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AMENABLE, TRANSITIVE AND FAITHFUL ACTIONS
OF GROUPS ACTING ON TREES

by Pierre FIMA (*)

ABSTRACT. — We study under which condition an amalgamated free product
or an HNN-extension over a finite subgroup admits an amenable, transitive and
faithful action on an infinite countable set. We show that such an action exists if
the initial groups admit an amenable and almost free action with infinite orbits
(e.g. virtually free groups or infinite amenable groups). Our result relies on the
Baire category Theorem. We extend the result to groups acting on trees.

RiSUME. —  Nous étudions sous quelles conditions un produit libre amalgamé
ou une extension HNN sur un sous groupe fini admet une action moyennable,
transitive et fideéle sur un espace dénombrable. Nous montrons qu’une telle action
existe lorsque les groupes initiaux admettent une action moyennable et presque
libre & orbites infinies (e.g. les groupes virtuellement libres ou moyennables infinis).
Notre résultat s’appuie sur le théoréeme de Baire. Nous étendons ce résultat aux
groupes agissant sur un arbre.

1. Introduction

The notion of amenable groups or, more generally, amenable actions was
first introduced by von Neumann [12] who proposed to study whether or
not, given a group acting on a set X, there exists a mean on X invariant
by the action (or equivalently a Fglner sequence for the action).

DEFINITION 1.1. — An action I' ~ X of a countable group I' on a

countable set X is called amenable if there exists a sequence (Cy,) of non-
empty finite subsets of X such that

|CAgChl
|Ch

Such a sequence (C,,) is called a Folner sequence.

— 0 forall geT.

Keywords: amenable action, free product, HNN extension, groups acting on trees.
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2 Pierre FIMA

This notion of amenability is different from the one introduced later by
Zimmer [13].

Obviously, every action of an amenable group (i.e. such that the left
translation on itself is an amenable action) is amenable. Greenleaf [4] asked
for the converse: does the existence of an amenable action of I' implies the
amenability of I'? To avoid any trivial negative answer, one should assume
that the action is faithful and transitive. If the action is free then the
converse holds. However van Douwen [11] gave a counter example: the free
group Fo admits a faithful, transitive and amenable action.

This leads Glasner and Monod [3] to introduce the class A of countable
groups admitting an amenable, transitive and faithful action. Grigorchuk
and Nekrashevych [5] have constructed a class of amenable, transitive and
faithful actions of finitely generated free groups using Schreier graphs. Si-
multaneously Glasner and Monod [3] gave a necessary and sufficient con-
dition for a free product to be in the class A. In particular, they showed
that the class A is closed under free products. They also asked when free
products with amalgamations and HNN-extensions are in A.

S. Moon [7], [8] showed that a free product of finitely generated free
groups amalgamated over a cyclic group is in A. She also proved [9] that
an amalgamated free product of amenable groups over a finite group as
well as an amalgamated free product of a residually finite group with an
infinite amenable group over a finite group is in A.

The initial motivation of the present work was to study the case of an
HNN-extension I' = HNN(H, X, §), where ¥ is a subgroup of H and 6 :
3 — H is an injective group homomorphism. Few results are known: Monod
and Popa [6] showed that I' € A whenever ¥ = H € A and S. Moon
observed that the Baumslag-Solitar groups are in A.

We say that an action has infinite orbits if every orbit is infinite. Our
first result is as follows.

THEOREM 1.2. — Let I'y, I's and H be countable groups and ¥ be a
finite subgroup of I'y, I'y and H. Let § : ¥ — H be an injective group
homomorphism.

(1) If there exists an amenable and faithful action of H on a countable
set with infinite orbits and free on ¥ and 6(X) then HNN(H, X, 0) €
A.

(2) If, for i = 1,2, there exists an amenable and faithful action of T'; on
a countable set with infinite orbits and free on ¥ thenIT'y *x, 'y € A.

ANNALES DE L’INSTITUT FOURIER



AMENABLE, TRANSITIVE AND FAITHFUL ACTIONS 3

To prove Theorem 1.2 we use the Baire category Theorem. Such an
approach has been used for example in [2], [1], [3], [7], [8] and [9].

An action is called almost free if every non-trivial group element acts
with finitely many fixed points. During the investigation of the HNN-
extension case we realized that the class Az of countable groups admitting
an amenable and almost free action with infinite orbits on a countable set
appears naturally. Observe that the class Az contains all infinite amenable
groups. Moreover, the amenable, transitive and faithful action of Fy con-
structed in [11] is actually almost free and an obvious adaptation of his
construction shows that F,, admits an amenable, transitive and almost free
action on an infinite countable set for all n > 2. van Douwen also showed
that the same conclusion holds for F.

It is easy to check that if H has an amenable and almost free action
with infinite orbits and if H is a finite index subgroup of I' then, the
induced action is still amenable and almost free with infinite orbits (and also
transitive if the original action is). It follows that virtually free groups are
in Ax. Moreover, the obstruction to be in A discovered in [3, Lemma 4.3] is
also an obstruction to be in Ax. Namely, let N <t H be a normal subgroup
such that the pair (H, N) has the relative property (T). If H € Ax then
N has finite exponent. In particular, Z? x SLs(Z) ¢ Az. The proof of this
assertion is an obvious adaptation of the proof of [3, Lemma 4.3].

We say that a graph is non-trivial if it has at least two edges, e and its
inverse edge €. Our second result is as follows.

THEOREM 1.3. — Let I' be a countable group acting without inversion
on a non-trivial tree T with finite edge stabilizers and finite quotient graph
T/T. If all the vertex stabilizers are in A then T' € A.

The case when I' acts with finite vertex stabilizers is not covered by
Theorem 1.3 but is obvious since I' must be virtually free.

We prove Theorem 1.3 by induction and by using a slightly stronger
version of Theorem 1.2 (see Remarks 3.3 and 4.3). A particular case of
Theorem 1.3 is the following. Let I'1,T'y € Ax. Then, for all finite common
subgroup ¥ < I'y, T’y one has I'y x5 I's € A. Also, if H € Ax then, for all
finite subgroup ¥ < H and all injective group homomorphism 6 : ¥ — H,
one has HNN(H, %, 0) € A.

The paper is organized as follows. The section 2 is a preliminary section
in which we prove five basic general lemmas which will be used in the
paper. In section 3 we prove the HNN-extension case of Theorem 1.2. The
section 4 covers the case of an amalgamated free product. Finally, we prove
Theorem 1.3 in section 5.
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2. Generalities

Our first lemma is certainly well known but we could not find any refer-
ence in the literature.

LEMMA 2.1. — Let I' ~ X be an amenable action of a countable group.
If the action has infinite orbits then there exists a Folner sequence (C.,)
such that |Cy,| — oo.

Proof. — Let (D) be a Fglner sequence for I' ~ X. Suppose that
|Dp| - oo. By taking a subsequence if necessary we may and will sup-
pose that (]D,|) is bounded. It follows that, for all g € T, |D,AgD,,| — 0.

Set K = U,enD, and suppose that K is finite. By the pigeonhole prin-
ciple, there exists g € K such that I = {n € N : zy € D,} is infinite.
Let g € T'. Since gD,, = D,, for n big enough, we find ny € I such that
gro € gD,, = D,,. Hence, grg € K for all g € I', contradicting the
assumption that xy has infinite orbit. It follows that K is infinite.

Write I' = UT F},, where F}, are finite subsets. For all k € N, let ng, m, € N
such that F.D, = D, for all n > nj; and |Unm:’€nan| > k. Define Cy, =
Untk,, Dy Then (Cy) is a Fglner sequence and |Cy.| — oo. O

Let ' ~ Y be an action and m € N. Observe that the complement of the
large diagonal in Y™:

{1, ym) : ys #yj foralli # 45} CcY™

is globally invariant under the diagonal action of I on Y.

LEMMA 2.2. — IfT acts amenably with infinite orbits on Y then I' acts
amenably on the complement of the large diagonal in Y™.

Proof. — Denote by X the complement of the large diagonal in Y. By
Lemma 2.1, let (C,,) be a Fglner sequence for the action I' ~ Y such that
|Cr| — oo. One has

m c m m(m — 1)
CrnX < D W oum) €O s =y}l = =

1<i<j<m

|Cn‘m—1.

ANNALES DE L’INSTITUT FOURIER



AMENABLE, TRANSITIVE AND FAITHFUL ACTIONS 5

Since |C,,| — oo one has % — 0 and lc}’égfl — 1. Define D,, =
C™ N X. Since |C,| = oo we have |D,| — oo and we may assume that
D,, # 0 for all n € N. It is easy to check that (C”") is a Fglner sequence
for the action I' ~ Y™ hence, for all g € T, one has
D.AGDL| _ [DACY] | |CAGCE| | AgD,,

X

| Dy, | | Dy | D, | D,
_,IDaacy <|0:r ) Cm AgCm
Dy D) [C]
L lCmn x| crl N\ lemager)
~Tlerax] “\lernx]) (cr e

Given an action I' ~ X and g € T, we define Fixx(¢9) ={zr € X : gz =
x}. If the context is clear, we omit the subscript X.

LEMMA 2.3. — If ' € Ax then, for every finite subset F C T' with
1 ¢ F, there exists an amenable and almost free action with infinite orbits
I' ~ X on a countable set X such that Fixx(g) =0 for all g € F.

Proof. — Let I' ~ Y be an amenable and almost free action with infinite
orbits on a countable set Y. Let m = Max{|Fixy (g)| : g € F} +1 and X
be the complement of the large diagonal in Y. The action of I on X is
obviously almost free, every orbit is infinite and every element of F' acts
freely. By Lemma 2.2 this action is also amenable. O

The following Lemma is inspired by [9, Lemma 6].

LEMMA 2.4. — Let I' ~ Y be an action of a countable group I" on a
countable set Y. Define X =Y x N and consider the action I' ~ X given
by g(y,n) = (gy,n) for all g € T and (y,n) € X. If I' ~ Y is amenable
then, for all sequence (a,,) of real numbers such that a,, — 0o, there exists
a Folner sequence (Cy,) for T' ~ X and a subsequence (ay(,)) such that

Ap(n)
— 1.
[Cnl

Proof. — Write I' = UT F},, where (F},)}, is an increasing sequence of finite
subsets. It suffices to construct a strictly increasing sequence of integers
(nk)r and a sequence of non-empty finite subsets (Cy)r of X such that Cy
is a (1, Fi)-Folner set for all k > 1 and,

a 2
1< 22 <142 forall k>1.
|Ck| k

In the sequel, given 2 € R, we denote by [z] the unique integer such that
[] <z < [z]+ 1. For k =1, let Dy be a (1, Fy)-Fglner set for the action

TOME 64 (2014), FASCICULE 1



6 Pierre FIMA

I ~ Y. Let ny > 1 big enough such that [a,,] > |Di|. By Euclidean
division, we write [an,] = q1|D1| + r1, where 0 < 1 < |Dy| and 1 > 1.
Define C; = L%, D\ ¢ X, where D™ = Dy x {n}. Then, |C}| = q,|D1|
and, for all g € F7,

q1
91 ACH < Y gDV ADS| < 1| Dy| = |Cyl.

n=1

Hence, C1 is a (1, F1)-Fglner set. Moreover,

1<[am] an, <[am]—|—1_q1|D1|—|—r1—|—1_1 ry+1

|Cy] |G Gy |C1]  q|Dy
1 1 2
<l4+—+ ——<1+—<1+2
@ qi|Di] q1

Now, suppose that, for £ > 1, we have constructed n; < ... < ni € N* and
Ci,...,C, C X such that C; is a (%,Fi)-Fﬁlner set and 1 < IaCnZ\ <1+ %
for all 1 < 4 < k. Let Dy be a (%H,F;H_l)—F@lner set for ' ~ Y and
Ng41 > ny big enough such that [a,,, ] = (K + 1)|Dyy1]. Write [an, ] =
Qr+1|Di+1] + Tr+1, where 0 < rgy1 < |Dis1] and ggy1 > k + 1. Define
Cri1 = I_Iff:fD,i"_s_)l C X, where D,(:_fl = Dgy1 x {n}. Then, |Cry1| =
Qk+1|Dy+1| and, for all g € Fi 41,

dk+1 ( ) |D | |C ‘
n (n) k+1] _ |Ck41
|9Cr+1ACK4+1] < 321 l9D; L AD Y| < Gt e

Hence, Cyy1 is a (537, Fiy1)-Folner set. Moreover,

1< [a'nk+1] Angiq [aﬂk+1] +1 _ Qk+1|Dk+1| + TE41 + 1
S Crga| T |Crl |Cryal |Crtl
1 1 2 2
<14 + <1+ <14+ . |
Qet1 Ght1|Drsa] Qr+1 E+1

Let H <I', H ~ Y and consider the diagonal action H ~ Y xI'. Define
X = H\ (Y xT). The induced action is the action I' ~ X given by right
multiplication (by the inverse element) on the I' part in X. The following
proposition contains some standard observations on the induced action. We
include a proof for the reader’s convenience.

LEMMA 2.5. — Let H < T, H ~Y and I' ~ X the induced action.
The following holds.

(1) If H ~ Y is faithful then T' ~ X is faithful.
(2) If H ~Y is amenable then H ~ X is amenable.

ANNALES DE L’INSTITUT FOURIER



AMENABLE, TRANSITIVE AND FAITHFUL ACTIONS 7

(3) If H ~ Y has infinite orbits and H is almost malnormal () in T
then H ~ X has infinite orbits.

(4) If K < T is infinite and gKg~—' N H is finite for all g € T then
K ~ X has infinite orbits.

(5) Let (X¢)ecr be a family of subgroups of H such that ¥, ~ Y is free
foralle € E. If, for all g e T\ H, gHg ' N H C Ueep, scrsXes™!
then, for all h € H such that Fixy (h) = (), one has Fixx (h) = 0.

(6) Let ¥ < H such that ¥ ~Y is free. If K < T' is a subgroup and
UgergKg ' N H C UpephXh™! then K ~ X is free.

Proof. — For (y,g) € Y x I we denote by [y, g] its class in X. Let t € T".
Observe that

Fixx(t) = {[y,g9] € X : gtg”' € H and y € Fixy(gtg~*)}. (2.1)

1. Suppose that Fixx(t) = X. Then, for all y € Y, [y, 1] € Fixx(¢) and
Equation (2.1) implies that ¢t € H and Fixy(¢) = Y. Since H ~ Y is
faithful we have ¢t = 1.

2. Since the map y — [y, 1] is H-equivariant (and injective), the action
H ~ X is amenable whenever that action H ~ Y is.

3. Let y € Y and g € T. Let us show that the H orbit of [y, g] is infinite
under the hypothesis of 3.

Case 1: g € H. One has, for all h € H, hly,g] = [y,gh™!] = [hg y, 1].
Since the map y +— [y, 1] is injective, the H-orbit of [y, ¢] is infinite for all
g € H whenever H ~ Y has infinite orbits.

Case 2: g € '\ H. If the H-orbit Hly, g] is finite the stabilizer in H of
[y, g] must be infinite. However,

{heH :hly,gl=1lyg]} C{heH :ghg ' €eH}=g 'HgNH

which is finite since H is almost malnormal in T'.
4. The proof of 4 is similar: if the K-orbit K[y, g] is finite and K is infinite
then the stabilizer in K of [y, g] must be infinite. However,

(ke K : K[y, 9] =[y, 9]} C{keK : gkg"' € H} = KNg 'Hyg

which is finite.

5. Let h € H \ {1} such that Fixx(h) # 0 and take [y, g] € Fixx(h).
By Equation (2.1), ghg~! € H and y € Fixy(ghg™!). If g € '\ H then,
there exists € € E, 0 € X, \ {1} and s € H such that ghg~* = sos™L.
Hence, y € Fixy (ghg™!) = Fixy (sos~!) = sFixy (). Hence, Fixy (o) # 0,

(1) The subgroup H is called almost malnormal in T if, for all g € T\ H, the set g~ HgNH
is finite.

TOME 64 (2014), FASCICULE 1



8 Pierre FIMA

a contradiction since ¥ ~ Y is free. Thus, g € H and y € Fixy (ghg™!) =
gFixy (h) which implies that Fixy (h) # 0.

6. The proof of 6 is similar: Let £ € K\ {1}. If [y, g] € Fixx (k) Equation
(2.1) implies that gkg=* € H and y € Fixy (gkg~!). By the hypothesis on
K, there exists h € H and o € ¥\ {1} such that gkg~! = hoh~!. Hence,
Fixy (gkg~!') = Fixy (hoh™!) = hFixy (c) = 0, a contradiction. O

Example 2.6. — The following holds.

(1) Let I' = HNN(H,X,0) = (H,t|0(c) = tot™!, Vo € X) be a non-
trivial HNN-extension. The hypothesis of 5 holds and H is almost
malnormal in T" whenever ¥ is finite. Actually, for all g € T'\ H,
there exists s € H such that gHg ' NH C sXs ' or gHg ' NH C
s6(X)s™1. Indeed, let vy be the vertex in the Bass-Serre tree of T
with stabilizer H and take g ¢ H. Denote by e the unique edge on
the geodesic [gvg, vo] that contains vy. Since gvg and vy are fixed by
gHg~' N H the geodesic [guo, vo] is pointwise fixed by gHg~' N H.
In particular, gHg~' N H is contained in the stabilizer of e which
is of the form s¥s~! or s0(X)s~! with s € H.

(2) f T' = T'y xx 'y is a non-trivial amalgamated free product. By
the same geometric argument, for all ¢ = 1,2, for all g € T"'\ Ty,
there exists s € T'; such that ¢gIl'ig~! NT; C s¥s~!. Hence, the
hypothesis of 5 holds (with H = I';) and I'; is malnormal in T’
whenever ¥ is finite. Also, for all g € T', there exists s € I'; such
that gl'og~! N Ty C s¥s~!. Hence, the hypothesis of 4 (if ¥ is
finite) and 6 hold with H = I'; and K = T's and, by symmetry,
with H =T5 and K =TY.

3. HNN-extensions in the class A

This section is dedicated to the proof of Theorem 1.2.1.
Let H be a countable group, ¥ < H a finite subgroup and 6§ : ¥ — H
an injective group homomorphism. Define the HNN-extension

I = HNN(H,%,0) = (H,t|0(c) = tot™*, Vo € B).

Let X be an infinite countable set and denote by S(X) the Polish(?)
group of bijections of X.

(2) With the topology of pointwise convergence: w, — w <> for all finite subset ' C X
Ino € N such that wn|p = w|p Vn > ng.

ANNALES DE L’INSTITUT FOURIER



AMENABLE, TRANSITIVE AND FAITHFUL ACTIONS 9

For the rest of this section we suppose that H < S(X) such that the
actions of ¥ and 6(X) on X are free. Define

Z ={we S(X) : wow ' =0(c) for all o € ¥}.

It is clear that Z is a closed subset of S(X). Moreover, since the actions of
Y and (X) are free, it is easy to see that Z is non-empty.

By the universal property, for all w € Z, there exists a unique group
homomorphism m, : I' = S(X) such that 7, () = w and 7, (h) = h for
all h € H. The strategy is to prove, under suitable assumptions on the
action H ~ X, that the set of w € Z such that m,, is amenable, transitive
and faithful is a dense G in Z.

We first study the set of w € Z such that 7, is transitive.

LEMMA 3.1. — If the action H ~ X has infinite orbits then the set
U={weZ: m, is transitive} is a dense G5 in Z.

Proof. — Write U = Ny yexUszy, where U,y = {w € Z : 3g € T,
Tw(g)z = y}. It suffices to show that U, , is open and dense in Z for all
z,y € X. It is obvious that U, , is open. Let us show that U, , is dense. Let
w e Z\ U, and F C X a finite subset. It suffices to construct v € Z and
g € T such that v|p = w|p and 7, (g)xr = y. Since the action has infinite
orbits, there exists hg,h; € H such that hoy ¢ w(XF) and hyx ¢ XF.
Observe that Yhiz N Xw they = (. Indeed, if we have Lhiz = Sw ™ hoy
then, for some o € ¥, we have chiz = w™thgy. Hence, m,(g)z = y with
g= haltahl, a contradiction. Define Y = Yh;zLUXw 'hgy. Then, F C Y¢
and w(Y) = (X)whix U O(X)hoy. Define a bijection v € S(X) by v]y. =
w|ye and

y(ohiz) = 0(o)hoy and ~y(ow 'hoy) = O(c)whiz for all o € X.
By construction, v € Z, v|r = w|r and 7, (hy 'th))z = y. O

Next, we give a sufficient condition for the set of w € Z for which m,, is
amenable to be a dense Gj.

LEMMA 3.2. — If the action H ~ X admits a Folner sequence (C,,)
such that |C,,| — oo then the set

V={weZ: m, is amenable}
is a dense Gs in Z.
Proof. — At first we prove the following claim.

CraM. — Let Y, F C X be finite subsets and w € Z such that (X)Y N
w(F) = (). There exists v € Z such that XY NXy~1Y = () and v|r = w|r.

TOME 64 (2014), FASCICULE 1



10 Pierre FIMA

Proof of the Claim. — Write 0(2)Y = U ,0(X)y;. Since the set Y U
YF UXw (YY) is finite and X-invariant, we can find n disjoint -orbits
¥z1,...,2%2, in its complement.

Define F = Ur_1(¥z; U Xw™ly;). Then F C F¢ and w(F) =
Ui (0(X)wz; LU 0(X)y;). By the freeness assumption, we can define a bi-
jection v € S(X) by v and,

Fe = Wz

v(oz;) = 0(c)y; and y(ow ly;) =0(c)wz; oc€X, 1<j<n.
By construction vy € Z and 7| = w|r. Moreover, BY NEy 'Y = Uj_, XY N
2’7_1(?/]) = |_|JZY N ZZ] = (Z) O

End of the proof of Lemma 3.2. — Write H = UTF,,, where (F},) is an
increasing sequence of finite subsets. Since I' is generated by H and t it
follows that m, is amenable if and only if, for all m > 1 there exists a
non-empty finite set C' C X such that

|gCAC] 1
SungFmU{w}T <

Write V' = Ny,>1 Vi, where

A 1
Vm:{weZ : 3C C X such that 0<|C[<oo and Supep, ) l9CAC] —}

c

It is easy to see that V,,, is open. Let us show that V,,, is dense. Let w € Z
and F' C X a finite subset. Observe that, for any Fglner sequence (C,,) and
any finite subset K C H, the sequence (KC),) is again a Fglner sequence.
Also, if |C),| — oo then, for all finite subset F' C X, there exists ng € N
such that the sequence (C,, \ F)p>n, is a Folner sequence. Hence, up to
a shifting of the indices, the sequence (D,,), where D, = £C, \ (XF U
Yw(XF)) is a X-globally invariant Felner sequence such that D, N F =0
and 0(X)D,, Nw(F) =0 for all n € N. Let N € N large enough such that

|Dn|

DxAD

forall ge F,, U0(X).
By the claim, there exists 79 € Z such that q|r = w|r and Dy N
Y, 1 (Dy) = 0. Write

Dy =Ul Sz, and 6(2)Dy = UK 0(2)y,

where K' > L. Observe that the sets Xa; and X+, 1yj are pairwise dis-
joint. Define Y = |_|f:1 Ya; U Eqalyi. Observe that F C Y° and v (Y) =
|_|iL:1 0(X)vox; U O(X)y;. Define a bijection v € S(X) by v|ye = Yo|ye and,

v(oxzi) =0(o)y; and (o tyi) = O(o)yor; o €Y, 1<i< L.

ANNALES DE L’INSTITUT FOURIER



AMENABLE, TRANSITIVE AND FAITHFUL ACTIONS 11

By construction, v € Z and |r = y|r = w|r. Observe that

0(X)DNAY(Dn)| = [0(2)Dn| — [7(Dn)| = [0(X)Dn| — | Dn|
— |6(2)DxADy|.

Moreover,

D
IDNAO(S)Dy| < > [DyAO(0) Dy < [Dw]

gEX
It follows that

D
Dy Aq(Dy)]| < [DxAGE)Dy| +10(2) Dy dy(Dy)] < 122
We also have |DyAgDy| < 1250 for all g € F,,, hence, it suffices to define
C = Dy to see that v € V,,. O

We can now prove Theorem 1.2.1. It suffices to prove that, under suitable
conditions, the set of w € Z such that m,, is faithful is a dense Gs in Z. It
is obvious that such a set is a Gs. The difficulty will be to prove that it is
dense. The idea is very simple: we will start from a faithful action of I" on
Y and consider the faithful action of H obtained by restricting the faithful
action of I" on infinitely many copies of Y. For this action of H, any w € Z
can be approximate by a v € Z such that m, is faithful by taking roughly
v equals to w on sufficiently many (but finitely) copies of Y and v equals
to the original stable letter ¢ € I' on the remaining copies of Y to insure
that 7, is faithful. Let us write this argument precisely.

Proof of Theorem 1.2.1. — Suppose that H admits an amenable and
faithful action with infinite orbits and free on ¥ and 6(X). Define I' =
HNN(H,X,0) = (H,t). By Lemma 2.5 and example 2.6, there exists a
faithful action I' ~ Y with infinite H-orbits such that 3,0(X) ~ Y are
free and the action H ~ Y is amenable. Consider the faithful action I' ~ X
with X =Y x N given by g(y,n) = (gy,n) for g € I" and (y,n) € X. We
view H < T' < S(X). It is obvious that the actions ¥, 6(X) ~ X are free,
the H-orbits are infinite and the action H ~ X is amenable. Hence, by
Lemma 2.1, there exists a Fglner sequence (C,,) for the H-action whose
size goes to infinity (one could also use Lemma 2.4). Thus, we can apply
Lemmas 3.1 and 3.2 to the action H ~ X. Hence, it suffices to show
that the set O = {w € Z : m, is faithful} is a dense G5 in Z. Writing
O = Nger\{1}0y, where Oy = {w € Z : m,(g) # id} is obviously open, it
suffices to show that O is dense. Write X = UTX,, where X,, = {(z,k) €
X : k < n} is infinite and globally invariant under T' for the original
action. Let w € Z and F' C X a finite subset. Let N € N large enough such
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12 Pierre FIMA

that XF Uw(XF) C Xn. The set Xn \ ZF (resp. Xn \ w(XF)) is infinite
and globally invariant under ¥ (resp. 6(X)). Hence, there exists a bijection
Y : Xn \ ZF = Xy \ w(XF) satisfying v = 6(0)y for all o € 3.
Define v € S(X) by 7[sr = wlsr, 7|[xy\sr = 70 and 7y|xg = t[xg. By
construction, v € Z and v|p = w|r. Moreover, since 7,(9)(y,n) = (gy,n)
for all n > N and since I' ~ Y is faithful, it follows that 7, is faithful. O

Remark 3.3. — The following more general result is actually true.

For all amenable and faithful action on a countable set H ~ Y with
infinite orbits and free on X and 0(X), there exists an amenable, transitive
and faithful action on a countable set ' ~ X such that, for all h € H,
Fixy (h) = 0 implies Fixx (h) = 0.

Indeed, it follows from Lemma 2.5 and Example 2.6, that the replacement
by the induced action preserves the property that elements in H have an
empty fixed point set. Also, the replacement by the action on X =Y x N
preserves this property. Since 7, (h) = h for all h € H and all w € Z, this
proves the remark.

4. Amalgamated free products in the class A

In this section we prove Theorem 1.2.2. The notations are independent
of the ones of section 3.

Let X be an infinite countable set. For the rest of this section we assume
that I'1,Ty < S(X) are two countable subgroups of the Polish group of
bijections of X with a common finite subgroup ¥ such that ¥ ~ X is free.
Define

Z ={weSX) : wo=ow for all o € &}.
Z is a non-trivial closed subgroup of S(X). Let T' = T'; #x I's. By the
universal property, for all w € Z, there exists a unique group homorphism
Tw : I — S(X) such that 7,(g9) = g and 7, (h) = w™thw for all g €
I'y,hels.

LEMMA 4.1. — If the actions I'1 ~ X and I's ~ X have infinite orbits
then the set
U={weZ: m, is transitive }
is a dense G in Z.

Proof. — Write U = Ny yexUs,,y, where U, = {w € Z : there exists
g € T such that 7, (g)z = y}. Since Uy, is open in Z for all z,y € X, it
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AMENABLE, TRANSITIVE AND FAITHFUL ACTIONS 13

suffices to show that it is dense in Z. Let z,y € X, w € Z and F C X a
finite subset. Since I'y ~ X has infinite orbits, there exists g € I'y such
that g1z ¢ XF. By the same argument, there exists also go € T'; such
that g; 'y ¢ ©F U Xgx. Take z,t € X in the same T'y-orbit and in the
complement of the finite set w(EZF U gz UXg, 'y) such that XzN¥t = (.
Write ¢ = hz where h € I'; and define

Y =XqgoU Eggly UXw tz U Sw .
One has F € Y° and w(Y) = Swgi2USwg, 'yUXz %t Define v € S(X)
by v[ye = wly- and,
Yogiz) = oz, y(ogy'y) = ot, y(ow™'2) = owgiz,
Y(ow™t) = owgyly Vo € X.

By construction, v € Z and v|r = w|r. Moreover, with g = gohgy € T, one
has

Ty (9)z = g2v ' hygiz = g2y hr = goy 't = gogs 'y =y 0

LEMMA 4.2. — If there exist Folner sequences (C,) and (D,,) for the
actions I'y ~ X and T's ~ X respectively such that |Cy|,|D,| — oo and

I‘Z"‘l — 1 then the set V. ={w € Z : m,, is amenable } is a dense G5 in Z.

Proof. — We start the proof with the following simple claim.

CLAIM. —

(1) For all finite subsets Y1,Y, C X there exists Y-invariant Fglner
sequences (CV) and (D)) for the actions 1 ~ X and T'y ~ X
respectively such that |Cl|, | D} | — oo, ‘Igél‘ —land C,NY; =0,
D!/ NY; =0 for all m € N. !

(2) Let F, Y1 C X be finite subsets such that XYy N F = (. For all
finite subset Yo C X and all w € Z, there exists v € Z such that
Y|F = w|F and XY, Ny71(ZY3) = 0.

Proof of the claim. — 1. Take CJ, = ¥C,, \ Y7 and D), = ¥D,, \ XY,
and shift the indices if necessary. We leave the details to the reader.

2. Write Y7 = L!_; Xx;. Since the set YwY; U SwF U XY; is finite and
Y invariant, we can find [ disjoint 3-orbits ¥z1, ... Xz in its complement.
Define Y = U, X, U¥w ™1 2;. Then, F C Y¢and w(Y) = L_, Swz; UX2;.
Define v € S(X) by v|ye = w|ye and,

vY(ox;) =0z y(ow 'z) =owx; forall o€ X, 1<i<L.

By construction v € Z and v|p = w|p. Moreover, v(£Y1)NXY, =0. O
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14 Pierre FIMA

End of the proof of Lemma 4.2. — Write I'; = UTE,, and Ty = UTG,,,
where |F,|, |G| < co. Since I' is generated by I'; and T’y it follows that
T, is amenable if and only if, for all m > 1 there exists a non-empty finite
set C' C X such that

7 (9)CAC| _ [9CAC]
] C|

<*V€F

and
| (h)CAC _ |hw(C)Aw(C)] < i Vhe G
€] IC| m
Write V' = Ny, >1 Vi, where

={weZ:3CCX,0<|C|]<o0,

such that

9OAC] _ 1 [h(C)Au(C))

] m ]

Since V,,, is open in Z, it suffices to show that V,,, is dense in Z. Let w € Z
and F C X a finite subset. By the first assertion of the claim, we can
assume that (C,) and (D,,) are X-invariant Fglner sequences such that
C,NF =0and D,Nw(F) =0 for alln € N. Let N € N large enough such
that

1
< — Vg€ F,,heGyl}
m

‘gCNACN| < i |hDNADN| <« -
|Cn| m’ |Dy| 4m’
_ |Dn|
|Cn|
By the second assertion of the claim we may and will assume that
Cy Nw Y (Dy) = 0. Write Cy = U._;Yx; and Dy = U?zlEyj. Let
M = Min(l, k) and define Y = UM ¥z, L Xw~ly;. Then, one has F C Y*¢
and w(Y) = UM, Swx; U Xy;. Define v € S(X) by v]ye = w|y. and,

1
<7 forall g € F,,,, h € Gp,.

Y(ox;) = oy; y(ow ty) = owx; forallo € X, 1<i< M.
By construction v € Z and v|p = w|p. Moreover,

|CN|

|7(Cn)ADN| = [[Dn| = |Cn|| < am

Hence, for all h € GG,,,, one has,
|hy(Cn)AY(CN)| < [y (CN)ARDN| + [RDNADN| + [DnAY(Cn))|
= 2|’y(CN)ADN| + ‘hDNADN|

|Cn| 1\ [hDNADy| (&
—_— 1+ — ) —|C —_
< om + 4 |Dy| Ol < m
Defining C' = C, we see that v € V,,,. O
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Proof of Theorem 1.2.2. — Suppose that the triple (X,T'1,T2) satisfies
the hypothesis of Theorem 1.2.2 and define I' = T'y xx I's. By Lemma
2.5, for all i € {1,2}, there exists a faithful action I' ~ Y; with infinite
I';-orbits such that ¥ ~ Y; is free and the action I'; ~ Y; is amenable.
Moreover, by Example 2.6, I' ~ Y; also has infinite I';j-orbits for j # 1.
Define Y = Y7 U Y5. Then the natural faithful action I' ~ Y has infinite
T';-orbits for i = 1,2, ¥ ~ Y is free and I'; ~ Y is amenable for : = 1, 2.
Define X =Y x N with the faithful I'-action given by ¢(y,n) = (gy,n) for
geTand (y,n) € X. View ¥ < I't, Ty < T < S(X). It is clear that ¥
acts freely on X. Moreover, by Lemma 2.4, we can find Fglner sequences
(Cy) and (D,,) for the actions of I'y and I'y on X respectively such that
|Cp| — o0, |Dp| — oo and ﬂg:\l — 1. Thus, we can apply Lemmas 4.1
and 4.2 to the actions I';,I's ~ X. Hence, it suffices to show that the
set O = {w € Z : m, is faithful} is a dense Gs in Z. As in the proof
of Theorem 1.2.1 it is easy to write O as a countable intersection of open
sets. Hence, it suffices to show that O is dense in Z. Let w € Z and
F C X a finite subset. Write X = UTX,, where X,, = {(z,k) € X :
k < n} is infinite globally invariant under T'. Let N € N large enough
such that XF Uw(XF) C Xy. Since the sets Xy \ ZF and Xy \ w(XF)
are infinite and Y-invariant, there exists a bijection 79 : Xy \ TF —
Xy \ w(XF) such that ygo = oo for all ¢ € 3. Define v € S(X) by
Vlsr = wlsr, VIxy\2r = 70 and ¥|xg, = id|x¢ . By construction, v € Z
and ~y|p = w|p. Moreover, since 7, (g)(y,n) = (gy,n) for all g € T and all
(y,n) € X with n > N and because I' ~ Y is faithful, it follows that 7, is
faithful. |

Remark 4.3. — The following more general result is actually true.

If, fori = 1,2, there exists an amenable and faithful action on a countable
setI'; ~ Y; with infinite orbits and free on % then, there exists an amenable,
transitive and faithful action on a countable set I' ~ X with the property
that, for all i = 1,2, for all h € T';, Fixy, (h) = 0 implies Fixx (h) = 0.

Indeed, the first replacement by the induced action from I'; to I' pre-
serves the property that the elements in I'; have an empty fixed point set.
Moreover, Lemma 2.5 and example 2.6 imply that I'; ~ Yj is free for
1 # j. Hence, the property to have an empty fixed point set for the actions
I'','s Y = Y; UY5 is preserved. The replacement by the action on
X =Y x N also preserves this property. Since, for all w € Z, 7,,(9) = g
for all g € T'y and Fixx (m,(h)) = w™!(Fixx (h)) for all h € I'y, this proves
the remark.
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5. Groups acting on trees in the class A

This section contains the proof of Theorem 1.3. Let G be a graph. We
denote by E(G) its edge set and by V(G) its vertex set. For e € E(G) we
denote by s(e) the source of e and r(e) the range of e.

Let T' be a countable group acting without inversion on a non-trivial
tree T with finite quotient graph G = T/T" and finite edge stabilizers. By
[10], the quotient graph G can be equipped with a structure of a graph of
groups (G, {I'p}pev(g), {Xe fecr(g)) Where each X is isomorphic to an edge
stabilizer and each I', is isomorphic to a vertex stabilizer and such that I
is the fundamental group of this graph of groups i.e., given a fixed maximal
subtree 7 C G, T is generated by the groups I'), for p € V(G) and the edges
e € E(G) with the relations

e=et, s.(x)=erc(x)e”t Vo eX, and e=1 Yec E(T),

where s, 1 Yo — [y and re @ ¥e — T'y(¢) are respectively the source and
range group homomorphisms. We will prove the following stronger version
of Theorem 1.3 by induction on n = £|E(G)| > 1.

THEOREM 5.1. — Suppose that, for all p € V(G), there exists an ame-
nable and faithful action on a countable set I', ~ X,, with infinite orbits
and free on s.(X.) for all e € E(G) such that s(e) = p. Then, there exists
an amenable, faithful and transitive action on a countable set I' ~ X such
that, for all p € V(G) and all h € T, Fixx, (h) = 0 implies Fixx (h) = 0.

Proof. — If n = 1 then T is either an amalgamated free product I' =
Iy 5 Iy where (X,T'1,T'2) satisfies the hypothesis of Theorem 1.2.2 or an
HNN-extension I' = HNN(H, X, 0) where (H, X, 0) satisfies the hypothesis
of Theorem 1.2.1. In the amalgamated free product case we use Remark
4.3 and in the HNN-extension case we use Remark 3.3 to obtain that T’
satisfies the conclusion of the theorem. Let n > 1 and suppose that the
conclusion holds for all 1 < k < n. Suppose that |E(G)| = n + 1. Let
e € E(G) and let G’ be the graph obtained from G by removing the edges
e and €.

Case 1: G’ is connected. It follows from Bass-Serre theory that I' =
HNN(H, X, 0) where H is the fundamental group of our graph of groups
restricted to G/, ¥ =7.(3.) < H and 0 : ¥ — H is given by 6 = s, o L.
By the induction hypothesis and Remark 3.3 it follows that I' satisfies the
conclusion of the theorem.

Case 2: G’ is not connected. Let G; and G, be the two connected
components of G’ such that s(e) € V(G1) and r(e) € V(Gz2). Bass-Serre
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theory implies that I' = I'y *y 'z, where I'; is the fundamental group of
our graph of groups restricted to G;, i = 1,2, and ¥ = ¥, is viewed as a
subgroup of I'; via the map s, and as a subgroup of I'; via the map r.. By
the induction hypothesis and Remark 4.3, I" satisfies the conclusion of the
theorem. g

The proof of Theorem 1.3 follows from Theorem 5.1 and Lemma 2.3 since
an almost free action on an infinite set is faithful.
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