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SMOOTH WEIGHTED HYPERSURFACES
THAT ARE NOT STABLY RATIONAL

by Takuzo OKADA (*)

ABSTRACT. — We prove the failure of stable rationality for many smooth well
formed weighted hypersurfaces of dimension at least 3. It is in particular proved
that a very general smooth well formed Fano weighted hypersurface of index one
is not stably rational.

REsUuME. — Nous prouvons ’absence rationalité stable pour de nombreuses hy-
persurfaces pondérées lisses de dimension au moins 3. Il est en particulier prouvé
qu’une hypersurface pondérée de Fano trés générale lisse de 'indice un n’est pas
stablement rationnelle.

1. Introduction

Totaro [15] proved the failure of stable rationality for many hypersurfaces
by developing the combination of the arguments of Voisin [16], Colliot-
Théléne, Pirutka [4] and Kolldr [8]. To be precise, it is proved that a very
general complex hypersurface of degree d in P"*! is not stably rational if
n > 3 and d > 2[(n + 2)/3]. Recently Schreieder [14] improved this result
drastically. The aim of this article is to generalize the Totaro’s result to
smooth weighted hypersurfaces.

In the study of stable rationality of smooth weighted hypersurfaces, main
objects to be considered are Fano varieties. Smooth Fano weighted hyper-
surfaces of dimension 3 are X; C P(1%,2), X¢ C P(1%,3), Xs C P(13,2,3)
and hypersurfaces of degree at most 4 in P*. Here the subscript of X indi-
cates the degree of the defining equation of X and, for instance, P(1%,2) =
P(1,1,1,1,2). The failure of stable rationality of very general X, C P(14,2),
Xg C P(1%,3) and X C P(13,2,3) is proved in [16], [1] and [7], respectively.

Keywords: Fano variety, stable rationality, weighted hypersurface.
2020 Mathematics Subject Classification: 14E08, 14J45, 14J70.
(*) The author is partially supported by JSPS KAKENHI Grant Number 26800019.
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The failure of stable rationality of a very general terminal Fano weighted
hypersurface of index 1 (which belongs to one of the famous 95 families)
is also proved in [12]. It is proved in [11] that a very general 4-dimensional
smooth weighted hypersurface of index 1 (i.e. Ix = 1, see below) is not
stably rational.

Besides the hypersurfaces in a projective space, one of the most familiar
varieties which can be described as a weighted hypersurface are cyclic covers
of P™. Tt is proved in [3] and [11] that a cyclic cover of P branched along
a very general hypersurface of degree d is not stably rational if d > n + 1.

For a smooth well formed weighted hypersurface X =X;CP(aq, ..., an+1)
of degree d, we define

ax = ap +ap + -+ anpqa,

ary = apay - Gp41,

IX = ay — d.
We see that X is a Fano manifold if and only if Ix > 0, and in this case
Ix is called the index of X. Note that X is not stably rational if Ix < 0. It
is known that the weights ag, . .., a,4+1 are mutually coprime to each other

and that d is divisible by ar (see Lemma 3.10). The following are the main
results of this article.

THEOREM 1.1. — Let X be a very general smooth well formed weighted
hypersurface of degree d in Pc(aq, - .., any1), where n > 3. If the inequality
Ix < max{ag,...,an41},

holds, then X is not stably rational.

THEOREM 1.2. — Let X be a very general smooth well formed weighted
hypersurface of degree d in P¢(ag,...,an+1), where n > 3. Suppose that
e:=d/an > 1 and let p be the smallest prime factor of e. If the inequality

p
p+1

holds, then X is not stably rational.

d} axy

THEOREM 1.3. — Let X be a very general smooth well formed weighted
hypersurface of degree d in Pc(ag,...,an+1), where n > 3. Suppose that
e:=d/an > 1 is odd. If the inequality

2
d>an+§az

holds, then X is not stably rational.
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Focusing on the index of Fano hypersurfaces, Totaro’s result can be in-
terpreted as follows: a very general Fano hypersurface of index I in Pnt+!
is not stably rational for n > 3I. As a corollary to the above theorems, we
can generalize this to weighted hypersurfaces.

COROLLARY 1.4. — For a given integer I, there exists a constant Ny
depending only on I such that a very general smooth well formed weighted
hypersurface of dimension n which is not a linear cone is not stably rational
for n > Nj.

Combining the above main theorems and the recent result of Schreieder
[14, Theorem 1.1] on hypersurfaces in projective spaces, we obtain the
following.

COROLLARY 1.5. — Let X be a very general smooth well formed
weighted hypersurface of index Ix and of dimension at least 3, which is
not a linear cone. Then the following hold.

(1) If Ix = 1, then X is not stably rational.

(2) IfIx = 2, then X is not stably rational except possibly for X3 C P4,

(3) IfIx = 3, then X is not stably rational except possibly for Xo C P4,
X3 C P® and X4 C PS.

This implies that we can take N; = 3, Ny = 4 and N3 = 6 although
N3, N3 may not be optimal. In the above exceptions, X C P* is clearly
rational and X3 C P? is not rational by [2] while its stable rationality
is unknown. Neither rationality nor stable rationality is determined for
X3 C P5 and X, C IPS.

We explain the content of the paper. In Section 2, we recall the special-
ization arguments of universal CHy-triviality and the Koll4r’s construction
of global differential forms on inseparable covering spaces. In Section 3, we
study weighted hypersurfaces in arbitrary characteristic with an emphasis
on singularities and on the restriction maps of global sections of sheaves.
Sections 4, 5 and 6 are devoted to the proof of Theorems 1.2, 1.3 and 1.1,
respectively. Theorems 1.2 and 1.3 can be thought of as direct generaliza-
tions of Totaro’s result on hypersurfaces, while in the proof of Theorem 1.1
we need to consider a mixed characteristic degeneration different from To-
taro’s. In Section 7, we give a supplemental result on the failure of stable
rationality of smooth weighted hypersurfaces and in Section 8 we prove
corollaries.
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2. Preliminaries

We briefly recall fundamental results which will be necessary in the proof
of stable non-rationality of varieties via the reduction modulo p arguments.

2.1. Specialization of universal CHy-triviality

For a variety X, we denote by CHy(X) the Chow group of O-cycles on
X, which is by definition the free abelian group of 0-cycles modulo rational
equivalence.

DEFINITION 2.1.

(1) A projective variety X defined over a field k is universally CHo-trivial
if, for any field extension F' D k, the degree map deg: CHy(Xp) — Z
is an isomorphism.

(2) A projective morphism ¢: Y — X defined over a field k is univer-
sally CHg-trivial if, for any field extension F' D k, the pushforward
map p.: CHo(Yr) — CHo(XF) is an isomorphism.

Universal CHy-triviality is an obstruction for stable rationality.

LEMMA 2.2. — If X is a smooth, projective, stably rational variety, then
X is universally CHy-trivial.

We apply the following form of specialization result on universal CHg-
triviality.

THEOREM 2.3 ([4, Théoréme 1.14]). — Let A be a discrete valuation
ring with fraction field K and residue field k, with k algebraically closed.
Let X be a flat proper scheme over A with geometrically integral fibers.
Let X be the generic fiber X x 4 K and Y the special fiber X X 4 k. Assume
that the geometric generic fiber X+ is smooth, where K is an algebraic
closure of K, and Y admits a universally CHy-trivial resolution Y =Y of
singularities. If X+ is universally CHo-trivial, then so is Y.

Failure of universal CHy-triviality can be concluded by the existence of
a global differential form.

LEMMA 2.4 ([15, Lemma 2.2]). — Let X be a smooth projective variety
over a field. If H°(X, Q%) # 0 for some i > 0, then X is not stably rational.

ANNALES DE L’INSTITUT FOURIER
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2.2. Inseparable covers and global differential forms

Let Z be a smooth variety defined over an algebraically closed field k
of characteristic p > 0, £ an invertible sheaf on Z, m a positive integer
divisible by p and s € H°(Z, L™).

Let U = Spec(€D;>, L7%) be the total space of the line bundle £ and
my: U — Z the natural morphism. We have 7y, mj;L = @@71 £~ and
we denote by y € H°(U, 7}, L) the canonical section corresponding 1 €
H%(Z,0z). We define

ZI%/5) = (y™ — w5 = 0) C U.

Set X = Z[®/s] and m = my|x: X — Z. We call X or m: X — Z the
covering of Z obtained by taking the mth roots of s.

The singularities of X can be analyzed by critical points of the section s.
Let g € Z be a point and 1, ..., z, local coordinates of Z at q. Around q,
we can write s = f(x1,...,2,)7™, where f € Oz 4 and 7 is a local generator
of £ at q. We write f = a+/f+q+g, where a € k, ¢, q are linear, quadratic
forms in 1, ..., x,, respectively, and g = g(z1,...,2,) € (z1,...,7,)>.

DEFINITION 2.5. — We keep the above setting. We say that s €
H%(Z,L£™) has a critical point at q € Z if { =0 at q.
We say that s € H°(Z,£™) has an admissible critical point at q € Z if
s has a critical point at q and the following is satisfied:
e In case either p # 2 or p = 2 and n is even, q is a nondegenerate
quadric.
e In case p =2, n is odd and 41 m, we have

length(Ogz q/(0f/0x1,...,0f/0x,)) = 2,

or equivalently ¢ = Ba? + wox3 + 425 + -+ + Tp_17, for some
B € k and the coefficient of 23 in g is not zero under a suitable
choice of local coordinates.

e In case p =2, n is odd and 4 | m, we have

length(Oz.q/(0f/0x1,...,0f/0xy,)) =2

and the quadric in P*~! defined by ¢ = 0 is smooth, or equivalently,
q= x% + xox3 + 425 + -+ + Tp_1x, and the coefficient of :1::% ing
is not zero under a suitable choice of local coordinates.

Note that admissible critical points are isolated. It is easy to see that X
is singular at p € X if and only if s has a critical point at 7(p). Thus, if
the section s has only admissible critical points on Z, then the singularity
of X are isolated.

TOME 71 (2021), FASCICULE 1
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Remark 2.6. — We briefly recall the argument showing that a general
section s € HY(Z,L£™) has only admissible critical points on Z. We refer
readers’ to [9, Section V.5] for details. For a point q € Z and an integer
i > 2, we denote by

resty: H'(Z,L™) = L™ @ (Oz,q/mp)

the restriction map, where mq = mz 4 is the maximal ideal of Oz 4. If restz
is surjective, then the subset Vi* C HY(Z,L™) consisting of the sections
admitting a critical point at q is a linear subspace of codimension dim Z
in HY(Z,L™). If l"est;1 is surjective, then the subset V** C H°(Z,L™)
consisting of the sections admitting a non-admissible critical point at q is
a proper closed subset of V", and hence Vj** is of codimension at least
dim Z + 1 in H°(Z, £L™). In particular, by counting dimensions, a general
section in H°(Z,L£™) has only admissible critical point on Z if 1resté|L is
surjective for any q € Z.

We can summarize the results of [9], [3] and [11] in the following form.

LEMMA 2.7 (]9, Chapter V.5], [3], [11, Proposition 4.1]). — Let X, Z,
L, m and s be as above. Assume that s € H°(Z,£L™) has only admissible
critical points on Z. Then there exists an invertible subsheaf M of the
double dual (% ')VV of the sheaf Q% ' and a resolution of singularities
p: X — X with the following properties.

(1) MZa*(wz @ L™).
(2) ¢ is universally CHo-trivial and ¢* M — Q}fl

We will refer to M in the above lemma as the invertible subsheaf of
(Q% 1YY associated to the covering m: X — Z.

3. Smooth weighted hypersurfaces

Throughout the present section, we work over an algebraically closed field
k of arbitrary characteristic unless otherwise specified. We always assume

that a weighted projective space P := P(ao, . . ., an+1) is well formed, that is,
ged{ag,...,ai,...,an41t =1 forany i =0,...,n+ 1. Let xg,...,2n4+1 be
the homogeneous coordinates of degree ag, . .., an,+1, respectively. When we
make explicit the ground field k, we put it as a subscript Px(ag, - .., ant1)-
The singular locus of P is a union of singular strata

1I; = m (Jii = O) cP

i€{0,...,n+1}\J

ANNALES DE L’INSTITUT FOURIER
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for all subset J C {0,...,n+ 1} with gcd{a; |j€J} > 1.

Let X = X, be a weighted hypersurface in P := Px(ag,...,an+1) of
degree d and let F(xq,...,x,+1) = 0 be its defining equation. We say that
X is quasi-smooth if its affine cone Cx := (F = 0) C A" is smooth
outside the origin. We say that X is well formed if X does not contain any
singular stratum of codimension 2 in IP. Note that for a quasi-smooth well
formed X, the adjunction holds:

wx = Ox(d - ag).

Remark 3.1. — Let X be as above. We say that X is a linear cone if
its defining equation is linear with respect to some coordinate x;. In this
case X is isomorphic to P(aq, . ..,a;,...,a,+1). Clearly a general weighted
hypersurface of degree d in P is a linear cone if and only if d = a; for some
i. Note that under the assumption of Theorem 1.1, 1.2 or 1.3, it is easy to
verify d > a; for any ¢ so that X cannot be a linear cone.

Throughout the present section, we set P = Py(aq, ..., an+1) and
Uy=(x;#0) CP, fori=0,...,n+1,
Uij= (@ #0)N(z; #0) CP, for 0<i<j<n+1
We fix notation which will be valid in the rest of the paper: for positive
integers ag,...,an+1 and d,
(max = Max{ag, ..., ant1},
ax, =ap+ a1+ -+ G,
amn = agQy - - Apy1,
r=Hila;=1}—-1€{-1,0,...,n+1},
and we always assume that ag = a; =--- =a, = 1 and a; > 1 for i > r.

We set p; := (0:---:1:---:0) € P, where the unique 1 is in position i, for
0 <7< n+ 1. Finally we define

A= ﬂzz—o (xp=+-=xz.=0)CP.

a;=1

3.1. Open charts of weighted projective space

We explain descriptions of open sets U; and U; ; when a; = 1 and a; is
coprime to a;, respectively.

We consider U; and assume that a; = 1. By symmetry, we may assume
1 = 0. Then we have an isomorphism

U; = Speck[zy /2", ..., xni1 /2y ]

TOME 71 (2021), FASCICULE 1
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By setting Z; = x;/xg", we see that U; is isomorphic to the affine space
A;i-l--yfn+l with coordinates Z1,...,Z,+1. Note that the restriction of the
global section x; € H(P, Op(a;)) to Uy is 7;.

We consider U; ; and assume that a; is coprime to a;. By symmetry, we
may assume ¢ = n,j = n+1. We take integers A, i such that Aa,, —pa,+1 =

1 and set @ = zpx,!';. Then we have an isomorphism

Uivj = SpeCk[‘rO/anﬂ ml/QaJ, e 7.',1','”71/@“”*1 R xz”+1 /x2117 xill/xgln+l]'
By setting u = 3% /5" and T; = 2;/Q% fori = 0,...,n—1, we see that

Un,n+1 is isomorphic to AZ - x (A} \ {o}). Note that, for restrictions
of global sections x;, 0 <i<n—1, z, and x,41, we have

:’LLA.

. — 7. o
TilUp nt1 = Liy Tn|Uppnpr — W5 Tn+1|Un ntt

3.2. Restriction maps

The following elementary result is useful in the study of restriction maps
of global sections.

LEMMA 3.2. — Let a,b and N be positive integers and suppose that
a is coprime to b and N > (a — 1)(b — 1). Then there exist non-negative
integers k and | such that N = ka + lb.

Proof. — If either a = 1 or b = 1, then the assertion is trivial. Without
loss of generality we may assume 1 < a < b. For an integer i, we set
N; = N —ib. Then N; # N; (mod a) for any 0 < ¢ < j < a. Thus there
exists [ € {0,...,a — 1} such that N; = 0 (mod a). By the assumption
N > (a—1)(b—1), we have Ny > -+- > Ny_o > 0and N,_1 > —a+1. The
latter implies that if [ = a — 1, then N; = N,_; is non-negative. It follows
that N; > 0 in any case and we have N; = ka for some non-negative integer
k. This shows the existence of k£ and I. |

We study restriction maps in several cases.

LEMMA 3.3.

(1) Let i be such that a; = 1 and let ¢,l be positive integers such that
¢ 2 lamax. Then the restriction map

restb™ : HY(P, Op(c)) = Op(c) ® (Op p/mbt)

is surjective for any point p € U;.

ANNALES DE L’INSTITUT FOURIER
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(2) Let i # j be such that a; is coprime to a;, and ¢ an integer such
that ¢ > (a; — 1)(a; — 1). Then the image of the restriction map

rest?,: H°(P, Op(c)) — Op(c) ® (OH",p/mg)
is of dimension at least r + 1 for any point p € U; ; N A.

Proof. — We prove (1). Let p € U; be a point. Replacing coordinates,
we may assume ¢ = 0 and p = pg. The open set Uy is isomorphic to the
affine space A" with coordinates Z1,...,Z,4+1 and we have z;|y, = ;.
For any 1 < ji1,...,J; < n+ 1 and non-negative integers my, ..., m; with
0<my+---+my <1, we have

Cc— (mlaj1 +-- mlajl) 2 c—lamax > 0,
and the restriction of the monomial

c—(miaj, +-+miaj, ) 0
R - e H° (P, Op(c))
to Up is
~mi15m ~m
mjll'%‘j; o ‘rjll'

This immediately shows that restffl is surjective.

We prove (2). We may assume (4, j) = (n,n+1). Then the open set Uy, 41
i X (AL\{o}). Since c—1 > (anp—1)(ant1—1), we
can take non-negative integers v, V41 such that c— 1 = v,a, + Vpt1an41

by Lemma 3.2. By setting M = z¥","", we have monomials

is isomorphic to A%

zoM,x M, ..., x.M € H°(P, Op(c)),

and they restrict to

~ m m ~ m
ToU ,T1U ,...,TpU

where m is a suitable integer. Since p € U, n+1 N A, the coordinates
Zo,...,Z, can be chosen as a part of local coordinates of P at p (with-
out taking a translation) and the coordinate u does not vanish at p. Thus
the section ;M € H°(P, Op(c)) is mapped to T; € Op(c) @ (Opp/m?) and
the image of restl% is of dimension at least r + 1. |

LEMMA 3.4. — Suppose that ag, .. ., a,4+1 are mutually coprime to each
other and let ¢ be positive integer divisible by ar;. Then the restriction map

rest?: HO(P, Op(c)) — Op(c) @ (Op p/m?)

is surjective for any smooth point p € P.

TOME 71 (2021), FASCICULE 1
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Proof. — By the assumption, the singular locus of P is the set {p; | a; >1},
hence the smooth locus of P is covered by the U; for i such that a; = 1
and the U; ; for i # j with a;,a; > 1. If p € U; with a; = 1, then restg is
surjective by Lemma 3.3 (1) since ¢ > am 2 Gmax-

Suppose that p € U; ; with ¢ # j and a;,a; > 1. Without loss of gener-
ality, we may assume (i,7) = (n,n + 1), i.e. p € Up ny1. As in the proof

of Lemma 3.3, U, n41 is isomorphic to A% x (AL \ {0}), where

0503 Tn—1
zjlu, ... = 2; for j =0,...,n — 1. Let A, u be positive integers such that
Ay, — pan4+1 = 1 and set Q =z} xn-&-l Then we have u = xn+1/xnn+1 For

each 0 < j <n—1, we have

C—a; 2 j0nant1—a; = Gj(Gnant1—1) 2 apani1—1 2 (an—1)(an41—1)
. . Aj
and thus there exists a monomial M; = zp’z)’ | of degree ¢ — a; by

Lemma 3.2. Hence we have global sections
xoMo, .IlMl, e ,l‘n—an—l S HO(P, O[P(C))
which restrict to
foum", fluml, c ,%n_lumT“l

on U, py1. Now we write ¢ = manan+1, where m > 1. Then the sections

mapt1 ,.(m—1)any1 .0 ma
xp it g mhgen e € HY(P, Op(c))
restricts to
P man+1 , umnan+1+17 o ,uumanHer — ukman.

We see that the image of the sections
J,‘()Mo, ey Tp— an 1, T man+1 ,Elm_l)a"'+lIZT_L~_1 S HO(P, OIP(C)>

generates the k-vector space Op(c) ® (Opp/m?2). This completes the
proof. O

Remark 3.5. — Let Z be an irreducible subvariety of P and let p € Z be
a point such that both Z and P are smooth at p. Then the surjectivity of
the restriction map

restb™ : HO(P, Op(c)) — Op(c) ® (Op,p/mb™)
implies the surjectivity of the restriction map
I‘eStlngi HO(Z,Oz(C))%Oz< ) (Ozp/ml+1)

Moreover, if the image of restﬁ is of dimension at least m, then the image
of rest2z7p is of dimension at least m — codimp(Z).

ANNALES DE L’INSTITUT FOURIER
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3.3. Smoothness of various weighted projective varieties

Let F = |Op(d)| be the complete linear system of weighted hyper-
surfaces of degree d in P = Py(ag,...,a,41) so that F = PV where
N = h%(P,0p(d)) — 1, and let W C P x F, together with the second
projection W — F, be the family of such weighted hypersurfaces. We set

wWeine — [(p, X) | X is singular at p} C P x F.

The image of W5"8 under the second projection W*"& — F is the space
parametrizing singular weighted hypersurfaces of degree d in P. A compo-
nent V of W58 is called F-dominating if the restriction ¥V — F of the
second projection P x F — F to V is dominant. For a component V of
WsIng its image via the first projection P x F — P is denoted by Cp(V)
and is called the P-center of V. For a component V of W8 and a point
p € P, we denote by V, the fiber over P of the projection ¥V — P. We define
Ai,j =AnN Ui,j c P.

LEMMA 3.6. — Suppose that d > apa.x. Then the following assertions
hold.

(1) For any F-dominating component ¥ C W8 its P-center Cp(V) is
contained in A.

(2) Let i # j be such that i,j > r (ie. a;,a; > 1) and a; is coprime to
a;. Suppose that one of the following holds.

(i) d is divisible by ar.

(if) d> (a;i —1)(a; — 1) and 2r > n.
Then, for any F-dominating component ¥V C W?®"8  its P-center
Cp(V) is disjoint from A, ;.

Proof. — We prove (1). Let V C W58 be an F-dominating component.
Suppose that the P-center C = Cp(V) of V intersects U; = (x; # 0) C P
for some ¢ = 0,1,...,7. Since d > anax, the restriction map

rest?: H'(P, Op(d)) = Op(d) @ (Op,p/m3)

is surjective for any point p € U; by Lemma 3.3. This shows that, for any
point p € CNU;, V, is of codimension at least n+2 in F = {p} x F. Hence
we have
dimV < dimC + (dim F — (n +2)) < dim F

since dim C' < n + 1. This is impossible since V is F-dominating. Thus C
is contained in (z; =0) for i =0,...,r, and (1) is proved.

We prove (2). Let V C W*"8 be an F-dominating component. By (1),
C = Cp(V) is contained in A. Suppose that CNA; ; # 0. We set ¢ =n+2

TOME 71 (2021), FASCICULE 1
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and ¢ = r 4+ 1 if we are in case (i) and (ii), respectively. By Lemmas 3.4
and 3.3(2), the image of the restriction map

rest}: H'(P, Op(d)) — Op(d) ® (Opp/m?)

is of dimension at least ¢ for any p € A;;, and thus the codimension of V,
is at least ¢ in F. We have

dimV < dim C + (dim F — ¢) < dim F,

where the last inequality clearly follows when we are in case (i) and follows
since dimC' < dim A = n — r and n < 2r when we are in case (ii). This is
impossible and (2) is proved. O

Note that we have

A\ U Aij | ={prsts- s Prsi}

ri<j<n+1

LEMMA 3.7. — Suppose that ag, . . ., a,4+1 are mutually coprime to each
other.

(1) If d is divisible by ar, then a general weighted hypersurface of
degree d in Py(ag, - .., Gpy1) is sSmooth.

(2) Ifdy,dy are both divisible by ar, then a general weighted complete
intersection of type (dy,ds) in Px(ag,...,an4+1) is smooth.

Proof. — We prove (1). Suppose that there exists an F-dominating com-
ponent V C Ws"e, By Lemma 3.6, Cp(V) = {p;} for some i € {r +1,...,
n+ 1}, that is, a general member of F is singular at p;. On the other hand,
since d is divisible by a; for any i, a general member of F does not even
pass through p; for any ¢ = r + 1,...,n + 1. This is a contradiction and
there is no F-dominating component of W&, Therefore a general member
of F is smooth.

We prove (2). Let X; be a general weighted hypersurface of degree d; in
P which is smooth by (1). By Lemma 3.4, the restriction map

H°(X1, Ox, (d2)) = Ox, (d2) @ (Ox, p/m¥%, )

is surjective for any point p € X;. From this we can conclude (by counting
dimensions) that a general member Z € |Ox,(dz)|, which is a general
weighted hypersurface of type (di, ds), is smooth. a

LEMMA 3.8. — Suppose that the following conditions are satisfied.
(1) a; is coprime to a; for any i < j except for {i,j} = {n,n + 1}.
(2) d is divisible by a; for any i.

(3) 2r = n.
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Then a general weighted hypersurface of degree d in P(ag,...,an+1) Is
smooth outside (xg = -+ = x,—1 = 0).

Proof. — Let V C W8 be an F-dominating component. We can apply
Lemma 3.6(1), since d > amax by the assumption (2), and also apply
Lemma 3.6 (2) for r < i < j < n+ 1 with (¢,5) # (n,n + 1) and conclude
that Cp(V) is contained in the set {p,y1,...,pn—1} UL, where I' = (z¢ =

-+ Zp—1 = 0). Since d is divisible by a; for i = r+1,...,n—1, Cp(V) # {p;}
fori=r+1,...,n—1. Thus the P-center of a F-dominating component is
contained in I'. Therefore a general member of F is smooth outside I'. O

LEMMA 3.9. — Suppose that the following conditions are satisfied.
(1) ag,...,an+1 are mutually coprime to each other.
(2) There exists k € {r+1,...,n+1} such that d is divisible by ar/a.
(3) d> (al—l)( -1) foranyO i<j<n+1,and d > amax.
(4) 2
Then a general weighted hypersurface of degree d in P(ag,...,an+1) iS
smooth outside the point py, = (0:---:1:0:---:0).

Proof. — Let V C W8 be an F-dominating component. We can apply

Lemma 3.6 and conclude that Cp(V) is contained in {p,1, ..., pnt1}. Since
d is divisible by a; for i # k, Cp(V) # {p;} for i # k. Therefore Cp(V) C
{pr} and the proof is completed. O

3.4. Characterization of smooth well formed weighted
hypersurfaces

LEMMA 3.10. — Let X be a general weighted hypersurface of degree d
in Py(ag,...,an+1). Then X is smooth, well formed and is not a linear cone
if and only if the following conditions are satisfied:

(1) ag,...,an+1 are mutually coprime to each other.
(2) d is divisible by ar.
(3) d = 2amax-

Proof. — Set Py := Px(ao, - .., an+1). Suppose that (1), (2) and (3) are
satisfied. By (3), X is not a linear cone. By (1), Py has at most isolated sin-
gularities and hence X is clearly well formed. By Lemma 3.8, X is smooth.

Conversely, suppose that X is smooth, well formed and is not a linear
cone. We first prove that (1), (2) and (3) hold assuming that char(k) = 0.
By [13, Corollary 2.14], X is quasi-smooth, which implies Sing(X) = X N
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Sing(Py). Since X is smooth, this means X N Sing(Px) = 0. Hence Py
has at most isolated singularities and X avoids those points. The former
implies (1). The latter implies that d is divisible by a; for any ¢, which
implies (2). We now know that d is divisible by amax. The case d = amax
does not happen since X is not a linear cone. Thus we have (3). Now
suppose that char(k) = p > 0. Then we can lift a very general weighted
hypersurface X of degree d in Py to a very general weighted hypersurface,
denoted by X, of degree d in Px (ag, . . ., ant1), where K is an algebraically
closed field with char(K) = 0 (using the ring of Witt vectors with residue
field k). We see that Xk is smooth, by the generic smoothness, and it
is clearly well formed and is not a linear cone. Then (1), (2) and (3) are
satisfied by the above argument. O

Further restrictions are imposed on ag,...,a,+1 and d when a general
weighted hypersurface is in addition assumed to be Fano.

LEMMA 3.11. — Suppose that n > 3 and that a general weighted hy-
persurface of degree d in Py(ag,...,an11), a0 < -+ < apy1, IS a smooth
well formed Fano variety which is not a linear cone. Then the following
assertions hold.

(1) 2r>n+1.

(2) d > 3a, unlessd =2 and r =n+ 1.

(3) d > 3ap41 unless either d = 2ap41 and r 2 n or d = 2a,41,
r=n—1and a, = 2.

Proof. — We note that the assumption implies that the conditions (1),
(2) and (3) in Lemma 3.10 are satisfied.

We prove (1). If r > n — 1, then the assertions follows immediately since
n 2 3. Thus we assume r < n—2. Since 2 < @r41,3 < Gpgo,...,n—7r+1 <
a,, we have

(n—r+1)lapy1 <apg < d.

On the other hand, the assumption that a general weighted hypersurface
X of degree d in P(ag, . .., an+1) is Fano implies

d<ap<r+1+Mm—r+1Daps1.
Combining the above inequalities, we have
m—r+1)((n—r)!—Dapss <r+1.

Since we are assuming r < n — 2, we have (n —r)! — 1 > 1. Hence we have
n—r+1<r+1 and this proves (1).

We prove (2). Suppose that d < 3a,. Since d is divisible by a,, and X
is not a linear cone, we have d = 2a,,. Since a1 divides d and a1 is
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coprime to a,, we have an4+1 < 2. If a1 = 1, then we have r =n +1 and
d = 2. Suppose that a,+1 = 2. Then a9 = --- = a, = 1. In particular we
have d = 2a, = 2 = a,4+1. But this is impossible since X is not a linear
cone. This proves (2).

We prove (3). Suppose that d < 3a,y;. By the similar argument as
above, we have d = 2a,,41 and a, < 2. If a,, = 1, then we have r > n, and
if ap, = 2, then r = n — 1. This proves (3). O

4. Proof of Theorem 1.2

Let n > 3, ag,...,an4+1 and d be positive integers which satisfy the
assumptions of Theorem 1.2, i.e. a general degree d weighted hypersurface
in Pc :=Pc¢(ag, - .-, ans+1) is smooth and well formed, and for the smallest

prime number p dividing d/a;; > 1, the inequality

z P =
is satisfied. Note that a very general weighted hypersurface of degree d in
P¢ is not a linear cone (cf. Remark 3.1), hence the weights a; are mutually
coprime to each other, d > 2amax and d is divisible by ay; by Lemma 3.10.

LEMMA 4.1. — Theorem 1.2 holds true if in addition one of the following
is satisfied.
(1) d Z ay.
(2) d < 2pamax-

Proof. — Let W be a very general weighted hypersurface of degree d in
Pc(ag, - - -, ant1). If we are in case (1), then HY(W,wy/) # 0 and W is not
stably rational by Lemma 2.4.

Suppose that we are in case (2). We assume that apax = an+1 and write
d = mpay for some positive integer m. Then we have

d = mpan < 2pamax = 2PAn+1,

which implies m = 1 and ag = -+ = a, = 1. Then W degenerates to a
degree p cyclic cover W’ of P¢ branched along a very general hypersurface
of degree d = pa,4+1 and the condition of Theorem 1.2 is equivalent to
d > n + 1. Then the failure of stable rationality of W’  hence of W by the
specialization theorem [16, Theorem 2.1], is proved in [3] and [11]. O

In the following we assume that we are in none of the cases (1) and (2)
of Lemma 4.1 so that n,aq,...,a,4+1,d and p satisfy the following.
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CONDITION 4.2.
(1) ag,...,an+1 are mutually coprime to each other and n > 3.
(2) p is a prime number and d is divisible by pary.
(3) 2pamgLX d<as.
) d

(4

Note that the conditions (1), (2) and (4) follow from the assumption of
Theorem 1.2 and Lemma 3.10. The condition (3) is due to Lemma 4.1.
We explain a degeneration of weighted hypersurfaces which enables us

> p+1 as-

to pass to characteristic p in the proof of Theorem 1.2. We set b = d/p.

Remark 4.3. — Under the above setting, we consider the variety
X=@P—f=ty—g=0)CPclag,...,ans1,b) x A},

where we take xg, ..., Z,11,y as homogeneous coordinates of degree ay, . . .,
an+1,b, respectively, and f,g € Clzg,...,z,+1] are homogeneous polyno-
mials of degree d, b, respectively. We assume that f and g are very general.
By eliminating the coordinate y, the fiber of X — A} over a point ex-
cept for the origin is a (very general) weighted hypersurface of degree d in
Pc = Pc(ag, .. ., any1) and, for the fiber X, over the origin o € Al, we have
an isomorphism

Xog(yp—f:gzo) CPC(QOa'”van-‘rlvb)a

which is a degree p cyclic cover of the weighted hypersurface (g = 0) C P¢
branched along the divisor (f = g = 0) C P¢. This degeneration origi-
nates [10, Example 4.3]. By Lemma 3.7, both (¢ = 0) C Pc and (f = g =
0) C P¢ are smooth since deg f = d and degg = b = d/p are both divisible
by arr, which implies that X, is smooth.

By the specialization theorem [16, Theorem 2.1], to prove Theorem 1.2, it
is enough to show that X, is not universally CHy-trivial. By Theorem 2.3, it
is then enough to work over an algebraically closed field k of characteristic
p, consider a weighted hypersurface of the form

X:=w-f=9g=0)CPxlag,.--,ans1,d),

where f,g € k[zg,...,Zn41] are very general and show the existence of a
universally CHg- tr1v1al resolution ¢: X — X such that X is not universally
CHy-trivial. Note that X is the covering of Z := (g = 0) C Px(ag, .., an+1)
obtained by taking the pth roots of the section f € H°(Z, Oz(d)).

In the following, we work over an algebraically closed field k of charac-
teristic p. Let f,g € Kk[zo,...,2,t1] be general homogeneous polynomials
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of degree d,b = d/p, respectively. We set
X = (yp _f:g = O) Cﬁi:: ]P)k(a07"'aan+lab)7
Z = (g = 0) cP:= ]P)]k(ao, - ,an+1),
and let m: X — Z be the natural morphism. Here xg,...,2,11,y are ho-

mogeneous of degree ag, ..., a,+1,b of P, respectively, and we use the same
coordinates g, ..., x,+1 for the homogeneous coordinates of PP.

LEMMA 4.4. — Z is smooth.

Proof. — In view of (1) and (2) of Condition 4.2, this follows from
Lemma 3.7. U

We set £ = Oz(b) and we view f as an element of H°(Z,LP) =
H%(Z,0%(d)). Then 7: X — Z can be identified with the covering of
Z obtained by taking the pth roots of f € H(Z,LP). In the following
we assume that ag = -+ = a, = 1 and a; > 1 for any ¢ > r. We set
A=(xg=-=z,=0)CPand Az =ANZ.

LEMMA 4.5. — A general f € H°(Z, LP) does not have a critical point
along A .

Proof. — By (1) and (2) of Condition 4.2, we can apply Lemma 3.4 and
conclude that the image of the restriction map

HY(Z,LP) = LP ® (Oz,p/mg)
is surjective for any point p € Z. It follows that the sections in H°(Z, LP)
having a critical point at a given point p € Az form a subspace of codi-

mension at least n. Since dim Az < n, the proof is completed by counting
dimensions:

dim H(Z, LP) —n +dim Ay < dim H(Z, LP).
This shows that a general f € H°(Z, LP) does not have a critical point
along Ay. O

LEMMA 4.6. — A general f € H°(Z,LP) has only admissible critical
points on Z.

Proof. — We set U; = (x; #0) CPand U = Uy U --- UU,. Note that
U =P\ A. Since d > 2pamax > 3amax by Condition 4.2(3), the restriction
map

vesty: HY(Z,LP) = LP & (Oz,p/my)
is surjective for any point p € Z N U by Lemma 3.3(1). By Remark 2.6,

a general f € H°(Z,LP) has only admissible critical point on U. This,
together with Lemma 4.5, completes the proof. (|
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PROPOSITION 4.7. — The variety X admits a universally trivial resolu-
tion p: X — X of singularities such that X is not universally CHy-trivial.

Proof. — Let M be the invertible subsheaf of (% )V associated to
the covering m: X — Z. We have an isomorphism

M= 1wy ® LP) 2 Ox (b— ax + d).

By Lemmas 4.6 and 2.7, X admits a universally CHj-trivial resolution
©: X — X such that M — Q” 1. We see that H°(X, M) # 0 since

bfag+d:7dfa220
p

by Condition 4.2(4). This shows that H%(X X, Q% 1) # 0, hence X is not
universally CHy-trivial by Lemma 2.4. O

Theorem 1.2 follows from Remark 4.3 and Proposition 4.7.

5. Proof of Theorem 1.3

The aim of this section is to prove Theorem 1.3 following the Totaro’s
degeneration (to a reducible variety) which will be explained below. We
assume that ag,...,ant1,d and e = d/ar are positive integers satisfying
the assumptions of Theorem 1.3.

LEMMA 5.1. — Theorem 1.3 holds true if in addition one of the following
is satisfied.
(1) d Z ay.
(2) e=3.

Proof. — Let W = Wy C Pc(ao,-..,an+1) be a very general weighted
hypersurface of degree d. If (1) is satisfied, then W is clearly not stably
rational. Suppose that e = 3, i.e. d = 3ay. Then the condition d > an—i—%ag
is equivalent to d > ayx, hence W is not stably rational. g

In the following we assume that we are not in (1) or (2) of Lemma 5.1
so that n,ag,...,an+1,d and e satisfy the following.

CONDITION 5.2.

(1) ag,...,an41 are mutually coprime to each other.
(2) d<as.

(3) e=d/an = > 5 is odd.

(4) d>amg+: az
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Remark 5.3. — Let W be a very general weighted hypersurface of degree
d = eayy in P¢ := Pc(ag, - ..,ant+1). We can degenerate W to a union of
a very general weighted hypersurfaces X and G in P¢ of degree (e — 1)an
and agy, respectively. Note that e — 1 is even. Let Y be the degeneration
of X over an algebraically closed field k of characteristic 2 obtained as in
Remark 4.3, which is a purely inseparable double cover of a very general
weighted hypersurface Z in Py := Py(ag,. .., an+1) of degree (e — 1)am/2.
Let H be a very general weighted hypersurface of degree ayy in Py to which
G degenerates. We set b = (e — 1)arr/2 and write

Y:(y2+f:g:0) Cﬁ’k :=Px(ao, ..., @nr1,b),

Z = (g = O) CP= P]k(a07 s 7a’n+1)>

H=(h=0)C P,
where zg,...,Zn+1,y are homogeneous coordinates of degree ao,...,
an+1,b, respectively, and f,g,h € k[zg,...,2n41] are very general homo-

geneous polynomials of degree 2b = (e — 1)ar, b, ag, respectively, and set
L = 0z(b). Let m: Y — Z be the natural morphism which is obtained by
taking the roots of f € H°(Z, £?). We set

Y=Y Nnr YH)=(*+f=g=h=0)CP,
ZH:ZQH:<g:h:O)C]P]k

Note that 7|y, : Yo — Zg is the morphism obtained by taking the roots
of flz, € H'(Zu, (Lz4)?)
Now suppose that the following are satisfied.
(1) Z is smooth, the section f € H°(Z,£?) does not have a critical
point on Yy C Y and has only admissible critical points on Z.
(2) Zg is smooth and the section f|z,, € H%(Zu,(L|y,)?) has only
admissible critical points on Zp.
(3) The invertible subsheaf M of (Q3 ')V associated to 7: Y — Z
has a non-zero global section.
(4) HO(ZH7CL)ZH) =0.
Let ¢: Y — Y be the universally CHp-trivial resolution of Y as in Lem-
ma 2.7 (note that ¢ is obtained by blowing-up each singular point of V).
Here the existence of ¢ follows from (1). Replacing Y by a further blowing
up (at each singular point of Zy which is contained in the smooth locus
of Y by (2)) model, we may assume that the restriction ¢|;  : Zy — Zy,
where Zp is the proper transform of Zy by ¢, is the universally CHp-
trivial resolution of Zg. Under the above assumptions, it follows from the

TOME 71 (2021), FASCICULE 1



222 Takuzo OKADA

argument in [15, p. 887-888] that universal CHg-triviality of W implies
that the restriction

0y On—1 0(77 n—1

HOY, Q) = HO(Z0, Q050)
is injective. By (1) and (3), we have 0 # HO(Y,p* M) < HO(?,Q?;l).
By (4), H(Zy, QTZE:) = H%(Zy,wz,) = 0. This is a contradiction. There-

fore, for the proof of Theorem 1.3, it is enough to show that (1), (2), (3)
and (4) are satisfied.

We keep the same notation and setting as in Remark 5.3.

LEMMA 5.4. — Z is smooth, the section f € H°(Z, L£?) does not have
a critical point on Zy C Z and has only admissible critical points on Z.

Proof. — Recall that the weighted hypersurface Z C P is of degree b =
(e — 1)arr/2 and b is divisible by ay. By Lemma 3.7, Z is smooth. Recall
also that £2 = Oz((e — 1)ar) and e — 1 > 4. By the same argument as in
the proof of Lemma 4.5, we conclude that a general f € H%(Z, £?) does not
have a critical point along a given proper closed subvariety of Z. Thus f
does not have a critical point along A zUZ . Then, since (e—1)am > 3@max,
we can apply Lemma 3.3 (1) and conclude that f has only admissible critical
points on Z (by the same argument as in the proof of Lemma 4.6). O

LEMMA 5.5. — Zp is smooth and the section f|z, € H(Zu,(L|z4)?%)
has only admissible critical points on Zy;.

Proof. — The variety Zpy is a general weighted complete intersection
of type (b,ar) in Py. By Lemma 3.7, Zy is smooth. We have (£|z,)? =
Oz, (2b) and 2b = (e — 1)ar > 3amax- Thus we can apply Lemma 3.3.(1)
and conclude that f|z, € H(Zy,(L|z,)?*) has only admissible critical

points on Zp. O

Proof of Theorem 1.3. — It is enough to show that the conditions (1),
(2), (3) and (4) in Remark 5.3 are satisfied. Conditions (1) and (2) are
already verified in Lemmas 5.4 and 5.5. For the invertible sheaf M C
(Q% 1YY we have an isomorphism

~ % 2\ ~v 3 3
M= (wz®£ ):Oy id—ian—az .

We have H%(Y, M) # 0 since d > an + 2as, and the condition (3) is
verified. Finally, we have

e+1
wZH:(’)ZH< B an—az)).
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Since (e +1)/2 < e and d — ax, < 0, we have

1
e—; ag —ax <d—ax <0,
and thus the condition (4) is verified. This completes the proof. O

6. Proof of Theorem 1.1

The aim of this section is to prove Theorem 1.1. Let n > 3, ag, ..., an41
and d be as in Theorem 1.1. Since a general weighted hypersurface of degree
d in Pc(ag, ..., an+1) is smooth, well formed and is not a linear cone (see
Remark 3.1), the weights a; are mutually coprime to each other, d > 2amax
and d is divisible by arj.

LEMMA 6.1. — Theorem 1.1 holds true if in addition one of the following
is satisfied.
(1) d > as.
(2) r = n.
(3) d 7£ arg-
Proof. — Let W be a very general weighted hypersurface of degree d in
]Pc(a,o, ey an+1).
If we are in case (1), then W is not stably rational since H(W, wy) # 0.
Suppose that we are in case (2). If r = n + 1, i.e. W is a hypersurface
of degree d in P"*! then the stable non-rationality of W follows from [15,
Theorem 2.1] since the condition Iy < amax = 1 is equivalent to d >
n + 1 which is stronger than d > 2[(n + 2)/3]. If r = n, then W can
be degenerated to a (degree d/amax) cyclic cover of P¢ branched along a
hypersurface of degree d. Then stable non-rationality of W follows from [11,
Theorem 1.1] since the condition Iyy < amax is equivalent to d > n + 1.
Suppose that we are in case (3). By (1) and (2), we may assume that
d < ay and r < n — 1. We may assume ampax = Gn4+1. Note that we have
ag - an = 2. Let p be the smallest prime number dividing d/ar. Then we
have
ax >dZpag---ApGns1 = 2PAp41-
By the assumption of Theorem 1.1, we have Iy < a1 which is equivalent
to d > ax, — an4+1. We have
1
p+1 p+1

(as — (p+ Dan1)
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Thus the assumption of Theorem 1.2 is satisfied and W is not stably ra-
tional. This completes the proof. O

In the following we assume that we are in none of the cases (1), (2)
and (3) of Lemma 6.1 so that n,aog,...,an,+1 and d satisfy the following
after re-ordering the a;.

CONDITION 6.2.

(1) ag,...,an+1 are mutually coprime to each other and n > 3.
(2) apt1 = max{ao, oy apy1} and a, = max{ag,...,a,} > 2
(3) 3a, <d=an < ag.

(4) 2r > n.

(5) d =32 ai

Note that the inequality 3a,, < d in (3) follows from Lemma 3.11(2), and
the inequality (4) follows from Lemma 3.11(1). Moreover the inequality (5)
follows from the assumption in Theorem 1.1 that Ix < max{aq, ..., ant1}-
We choose and fix a prime number p which divides a,,. We set b := a,apn41
and e:=d/b=ap---a,—1. Note that d = eb.

Remark 6.3. — A very general smooth well formed weighted hypersur-
face W of degree d in Pc(ag,...,an+1) degenerates to a weighted hyper-
surface W’ in Pc(ao, ..., ant1) of degree d defined by an equation of the
form

Ty +mn+1 o fy 4 “xpty fe—1)p + fer = 0,

where f; € Clxo,...,z,] is a very general homogeneous polynomial of de-
gree i. The variety W' is a (very) general member of a base point free linear
system and W' avoids the singular points of P¢(ao, ..., ant1), hence W’
is smooth by Bertini theorem (cf. [5, Corollary 10.9, Remark 10.9.2]). By
the specialization theorem [16, Theorem 2.1}, to prove Theorem 1.1, it is
enough to show that W’ is not universally CHg-trivial. Let k be an alge-
braically closed field of characteristic p. By Theorem 2.3, it is then enough
to show that a weighted hypersurface X in Py(ayg,...,a,+1) defined by an
equation of the form

2€an (e=1)an 20n _
Lpt1 + Lpt1 fb +- n-l,-lf(e—l)b =+ feb - 07

where f; € klzg,...,z,] is a very general homogeneous polynomial of de-
gree i, admits a unlversally CHj-trivial resolution ¢: X — X such that X
is not universally CHg-trivial.

In the following we work over an algebraically closed field k of charac-
teristic p unless otherwise specified and let P := Py(ag,...,an+1) be the
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weighted projective space with homogeneous coordinates xg, . . ., T,4+1 With
deg z; = a;. The coordinate z, 41 will be distinguished and we denote it as
Yy = Tp41. We define X to be the weighted hypersurface of degree d in P
defined by the equation

F = yn 4 y(e—l)an fo + y(e_z)a"fzb e T f(e—l)b + fop =0,

where f; € k[zo,...,zy] is a general homogeneous polynomial of degree 1.
Let

P :=Py(ag,--.,an,b)
be the weighted projective space with homogeneous coordinates xq, ..., z,
and z with degxz; = a; and deg z = b, and let Z be the weighted hypersur-
face of degree d in P defined by

Gi=2+42"fy+ 22 fop + -+ 2f(c_1)p + for = 0.

Note that Z is a general weighted hypersurface of degree d in P. The re-
striction of the natural morphism

PP, (20 1Y) (W02 1y™)
to X is denoted by 7: X — Z. We set

IFz=(xy=-=2,1=0NZCP,
Z°:=Z\Ty,
Iy =7 Y8)=(xog==x,_1=0)NX,
X°:=n12°) =X \Tx.

LEMMA 6.4. — Z° is smooth.

Proof. — This follows from Lemma 3.8. |

LEMMA 6.5. — X is smooth along I'x.

Proof. — Set V = (2, # 0) N (y # 0) C Px. We have T'x = I'x NV since
Pn, Pn+1 ¢ X. Take positive integers A, p such that Aa,, — pa,+1 = 1 and
set Q = z)y~*. Note that p { u since p | a,,. Then V can be identified with

~ . a
A% s x (AL \ {o}), where T; = 2;/Q% and u = y* /x,""'. We have
ylv = u* and Zn|y = u* so that global sections
ea e—1)a a ea
y n,y( ) nxnn+1’._'7xnn+l,
restrict to functions
uhean , up,eanfl7 . ,up,eanfe _ u)\eanJrl’

on V. We write

F = yean + aly(e_l)anl:ZnJrl + aQy(e_Q)anmi“n+l 4.+ aexza%Jrl + h’
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where a; € k is the coefficient of Tl iy fiv and h = h(xg,...,2n,y) is
the remaining terms. Note that h € (zg,...,2p—1). Then X NV is defined
by the equation

F|V _ u)\ean + aluAe“’”l + a2uAea,L72 N aeu)\eanfe + h,

where h = iNL(EO, ..oy Tp—1,u) = hly. Note that Aea,, — e = pea,41 is not
divisible by p, aq,...,a. are general, h € (Toy...,Tp—1) and T'x NV is
defined by 7o = --- = Z,,_1 = 0. It is then easy to check that X is smooth
along I'x and the proof is completed. (|

We set L = Ozo(apn41). We can view z (or more precisely z|zo) as an
element of H°(Z°, L) = HY(Z°,0z(b)), and 7° = 7| xo: X° — Z° is the
covering obtained by taking the a,th roots of z. We define Ay = (g =
o=z, =0)NZand Ay, = Az \T'yz.

LEMMA 6.6. — The section z € H°(Z°,£%) does not have a critical
point along AY.

Proof. — The section z has a critical point at p € Z° if and only if X
is singular at any point of 77 !(p). Thus it is enough to show that X is
smooth along A%, where

Ay =AY =(xo=---=2,=0)N X \Ty.
We set AfP: (xo = ... = 2, :0) CﬁandA%:A?\(xo = ... =

Zn_1 = 0). Let W be the k-vector subspace of H(P, Op(d)) generated by
the monomials

{xlgo e 'xlffyla" ki1 >0, Z kia; + lanay41 = d} .

Note that X is defined by a general element of W. We claim that the image

of the restriction map
restgz W — Op(d) ® (OP,p/mg)
is of dimension at least r 4+ 1 for any point p € A]%. We define
V@j:(xi;éO)ﬂ(xj#O)CIﬁ, forr <i<j<n,
Vi,y:(ﬁﬁi#o)ﬂ(y#o)Cﬁ’, forr <i<n-—1.

We set p; = (0:---:1:---:0) € }T”, where the unique 1 is in position i, for
0 <i<n+1. Then we have

A%\{pr+lv~'~vpn72} = U Aﬁ»m‘/z‘,j U U A@QVW

ri<j<n r<i<n—1
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Suppose that p € ANV, ; for some r < ¢ # j < n. Then, since a;
is coprime to a; and d > a;a; > (a; — 1)(a; — 1), there exists monomial
M = :zzf‘:cg of degree d — 1 by Lemma 3.2. The section ;M € W, for
i =0,...,r, restricts to the function Z;u’ on Vij, where [ is a suitable
integer, and Zg, . .., Z, form a part of local coordinates of P at p- Thus the
image of rest?, is of dimension at least r + 1.

Suppose that p € ANV, , for some r < i < n — 1. Then, since a; is
coprime to apan4+1 and d 2 a;anan1 > (a; — 1)(anan+1 — 1), there exists
a monomial M’ = a:g\,y“/“" of degree d — 1. Since x;M' e W,i=0,...,r,
we can repeat the above arguments and conclude that the image of rest?,
is of dimension at least  + 1. Thus the claim is proved.

For p € A]‘—;,, let Wy be the subspace of W consisting of the polynomials

H € W such that the weighted hypersurface in P defined by H = 0 is
singular at p. By the above claim, the codimension of W, in W is at least
r+1 for any p € A°\ {pry1,...,Pn—2}. Since dim Az =n —r and 2r > n
by Condition 6.2(4), we have

dimW — (r+1) + dim A < dim W.

This shows that X is smooth along AZ \ {prt1,---sPn_2} It is clear that
a general H € W does not vanish at p; (for i =r+1,...,n—2). Thus X
is smooth along Ag. O

LEMMA 6.7. — The section z € H°(Z°, £%) has only admissible critical
points on Z°.

Proof. — We choose and fix general fy, fop, ..., fe—1)p € Kk[o,...,Tn]
and we will show that the section z € HY(Z°, L) has only admissible
critical points on Z° for a general choice of fg = fep € k[0, ..., x,]. Note
that Z itself varies as we vary fg.

Let F be the affine space parameterizing homogeneous polynomials of
degree d = eb in variables x, ..., z,. For a homogeneous polynomial fy; of
degree d, we denote by [f4] € F the corresponding point. We set

critical point at p

na p € Z° and z has a non-admissible
wee = { o l1) e P 7 .

It is enough to show that there is no F-dominating component of W2,
Assume to the contrary that there exists such a component V of W"? and
let C' be the P-center of V, i.e. the image of V under the first projection
wra — P.

Foro<i<r,weset U; = (2; #0) CPand U =UyU---UU, C P.
Assume that CNU # (). We compute the number of independent conditions
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imposed for z (and for f;) to have a non-admissible critical point at p. To
do so we may assume p = (1:0:---:0:() € Uy for some ( € k by
considering a suitable automorphism of P° (which leaves z invariant). Note
that, by Lemma 3.3 (1) and Condition 6.2 (3), the restriction map

restg: HY(P, Op(d)) — Op(d) ® (Op/mﬁ)

is surjective. For a homogeneous polynomial h = h(zg,...,z,,2) €
HO(P,Op(d)), we set h = h(1,Z1,...,Tn,Z2), so that h is the restriction

of the section h to Uy = Agfliwg We write

ib ib—1 ib—2 ib—3
Jiv = qizy +lixg ™ + qiry T+ vy + Giv,
where /¢;, q;,c; are linear, quadratic, cubic forms in z1,...,z, and g; is

contained in the ideal (1,...,2,)* C k[zo,...,7,]. Note that Z N Uy is
the hypersurface in Uy defined by the equation

é:ge+zeflfb+gef2f2b+...+feb:0,

We set
oG o= o
§:= %(p) =e(“! +Z(e — gt e k.
j=1

We may assume £ # 0 because otherwise z (or more precisely, its translation
z — () becomes a part of local coordinates of Z° at p and z does not have
a critical point at p. Then we can choose Z1,...,Z, as local coordinates of
Z° at p and we express z as

Z=(+Llt+qtect--,

where /£, ¢ and ¢ are linear, quadric and cubic forms in variables Z1, ..., T,
respectively.

By substituting z = (+/{+- - - into the defining equation G = 0of ZNU,,
we have

g =G@1,...,Tp,C+LHqg+c+---)=0.
Looking at the constant term of g, we have
e—1
¢+ il +a. =0,
j=1

which imposes 1 condition on fg = fe, = ozexgb + Zexgb_l + -+ since restg
is surjective. Looking at the linear term of g, we have

e—1
G0+ ¢TI+ L =0,

j=1
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We see that z has a critical point at p if and only if £ = 0 as a polynomial,
which is equivalent to
e—1

be=—Y ¢,

j=1

Since restg is surjective, this imposes n independent conditions on f;. From
now on we assume that £ = 0. Then, by looking at the quadratic and cubic
terms of g = 0, we have

e—1
—&q=> (g + qe,
j=1
e—1 e—1
—e=> (e— )¢ gl + ) ¢ Tej +ce.
j=1

Jj=1

It is now easy to see that, in view of the fact that restg is surjective,
Z=C(+4+q+ c+--- has an admissible critical point at p for a general
choice of ge, c.. This shows that the fiber Wj* of W"* — P over p € U =
UpU---UU, is of dimension dimF — (n + 2). Since dimP = n + 1, it
follows that the P-center C' of V is disjoint from U and thus contained in
(o = -+ = x. = 0) C P, that is, z has only admissible critical points
on Z°\ A%, for a general choice of fg. Now the proof is completed by
Lemma 6.6. O

PRrROPOSITION 6.8. — The variety X admits a universally CHy-trivial
resolution ¢: X — X of singularities such that H°(X, Qn){l) #0.

Proof. — Let M° be the invertible subsheaf of (Q%.)VV associated to
the covering m° = 7| xo: X° — Z° and let M C (Q% ')VV be the pushfor-
ward of M° via the open immersion X° < X. Note that we have

M® = 7 (wze © L) & Oxo (d— Y

i=0 ai),

and hence
M= OX (d - Z:’L:O ai).

BX Lemmas 6.7 and 2.7, X admits a universally CHy-trivial resolution
p: X — X such that *M — Q’;{l. We have H°(X, M) # 0 by Condi-

tion 6.2(5). This shows that HO()N(,Q?{I) # 0 and X is not universally
CHp-trivial by Lemma 2.4. O
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7. A supplemental result

In this section, as a supplement to the main theorems stated in Sec-
tion 1, we give a yet another result of the failure of stable rationality of
smooth weighted hypersurfaces, which will be necessary in the proof of
Corollary 1.5.

THEOREM 7.1. — Let X be a very general smooth well formed weighted
hypersurface of degree d in Pc¢(ag,...,a,+1) which is not a linear cone.
Suppose that n > 3 and there exists k € {0,...,n+ 1} with the following
properties:

(1) ar > 1.
(2) d>ag(a; —1)(a; — 1) forany 0 < i < j < n+1, and d > agamax.
(3) There exists | # k such that d/ay — a; is divisible by a.
(4) The inequality

[

ap + 1

d> ax

is satisfied.

Then X is not stably rational.

Remark 7.2. — The assumptions in Theorem 7.1 are complicated. How-
ever, when 2 appear in the weights and d/ap is odd, they become simple
because, by choosing aj = 2, the conditions (1), (2) and (3) are automati-
cally satisfied.

In some cases, Theorem 7.1 can give results better than Theorems 1.1,
1.2, 1.3 (see also Remark 7.3 below): Consider a very general weighted
hypersurface Xoq, C Pc(1"71,2,a,b), where n > 3, 2 < a < b, a,b are
odd and coprime to each other. Theorems 1.2 and 1.3 cannot be applicable
to Xagp and, by applying Theorem 1.1, we conclude the failure of stable
rationality of Xs,, when 2ab — a > n + 1. On the other hand, we can
apply Theorem 7.1 and conclude the failure of stable rationality of Xa,; for
3ab—a—0b > n+1, which is better than the result obtained by Theorem 1.1.

Remark 7.3. — We consider a very general weighted hypersurface X5, C
Pc (12741 2) of degree 2m for m > 2. Failure of stable rationality of Xo,, is
proved for even m > 4 by Theorem 1.2 and for odd m > 7 by Theorem 1.3,
and the cases m = 2, 3, 5 are not covered by the main theorems in Section 1.
By Theorem 7.1, we can conclude that Xs,, is not stably rational for m =
3,5. Moreover, X4 C P(1%,2) is covered by [6], so that X, is not stably
rational for any m > 2.
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From now on, let ag,...,an+1,d,k and p be as in Theorem 7.1. We set
b= d/ak.
LEMMA 7.4. — Theorem 7.1 holds true if in addition one of the following
condition is satisfied.
(1) d 2 ay.

(2) d < 3amax-

Proof. — Let W = Wy C Pc¢(ag,...,an+1) be a very general smooth
well formed weighted hypersurface of degree d. (1) is obvious and we omit
the proof. We may assume d < ay, that is, W is Fano, in the following.

We prove (2). Suppose that d < 3amax. Then, by Lemma 3.11(3), d =
2amax and we are in one of the cases:

(i) r=n+1,
(ii) r =mn,

(iii) r=n—1 and a, = 2.

The case (i) does not happen since we are assuming the existence of
ap > 1.

Suppose that we are in case (ii). Then we have W = Wa, C P(1""! a)
and ar = a > 1. The condition (4) in Theorem 7.1 is equivalent to a > n—1
which implies Ix =n+1—a < 2 < @ = apax. Thus W is not stably rational
by Theorem 1.1.

Suppose that we are in case (iii). Then W = Wa, C P(1",2,a) for some
odd a > 3. There are two possibility for the choice of k: either ar = 2 or
ar = a. If a = 2 (resp. ay = a), then the condition (4) of Theorem 7.1
is equivalent to 2a > n 4+ 2 (resp. a > n), and in both cases we have
Iw =n+2—a < a = anax- 1t follows that W is not stably rational by
Theorem 1.1 and (2) is proved. O

Hence, in addition to the conditions explicitly given in Theorem 7.1, we
may assume that the following hold.

CONDITION 7.5.
(1) ag,-..,an+1 are mutually coprime to each other.
(2) dis d1V1s1b1e by arr.

(3) 2r=n+1.
(4) b = d/ak is coprime to ay,.
(5) 3amax < d < ax.

Note that (1), (2), (3) follows from Lemmas 3.10, and 3.11, (4) follows
from the condition (3) of Theorem 7.1 and (5) follows from Lemma 7.4.
In the following we choose and fix a prime number p which divides a.
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Remark 7.6. — By considering the variety
X:= @y —f=ty—g=0)CPclag,...,ans1,b) x A},

where we take xq, ..., Zn+1, ¥y as homogeneous coordinates of degree ag, . . .,
Gn+1,b = d/ay, respectively, and f, g € Clzo,...,x,t1] are very general ho-
mogeneous polynomials of degree d, b, respectively, we see that a very gen-
eral weighed hypersurface W of degree d in Pc(ag,...,an+1) degenerates
to a complete intersection

W' = (y* — f =g =0) C Pc :=Pc(ao, .. .,ans1,b).

By Lemma 7.7 below, W' is smooth. We consider reduction modulo p of
W' and set

X = (yak _f:g:O) Cpk(a07"'7an+17b)7

where k is an algebraically closed field of characteristic p and f,g €
k[zg, ..., zny1] are very general homogeneous polynomials of degree d,b,
respectively. By the same argument as in Remark 4.3, W is not stably ra-
tional if there is a universally CHy-trivial resolution ¢: X — X such that
X is not universally CHg-trivial.

LEMMA 7.7. — Let K be an algebraically closed field. Let f,g €
Klxg,...,xnt+1] be general homogeneous polynomials of degree d, b = d/ay,
respectively, and define

Xk = y* — f=9g=0) CPx :=Px(ag,...,an+1,b),
0<i<n+1,i#k
where xg,...,Zn41,y are homogeneous coordinates of degree ag,...,
Gn+1, b, respectively. Then the following assertions hold.

(1) Xk is smooth along ' N X .
(2) If char(K) =0, then X is smooth.

Proof. — In this proof, re-ordering the a;, we assume that k =n—+1, i.e.
QA = Ap+1-

We first prove (1). We may assume that the coefficient of the degree d
monomial 20 41 in fis 1 since f is general. Then

FﬂXK:(.T?O:-":JCn:O)ﬂXK
:(xoz-.-:xn:ya"+l—$Z+1:O).
Let p € I'N Xk be any point. Then we can write p = (0:---:0:«a: )

for some non-zero o, 8 € K. Since b is coprime to ay = a,41, we can take
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positive integers A, p such that Aa,4+1 — pb = 1, and set @ = x%_Hy’“.
Then the open set V = (z,41 # 0) N (y # 0) C Px is isomorphic to
AgjlgEA x (AL \ {o}), where 7; = 2;/Q% and u = y“"“/x,bzﬂ. Note
that p corresponds to the point (0,...,0,7) € A" x (Al\ {o}) for some
non-zero v € K. Let | # n+1 be such that b — q; is divisible by a,,+1 (such
an | exists by the assumption of Theorem 7.1) and write b — a; = may,11,
where m = (b — a;)/an41 is a positive integer. We may assume that the
coefficient of the degree b monomial x;z ; in g is 1 since g is general.
Then we have

f=fly = = 4 fi, §i=glv =T+,
where v # 0 is an integer, fl,ﬁl € (Zo,...,T,) and Tyu¥ is the unique term
in g consisting only of z; and u. We see that Xxg NV is the subvariety of
V defined by f =g = 0 and we compute
of 99
- 1
7. ) = a5, =) =1,
which shows that X is smooth at any point of I' N X . This proves (1).
We prove (2). We assume char(K) = 0. We set

Zr = (9 =0) CPx :=Px(ag,...,ant1),

and let Dg = (f = g = 0) C Pk be the divisor on Zx cut out by the
equation f = 0. Note that ag, ..., a,+1 are mutually coprime to each other,
b = degg is divisible by arr/an+1 and b > (a; — 1)(a; — 1) for any i # j.
Hence, by Lemma 3.9, Zx is smooth outside the point q := (0:---:0:1) €
Px. We see that D is a general member of the base point free linear system
|0z, (d)|. By Bertini theorem, D is smooth. Let m: X — Zx be the
natural morphism. Then, since Zf is smooth outside q and X \ 7—1(q) —
Zr \ {q} is a cyclic covering branched along the smooth divisor Dy, we
conclude that X \ 771(q) is smooth. We have 7=1(q) = ' N Xf. By (1),
X is smooth at any point of 7=1(q), hence X is smooth. O
In the following, we work over an algebraically closed field k of char-

acteristic p, where we recall that p divides ay. Let f,g € k[zo, ..., Tnt1]
be general homogeneous polynomials of degree d,b = d/ay, respectively.
We set

X = (yak' —f=g= 0) - Pk(ao,...,an+1,b),

Z =(g=0)CP:=P(ag,...,an+1),
and let m: X — Z be the natural morphism. By the above argument Theo-
rem 7.1 follows if we show the existence of a universally CHy-trivial resolu-
tion of singularities ¢: X — X such that X is not universally CH-trivial.
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We define q; = (0:---:1:---:0) € P, where the unique 1 is in position ¢,
for 0 <4 < n+ 1. Since b is not divisible by aj, we have q; € Z. We set
Z° = Z\{qi} and X° = 771(Z°).

LEMMA 7.8. — Z° is smooth, and X is smooth along X \ X°.

Proof. — The first and second assertions follows from Lemmas 3.9
and 7.7(1). O

We set £ = Ogzo(b), which is an invertible sheaf. We can view f (or
more precisely f|zo) as a global section of L% = Oy.(d). The restriction

m° = m|xeo: X° — Z° is the covering obtained by taking the axth roots
of f € H°(Z°,L£%). In the following, re-ordering the z;, we assume ay =
-=a,=1landa; >1foranyi>r. Weset A = (xg=--- =z, =0) CP,

A°=A\{qrtand Az =ANZ, Ay =A°NZ.

LEMMA 7.9. — A general f € H°(Z°,LP) has only admissible critical
points on Z°.

Proof. —Forr<i#j<n+1,wesetU,; =(x; #0)N(zx; #0)CP
We have
AS = U AzNU; ;.
r<i<j<n+1,i,j#k
Since d > a;a; for any i, j # k, we can apply Lemma 3.3 (2) (cf. Remark 3.5)
and the image of the restriction map

H(Z,04(d)) = H*(Z°,L%*) = L™ ® (Oze /m?)

is of dimension at least r, as a k-vector space, for any p € AY. Since
dimAYy = n— (r+1) and 2r < n + 1, we can conclude by counting
dimensions that a general f € H°(Z°, LP) does not have a critical point
along AY.

The rest of the proof is completely the same as that of Lemma 4.6, where
all we need is the condition d > 3amax- O

PROPOSITION 7.10. — The variety X admits a universally CHy-trivial
resolution ¢ : X — X of singularities such that X is not universally CHg-
trivial.

Proof. — Let M° be the invertible subsheaf of (Q%:")VV associated to
the covering 7°: X° — Z° and M the pushforward of M° via the open
immersion X° < X. We have

M° 7r°*(wzo ®£ak) = OXO(b— ax -‘rd),
M= Ox(bfaz +d).
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By Lemmas 7.9 and 2.7, X admits a universally CHo-trivial resolution
¢: X — X such that *M — Q% ! We see that H°(X, M) # 0 since

1
boag+d=""14 as >0,
ay
This shows H O()Af , Q’}(_l) # 0, hence X is not universally CHg-trivial by
Lemma 2.4. g

8. Proof of Corollaries

Proof of Corollary 1.4. — Let X be a very general smooth well formed
weighted hypersurface of degree d and index I in Pc¢(ag,...,an+1). Note
that d = ax, — I and we have ay, > n+ 2. If I < apax, then X is not stably
rational by Theorem 1.1. Hence, in the following we assume that a; < I
for any . Since ag,...,a,+1 are mutually coprime to each other, this in
particular implies ay < (I -1l

Suppose that d/ag > 2 is even. If n > 31 — 2, then

d—%ag = %ag—lz %(n+2)—[20.
Thus, by Theorem 1.2, X is not stably rational.

Suppose that d/an = 3. If n > 41 — 2, then by the similar argument as
above, we have d > 4ag and, by Theorem 1.2, X is not stably rational.

Suppose that d/a;p > 5 is odd. If n > 3T + 3(I — 1)! — 2, then

d*&n*%ﬂgi%dg*&n*[} %(n+2)7(1—1)'—120
Hence, by Theorem 1.3, X is not stably rational.

Finally, suppose that d/arp = 1. Let (b1,...,b,) be a tuple of mutually
coprime integers such that 2 < by < --- < by, < I and by — by < I, where
by =b;+---+b,, and by =by--- bm. Then a general smooth well formed
weighted hypersurface of degree by in P(171+0n=t= p, ... b,.) is of index
1. Conversely, if we are given a smooth well formed hypersurface of degree
d = an in P(ag,...,an41), then (ayq1,...,0,41), where r is defined in
such a way that a; > 1 if and only if ¢ > r, is a tuple of mutually coprime
integers satisfying the above conditions. It is easy to see that a set of tuples
(b1,...,by) such that 2 < by < --+ < by, < [ is finite. This means that
there are only finitely many combinations of the weights (ag, . . ., an41) such
that a weighted hypersurfaces of degree agy in P(ag,...,an4+1) is smooth,
well formed and of index I. Thus there exists a number N} depending only
on I such that if n > N7, then X does not exist.
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We set
Ny =max{3l — 2,41 — 2,31 +3(I —1)! — 2, N;}.
Then the assertion in the corollary holds for this Nj. |

Proof of Corollary 1.5. — Let X = X4 C Pc¢(ag,...,ant+1) be a very
general smooth well formed hypersurface of degree d. (1) follows immedi-
ately from Theorem 1.1.

Suppose that Ix = 2. Then I'x > apax ifand only ifag = -+ = an41 = 1.
In this case X is a degree n hypersurface in P**! which is not stably rational
except possibly when n = 3 by [14] or [15]. This proves (2).

Suppose that Ix = 3. Then Ix > amax if and only if either X is a
hypersurface of degree n — 1 in P**! or X is a weighted hypersurface of
degree 2m in P(12™*1, 2) for m > 2. If X is a hypersurface of degree n — 1
in P**!, then X is not stably rational except possibly when n = 3,4,5
by [14]. We see from Remark 7.3 that X = Xy, C P(1?"*1 2) is not
stably rational for any m > 2. This proves (3). O
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