
ANNALES DE
L’INSTITUT FOURIER

Université Grenoble Alpes

Les Annales de l’institut Fourier sont membres du
Centre Mersenne pour l’édition scienti�que ouverte
www.centre-mersenne.org

Jason Bell, Adam Clay & Tyrone Ghaswala
Promoting circular-orderability to left-orderability
Tome 71, no 1 (2021), p. 175-201.
<http://aif.centre-mersenne.org/item/AIF_2021__71_1_175_0>

© Association des Annales de l’institut Fourier, 2021,
Certains droits réservés.

Cet article est mis à disposition selon les termes de la licence
Creative Commons attribution – pas de modification 3.0 France.
http://creativecommons.org/licenses/by-nd/3.0/fr/

www.centre-mersenne.org
http://aif.centre-mersenne.org/item/AIF_2021__71_1_175_0
http://creativecommons.org/licenses/by-nd/3.0/fr/


Ann. Inst. Fourier, Grenoble
71, 1 (2021) 175-201

PROMOTING CIRCULAR-ORDERABILITY TO
LEFT-ORDERABILITY

by Jason BELL, Adam CLAY & Tyrone GHASWALA (*)

Abstract. — Motivated by recent activity in low-dimensional topology, we pro-
vide a new criterion for left-orderability of a group under the assumption that the
group is circularly-orderable: A group G is left-orderable if and only if G ×Z/nZ is
circularly-orderable for all n > 1. This implies that every circularly-orderable group
which is not left-orderable gives rise to a collection of positive integers that exactly
encode the obstruction to left-orderability, which we call the obstruction spectrum.
We precisely describe the behaviour of the obstruction spectrum with respect to
torsion, and show that this same behaviour can be mirrored by torsion-free groups,
whose obstruction spectra are in general more complex.
Résumé. — Motivé par des développements récents en topologie de basse di-

mension, nous fournissons un nouveau critère pour l’existence d’un ordre à gauche
sur un groupe sous l’hypothèse que le groupe admet un ordre circulaire : un groupe
G est ordannable à gauche si et seulement si G ×Z/nZ peut être ordonné de façon
circulaire pour tous les n > 1. Cela implique que chaque groupe circulairement
ordonné qui n’est pas ordonnable à gauche donne lieu à un ensemble d’entiers
strictement positifs qui décrit exactement l’obstruction à l’existence d’un ordre à
gauche, ensemble que nous appelons le spectre d’obstruction. Nous décrivons pré-
cisément le comportement du spectre d’obstruction par rapport à la torsion du
groupe et montrons que ce même comportement peut être reflété par des groupes
sans torsion, dont les spectres d’obstruction sont en général plus complexes.

1. Introduction

A group G is left-orderable if there exists a strict total ordering < of
its elements such that g < h implies fg < fh for all f, g, h ∈ G, and bi-
orderable if g < h implies gf < hf also holds. Equivalently, a group G
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is left-orderable if there is a subset P ⊂ G, called the positive cone of G,
satisfying P · P ⊂ P and P t P−1 = G \ {id}. For bi-orderability, one also
requires gPg−1 ⊂ P for all g ∈ G.
Various criteria exist that allow one to determine when G is left-orderable

or bi-orderable. Notable examples are the Burns–Hale theorem [6], various
semigroup conditions [15, 30, 33], or the existence of embeddings into left-
orderable groups like Homeo+(R) [15]. Still other criteria exist that describe
when it is possible to use weaker structures on G (such as locally invari-
ant orderings or circular orderings [9, 29]) to assert the existence of a left
ordering of G by imposing certain algebraic assumptions.

This note presents a condition of the latter kind. Specifically, we study
the relationship between circular-orderability and left-orderability of a
group, and determine necessary and sufficient conditions that a circularly-
orderable group be left-orderable. Results along these lines already exist in
the literature (see Section 2), but all require the existence of a special type
of circular ordering, from which one derives that the group at hand is in
fact left-orderable. In contrast, we arrive at left-orderability of a circularly-
orderable group by imposing algebraic conditions on the group itself. We
prove:

Theorem 1.1. — A group G is left-orderable if and only if G × Z/nZ
is circularly-orderable for all n > 2.

In light of this result, we define the obstruction spectrum of a group to
be the set of all n ∈ N>1 for which G×Z/nZ is not circularly-orderable. As
one might expect, the obstruction spectrum detects torsion—in the sense
that every group containing torsion has nonempty obstruction spectrum,
and for any group with torsion certain elements in its obstruction spec-
trum can be attributed to its torsion. However the obstruction spectrum
of a group does not detect torsion alone, as there are plenty of torsion-
free circularly-orderable groups which are not left-orderable and thus have
nonempty obstruction spectra.
We therefore provide tools for computing the obstruction spectra of cer-

tain torsion-free examples: finitely generated amenable groups (Proposi-
tion 4.9), and free products (Proposition 4.12). Our computations show
that: (1) the elements of any obstruction spectrum arising from torsion in
the group can also be realized as the obstruction spectrum of a torsion-free
group, and (2) the result of Theorem 1.1 is sharp, in the sense that for
every N ∈ N there is a group G such that the groups {G×Z/nZ | n < N}
are all circularly-orderable, yet the obstruction spectrum of G is nonempty.
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Our motivation for studying circular-orderability and its relationship
with left-orderability is two fold. First, for countable groups, the conditions
of being left-orderable and circularly-orderable are equivalent to admitting
injections into Homeo+(R) and Homeo+(S1) respectively (see [7, Theo-
rem 2.2.14] for a proof). Therefore, these combinatorial conditions com-
pletely characterize when countable groups act faithfully by orientation-
preserving homeomorphisms on 1-manifolds. It is natural to ask what con-
ditions we can put on a group that acts faithfully on S1 to guarantee that it
acts faithfully on R, or equivalently, to guarantee the existence of a faithful
action on S1 with a global fixed point.
The other motivation comes from low-dimensional topology, where there

has been substantial activity surrounding the so-called “L-space conjec-
ture”. For a given irreducible rational homology 3-sphereM , this conjecture
relates the properties of π1(M) being left-orderable to analytic (Heegaard–
Floer theoretic) and topological (the existence of certain nice foliations)
properties of M [3, 23].
At present, almost all approaches to left ordering π1(M) involve first find-

ing a faithful action of π1(M) on S1, either via representations of π1(M)
into PSL(2,R) (which in turn acts on S1), or by creating a co-orientable,
taut foliation of M and then applying Thurston’s universal circle construc-
tion to arrive at ρ : π1(M) → Homeo+(S1). For examples of these ap-
proaches, see [4, 16]. In either case the construction of the representation
or foliation must be done with great care, so as to guarantee that the cor-
responding action on S1 has trivial Euler class—thus guaranteeing that
π1(M) is left-orderable (cf. Corollary 2.1).
Our result provides an alternative approach to this problem. One could

instead take care to create a family of faithful representations of π1(M) or
a family of co-orientable taut foliations of M that depend on a parameter
n ∈ N>1, each yielding a faithful action of π1(M)×Z/nZ on S1, and pay no
heed to the Euler class of these actions. Such a family of actions, together
with Theorem 1.1, will also yield left-orderability of π1(M).

1.1. Organization.

The paper is organized as follows. In Section 2 we review the classical
arguments that connect left-orderability of a group to the existence of a
circular ordering having certain cohomological properties. Section 3 con-
tains the proof of Theorem 1.1. Last, Section 4 introduces and studies the
obstruction spectrum of a group, including the examples which show The-
orem 1.1 is sharp.
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2. Background

A group G is circularly-orderable if there exists a function c : G3 →
{0,±1} satisfying:

(1) c−1(0) = {(g1, g2, g3) | gi = gj for some i 6= j }.
(2) c satisfies a cocycle condition, meaning

c(g2, g3, g4)− c(g1, g3, g4) + c(g1, g2, g4)− c(g1, g2, g3) = 0

for all g1, g2, g3, g4 ∈ G.
(3) c(g1, g2, g3) = c(hg1, hg2, hg3) for all h, g1, g2, g3 ∈ G.

A function c : G3 → {0,±1} satisfying the conditions above will be called
a circular ordering of G. When G comes equipped with a circular ordering
c, the pair (G, c) will be called a circularly-ordered group. Note that unless
otherwise specified, all circular orderings in this note are assumed to be
left-invariant.
Promoting (G, c) from a circularly-ordered to a left-ordered (or left-

orderable) group has often focused on conditions on the circular ordering
c which will guarantee left-orderability of G. The ideas are classical, and
proceed as follows.
From every circularly-ordered group (G, c) we can construct a group G̃c

via a type of “unwrapping” construction that produces a left-ordered cyclic
central extension [39]. The group G̃c is the set Z × G equipped with the
operation (n, a)(m, b) = (n+m+ fc(a, b), ab), where

fc(a, b) =
{

0 if a = id or b = id or c(id, a, ab) = 1
1 if ab = id (a 6= id) or c(id, ab, a) = 1.

ANNALES DE L’INSTITUT FOURIER
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Setting P = {(n, a) | n > 0} \ {(0, id)}, it is not difficult to check that P is
the positive cone of a left ordering <c of G̃c.
The construction of G̃c is a special case of a classical result: The func-

tion fc(a, b) is in fact an inhomogeneous 2-cocycle, and so it defines an
element [fc] ∈ H2(G;Z). The construction above is then the well-known
correspondence between elements of H2(G;Z) and equivalence classes of
central extensions

1→ Z→ G̃→ G→ 1,
applied to the cocycle fc. Since this correspondence carries the identity in
H2(G;Z) to a split extension, we immediately have the following.

Corollary 2.1. — If (G, c) is a circularly-ordered group and [fc] =
id ∈ H2(G;Z), then G is left-orderable.

Proof. — If [fc] = id then the left-ordered cyclic central extension G̃c is
isomorphic to Z×G, so G is left-orderable. �

2.1. Secret left orderings

In Corollary 2.1 it is important to note that c itself does not provide any
hint as to what the left ordering of G might be. There are cases, however,
where the provided circular ordering does carry such information, and again
this behaviour can be detected using a cohomological argument.
First we note that every left-ordered group (G,<) provides an example

of a circularly-ordered group, by declaring c(g1, g2, g3) = 1 whenever g1 <

g2 < g3, up to cyclic permutation. The circular orderings of a group that
arise this way will be called secret left orderings, and obviously carry all the
information needed to define a left ordering of G. Such circular orderings
are detected by the second bounded cohomology group H2

b (G;Z).

Proposition 2.2. — Let (G, c) be a circularly-ordered group. The cir-
cular ordering c is a secret left ordering if and only if [fc] = id ∈ H2

b (G;Z).

Proof. — Suppose c is a secret left ordering. Let P be the positive cone
of the secret left ordering < corresponding to c. Define a bounded function
d : G→ Z by

d(g) =
{

0 if g ∈ P ∪ {id}
1 if g ∈ P−1.

Then for all g, h ∈ G, fc(g, h) = d(g)− d(gh) + d(h). Therefore [fc] = id ∈
H2
b (G;Z).

TOME 71 (2021), FASCICULE 1
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Conversely, suppose that for all g, h ∈ G, fc(g, h) = d(g)− d(gh) + d(h)
for some bounded function d : G→ Z, and recall fc(g, h) ∈ {0, 1}. We first
show d(g) ∈ {0, 1} for all g ∈ G.
Suppose d(g) < 0 for some g ∈ G. Then d(g) + d(gk−1) − d(gk) =

fc(g, gk−1) > 0 and via induction on k we may conclude that d(gk) 6 −k
for all k ∈ N, contradicting the boundedness of d. Similarly, if d(g) > 2,
induction on k with the fact that d(g) + d(gk−1) − d(gk) 6 1 allows us to
conclude d(gk) > 1 + k for all k ∈ N. Therefore d(g) ∈ {0, 1} for all g ∈ G.

Now define P ⊂ G by g ∈ P ∪ {id} if and only if d(g) = 0. We check
that P is a positive cone. Given g, h ∈ P , note d(g) +d(h)−d(gh) ∈ {0, 1}.
Therefore we must have d(gh) = 0 so P · P ⊂ P . Let g ∈ G \ {id}. If
d(g) = 0, then d(g) + d(g−1) = fc(g, g−1) = 1. Therefore d(g−1) = 1.
Similarly if d(g) = 1, d(g−1) = 0. Therefore G = P t {id} t P−1 and P is
a positive cone on G.

Let < be the left ordering on G with positive cone P . It suffices to show
g1 < g2 < g3 implies c(g1, g2, g3) = 1. If g1 < g2 < g3, then d(g−1

1 g2) =
d(g−1

1 g3) = d(g−1
2 g3) = 0. We can recover c from fc via the prescription

c(g1, g2, g3) =
{

0 if gi = gj for some i 6= j

1− 2fc(g−1
1 g2, g

−1
2 g3) otherwise.

Since g1, g2, and g3 are distinct we have

c(g1, g2, g3) = 1− 2fc(g−1
1 g2, g

−1
2 g3)

= 1− 2(d(g−1
1 g2) + d(g−1

2 g3)− d(g−1
1 g3)) = 1

completing the proof. �

Remark 2.3. — The astute reader will notice that if (G, c) is a circularly-
ordered group, then c is a bounded homogeneous 2-cocycle. In fact, [c] =
−2[fc] ∈ H2

b (G;Z) (and similarly in H2(G;Z)). However, it is worth point-
ing out that Corollary 2.1 and Proposition 2.2 do not hold if we replace
[fc] with [c]. Indeed, the only circular ordering c on Z/2Z is such that
[c] = 0 in H2

b (Z/2Z;Z), and therefore in H2(Z/2Z;Z), but Z/2Z is of
course not left-orderable. More generally, if G is a circularly-orderable and
not left-orderable group with an index 2 left-orderable subgroup H, one
can construct a circular ordering c on G such that [c] = 0 in H2

b (G;Z).

2.2. Lexicographic orderings

The following construction intertwines left-orderable and circularly-
orderable groups, and is a standard construction (see [8, Lemma 2.2.12]).

ANNALES DE L’INSTITUT FOURIER
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Suppose
1 −→ K −→ G

φ−→ H −→ 1
is a short exact sequence such that cH is a circular ordering on H and < is
a left-ordering on K. Let c< be the corresponding secret left ordering of K,
that is, c<(g1, g2, g3) = 1 whenever g1 < g2 < g3. Define the lexicographic
circular ordering c on G by

c(g1, g2, g3)

=


cH(φ(g1), φ(g2), φ(g3)) if φ(g1), φ(g2), and φ(g3) are all distinct,
c<(g−1

2 g1, id, g−1
1 g2) if φ(g1) = φ(g2) 6= φ(g3),

c<(g−1
1 g3, id, g−1

1 g2) if φ(g1) = φ(g2) = φ(g3).

Note that circular orderings are invariant under cyclic permutations of the
arguments, so the information provided uniquely determines the lexico-
graphic circular ordering.

3. Promoting circularly-orderable groups

Our approach to the problem of promoting the circularly-ordered group
(G, c) to a left-orderable group will be to impose conditions on the group G,
as opposed to conditions on the circular ordering c. One obvious obstruction
to left-orderability of a circularly-ordered group G is that the group may
admit torsion, and so as a first attempt one might ask if removing this
obstruction is sufficient to obtain left-orderability.
If c happens to be a bi-invariant circular ordering (meaning that

c(g1, g2, g3) = c(g1h, g2h, g3h) as well as c(g1, g2, g3) = c(hg1, hg2, hg3) for
all h, g1, g2, g3 ∈ G), then it turns out that this is enough to guarantee that
G is bi-orderable. To prove this we employ a theorem of Świerczkowski:

Theorem 3.1 ([36]). — IfG admits a bi-invariant circular ordering then
there is a bi-ordered group H and an order-embedding i : G → H × S1,
where S1 is equipped with its natural circular ordering and H × S1 is
ordered lexicographically.

Proposition 3.2. — A group is bi-orderable if and only if it admits a
bi-invariant circular ordering and is torsion free.

Proof. — If G admits a bi-ordering <, then G is clearly torsion free and
setting c(g1, g2, g3) = 1 whenever g1 < g2 < g3 suffices to determine a
bi-invariant circular ordering c of G.

TOME 71 (2021), FASCICULE 1



182 Jason BELL, Adam CLAY & Tyrone GHASWALA

On the other hand, if G admits a bi-invariant circular ordering then by
Theorem 3.1 there exists a bi-ordered group H and an order-embedding
i : G→ H × S1. Let T denote the subgroup Q/Z of S1. Assuming that G
is torsion-free then yields an embedding of G into H × S1/T . The group
H×S1/T is bi-orderable since it is the product of a bi-orderable group and
a torsion-free abelian group, thus so is G. �

In contrast, imposing torsion-freeness on a group admitting a left-
invariant circular ordering is not enough to obtain left-orderability. Torsion-
free circularly-orderable groups that are not left-orderable are relatively
easy to find among the class of 3-manifold groups.

Example 3.3. — Let M be a Seifert fibred rational homology sphere of
the form S2(p1

q1
, p2
q2
, p3
q3

) where 1
q1

+ 1
q2

+ 1
q3
< 1, where pi and qi are relatively

prime for i = 1, 2, 3 and represent the (unnormalized) Seifert invariants
(see [5] or [21] for the relevant background). Then the fundamental group
of M is torsion-free, and moreover it fits into a short exact sequence

1→ Z→ π1(M)→ ∆→ 1

where Z is central and generated by the class of the fibre of M , and ∆ is a
(q1, q2, q3)-triangle group which is isomorphic to a subgroup of PSL(2,R)
since 1

q1
+ 1

q2
+ 1

q3
< 1. Since PSL(2,R) acts faithfully in an orientation-

preserving way on S1, it is circularly-orderable, thus so is ∆. Therefore
π1(M) can be circularly ordered via a lexicographic argument.
On the other hand, π1(M) is left-orderable if and only if M admits a

horizontal foliation [5]. This happens exactly when the normalized Seifert
invariants and Euler number of the Seifert fibration satisfy a certain system
of diophantine inequalities [17, 22, 31].

Example 3.4. — Let K be a fibred hyperbolic knot in S3 for which p
q -

surgery yields a manifold K(pq ) with non-left-orderable fundamental group
whenever p

q > r for some r ∈ R. Examples of such knots are provided
by [10, 14] and others, but for the sake of concreteness we may take K to
be the (−2, 3, 2n + 1)-pretzel knot where n > 3, in which case r = 2n + 3
by [32].
The groups π1(K(pq )) for p

q > r, despite being non-left-orderable, are
generically circularly-orderable. If p > 2, by [4, Corollary 1.5] the kernel of
the short exact sequence

1→ H → π1(K(p/q))→ Z/pZ→ 1

is left-orderable for all but at most two values of q coprime to p, and thus
π1(K(pq )) is circularly-orderable by a lexicographic argument. Moreover,
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since K is a hyperbolic knot [25], K(pq ) is hyperbolic for all but finitely
many p

q [37], and therefore all but finitely many of the groups π1(K(pq ))
are torsion-free.

3.1. Preliminary results

The results in this section are essential to the proofs of Theorems 3.10,
3.13, and 4.15

Let G be a left-ordered group with ordering <. A subgroup C of G is
said to be <-convex if for every g, h ∈ C and f ∈ G, the implication
g < f < h ⇒ f ∈ C holds. A subgroup C of a left-orderable group G is
called relatively convex if there exists a left ordering < of G such that C
is <-convex. The next two propositions are well known, and the proofs are
left to the reader.

Proposition 3.5. — Let (G,<) be a left-ordered group and C a sub-
group of G. Then C is <-convex if and only if the ordering ≺ of the left
cosets {gC}g∈G defined by gC ≺ hC ⇔ g < h is well-defined.

It follows that a normal subgroup C of a left-orderable group G is rela-
tively convex if and only if the quotient G/C is left-orderable.

Proposition 3.6. — Let G be a left-orderable group and H a relatively
convex subgroup. If K is a relatively convex subgroup of H, then K is a
relatively convex subgroup of G.

The next lemma is a general result about convex subgroups containing
normal subgroups of a left-ordered group.

Lemma 3.7. — Let G be a group with left-ordering <, and suppose
H / G is a normal subgroup. The set

T = {g ∈ G | there exists h1, h2 ∈ H such that h1 < g < h2}

is a <-convex subgroup of G.

Proof. — To ease notation, for a ∈ T and h ∈ H, let ha = a−1ha ∈ H.
Suppose a, b ∈ T , so there exists h1, h2, k1, k2 ∈ H such that h1 < a < h2
and k1 < b < k2. Then ab < ak2 = ka2a < ka2h2 and ab > ak1 = ka1a >

ka1h1. Since kai hi ∈ H for i ∈ {1, 2}, we conclude that ab ∈ T . To see
a−1 ∈ T , we have id > a−1h1 = ha

−1

1 a−1 so (ha−1

1 )−1 > a−1. Similarly,
(ha−1

2 )−1 < a−1, so a−1 ∈ T and T is a subgroup of G. For convexity,
suppose there exists a g ∈ G such that a < g < b, where a, b ∈ T are as
above. Then h1 < a < g < b < k2, so g ∈ T , completing the proof. �

TOME 71 (2021), FASCICULE 1
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For the remainder of this section, let Q be a subgroup of (Q,+). Let G
be a left-orderable group with a normal subgroup R isomorphic to Q. Let
K be the intersection of all relatively convex subgroups of G containing
R, which is again a relatively convex subgroup of G (see for example [13,
Proposition 2.18]).
Recall that in a left-ordered group (G,<) a set X ⊂ G is called <-cofinal

if for every g ∈ G there exists x, y ∈ X such that x < g < y. An element
g ∈ G is called <-cofinal if 〈g〉 is cofinal as a set.

Lemma 3.8. — Let R ⊂ K ⊂ G be given as above. Then R is <-cofinal
for all left orderings < of K, and R is central in K.

Proof. — Choose an arbitrary left ordering < of K. If R is bounded
above in the left-ordered group (K,<), then by Lemma 3.7 there would be
a proper <-convex subgroup in K containing R, which by Proposition 3.6
contradicts the definition ofK. Therefore R is <-cofinal for all left orderings
< of K.
Fix a left-ordering < of K. Since R is <-cofinal, for each positive a ∈ K

and positive q ∈ R, there exists a k such that a < qk. It follows that
id < a−1qka. Therefore a−1qa is positive in R. Let P be the positive cone
of (R,<). We now have that for any positive element a ∈ K, a−1Pa ⊂ P .
However, since a−1Pa and P are both positive cones of left orderings on
K, we can conclude a−1Pa = P . Therefore P = aPa−1 and therefore
k−1Pk = P for all k ∈ K.
Conjugation of R by elements of K now gives a well-defined homomor-

phism φ : K → Aut(R,<), whose kernel is the centralizer C of R. Since
Aut(H,<) is a left-orderable group, C is relatively convex in K, so we must
have that C = K. Therefore R is central in K. �

Every subgroup Q of (Q,+) has exactly two left orderings, which are the
restrictions of the two left orderings on Q. A subgroup Q ⊂ Q is dense if
for all a, b ∈ Q such that a < b, there exists a c ∈ Q such that a < c < b,
where < is any of the two left orderings on Q. Equivalently, Q ⊂ Q is a
dense subgroup if and only if Q 6∼= Z.

Lemma 3.9. — Let R ⊂ K ⊂ G be given as above, and suppose R is
isomorphic to a dense subgroup of Q. Let < be a left ordering of K and
consider the set of infinitesimals M ⊂ K given by

M = {k ∈ K | p−1 < k < q for all p, q > id, p, q ∈ R}.

Then
(1) M is a normal subgroup of K for all left orderings < of K, and
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(2) there exists a left ordering ≺ of K such that K/M is isomorphic to
a subgroup of (Q,+).

Proof. — For 1, fix an arbitrary left ordering < of K. By Lemma 3.8,
R is both central and <-cofinal in K. It follows from the facts that R is
central and isomorphic to a dense subgroup of Q that M is a subgroup.
Furthermore, since R is <-cofinal, M is precisely the set of elements in K
that are not <-cofinal. Thus to show that M is normal, it suffices to show
that for any k ∈ K, k is <-cofinal if and only if fkf−1 is <-cofinal for all
f ∈ K.
Suppose that k is <-cofinal. We deal only with the case of k > id, the

case of k < id being similar. Then there exists p, q ∈ K with p, q > id and
t ∈ N such that p < kt < q.
Now let f ∈ K be given. We can choose a, b ∈ R such that a < f < b,

note that a and b can be chosen so that pab−1 > id. Now the inequalities
p < kt, a < f and b−1 < f−1 combine to give pab−1 < fktf−1 since R is
central. Note that since id < pab−1 is cofinal and (pab−1)n < (fktf−1)n =
(fkf−1)tn for all n, it follows that fkf−1 is cofinal as well. This completes
the proof of 1.
For 2, consider the setR of relatively convex subgroups L ofK other than

K itself. Since R is <-cofinal for all left-orderings < of K, R is the set of all
relatively convex subgroups L of K with the property that L ∩ R = {id}.
The set R forms a poset under inclusion. Since the union of any chain
of relatively convex subgroups is again relatively convex [26], every chain
has an upper bound. Therefore by Zorn’s lemma, there exists a maximal
element in this poset, call it N .

Fix a left-ordering ≺ of K such that N is ≺-convex. Since H is ≺-cofinal
and N ∩H = {id}, it must be the case that

N = {k ∈ K | p−1 ≺ k ≺ q for all p, q � id, p, q ∈ R}.

The set N is in fact the infinitesimals, so N is a normal subgroup of K
by statement 1 of the theorem. Consider the quotient K/N and let π :
K → K/N be the quotient map. Since N is relatively convex, K/N is left-
orderable. Moreover, K/N contains no proper relatively convex subgroups,
since the preimage of such a group under π would be a proper relatively
convex subgroup containing N . Therefore K/N is a torsion-free rank one
abelian group [27, Proposition 5.1.9], and therefore K/N is isomorphic to
a subgroup of Q. �
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3.2. The main theorem

Theorem 3.10 is a result of Tararin, which plays a key role in the proof
of our main criterion. We therefore provide a proof for the sake of com-
pleteness.

Theorem 3.10 ([27, Theorem 5.4.1]). — If a normal subgroup of a left-
orderable groupG is isomorphic toQ, then it is a relatively convex subgroup
of G.

Proof. — Let R denote a normal subgroup of G isomorphic to (Q,+)
and let K be the intersection of all relatively convex subgroups of G that
contain R. Since the intersection of relatively convex subgroups is relatively
convex (see for example [13, Proposition 2.18]), K is relatively convex. Our
goal is to show K = R. To that end, let M be a normal subgroup of K
such that M ∩R = {id} and K/M is isomorphic to a subgroup of Q. Such
a subgroup exists by Lemma 3.9.
Let π : K → K/M be the quotient map. Since M ∩ R = {id}, R maps

injectively into K/M , so π(R) is a subgroup of K/M isomorphic to Q.
Therefore π(R) = K/M and K = MR. Since R is central by Lemma 3.8,
we may now conclude thatK ∼= M×R, so R is relatively convex inK. Since
K is the intersection of all relatively convex subgroups of G containing R,
by Proposition 3.6 we conclude that M ∼= {id} and K = R. �

The next proposition is stated in more general terms than what is needed
in this section, but its full strength will be used later in the proof of Theo-
rem 4.15. Recall from Section 2 that for a circularly-ordered group (G, c),
there exists a left-orderable central extension G̃c.

Proposition 3.11. — Let Q be a subgroup of Q containing Z. For
every circular ordering c of Q/Z, the lift (̃Q/Z)c is isomorphic to Q.

Proof. — In fact we will prove something stronger. Suppose 1 → Z ι→
G→ Q/Z→ 1 is a short exact sequence with G torsion-free. We will prove
G ∼= Q.
Let H ⊂ G be a finitely generated subgroup. Since H is torsion-free,

ι(Z) ∩ H ∼= Z. Since every finitely-generated subgroup of Q/Z is a finite
cyclic group, restricting the short exact sequence to H gives 1→ Z→ H →
Z/kZ→ 1 for some k ∈ N. Now H is a torsion-free group with a finite-index
subgroup isomorphic to Z, so H ∼= Z. Therefore G is a torsion-free locally
cyclic group, so it is isomorphic to a subgroup of Q. Fix an identification
G ⊂ Q with the copy of Z corresponding to the kernel of the map G→ Q/Z
being precisely the subgroup Z of Q.
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Let Z ⊂ R ⊂ Q be an arbitrary subgroup containing Z, and let π :
Q→ Q/Z be the projection map. We claim that π(R) contains the unique
subgroup of order k in Q/Z if and only if 〈 1

k 〉 is a subgroup of R. If 〈 1
k 〉 ⊂ R,

then it is clear that π(R) contains the unique subgroup of order k. For the
other direction, suppose there is an r ∈ R such that π(r) has order k.
Then r = a

k for some a ∈ Z such that gcd(a, k) = 1. Therefore there exists
integers x and y such that ax + ky = 1. Then xr + y = 1

k (ax + ky) = 1
k ,

which is in R since Z ⊂ R and 〈 1
k 〉 ⊂ R.

Now we have subgroups G and Q of Q such that Z ⊂ G,Q ⊂ Q and
π(G) = π(Q). Let 0 6= g = a

k where a and k are coprime. Then π(g) has
order k, so 〈 1

k 〉 is a subgroup of both G and Q, and since g ∈ 〈 1
k 〉, we have

G ⊂ Q. The converse is the same, so G = Q. �

Theorem 3.12. — Suppose that G is a circularly-orderable group and
that H is a normal subgroup of G isomorphic to Q/Z. Then G/H is left-
orderable.

Proof. — Fix a circular ordering c of G, which we will use to construct
lifts. Since H is normal in G, it follows that H̃ is normal in G̃; since H
is isomorphic to Q/Z we know that H̃ ∼= Q by Proposition 3.11. Thus
G̃/H̃ is left-orderable by Proposition 3.5 and Theorem 3.10, so the proof
is complete once we observe that the map φ : G̃/H̃ → G/H given by
(n, g)H̃ 7→ gH is an isomorphism.

The map φ is well-defined, because if (n, g)H̃ = (m,h)H̃ then there exists
(`, f) ∈ H̃ (in particular, f ∈ H) such that

(n, g) = (m,h)(`, f) = (m+ `+ fc(h, f), hf).

Thus g = hf and so gH = hH.
The map is injective because if gH = hH then g = hf for some f ∈ H.

Then for every n,m ∈ Z the quantity ` = n−m−fc(h, f) yields (`, f) ∈ H̃
with (n, g) = (m,h)(`, f), so that (n, g)H̃ = (m,h)H̃. That the map is
surjective is obvious. �

Corollary 3.13. — A group G is left-orderable if and only if G×Q/Z
is circularly-orderable.

Proof. — If G × Q/Z is circularly-orderable then the previous theorem
implies left-orderability of G. On the other hand, if G is left-orderable then
G × Q/Z is circularly-orderable by the lexicographic construction from
Section 2.2. �

Corollary 3.14. — A group G is left-orderable if and only if G×Z/nZ
is circularly-orderable for all n > 2.
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Proof. — Assume that G × Z/nZ is circularly-orderable for all n > 2.
Choose a finitely generated subgroup H of G × Q/Z, and let π1 and π2
be the projections from G×Q/Z onto the first and second factors respec-
tively. Then H ⊂ π1(H) × π2(H) ⊂ G × Z/nZ for some n, since every
finitely generated subgroup of Q/Z is cyclic. As G×Z/nZ is assumed to be
circularly-orderable, so is H; as H was an arbitrary finitely generated sub-
group of G×Q/Z we can conclude that G×Q/Z is circularly-orderable [11,
Lemma 2.14]. It follows that G is left-orderable.

On the other hand, if G is left-orderable then circular-orderability of G×
Z/nZ for all n is again the lexicographic construction from Section 2.2. �

4. The obstruction spectrum of a circularly-orderable
group

In light of Corollary 3.14, for any circularly-orderable group G we can
define the obstruction spectrum of G as

Ob(G) := {n ∈ N>1 | G× Z/nZ is not circularly-orderable}.

With this notation, Corollary 3.14 is equivalent to the statement that a
circularly-orderable group G is left-orderable if and only if Ob(G) = ∅. It
is worth noting that if n | m, and n ∈ Ob(G) for some circularly-orderable
group G, then m ∈ Ob(G).

In the remaining sections we investigate what properties of a group G

are captured by Ob(G), and what possible subsets of N>1 occur as Ob(G)
for some non-left-orderable group G.

4.1. Properties of a group encoded by its obstruction spectrum.

Since a finite group is circularly-orderable if and only if it is cyclic, the
obstruction spectrum detects torsion. Indeed, suppose there is an element
of order k in a circularly-ordered group G. Then Ob(G) ⊃

⋃
p|k pN where

p is a prime number. More explicitly, we set

T (G) = {k ∈ N | ∃ g ∈ G of order k}

and define

ObT (G) := {n ∈ N>1 | ∃ k ∈ T (G) such that gcd(k, n) 6= 1}.
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Note that ObT (G)⊂Ob(G), because if g∈G is of order k and gcd(k, n) 6=1
then 〈g〉 × Z/nZ is not cyclic, hence not circularly-orderable. We call
ObT (G) the torsion part of the obstruction spectrum.
In the case that G admits a bi-invariant circular ordering, the obstruction

spectrum of G is exactly equal to its torsion part.

Proposition 4.1. — If G admits a bi-invariant circular ordering then
Ob(G) = ObT (G).

Proof. — Suppose G admits a bi-invariant circular ordering, and let
i : G → H × S1 be an order-embedding, where H is a bi-ordered group
and H × S1 is equipped with a lexicographic bi-invariant circular ordering
(Theorem 3.1). Then if g ∈ G is of order k, i(g) = (id, r) where r is a k-th
primitive root of unity. If n > 1 and (k, n) = 1 for every k ∈ T (G), then for
each n-th primitive root of unity r we have G×Z/nZ ∼= 〈i(G), r〉 ⊂ H×S1.
Thus G×Z/nZ is circularly-orderable. The other direction is obvious. �
In general, however, one expects the containment ObT (G) ⊂ Ob(G) to

be proper, which prompts the following question.

Question 4.2. — If G is torsion-free, what property of G is Ob(G)
detecting? (1)

In the cases where G is torsion-free and G arises as the fundamental
group of 3-manifold, such as Examples 3.3 and 3.4, it would be interesting to
explicitly compute and give a topological interpretation of their obstruction
spectra. We expect such a topological interpretation may be possible, since
we can already observe that the structure of Ob(G) carries topological
consequences. First we note:

Lemma 4.3. — If φ : G → H is a homomorphism between circularly-
orderable groups with left-orderable kernel, then Ob(G) ⊂ Ob(H).

Proof. — Suppose that H × Z/nZ is circularly-orderable for some n ∈
N>1. Then the kernel of the map ψ : G × Z/nZ → H × Z/nZ given
by ψ(g, n) = (φ(g), n) is isomorphic to ker(φ), and thus is left-orderable.
Therefore G× Z/nZ can be lexicographically circularly ordered. �

From this, we are able to prove a generalization of a result of Rolfsen,
wherein he used left-orderability of fundamental groups to provide an ob-
struction to the existence of degree one maps between 3-manifolds [35].

(1)We suspect that it may be related to the notion of dynamical forcing of rotation
numbers, introduced in [8].
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Proposition 4.4. — Suppose that M , N are compact, connected irre-
ducible 3-manifolds with infinite circularly-orderable fundamental groups.
If there exists a homomorphism π1(M) → π1(N) with nontrivial image,
then Ob(π1(M)) ⊂ Ob(π1(N)).

Proof. — Under the assumptions of the proposition, π1(M) and π1(N)
are torsion free. Thus if the image of π1(M) is nontrivial, it is infinite, hence
the kernel of the map π1(M) → π1(N) is an infinite index subgroup. Any
infinite index subgroup of π1(M) is locally indicable, hence left-orderable [5,
cf. proof of Theorem 1.1]. The conclusion follows from Lemma 4.3. �

Corollary 4.5 (cf. [35, Theorem 1.1]). — WithM and N as in Propo-
sition 4.4, if Ob(π1(M)) 6⊂ Ob(π1(N)) then every map f : M → N is
nullhomotopic.

4.2. The structure of obstruction spectra

In this section we characterize the sets S ⊂ N>1 that arise as ObT (G)
for some group G, and show that every such set also arises as Ob(G) for
some torsion-free group G.

Proposition 4.6. — Let Π denote the set of prime numbers in N.
(1) For every groupG there exists S ⊂ Π such that ObT (G) =

⋃
p∈S pN.

(2) For every set S ⊂ Π there exists a group G such that ObT (G) =⋃
p∈S pN.

Proof. — For (1), set S = {p ∈ Π | ∃ k ∈ T (G) such that p|k}. From the
remarks at the beginning of Subsection 4.1 it follows that pN ⊂ ObT (G)
for all p ∈ S. On the other hand if p is prime and does not divide k for all
k ∈ T (G), then p /∈ ObT (G) by definition.

To prove (2), define the subgroup GS ⊂ Q/Z generated by the set { 1
p |

p ∈ S}. Since GS contains an element of order p for all p ∈ S,
⋃
p∈S pN ⊂

ObT (GS). Conversely, if gcd(k, p) = 1 for all p ∈ S, then GS × Z/kZ ∼=
H where H ⊂ Q/Z is the subgroup generated by GS ∪ { 1

k}. Therefore
GS × Z/kZ is circularly-orderable, completing the proof. �

Thus our task is reduced to showing that for all S ⊂ Π, there exists
a torsion-free circularly-orderable group G such that Ob(G) =

⋃
p∈S pN.

We begin by producing a torsion-free group G for each prime p > 2 for
which Ob(G) = pN. Our primary tool in the examples that follow is [19,
Proposition 6.17], which for finitely generated amenable groups guarantees
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that all circular orderings of the group arise lexicographically from a short
exact sequence 1→ K → G→ H → 1 where K is left-orderable and H is a
subgroup of S1 (see Proposition 4.8 below for details). As the quotient map
in every such short exact sequence factors thought G/G′, our computations
of Ob(G) are tied to the structure of G/G′. There is no reason to expect
a similar relationship between Ob(G) and G/G′ to hold for non-amenable
groups.
We first prepare several lemmas.

Lemma 4.7. — Assume that G1, G2 and H are groups, and let φ : G1×
G2 → H be a homomorphism with φi = φ|Gi . If φ2 is injective, then
kerφ ∼= φ−1

1 (φ2(G2)).

Proof. — First note that if φ2 is injective, then the projection π1 : G1 ×
G2 → G1 is injective on kerφ. To see this, note that if (g, a), (h, b) ∈ kerφ
and π1(g, a) = π1(h, b) then g = h so that (g, a)−1(h, b) = (1, a−1b) ∈ kerφ,
and so a = b by injectivity of φ2. Thus kerφ ∼= π1(kerφ).
We conclude by observing that φ−1

1 (φ2(G2)) =π1(kerφ). For g ∈π1(kerφ)
happens if and only if there exists h ∈ G2 such that (g, h) ∈ kerφ, which
happens if and only if g ∈ φ−1

1 (φ2(h)). �

Lemma 4.8. — Suppose that (G, c) is a countable, amenable circularly-
ordered group. Then c is lexicographic relative to a short exact sequence

1→ K → G→ C → 1

where K is left-orderable and C is a subgroup of S1.

Proof. — Let ρc : G → Homeo+(S1) denote the dynamical realization
of the circular ordering, and consider rot ◦ρc, where rot is the rotation
number. Since G is amenable, rot : ρc(G) → S1 is a homomorphism; it is
easy to see that this homomorphism must be circular-order preserving by
construction of the dynamical realization. Moreover, the kernel K of the
rotation number homomorphism acts on S1 with a global fixed point and
is therefore left-orderable [19, Proposition 6.17]. �

Proposition 4.9. — Suppose that G is a countable amenable group.
Then G × Z/nZ is circularly-orderable if and only if there exists a homo-
morphism φ : G → C onto a cyclic group C containing a subgroup H of
order n such that φ−1(H) is left-orderable.

Proof. — If G× Z/nZ is circularly-orderable, then by Lemma 4.8 there
exists a subgroup C of S1 and a homomorphism ψ : G × Z/nZ → C

with left-orderable kernel K. Let φ = ψ|G. Since K is left-orderable the
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restriction of ψ to Z/nZ must be injective (otherwise K would contain
torsion), and so by Lemma 4.7 K = kerψ ∼= φ−1(ψ(Z/nZ)).
On the other hand, suppose G admits a homomorphism φ as in the

statement of the theorem and let ι : Z/nZ→ C be an embedding of Z/nZ.
Define ψ : G× Z/nZ→ C by ψ(g, a) = φ(g) + ι(a). Then ψ is injective on
restriction to Z/nZ, so by Lemma 4.7 we have kerψ ∼= φ−1(ι(Z/nZ)), which
is assumed to be left-orderable. Thus G × Z/nZ is circularly-orderable by
a standard lexicographic construction. �

Proposition 4.10. — Suppose that G is a finitely generated amenable
circularly-orderable group, and that G/G′ is finite. If e denotes the expo-
nent of G/G′, then e ∈ Ob(G).

Proof. — Suppose that φ : G → C is a homomorphism onto a cyclic
group containing a subgroup of order e with left-orderable preimage, as in
Proposition 4.9. Then as |C| must divide e, we conclude |C| = e. But then
φ−1(C) = G is not left-orderable, since every finitely generated amenable
left-orderable group has infinite abelianization. �

Proposition 4.11. — Let p be a prime with p > 2. There exists a
torsion-free circularly-orderable group G such that Ob(G) = pN.

Proof. — LetH ∼= Z[1/(p+1)]p denote the subgroup of the units group of

C[x±1/(p+1)j

1 , . . . , x±1/(p+1)j

p : j > 0]

generated by x1/(p+1)j

1 , . . . , x
1/(p+1)j

p with j > 0, and let K denote the free
abelian group of rank p with generators y1, . . . , yp. To help in describing
the construction, we take xp+i = xi and yp+i = yi for i = 1, . . . , p. Then
we form a semidirect product H o K by declaring that yixjy−1

i = xj if
j 6∈ {i, i+1} and yixiy−1

i = xp+1
i and yixi+1y

−1
i = x

1/(p+1)
i+1 for i = 1, . . . , p.

Notice that the subgroup of K generated by y := y1y2 · · · yp commutes with
each xi and hence we can form the semidirect product N := H oK/(y).

Now we make an automorphism f of H oK by declaring f(xi) = xi+1
and f(yi) = yi+1. Then since the element y is fixed by f , we see that
f induces an order-p automorphism of N and so we have the semidirect
product B := N o 〈z|zp = 1〉.
There is a surjective homomorphism φ : H → 〈z|zp = 1〉, which sends

x
1/(p+1)j

i to z for each i, j. Then we take

G = {hkzi | h ∈ H, k ∈ K/(y), i ∈ {0, 1, . . . , p− 1} and φ(h) = zi}.
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By construction, φ(yihy−1
i ) = φ(h) for h ∈ H and i = 1, . . . , p and

φ(zhz−1) = φ(h) for h ∈ H. Thus we see G is closed under products
and taking inverses and so it is a subgroup of N o 〈z|zp = 1〉.

We next claim that G is torsion-free. To see this, suppose that hkzi ∈ G
is a torsion element. Then as (hkzi)p ∈ N and sinceN is torsion-free, we see
that hkzi must have order p and i ∈ {1, . . . , p− 1}. By replacing hkzi by a
suitable power, we may assume that i = 1 and so φ(h) = z. Then there ex-
ists some h′ ∈ H and k′ ∈ K such that (hkz)p = h′k′; moreover, a straight-
forward computation shows that k′ = k(zkz−1)(z2kz−2) · · · (zp−1kz−1+p).
Since k is the image in K/(y) of an element of the form yb1

1 · · · y
bp
p , we

see that k(zkz−1)(z2kz−2) · · · (zp−1kz−1+p) = yB1 · · · yBp = yB , where B =∑
bi. In particular, k′=1 inK/(y). We also have that h′=hτ(h) · · · τp−1(h),

where τ is the automorphism induced by conjugation by yb1
1 · · · y

bp
p z. This

automorphism sends xi to x(p+1)bi+1−bi

i+1 and thus if h = xa1
1 · · ·x

ap
p , then

hτ(h) · · · τp−1(h)

=
p∏
j=1

x
aj+aj−1(p+1)bj −bj−1 +aj−2(p+1)bj −bj−2 +···+aj−p+1(p+1)bj −bj−p+1

j ,

where ai = ai+p, bi = bi+p for i 6 0. Then we see that if h′ = 1 then we
must have

aj + aj−1(p+ 1)bj−bj−1 + · · ·+ aj−p+1(p+ 1)bj−bj−p+1 = 0

for every j. Looking mod p, where we take (p + 1)j = 1 mod p for j < 0,
we see that a1 + · · · + ap = 0 (mod p), which gives that φ(h) = 1, a
contradiction, since φ(h) = z.
Note that solvable groups are amenable. Therefore by Propositions 4.9

and 4.10, to complete the proof we must show that G is a finitely generated
solvable circularly-orderable group and show that G/G′ is an elementary
abelian p-group. We first show that G is finitely generated. By construction,
xpi ∈ G for all i and the relation yixpi y

−1
i = x

(p+1)p
i holds. Thus if we let G0

denote the finitely generated subgroup of B := N o 〈z|zp = 1〉 generated
by xp1, . . . , xpp, y1, . . . , yp, then G0 is normal in B and by construction B/G0
is a finite p-group. In fact, it is a semidirect product (Z/pZ)p o 〈z〉, where
z acts on (Z/pZ)p via cyclic permutation. Since G/G0 embeds in B/G0 we
see that G/G0 is a finite p-group and so G is finitely generated since G0 is
finitely generated. Since G is a subgroup of the solvable group B, we also
have that G is solvable.

TOME 71 (2021), FASCICULE 1



194 Jason BELL, Adam CLAY & Tyrone GHASWALA

Next to show that G/G′ is an elementary abelian p-group, first note that
gi,j := x

1/(p+1)j

i x
−1/(p+1)j

i+1 ∈ G for i ∈ {1, . . . , p} and j ∈ Z. Then

[gi,j , yi+1] = x
1/(p+1)j

i x
−1/(p+1)j

i+1 yi+1x
1/(p+1)j

i+1 x
−1/(p+1)j

i y−1
i+1 ∈ G

′.

A straightforward computation then yields that xp/(p+1)j

i+1 ∈ G′. Next ob-
serve that xiz, xi+1z ∈ G and their commutator is equal to

xizxi+1zz
−1x−1

i z−1x−1
i+1 = xizxi+1x

−1
i z−1x−1

i+1 = xix
−2
i+1xi+2.

More generally we have x(p+1)j

i x
−2(p+1)j

i+1 x
(p+1)j

i+2 ∈ G′ for all j ∈ Z. We
also have [yi, z] = yizyiz

−1 = yiy
−1
i+1 ∈ G′, where we take yp+1 = y1.

Since every element of K can be reduced using the relations yiy−1
i+1, with

i = 1, 2, . . . , p, and y, to obtain an element of the form y`p with 0 6 ` < p,
we see (K/(y)) /(K/(y) ∩G′) is a cyclic group of order p that is generated
by the image of yp.
Notice that G is normal in B and G′ is characteristic in G and hence G′

is normal in B. If hkzi ∈ B, with h ∈ H, k ∈ K/(y), then from the above
remark, modulo G′, hkzi is equal to hy`pzi for some ` ∈ {0, 1, . . . , p − 1}.
Moreover, using the fact that x(p+1)j

i x
−2(p+1)j

i+1 x
(p+1)j

i+2 ∈ G′ for all j ∈ Z
and i = 1, . . . , p− 1, we see that modulo G′ that we can take h to be of the
form xa1x

b
2 with a, b ∈ Z[1/(p + 1)]. Since xp/(p+1)j

1 , x
p/(p+1)j

2 ∈ G′ for all
j ∈ Z, we see that we can in fact take a, b ∈ {0, 1, . . . , p− 1} and so B/G′
is a homomorphic image of a semidirect product

(Z/pZ)3 o 〈z|zp = 1〉

(with the first two copies of Z/pZ being generated by the images of x1
and x2 and the last copy being generated by the image of yp), which is
a nonabelian group of order p3 in which the automorphism of (Z/pZ)3

induced by conjugation by z is given by (1, 0, 0) 7→ (0, 1, 0) and (0, 1, 0) 7→
(−1, 2, 0), and this group is a nonabelian group of order p4 in which every
element has order p. Since G/G′ embeds in this group and is abelian and
since G is solvable, it is a non-trivial proper subgroup of this group and
hence is an elementary abelian p-group of order in {p, p2, p3}.
It now only remains to show that G is circularly-orderable. Observe first

that H is left-orderable. Moreover, K/(y) is left-orderable, as it is Zp−1,
since the element y corresponds to a unimodular row in Zp. Thus N is
left-orderable, as it is a semidirect product of two left-orderable groups.
This then gives that B = N o 〈z|zp = 1〉 is circularly-orderable as it is
a semidirect product of a left-orderable group and a circularly-orderable
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group. Hence G is circularly-orderable as it is a subgroup of B. Finally, in
light of Proposition 4.10 we get that G× Z/pZ is not circularly-orderable.

Suppose now gcd(m, p) = 1. Notice that G × Z/mZ is a subgroup of
B × Z/mZ and since B × Z/mZ fits into a short exact sequence

1→ H oK/(y)→ B × Z/mZ→ Z/pZ× Z/mZ→ 0,

we see that B×Z/mZ is circularly-orderable, as HoK/(y) is left-orderable
and Z/pZ × Z/mZ ∼= Z/pmZ is circularly-orderable. It follows that G ×
Z/mZ is circularly-orderable, and therefore Ob(G) = pN. �

Next we show that the obstruction spectrum of the free product of
circularly-orderable groups is equal to the union of the obstruction spectra
of each of the component groups. Note that it makes sense to talk about
the obstruction spectrum of a free product of circularly-orderable groups
since such a free product is circularly-orderable [1].

Lemma 4.12. — Let {Gα |α∈A} be a set of circularly-orderable groups.
Then Ob(∗Gα) =

⋃
α∈AOb(Gα).

Proof. — Let k ∈ N>1. Consider the amalgamated free product
∗Z/kZ(Gα × Z/kZ) defined by the injective maps ια : Z/kZ→ Gα × Z/kZ
where ια(t) = (id, tα) for a choice of generator t ∈ Z/kZ. The homomor-
phisms φα : Gα × Z/kZ → (∗Gα) × Z/kZ given by φα(g, tmα ) = (g, sm)
(where s ∈ Z/kZ is a chosen generator) induce an isomorphism

∗Z/kZ(Gα × Z/kZ) ∼= (∗Gα)× Z/kZ.

It now suffices to show ∗Z/kZ(Gα×Z/kZ) is circularly-orderable if and only
if Gα × Z/kZ is circularly-orderable for all α.
If ∗Z/kZ(Gα×Z/kZ) is circularly-orderable, it is clear that Gα×Z/kZ is

circularly-orderable for all α. Conversely, suppose Gα×Z/kZ is circularly-
orderable for all α. By applying an automorphism of Gα × Z/kZ of the
form (g, tmα ) = (g, ϕ(tmα )), where ϕ ∈ Aut(Z/kZ), we may assume there
is a circular ordering c on Z/kZ and circular orderings cα on Gα × Z/kZ
such that ι∗α(cα) = c. Since Z/kZ is cyclic, ∗Z/kZ(Gα×Z/kZ) is circularly-
orderable by [12, Proposition 1.2], completing the proof. �

Proposition 4.13. — For every S ⊂ Π, there exists a torsion-free
circularly-orderable group G such that Ob(G) =

⋃
p∈S pN.

Proof. — The result follows by combining Proposition 4.11 with Lem-
ma 4.12. �

We end this section with an example of a torsion-free group G such that
Ob(G) 6=

⋃
p∈S pN for any set of primes S. Thus the subsets of N that arise
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as Ob(G) for some torsion-free group G are more varied in structure than
the sets which arise as ObT (G) for some group G.

Example 4.14. — Consider the Promislow group G := 〈a, b | ab2a−1 =
b−2, ba2b−1 = a−2〉, also known as the fundamental group of the Hantzsche–
Wendt manifold. The group G is torsion-free and not left-orderable, so
Ob(G) is nonempty ([34], see also [13, Example 1.59]).

The group G is circularly-orderable. There is a map φ : G→ Z/2Z given
by φ(a) = 1, φ(b) = 0 whose kernel is the subgroup 〈b, a2, (ab)2〉. One can
verify that 〈b, a2, (ab)2〉 ∼= Z2 n Z, where Z2 is generated by a2, (ab)2 and
Z is generated by b. In particular, the kernel of φ is left-orderable so that
G is circularly-orderable by a lexicographic argument.
Note that as a consequence of the circular ordering constructed in the

previous paragraph, n /∈ Ob(G) whenever n ∈ N>1 is odd. Indeed, when n
is odd (φ × id) : G × Z/nZ → Z/2Z × Z/nZ ∼= Z/2nZ provides a map of
G× Z/nZ onto a circularly-orderable group with kernel isomorphic to the
left-orderable group ker(φ). Thus G× Z/nZ is circularly-orderable.

However, 2 is also not in the obstruction spectrum of G. To see this,
note that the abelianization of G is (Z/4Z)2 with abelianization map a 7→
(1, 0) and b 7→ (0, 1). Let ψ : G → Z/4Z denote the composition of the
abelianization map with projection onto the first factor, so ψ(a) = 1, ψ(b) =
0, and let ι : Z/2Z → Z/4Z denote the obvious inclusion. Define β :
G×Z/2Z→ Z/4Z by β(g, a) = ψ(g)+ι(a). We claim that ker(β) ∼= ker(φ),
which will show that ker(β) is left-orderable so that G×Z/2Z is circularly-
orderable and 2 /∈ Ob(G). The claim follows from checking that the map
α : ker(β) → ker(φ) given by α(g, a) = g is an isomorphism. Further,
whenever n is odd the map (β × id) : (G×Z/2Z)×Z/nZ→ Z/4Z×Z/nZ
yields a map onto a cyclic group whose kernel is isomorphic to ker(β). Thus
2n /∈ Ob(G) whenever n is odd, and we conclude Ob(G) ⊂ 4N.
Last, note that the subgroup 〈a2, b2, (ab)2〉 is isomorphic to Z3 and is

normal, with quotient Z/2Z × Z/2Z. In particular this tells us that G is
amenable. Since G/G′ ∼= (Z/4Z)2, it follows from Proposition 4.10 that
4 ∈ Ob(G) and so Ob(G) = 4N.

4.3. Abelianization and the obstruction spectrum

Suppose G is a circularly-orderable but not left-orderable group. Since
it is not left-orderable, there exists a finitely generated subgroup H < G

with no left-orderable quotients [6], and therefore the abelianization H/H ′
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is finite. The main result of this section is Corollary 4.16, which is a con-
nection between the exponent of H/H ′ and the obstruction spectrum of G.
Corollary 4.16 is a direct consequence of Theorem 4.15 whose statement
and proof are due to Dave Morris.

Theorem 4.15 (Morris). — Let H be a non-trivial, finitely generated,
circularly-orderable group with no non-trivial left-orderable quotients. Let
e = exp(H/H ′) be the exponent of the abelianization of H. Then for any
integerm > 2, there exists a k > 0 such thatH×Z/(emk)Z is not circularly-
orderable.

Proof. — Let Q = 1
eZ
[ 1
m

]
. The first step is to show H × Q/Z is not

circularly-orderable. Suppose towards a contradiction, that H∗ = H×Q/Z
is circularly-orderable. Fix some circular ordering on H∗ and consider the
central extension

1 −→ Z ι−→ H̃∗
ρ−→ H∗ −→ 1

arising from the given circular ordering as in Section 2. In particular, H̃∗
is left-orderable. Let R = ρ−1(Q/Z), and let K be the intersection of all
relatively convex subgroups containing R. Since R is normal, we have that
K is normal. Then H̃∗/K ∼= H∗/ρ(K) ∼= H/π1ρ(K) where π1 : H ×
Q/Z→ H is the projection map. Therefore H̃∗/K is a left-orderable group
isomorphic to a quotient of H, which implies H̃∗ = K.
Note that R ∼= Q by Proposition 3.11, so R is isomorphic to a dense

subgroup of Q. Therefore by Lemma 3.9, there exists a normal subgroup
M such that M ∩ R = {id} and H̃∗/M is isomorphic to a subgroup of Q.
Let π̃ : H̃∗ → H̃∗/M be the quotient map. Since M ∩ R = {id}, R maps
injectively into H̃∗/M under π̃.
Let π : H∗ → H∗/ρ(M) be the quotient map. Then ρ(R) = Q/Z maps

injectively intoH∗/ρ(M) under π. Note that since H̃∗/M is isomorphic to a
subgroup of Q,H∗/ρ(M) is isomorphic to a subgroup of Q/Z. Furthermore,
sinceQ/Z is abelian and the exponent ofH/H ′ is e, π(H) must be contained
in the unique subgroup of H∗/ρ(M) of order e. By the construction of
Q, Q/Z contains a subgroup of order e, and therefore π(H) ⊂ π(Q/Z).
Therefore π|Q/Z : Q/Z → H∗/ρ(M) is an isomorphism. It follows that
π̃|R : R → H̃∗/M is an isomorphism. By Lemma 3.8, R is central in
H̃∗ and therefore H̃∗ ∼= R × M . Since H̃∗ is smallest relatively convex
subgroup containing R, we conclude that M = {id}. However, this implies
H is trivial, a contradiction.
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We now have that H ×Q/Z is not circularly-orderable. Therefore there
exists a finitely generated subgroup of H × Q/Z that is not circularly-
orderable [11, Lemma 2.14]. Every finitely generated subgroup of H×Q/Z
is contained in a subgroup of the formH×T , where T is a non-trivial finitely
generated subgroup of Q/Z. However, all finitely generated subgroups of
Q/Z are finite cyclic groups. By the construction of Q, for every finite cyclic
subgroup S ⊂ Q/Z there exists a k such that S is contained in the unique
cyclic subgroup of Q/Z of order emk. Therefore there exists a k > 0 such
that H × Z/(emk)Z is not circularly-orderable. �

Now given an arbitrary non-left orderable group G, there exists a finitely
generated non-trivial subgroup H that has no non-trivial left-orderable
quotients [6]. Therefore we can apply Theorem 4.15 to arbitrary groups to
obtain the next corollary.

Corollary 4.16. — Let G be a circularly-orderable but not left-
orderable group, and let H be a non-trivial finitely generated subgroup
with no non-trivial left-orderable quotients. Let e = exp(H/H ′) be the ex-
ponent of the abelianization of H. Then for any integer m > 2, there exists
a k > 0 such that emk ∈ Ob(G).

Example 4.17. — Consider the mapping class group G = Mod(Σg,1) of
an orientable genus g > 3 surface with one puncture (see [18] for an in-
troduction to mapping class groups), which is circularly-orderable but not
left-orderable since it contains torsion. Furthermore, since G is generated
by torsion elements [28], it has no non-trivial left-orderable quotients. By
a result of Harer [20], G/G′ = {id}. Therefore by Theorem 4.15, for every
integer m > 2, there exists a km > 1 such that mkm ∈ Ob(G).

However, the maximum order of an element in Mod(Σg,1) is bounded
above. Indeed, if we combine the 4g + 2 theorem [38] with the Nielsen
realization theorem [24], we obtain that the maximum order of an element
in Mod(Σg) (where Σg is a closed surface of genus g) is 4g + 2 (see [18,
Section 7.2] for a self-contained proof of this fact). Since π1(Σg) is torsion
free, we can use the Birman exact sequence [2]

1 −→ π1(Σg) −→ Mod(Σg,1) −→ Mod(Σg) −→ 1

to conclude that the maximum order of an element in Mod(Σg,1) is also
4g + 2.
Therefore there are elements in the obstruction spectrum ofG that do not

detect torsion. More formally, the torsion part of the obstruction spectrum
ObT (G) is a proper subset of the obstruction spectrum Ob(G).
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The results in Section 4 give some information as to the possible structure
of obstruction spectra. However, it is not a complete picture, and we leave
the reader with the natural question:

Question 4.18. — Can every set of the form
⋃
m∈SmN where S ⊂ N>1

arise as Ob(G) for some group G?
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