 (Q2p,) is a relative 2-cocycle in (P;, OP;) where k;: P; — M denotes
the natural inclusion and ki (Q2p;) = 0 if i # j,

(i) [([2p,], anr (Fi, fi))| = Area(F;) where Area(F;) denotes the area of
int(F;) endowed with a complete hyperbolic metric.

(i) [,/
HZ(M;R).

- m, where [Qp,] denotes the class of Qp, in

Remark 2.6. — The above result is stated for Seifert pieces which are
circle bundles only for convenience. This lemma remains true if we consider
a family of Seifert pieces admitting a geometry H? x R with an orientable
base 2-orbifold. Notice that the bounded class {2p, cannot be defined for
Seifert pieces with non-orientable basis.

To prove this lemma we need the reduction of singular chains with respect
to the JSJ-splitting of aspherical 3-manifolds. This chain map is stated for
example in [8]. Since this construction is crucial for our purpose we recall
it and fix notation.

Let M be a closed aspherical orientable 3-manifold. Denote by P, ..., P,
the components of M\ Tys. As in [8], we consider a chain map p: Cp, (M) —
Cpn (M) defined as follows:

0-simplices. If n = 0 then p is the identity.

1-simplices. If n = 1 let 7: [vg,v1] — M be a l-simplex. Since Ty
is incompressible, the map 7 is homotopic, rel. {vg,v1}, to a reduced 1-
simplex i.e. a map 7y: [vg,v1] — M such that either 7 ([vg, v1]) C Tas or
71|(vo, v1) is transverse to T and for each component J of 7, *(P;) then
71|J is not homotopic rel. 9J into OP;. Then we set p(7) = 7 and we
extend p by linearity.

2-simplices. If n = 2 let o: A? = [vg,v1,v2] — M be a 2-simplex. Then o
is homotopic rel. V(A?) = {vg,v1,v2} to a reduced 2-simplex o such that
either o (A?) C Tas or oy|int(A?) is transverse to Ty, the 1-simplex o4 |e is
reduced for each edge e of A% and o 1(7'M) contains no loop components.
Thus if J is a component of o '(Tar) such that J M int(A?) # @) then J is
a proper arc in A? connecting two distinct edges (see figure 2.1). Then we
set p(o) = o1 and we extend p by linearity.

TOME 62 (2012), FASCICULE 1
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(%)
Wa
Core(o) =10
Wo = w1
Vo (I v Yo (I1) IR (I1I) vi = w
Vg Vg
Wy w3 D
D wao
weav) v )
Figure 2.1

Remark 2.7. — Suppose that o: A2 — M is a reduced 2-simplex. If
o(e) is not contained in T for any edge e of A? then there exists a unique
component, denoted by Core(c), of A%\ o~1(7y) which meets the three
edges of AZ (see [8]).

3-simplices. If n = 3 let o: A3 = [vg,v1,v2,v3] — M be a 3-simplex.
Then o is homotopic rel. V(A3) = {vg,v1,v2,v3} to a reduced 3-simplex
o1 such that either o1(A3) C Ty or o1]int(A3) is transverse to Ty, the
2-simplex o1|A? is reduced for each face A? of A% and if D is a component
of o7 1 (Tar) such that DNint(A3) # () then D is either a normal triangle or
a normal rectangle (see figure 2.2). Then we set p(o) = o1 and we extend
p by linearity. Notice that the reduction is stable under the 9-operator.

Proof of Lemma 2.5. — We use here the technique developed in [1].
Step 1: Crushing M into P;. Denote by p;: ]\Z — M the covering map
corresponding to the subgroup (k) (m P;) of mM, fix a lifting kit Py — M,
of k;: P; — M and denote by P; the image of / k;. There exists a retraction
M — P crushmg each component of M \P to the corresponding
component of aPZ such that r1|PZ = ki ! Denote by F; the base surface

ANNALES DE L’INSTITUT FOURIER



LOCAL RIGIDITY OF ASPHERICAL THREE-MANIFOLDS 403

U

Figure 2.2. Normal triangles and rectangles

of the circle bundle P; and by &;: P; — F; the projection. Fix a complete
hyperbolic metric on int(F;), crush each component of OF; to a point,
denote by E the new surface and by ¢;: F; — 1/7\2 the natural crushing
map. This construction is equivalent to adding a limit parabolic point to
each component C' of OF;. This parabolic point corresponds to the fixed
point of the parabolic isometry generating m C'.

M;
7N
p
ki &i q% o~

Step 2: Straightening simplices on surfaces with boundary. Let
o A? = [vg,v1,v2] — F; be a (singular) 2-simplex. Consider an edge
T = o|vi,v5]: [vi,v5] = F; and denote by 7: [vi,v;] = H a lifting of
7 in the hyperbolic space union its boundary. Then 7 is homotopic by a
homotopy fixing the end points to the unique geodesic arc (which may be
constant) connecting the end points of 7. Denote by st(7) the new straight
1-simplex and by st(7) the projection of st(7) into F;. We straighten each
edge of o and finally we homotop o to a straight 2-simplex st(c). As in
the proof of Lemma 2.2 we define a bounded 2-cocyle &; on 1:"\2 by setting
(Wi, 0) = A(st(0)), the algebraic area of st(o). Thus qf(@) defines a rela-
tive 2-cocyle on (Fj, dF;) such that (¢%(@;),z) = Area(F}), where z; is a

relative 2-cycle representing the fundamental class of F;.

TOME 62 (2012), FASCICULE 1



404 Pierre DERBEZ

Step 3: Lifting the singular chains. Let p = >, a;p be a n-chain for
n = 2,3 where a; € R and p;: A" — M is a singular n-simplex. We
choose a decomposition of each component of A™ \ p(u;)~1(Tar) into n-
simplices Vl', j =1,..,n; (recall that p denotes the reduction operator).
Next we replace p by the n-chain o = 3, alp(m)\vj Denote by o the

preimage of o in M Then ¢ is a locally finite n-chain in M Since P;
is compact then we define a finite n-chain o; in MZ by taking only the
simplices of ¢ which meet B

Step 4: Definition of a bounded cocyle satisfying the conclusion of the
lemma. Keeping the same notation as in Step 3 we define a 2-cochain Qp,
in M by setting

() = (gfi,5 )

where p is a singular 2-simplex and where g; = ¢; 0 §; or;. By construction
1925, ||oc < 7. Indeed let o: A% — M be a singular 2-simplex. By construc-
tion of 2p, we may assume that o is reduced. First note that it follows from
the construction that for each triangle A of A2\ ¢=(Tys) (given in the
decomposition of Step 3) whose an edge is a component of ¢~1(73s) then
(Qp,,0|A) = 0 (the simplices of c;r& are sent into a point or a geodesic
arc after straightening in ﬁl) On the other hand there exist at most one
triangle A, of A%\ o=1(7as) whose no edge is a component of o= (7Tj;).
This triangle necessarily lives in Core(c). Since there exists at most one
component of U/|_\A/(7 which meets P; then the inequality ||2p,[|cc < 7 fol-
lows.

We check the cocyle condition (§Qp,, o) = 0 for each 3-simplex o: A3 —
M. Since (6Qp,, o) = (2p,, 0c) then we may assume that o is reduced. Con-
sider the 3-chain Zj 0|V;, where V; is the decomposition (given in Step
3) of A3\ 07!(Txs) into 3-simplices. The 2-faces of V; are made of interior
triangles which consist of the triangles whose interiors are in the interior
of A% and of triangles which define the 2-simplices of a decomposition of
OA3\ (671 (Tar) NOA3). Since each interior triangle is the face of two adja-
cent tetrahedra then one can replace o by >~ o|V;. Denote still 3, 0|V

by o. The 2-chain of ]\A/.fl defined by
95, — (5}) _ (+)

consists of an alternate sum of 2-simplices of do which does not meet ﬁl
Since the retraction r; crush each component of M; \ P; to P; then by
construction

<9§@7 do; — (577)) =0 (%)
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On the other hand by the definition

.= o (7))

Thus using (*) and (**) we get, since g

(90, 0) = (of5:.95,) = 0

On the other hand it is easily checked from the construction that £} p,
is a relative cocycle of (P;,0P;) and &} (Q2p,) = 0 for any i # j.

We check point (ii). First note that an (F;, fi) = [(ki)s((fi)g(pi) + w)]
where p; is a relative 2-cycle representing the fundamental class of F; and u
is a l;-chain in OP; such that Ou = —0f3(1;). Thus the construction yields

([0 s (Fis £) = (g, (Ri)a(f)p(mi) ) = (albis (& o f)s )

But since &; o f; is a finite covering, with positive degree denoted by d; then
(& o fi)3([F]) = d;[F;] and thus we get (see Step 2)

(p], am(Fi, fi)) = d; <qlwz,zz> = d;Area(F;) = Area(F;)

To complete the proof of the lemma it remains to compute the norm of
the classes defined by Qp,. Denote by € the sum ) . ;. We first check
w S Let o A? — M be a singular 2-simplex. If there
exists an edge e of A? such that po(e) C Ty then (3., Qp,,0) = 0.
If for any edge e of A? we have po(e) ¢ Tas then there exists a unique
component Core(c) of (po) =1 (M \ Tpr) which meets the three edges of AZ.
Denote by P, the component of M \ Tas such that po(Core(o)) C int(P,).
If v € I then we have |(3,c; Qp,,0)| = [(Qp,,0)| < 7 and if v € I then
|31 p,,0)| = 0. This proves that || >, ©
and points (i) and (ii) of the Lemma, we get the following equalities

w; is a cocyle by construction,

P.|loo < . Using lemma 2.3

([0, cns (Fi, f2))] = Area(Fi) <[l llons (Fis fi)lly < €[] 1]
this completes the proof of Lemma 2.5 since Area(F;) = 7||F;]|. O
LEMMA 2.8. — Let M be a closed aspherical orientable* 3-manifold and

let p: M — M denote a finite regular covering whose each Seifert piece is a
circle bundle with H? x R-geometry. Assume that we are given orientation
preserving proper embeddings f;: (.72,6?1) — (é,aé) where {ﬁi}iel is
a collection of Seifert pieces of M. Then we have the equality

Dy (Z gy (wiﬁhfi)) = Zaﬂ, <$i]::i7fi)
i ! 5

where the x; are positive real numbers.

1

TOME 62 (2012), FASCICULE 1



406 Pierre DERBEZ

Proof. — Denote by I' the automorphism group of p: M — M. Let @
be the element Za~ (Ii]:i, fi) and denote by Av(a@) the class obtained

by averaging & defined by Av(a) = > ger 9 g4(@). For a Seifert piece P of M
denote by €25 the bounded 2-cocycle of M constructed in Lemma 2.5 and
denote by €2 the sum E; Q5. Notice that each g € I' acts one M as an
orientation preserving homeomorphism which preserves the JSJ-splitting.
In particular for each Seifert piece P of M then there exists a unique
Seifert piece P’ such that g(P) = P’ and g|P: (P,0P) — (P',0P’) is a
homeomorphism. Moreover since each Seifert piece of M has an orientable
basis then g|P: (P,0P) — (P’,0P’) induces an orientation preserving
homeomorphism between the bases of P and P’. Then we get

([Q, Av(@)) = Card(I') > x;Area(F;) < l|Av(d)[|;

iel
which proves that
JAv@), > Card(T) 3 o ||
il

Since Av(a) is I-invariant then by Lemma 2.1 ||ps(Av(@))|1 = ||Av(&)]]1-
Moreover using the definitions and Lemma 2.3

Ips(Av(@))lly < Y Ipsge(@)ll, < legu a)ll, < Card() ) _ =,
el

gel

7

We deduce that >° cr[lpsgz(a)|l; = >, cr [l92(@)]l,- On the other hand,
since we know that [[psgs(a)||; < [lgs(a)||; for any g € ' then we get in
particular [[py(@)l, = [lal,. 0

Proof of Proposition 2.4. — To complete the proof of Proposition 2.4 it
remains to check the following points

(@) lleae(Fi, fi)lln = [|Fil| for i =1,..., 1,

(i) 15 s (2 F, f)ll = 3 llns (@ Fis )], and

(iii) the covering property.

We first check points (i) and (ii). To this purpose we consider two casis.

Case 1. Assume that each P;, i = 1,...,1 is homeomorphic to a circle
bundle. By Lemma 2.5 we know that there exists a bounded 2-cocyle Qp,
such that ||[Qp,]]|cc = 7 and [([Qp,], arr (Fi, fi))| = Area(F;). Then point
(i) follows from Holder inequality.

We check point (ii). Again, applying Lemma 2.5 we know that for each
i € {1,...,1} there exists a bounded 2-cocycle Q; in M such that

(4], anr (. Fj, f5)) = dijajArea(F;)
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for any 4,7 in {1,...,l}. Thus we get

<Z[Qi]’ZaM(xj]:j’fJ > szArea ZaM i Fi, fi)

‘ > S wlFl = Y las@iFn )l
1 i i

This proves point (ii) in Case 1.

1
Hence

> am(@Fi, fi)

Case 2. We consider now the general case. Let p: M — M be a finite reg-
ular covering of M whose each Seifert piece (in particular each component
P, over P, for i = 1,...,1) is a circle bundle (such a covering exists by [15,
Proposition 4.4]). For each i = 1, ..., consider a covering fi: (Fi, 0F:) —
(E,aé) of fi: (F;,0F;) — (Pi,aPi) (obtained by considering the group
(f)7 (p+(m1 P;)). By construction f; is an orientation preserving embed-
ding. Denote by d; > 0 the degree of the covering p;: F; — Fi. By Case
1 we know that [l (.E,fz)||1 = ||l for i = 1,...,I. On the other hand

by Lemma 2.8 we know that ||ps(a (.E,fl))Hl = ||a (Fi, f)|1. Since any
continuous map induces a chain map then

which implies that
I dicas (Fi, fi)lln = || Fil
and thus ||aas (Fi, fi)|l1 = || Fill for @ = 1, ...,1. To check point (ii) we know
from Case 1 that
T; = i =

ag | TFi fi)|| = ag | 7Fi fi
[Zos (775)| =] (375
Then using Lemma 2.8 in the right and left hand side, we get

HZ an (ziFi, fi)|| = Z lans (@i, fi)ll -

We check point (iii). Let f: M — N denote a finite covering map and
let @ = Y ap (x;Fi, fi). Using the construction of Case 2 with the same

notations then a = py(a) where @ =3 a (fl—:fi, ﬁ) Possibly passing to
some finite covering there are no loss of generality assuming fop is regular.
Hence we get using Lemma 2.8

1fe(@)ll = I fips (@) = llal] = ]|
This completes the proof of Proposition 2.4. ]
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3. Characterizations of covering maps

Given a closed irreducible orientable 3-manifold M we denote by H(M)
(resp. S(M)) the disjoint union of the hyperbolic (resp. Seifert) components
of M\ Tar (see [11], [12] and [21]). In order to prove Theorem 1.2 we first
check the following technical result.

ProprosiTiOoN 3.1. — Let M be a closed aspherical orientable
3-manifold. Any m1-surjective nonzero degree map f: M — N into a closed
irreducible orientable 3-manifold satisfying the following conditions

(i) Each Seifert component of M \ Tar, resp. of N \ Ty, is homeomorphic
to a product, resp. to a S'-bundle over an orientable surface, each Seifert
component of M \ Tyr has at least two boundary components (if Tay # 0)
and each component of Ty is shared by two distinct components of M\ Txy,

(i) | fg[M]||x = ||[M]]|]1, where [M] € H3(M;R) is the fundamental class

(iii) || franr (F, 9)||1 = ||aar (F, g)||1 for each orientation preserving proper
embedding g: F — P when P runs over the Seifert pieces of M

is homotopic to a homeomorphism.

3.1. Proof of Proposition 3.1

Throughout this section we always assume that the map f: M — N
and the manifolds M, N satisfy the hypothesis of Proposition 3.1. Notice
that we may assume in addition that M is not a virtual torus bundle by
[23]. Thus since each Seifert piece P of M is homeomorphic to a product
we may assume that P is a H? x R-manifold. Hence this implies, using
hypothesis (i) and (iii), that either |N| # 0 or HY(N;R)/ker|.|1 #
{0}. Hence either N is non-geometric or admits a geometry H*, H? x R
or éi(Q,R). The proof of Proposition 3.1 will come from the following
sequence of claims.

CrAM 3.2. — The map f|T: T — N is m-injective for any charac-

teristic torus T in M. Moreover, f.(m1P) is a non-abelian group for each
Seifert piece P of M.

Proof. — Let T be a characteristic torus of M. From the Rigidity The-
orem of Soma [20] and from hypothesis (ii) it is sufficient to consider the
case when T is shared by two distinct Seifert components P and P’ of M.
Denote by h and h’ the S!-fiber of P and of P’ respectively. If f|T: T — N
is not mi-injective then we may assume, since h and h’ generate a rank 2
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subgroup of mT (by minimality of the JSJ-decomposition), that P (for
example) contains a simple closed curve ¢ distinct from the fiber h such
that [c] € ker(f|T)..

Moreover since OP is not connected then there exists an orientation
preserving proper embedding j: (F,0F) — (P,0P) where F' is a connected
surface such that ¢ is a boundary component of j(F').

Indeed, denote by 77 = T' the component of P which contains ¢ and by
T, ..., T, the other components of P with r > 2. For each i = 1,...,r fix
a basm (si, h), where s; is a section of T; with respect to the Sl—ﬁbration
of P such that s; + ... + s, is nul-homologous in P and where h denotes
the fiber of P. Denote by (a, 8) the coprime integers with « # 0 such that
¢ = a[s1] + B[h]. Then

[c] + afs2] + ... + alsy] — B]h] =0 in H (P;Z)
Thus there exists a nontrivial class n in Ho(P,0P;Z) such that

877 = ((aaﬂ)a (Oé, 0)7 sy (Ot, 0); (CM, 75))

in H(OP) = H1(Th)® Hi(T2)®...® H1 (T, —1)® H1(T). Since P is aspher-
ical, it follows from [22] that each class in Ho(P,0P;Z) can be represented
by a properly embedded incompressible surface. This can be argued as fol-
lows. By the Poincaré Duality, Ho(P,0P;Z) ~ H'(P;Z), there exists a
homomorphism p: 7P — Z = 78! corresponding to 7. Since the spaces
are aspherical the homomorphism is induced by a map f,: P — S'. Taking
the pre-image of a regular value # € S! and using the construction given
in [10, Chapter 6] we may arrange f, by a homotopy so that the compo-
nents of f,- 1(9) are properly embedded incompressibe surfaces. Denote by
F' such a surface. Then F' is a horizontal surface and c is parallel to some
components of OF.

Denote by T x [—1, 1] a regular neighborhood of T such that T'= T x {0}
and parametrize T = S* x S! such that ¢ = S* x {*}. As in [19], consider
the relation ~ on M defined by z ~ 2/ iff 2 = 2" or z = (z,y,t) € T x I,
2=y, t) e TxIand y =y, t =1. Denote by X = M/ ~ the
quotient space and by w: M — X the quotient map. Then the map f
factors through X. Denote by g: X — N the map such that f = gom.
Denote by P the i image of P under 7. Topologically P is obtained from P
after Dehn filling along 7', identifying the meridian of a solid torus V to ¢
so that the Seifert fibration of P extends to a Seifert fibration of P and the
image F of F is a surface in P obtained from F after gluing a 2-disk along
each component of OF parallel to c. Consider the following commutative
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diagram

A

F—=p—=X

)

3
.
\

<)

where j7\ is induced by j and where k: P — M is the inclusion and k: P—
X denotes the induced inclusion. Note that it follows from our construction,
using standard homological arguments, that

my(an(F,5)) = ax(F,j) € HY (X;R) (%)

where ax(ﬁ,g) is defined by Eﬁalg(ﬁj). We deduce, using hypothesis (iii)
of Proposition 3.1, the following equalities:

lloar (B, )l 2 llmgans (F, )11 = [ fgons (F )l = Nlaar (F) 5) 2
Thus using Lemma 2.3, equality (*) and Proposition 2.4(i) we get :
IEN = llax (F, )l = 1|

A contradiction. This proves the 7;-injectivity of the map f|T. It remains to
check that f.(m P) is a non-abelian group for each Seifert piece P. Assume
that f.(m1P) is an abelian subgroup of 7y N. Then the map f|P: P - N
factors through a space X with abelian fundamental group. Since Hél (X)
is trivial then we get a contradiction with hypothesis (iii) of Proposition
3.1 using point (i) of Proposition 2.4. a

CLAM 3.3. — There is a map g homotopic to f such that for each
Seifert piece ¥ of N then each component of g—1(X) is a Seifert piece of
M.

Proof. — By hypothesis (ii) one can apply [20, Rigidity Theorem]|. Thus
one may assume that f induces a deg(f)-covering map from H(M) to
H(N). Next, by Claim 3.2 one can apply [11, Mapping Theorem] which
implies that one can arrange f by a homotopy so that for each canoni-
cal torus U of N then f~(U) is a disjoint union of canonical tori of M.
Hence for each Seifert piece X of N the space f~1(X) is a canonical graph
submanifold of M (i.e. a submanifold which is the union of some Seifert
pieces of M). If a component G of f~1(X) is not a Seifert manifold then
there exists a canonical torus 7' in the interior of G which is shared by
two distinct Seifert pieces X3 and Yo of G. Since by Claim 3.2 the group
f«(mX;) is non-abelian, for ¢ = 1, 2, then using [11, Addendum to Theorem
VILI1.6] we know that f|X;: 3; — 3 is homotopic to a fiber preserving map.
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Since f|T is m-injective we get a contradiction by the minimality of the
JSJ-decomposiiton. This proves the claim. O

Since f is mi-surjective then to complete the proof of Proposition 3.1 it
remains to check the following

CrAamM 3.4. — There is a map g homotopic to f, rel. to H(M), such
that for each Seifert piece X of N and for each component G of g=(%)
then g|G: G — X is a covering map.

Proof. — First of all we know that for each component G of f~1(X) then
fIG: G — X is fiber preserving and non-degenerate in the sense of [11]. On
the other hand, notice that ¥ is necessarily homeomorphic to a product.
Indeed if 9% # () this is obvious and if % = @ this comes from the following
argument: first note that in this case ¥ = N and G = M, thus if ¥ is not
homeomorphic to a product then the bundle has a non-zero Euler number
and using the Seifert volume in [5, Theorem 3 and Lemma 3] and in [4,
Theorem 4] we get a contradiction (since G has a zero Euler number and
deg(f) # 0). Thus after choosing appropriate sections we identify G with
K x S', resp. £ with F x S', where K, resp. F, is a hyperbolic surface.

Let F denote a component of (f|G)~!(F). Arrange f so that F is in-
compressible in G. Since f is non-degenerate and fiber preserving then the
inclusion i: F — G is necessarily an orientation preserving proper em-
bedding and f|F: F — F descends to a map m: K — F. Therefore we
get

felone (F,1)) = deg(f|F: F — F)an(F,j)
where j: F' — X is the inclusion. This implies that
[ FII = |deg(f|F: F = F)| x [|F|
Thus we get the equality
K| = deg(m) x [|F|

Hence 7 is homotopic to a covering map which implies that f|G is also
homotopic to a covering map. This proves the claim and completes the
proof of Proposition 3.1. O

3.2. Proof of Theorem 1.2

We first check that the condition is necessary.
When ||aps|ls = 0 there is nothing to prove. So let’s assume ||apz|; > 0
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Then either M is a é\f@ (R)-manifold and Lemma 2.2 applies or M is not
a SL, (R)-manifold and Proposition 2.4 applies.

We verify now that the condition is sufficient. First of all note that ac-
cording to [23] we may assume that M is not a vitual torus bundle. In the
sequel it will be convenient to consider the following commutative diagram

M2L>N2

| ]

M1*>N1

obtained as follows. The map s: M; — M is a finite covering such that
each Seifert piece of M; is a circle bundle over an orientable surface with at
least two boundary components if Ty;, # (), and each canonical torus of M
is shared by two distinct components of Mj \ Tas, (for the existence of such
a covering see [7, Lemmas 3.2 and 3.5]), the map r: N; — N is a finite
covering corresponding to the subgroup f.s.(m1M7) in w1 N, which is of
finite index since deg(f) # 0, the map f1: M; — Nj is alifting of fos which
exists by our construction, the map p: No — N; is a finite covering such
that each Seifert piece of Ny is a S'-bundle over an orientable surface and
fo: My — Ns is the finite covering of f; corresponding to p, and q: My —
M is the covering corresponding to the subgroup (f1); ! (p«m1N2). Notice
that it follows from the construction that f; and fy are mi-surjective.

CLAIM 3.5. — The map f5 is homotopic to a homeomorphism.

Proof. — Assume that M is a SL(2, R)-manifold. Since f has nonzero
degree then f is homotopic to a non degenerate fiber preserving map and
N is also a §I:(2, R)-manifold. Thus fs is a m-surjective nonzero degree
map between circle bundle with nonzero Euler numbers. Denote by Fb,
resp. Ga, the base of My, resp. Na. It follows from the hypothesis of the
theorem combined with Lemma 2.2 that ||(f2)s(aar,)|l1 = ||aas|1. Thus
f2 induces a map g: Fy — G2 such that £ o fo = gomw where m: My — Fy
and £: Ny — G2 denote the bundle projections. Since by definition az, =
ﬂ[l([Fg}ll) then condition ||(f2)4(eas,)|l1 = lleas, ||1 implies

IE2]n [ = llga((F2li )l = deg(g) Gl [l

and thus ||Fy|| = deg(g)||G2]|. This proves that g and hence f5 is homotopic
to a homeomorphism (recall that fo is mj-surjective).
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Assume now that M is not a SL(2, R)-manifold. Then using point (ii) of
Proposition 2.4 (additivity property) and the isometry hypothesis we have
[ fsone (Fis fo)lln = llans (Fs, fi) |1 for any i =1,..., 1.

Indeed, by hypothesis we know that ||fyaar|li = ||aas|/1 then by point
(ii) of Proposition 2.4 (additivity property) and using the definition of s

1
o (5705,

Since, by paragraph 2, any continuous map induces a contraction with

we have

[ franlls = llanmlls = Z

K2

respect to the [;-norm we get

1
sl = laoelh > 3 HfﬁaM (k}"f>

St (70 )| = Uzl

1
1 1
o (ki}—iafi> ) - HfjiaM (kjif'.i;fi) 1) =0

Again, since fy is a contraction, then each term of the sum is non-negative
and thus || fyanr (Fi, fi)lli = llea (Fi, fi)]]1 for any i =1, ...,1.
Note that if g;: G; — P; is any orientation preserving proper map of a

1

>

Hence we get

>

i

surface G; then

| fraens (Gi, 9i)lly = lleear (Gis 90l
This comes from the following observation: by [25, Lemma 6] there are
rational numbers 7;, s; and a vertical surface W in P; (i.e. an incompressible

properly embedded surface in P; which is fibered by the S!-fibers of P;)
such that

(90)31Gi] = ri(fo)sl Fi] + s:[Wi] € Ha (P, OF))
and since W; has zero simplicial volume the equality follows. In order to
apply Proposition 3.1 to the map f5 it remains to check hypothesis (iii).
Let g: F5 — P, be an orientation preserving embedding of a surface into a
Seifert piece P, of Ms. Denote by P the Seifert piece of M such that P, is
over P. Then by the above equality, applied to sogo g: F» — P we have
| fsans (F2,s0q0g)|l, = [lans (F2,s0q0g)|,

On the other hand, using point (iii) of Proposition 2.4 we know that

llaar (Fo,50q09)|y = llaar, (Fa, f2)ll
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By the commutativity of the diagram we have

felans (Fz, s 0 g0 g)) = rapy(f2)s(ans, (F2, f2))

Therefore, this yields
llans, (F2, f2)lly = llrepg (f2)s(ans, (F2, f2))lln < [1(f2)g(ans, (F2, f2)llx
lans, (Fa, f2)ll1

Accordingly we deduce that f, satisfies hypothesis of Proposition 3.1 which
implies that f5 is homotopic to a homeomorphism. O

<
<

Since M is an aspherical 3-manifolds then it has a torsion free fundamen-
tal group ([10]). Since p, g, r, s are finite covering maps then they induce in-
jective homomorphisms at the 71-level and since f, induces an isomorphism
f must be m-injective. Consider the finite covering N> N corresponding
to fi(mM). Then f lifts to a map f M — N inducing an 1som0rphlsm
at the m-level. We deduce from this point using [13, Theorem 0.7] that f
is a homeomorphism. This implies that f is a covering map and completes
the proof of Theorem 1.2.

3.3. Proof of Theorem 1.5

By the Mapping Theorem of [9] the map f induces an isometry
fy: HY (M) — HL (N). On the other hand, using the same construction as
in the proof of Lemma 2.5 in dimension three (instead of dimension 2) one
deduces that the natural map H3(M) — Hél (M) is an isometry. Indeed,
if || M| = 0 there is nothing to prove and if ||M]| > 0 this means that M
contains some hyperbolic pieces Hi, ..., H; in its geometric decomposition.
Thus by the straightening technique used in the proof of Lemma 2.5 one
can in the same way construct an element @ € H (M) such that (2, [M]) =
vol(H1) + ... + vol(H;) with ||Q]|c < V3, where V3 denotes the supremum
of the volume of geodesic 3-simplices in the hyperbolic 3-space. Hence the
l-norm of [M] is || M| in HL (M), proving that Hs(M) — HL (M) is an
isometry. This implies that f;: H3(M;R) — H3(N;R) is an isometry.

Using the same covering argument as above one can assume, without
loss of generality, that f is 7i-surjective. If M is orientable® then Corollary
1.5 follows from Theorem 1.2 by the Mapping Theorem of [9]. If M is not
orientable* then there exists a 2-fold finite covering p: Ms — M such that
M, is orientable*. Note that the composition g = fops is not my-surjective.
Indeed if g is mi-surjective then f o po is homotopic to a homeomorphism
because since f, has an amenable kernel then so is ker(g.) and thus g

ANNALES DE L’INSTITUT FOURIER



LOCAL RIGIDITY OF ASPHERICAL THREE-MANIFOLDS 415

induces an isometric isomorphism gy : H. (M) — HLY(N). Since moreover
||Mz]|| = 2|| V|| one can apply Theorem 1.2. A contradiction. Since g is not
mi-surjective then there exists a 2-fold covering f': M, — N> of the map
f- Again, since f, has an amenable kernel then so is ker(f]). Moreover f’ is
mi-surjective by construction and thus it induces an isometric isomorphism
fi: Hy (My) — Hy'(N,) and || My|| = deg(f’)||N2||. Hence by Theorem
1.2 the f’ is homotopic to a homeomorphism. Hence f is homotopic to a
homeomorphism. This completes the proof of the corollary.
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