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LOCALIZATION OF BASIC CHARACTERISTIC
CLASSES

by Dirk TÖBEN (*)

Abstract. — We introduce basic characteristic classes and numbers as new
invariants for Riemannian foliations. If the ambient Riemannian manifold M is
complete, simply connected (or more generally if the foliation is a transversely
orientable Killing foliation) and if the space of leaf closures is compact, then the
basic characteristic numbers are determined by the infinitesimal dynamical behav-
ior of the foliation at the union of its closed leaves. In fact, they can be computed
with an Atiyah-Bott-Berline-Vergne-type localization theorem for equivariant basic
cohomology.
Résumé. — Nous introduisons des classes et des nombres caractéristiques basi-

ques d’un feuilletage riemannien. Si la variété riemannienne est complète, simple-
ment connexe (ou plus généralement si le feuilletage est un feuilletage de Killing
transversalement orientable) et si l’espace des ahérences des feuilles est compact,
alors les nombres caractéristiques basiques sont déterminés par la dynamique in-
finitésimale du feuilletage en l’union des adhérences des feuilles fermées. En effet,
ils peuvent être calculés avec un théorème de localisation de type Atiyah-Bott-
Berline-Vergne pour la cohomologie équivariante basique.

1. Introduction

The Poincaré-Hopf Theorem states that by properly counting the sin-
gularities of a vector field, or more precisely by adding their indices, one
obtains the Euler characteristic.

In modern terms this result can be viewed as the localization of the Euler
class, where the indices are residual data; a proof of the Poincaré-Hopf
Theorem with this method was first given by Chern for dimension two. For
a Killing field, an infinitesimal isometric motion, on a Riemannian manifold

Keywords: Riemannian foliations, basic cohomology, equivariant cohomology, character-
istic classes, localization.
Math. classification: 57R30, 53C12, 57R20.
(*) The author was supported by the Schwerpunktprogramm SPP 1154 of the DFG.



538 Dirk TÖBEN

Bott ([6]) localized polynomials of top degree in the Pontryagin classes of
the manifold to its singularities. Later Berline and Vergne on the one hand
([5]) and Atiyah and Bott on the other hand reproved this result using
equivariant cohomology. Atiyah and Bott used their localization formula
for equivariant cohomology of torus actions ([3, Sections 3 and 8]). We
aim to define basic characteristic numbers of Riemannian foliations and
compute them in the same spirit by using equivariant basic cohomology
introduced in [10].
Let (M,F) be a transversely oriented Riemannian foliation of codimen-

sion q, i.e. a foliation with locally equidistant leaves (for the precise defi-
nition see Section 3.1). The characteristic forms of the normal bundle νF
of F with respect to a Riemannian basic connection are basic forms. The
corresponding cohomology classes in the basic cohomology ring H∗(M,F )
are called basic characteristic classes, and they form a subring which we
call the basic Euler-Pontryagin ring (Section 7.1). Via a transverse version
of integration

∫
F : Hq(M,F)

∼=→ R constructed by Sergiescu (Section 5), we
define the basic characteristic number

∫
F p for an element p of the basic

Euler-Pontryagin ring of degree q. The set of these numbers is a new in-
variant for Riemannian foliations. We emphasize a difference of our basic
point of view to other papers as e.g. [16]. There the characteristic forms
of the normal bundle of the foliation are considered in H∗(M) instead of
H∗(M,F) which leads under the additional assumption that the normal
bundle is trivial to secondary characteristic classes.
The Molino sheaf of a Riemannian foliation gives rise (in the simply-

connected case or more generally for Killing foliations) to a transverse
action of an abelian Lie algebra a, called structural Killing algebra, whose
orbits of the leaves are the leaf closures (Section 3.3). In this respect this
action describes the transverse dynamical behavior of the foliation. Accord-
ing to [10] a transverse action allows one to construct the equivariant basic
cohomology algebra of (M,F) (see Section 6) which we expect to link co-
homological and dynamical data. We extend the basic characteristic class
p(Ω), where Ω is the curvature 2-form of the canonical Riemannian basic
connection (which is a-invariant) to an equivariantly basic characteristic
class p(Ω + LX) in analogy to [5] and [3, Section 8] and localize it via an
Atiyah-Bott-Berline-Vergne type localization formula for equivariant basic
cohomology to the union C of closed leaves (see below). Our main result
is that the characteristic number

∫
F p is determined by the infinitesimal

behavior of the foliation at C.
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LOCALIZATION OF BASIC CHARACTERISTIC CLASSES 539

Theorem (ABBV-type localization formula). — Let F be a Riemann-
ian foliation on a connected, complete, simply-connected Riemannian man-
ifoldM such thatM/F is compact. For any closed equivariantly basic form
ω we have ∫

F
ω =

∑
i

ci

∫
Ci/F

(
i∗Ciω

ea(νCi, F̂)

)
.

Here the Ci are the connected components of C and ea(νCi, F̂) is the
equivariant basic Euler class of the foliated normal bundle νC whose folia-
tion is induced from the natural foliation F̂ on νF . Note that a basic form
of (Ci,F) descends to a form on the orbifold Ci/F . The integral

∫
Ci/F de-

notes standard integration on the orbifold Ci/F , and the ci are constants
(see Section 5). As a special case we get:

Theorem. — Let F be a Riemannian foliation of even codimension q

on a connected, complete, simply-connected Riemannian manifold M such
that M/F is compact. Moreover, assume that the closed leaves {Li} are
isolated. Then ∫

F
p(Ω) =

∑
i

(−1)q/2ci
p(αi1, . . . , αiq/2)
αi1 · · ·αiq/2

.

for a Pontryagin polynomial p of degree q/2.

Here the αi1, . . . , αiq/2 are the weights counted with multiplicity of a de-
composition of νxLi into irreducible invariant subspaces of the isotropy
representation of the transverse action, where x ∈ Li is arbitrary.
The results are more generally true for transversely oriented Killing fo-

liations on complete Riemannian manifolds with M/F compact.
A crucial technical tool that is interesting in its own right is a basic

version of the Thom isomorphism for foliated bundles over Riemannian
foliations. We prove it in greater generality than needed here for possible
further applications.

In Section 2 we define foliated bundles and prove invariance of basic
cohomology under basic homotopies.

Then we briefly remind the reader of Molino’s structure theory of Rie-
mannian foliations and recall how the Molino sheaf gives rise to a transverse
action for certain Riemannian foliations, namely Killing foliations, in Sec-
tion 3.

In Section 5 we recall transverse integration as defined by Sergiescu which
he used to prove basic Poincaré duality for Riemannian foliations. We will
need this integration later to define basic characteristic numbers.

TOME 64 (2014), FASCICULE 2



540 Dirk TÖBEN

In Section 4 we prove a basic version of the Thom isomorphism for foli-
ated bundles over Riemannian foliations. The main application in this paper
is the naturally foliated normal bundle (νC, F̂), where C is the union of
closed leaves of a Riemannian foliation. For a Killing foliation we extend
the basic Thom isomorphism to an equivariant basic Thom isomorphism
in Section 6 after recalling the notion of equivariant basic cohomology.
In Section 7 we define basic characteristic classes for the normal bundle

of a Riemannian foliation and we introduce basic characteristic numbers as
new invariants for Riemannian foliations. We extend the basic characteris-
tic classes to equivariant basic characteristic classes for Killing foliations.
We then prove an Atiyah-Bott-Berline-Vergne type localization formula in
equivariant basic cohomology (see above) using the equivariant basic Thom
isomorphism for (νC, F̂). The application of this localization formula to
equivariant basic characteristic classes finally allows us to compute the
corresponding basic characteristic numbers in local terms around C, see
the above theorem.
In the appendix we prove that a Riemannian foliation on a manifold M ,

which is complete with respect to a compatible bundle-like metric, and for
which M/F compact (e.g. if M is compact) has a good saturated cover.
The latter notion is needed for the proof of the basic Thom isomorphism
for Riemannian foliations.

Acknowledgements. — The author is grateful to Oliver Goertsches and
to Steven Hurder for various very helpful discussions. The referee deserves
thanks for recommending several improvements in exposition.

2. Foliated bundles

Let (M,F), (X,G) and (E, E) be foliated manifolds and let π : E → M

be a surjective map. In this paper all maps are assumed to be smooth.
Then π is called a foliated bundle with typical fiber X, if the following
holds: there is a cover {Uα} of M and diffeomorphisms

φα : (E|Uα, E) = (π−1(Uα), E)→ (Uα,F)× (X, {∗}),

of foliations, the trivializations, such that π ◦ φ−1 : Uα × X → Uα is the
projection. That means, with respect to trivializations, (E, E) is locally the
product foliation of (Uα,F) and the trivial foliation of X by points.
For α, β the map

φα ◦ φ−1
β : (Uα ∩ Uβ)×X → (Uα ∩ Uβ)×X

ANNALES DE L’INSTITUT FOURIER



LOCALIZATION OF BASIC CHARACTERISTIC CLASSES 541

restricted to each fiber is an element of the group of diffeomorphisms
Diff(X) of X. We obtain transition maps

γαβ : Uα ∩ Uβ → Diff(X)

γαβ(p) = φα ◦ φ−1
β |{p} ×X

that are constant along the leaves of F|(Uα ∩ Uβ) and which fulfill the
cocycle condition γαβ(p) ◦ γβδ(p) = γαδ(p) for all p ∈ Uα ∩ Uβ ∩ Uδ.

Conversely, a manifold X, a foliated manifold (M,F), a covering {Uα}
of M , and transition maps {γαβ} that are constant along the leaves of
F|(Uα ∩ Uβ) yield a foliated bundle π : (E, E)→ (M,F) with typical fiber
X. If moreover the values of the transition maps lie in a subgroup G of
Diff(X) we say that the structure group of the foliated bundle is G. If X
is a vector space and G = GL(X) we call (E, E) a foliated vector bundle.
A map f : (M,F)→ (M ′,F ′) between foliated manifolds is called foliate,

if it respects foliation, i.e. maps leaves to leaves. A homotopy H : (M,F)×
[0, 1]→ (M ′,F ′) is basic if Ht := H( · , t) : (M,F)→ (M ′,F ′) is foliate for
all t ∈ [0, 1]. For a foliated manifold (M,F) we consider the complex

Ω∗(M,F) = {ω ∈ Ω∗(M) | ιXω = 0,LXω = 0 for all X ∈ Ξ(F)}

of basic forms; here Ξ(F) is the space of vector fields tangential to F .
It is a differential subcomplex of Ω∗(M) whose cohomology we denote by
H∗(M,F). This is the basic cohomology ring of (M,F). The pull back f∗
of a foliate map f : (M,F) → (M ′,F ′) respects the basic complexes and
therefore induces a homomorphism f∗ : H∗(M ′,F ′)→ H∗(M,F).

Proposition 2.1. — Let (M,F) be a foliated manifold and π : (M ×
Rn,F × {∗}) → (M,F) the trivial foliated bundle over it. Then H∗(M ×
Rn,F × {∗}) and H∗(M,F) are isomorphic via π∗ which has the inverse
map s∗, where s : M →M × Rn is the zero section.

Proof. — By induction on n it is sufficient to consider the foliated bun-
dle π : (M ×R,F × {∗})→ (M,F). For the moment we forget the foliated
structures and regard π : M × R → M as an ordinary bundle. For a chart
domain U ⊂ M every ordinary form on U × R is uniquely a linear com-
bination of the two types of forms (π∗φ)f(x, t) and (π∗φ)f(x, t)dt, where
φ is a form on the base U and f a function on U × R. The operator
K : Ω∗(M × R)→ Ω∗−1(M × R) is defined locally by

(π∗φ)f(x, t) 7→ 0,

(π∗φ)f(x, t)dt 7→ (π∗φ)
∫ t

0
f.

TOME 64 (2014), FASCICULE 2



542 Dirk TÖBEN

It is well-defined. Now we take the foliated structures into consideration.
With respect to trivializations of π over foliated chart domains of (M,F)
the restriction of the map π looks like the projection ρ : Rp × Rq × R →
Rp × Rq where the foliations have leaves of the form Rp × {∗}. Now every
every basic form on Rp+q+1 is uniquely a linear combination of the two
types of forms (ρ∗φ)f(x, y, t) and (ρ∗φ)f(x, y, t)dt, with φ an ordinary form
on the base Rp+q and f a function on Rp+q+1 which is independent of x. We
see that K maps basic forms to basic forms and we denote its restriction by
Kb : Ω∗(M ×R,F ×{∗})→ Ω∗−1(M ×R,F ×{∗}). It is known (see e.g. [7,
p. 34]) that K is a homotopy operator with 1 − π∗s∗ = (−1)k(dK −Kd)
on Ωk(M ×R). Since π and s are foliate the same identity holds for Kb on
the basic subcomplex. Thus the map s∗ : H∗(M×R,F×{∗})→ H∗(M,F)
and its inverse map π∗ are isomorphisms. �

Corollary 2.2. — Let f0, f1 : (M,F)→ (M ′,F ′) be foliate maps that
are basically homotopic via a foliate map f : M × [0, 1]→ M ′. Then f∗0 =
f∗1 : H∗(M ′,F ′)→ H∗(M,F).

Proof. — As in [7, Corollary 4.1.2]. For i = 0, 1 let si : M →M × {i} ⊂
M × [0, 1] be the natural inclusion. Since both s∗0 and s∗1 invert π∗ in basic
cohomology, by Proposition 2.1 they are identical. Thus f∗0 = (F ◦ s∗0) =
s∗0 ◦ F ∗ = s∗1 ◦ F ∗ = (F ◦ s∗1) = f∗1 . �

This implies that two foliated manifolds that are equivalent up to (dif-
ferentiable) basic homotopies have isomorphic basic cohomology rings. In
particular this is true for diffeomorphism of foliated manifolds. It is inter-
esting that basic cohomology is not an invariant of homeomorphisms, as
shown by El Kacimi and Nicolau, see [9, p. 628]. In fact their main result of
is that a homeomorphism h : (M,F)→ (M ′,F ′) between two Riemannian
foliations still yields an isomorphism h∗ : H∗(M ′,F ′)→ H∗(M,F) of basic
cohomology.
We will also need the homotopy invariance of the compact vertical basic

cohomology of foliated bundles. For a foliated bundle π : (E, E) → (M,F)
let Ωcv(E, E) be the complex of basic forms on E with compact vertical
support.

Proposition 2.3. — Let (E, E) be a foliated bundle over some foliated
manifold (M,F) and (E×R, E×{∗}) be the corresponding foliated product
bundle over (M ×R,F × {∗}). Let π : E ×R→ E be the projection. Then
H∗cv(E × R, E × {∗}) and H∗cv(E, E) are isomorphic via π∗ which has the
inverse map s∗, where s : E → E × R; v 7→ (v, 0).

ANNALES DE L’INSTITUT FOURIER



LOCALIZATION OF BASIC CHARACTERISTIC CLASSES 543

Proof. — Basically we replace (M,F) in the proof of Proposition 2.1 with
(E, E). We consider a trivialization of (E, E) over a foliation chart domain
U ⊂M . Every basic form on E|U×R is uniquely a linear combination of the
two types of forms (π∗φ)f(v, t) and (π∗φ)f(v, t)dt, where φ ∈ Ω∗(E|U, E)
and f ∈ Ω0

cv(E|U×R, E ×{∗}), i.e. , a basic function with compact vertical
support. Note that the operator K defined as in the mentioned proof is
a map K : Ω∗cv(E × R, E × {∗}) → Ω∗−1

cv (E × R, E × {∗}). Following the
computation in [7, p. 34]) we deduce that K is a homotopy operator with
1− π∗s∗ = (−1)k(dK −Kd) on Ωk(M × R). �

Corollary 2.4. — Let π : (E, E)→ (M,F) and π′ : (E′, E ′)→ (M ′,F ′)
be foliated bundles. Moreover, let f : (M × R,F × {∗}) → (M ′,F ′) and
f : (E × R, E × {∗})→ (E′, E ′) be foliate maps such that

(E × R, E × {∗})
f //

π×idR

��

(E′, E ′)

π′

��
(M × R,F × {∗})

f // (M ′,F ′).

is commutative. Then f∗0 = f
∗
1 : H∗cv(E′, E ′)→ H∗cv(E, E).

Proof. — As in the proof of Corollary 2.2. �

We will later (in the proof of Theorem 4.6) use this result in the fol-
lowing situation. Let f0, f1 : (M,F) → (M ′,F ′) be foliate maps that are
basically homotopic via a foliate map f : (M × [0, 1],F × {∗})→ (M ′,F ′).
Moreover, let π′ : (E′, E ′) → (M ′,F ′) be a foliated bundle with a ba-
sic connection, that means a connection that is basic (horizontal and in-
variant) with respect to the horizontal lifts of all F ′-tangential vector
fields. Its parallel translation maps respect the foliation E ′. We define
the foliated bundle isomorphism ψ : f∗0 (E′, E ′) × (R, {∗}) → f∗(E′, E ′)
over the identity of M × R by setting ψ(x, v, t) := (x, Pt(v), t) where
x ∈ M,v ∈ E′, t ∈ R, π′(v) = f0(x) and Pt(v) is the parallel translation in
E of v along ft(x). The foliated bundles f∗0E and f∗1E are isomorphic to the
restrictions of the foliated product bundle f∗E′ over M × [0, 1] to M ×{0}
respectively M × {1}, and are therefore isomorphic via a foliated bundle
map ϕ. Then for (E, E) := f∗0 (E′, E ′) and f the concatenation of the nat-
ural bundle map f∗E′ → E′ (having the base map f) with ϕ the diagram
in Corollary 2.4 commutes and by the corollary, up to the isomorphism ϕ∗,
we have f∗0 = f

∗
1 on H∗cv(E, E).

TOME 64 (2014), FASCICULE 2



544 Dirk TÖBEN

3. Riemannian foliations and the Molino bundle

Let F be a foliation on a manifoldM . Recall that by Ξ(F) we denote the
space of differentiable vector fields on M which are tangent to the leaves.
A vector field X on M is said to be foliate if for every Y ∈ Ξ(F) the Lie
bracket [X,Y ] also belongs to Ξ(F). The flow generated by a foliate field
respects the foliation. The set L(M,F) of foliate fields is the normalizer of
Ξ(F) in the Lie algebra Ξ(M) of vector fields on M and therefore a Lie
sub-algebra of Ξ(M). We call the projection of a foliate field X to TM/TF
a transverse field. The set l(M,F) = L(M,F)/Ξ(F) of transverse fields is
also a Lie algebra inheriting the Lie bracket from L(M,F).

3.1. Riemannian foliations and the canonical Riemannian basic
connection

Let F be a foliation and g a metric on TM/TF , called transverse metric.
Let U ⊂ M be a foliation chart domain with projection p : U → V ⊂ Rq
defining F on U as the fibers. If for every such projection p any two vectors
v, w ∈ TU/TF with dp(v) = dp(w) have the same length with respect
to g we say that F is a Riemannian foliation. In this case V ∼= U/F can
be endowed with a metric p∗g such that p : (U, g) → (V, p∗g) becomes
a Riemannian submersion. In this sense a Riemannian foliation is locally
given by Riemannian submersions. We pull back the Levi-Civita connection
from (V, p∗g) to U . These connections coincide on overlaps because of the
uniqueness of the Levi-Civita connection. This is the canonical Riemannian
basic connection. Note that vector fields, that are locally, on a neighborhood
U as above, projectable to vector fields on V , are parallel along the leaves
with respect to this connection.

3.2. Molino bundle

Let M be a connected n-dimensional Riemannian manifold with a Rie-
mannian foliation F and transverse metric g; furthermore, we assume that
M is complete with respect to a bundle-like metric that induces g (see
Section 3.2 in [18], in particular the last paragraph). We denote the codi-
mension of F by q. Let M̂ be the principal K = O(q)-bundle over M of
orthonormal frames of νF = TM/TF , the Molino bundle of (M,F). We

ANNALES DE L’INSTITUT FOURIER



LOCALIZATION OF BASIC CHARACTERISTIC CLASSES 545

denote the natural projection M̂ → M by π. If (M,F) is transversely ori-
entable then M̂ has two connected SO(q)-invariant components. A choice
of transverse orientation corresponds to a choice of a component. In this
case we will by abuse of notation denote this component also by M̂ and let
K = SO(q). The normal bundle νF is associated to M̂ , and we denote the
connection form on M̂ corresponding to the canonical Riemannian basic
connection∇ on νF by ωF . We writeHπ := kerωF for theK-invariant hor-
izontal distribution. The manifold M̂ carries a natural foliation F̂ obtained
by horizontally lifting the leaves of M . Then π : (M̂, F̂)→ (M,F) is a foli-
ated bundle. Moreover, F̂ is respected by the K-action, i.e. K maps leaves
to leaves. By construction ω is a basic form with respect to F̂ , i.e. ιXωF = 0
and LXωF = 0 for all vector fields X tangential to F̂ . In particular, we
may regard ωF as a map ωF : νF̂ → so(q). We write Hπ := Hπ/T F̂ for the
transverse horizontal distribution of π. Now we lift the transverse metric g
on νF to a K-invariant metric on the K-invariant distribution Hπ of νF̂ .
Recall [18, p. 70, p. 148] that the fundamental 1-form θF : νF̂ → Rq is
defined by

θF (Xx̂) = x̂−1(π∗(Xx̂))
where x̂ is an orthonormal frame of νxF , understood as the isomorphism
x̂ : Rq → νxF sending the canonical basis to the frame, and Xx̂ ∈ νx̂F̂ =
Tx̂M̂/Tx̂F̂ . The fundamental 1-form θF is F̂-basic by [18, Lemma 2.1 (i)].
By definition, the standard scalar product on Rq, pulled back with θF to
a degenerate metric on νF̂ , coincides with π∗g. We consider the F̂-basic,
K-equivariant map ωF⊕θF : νF̂ → so(q)⊕Rq. Pulling back the sum of the
standard scalar product on Rq and an arbitrary (unique up to a scalar c)
biinvariant metric on so(q) with ωF⊕θF yields anK-invariant F̂-transverse
metric ĝ on (M̂, F̂) with respect to which F̂ is a Riemannian foliation.
The projection π becomes a Riemannian submersion with respect to the
transverse metrics, i.e. dπ is surjective and the restriction dπ : Hπ → νF
preserves the metric. We fix the scalar c by requiring that the fibers of
π : M̂ →M have volume one.
The foliation F̂ has a global transverse parallelism, i.e. νF̂ is paralleliz-

able by transverse fields (we say F̂ is TP), see [18, p. 82, p. 148], with
complete representatives in L(M̂, F̂), see [10, Section 4.1].
Since F̂ is TP the foliation F̂ by leaf closures is simple, i.e. W := M̂/F̂

is a manifold and F̂ is given as the set of fibers of the locally trivial fibra-
tion ρ : M̂ → W ([18, Proposition 4.1’]), called the basic fibration. As the
right action of K respects F̂ it also respects F̂ by continuity and therefore
descends to an action on W , so that ρ is K-equivariant. The base manifold

TOME 64 (2014), FASCICULE 2



546 Dirk TÖBEN

W can be equipped with a K-invariant metric gW such that ρ becomes a
Riemannian submersion with respect to the transverse metric gp and the
metric gW . Let Hρ the orthogonal complement of T F̂/T F̂ in νF̂ with re-
spect to ĝ. We call it the transverse horizontal distribution of ρ. Since the
transverse metric ĝ is K-invariant, so is Hρ.
Let us look at the following diagram:

(M̂, F̂ ,K)

π

��

% // (W,K)

��
(M,F) // M/F = W/K.

Here vertical arrows mean "mod K", the horizontal "mod leaf closures". We
note that this diagram commutes. In fact, for a leaf closure N of F the
submanifold N

M̂
= π−1(N) is a K-orbit of a leaf closure of F̂ therefore

descends via ρ to a K-orbit NW = ρ(N
M̂

) of W . This process can be
reversed. Thus, leaf closures of (M,F) correspond to K-orbits of W . This
is part of a correspondence principle saying that basic data of F correspond
to equivariant data of (W,K). This was exploited in [14] and in [10].

3.3. Molino sheaf and transverse actions

Let C(M̂, F̂) be the sheaf of local transverse fields that commute with
all global transverse fields, called commuting sheaf of the TP-foliation F̂ ,
see [18, Section 4.4]. Its stalk is a Lie algebra g and we write g := C(M̂, F̂).
Any local section of g is the natural lift of a local transverse Killing field
of M , see [18, Proposition 3.4]. The Molino sheaf of (M,F) is defined as
the sheaf on M whose sections are the local transverse Killing fields that
naturally lift to local sections of g. Thus the Molino sheaf of (M,F) can
be identified with the push-forward π∗C(M̂, F̂) of the commuting sheaf.
By abuse of notation we denote the Molino sheaf also by g. Its stalk is
also g which we call the structural Killing algebra of (M,F). In Molino’s
terminology the Molino sheaf is called commuting sheaf of (M,F), denoted
by C(M,F). A slight difference is that for him, the structural algebra of
(M,F) is the inverse Lie algebra of the stalk of C(M,F). For the next def-
inition note that the Molino sheaf is locally constant by [18, Theorem 5.2].

Definition 3.1 ([19]). — A Killing foliation is a Riemannian foliation
whose Molino sheaf is globally constant.
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LOCALIZATION OF BASIC CHARACTERISTIC CLASSES 547

A Riemannian foliation on a simply-connected manifold is therefore au-
tomatically a Killing foliation. (M,F) is a Killing foliation if and only if
C(M̂, F̂) is globally constant. In this case the structural Killing algebra g is
the center of l(M̂, F̂). Identifying g with the Lie algebra of global sections
of the Molino sheaf, g is contained and central in l(M,F). See also [18,
Theorem 5.2]. Therefore g is abelian (but not necessarily the full center
of l(M,F)). In order to indicate this we will denote the structural Killing
algebra of a Killing foliation by a.

Definition 3.2 ([10, Section 2]). — A transverse action of a finite-
dimensional Lie algebra g on a foliated manifold (M,F) is a Lie algebra
homomorphism g→ l(M,F), X 7→ X∗.

The structural Killing algebra a lies in l(M̂, F̂) respectively in l(M,F)
and therefore defines transverse actions on (M̂, F̂) and (M,F). The pro-
jection π is a-equivariant, i.e. dπ(X∗) = X∗ ◦ π. The orbits of leaves under
the two transverse actions are the respective leaf closures of F̂ and F ; for
more details see [10, Section 2, Theorem 4.2].

4. Basic Thom isomorphism

Let π : E → M be an oriented fiber bundle with fiber dimension r.
Let π∗ : Ωr+∗cv (E) → Ω∗(M) be the integration along the fibers, where Ωcv
denotes the de Rham complex of forms with compact vertical support. It
is defined as follows. Let ω ∈ Ωr+kcv (E), p ∈M and ξ ∈

∧k(TpM). Then

(π∗ω)p(ξ) :=
∫
Ep

ω( · , ξ),

where ξ is a field of alternating vectors along Ep that map to ξ via π∗. See
for instance [11, I.7.12]; in [7, p. 61] an equivalent definition is given.

Proposition 4.1. — We have

dπ∗ = π∗d

ιXπ∗ = π∗ιX̃
LXπ∗ = π∗LX̃ ,

where X and X̃ are π-related. Moreover, the projection formula

π∗((π∗τ) ∧ ω) = τ ∧ π∗ω

holds for any form τ on M and any form ω on E with compact vertical
support.
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Proof. — See [11, Propositions IX and X, I.7.13] and [7, Proposition
6.15(a)]. �

A foliated bundle π : (E, E) → (M,F) is called orientable if there is a
nowhere vanishing E-basic top form. Let our foliated bundle π be oriented.
By Proposition 4.1 π∗ respects the basic subcomplexes, and we obtain a
chain map π∗ : Ωr+∗cv (E, E)→ Ω∗(M,F) giving rise to

π∗ : Hr+∗
cv (E, E)→ H∗(M,F).

We note that π∗ : Ω∗(M,F) → Ω∗(E, E) also respects the basic subcom-
plexes.
In analogy to the general case we have:

Proposition 4.2. — Integration along the fibers as a homomorphism
of basic complexes is natural with respect to foliate bundle maps that are
fiberwise diffeomorphisms.

Proof. — Since integration along the fibers is natural for the ordinary
differential complexes by [11, Corollary I, I.7.12], so is its restriction to the
basic subcomplexes. �

Let X be a Riemannian manifold. We call a foliated bundle π : (E, E)→
(M,F) with typical fiber X and structure group Iso(X) a Riemannian fo-
liated bundle. If X is orientable, and if the structure group can be reduced
to the group of orientation preserving isometries of X (as structure groups
of foliated bundles), the foliated bundle is orientable. If X is a Euclidean
space and the transition maps are in the orthogonal group O(X) we call
π : (E, E) → (M,F) a Riemannian foliated vector bundle. A Riemannian
foliated bundle has a natural fiberwise metric. If the bundle in addition
has a Riemannian basic connection then the fiberwise metric can be ex-
tended to a transverse metric of (E, E) (similar to the Sasaki metric of the
double tangent bundle of a Riemannian manifold) such that E becomes a
Riemannian foliation and π a Riemannian submersion for the transverse
metrics.

Lemma 4.3. — Let (M,F) be a Riemannian foliation with a dense leaf
L and let π : (E, E) → (M,F) be an oriented Riemannian foliated vector
bundle of rank r with a Riemannian basic connection. Then the integration
along the fibers π∗ : Hr+∗

cv (E, E)→ H∗(M,F) is an isomorphism.

Proof. — First let L be closed and p ∈ L. Then Ω(L,F) = Ω({p}) and
Ωcv(E, E) = Ωc(Ep)K , where K ⊂ SO(Ep) is the closure of the holonomy
group of the foliated bundle at p. We have to show that

∫
: Ωr+∗c (Ep)K →

Ω∗({p}) induces an isomorphism in cohomology. By Poincaré duality
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∫
: Hr+∗

c (Ep) → H∗({p}) is an isomorphism. By averaging over the com-
pact Lie group K, we have H∗(Ωc(Ep)K) = H∗c (Ep)K , which is R in di-
mension r, since K preserves the volume form, and otherwise zero. So∫

: Hr+∗(Ωc(Ep)K)→ H∗({p}) is an isomorphism.
Now we assume that L is not closed. The next aim is to find a de-

scription for H∗(L,F). Let (M̂, F̂) be the Molino bundle and define the
fibered product P = M̂ ×M SO(E) which is a principal bundle over M
with structure group S := O(q) × SO(r). It carries a natural foliation
FP := F̂ ×M E = {L1 ×M L2 | L1 ∈ F̂ , L2 ∈ E} that is respected by the
S-action. The projection ρ : P → M is foliate. The map ωF × ωE × θF ×
θE : νE|M = νF ⊕ E → so(q) × so(E) × Rq × Rr is foliate and defines a
transverse parallelism of FP ; here the ω’s are Riemannian basic connec-
tion forms and the θ’s the fundamental 1-forms. Pulling back an invariant
metric on the right side yields a transverse metric for which the foliation
is Riemannian (compare with Section 3.2). Let N be the leaf closure of a
leaf of FP over L. The restriction ρ|N : N → L is a foliate principal bun-
dle with structure group K := SN = S

L̂
. The restricted foliation on N

inherits a transverse parallelism from FP and is therefore a Lie foliation
whose Lie algebra we denote by g. According to Fedida there is a covering
p1 : Ñ → N whose lifted foliation F ′ is given as the fibers of a submersion
p2 : Ñ → G, where G is the simply-connected Lie group with Lie algebra
g ([18, Theorem 4.2’, p. 134]). The action by deck transformations Γ of p1
respects the foliation and therefore descends along the map p2 to a dense
subgroup of G acting from the left. Let us consider the lower line in the
following diagram.

G× Rr

��

p∗1ρ
∗E //oo

��

ρ∗E //

��

E

π

��
G Ñ

p1 //p2oo N
ρ // L.

Via p∗1 and p∗2 we have isomorphisms Ω(N,FP ) ∼= Ω(Ñ , p∗1FP )Γ ∼= Ω(G)G =
Λg∗ of differential complexes, where Λg∗ has the Chevalley-Eilenberg dif-
ferential dg. Since (Ω(L,F), d) is the K-basic subcomplex of Ω(N,FP ) we
obtain

Ω(L,F) ∼= (Λg∗)basK .

For the upper line of the diagram note that ρ∗E is a foliated bundle and
therefore also p∗1ρ∗E. Note that the action of Γ naturally extends to p∗1ρ∗E.
In other words, this bundle is Γ-equivariant. Then it descends along p2 to
a G-invariant vector bundle over G, i.e. to G×Rr. This means Ωcv(ρ∗E) ∼=
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Ωcv(G×Rr)G ∼= Λg∗⊗Ωc(Rr). Passing to the K-basic subcomplexes yields

Ωcv(E, E) ∼= (Λg∗ ⊗ Ωc(Rr))basK .

Here basK means the k-horizontal, K-invariant part. We want to see that
the integration along the fibers π∗ : Ωcv(E, E) ∼= (Λg∗ ⊗ Ωc(Rr))basK →
(Λg∗)basK ∼= Ω(M,F) induces an isomorphism in cohomology. Define the
two K-differential graded algebras A = Λg∗ and B = Ωc(Rr) (for the
definition see [15, Definition 3.12] or [12, Definition 2.3.1]; compare with
Definition 6.1). Let ξa, a = 1, . . . ,dim k be a basis of k, the Lie algebra of K.
Since K is compact, g has an Ad(K)-invariant subspace p complementary
to k. We extend the basis of k by ξb ∈ p, b = dim k + 1, . . . ,dim g to a basis
of g. Let θ1, . . . , θdim g be the dual basis of ξ1, . . . , ξdim g. From now on the
variable a runs in the range 1, . . . , k, b in the range dim k+ 1, . . . ,dim g and
c in the range 1, . . . ,dim g. The set of θa is dual to the set of ξa and their
span in A is K-invariant; in other words A satisfies condition (C), see [12,
Definition 2.3.4] (this is equivalent to the existence of a connection in the
sense of [1, Definition 3.4]). We will write ιa and La for the derivations ιξa
and Lξa . For two K-differential graded algebras A and B with A satisfying
condition (C) there is a K-equivariant algebra automorphism φ of A⊗B,
the Mathai-Quillen isomorphism, mapping (A⊗B)hor to Ahor⊗B (see [12,
(4.12)]), where hor denotes the k-horizontal part, and therefore (A⊗B)basK
to (Ahor ⊗ B)K . The Mathai-Quillen isomorphism φ : A ⊗ B → A ⊗ B is
defined by φ := exp γ = 1 + γ + 1

2γ
2 + . . . + 1

(dim k)!γ
dim k where γ :=∑

a θ
a ⊗ ιa ∈ End(A⊗B). In our case we obtain the isomorphism

φ : (Λg∗ ⊗ Ωc(Rr))basK → ((Λg∗)hor ⊗ Ωc(Rr))K .

The differential d = dg ⊗ 1 + 1⊗ dRr translates via φ into

D :=φdφ−1 = dg ⊗ 1 + 1⊗ dRr −
∑
a

µa ⊗ ιa +
∑
a

θa ⊗ La

=
∑
a

θa(La ⊗ 1 + 1⊗ La) + 1⊗ dRr −
∑
a

µa ⊗ ιa +
∑
b

θb ⊗ Lb

=1⊗ dRr −
∑
a

µa ⊗ ιa +
∑
b

θb ⊗ Lb

The second equality is [12, Equation (4.11)], the third follows from dg =∑
c θ

cLc, the fourth since La ⊗ 1 + 1 ⊗ La is zero on the invariant forms;
here µa are the curvature forms ([12, Equation (3.10)]). By passing to K-
invariant forms we obtain the top horizontal line in the following diagram
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of differential complexes.

Ωcv(E, E)

π∗

��

∼=// (Λg∗ ⊗ Ωc(Rr))basK

s

��

φ

∼= // ((Λg∗)hor ⊗ Ωc(Rr))K

s

��
Ωcv(M,F)

∼= // (Λg∗)basK
= // (Λg∗)basK .

We have to identify the middle and right vertical maps and justify the
destination space on the right. The map s : A ⊗ B → A ⊗ R = A that
integrates the second factor B = Ωc(Rr) is a morphism of K-differential
graded algebras (note that all operators ιa,La, d are zero on R) and de-
scends to a map of K-basic subcomplexes that makes the first square in the
diagram commutative. For the right vertical map we observe sγ = 0 = γs

thus s commutes with γ and consequently with φ. So the right vertical map
((Λg∗)hor ⊗ Ωc(Rq))K → (Λg∗)basK is the restriction of s.
We will now show that the map s on the right induces an isomorphism

in cohomology. Let us consider the bigraded complex Cs,t := ((Λsg∗)hor ⊗
Ωtc(Rr))K . The differential D is then the sum of maps of degree (0, 1),
(2,−1) and (1, 0). With Fp :=

⊕
s>p,t∈N C

s,t we have a filtration F0 ⊃
F1 ⊃ . . . ⊃ F dim g+1 = 0 that is respected by D. The E1-term of the asso-
ciated spectral sequence is E1 = H1⊗dRr (C•,•) = ((Λ•g∗)hor ⊗H•c (Rr))K .
Similarly we filter the complex (Λg∗)basK by F̃p :=

⊕
s>p(Λsg)basK . Note

that both associated spectral sequences converge because they are of finite
length. The integration s : ((Λg∗)hor⊗Ωc(Rr))K → (Λg∗)basK of the second
factor is a cochain map and preserves the filtrations. Since it induces an
isomorphism at the E1-stage, it also induces isomorphisms at the El-stage
for all l > 1 (see [17, Theorem 3.4]) and therefore yields an isomorphism

s : H(((Λg∗)hor ⊗ Ωc(Rr))K , D)→ H((Λg∗)basK , dg)

So π∗ : Hr+∗
cv (E, E)→ H∗(M,F) is an isomorphism. �

Definition 4.4. — Let (M,F) be a foliated manifold. A cover U =
{Uα} of M by open saturated sets Uα is called a good saturated cover if
all nonempty finite intersections V = Uα0 ∩ · · · ∩ Uαp are F-contractible,
meaning that there is a leaf closure L ⊂ V and a basic homotopy H : V ×
[0, 1]→ V with H0 = idV and H1(V ) ⊂ L. We call (M,F) of finite type if
it has a finite good saturated cover.

Proposition 4.5. — A Riemannian foliation F on a manifold M that
is complete with respect to an adapted bundle-like metric has a good satu-
rated cover. If M/F is compact, (M,F) is of finite type. Moreover, for any
good saturated cover there is a basic partition of unity subordinate to it.
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Proof. — See appendix. �

Theorem 4.6. — Let (M,F) be a Riemannian foliation of finite type
and let π : (E, E) → (M,F) be an oriented Riemannian foliated vector
bundle of rank r with a Riemannian basic connection. Then the integration
along the fiber

π∗ : Hr+∗
cv (E, E)→ H∗(M,F).

is an isomorphism.

Proof. — The general structure of the proof is as that of [7, Prop 6.17].
We will start with a number of observations. Let U be an open saturated
subset of M that is F-contractible to a leaf closure L. We claim that
π∗ : Hr+∗

cv (E|U , E) → H∗(U,F) is an isomorphism. In fact, let H : U ×
[0, 1]→ U be a basic homotopy with H0 = idU and H1(U) ⊂ L. We define
H : E|U × [0, 1] → E|U such that Ht(v) for v ∈ Ex, x ∈ U is the par-
allel translation of v along the curve Ht(x). Then the following diagram
commutes by the naturality of π∗, Proposition 4.2.

Hr+∗
cv (E|U, E)

π∗

��

Hr+∗
cv (E|L, E)

π∗

��

H
∗
1oo

H∗(U,F) H∗(L,F).
H∗1

oo

The lower map is an isomorphism because of Corollary 2.2, the upper one
because of the discussion succeeding Corollary 2.4, and the right map be-
cause of Lemma 4.3. This proves the claim.
Let U and V be saturated open subsets of (M,F). We want to see that if

π∗ is an isomorphism over U, V and U∩V then also over U∪V . Using a basic
partition of unity subordinate to {U, V }, which exists by Proposition 4.5,
we see that the sequence

0→ Ω∗cv(E|(U ∪ V ), E) −→ Ω∗cv(E|U, E)⊕ Ω∗cv(E|V, E)
−→ Ω∗cv(E|(U ∩ V ), E)→ 0

is exact. So we have the Mayer-Vietoris sequences
H∗cv(E|(U∪V ), E)

π∗

��

// H∗cv(E|U, E)⊕H∗cv(E|V, E)

π∗

��

// H∗cv(E|(U∩V ), E)

π∗

��

// H∗+1(E|(U∪V ), E)

π∗
��

H∗(U∪V, F ) // H∗(U,F)⊕H∗(V,F) // H∗(U∩V,F) // H∗+1(U∪V,F)

The commutativity is clear for the first two squares and is proven as in
the classical case for the third. So if π∗ is an isomorphism over U, V and
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U ∩ V then by the Five-Lemma also over U ∪ V . Now we can prove the
theorem by induction on the cardinality p over a good saturated cover. For
p = 1 this is true by the discussion at the beginning of the proof. Now
suppose π∗ is an isomorphism for any Riemannian foliation having a good
saturated cover with at most p open sets. Consider a Riemannian foliation
(M,F) having a good saturated cover {U0, . . . Up+1} with p+ 1 open sets.
Now (U0 ∪ . . . ∪ Up−1) ∩ Up has a good saturated cover with cardinality
p, namely {U0 ∩ Up, . . . , Up−1 ∩ Up}. By hypothesis π∗ is an isomorphism
over (U0 ∪ . . . ∪ Up−1) ∩ Up and over Up, and therefore, by the previous
discussion, over the union U0 ∪ . . . ∪ Up. �

Remark 4.7. — From a more formal point of view in the proof we have
actually considered π∗ as a homomorphism

π∗ : Cp,q+r(π−1(U),Ω( · , E))→ Cp,q+r(U ,Ω( · ,F))

between Cech-basic de Rham complexes.

In the situation of the theorem the inverse map τ : H∗(M,F) →
Hr+∗
cv (E, E) of the integration along the fiber π∗ : Hr+∗

cv (E, E)→ H∗(M,F)
is called basic Thom isomorphism. The image Φ in Hr

cv(E, E) of 1 ∈
H0(M,F) is called basic Thom class of (E, E). Because π∗Φ = 1, by the
projection formula in Proposition 4.1

π∗(π∗ω ∧ Φ) = ω ∧ π∗Φ = ω

for all ω ∈ H∗(M,F). So the Thom isomorphism is given just as in the
classical case by

τ( ) = π∗( ) ∧ Φ.

Moreover, as in [7, Proposition 6.18] one can show that the basic Thom
class is uniquely characterized as the basic cohomology class in Hr

cv(E, E)
that maps to the generator of Hc(Ep) for each fiber Ep.

Let (M,F) be a Riemannian foliation and νF be its normal bundle. It
carries a natural foliation F̂ . Indeed, the leaf L̂v through a vector v ∈ νxF
is the submanifold consisting of all normal vectors that are obtained by ho-
lonomy translation of v along the leaf Lx. By construction the projection
π : (νF , F̂)→ (M,F) is foliate and the normal bundle is a foliated bundle.
The transverse metric of F makes (νF , F̂) into a Riemannian foliated bun-
dle over M . Let N be a closed stratum of the a-stratification introduced
in [10, Section 4.2], e.g. a connected component of the union of all closed
leaves, and let r be its codimension in M . The Riemannian foliation F̂
restricts a Riemannian foliation on νN which we also denote by F̂ . We
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observe that the canonical Riemannian basic connection of F preserves the
normal bundle of N .

Corollary 4.8. — Let F be a Riemannian foliation on a complete
manifold M . If the foliated bundle (νN, F̂ |νN) is oriented (e.g. if F is a
transversely oriented Killing foliation) then the integration along the fibers
π∗ : Hr+∗

cv (νN, F̂ |νN)→ H∗(N,F) is an isomorphism.

Proof. — It remains to show that νN is orientable as a foliated bundle
if F is a transversely orientable Killing foliation. In this case the transverse
action of the structural Killing algebra a is isometric, see [10, Section 2.1]
and therefore restricts on each normal space νpN to an action by skew-
symmetric automorphisms. Since a is abelian, νpN decomposes into a direct
sum of even-dimensional weight spaces. A choice of a generic element of a
orients these weight spaces simultaneously (an appropriate normalization
of this skew-symmetric automorphism even defines an a-invariant complex
structure for these weight spaces). This provides an orientation of νN as a
foliated bundle. �

We will call the concatenation

iN∗ : H∗(N,F) τ→ Hr+∗
cv (νN, F̂ |νN)→ Hr+∗(M,F)

of the basic Thom isomorphism of the foliated bundle (νN, F̂ |νN) with the
homomorphism induced by the inclusion of the normal bundle, seen as a
saturated tubular neighborhood of N , into M the basic Thom homomor-
phism of (N,F) in (M,F).

5. Transverse integration and basic Poincaré duality

We briefly recall Poincaré duality for the basic cohomology ring of a Rie-
mannian foliation according to [22]. We will first assume that F is a trans-
versely oriented Killing foliation of codimension q on a complete manifold
M . Let π : (M̂, F̂)→ (M,F) be the SO(q)-Molino bundle with structural
Killing algebra a. For X ∈ a the corresponding transverse field of the trans-
verse action by the structural Killing algebra is denoted by X∗ ∈ l(M,F).
Moreover, we set k := dim a.

Sergiescu defines an operator
∫
F on Ωc(M,F), the complex of basic forms

of (M,F) whose support projected toM/F is compact. We fix a nontrivial
linear k-form νa ∈ Λk(a∗). LetX1, . . . , Xk be basis of a such that νa(X) = 1
for X = X1 ∧ . . . ∧ Xk ∈ Λk(a) and define the operator ιX := ιX∗

k
◦ · · · ◦

ιX∗1 : Ω∗+k(M̂, F̂) → Ω∗(M̂, F̂). Now νa determines a basic k-form νρ of
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(M̂, F̂) by requiring ιXνρ = 1 and ιY νρ = 0 for every Y ∈ Hρ where Hρ is
the transverse horizontal distribution of ρ (see Section 3).

Lemma 5.1. — For ω ∈ Ω(M̂, F̂) the form ιXω is basic with respect
to ρ. Moreover, dιX = (−1)dim aιXd.

Proof. — The form η := ιXω is F̂-basic, see [18, p. 39]. We show that
η is also basic with respect to the transverse a-action. The form η is a-
horizontal since ιX∗ιX = 0 for all X ∈ a, and it is a-invariant as an F̂-
basic form (see [10, Lemma 3.15]). Now recall that the fibers of ρ are
the leaf closures of F̂ which are orbits of leaves under a. Therefore η is
basic with respect to all vector fields tangential to F̂ , hence basic with
respect to ρ. The second statement in the lemma follows from the fact that
dιX∗β + ιX∗dβ = LX∗β = 0 for all β ∈ Ω(M̂, F̂), again because every
F̂-basic form is a-invariant . �

We can therefore define ρ# : Ω∗+k(M̂, F̂)→ Ω∗(W) by ρ#(ω) = (ρ∗)−1ιXω

and the transverse integration
∫
F̂ : Ωc(M̂, F̂)→ R of F̂ by∫
F̂

:=
∫
W

◦ ρ#.

Note that this is more or less the map I defined in the proof of [22, Lemma
2.1]. It can only be nonzero on top basic forms. Because of Lemma 5.1 and
the Theorem of Stokes for

∫
W

we have
∫
F̂ ◦ d = 0. Since F is a transversely

oriented Killing foliation, W is oriented. So
∫
F̂ νρ ∧ ρ

∗η =
∫
W
η 6= 0 for

some η ∈ ΩdimW
c (W ), thus defining a surjection

∫
F̂ : H q̂(M̂, F̂)→ R where

q̂ := codim F̂ . Sergiescu shows that this is in fact an isomorphism ([22,
Proposition 2.4]).

Let π∗ : H∗+dim so(q)(M̂, F̂) → H∗(M,F) be the integration along the
fibers defined in Section 4. It is an isomorphism for ∗ = q with inverse
ω 7→ π∗ω∧ νπ (which can be verified with the projection formula in Propo-
sition 4.1), where νπ is the volume element on so(q) with respect to the
biinvariant inner product chosen in Section 3 composed with the connection
form ωF (see the proof of [22, Lemma 2.6]). Next we define the transverse
integration operator

∫
F : Hq

c (M,F)→ R by∫
F̂

=
∫
F
◦ π∗,

see [22, Lemma 2.6]. Note that
∫
F ω =

∫
F̂ π
∗ω ∧ νπ. It follows

Proposition 5.2. — Transverse integration∫
F

: Hq
c (M,F)→ R
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is an isomorphism.

q So far we have assumed that F is a transversely oriented Killing foli-
ation for the definition of the transverse integration operators

∫
F̂ and

∫
F .

These can be defined more generally for a Riemannian foliation F whose
sheaf Λdim gg∗ is constant, where g is the commuting sheaf; such an F is
called taut. Under this condition νg can still be extended to Ω(M̂, F̂), al-
lowing first to define ρ∗ even though g might not be constant, and then

∫
F̂

and
∫
F . For this more general class of Riemannian foliations Proposition

5.2 and basic Poincaré duality as follows hold:

Theorem 5.3 (Sergiescu). — For a transversely oriented taut Riemann-
ian foliation on a complete manifold the pairings

H∗(M,F)⊗Hq−∗
c (M,F)→ R

H∗c (M,F)⊗Hq−∗(M,F)→ R

defined by ([ω], [η]) 7→
∫
F ω ∧ η are non-degenerate.

Sergiescu shows basic Poincaré duality with twisted basic cohomology
for arbitrary Riemannian foliations. Here we will not be concerned with
this case.

We remark that in analogy to the standard setting (see e.g. [7, p. 50
ff.]) one can now define the basic Poincaré dual of a closed, saturated,
transversely oriented submanifold of (M,F).
Let C be the union of closed leaves. We fix a connected component Ci

and let i∗ : H∗(Ci,F)→ Hri+∗(M,F) be the basic Thom homomorphism
of Ci. Choose xi ∈ C with Lxi regular, i.e. without holonomy, in (Ci,F),
x̂i ∈ M̂ with π(x̂i) = xi and define x̄i := ρ(x̂i). Let

ci := s

∫
SO(q)/SO(q)

L̂

ιXνπ = s

∫
SO(q)/SO(q)x̄i

ρ#νπ

where L̂ is the leaf of (M̂, F̂) through x̂ and

s = (−1)dim so(q)+codimCi+dimCi/F .

Recall from Section 3.2 that ρ : Ŵ →W is SO(q)-equivariant.

Lemma 5.4. — We have
∫
F ◦ i∗ = ci

∫
Ci/F , where the latter denotes

integration over the orbifold Ci/F .

Proof. — Let Hπ ⊂ νF̂ be the transverse horizontal distribution of the
transversely Riemannian submersion π : M̂ →M and Hρ ⊂ νF̂ the trans-
verse horizontal distribution for ρ : M̂ →W . We define N

M̂
= π−1(N) and
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NW = ρ(N
M̂

) for any saturated set N ⊂M . For N := Ci we have

(TN/TF)Hπx̂ ⊕ x̂ · so(q) = Tx̂NM̂/Tx̂F̂ = (TNW )Hρx̂ ⊕ a · x̂,

by [10, Proposition 4.7], where the direct sums are orthogonal with respect
to the transverse metric ĝ and the superscripts denote the respective hori-
zontal lifts, e.g. (TN/TF)H1 is the geometric realization of π∗(TN/TF) as
a subbundle of H1. As π and ρ are transversely Riemannian submersions,
π∗ : Hπ → νF and ρ∗ : Hρ → TW are pointwise isometric, and we have

(π∗νN)x̂ ∼= (νN)Hπx̂ = νx̂NM̂ = (νNW )Hρx̂ ∼= (ρ∗νNW )x̂.

Here νN = (TN/TF)⊥g , νN
M̂

= (TN
M̂
/T F̂)⊥ĝ and νNW = (TNW )⊥gW .

Let U be a small saturated tubular neighborhood of N and let p : U →
N , p̂ : U

M̂
→ N

M̂
and p̄ : UW → NW the geodesic projection maps with

π ◦ p̂ = p ◦ π and ρ ◦ p̂ = p̄ ◦ ρ. Let ω be a top basic form of (U,F). Let Φ
be the basic Thom class of the foliated bundle (νN, F̂) ∼= (U,F) and ΦW
the Thom class of νNW . Since a (basic) Thom class is represented by any
closed (basic) form that restricts to the generator of the cohomology of a
fiber (see Section 4), π∗Φ and ρ∗ΦW are the basic Thom class of νN

M̂
, so

π∗Φ = ρ∗ΦW
in cohomology. Since p̂ is SO(q)- and a-equivariant one has p̂∗νπ|N

M̂

= νπ

and p̂∗(νρ|N
M̂

) = νρ. We define η = (ρ∗)−1π∗ω ∧ ρ#νπ|N
M̂

; note that π∗ω
is a-horizontal by the first highlighted equation above and a-invariant as
an F̂-basic form, therefore ρ-basic. Let k = dim a = deg νρ, l = dim so(q) =
deg νπ,m = codimCi, w = dimCi/F . Then π∗ω ∧ νπ|N

M̂

= (−1)lρ∗η ∧
νρ|N

M̂

, because νπ = νρ ∧ ιXνπ. On the level of cohomology we now have

π∗(p∗ω ∧ Φ) ∧ νπ =(−1)l+mπ∗p∗ω ∧ νπ ∧ π∗Φ

=(−1)l+mp̂∗(π∗ω ∧ νπ|N
M̂

) ∧ π∗Φ

=(−1)mp̂∗(ρ∗η ∧ νρ|N
M̂

) ∧ ρ∗ΦW
=(−1)mρ∗p̄∗η ∧ νρ ∧ ρ∗ΦW
=(−1)m+w+kνρ ∧ ρ∗(p̄∗η ∧ ΦW ).

Now ∫
F
i∗ω =

∫
F
p∗ω ∧ Φ =

∫
F̂
π∗(p̄∗ω ∧ Φ) ∧ νπ

=(−1)m+w+k
∫
F̂
νρ ∧ ρ∗(p̄∗η ∧ ΦW )
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=(−1)m+w+k
∫
W

p̄∗η ∧ ΦW

=(−1)m+w+k
∫

(Ci)W
p̄∗η

=(−1)m+w+k
∫

(Ci)W
(ρ∗)−1π∗p∗ω ∧ ρ#νπ

=ci
∫

(Ci)W /SO(q)
(ρ∗)−1π∗p∗ω

=ci
∫
Ci/F

ω.

�

6. Equivariant basic cohomology

In this section we will recall the notion of equivariant basic cohomology
from [10].

Definition 6.1. — Let g be a finite-dimensional Lie algebra and A =⊕
Ak a Z-graded algebra. We call A a g-differential graded algebra (g-dga)

if there is a derivation d : A→ A of degree 1 and derivations ιX : A→ A of
degree −1 and LX : A→ A of degree 0 for all X ∈ g (where ιX ,LX linearly
depend on X) such that:

(1) d2 = 0
(2) [LX , LY ] = L[X,Y ]
(3) [LX , ιY ] = ι[X,Y ]
(4) [d,LX ] = 0
(5) ιXιY + ιY ιX = 0
(6) dιX + ιXd = LX .

Example 6.2. — An infinitesimal action of a finite-dimensional Lie al-
gebra g on a manifold M , i.e. a Lie algebra homomorphism g → Ξ(M),
induces a g-dga structure on the de Rham complex Ω∗(M).

We want to define the equivariant cohomology of an arbitrary g-dga A.
First define the Cartan complex

Cg(A) := (S(g∗)⊗A)g.

Here the superscript denotes the subspace of g-invariant elements, i.e. those
ω ∈ S(g∗)⊗A for which LXω = 0 for all X ∈ g. The differential dg of the
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Cartan complex Cg(A) is defined by

(dgω)(X) = d(ω(X))− ιX(ω(X)),

where we consider an element in Cg(A) as a g-equivariant polynomial map
g→ A. Choosing a basis {Xi}i=1,...,r of g with dual basis {ui}i=1,...,r of g∗
we have

dgω := dω −
r∑
i=1

ιXi(ω)ui.

Since dg ◦ dg = 0 on Cg(A) we can define the equivariant cohomology of
the g-dga A by

(6.1) H∗g (A) := H∗(Cg(A), dg).

Note that there is a natural S(g∗)g-algebra structure on H∗g (A).
A graded algebra homomorphism f : A→ B between g-dgas intertwining

d, ιX and LX for all X ∈ g is called a g-dga-homomorphism. Such a homo-
morphism induces a chain map f∗ : (Cg(A), dg)→ (Cg(B), dg) between the
corresponding Cartan complexes and therefore an algebra homomorphism
f∗ : Hg(A) → Hg(B) between the corresponding equivariant cohomology
algebras, which is moreover an S(g∗)g-module homomorphism.

We will now apply this concept to transverse actions on foliations. Recall
from Definition 3.2 that a transverse action of a Lie algebra g on a foliated
manifold (M,F) is a Lie algebra homomorphism g → l(M,F). For X ∈ g

we will denote the corresponding transverse field by X∗ ∈ l(M,F). Let
X̃ ∈ L(M,F) be a foliate field that representsX∗. The derivations ιX := ιX̃
and LX := LX̃ as operators on Ω∗(M,F) do not depend on the choice of
representative X̃. Together with the restriction of the differential of Ω∗(M)
we have the following.

Proposition 6.3 ([10, Prop. 3.12]). — A transverse action of a finite-di-
mensional Lie algebra g on a foliated manifold (M,F) induces the structure
of a g-dga on Ω∗(M,F).

This proposition enables us to apply the general construction of equivari-
ant cohomology of a g-dga as defined in (6.1) to Ω(M,F). We will write
Ω∗g(M,F) for C∗g(Ω(M,F)) and call its elements equivariant basic forms.

Definition 6.4 ([10, Def. 3.13]). — For a foliated manifold (M,F) with
a transverse action of a finite-dimensional Lie algebra g we define the equi-
variant basic cohomology of the g-action on (M,F) by

Hg(M,F) := H(Ωg(M,F)), dg) = H((S(g∗)⊗ Ω(M,F))g), dg).
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Now let π : (E, E) → (M,F) be a foliated vector bundle and assume
there are transverse actions of a Lie algebra g on (E, E) and (M,F) such
that π is g-equivariant, i.e. dπ(X∗) = X∗ ◦ π for all X ∈ g, see Section 3.3.
By Proposition 4.1 we obtain a g-dga homomorphism π∗ : Ωr+∗cv (E, E) →
Ω∗(M,F) of degree −r, inducing an S(g∗)g-module homomorphism

π∗ : Hr+∗
g,cv (E, E)→ H∗g (M,F)

in equivariant basic cohomology which we call equivariant integration along
the fibers. In fact, if we regard an equivariant basic form ω ∈ Ω∗cv(E, E) as
an equivariant polynomial map ω : g → Ω∗cv(E, E), then π∗ω is the equi-
variant polynomal map g→ Ω∗(M,F) given by (π∗ω)(X) = (π∗ω)(X).
Now let (M,F) be a transversely oriented Killing foliation with structural

Killing algebra a (see Section 3). In this case

Ωa(M,F) = S(a∗)⊗ Ω(M,F)

because S(a∗)a = S(a∗), since a is abelian, and Ω(M,F)a = Ω(M,F)
by [10, Lemma 3.15]. We will now consider the situation of Corollary 4.8,
where N is a closed stratum, e.g. a component of C, of codimension r. (For
the following it is not necessary that N is a stratum; it works for a closed,
saturated submanifold N such that νN is orientable as a foliated bundle.)
The natural foliation F̂ on the normal bundle νN is also a Killing foliation
with structural Killing algebra a. With respect to these transverse actions
the foliated bundle π : (νN, F̂) → (N,F) is a-equivariant, compare with
Section 3.3, inducing an S(a∗)-module homomorphism, the equivariant in-
tegration along the fibers

π∗ : Hr+∗
a,cv (νN, F̂)→ H∗a (N,F).

This map is an isomorphism, since π∗ : Hr+∗
cv (νN, F̂)→ H∗(N,F) is an iso-

morphism by Corollary 4.8, and because of [17, Theorem 3.4] (or [12, Theo-
rem 6.7.1]) applied to the spectral sequences of Ωa(N,F ) and Ωa,cv(νN, F̂)
of [10, Theorem 3.23]. Therefore its inverse τa : H∗a (N,F)→ Hr+∗

a,cv (νN, F̂),
the equivariant basic Thom isomorphism, is given as in the ordinary case
(see Section 4) by

τa(ω) = π∗ω ∧ [Φa],
where [Φa] ∈ Hr

a,cv(νN, F̂), the equivariant basic Thom class, is the unique
class with π∗[Φa] = 1.
The equivariant basic Thom isomorphism τa can be realized on the level

of forms with the use of the universal Thom form found by Mathai and
Quillen. We will show that the construction of the universal Thom form
carries over to our foliation setting. We follow [12, Sections 10.2 and 10.3].
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Let P → N be the bundle of oriented frames of νN . The foliation of νN
naturally carries over to a foliation E of P turning (P, E) → (N,F) into a
foliated bundle. Let us consider the following diagram

Ωso(r)×a,c(Rr)
pr∗2 // Ωso(r)×a,cv(P × Rr, E × {∗}) //

κ̄a

��

Ωso(r)×a(P, E)

κa

��
Ωa,cv(νN, F̂)

j∗ // Ωa(N,F).

Here the horizontal maps are pullback maps induced from the projection
pr2 : P × Rr → Rr and inclusions P → P × Rr, j : N → νN . The vertical
maps are the Cartan maps with respect to the (a-invariant) basic Riemann-
ian connection; for the definition of the Cartan map, see e.g. [1, (30)]. They
induce isomorphisms in cohomology. We can now define the basic Thom
form

Φa := κa(pr∗2(ν0 ⊗ 1)).
Here ν0 ∈ Ωso(r),c(Rr) is as in [12, Section 10.3] or [1, (41)], the latter
modified to have compact support. Then ν0 ⊗ 1 ∈ Ωso(r)×a,c(Rr).
As shown in [12, Section 10.4], the form Φa satisfies π∗[Φa] = 1 which

characterizes the equivariant basic Thom class. This proves that τa can be
realized on the level of forms.
Moreover

(6.2) j∗Φa = ea(νN, F̂),

where ea(νN, F̂) is the equivariant basic Euler form of the bundle P → N

with respect to the basic Riemannian connection; for the definition of
the equivariant basic Euler form, see the next section. For this note that
the Cartan map κa in the above diagram on the right side restricted to
S(so(r)∗)SO(r) is the equivariant Chern-Weil map and that the purely poly-
nomial part of ν0 is the Pfaffian.
The composition of τa with the S(a∗)-homomorphism H∗a,cv(νN, F̂) →

H∗a (N,F) induced by an inclusion of (νN, F̂) ↪→ (M,F), where νN is
identified with a saturated tubular neighborhood ofN inM , will be denoted
by

iN∗ : Ha(N,F)→ Ha(M,F)
We will call this map the equivariant basic Thom homomorphism of N in
M which by construction extends the basic Thom homomorphism of N .
As it will turn out later, this map is injective, which is not necessarily true
for its nonequivariant counterpart.
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7. Localization of equivariant basic characteristic classes

7.1. Basic characteristic classes

Let π : (P, E) → (M,F) be a foliated O(r)- respectively SO(r)-bundle
with a basic connection form. Then the curvature form Ω is basic with
values in AdP . Let S(so(r)∗)O(r) respectively S(so(r)∗)SO(r) be the algebra
of O(r)-invariant respectively SO(r)-invariant polynomials on so(q). The
latter has one additional generator, the Pfaffian e. For p ∈ S(so(r)∗)O(r) the
Pontryagin forms p(Ω) and, in the case of SO(r) in addition the Euler form
e(Ω), are basic. The corresponding basic cohomology classes in H∗(M,F)
are independent of the choice of the basic connection and will be called basic
characteristic classes. We define the basic Chern-Weil homomorphism

cwF : S•(so(r)∗)O(r) → H2•(M,F)

resp. cwF : S•(so(r)∗)SO(r) → H2•(M,F)

by cwF (p) = [p(Ω)]. The image is called the basic (Euler-)Pontryagin ring
associated to (P, E). For a taut, transversely oriented Riemannian folia-
tion F of codimension q on a complete manifold M such that M/F is
compact we can now define characteristic numbers. We take the Molino
bundle (M̂, F̂) with the canonical Riemannian basic connection as our fo-
liated SO(q)-bundle and choose a p(Ω) from the associated basic Euler-
Pontryagin ring of degree q. Then

∫
F p(Ω) is called the corresponding basic

characteristic number. Since the integral depends on the choice of a volume
element νa of the structural Killing algebra, the individual numbers strictly
speaking are not invariants of the Riemannian foliations. Nevertheless their
ratios or the set of these numbers up to scaling are invariants.

7.2. Localization

Let F be a transversely oriented Killing foliation of codimension q with
structural Killing algebra a on a complete manifold M such that M/F is
compact. Under these assumptions we will localize top basic Pontryagin
classes to the union C of all closed leaves, and every top basic form in the
equivariantly formal case.
We will see R for the moment as an a-dga, where the derivations d, ιX and

LX , X ∈ a are trivial. Then
∫
F : Ω(M,F)→ R is an a-dga-homomorphism
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inducing a map
∫
F : Ωa(M,F) → S(a∗), which is in fact given by

(
∫
F ω)(X) =

∫
F ω(X), for which the diagram

H∗(M,F)∫
F

��

H∗a (M,F)ev0oo ∫
F

��
R S(a∗)ev0oo

is commutative first on the level of forms; here the horizontal maps mean
inserting zero into the equivariant form regarded as a polynomial map a→
Ω(M,F) respectively a → R. Passing to (equivariant) basic cohomology
we obtain the above diagram. Note that the top map is surjective if and
only if the action is equivariantly formal ([10, Corollary 3.28]). This means
that in general not every closed basic form has an extension as a closed
equivariant basic form. On the other hand a basic characteristic class of
the normal bundle of (M,F) can be extended in analogy to [5] as we will
see now. Let p ∈ S(so(q)∗)SO(q) be an invariant polynomial. Furthermore
let ω be the connection form of the foliated SO(q)-bundle ρ : P →M , the
Molino bundle, with respect to the canonical Riemannian basic connection.
Since the transverse action of a is isometric, ω is a-invariant. Let Ω be
the curvature form of ω. We obtain a basic characteristic class [p(Ω)] ∈
H∗(M,F). For each X ∈ a we define LX : P → so(q) by LX = −ιX∗ω.
Then the polynomial map p(Ω + LX) in X is closed with respect to da,
i.e. it is a closed equivariant basic form, compare [5, Proposition 2.13(iii)].
Its class in H∗a (M,F) is called an equivariant basic characteristic class.
Clearly under the top map in the above diagram it is mapped to p(Ω).

Remark 7.1. — We remark that the equivariant Chern-Weil map
S(so(q)∗)SO(q) → Ωa(M,F); p 7→ p(Ω + LX) is the restriction of the Car-
tan map κa : Ωa×so(q)(M̂, F̂)→ Ωa×so(q)(M,F) considered in the previous
section.

We will now derive an integration formula for the foliation setting by
adapting the treatment of the classical case in [3, p. 8f]. Let i : (C,F) →
(M,F) be the inclusion of the union of all closed leaves in M . Let {Ci}
be the set of components of C. For the equivariant basic Thom map
i∗ : Ha(C,F) → Ha(M,F) we have i∗i∗1 = ea(νC, F̂) by (6.2), where the
latter is the equivariant basic Euler class.
In analogy to the classical case we now claim that the equivariant ba-

sic Euler class ea(νCi, F̂) is a not a zero-divisor in H∗a (Ci,F) = S(a∗) ⊗
H∗(Ci,F). We want to determine the purely polynomial part of the equi-
variant basic Euler class, i.e. its component in Sr(a∗) ⊗H0(Ci,F), where
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2r is the codimension of Ci. For this we restrict the equivariant basic Euler
form to a leaf of Ci. Let p be a point of this leaf. For X ∈ a we have
to understand the constant function Pfaff(−iX∗ω) along the fiber over
p of the bundle of oriented orthonormal frames of νCi. We identify the
normal space νpCi with Cr such that the orientation is compatible and
that the C-factors correspond to irreducible invariant subspaces of the a-
representation; let αi1, . . . , αir be the weights. With respect to an adapted
oriented frame ξ = (ξ1, Jξ1, . . . , ξr, Jξr) we can see that ωξ(X∗ξ ) is a block

diagonal matrix with jth entry
(

0 −αij(X)
αij(X) 0

)
. Therefore the poly-

nomial part of ea(νCi, F̂) is (−1)rΠjαj . Hence the equivariant basic Euler
class is not a zero-divisor which proves the claim.
Since the equivariant basic Euler class is not a zero-divisor i∗ is injec-

tive and induces an isomorphism in the localized module Ĥa(M,F) =
Q(a∗)⊗S(a∗) Ha(M,F); here Q(a∗) is the field of fractions of S(a∗). Then

S =
∑
i

i∗Ci

ea(νCi, F̂)

is inverse to i∗ in Ĥa(M,F). Thus for any equivariant basic class we have

ω = i∗Sω =
∑
i

iCi∗ i
∗
Ci
ω

ea(νCi, F̂)
.

after localization. Applying
∫
F : Ha(M,F) → S(a∗) to both sides of this

equation and using Lemma 5.4, we obtain the next theorem with the con-
stants ci from Section 5.

Theorem 7.2 (ABBV-type localization formula for Killing foliations).
Let F be a transversely oriented Killing foliation on a complete Riemannian
manifold M such that M/F is compact. For any ω ∈ Ha(M,F) we have∫

F
ω =

∑
i

ci

∫
Ci/F

(
i∗Ciω

ea(νCi, F̂)

)
.

Note that we have a polynomial in a on the left, whereas the right side is
a sum of rational functions. This formula allows us to compute basic char-
acteristic numbers. Let p(Ω) be a basic characteristic class in Hq(M,F).
Then p(Ω +LX) ∈ H∗a (M,F), the corresponding equivariant basic charac-
teristic class, is its equivariantly closed extension. We take this for ω in the
localization formula. Inserting zero in both sides gives a formula for the ba-
sic characteristic number

∫
F p(Ω). This computation is particularly simple

if the closed leaves are isolated. We write C =
⋃
Li. Then the right side
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can be expressed in terms of the weights of the isotropy representation of
a on νxiLi for arbitrary choices of xi ∈ Li. Let αi1, . . . , αiq/2 be the weights
counted with multiplicity.

Corollary 7.3. — Let F be a transversely oriented Killing foliation of
even codimension q on a complete Riemannian manifoldM such thatM/F
is compact. Moreover, assume that the closed leaves {Li} are isolated. Then∫

F
p(Ω) =

∑
i

(−1)q/2ci
p(αi1, . . . , αiq/2)
αi1 · · ·αiq/2

.

Appendix A. Existence of a good saturated cover

In Definition 4.4 we defined what a good saturated cover is, and when
a foliated manifold is of finite type. In this section we want to prove the
following result.

Proposition A.1. — A Riemannian foliation F on a manifold M that
is complete with respect to an adapted bundle-like metric has a good satu-
rated cover. If M/F is compact, (M,F) is of finite type. Moreover, for any
good saturated cover there is a basic partition of unity subordinate to it.

See Definition 4.4 for the definition of a good saturated cover and foli-
ations of finite type. Via the correspondence principle described at the of
Section 3.2 the first statement amounts to finding a good invariant cover
(see below) of the K-manifold W , where W is the basic manifold occur-
ring in Molino’s structure theory, see Section 3.2 and K is either SO(q) or
O(q), depending on whether F is transversely orientable or not. For the
second statement in the proposition it then suffices to find a subordinate
K-invariant partition of unity; this is stated in [2, Theorem 1.45]. In [9,
Section 1] a proof of the existence of a particular good invariant cover is
given. We think that that section is not entirely correct. For a corrected
proof it is helpful to discuss this briefly. First [9, Remark 1.2.(ii)] is not true
for an orbit Ky of the same dimension as Kx but of smaller orbit type; a
well-known S1-action on the Klein bottle provides a counterexample. Con-
sequently the map mentioned in the first sentence of the last paragraph of
the proof of [9, Theorem 1.3] is not necessarily surjective. It is not possible
to fix this by choosing Ky to be of minimal orbit type in U1 ∩ U2 instead
of just of minimal dimension. The problem is that U1 ∩ U2 might contain
two different locally minimal orbit types. A good example is the action of
the torus T 2 ⊂ SO(5) on S4 ⊂ R5 and U1 and U2 are balls around the two
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fixed points with nonzero intersection (if we flatten the metric on the inter-
section U1∩U2 the Ui are regular neighborhoods). In that case the T in the
quoted text does not necessarily intersect both orbit types transversally (as
in the example of the torus action) and therefore the aforementioned map
is not necessarily a surjective diffeomorphism.
LetK be a Lie group acting properly on a complete manifoldW endowed

with a K-invariant Riemannian metric. We show the existence of a good
invariant cover.

Definition A.2. — A cover U = {Uα} of a K-manifold M by open
invariant sets Uα is called a good invariant cover if each nonempty finite
intersection V = Uα0 ∩ · · · ∩ Uαp is K-contractible, meaning that there is
an orbit Kx ⊂ V and a homotopy H : V × [0, 1]→ V such that kH(x, t) =
H(kx, t) for all k ∈ K,x ∈ V, t ∈ [0, 1] (in other words Ht is K-equivariant),
andH0 = idV andH1(V ) = Kxαi . We call (M,K) of finite type if it admits
a finite good invariant cover.

A geodesic is called transnormal if it is orthogonal to every orbit it meets.
If a geodesic is orthogonal to an orbit in one point, it is transnormal. We
say a K-invariant set U ⊂ M is strongly transversely convex if for any
two orbits in U there is a unique (up to G-translation) minimal geodesic
between them, whose interior lies completely in U . Note that this geodesic
is orthogonal to both orbits by the variation formula and consequently
transnormal. For a K-orbit N and r > 0 let Ur(N) be the open tubular
neighborhood of N with radius r. Then N has positive injectivity radius
i(N), i.e. exp⊥N : νrN → Ur(N) is a diffeomorphism for any 0 < r < i(N).
Let ρ : Ur(N)→ N be the orthogonal projection.

Lemma A.3. — Let N be a K-orbit. Then there is a real 0 < c < i(N)
such that for any 0 < r < c and any transnormal geodesic γ with q :=
γ(0) ∈ ∂Ur(N) and γ̇(0) ∈ Tq∂Ur(N) remains outside Ur(N) for some
time.
Moreover, each tubular neighborhood of Kx of radius r with 0 < r < c

is strongly transversely convex.

Proof. — The proof of the first part is similar to that of [8, Lemma
3.4.1]. We will only comment on the differences. The function F (t, v) =
|(exp⊥N )−1(γv(t))|2 measures the square of the distance of a geodesic γv
with initial unit vector v ∈ TUr(N), r < i(N) to N instead of to p. In
order to show ∂F

∂t (0, v) = 0 for v ∈ T∂Ur(N) we need to apply the Gauss
Lemma for submanifolds (e.g. [21, Ch. II, (4.14)(ii)]) instead of the ordinary
Gauss Lemma. Now as in the reference one sees ∂2F

∂t2 (0, v) = 2|v|2 = 2 for
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a unit normal vector of N . By continuity there is a 0 < c < i(N) such
that (0, v) is a minimum of F for any 0 < r < c and any unit vector
v ∈ T∂Ur(N) belonging to a transnormal geodesic. This finishes the first
part.
The proof of the second part is similar to that of [8, Proposition 3.4.2] re-

lying on the first statement of this lemma. We consider a minimal geodesic γ
between two orbits in Ur(Kx). It is transnormal and the tangent vector of γ
at maximal distance to Kx fulfills the assumptions of the first statement
of the lemma. One concludes the lemma as in [8, Lemma 3.4.1]. �

For each orbit Kx let rx > 0 be such that 2rx is smaller than the con-
stant c from Lemma A.3. In particular

(1) exp⊥Kx : ν2rxKx→ U2rx(Kx) is a diffeomorphism,
(2) Ur(Kx) is strongly transversely convex for all r with 0 < r < 2rx.

Clearly this yields an invariant cover ofK-contractible neighborhoods Ux :=
Urx(Kx). Let U = {Uxα} be this cover or a subcover of it. Our aim is to
show that any nonempty finite intersection Uxα1

∩ . . . ∩ Uxαk is also K-
contractible. Fix one such intersection U := Uxα1

∩ . . . ∩ Uxαk 6= ∅ and
let xi := xαi . Let W be the stratification of W by K-components of or-
bit type manifolds ([13, Section 3]), and the stratum of W containing a
point x ∈ W is denoted by Wx. We can assume rx1 > · · · > rxk . Then
xi+1 ∈ U2rxi (Kxi) by the triangle inequality. Property (1) implies that for
any y ∈ U2rxi (Kxi) the stratumWy contains the minimal geodesic segment
from Kxi to y, possibly minus the starting point. It follows xi ∈ Wxi+1

and therefore Wxi ⊂ Wxi+1 .
Next we want to show thatWxi∩Ux1∩. . .∩Uxi 6= ∅ for all i. Fix i. Choose

y ∈ Ux1∩. . .∩Uxi . Let γ be a minimal geodesic fromWxi to y, whose start-
ing point we denote by y′. We have d(y′,Kxj) 6 d(y′, y)+d(y,Kxj) 6 2rxj
for all j 6 i, since d(y′, y) = d(y,Wxi) 6 d(y,Kxi) 6 rxi 6 rxj . So γ lies
in U2rxj (Kxj) by property (2) and starts orthogonally to the submanifold
Wxi ∩ U2rxi (Kxi) = Wxi ∩ U2rxi (Kxi) by the variation formula. Thus γ
is transnormal. We want to see that d(y′,Kxj) 6 d(y,Kxj) < rxj for all
1 6 j 6 i which implies y′ ∈ Wxi ∩Ux1 ∩ . . . ∩Uxi and we are done. Fix j.
The transnormal geodesic γ starts tangentially to ∂Ud(y′,Kxj)(Kxj) and is
outside Ud(y′,Kxj)(Kxj) at least for small t by the first part of Lemma A.3
and our choice of rxj . Assume d(y′,Kxj) > d(y,Kxj) then y ∈ Ud(y′,Kxj).
Since Ud(y′,Kxj) is strongly equivariantly convex it contains the interior
of γ, contradiction.
Now let i0 be the smallest number i ∈ {1, . . . , k} for which Wxi ∩ Ux1 ∩

· · · ∩ Uxk 6= ∅. Then Wxi0
is the only locally minimal orbit type in U
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(see [13, Definition 3.4]). Since the intersection of strongly transversely
convex invariant sets is itself strongly transversely convex, and U is K-
contractible as we will see in Lemma A.5, U will be a good saturated cover,
concluding the proof of the Proposition.
Before that we need the following lemma.

Lemma A.4. — Let γ : [a, b] → W be a minimal geodesic between two
K-orbits. Then the isotropy group Kγ(t) is the same for all t ∈ (a, b).
Moreover, we have Kγ(a) ⊃ Kγ(t) ⊂ Kγ(b) for all t ∈ (a, b).

Proof. — Clearly, the geodesic γ is transnormal. Let t ∈ [a, b]. By the
linearity of the isotropy representation on νγ(t)Kγ(t) the isotropy groups
Kγ(s) are the same for all s 6= t in a neighborhood of t in [a, b]. Thus the
isotropy groups Kγ(t), t ∈ [a, b] are the same except possibly in a finite
set. Assume there is such an exception at t ∈ (a, b). Let t be the first
such point. Then Kγ(t) ⊃ Kγ(s) for all s 6= t in a neighborhood. Take
k ∈ Kγ(t)\Kγ(s). Then kγ|[a, t) is another segment from Kγ(a) to γ(t)
different from γ|[a, t). The concatenation of this segment with γ|[t, b] has
the same length as γ. One can shorten this curve at the angle at γ(t). This
contradicts the minimality of γ. ThusKγ(t) is the same for all t ∈ (a, b). �
Now let U be an arbitrary strongly transversely convex invariant neigh-

borhood of an orbit Kx. Let V = V (U,Kx) ⊂ νKx be the set of γ̇(0) such
that γ is a minimal geodesic parametrized by arc length between Kx and
an orbit in U . Clearly V is K-invariant and exp⊥Kx : V → U is a surjective
K-equivariant map that is not a diffeomorphism in general.

Lemma A.5. — Let U be an open strongly transversely convex invariant
set containing only one locally minimal orbit type and let Kx be an orbit of
that orbit type in U . Then η := exp⊥Kx : V (U,Kx)→ U is a diffeomorphism
and in particular U is K-contractible.

Proof. — We have already remarked that η is surjective, and we want
to show injectivity. Assume η(v1) = η(v2) =: y for some v1, v2 ∈ V =
V (U,Kx) with foot points x1 respectively x2 in Kx. Since U is strongly
transversely convex there is a k ∈ K such that v1 = k∗v2 so k ∈ Ky.
From Lemma A.4 we know that the isotropy groups along the geodesic
γ : [0, ‖v2‖] → U with ‖v2‖γ̇(0) = v2 are constant except possibly at the
end points x2 and y. We denote the stratification by K-components of orbit
type manifolds in U by W. Let Ky′ be of locally minimal orbit type in the
closure Wy. By assumption there is only one locally minimal orbit type
in U , namely Wx, so we have Wx =Wy′ ⊂ Wy. Thus γ|(0, ‖v2‖] lies in Wy
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and Ky = Kγ(t) for all t ∈ (0, ‖v2‖]. So k ∈ Kγ(t) for all t ∈ [0, ‖v2‖] by
Lemma A.4 which implies v1 = v2. This proves that η is injective.

We will now show that η has full rank. Assume that dη is singular at
v ∈ V , i.e. η(v) is a focal point of Kx and let σ : [0,∞) → M be the
geodesic with σ̇(0) = v/‖v‖. But then σ|[0, t] is not a minimal geodesic
between Kx and Kσ(t) for t > ‖v‖. This contradicts the injectivity of η.
Therefore η is a diffeomorphism. �
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