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SLANT PRODUCTS ON THE HIGSON-ROE EXACT
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ABSTRACT. — We construct a slant product /: Sp(X x V) x Ki_g(c®1Y) —
Sp—q(X) on the analytic structure group of Higson and Roe and the K-theory
of the stable Higson corona of Emerson and Meyer. The latter is the domain of
the co-assembly map p*: Ki—,(¢"*1Y) — K*(Y'). We obtain such products on the
entire Higson—Roe sequence. They imply injectivity results for external product
maps. Our results apply to products with aspherical manifolds whose fundamental
groups admit coarse embeddings into Hilbert space. To conceptualize the class
of manifolds where this method applies, we say that a complete spin®-manifold
is Higson-essential if its fundamental class is detected by the co-assembly map.
We prove that coarsely hypereuclidean manifolds are Higson-essential. We draw
conclusions for positive scalar curvature metrics on product spaces, particularly on
non-compact manifolds. We also obtain equivariant versions of our constructions
and discuss related problems of exactness and amenability of the stable Higson
corona.
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REsUME. — Nous construisons un slant-produit /: Sp(X x Y) x K1—g(¢**1Y) —
Sp—q(X) sur le groupe structural analytique de Higson et de Roe et la K-théorie
de la « stable Higson corona » d’Emerson et de Meyer. Cette derniére est le do-
maine de définition de ’application de coassemblage p*: Ki_«(c"*1Y) — K*(Y).
Nous obtenons ces produits sur toute la suite exacte de Higson—Roe. Ils impliquent
que certaines applications produits extérieurs sont injectives. Nos résultats s’ap-
pliquent aux produits avec des variétés asphériques dont les groupes fondamen-
taux se plongent de maniere coarse dans un espace de Hilbert. Nous disons qu’une
spin®-variété compleéte est « Higson-essential » si sa classe fondamentale est détectée
par ’application de coassemblage. Nous prouvons que les variétés qui sont hyper-
euclidiennes coarse sont « Higson-essential ». Nous déduisons des résultats pour des
métriques a courbure scalaire positive sur les espaces produits, en particulier sur
les espaces non-compacts. En outre, nous donnons des variantes équivariantes de
nos constructions et nous discutons I’exactitude et la moyennabilité de la « stable

Higson corona ».
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1. Introduction

The first main entity we study in this paper is the analytic exact sequence
of Higson and Roe [41]. Questions around this sequence have generated
substantial activity in higher index theory, for a selection of recent works
see [23, 48, 49, 50, 57, 63, 68]. Its original motivation as devised by Higson
and Roe was to serve as the target of certain analytic index maps defined on
the surgery sequence from geometric topology. For this reason it also often
called analytic surgery sequence. Later it was also used to serve as a target
for index maps on the positive scalar curvature sequence of Stolz [48, 63]
(see Section 1.3).

To describe the sequence, start with the following setup. Let X be a
proper metric space endowed with a proper isometric action of a countable
discrete group G. Then the analytic sequence of Higson and Roe associated
to X reads as follows
(L1) o = K (C5X) 5 SF(X) = KE(X) 25 K (CHX) — -
where K, (C§X) is the topological K-theory of the equivariant Roe algebra
CL X, SY(X) is the analytic structure group of X and K& (X) stands for the
equivariant locally finite K-homology of X . The definitions of these groups
are given in Section 3. If X is a complete spin®-manifold of dimension m,
where the spin®-structure is preserved by G, then the Dirac operator defines
a fundamental class [P x] € K& (X).

If the G-action is free, then K&(X) = K,(G\X). If the G-action on X
is cocompact, then C; X is canonically Morita equivalent to the reduced
group C*algebra C¥ ;G. The sequence (1.1) is often applied to the case
X=M , where M is the universal covering of a compact smooth manifold
or finite simplicial complex M, and G = m M. In this case it becomes

(12) - = Kug1(CrugG) S SF(M) — Ko (M) 229 K, (CLyG) — -~ .

TOME 71 (2021), FASCICULE 3
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Our initial investigations started with the following result of Zeidler:

TueoreM 1.1 ([66, Corollary 5.8]). — Let N be a closed spin®-mani-
fold™) of dimension n such that its universal covering N is (rationally)
stably hypereuclidean. Then for every closed manifold M the map

ST(M) = SEE (M N), @ v ax [Py,
where G = mM and H = m N, is (rationally) split-injective.

Here we implicitly used an external product which mixes an element
of the structure group and an element of K-homology to produce an ele-
ment of the structure group of the product. This is a well-known product
construction which we revisit in Section 3.

Next, recall the notion of a (stably) hypereuclidean manifold. This goes
back to Gromov and Lawson [32].

DEFINITION 1.2. — A complete oriented Riemannian manifold X of di-
mension m is called stably hypereuclidean if for some k € N, the product
X x R* admits a proper Lipschitz map to Euclidean space R™* of de-
gree 1. If the latter condition is relaxed to merely non-zero degree, it is
called rationally stably hypereuclidean.

The assumption of being (rationally) stably hypereuclidean is quite gen-
eral. Dranishnikov [24] proved that the universal cover of any closed aspher-
ical manifold whose fundamental group has finite asymptotic dimension is
stably hypereuclidean. Further, there is currently no known example of
an aspherical closed manifold whose universal covering is not (rationally)
stably hypereuclidean.

This notion is closely related to the strong Novikov conjecture. Indeed, if
the universal covering M of a closed spin®-manifold M is rationally hyper-
euclidean, then the higher index class Indg ([1,/]) € K.(CZ4G) is non-zero.
In fact, since R" satisfies the coarse Baum—Connes conjecture, the coarse
index Ind ([P S K., (C*M) does not vanish. The canonical forgetful map
K.(C:4G) =K, (CEM) — K, (C* (M)) takes the higher index to the coarse
index and so this also proves non-vanishing of the former. Furthermore, it
turns out that the conclusion of Theorem 1.1 in itself implies non-vanishing
of the higher index class:

THEOREM 1.3 (see Theorem 2.1). — Let z € K,,(N) be such that for
every closed manifold M the map S¢(M) — Sfan(M X N),z— Xz,

(1) Note that, although [66, Corollary 5.8] is stated for spin-manifolds, the statement
makes perfectly sense for spin®-manifolds and the proof given by Zeidler works also
perfectly well in the more general case of spin®-manifolds.

ANNALES DE L’INSTITUT FOURIER
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where G = myM and H = m N, is rationally injective. Then Indg(2) €
K, (Ci.4H) is rationally non-zero.

The analogous integral version of Theorem 2.1 also holds. In fact, it is
formally weaker because injectivity implies rational injectivity and rational
non-vanishing implies non-vanishing.

These considerations suggested to us that there ought to be analytic
conditions related to the coarse Baum—Connes conjecture and the strong
Novikov conjecture that are weaker than hypereuclidean and would imply
the conclusion of Theorem 1.1. The quest for such hypotheses lead us to to
the second main player of the present paper—the coarse co-assembly map

s Ky (X)) — K*(X)

of Emerson and Meyer [27], where ¢"*?X denotes the stable Higson corona
of X and K*(X) is the compactly supported K-theory of X. The coarse
co-assembly map is dual to the coarse index map (or “coarse assembly
map”)
w=1Ind: K,(X) — K,(C*X)

via a pairing between the K-theories of the stable Higson corona and the
Roe algebra. In particular, a K-homology class which pairs non-trivially
with a K-theory class in the image of u* does not lie in the kernel of Ind.
Our first main result extends Theorem 1.1 to such classes. To formulate
this, we introduce the following new property.

DEFINITION 1.4. — We say that a complete Riemannian spin®-manifold
X of dimension m is (rationally) Higson-essential if there exists ¥ € Kq_,
(c°dX) such that ([Dx],u*(9)) = 1 (# 0, respectively), where [[Dx] €
K, (X) denotes the K-homological fundamental class of the spin®-structure.

This notion is reminiscent of coarse largeness properties a la Brunnbauer
and Hanke [15], we will see that (rationally) coarsely stably hypereuclidean
spin®-manifolds are (rationally) Higson-essential (see Theorem 6.11). In
particular, this applies to (rationally) stably hypereuclidean manifolds.

Furthermore, if the co-assembly map p*: Ki_,(¢"4X) — K*(X) is sur-
jective, then a spin®-manifold X is automatically Higson-essential. If X =
M is the universal covering of a closed aspherical manifold, then this co-
assembly map is in fact known to be an isomorphism for a very broad class
of examples. For instance, if my M is coarsely embeddable into a Hilbert
space [27, Theorem 9.2] or more generally if 71 M has a ~y-element [28,
Corollary 34], or if it admits an expanding and coherent combing [30, The-
orem 5.10].

TOME 71 (2021), FASCICULE 3
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Our first main result generalizes Theorem 1.1 from stably hypereuclidean
to Higson-essential. Start with a more general version which applies to non-
compact manifolds.

THEOREM 1.5 (see Corollary 6.12). — Let Y be an n-dimensional com-
plete spin®-manifold of continuously bounded geometry® . Suppose that
Y is (rationally) Higson-essential. Assume furthermore that Y is endowed
with a proper action of a countable discrete group H which preserves the
spin®-structure.

Then for every proper metric space X which is endowed with a proper
action of a countable discrete group G, the external product maps

SY(X) = SEXH(X x V), x>z x [Dy]
and
K, (CEX) = Koy (Coug(X xY)),  z =2 xInd ([Dy])
are (rationally) split-injective.

Specializing to universal coverings of closed manifolds yields the desired
generalization of Theorem 1.1:

COROLLARY 1.6. — Let N be a closed spin®-manifold of dimension n
such that its universal covering N is (rationally) Higson-essential. Then for
every closed manifold M the maps

S¢(M) — SEXH (M x N), z—ax [Dy],
and
K. (Crea(G)) = Kusn (Clea(G x H)), x> 2 x Indy ([Dn])
where G = myM and H = m N, are (rationally) split-injective.

The existence of a y-element has a far stronger consequences than this.
Traditionally, this concept appeared in proofs of the strong Novikov conjec-
ture. Indeed, it implies injectivity of the entire equivariant index map—mnot
just non-vanishing of the index of the fundamental class. Using an equivari-
ant version of the co-assembly map it also enables us to prove a stronger
result in the case of aspherical complexes.

THEOREM 1.7 (see Theorem 6.5). — Let N be a finite aspherical com-
plex, and assume that H = w1 N has a y-element.

(2) see Definition 4.1 (b).

ANNALES DE L’INSTITUT FOURIER
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Then for every proper metric space X endowed with a proper action of
a countable discrete group G, the external product maps

SG (X) @ Kn(N) = SEXH (X x N)

m—+n

and
K (C5X) @ Kn(N) = Ky (Céerr (X x N))
are rationally injective for each m,n € Z.

COROLLARY 1.8. — In the setup of Theorem 1.7, where X = M is the
universal covering of a closed manifold M and G = w M, the external
product maps

(1.3) SE (M) ® K, (N) — SSXH (M x N)
and
(1.4) Kin (CreaG) @ Kn(N) = Kipgn (Crea (G x H)),

are rationally injective for each m,n € 7Z.

One might conjecture that in the case of an aspherical manifold whose
universal covering is stably hypereuclidean, the rational version of Theo-
rem 1.1 should also follow from Corollary 1.8. This would be the case if the
following open question had a positive answer.

Question 1.9. — Let N be a closed aspherical manifold. If N is stably
hypereuclidean, does the fundamental group m N admit a y-element?

If we assume that 71 N does not only have a ~y-element, but that w1 NV
even satisfies the Baum—Connes conjecture, then the rational injectivity
of (1.4) upgrades to rational bijectivity due to the Kiinneth formula [21].
Our next result is that under the assumption of Baum—Connes we also get
such an upgrade for (1.3). To formulate this result in its full generality, we
introduce the following notation for the representable K-homology and its
counterpart for the structure group:

(1.5) RKY (X) = lim K¢ (K),
K
(1.6) RST(X) = lim ST (K),

where the colimits run over G-compact subsets K C X. Note that (1.1)
then induces a sequence

(L) e = K (CloaG)

Ind

9, RS (X) - RKE(X) 24 K, (C24G) — -+ .

TOME 71 (2021), FASCICULE 3
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THEOREM 1.10 (Theorem 7.1). — Let H be a countable discrete group.
Assume that H is torsion-free and satisfies the Baum—Connes conjecture
for all coefficient C*algebras with trivial H-action.®)

Then for any simplicial complex M, the external product map

RSE (M) ® RK,(BH) — RSE*H (M x EH),

where G = m1 M, is rationally an isomorphism. If RK,(BH) is torsion-free,
then it is integrally an isomorphism.

1.1. Slant products

The main technical innovation of our paper is the construction of slant
products between the various groups which appear in the Higson—Roe se-
quence and the K-theory of stable Higson corona. The most general of these
incorporate proper actions of countable discrete groups on all involved
spaces as is needed for the proof of Theorem 1.7. However, for simplic-
ity, start with an exposition of the non-compact setting ignoring all group
actions. The next theorem and the following properties is a summary of
Section 4.

THEOREM 1.11. — Let X be a proper metric space, and let Y be a
proper metric space of bounded geometry.

For each element 6 € K;_,(¢**1Y") we construct natural slant products /0
such that we have a commuting diagram
(1.8)

SH(X X Y) — K (X xY) — 3 K,(C*(X x V) —25 S, 1(X x Y)
T
. o
Sp—q(X) ——— Kp—g(X) ——— Kp(C"X) ———— Sp1-4(X)

and such that the slant products have the properties listed below in Prop-
erties 1.13.

We recall the relevant definition of bounded geometry at the beginning
of Section 4.1, and the stable Higson corona ¢**1Y and the corresponding
coarse co-assembly map are recalled at the beginning of Section 4.

Remark 1.12 (Notation). — To state certain results more concisely, we
will use the symbol HR as a generic placeholder for any constituent of the

3) For example, H could be a-T-menable [36] or it could be hyperbolic [42, 51].

ANNALES DE L’INSTITUT FOURIER
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Higson—Roe sequence. That is, HR.(X) can stand for either S, (X), K.(X)
or K, (C*X).

PROPERTIES 1.13. — The slant products in Theorem 1.11 satisfy the
following properties:

(i) If Y has continuously bounded geometry, then the slant product
J0: Kp(X xY) = K,_(X)

is compatible with coarse co-assembly p*: Ki_,(c"1Y) — K(Y),
that is, for all x € K,(X xY') we have

©/0 = x/u*(6),

where the slant product on the right hand side is the usual slant
product of locally finite K-homology with compactly supported K-
theory.

(ii) For any element y € K,(C*Y) the composition*)

K, (C7X) % Ky (C7(X x Y)) 25 Ky (€ X)

equals multiplication with (y,0) € Z on K, (C*X), where this is the
pairing constructed by Emerson and Meyer [27, Section 6], possibly
up to a sign (—1)2.%)

Furthermore, for y € K,(Y') the compositions

Kp(X) 22 Kpg(X x V) 25 Ky (X)

Sp(X) 22 S (X x V) L5 K, (X)
equal multiplication by (y,u*(0)) € Z, where this is the usual pair-
ing between locally finite K-homology and compactly supported
K-theory.

(iii) Denote by B € Ki_,(c**R"™) the class corresponding to the Bott
element of Euclidean space, that is, p*(5) € K*(R") = Z is the
generator.

Then the slant product /B: HRpin(X x R") — HR,(X) is
an isomorphism and coincides with the n-fold suspension isomor-
phism(®) .

(4) The construction of the external product — X y is recalled in Section 3.
(5) Emerson and Meyer did not specify their sign convention for the pairing.

(6) Or in other words, the Mayer—Vietoris boundary map associated to the (coarsely)
excisive cover X X R = X x (—o00,0] U X X [0, 00).

TOME 71 (2021), FASCICULE 3
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(iv) The slant products are compatible with the coarsification and co-
coarsification maps™ .
Recall that the coarse assembly map p: K,(Z) — K,(C*(2)) fac-
tors as

Kp(Z) = KX,(2) =+ K,(C*(2))
and that the coarse co-assembly map p*: Ki_q (¢*°1Z) — K9(Z) as

pt Ky, (¢°92) 25 KX(2) < K9(Z).

We have slant products on the coarsification of locally finite K-
homology such that the diagram

K, (X x V) —5 KX, (X x Y) —— K,(C*(X x Y))

AN

Kp—q(X) —— KX,_o(X) —— K;_(C*X)

commutes and such that for © € KX,(X xY) we have z/0
= x/p*(0). The slant product on the right hand side is between
the coarsifications of locally finite K-homology and of compactly
supported K-theory (see Definition 4.45).

Property (i) in combination with commutativity of the middle square in
the diagram (1.8) translates to the formula

plx/p*(0)) = p(x)/0

for all z € K,(X x Y) and all § € Ky _,(c*°dY).
As an example, we mention the following result which can be obtained
from the existence of the slant products with the above properties:

COROLLARY 1.14 (Corollary 6.4). — Let Y be either

(i) a uniformly contractible, proper metric space of continuously boun-
ded geometry which is scaleable,

(ii) a uniformly contractible, proper metric space of continuously boun-
ded geometry which admits an expanding and coherent combing,
or

(iii) the universal cover EG of the classifying space BG of a group G, if
BG is a finite complex and G is coarsely embeddable into a Hilbert
space.

(") The co-coarsification maps are sometimes called “character maps” in the literature.

ANNALES DE L’INSTITUT FOURIER
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Then for every proper metric space Y the external product map
HR (X)) @K, (Y) = HR iy (X xY)

is rationally injective. Here we used the notation from Remark 1.12.

1.2. Equivariant slant products

As previously mentioned, there is an equivariant version of our slant
products. We exhibit this construction in Section 5. It requires an equivari-
ant version of the coarse co-assembly map. If Y is endowed with a proper
action of a countable discrete group H, we obtain an induced action on
the stable Higson corona. Using this, one obtains a co-assembly map of the
form

i Kooy (Y %, H) — K (Y),
where, in general, p can be any exact crossed product functor in the sense
of [7, Definition 3.1], or the reduced one if H is exact. Note that this is a
different version of the equivariant co-assembly map than the one consid-
ered by Emerson and Meyer [28, 29]. We discuss this and related questions
around exactness in Sections 5.1, 5.2. In the following, we assume that an
appropriate choice for u has been fixed.

THEOREM 1.15. — Let X and Y be proper metric spaces, where Y has
bounded geometry, which are endowed with proper isometric actions of
countable discrete groups G and H, respectively. Then for each element
0 € Ki_y(c**Y x, H), we construct natural slant products /6 such that
we have a commuting diagram

SH(X X Y) — K (X X Y) — Kp(Chy (X x Y)) L S (X x Y)

R

. o
SIC,’LQ(X) _ KIC,’LQ(X) —— K, 4 (CEX) —— Kgflfq(X).

The equivariant slant products satisfy formal properties analogous to
Properties 1.13. We refer to Section 5.4 for the details. Moreover, in Sec-
tion 5.5 we prove that for free actions our equivariant slant product on
K-homology is identified with the usual slant product on K-homology of
the quotient space up to canonical induction isomorphisms.

The equivariant slant products are applied to prove the following in-
jectivity result for the external products on the Higson—Roe analytic se-
quence (1.2). In the following theorem we write M for the universal cover
of M, and we denote G := 71 (M).

TOME 71 (2021), FASCICULE 3
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THEOREM 1.16 (see Theorem 6.1). — Let N be a finite complex, H
= m N, and let z € K, (N). Assume that there is § € Ky_, ("N x, H)
with (z, u5;(0)) =1 (or (z, ui;(0)) # 0, respectively).

Then for every finite complex M, all vertical arrows in the following
diagram (with G = w1 M) are split-injective (rationally split-injective, re-
spectively).

) Indg

Ket1 (CreaG) S¢ (M) K.(M) K. (Crea)

Jxlndy(z) lxz sz JXIndH(z)

— ~ Indgx
Kot t4n (Clog (G x H)) =2 ST (M % N) —— Koy (M x N) Ko p (Crog (G x H))

Indeed, a right inverse for the external product maps from the theorem
is given by our equivariant slant products with the class 6. A similar result
was proved by Zenobi [68, Remark 5.20].

Using a slightly more sophisticated version of the above theorem (see
Theorem 6.2), we can deduce Theorem 1.7. This is because the existence of
a v-element implies surjectivity of the equivariant coarse co-assembly map
for aspherical complexes (see Corollary 5.3).

1.3. Geometric applications
1.3.1. The Stolz sequence for positive scalar curvature

The Stolz sequence for positive scalar curvature [55] is a sequence of bor-
dism groups incorporating Riemannian metrics of positive scalar curvature
(psc). It is in some sense analogous to the surgery sequence from geometric
topology. Given a closed smooth manifold M, we will denote by R (M)
the set of Riemannian metrics of positive scalar curvature on M.

The Stolz sequence has received considerable attention in higher index
theory starting with work of Piazza and Schick [48] and Xie and Yu [63]
who established that it admits a map to the analytic sequence of Higson
and Roe. We recall the result here in the case of classifying spaces of groups.
Here it is convenient to use (1.7).

THEOREM 1.17 ([48, 63]). — Let G be a countable discrete group. There
is a commutative diagram of exact sequences taking Stolz’ positive scalar
curvature sequence to the analytic sequence of Higson and Roe.

QPn(BG) — RP(BG) -2 PostP™ (BG) — QP (BG) —— RP™ (BG)

m—1 m

lﬂ [ I L |-

RK,,(BG) % K., (C74G) % RSE_(EG) — RK,1(BG) 2 Ky (CHyG)

ANNALES DE L’INSTITUT FOURIER
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We briefly explain the constituents of the top sequence above. First,
QP (BG) is the usual spin bordism group of BG. The group R (BG)
consists of bordism classes of pairs (W, g), where W is a compact spin
manifold together with a continuous map W — BG and g € RT(OW).
Finally, the positive scalar curvature bordism group Pos:P™ (BG) consists of
bordism classes of pairs (M, g), where M is a closed spin manifold together
with a continuous map M — BG and g € RT(M). The map 3 is the
Atiyah—Bott—Shapiro orientation, « is the higher relative index and p is
the higher p-invariant.

The positive scalar curvature bordism group admits an external product
with the spin bordism group as follows.

PosP™(BG) @ QP (BH) — Posi™ (B(G x H))

m—+n

[M, g] @ [N] = [M x N,g & gn]

Here we choose any Riemannian metric gy on NV such that the product
metric gP g still has positive scalar curvature (this can always be achieved
by rescaling). Any two such choices yield isotopic metrics on the product
(again by a rescaling argument) and in particular the same bordism class.
By the product formula for the higher p-invariant (see [66]), it is compatible
with the external product for the analytic structure group. That is, the
following diagram commutes.
PosiP™(BG) @ QP (BH) —— Pos™™" (B(G x H))

m—+n

-] |

RSY (EG) ® RK,,(BH) —— RSEX(E(G x H))

m—+n

Similarly, we have a diagram involving the relative group.

RP(BG) @ QPR (BH) —— RPY (B(G x H))

m—+n
a®ﬁJ al
Km ( :edF) ® RKH(BH) — Km+n (C:ed(G X H))

We now obtain the following corollary as a consequence of 1.5. In the
following we say that a spin manifold is Higson-essential if it is with respect
to the induced spin®-structure.

COROLLARY 1.18. — Let N be a closed spin manifold with 1N = H
such that its universal covering N is Higson-essential. Let

[M;, g5] € PossP™(BG) with p (Mo, go) # p (M1, 91) € RSC (EG).
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Then also
p (Mo x N,go®gn) #p(My x N,g1 ®gn) € RS%?E(E(G x H)).

In particular, (Mo x N, go ® gn) and (M1 x N, g1 ® gn) represent different
bordism classes in Pos;>"" (B(G x H)).

m+n

In [66, Corollary 6.10] this corollary was formulated for N aspherical
with H = m N of finite asymptotic dimension. This was based on Dran-
ishnikov’s theorem that the universal covering of such a manifold is stably
hypereuclidean [24]. Our present method strictly improves Zeidler’s result,
because if N is aspherical and H = 7NV admits a coarse embedding into
Hilbert space (which is far more general than having finite asymptotic
dimension), it satisfies the hypothesis of the corollary above (compare Re-
mark 6.8 and Corollary 6.4(c)).

Furthermore, if M is a closed spin manifold with m;M = G and gg, 91
€ R* (M), then (M x [0, 1], (go, 91)) represents a class in R}¥'™" (BG), where
(90,91) € RT(O(M x [0,1])) = RT (M) x R*(M). The corresponding rela-
tive index class in K, +1(C},qG) is the (higher) index difference of gy and
g1, denoted by inddiff¢(go, 91) € Kimt1(CqG). If the index difference is
non-zero, then the two metrics are not concordant as positive scalar cur-
vature metrics. In particular, they are not isotopic as psc metrics.

Again we obtain the following from Theorem 1.5.

COROLLARY 1.19. — Let N be a closed spin manifold with 1N = H
such that its universal covering N is Higson-essential. Let M be a closed
spin manifold with 1y M = G and go, g1 € R (M) such that inddiff ¢ (go, g1)
#0 € Kppy41(CiqG). Then

inddiff g (9o ® gn, 91 B gn) # 0 € Kppint1 (Crleq(G x H)).

In particular, go ® gy and g1 ® gy are not concordant as positive scalar
curvature metrics on M X N.

The final conclusion of the previous corollary is also true for almost-spin
manifolds N, see Corollary 1.23 below.

Examples of pairs of (M;, g;) with different p-invariants or pairs of metrics
with non-trivial index-differences exist in abundance. For the p-invariants,
such examples always exist if the group G satisfies the strong Novikov con-
jecture and has torsion. For the existence of non-trivial index differences,
this is also true for torsion-free groups. In fact, under the Novikov assump-
tion, lower bounds on the ranks of the groups Pos®P™(BG) and RP™(BG)
can be given in terms of the homology of G, see for instance [5, 25, 58, 64].
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These results are always proved by showing that secondary index maps
such as « and p have a large range.

We deduce from Theorem 1.7 (applying it inside the relevant colimits)
that the size of the range is preserved under certain products.

COROLLARY 1.20. — Suppose the group H has a ~y-element and admits
a finite model for BH.
(i) Let V C Pos™(BG) be a subset such that p(V) C RS (EG)
generates a subgroup of rank > k. Then V @ QSP™(BH) generates
a subgroup of rank

> k- rank (BQP™(BH))
in Pos?™ (B(G x H)).

m—+n

(ii) Let V. C RPIN(BG) be a subset such that a(V) C K,,(CryG)

generates a subgroup of rank > k. Then V @ QSP™(BH) generates
a subgroup of rank

> k- rank (BQP™(BH))
in R (B(G x H)).

m—+n
1.3.2. Positive scalar curvature on non-compact manifolds

As our methods deal with non-compact spaces, there are applications
to uniform positive scalar curvature on non-compact manifolds. However,
here it is necessary to restrict the large-scale type of the metrics which we
consider. Otherwise, the fact that R™ for n > 3 admits metrics of uniform
positive scalar curvature would lead to counterexamples to the kind of
results we have in mind. We use a similar setup as in [67, Section 1.3].

Let X be a spin n-manifold and gx a fixed complete Riemannian metric
on X. We let R(X, gx) denote the set of all those Riemannian metrics g on
X such that the identity map (X, d,) = (X, dy, ) is uniformly continuous.
Note that each metric in R(X, gx ) is automatically complete because gx is.
Moreover, the identity map (X, d,) — (X, dg ) is coarse because (X, d,) is
a length space and so uniformly continuous maps are automatically large-
scale Lipschitz. Moreover, we let R* (X, gx) be the set of those metrics
in R(X,gx) with uniformly positive scalar curvature. If X is furnished
with a proper isometric action of a countable discrete group G and gx is
G-invariant, we write R(X, gx)® and R* (X, gx)® for the corresponding
subsets of G-invariant metrics. Note that if Ind(PDx) # 0 € K,,,(CLX),
where we define the Roe algebra with respect to the metric gx, then
R+(X79X)G =0.
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DEFINITION 1.21. — We say that two metrics gg, g1 € RT(X, gx )€ are
concordant if there exists a metric in R* (X x R, gx ©dt?)¢ which restricts
to go ® dt? on X x (—00,0] and to g1 & dt* on X x [1,00).

Given gg,g1 € RT(X,gx)%, there is the (equivariant) coarse index dif-
ferenceinddiff (go, g1) € Ky+1(CEX) which vanishes if go and g are con-
cordant, see [67, Section 2.2.4], [66, Section 4.4]. Note that if X = M is
the universal covering of a closed manifold M, then the equivariant coarse
index difference agrees with the index difference considered in the previ-
ous subsection via the identification K, (Cg(M)) = K. (C?,G). Moreover,
given another complete spin manifold (Y, gy ) such that g; ® gy has uni-
formly positive scalar curvature for i = 0, 1, then the coarse index difference
satisfies the product formula

inddiff (go & gy, 91 ® gy) = inddiff (go, 91) x Ind ([Py]) .
Using our slant products, we obtain the following results.

COROLLARY 1.22. — Let (Y, gy) be a complete spin manifold of con-
tinuously bounded geometry which is Higson-essential. Let M be a closed
spin manifold and G := w1 M.

(i) IfIndg[Dy] # 0 € K (Cry@), then RY(M X Y, gur & gy) = 0.
(ii) Let go, g1 € R (M) such that inddiff ¢(go, g1) # 0 € Kint1(ClyG).
Then gy @ gy and g1 @ gy are not concordant on M x Y.
Analogous statements apply if Y is rationally Higson-essential and the rel-
evant index class is rationally non-zero.

Proof. — Lifting metrics induces an identification

—~ G
R(M xY,gum @QY):R(MXYagﬁ @gy) ;

preserving products, uniform psc and concordances. Hence it suffices to
prove the corresponding statements in R* (M x Y, g 7 ® gy )%. The product
formula for the index and index Elivfference together with Theorem 1.5 imply
Ind([lDﬁ[XyD #0 € Kypyn(CE(M x Y)) in Corollary 1.22 (i) and

inddiff (Go @ gy, 1 B gy) £ 0 € Kmsnit (CE(J\NJ x Y))

in Corollary 1.22 (ii). O
In particular, we deduce results for closed almost spin manifold (that is,

the universal covering is spin but not necessarily the manifold itself).

COROLLARY 1.23. — Let N be a closed manifold with m{N = H such
that its universal covering N is spin and Higson-essential. Let M be a closed
spin manifold with m M = G.
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(i) IfIndg[Py] # 0 € Kin(CjqG), then R* (M x N) = 0.
(ii) Let go, g1 € R (M) such that inddiff ¢(go, g1) # 0 € Kint1(ChyG).
Then gy & gy and g1 & gy are not concordant as positive scalar

curvature metrics on M x N, where gy is some Riemannian metric
on N such that g; & gy € RT(M x N)

Proof. —If RY(M x N) # 0, then lifting the metric shows R*(M
X Kr, gum B gn) # O for any choice of Riemannian metrics gy and gy on M
and N, respectively. Hence the statement follows from Corollary 1.22(i).
The second part is reduced to Corollary 1.22 in an analogous fashion. [

For g € R*(X,gx)%, there is also a p-invariant p(g) € S¢(X). If p(go)
# p(g1), then the metrics are also not concordant. Theorem 1.5 then implies
an analogous version of Corollary 1.22 for the p-invariant. However, p(go)
# p(g1) already implies inddiff(gg,g1) # 0. In fact, this p-invariant is a
coarse bordism invariant in a suitable sense, see [67, Section 2.4.2], but
formulating this requires some care to ensure that the structure groups
on the two different ends of a bordism remain comparable. In the right
setup, it is then also possible to establish a non-compact version of the final
conclusion from 1.18, but we refrain from expounding the details here.

1.4. Generalizations and questions
1.4.1. Coeflicients

Instead of working with the ordinary Roe algebra and ordinary stable
Higson corona, we could have used throughout this paper their correspond-
ing versions with coefficients, that is, Hilbert modules £, F and G for the
Roe algebras of the corresponding spaces and a C*algebra C for the sta-
ble Higson corona.® K-homology and the analytic structure group can be
similarly enriched.

For a € K,,(Y; F) we then have the following diagram for the external
product by a:

Sn(Xﬂc:) — KTL(X?‘C:) E— KWL(C*(XE)) — Snfl(X;g))

SI?L‘FI‘L(XXY;E@I)) - KWH»"(XXY:,“:@]:) - Km+n(C* (XXY, £®]:>) - Sm+n—1(X><Y; 8®F)

(®)Roe algebras with coefficients in C*algebras were considered by Higson, Pedersen
and Roe [37]. The definition of Roe algebras with coefficients in C*algebras given in [35]
is quickly seen to generalize to Hilbert modules; see also [62].

Emerson and Meyer [27] defined the stable Higson corona from the very beginning
with coefficients in C*algebras.
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and for b € Ki_,,,(¢**4(Y;C)) the following version of the slant products
by b:

Sh(X xY;0) — K (X xY;6) — K, (C(X xY;G)) — S,—1(X xY;G)

J/b l/u*(b) J/b J/b

In particular, take X = *to be a point and consider the standard Hilbert-
module A = A ® 2, where A is some C*algebra. Then the Roe algebra
C*(x;.A) is isomorphic to A ® K(¢?) and so K,(C*(x;.A)) = K. (A). In the
situation of Theorem 1.5, we could then deduce (rational) injectivity of the
external product map

K. (A) 2 Kipn (A Cy(Y)), x> a2 xInd[Dy].

We do not discuss this any further in the paper to keep the notation
lean.

1.4.2. Real K-theory

We have formulated the results of this paper in the framework of com-
plex K-theory for simplicity. However, especially for applications to positive
scalar curvature and spin geometry, it would be desirable to establish the
analogous statements for KO-homology and the corresponding real version
of the analytic structure group. Our construction of slant products is suf-
ficiently abstract and does not use any idiosyncrasies of complex K-theory
(such as—for instance—using 2-periodicity in an essential way). Hence the
slant products also exist in the real setup and all applications that involve
external products with a single element (such as Theorem 1.5) go through
without essential change.

However, more care has to be taken with results that rely on universal
coefficient and Kiinneth theorems (such as Theorem 1.7, Theorem 1.10).
They do not appear to readily generalize and instead would require a more
elaborate framework such as in [12].

1.4.3. Kinneth sequence for the structure group

In Corollary 1.8, we could have also included the case of the external
product for K-homology, that is, K, (M) @ K, (N) = Kpyypn(M x N). In
fact, injectivity of this map holds in full generality due to the Kiinneth
theorem for K-homology.
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There is also a Kiinneth theorem for the K-theory of the reduced group
C*algebras, provided the Baum—Connes conjecture is satisfied by one of
the groups.(®) Therefore, in this situation we get rational injectivity of (1.4)
as in the Theorem 1.7. But the assumption of satisfying Baum—Connes is
much stronger than admitting a y-element.

It is now a natural question if there is also a version of the Kiinneth
sequence for the structure group. For instance, one might ask if there is a
short exact sequence of the form

0 (¢ @ K.(N)) @ (K.(M) @ S7(N))

— SSXH(MX ]\7) — ?Tor? — 0,

where ?Tor? is some suitable correction term analogous to the Tor-term
in the Kiinneth sequence for K-homology. For this to make sense, it is
probably necessary to diagonally divide out Sf(l\j ) ® SH(N) in the term
on the left. If such a sequence exists, then it should ideally imply the
conclusion of Theorem 1.10. However, by the result of Section 2, proving
the existence of such a sequence will—realistically—require at least some
hypotheses related to the strong Novikov conjecture.

1.4.4. Groups with torsion

Many of our results (such as Theorem 1.7) involve finite classifying spaces
of countable discrete groups (that is, finite aspherical complexes) which re-
stricts them to torsion-free groups. However, in our general constructions
(especially in Section 5) we need the groups to act only properly and not
necessarily freely. Thus many of these results will have corresponding ver-
sions for groups with torsion if we work with the classifying space for proper
actions EG instead—at least if the latter admits a G-finite model.

1.4.5. Exactness and the stable Higson corona

In Section 5, when introducing the equivariant versions of the slant prod-
ucts, we are working with crossed products ¢"°dY X, H, where x, is any
exact crossed product functor. This is necessary because the relevant co-
assembly map might in general not exist for the reduced crossed product
unless H is exact.

Oy [56] proved that if G is amenable, then C?_,G lies in the bootstrap class and hence
satisfies the Kiinneth formula. That C}_,G satisfies the Kiinneth formula if G satisfies
the Baum—Connes conjecture was proven by Chabert, Echterhoff and Oyono-Oyono [21].
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So the natural question arises in which situations ¢"*Y is an amenable
H — C*algebra (see Definition 5.7) and hence all different choices of crossed
products for ¢**Y x H coincide. This is in general always the case when H
is an amenable group, and we show that it furthermore holds in the case
that H is a Gromov hyperbolic group acting on itself:

PROPOSITION 1.24 (Example 5.13). — Let H be a Gromov hyperbolic
group. Then ¢*dH is an amenable H — C*-algebra and U M H &
N H Xyeq H.

One can ask about the concrete relation between amenability of ¢4 H,
the equality ¢"9H Xyax H = *YH X..q H and the exactness of H. In
Section 5.2 we get first partial results on this, and our general conjecture
is the following;:

CONJECTURE 1.25. — Let Y be a proper metric space equipped with
an isometric action of a countable discrete group H. Then the following
conditions are equivalent:

(a) The group H acts amenably on the Higson corona of Y.
(b) ¢*1Y is an amenable H — C*algebra.
(¢) The group H is exact and we have Y 3 ax H 22 ™Y X,eq H.

Note that there is a related statement in the dual situation, that is, for
the uniform Roe algebra: H is exact if and only if the uniform Roe algebra
C!H is exact [13].

2. Injectivity implies non-vanishing index

In this short section, we provide a proof for our motivating observation
which was stated as Theorem 1.3 in the introduction.

THEOREM 2.1. — Let N be a finite complex and z € K,,(N) be such
that for every closed manifold M the map S*G(M) — S*anH(M x N),
x +— = X z, where G = miM and H = w1 N, is rationally injective. Then
Indy(2) € K, (C! 4 H) is rationally non-zero.

Proof. — Suppose by contraposition that rationally Indg(z) = 0. For
every M, there is the following commutative diagram.

oM ~
Kot (ChgG) —— 22— (1)

lxlnd;{(z) l—xz
14}

Kot14n (Cloa (G x H)) =5 STXH(M x N)
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A construction of this diagram is provided in Section 3.2.
Since the left vertical arrow is rationally zero, we conclude that the image
of 9y ® Q is contained in the kernel of

(—x2)©Q: S¢(M)@Q — SEXH (M x N) 2 Q.

Thus to complete the proof it suffices to find a closed manifold M such that
Op @ Q # 0. Indeed, this happens for instance if M is such that G = 7y M
is a non-trivial finite group. This is folklore but we briefly explain it for the
convenience of the reader.

Let G be finite. Then

R(G) i=0,

Kz( :edG):Kl(C[GDg {0 i=1

where R(G) denotes the Grothendieck group of finite-dimensional complex
G-representations. Elementary character theory shows that the rank of the
abelian group R(G) is the number of conjugacy classes of elements in G.
Hence it is greater than one because G is non-trivial. Moreover, since the
homology of a finite group is torsion in all positive degrees, it follows (for
instance by an application of the Atiyah—Hirzebruch spectral sequence) that

Q i=0,

RK;(BG) ® Q = RK;(x) ® Q = { ‘
0 =1,

where the isomorphism is induced by mapping onto the point. Thus, the
rational assembly map Q = Ky(BG) — Ko(C[G]) ® Q = R(G) ® Q is not
surjective for dimension reasons (in fact, the image is generated by the
left-regular representation of G). Putting these observations together, we
see that the rational Higson—Roe sequence of G collapses to the following
short exact sequence (with all other terms vanishing):

0 — RKo(BG) ® Q — Ko(CyG) © Q 2¢2% RSE(EG) @ Q — 0
~Q ~R(G)®Q

Since the assembly map is not surjective, dg ® Q # 0. Finally, for any M
with my M = G, the boundary map Jdg factors as

O Kusr (CyG) 245 SC(M) — RSC(EG).
Hence 0g ® Q # 0 implies 0y ® Q # 0. O

Remark 2.2. — In fact, the proof shows that injectivity of the external
product map SE(M) —= S, (M x N) for any M, where 7 M = G is a
non-trivial finite group, suffices to obtain the conclusion of Theorem 2.1.
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3. External products

In this section we will revisit the construction of the external product
maps via localization algebras. The idea for this approach appeared first in
work of Xie and Yu [63, Section 2.3.3] and was fleshed out by Zeidler [66,
Section 3.3]. See also [60, Section 9.2]. We start in the setup without group
actions and discuss the equivariant situation thereafter.

3.1. Non-equivariant case

Let X be a proper metric space. An X-module is a separable Hilbert
space Hy endowed with a non-degenerate *-representation py: Co(X) —
B(Hx). Given an X module, the Roe algebra C*(px) is defined as the sub-
C*algebra of B(Hx) generated by all locally compact operators of finite
propagation. These notions are defined as follows.

e An operator T' € B(Hyx) is called locally compact, if for every f €
Co(X) the operators px (f)T and Tpx(f) are compact operators.

e An operator T' € B(Hy) is said to have finite propagation if there
exists an R > 0 such that px (f)Tpx(g) = 0 whenever the supports
of f and g are further apart from each other than R. In this case,
the propagation is said to be bounded by R.

An X-module (Hx, px) is called ample, if no non-zero function from Cy(X)
acts by a compact operator. From now on we shall assume that we have
fixed an ample X-module (Hx, px).

The crucial fact about Roe algebras is that their K-theory is independent
of the choice of ample X-module [40, Corollary 6.3.13] [60, Theorem 5.1.15]
up to canonical isomorphism. Hence we usually suppress it from the nota-
tion by writing C*X instead of C*(px ). Nevertheless, later on we will have
to consider the Roe algebras of X associated to different representations at
once. In those cases, we default to the notation C*(px).

Further, one defines the localization algebra C} X as the sub-C*-algebra
of Cp([1,00),C*X) generated by the bounded and uniformly continuous
functions L: [1,00) — C*X such that the propagation of L(t) is finite
for all ¢t > 1 and tends to zero as t — oo. If it is constructed using an
ample X-module, its K-theory is canonically isomorphic to the locally finite
K-homology of the space X, that is,

K, (C%X) 2 KK, (Co(X),C) = K, (X).
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This fact was originally established by Yu [65] for finite complexes and was
generalized to proper metric spaces by Qiao and Roe [52]. See also [60,
Chapters 6-7] for a self-contained development of analytic K-homology
based on localization algebras.('®) Related results that describe more gen-
eral KK-groups using different versions of the localization algebra can be
found in [22].

Finally, the ideal in C% X consisting of all such functions L with L(1) =0
is denoted by C};OX . Its K-theory is called the analytic structure group of
X and denoted S.(X) = K.(Cf (X).

These three C*algebras fit into a short exact sequence

0 CfoX > CLX ZHC'X >0

and the induced long exact sequence is the Higson—Roe sequence

S K1 (CFX) & S (X) = Ko (X) 25 K (CFX) > .

with the map Ind = (evy), induced by evaluation at 1 being the index map.

Given another proper metric space Y, we consider the above-mentioned
C*algebras of Y and X x Y associated to a chosen ample representation
py: Co(Y) — B(Hy) and the corresponding tensor product representation
pxxy: Co(X xY) = B(Hxxy) on Hxxy = Hx ® Hy which is again
ample.

Note that the tensor product of two locally compact operators of finite
propagation is again locally compact and of finite propagation. Hence

(3.1) C*'XCY CcC(X xY)
and this inclusion induces the external product
X: Kpn(C*X) @ K, (C'Y) = Ky (C*(X X Y)).

If L; and Ly are functions in the generating subset of C} X, C1Y, re-
spectively, then one readily verifies that the function

L: [1,00)—)0*(X><Y), t'—)Ll(t)®L2(t)

also satisfies the propagation condition and yields an element of C% (X xY').
If Ly € Cf yX, then we will have L € Cf (X x Y). This gives rise to
isometric *-homomorphisms

(10) Note, however, that the localization algebras considered in [60] are slightly bigger
and have somewhat better functoriality properties than the original versions. We use the
original version in this paper because it is more convenient for our subsequent construc-
tion of slant products at the cost of a slightly more awkward approach to functoriality,
see Remark 4.32.
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(3.2) CX@CLY = CL(X xY)
(3.3) Ci o X ®CLY — O o(X x Y)

Remark 3.1. — The fact that this works with the minimal tensor product
on the left hand side can be seen as follows.

There are canonical faithful representations of C} X, C1Y and C7 (X x
Y) on the Hilbert spaces £2([1,00)) ® Hx, ¢*([1,00)) ® Hy and £?([1,00))
® Hx«y, respectively. By the definition of the minimal tensor product
we can thus see C} X ® C1Y as a sub-C*algebra of B(¢*([1,00)) ® Hx
® (2([1,00)) ® Hy). Now, conjugation by the Hilbert space projection

([1,00)) @ Hx ® £*([1,00)) ® Hy — £*([1,00)) ® Hx xy
onto the diagonal of [1,00) x [1,00) is a continuous linear map
B (£%([1,00)) ® Hx @ (*([1,00)) @ Hy) = B (¢*([1,00)) ® Hxxy)

which is not a *-homomorphism. But its restriction to the minimal tensor
product C7 X ® C1Y is an isometric *-homomorphism and has image con-
tained in the cannonically embedded sub-C*algebra C% (X xY'), as can be
seen on generators as above.

The two *-homomorphisms (3.2) and (3.3) give rise to external product
maps

X Km(X) ®Kn(Y) — Km+n(X X Y),
X: S (X) @K (Y) = Shpan(X X Y).

Remark 3.2. — The definitions of the three external products makes use
of the (maximal) external tensor product functor in K-theory, which we
denote by

X: Km (A) ® Kn(B) — K7rz+7L (A Qmax B)

in order to distinguish it from our external products. Note that this func-
tor is subject to a sign convention, cf. [40, Remark 4.7.5](11). We will use
the sign convention which usually is used in the literature and which has
the following compatibility with boundary maps, as seen in [40, Proposi-
tion 4.7.6 (b)] 12 1f

0—-I—->A—->A/I—>0

(11) This reference treats only the minimal tensor product, but exactly the same is true
for the maximal tensor product.

(12) see Footnote 11.
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is a short exact sequence of C*algebras and B another C*algebra, then the
sequence

0= 1®max B— AQmax B— (A/I) @max B — 0

is also exact and the boundary maps of these two short exact sequences
and the external tensor products satisfy the equation

IzWy) =0(x) Ry

for all z € K,,,(A/J) and y € K, (B). Using the graded commutativity
of the external tensor product we see that the corresponding equation ob-
tained by tensoring the short exact sequence with B from the left and not
from the right is only true up to a sign:

IyWz) = (-1)" - yXI(z)

Note that this is the sign convention which makes the usual sign heuristics
work: exchanging the order of the symbol y of degree n and the symbol 0
of degree —1 in the last equation gives rise to the sign (—1)”'(*1).

The #-homomorphisms obtained from (3.1), (3.2) and (3.3) by using the
maximal tensor product*®) fit into a commutative diagram:

0 — Cf X @max C1Y — O4 X @ppax C1Y — C*X @ppa €LY — 0
\Lid@evl
C*X CY

0 ——=CLo(X xY) —— CL(X xY) —— C (X xY) ——0

Together with the fact that the external product of K-theory is functorial
and compatible with the connecting homomorphisms (cf. Remark 3.2) this
gives for any z € K, (Y) rise to an external product morphism between
long exact sequences:

17}

K, 11(C*X) S.(X) K. (X) K.(C*X)

lfxlnd(z) J{ixz lfxz lfxlnd(z)

Kig1an(C (X X Y)) -5 S n(X x V) — Kuyn (X x Y) 2E K, 0 (CH(X x 1))

(13) The maximal tensor product is needed here to make the upper row exact.
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3.2. Equivariant case

Let (Hx, px) be an X-module as in Section 3.1. We suppose in addition
that X is furnished with a proper isometric action of a countable discrete
group G. Furthermore, we assume that we have a unitary representation
ug: G — U(Hx) which turns (px,ug) into a covariant pair™®. Given
this data, we say that (Hx, px,ug) is an X-G-module. An X-G-module is
called Ilocally free if for each finite subgroup F' C G and any F-invariant
Borel subset £ C X, there is a Hilbert space Hg such that 1z Hx and
(*(F) ® Hg are isomorphic as F-Hilbert spaces, where ¢?(F) is endowed
with the left-regular representation and Hp is endowed with the trivial
representation. An X-G-module is ample if it is ample as an X-module
and locally free. Ample X-G-modules always exist [60, Lemma 4.5.5].

In the following, we let (Hx, px,uqg) be a fixed ample X-G-module. We
also fix an ample Y-H-module (Hy, py,upy), where Y is another proper
metric space furnished with a proper isometric action of some countable
discrete group H.

We get Calgebras C;, X, Cf; [ X and Cg 1, o X by considering equivariant
locally compact operators of finite propagati/om respectively suitable fami-
lies L of them. Similarly as before, their K-theory groups do not depend on
the choice of ample X-G-module up to canonical isomorphism [60, Theo-
rems 5.2.6, 6.5.7, Proposition 6.6.2]. They fit into the short exact sequence

0= ChpoX = Ch X =5 CEX =0

and the induced long exact sequence is then denoted

s K (CEX) = S9X) - KEX) 2 K, (CX) — ...

Writing here K¢ (X) for K, (Cf; | X) is justified by the fact that K, (Cg  X)
is naturally isomorphic to the equivariant K-homology of X, see [60, Propo-
sition 6.6.2]. If G acts freely on X, then we have

K, (C& LX) 2K (X) 2 K, (G\X),

compare Section 5.5.

(14) The group G acts on functions on X by (g- f)(z) = f(g~'z). Being a covariant pair
means that ug(9)px (fluc(9)* = px(g- f) for all g € G and f € Co(X).
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As in the non-equivariant case we can construct now the external prod-
ucts and get a commutative diagram

0— C%poX Omax Cir. 1Y — C X @max Cip 1Y — CEX @pnax Clp 1Y — 0
iid ®evy
£X ®ChY

!

0—— CExH,L,o(X XY) ——=C g (X xXY) ——Cg yg(X xY) ——0

which induces for any z € K2 (Y') the external product morphisms between
the corresponding long exact sequences:

9 Ind

Kot1 (C5X) S9(X) KE(X) K. (C5X)

J—xlnd(z) l—xz J—Xz J—xlnd(z)

* a ] ] nd "
Kupton (G (X X V) ~25 STEH(X % V) — KEEH (X x V) B4 K, (Chpop (X V)

If G' acts cocompactly on X, then Cf, X is Morita equivalent to C} G,
see [60, Proposition 5.3.4].

On the universal covers of finite complexes, the action is proper, free and
cocompact. In this way we get the diagram considered in Theorem 1.16.

4. Slant products

The goal of this section is to construct the various slant products and
prove Theorem 1.11. We start by giving the definition of the stable Higson
compactification and corona of a proper metric space Y (which is usually
non-compact) and of the coarse co-assembly map from [27].

If 9: Y — Z is a map into another metric space Z, then one defines for
each r > 0 the r-variation of ¥ as the function

Var, 9: Y — [0,00), x> sup{d(¥(z),d(y))ly €Y with d(z,y) <r} .

The funtion ¥ is said to have vanishing variation if Var,. © converges to zero
at infinity for all » > 0.

Let K = K(¢?) denote the compact operators on the standard Hilbert
space ¢? := (%(N). The stable Higson compactification of Y, denoted by
cY, is the C*algebra of all bounded, continuous functions of vanishing
variation Y — KC. The stable Higson corona of Y is the quotient C*-algebra
Y :==¢Y/Cy(Y,K).

If Y is unbounded, the stable Higson compactification and corona c¢Y
and cY contain an isometrically embedded copy of K as the sub-C*algebra
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of constant functions. Their reduced K-theory is defined as

K, (cY) := K, (¢Y)/im (Z 2 K, (K) — K, (cY))

K. (cY) := K. (¢Y)/im (Z 2 K, (K) = K, (cY))
though beware that this definition is only reasonable for unbounded metric
spaces [27, Remark 3.9].

There are reduced versions of the above two C*-algebras whose K-theory
behaves better for bounded spaces: Let ¢™?Y be the C*-algebra of all
bounded, continuous functions of vanishing variation Y — B(¢?) with
f(x) — f(2') € K for all z,2’ € Y. Let ¢**1Y = 1Y /Cy(Y, ). We have
the isomorphisms

K, (@¢Y) 2 K, (eY), K. (¢*Y) =K, (Y)

if Y is unbounded [27, Proposition 5.5] and for bounded Y we simply define
the reduced K-theory by these isomorphisms.
The coarse co-assembly map is the connecting homomorphism

e Ky (@Y) = KH(Y)
associated to the short exact sequence
0 — Co(Y,K) = 1Y — ™y - 0.

In the rest of the paper, we will only use the reduced versions of the stable
Higson compactification and corona.

4.1. Construction of the slant products

From now on we assume that X and Y are proper metric spaces, and
that Y has bounded geometry (see Definition 4.1 (a)). The representations
px, py and pxxy on the Hilbert spaces Hx, Hy and Hxxy = Hx ® Hy
shall be exactly as in Section 3.

DEFINITION 4.1 (Bounded geometry). — The term bounded geometry
has in the literature different meanings depending to which kind of object
it refers to:

(a) A metric space Y is said to have bounded geometry if there exists
r > 0 and a subset Y C Y such that Y = Uy e v Br(¥) and such
that for each R > 0 there exists a constant Kg such that for every
y € Y the number of elements #(}7 NBr(y)) is bounded by Kg.

Here B,.(—) denotes the open ball and B,.(—) denotes the closed
ball of radius r.
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(b) A metric space Y is said to have continuously bounded geometry
if for every r > 0 and R > 0 there exists a constant K, r > 0 such
that the following conditions hold.

e For every v > 0 there is a subset }A/T C Y such that Y =
Uy ey, Br(y) and such that for all r,R > 0 and y € Y the
number #(}A/T NBr(y)) is bounded by K, g.

e For all « > 0, we have K, := limsup,_,; Ky, or < 00.

(¢) A complete Riemannian manifold has bounded geometry if it has
uniformly positive injectivity radius and the curvature tensor and
all its covariant derivatives are uniformly bounded.(*>

(d) A simplicial complex is said to have bounded geometry if there is
a uniform bound on the number of simplices in the link of each
vertex.

Note that this is equivalent to the simplicial complex being uni-

formly locally finite and finite-dimensional.

Continuously bounded geometry implies bounded geometry. Bounded
geometry of Riemannian manifolds is an even stronger property: It im-
plies continuously bounded geometry of the underlying metric space [62,
Lemma 5.2]. Further, if a simplicial complex has bounded geometry, then
the underlying metric space will have continuously bounded geometry.

If a metric space Y is uniformly discrete (for instance, a countable dis-
crete group equipped with a proper, left-invariant metric), then it has
bounded geometry if and only if it has continuously bounded geometry
(and in this case we can take Y, =Y for each r > 0).

4.1.1. Slant product for the Roe algebra

We begin by constructing the slant product
[ Kp(CH(X x Y)) @ Ki_g (1Y) — K, (C*X)

for X, Y proper metric spaces, and Y of bounded geometry (Definition
4.1(a)).

To construct this slant product we will take the Roe algebra C*X on the
right hand side not to be the one associated to the representation px, that
is C*(px ), but the one associated to the representation

(4.1) Px = px @idg, g Co(X) — B(Hx)

(15) Note that completeness is actually a redundant requirement here since it is implied
p y q P
by having a uniformly positive injectivity radius.
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on Hy = Hy ® Hy ® (2, that is C*(px). Note that the representation px
is ample and non-degenerate, since px is.

Let E*(px) C B(H x) denote the sub-C*algebra generated by all finite
propagation operators. Our notation comes from the fact that this C*
algebra is slightly bigger than the C*algebra generated by all pseudolocal
operators of finite propagation, which is usually denoted by D*(X).

LEMMA 4.2. — The Roe algebra C*(px) is an ideal in E*(px).

Proof. — Let S € C*(px) and T € E*(px ) have finite propagation. Then
S oT and T o S both have finite propagation, too.

To show local compactness, let g € Co(X). We may assume that the
support of g is compact and then choose a function ¢’ € Co(X) which is
constantly equal to 1 on the R-neighborhood of the support of g, where
R > 0 is the propagation of T'. Then the four operators

px(g)o(SoT) = (px(g)oS)oT
(ToS)opx(g)=To(S0px(g))
(SoT)opx(g)=(Sopx(g))oTopx(g)
px(g)o(ToS)=px(g)oTopx(g)oS

are clearly compact, because S is locally compact. Density arguments finish
the proof. O

Observe that the tensor product of the representation py and the canoni-
cal representation of K on £? is a non-degenerate representation of Cq(Y, K)
on Hy ®¢2. Thus it extends uniquely to a strictly continuous representation

(4.2) py : M(Co(Y,K)) — B (Hy ® 52)

of the multiplier algebra and subsequent tensoring with the identity on H x
gives us a representation

Py = idp, ®py: M(Co(Y,K)) — B(Hx)

whose image clearly commutes with the image of the representation px.
Since Cy(Y, K) is an essential ideal in Cy, (Y, K), the latter embedds canon-
ically into M(Cy(Y,K)) and we denote the restrictions of py and py to
Ch(Y,K) and Cy(Y, K) by the same letters.

LEMMA 4.3. — The images of the two representations
7: C*(pxxy) — B(Hx) given by S — S @ ide ,
Py : M(Co(Y,K)) = B(Hx) defined above,

are contained in E*(px).
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Proof. — The propagation of each operator in the image of py is clearly
zero. For 7, the claim follows from the following important lemma. O

LEMMA 4.4. — If S € B(Hxxy) has finite propagation bounded by
R > 0 with respect to pxxy, then the operator S ® idp2 € B(Hx) has
finite propagation bounded by R with respect to px.

Proof. — Let g, h € Cy(X) be functions whose supports are further apart
than R. Then px(g) o (S ®ids2) o px(h) can be written as a strong limit of
operators of the form (px xy (g®p)oSopxxy (h®p))®ide with p € Co(Y),
but the latter are all zero, because the supports of g® ¢, h®@p € Co(X xY)
are further apart than R. O

LEMMA 4.5. — The image of the representation T commutes up to
C*(px) with the image of ¢*°!Y under the representation py .

Hence, by the universal property of the maximal tensor product, we get
an induced *-homomorphism

(4.3) D: C*(pxxy) Omax Y — E*(px)/C* (Px)

given by S ®@ f + [7(S) o py (f)].

Proof. — Let S € C*(px«y) and f € Y. We may assume that S
has finite propagation with respect to pxxy and hence 7(S) also has finite
propagation with respect to px by the Lemma 4.4. As py (f) also has finite
propagation (namely zero) with respect to px, so does the commutator
[7(S), oy (f)]-

Therefore it remains to show that the commutator is also locally compact
with respect to px. Here we need the bounded geometry of Y.

Choose a subset ¥ C Y as in Definition 4.1 MK (a), ie. with ¥ =
U, ey Br(¥) and such that for each R’ > 0 the number #(Y NBgr(y)) is
uniformly bounded in y € Y by some constant K, > 0. In this proof, the
relevant value for R’ will be R’ = R + 2r, where R is the propagation of
the operator S.

By thinning out the open cover {B,.(y)} we obtain a decomposition

I
of Y into a family {Z;}, y of pairwise gifsjoint Borel subsets such that
Zy CBy(y) forally e Y. The representation py : Co(Y) — B(Hy) extends
uniquely to the bounded Borel functions on Y subject to the condition that
pointwise converging uniformly bounded sequences of functions are taken
to strongly converging sequences of operators. For a Borel subset Z C Y,
let 1z € B(Hy) denote the projection corresponding to the characteristic
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function of Z. Now consider the strongly convergent series

F=Y1z,®f§) € B(Hy @) .

geEY

The proof will be completed by showing first that the operators (idg, ®
= p(f))or(S) and 7(S) o (idg ®f— p(f)) are locally compact and second
that the commutator [7(S),idm, ®f] is locally compact.

Let hy < he < ... be a sequence of compactly supported functions
Y — [0,1] such that the compact subsets h,'{1} exhaust Y as n — oc.
Furthermore, let P, € K denote the projection onto the span of the first n
basis vectors 41, ..., d, € 2. It is clear from the construction of ftogether

with the vanishing variation of f that
(iduy @F =y (1) = lim_ (iduy @F = py (1)) 0 v (hn © Po)

with convergence in norm. Using this, we find for every g € Co(X) the
equation

px(9) o (i, ©F = v (£)) o 7(5) =
= lim. (ide of - 5Y(f)) o ((pxxy(g®hy)oS) @ Py)
where the right hand side is a norm limit of compact operators, hence itself
compact.
If g € Co(X) has compact support, then as in the proof of Lemma 4.2
we can choose g': X — [0, 1] of compact support which is equal to 1 on the

R-neighborhood of the support of g and one similarly obtains compactness
the operator

(idux ©F = By () o 7(S) 0 x (9)

= (iduy ©F = pr(£) 0 px(s) o 7(8) © x (g) -

We have thus shown that (idg, ®f — py (f))o7(S) is locally compact and
analogously we obtain local compactness of 7(S) o (idg, ®f — py (f)), too.
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It remains to show local compactness of the commutator

7(5).7]
=7(S)0 Y idu, ®lz @ f(2) = Y (iduy @1z, @ f(7)) 0 7(S)
zey gey
= Y ((duy ®17.) 0 So (iduy ®1z,)) @ (f(2) — F())
§,2€Y
= Z ((day ®1z.) 0 S0 (duy ®1z,)) @ (f(2) = f([©))
§,2€Y

d(y, 2)<R+2r

where the sums converge a priori in the strong operator topology. Let us
first show that the last sum converges even in norm. Because of the vanish-
ing variation of f there is a finite subset L C Y such that || f(2) — f(§)|| < &
whenever 7,2 € Y \ L satisfy d(y,%z) < R+ 2r. For arbitrary v € Hx the
vectors vy = (idy, ®1z, ® ide)v for § € Y are pairwise orthogonal and

v =3y Vg, hence [[v]|* = 30y [lug]|*. Then the calculation

Y ((duy ®1z.) 0 So (iduy ®1z,)) @ (f(Z) = f@)) v
9,2€ Y\L
d(9,2) <R+2r

= > | D ((duy ®1z.)0So (iduy ®1z,)) @ (f(2) — f@)v
2eY\L|geY\L
d(y, 2) < R+2r

2

< Y Ko 150 -2+ oyl
geY\L

< Kgio - IS]17-€% - o2

shows the claimed norm convergence.
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Now, given g € Cy(X) and choosing for each z € Y a compactly sup-
ported function h; which is constantly 1 on B,.(Z), we find that

px(g)o |7(5), ] =

= Z (idg ®1Z£)OpXXy(g®h2)OSO(idHX ®1ZQ)

9,2€Y cK(H
(9, 2)<R+2 (Hxxv)

® | fZ) - [(©)
—_———

ex

is a norm convergent sum of compact operators, hence itself compact. Anal-

ogously, [7(5), f] o px(g) is compact, and hence the commutator [7(S), ﬂ
is locally compact. O

LEMMA 4.6. — The x-homomorphism ® from (4.3) factors through the
tensor product C*(px xy ) ®max ¢*edY". In other words, it defines a *-homo-
morphism

(4.4) U: C*(pxxy) Omax Y = E*(5x)/C* (Px).

Proof. — Due to exactness of the maximal tensor product, the claim is
equivalent to ® vanishing on C*(pxxy)®Co(Y,K) = C*(pxxy)@Co(Y) ®
K. Therefore, given operators S € C*(pxxy) and f @ T € Co(Y) ® K we
have to show that 7(S) o py (f @ T) € C*(px)-

The finite propagation part of this statement is proven exactly as the
one in the preceding lemma. For local compactness we use the formula

7(S) o py (f®T) o px(9) = (Sopxxy(g® f)®T € K(Hxxy) ® K (£?)

and a similar one for px(g) o 7(S5) o py (f ® T'), involving the same function
¢’ as in the previous lemma. O

DEFINITION 4.7. — The slant product between K-theory of the Roe

algebra and the K-theory of the reduced stable Higson corona is now defined
as (—1)P times the composition
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(45) K,(C*(X xY)) @ Ki_q ()
=Kp(C™(pxxv)) ® Ki—q (credy)
— Kerlfq (C*(pXXY) ®max credy)

5 Kpri—q (B*(x)/C* (5x))

9 Kyeq (C*(Px))

= KP—Q(C*X)v

where the first arrow is the external product on K-theory, and the third
arrow the boundary operator in the corresponding long exact sequence.

4.1.2. Slant products for the localization algebras

To construct the analogous slant products for the localization algebras
we use the same approach as for the construction of the slant product on
the Roe algebra in the previous section.

We define Ef (px) as the C*-subalgebra of Cy,([1,00), E*(px)) generated
by the bounded and uniformly continuous functions S: [1,00) = E*(px)
such that the propagation of S(t) is finite for all ¢ > 1 and tends to zero
as t — oo. Similarly we define Ej ;(px) as the ideal in Ef (0x) consisting
of all maps that vanish at 1. Note that C% (px) is an ideal in Ef (px)
and Cf ((px) is even an ideal in all of the three Ef (px ), Ef ((px) and of
course C% (px).

LEMMA 4.8. — The following analogues of Lemmas 4.3, 4.5, 4.6 hold
true:

(1) The images of the two isometric *-homomorphisms
i CL(pxy) = Oy ([1,00), BUX)) |

which is obained by applying the functor Cy([1,00), —) to 7, and

ByL: M(Co(Y,K)) 25 B(H ) —melwsion ¢y ([1,00),B(ffx)) :

as constant functions

are contained in Ef (px).
(2) The image of 7, commutes up to C% (px) with the image of ¢**1Y
under py, 1, and the image ofC}’:’o(pXXy) under 71, commutes up to
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Ci o(px) with the image of €Y under py, 1. Hence they induce
x-homomorphisms

(I)LZ C*L(pX X Y) Omax EredY - Ei(ﬁX)/C*L(ﬁX)
®ro: Cf o(px x v) Omax Y — Ef (px)/Cf o(px)

given by S ® f — [1L(S) o py,L(f)] and the image of ®, ¢ is even
contained in Ef ((px)/Ci o(px).

(3) The x-homomorphisms @1, and Py, o factor through C% (px xy ) Qmax
¢redY and CE,O(pX «Y) @max 1Y, respectively. That is, they define
x-homomorphisms

\I]L: CE(pXXY) ®max credY — Ei(ﬁX)/Ci(ﬁX) 3
Vot Cf o(pxxy) @max Y = Ef ((x)/Ci(Px) -

Proof. — The estimates on the propagation in these lemmas rely on
Lemma 4.4 and on the fact that the propagation of the composition of
operators is at most the sum of the propagations of the summands, and so
we are still fine in our situation here. And due to our definition of C} (—)
we have to check local compactness in the proofs of the analogous versions
of Lemma 4.5, 4.6 only point-wise in time, i.e. for fixed ¢ € [1,00), and
hence we can directly use the corresponding arguments from the proofs of
the Lemmas 4.5, 4.6. O

DEFINITION 4.9. — The slant products
Ky(X xY) @ Ki_q (™) = K,_o(X)
Sp(X xY) @ Ki_q (1Y) = S,_4(X)

are defined as (—1)P times compositions analogous to that of Definition 4.7
but using the maps ¥y, and W, o, respectively, instead of W.

4.2. Compatibility with the Higson—Roe sequence

In this section we prove the following compatibility of the slant products
with the Higson—Roe sequence.

THEOREM 4.10. — The diagram

SH(X X Y) — K (X x V) — 3 K, (C*(X x V) —25 S, 1(X x Y)

N

Sp—q(X) - Kp—q(X) K;v—q(C*X) # Sp—l—q(X)
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commutes for every 6 € Ky_,(c*°dY).
Proof. — Consider the diagram

K, (Cf o(X x Y)) —— K, (CL(X x Y)) —— K, (C*(X x Y)) =25 K1 (CFo(XxY))
X6 Xo X6 X6

Kp1q (CLo(XXY) _ Kpir g (CLXXY) _ Kpir (CT(XXY) o Ky y(CLo(XxY)

®maxcr5dy) ®maxcmdy) ®max(mdy) ®maxcredy)
(PL,0)« (TL). V. (TL,0)x
Bp,0X BEr X E*X o BEroX
Kpt1— (cz X » Kpri-g ci;x » Kptr1-g | orx » Kp—q Ci X

a9 17} 2] 17}

Kp*q (Ci,OX) E— Kp*q (CEX) —— Kp*q (C*X) $> Kpflfq (CE‘OX)

whose rows are the long exact sequences in K-theory induced by the obvious
short exact sequences of C*algebras and whose vertical compositions are
the slant products defined in the previous section up to the signs (—1)P for
the left three columns and (—1)P~! for the right column.

Commutativity of the upper three squares is a well known property of
the external tensor product in K-theory, i.e. functoriality for the left two
squares and the sign convention of Remark 3.2 for the square to the right.

Commutativity of the three squares in the middle row and the left two
squares in the bottom row are due to naturality of the long exact sequence
in K-theory, considering that the three *-homomorphisms ¥y, ¢, ¥y, and
U together comprise a morphism of short exact sequences and consider-
ing that we have the following commutative diagram with exact rows and
collumns:

0 0
1 1

0 —— Cf o(X) ——— CL(X) ————
!

0 ——— Ef o(X) ———— Ef(X) ————E

. 1

Q
*

oe\%éemeo
(an)

s
L

0 — Ef o(X)/Ci o(X) — Ef(X)/CL(X) — E*(X)/C*(X) — 0
1 1
0 0

It is an abstract fact that the outer boundary maps associated to such a
grid of exact sequences commute up to multiplication with —1. This proves
commutativity of the bottom right square up to —1, and this extra sign is
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exactly the one needed to match the difference of the signs implemented in
the slant products. O

4.3. The slant product on K-homology

In this section we are going to compare the slant product for the lo-
calization algebra C7, with the usual slant product between K-homology
and K-theory. There are several ways to define the latter, so let us specify
that the definition which we want to work with is the one obained from
FE-theory.

Recall that E-theory is a bivariant K-theory for C*algebras, i.e. it has
properties analogous to those of KK-theory, and it even agrees with KK-
theory on nuclear and separable C*algebras. One recovers the K-homology
and K-theory groups of a locally compact Hausdorff space X as the special
cases K, (X) = E.(Cy(X),C) and K*(X) = E_,(C,Cy(X)). The reason
why we prefer E-theory over KK-theory is that the localization algebras
are closely related to asymptotic morphisms as in the definition of E-theory.
Even more, the isomorphism between the K-theory of the localization al-
gebra and K-homology which is given in [52, Corollary 4.2 and Proposi-
tion 4.3] (see Proposition 4.14 below) is in fact given as an isomorphism

A K, (CEX) S E, (Co(X),C).

Our standard references for E-theory are the papers [33, 34]. Note that
they actually only consider the E-theory groups Ey(—, —) in degree zero,
but the higher E-theory groups are obtained from them in the usual way,
i.e. by tensoring suitably with Co(R™) (or with the Zs-graded Clifford al-
gebras C¢,,), just as it is done in KK-theory. Therefore, also the same sign
heuristics as in KK-theory apply.

There is just one subtle difference between E-theory and KK-theory
which one has to get right to make the sign heuristics work: In KK-theory,
the Kasparov product of z € KK,,(A, B) and y € KK, (B, C) is usually
written as ¢ ®p y € KK,,,1,(4, C), whereas in E-theory, the composition
product of z € F,,,(A, B) and y € E, (B, C) is usually written like a compo-
sition of functions as y o x € E;,4,, (A, B). Comparing these two notations
one realizes that the order of x and y is exchanged and hence it should
be expected that they agree only up to a sign (—1)™". This is indeed the
case, and it is due to the fact that in taking the products one has to choose
identifications Co(R™) @ Co(R™) = Co(R™*"), and these identifications
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have to be chosen differently for E-theory than for KK-theory to make the
sign heurisics work.
Maybe the best way to visualize this is the commutative diagram

KK (A, B) @ KKy (B, C) —22 KK myn (A, C)

J{(—l)m"-ﬂip l

En(B,C) @ Ey(A, B) —=— Epyn(A,0)

where the left vertical arrow not only maps KK-theory to E-theory and
exchanges the two factors, but also multiplies by (—1)™".

Note that this difference sticks out in the special case m + n = 0,
A=C =Cand B = Cy(X): For z € K,(X) and y € K"(X) the E-
theoretic pairing is (z,y) == x oy € Ey(C,C) = Z and the KK-theoretic
pairing is (y,z) = y Q@cyx) © € KKo(C,C) = Z and these two pairings

2

differ by (=1)"" = (-1)",

<y7$> = (_1)n<x’y> )
and thanks to the choice of the order of x,y in these notations of the

pairing, the formula is again compatible with the sign heuristics. We will
always use the E-theoretic version of the pairing in this paper.

DEFINITION 4.11. — The slant product
Kp(X xY) @ KI(Y) = Kp—o(X)
x®0 — x/0
is defined as
E,(Co(X)®Co(Y),C) @ E_4(C,Co(Y)) — Ep—q(Co(X),C)
r®0 on(idco(x) XG) .

Note that for Y a one-point space and p = q one recovers the pairing as a
special case of the slant product: (x,0) = /0.

The two properties of the following lemma are in accordance with the
sign heuristics and their proofs are straightforward.

LEMMA 4.12. — For z € K,,(X), y € K,(Y x Z) and 0 € K9(Z) we
have

(x xy)/0 =z x (y/0)
and for x € K,(X xY x 2Z), n € K{(Y') and § € K"(Z) we have

w/(nx 0) = (=1 - (z/0)/n.
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The remainder of this section is devoted to proving the following compar-
ision theorem between the E-theoretic slant product and the slant product
which we had defined for the localization algebra.

THEOREM 4.13. — Let Y have continuously bounded geometry. Then
the slant product on the localization algebra from Definition 4.9 and the E-
theoretic slant product are related via the coarse co-assembly map p*: Ki_q
(¢*dY) — K9(Y) and the isomorphisms

A: K, (CL(-) = Ku(-)
by the commutative diagram

/
K, (C5(X x V) @Ky (¢Y) —— K,_, (C5 X)

A®M*J Alﬁ
/

K, (X xY)@KI(Y) ———— K,_,(X)

Let us begin by recalling the isomorphisms A between the K-theory of
the localization algebra and the K-homology groups.

PROPOSITION 4.14 (compare [52, Corollary 4.2 and Proposition 4.3]).
Let X be a proper metric space and (Hy,px) an X-module. Then

d(px): CLpx) ® Co(X) — Cp ([1, 00), K(Hx)) /Co ([L, 00), K(Hx))

(Ti)ten,o0) @ f = [(Tho PX(f))te[l,oo)

defines an asymptotic morphism and hence a canonical element of the group
Eo(C (px) ® Co(X),C). The isomorphism between the K-theory of the
localization algebra constructed with an ample X-module (Hx,px) and
K-homology is given by the E-theoretic composition product

Alpx): Kim (CL(px)) = B (Co(X),C) = Kp(X)
— ( ) (.T‘deco(x).

For later purposes we note that d(px) obviously factorizes through the
quotient (CF,(px)/Co([1,00), C*(px))) ® Co(X).

The first part of this proposition is an easy corollary of the following
well-known technical Lemma 4.15, which we will also need to exploit several
further times below.
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LEMMA 4.15 (compare [52, Proposition 4.1.], [60, Lemma 6.1.2]).

There exists a constant C' > 0 such that the following holds. Let (Hx, px)
be an X-module and ¥: X — C a bounded Borel function. Then for every
operator T € B(K) the estimate

I, px (DI < C I | Valpropcr) 9]
holds.
Note that ¢ is uniformly continuous iff || Var, d|| — 0 as r — 0.
LEMMA 4.16. — Let (T})ic1,00) € CL(pxxy) and f € Co(Y,K). Then
(46) i [r(T2), 7 (/)] = 0.

Proof. — Since Cy(Y,K) = Co(Y) ® K, we assume by an approximation
argument without loss of generality that f = f ® K, where f € Co(Y)
and K € K. Moreover, we can assume that lim; ., prop(73) = 0. Then
Lemma 4.15 implies that there exists C' > 0 such that

| [7esidiry @pv (7] | < CITI [Varpeopiasy 19 F]

We have || Var, 1@ f|| — 0 asr — 0 because 1® f: X x Y — C is uniformly
continuous. Hence [T}, id g, ®py (f)] = 0 as ¢ — oco. We conclude that

tlgréo [7(T), py (f)] = tl_i{noo |:Tt ®idge,idpy @py (f) ®K}

= tim_|Ty,iduy @py ()] @ K =0. O

t— oo

Lemma 4.15 only applies to scalar-valued functions. Therefore the tensor
product decomposition Co(Y,K) = Co(Y) ® K was a crucial aspect in the
argument above. In particular, this argument does not prove (4.6) for func-
tions in the stable Higson compactification, although it would work for the
usual (unstable) Higson compactification. However, under the assumption
of continuously bounded geometry, a more difficult argument yields (4.6)
also for functions in the stable Higson compactification, which is the con-
tent of the following proposition.

PROPOSITION 4.17. — Suppose that Y has continuously bounded ge-
ometry. Let (T})iepn,0) € Ci(pxxy) and f: Y — B(¢?) bounded and
uniformly continuous. Then

(4.7) lim [r(T3), pv(f)] = 0.

t— o0
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Proof. — The argument is similar as in the proof of [62, Lemma 5.6] and
Lemma 4.5 above. First, we assume as usual that lim; _, - prop(7;) = 0.
Now let ¢ > 0. Choose § > 0 such that || f(y) — f(y')| < e if d(y,y’) < 6.
Let r := §/4. Let )A/T C Y be a subset witnessing our conditions for con-
tinuously bounded geometry. After perhaps making § = 4r smaller, we can
ensure that K, 4, < K4+ 1 < co. By thinning out the cover (B, @))ye Vo
we obtain a pairwise disjoint cover (Z) gy, consisting of Borel sets such
that Z; C B,.(y) for all § € Y ,. The representation py : Co(Y) — B(Hy)
extends uniquely to the bounded Borel functions on Y subject to the con-
dition that pointwise converging uniformly bounded sequences of functions
are taken to strongly converging sequences of operators. For a Borel sub-
set Z C Y, let 1 € B(Hy) denote the operator corresponding to the
characteristic function of Z. Now consider the strongly convergent series
J =Y ey, 12,9 [(§) € B(Hy @ (?). Then [5(f) — f|| < e. We can write
the commutator of 7(T;) = T; ® idz and id g, ®f as follows.

(4.8) @®mm@ﬂﬂ:

= Z ((idpy ®12.) Ty (iduy ®1z,)) @ (f(@) — f(2)
9,2€Y,
= Z ((idpy ®12.) T (idpy ®12,)) @ (f(@) — f(2))

9,2€Y,,
(i, £) < prop(Tt)+2r

Let v € Hy ® Hy ® % be an arbitrary vector. In the following we will
estimate the norm of the vector [T;®id 2, idg ®f]v for large t. For each y €
Y, let vy = (idgy ®1z,®idg2)v. Then the family (vy)y consists of pairwise
orthogonal vectors as (idg, ®1z, ®ids2)y is a family of pairwise orthogonal
projections. The sum Zy vg converges to v because Zy idyy, ®1z, ® idge
strongly converges to the identity. Let ¢y > 1 such that prop(7}) < 6/2 for
all t > to. In this case, prop(1}) + 2r < §/2 + /2 = 6. Recall that ¢ is
chosen to ensure || f(y) — f(2)|| < € whenever d(y,%) < §. We now obtain

the following estimate for all ¢t > tg.
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o0, o7 -

- > ((duy ®@12.) Ty @ (f(y) — f(2))) vy

(4.8) "
9, 2€Y,,
d(9, 2) < prop(Ty)+2r
2
= > > ((duy ®12.) Ty @ (f(Y) — f(2))) vy
2eY,

GEY -,
d(g, 2)<prop(Tt)+2r

<Y Ko Y I(iday ©12) T ® (f@) — £(2)) vl

(€Y, GEY,,

d(g, 2)<o
~ 112
<Y Kus S IBIPIEG) - PRI vg)?
~ ~ —/_/
€Y, gEY -, <2
d(g, 2)<6
SEK LT D llvgl® < K72 51T o)
2,9€Y,,
d(2,9)<d
<Ko, 5lvl?

In the first and the last inequality above we use that the number of elements
in the set Y, N B;(Z) is bounded by K. s by the definition of continuously
bounded geometry. We obtain

|1 @i idn, ]| < cKrslI Tl = Ko ar|IT)) < (K + 1)|T).
Finally, we conclude that for all ¢ > ¢ the estimate

Im(Te), v (DI < (o + DITI + 2171 ||505) = F| < <liTlrca +3)

<e
holds. As € > 0 was arbitrary, this proves the claim. O
COROLLARY 4.18. — Suppose that Y has continuously bounded geom-
etry. Let T € C} (pxxy) and f € ¢dY. Then
(4.9) t = [1(T3), py (f)] € Co ([1,00), C*(px)) -
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Proof. — Combine Proposition 4.17 and Lemma 4.5. g

The first step towards the proof of Theorem 4.13 is to reformulate the
FE-theoretic slant product in terms of the localization algebra as follows.
Consider the map

Tr: Crlpxxy) @ Co(Y,K) = CL(px)/Co([1, 00), C* (px))

(4.10) _
(Tt)iepn, ) ® f = [(T(Tt) o py (fNie, o0 -

One verifies readily that the expression (7(7%) o py (f))t e[1,00) defines an
element of the localization algebra C% (px). Lemma 4.16 implies by the by
now familiar argument that Yy, is a well-defined *-homomorphism.

LEMMA 4.19. — Under the isomorphism A(pxxy) and A(px) from
Proposition 4.14, the E-theoretic slant product of Definition 4.11 agrees
with the composition

K, (C1 (X x Y) @ K4(Y) 2 K, (C,(px xv)) @ K_o(Co(Y; K))
B Ky g (Ch(pxxy) ® Co(Y, K))

L Ky (CL(Px)/Co([1,50), C* (5x)))

= Kpeg (CL(AX)) 2 Kpg (CL(X)),

where the third map is the inverse of the isomorphism induced on K-theory
by the canonical projection C} (px) — C%,(px)/Co([1,00), C*(px))-

Proof. — First of all we notice that the composition in the statement
obviously gives the same map as its non-stabilized counterpart, i.e. the
analogous composition defined using the *-homomorphism

TLZ Ci(prY)@)CU(Y) _>C*L(p{X)/CU([LOO)’C*(prnv
(Teo0) © f = (Lo (G (D)t oo
where py = px ® idy, and p}y = idy, Qpy(f) denote the canonical

representations of Co(X) and Co(Y) on Hxxy .
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Now the claim is equivalent to commutativity of the diagram

X
Kp (CL(pxxy)) @ KU(Y) ——— Kp—¢ (CT(pxxv) ® Co(Y))
A(pxxy)®id

(Y1)«
E,(Co(X x Y),C) ® E_y(C,Co(Y))

CL(px)
Kp-o (com )
/ % =
A(py)

EP—Q(CO(X)7 (C)

= Kp—q (CL(PX))

in which the lower right triangle commutes tautologically.
The vertical left arrows take x ® 0 to

§(pxxy) o (zWidgy(xxy)) © (iday(x) KO) = 8(pxxy) o (z Kidey(x) X6)

whereas the composition of the right three arrows of the pentagon map
it to

(P ) o (((T1)« 0 (x B 0)) Hidey(x))
= 3(p’x) o ((T)« Ride,(x)) 0 (z KO Ride,(x)) -

Hence it suffices to show that the two asymptotic morphisms d(pxxy)
and d(p’y) o (T, ® ide,(x)) agree up to precomposing with the homomor-

phism exchanging the two tensor factors Cy(X) and Co(Y") in the domain.
But this holds due to the equation

Ty o pxxy (f®@g) =Tiopy(g) o px(f)- 0

Proof of Theorem 4.13. — By combining Lemma 4.8 and Corollary 4.18
we get a s-homomorphism

Tr: CL(Pxxy) Omax €Y = B, (px)/Co ([1,00), C*(px)) ,

(T)tep,o0) @ f— [(T(Tt) opy (iep, o0
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Its restriction to C% (px xy) @max Co(Y, K) is Y1, see (4.10). Therefore we
have the commutative diagram

CiL(pxxy) Ci(pxxy) CL(pxxy) 0

0—— _
®CO(K K:) ®maxcred(y) (gmaxcred (Y)
lTL lTL l‘I’L
CL(Px) Ef(px) Ef(px)
00— ST Gx) 7 ColLo0).C () Gt (5x) 0

) ) H

0 —— O} (px) — Ef(px) —— Ei(bx)/C1(ox) — 0,

where the arrows directed upwards are the canonical projections. These ar-
rows induce isomorphisms on K-theory because Cy([1,00),C*(px)) is con-
tractible. It induces a diagram in K-theory

Ky (O3 (px ey )@ Ki g (€°4(Y)) 225K, (CF (v )) Ko (Co (Y, K)

|- |

K;D+1—q (C*L(PXXY) Omax cmd(y)) L Kp—q (C*L(PX X Y) (24 CO(Y, IC))

J](‘I’L)* J/(TL)*

Kpi1—q (BL(0x)/CL(px)) Kp—q (CL(px))

in which the right hand vertical composition is the E-theoretic slant prod-
uct up to the isomorphisms A by Lemma 4.19 and the composition of
the left vertical arrows with the bottom horizontal arrow is (—1)P times
the slant product from Definition 4.9. The lower square of the diagram

commutes and the upper square commutes only up to a sign (—1)P (see
Remark 3.2). O

4.4. Composing slant with external products

In analogy to the first part of Lemma 4.12 we shall now prove the fol-
lowing theorem, which says that the external and slant products which we
have constructed are compatible in the sense that (z x z)/0 = z x (2/0). It
would also be nice to have an analogue of the second part of Lemma 4.12,
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but this would require the construction of a secondary® external product
of the form

Ki—q (¢™Y) @ K1, (92) = Ki—g—p (Y x 2))

and it is completely unclear how such an external product could be con-
structed.

THEOREM 4.20. — The compositions

z 0
K (X) — 5 Ky p (X X Y X Z) _r , Kpgpq(X x Y)

z %
Sn(X) — S (X XY x Z) — g (X xY)

z %
Ko (C*X) —5 Ky (CH(X X Y X Z)) —L2s Koo (CF(X x 1)
are equal to the external product with the apropriate slant product z /6 for
all m,p,q € Z and all z,0 as follows:

e In the first two compositions z € K, (Y x Z) and in the third one
2 € K, (CHY x 2)).

e In the first composition either § € K9(Z) or 6 € Ky_,(¢**4Z) and
in the other two § € K;_,(¢"12).

Proof. — For the first of these three compositions and 0 € K9(Z) this is
exactly the first part of Lemma 4.12. So it remains to show the cases where
0 € Ki_4(c™4Z) for the slant products we have constructed in Section 4.1.
We shall only consider the second composition, because everything else
goes through completely analogously.

Let px, py, pz be representations of Cy(X), Co(Y), Co(Z) on Hx, Hy,
Hz, respectively. Denote by pyxz, pxxyxz the tensor product represen-
tations of Cy(Y x Z), Co(X xY x Z) on Hy ® Hz, Hx ® Hy ® Hy,
respectively. Furthermore, we define representations pxxy of Co(X X Y)
and pz of M(Co(Z,K)) on Hx ® Hy @ Hz ® {? in complete analogy to the
definition of px and py previously in this section and similarily we define
representations py of Co(Y) and pz of M(Co(Z,K)) on Hy @ Hy ® (2.

Note that taking tensor products of operators pointwise in time gives
rise to *-homomorphisms

Ct.0(px) ®max B (Py) = Ef o(Pxxv)
CEO(pX) @max Ci(ﬁY) — Ci,O(ﬁXXY)

(16) The external product has to be a secondary one, i.e. one with a degree shift, to make
the degrees work out: if z, n, § have degrees p, 1 — ¢, 1 — r, respectively, then (x/0)/n
has degree p — ¢ — r, and in order to let /(6 x n) have the same degree, the external
product 6 X n must have degree 1 — ¢ —r and not (1 —¢) + (1 —r).
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with the second one being the restriction of the first one, and hence also a
quotient *-homomorphism

Ei(py) | Eifo(Pxxv)

CLlpy)  CLolpxxy)

CE,O (pX ) Omax

and these fit into the following diagram.

K (Cf o(px)) ® Mo K ( Ci 0 (px) >

* ! m+p *
Ky (CLlpyxz)) —— OmaxCY, (pyxz)) ——
®K1_q (¢12) ®K1_q (¢°12)

J/id ®R lﬁ @

K (Cf o(px)) © . Cio(px) Ct o (pxxyxz)
C1, (/’YxZ)) — Kintpri—g | OmaxC (pyxz) | — Kmﬂﬂrlfq( : )

KTTL+[} (Ciyo(pXXYXZ))
®K1_q (credz)

Kpi1—¢ (&mx cred 7 ®maxcred 7 ®maxcrcd VA
Jid ®(¥L), J(id ®UL), (Tr0),
K (Cf ()(PX)) ® = Ci, (px) o)
B B (py) — K +pt1— ’E*(A ) — 3K ol %
Kp+1_q (%) e ! @max CI‘;(/:?‘;) mep a (CL.(](/’X Y))
J/i(l ®O J(‘) 5
K (Ci o (px)) ® ® (Cfo(px)) B
C* (5 —K - " — K . (O
Kp—4(C1(PY)) mpa ®C* (py) m+p—q ( L,O(prY))

All squares in this diagram commute, except the lower left one, which only
commutes up to a sign (—1)™ due to our sign convention in Remark 3.2.
The top and bottom rows are the external products for the localization
algebras. The left column is (—1)? times the slant product while the right
column is (—1)"™*P times the slant product. The signs match up perfectly,
thus proving the claim. O

Spezializing to the case where Y is a one-point space will give us Prop-
erty 1.13(ii) as a corollary, but first we have to introduce the pairings.

DEFINITION 4.21. — The pairing

. . . . |Z p—qeven
(= =) Kp(CY) @Ky (¢ edy) = Kp—q (C{x}) =
0 p—qodd
is defined as the special case of the slant products for the space X,Y where
X = {x} is a single point. The same construction applied to the localization
algebra instead of the Roe algebra also yields a pairing

7Z p—qeven

(= =) Kp(Y) @ Ki—g (1Y) = K, g ({*}) = {0 g odd.
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Remark 4.22.

(1) Tt is easy to see that the first of these pairings agrees with the one
defined in [27, Section 6], but possibly only up to a sign (—1)7.
This is because Emerson and Meyer have not specified in detail
which sign conventions they use (cf. the remarks about signs at the
beginning of Section 4.3).

(2) Compatibility of the slant products with the assembly maps py
and jug,y of Y and {*} (see Theorem 4.10) shows that the second
pairing is a special case of the first one: We have (z,0) = (uy (2), 0)
for all z € K,(Y) and 0 € K;_,(c™1Y).

(3) Recall from the beginning of Section 4.3 that the pairing of K-
homology with K-theory is also only a special case of the slant
product between them. Therefore, if Y has continuously bounded
geometry, then Theorem 4.13 also implies (z, 0) = (z, u3 (0)) for all
z € Kp(Y) and 0 € Ky_g(c7dY).

(4) Note that in the case X = {x}, the K-theory of C*(px) is iso-
morphic to the K-theory of C for any non-degenerate faithful rep-
resentation, because C*(px) = K(Hx) with Hx # 0. Hence we
don’t have to choose an ample representation for the construction
of the pairings, but we may take the non-ample representation of
C on Hx = C by multiplication instead, simplifying the formulas
significantly.

COROLLARY 4.23. — The compositions

z 2
Km(X) X—> Km+p(X x Y) /—> Kmﬂ?fq(X)

z 2
Sm(X) X—> Sm+p(X X Y) /—9> Sm+pfq(X)
Ko (C°X) 5 Ky (CF(X % V) 2 K (C*X)
are equal to the multiplication with (z, ), which is either an integer, if p—q
is even, or zero by construction, if p — q odd, for all m,p,q € Z and all z,0
as follows:
e In the first two compositions z € K,(Y) and in the third one z €
K, (C'Y).
e In the first composition either § € K4(Y) or § € K;_,(c"1Y) and
in the other two 6 € K;_,(c**Y).

Now we also get Property 1.13(iii) as a corollary.

COROLLARY 4.24. — Denote by B € Ki_,(¢"*R") the Bott element of
the Euclidean space, i.e. p*(8) € K*(R"™) & Z is the generator which pairs
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to one with the fundamental class [Pg.] € K, (R") of Euclidean space:
{[Pgn], B) = 1. Then the slant products

Kpn(X xR M) K, (X)
Spn(X x R") — 7 '5,(X)

Kpn (C7(X x R")) —7—— K, (C*X)

coincide with the n-fold Mayer—Vietories boundary maps.

Proof. — It was shown in [66, Theorem 5.5] that the external products

x[Pn] x[Pan]

Kp(X) — Kpin (X xR")  Sp(X), —— Sppn (X xR") |

which are also called suspension maps, are isomorphisms and that their
inverses are given by the n-fold Mayer—Vietoris boundary. Essentially the
same proof also shows that the external product

x Ind[Pgn |

K,(C"X) Ky (C*(X x R"))

is also an isomorphism whose inverse is given by the n-fold coarse Mayer—
Vietoris boundary map. Hence, it suffices to show that the slant products
with 8 are also inverses to these suspension maps.

By the preceding corollary, the composition of the external product fol-
lowed by the slant product is in each of these three cases equal to multi-
plication by ([Pg=],3) = 1. We conclude that the slant product by 3 is
the left inverse to the suspension map. Because the suspension map is an
isomorphism, this suffices to conclude the claim. O

4.5. Naturality of the slant products

Naturality of our slant products is of course a property that has to be
expected. We prove it in this section and use it directly in the next to
coarsify all of our previous statements.

Throughout this section let X, X', Y, Y’ denote proper metric spaces with
Y and Y’ having bounded geometry. We consider the Hilbert spaces Hy,
Hy, Hxyy, ﬁX and the ample representations px, py, Pxxy, PX, PY, PY
as before and let the Hilbert spaces Hx/, Hy+, Hx/xy, fIX/ and the ample
representations px, py’, px'xy’, pPx’, Py’, Py’ be chosen and constructed
in complete analogy.

ANNALES DE L’INSTITUT FOURIER



SLANT PRODUCTS ON THE HIGSON-ROE EXACT SEQUENCE 963

DEFINITION 4.25 ([40, Definition 6.3.9]). — Let a: X — X’ be a coarse
map. An isometry V: Hx — Hx/ covers a coarse map a: X — X', if

{(@',a(z)) € X' x X'|(2',x) € supp(V)}

is an entourage of X'.

PROPOSITION 4.26 ([40, Section 6.3]). — Any coarse map a: X — X’
is covered by an isometry V: Hx — Hx:. Conjugation by V yields a
x-homomorphism

Advt C*(px)%c*(pxl), T—VITV*

and the induced map in K-theory (Ady).: K.(C*X) — K,(C*X') is in-
dependent of the choice of covering isometry V and depends functorial on
the coarse map «. For this reason we will denote it by a.

PROPOSITION 4.27 (see [27]). — The reduced stable Higson corona—
and hence also its K-theory—is contravariantly functorial under coarse
maps. If 3: Y — Y’ is a coarse map and an element of [f] € ¢**dY’ is
represented by a function f € 1Y’ then the class 3*[f] € ¢**Y is repre-
sented by any function g € ¢**1Y for which the (possibly non-continuous)
function g — f o B converges to zero at infinity.

THEOREM 4.28. — The slant product for the Roe algebra is natural
under pairs of coarse maps a.: X — X' and 8: Y — Y’ in the sense that

a.(z/B7(0)) = (a x B)«(2)/0
for all ¥ € K. (C*(X x Y)) and 6 € K, (c**1Y").

Proof. — Assume that V: Hx — Hx/ is an isometry covering « and
W': Hy — Hy is an isometry covering 5. Then VW : Hxxy — Hx/xy’
covers a X B and V@ W ® idye: ﬁx — E[X/ covers «. The latter is in
complete analogy to Lemma 4.4.
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We have to show commutativity of the diagram

K, (C*(pxxv)) @ Ki—g (1Y)

y W@d

Ky (C* (o) @ Kig (1Y) | K, (CH(pxr wyr)) @ Kooy (¢0Y)
redyl
Kpyi- q pX><Y
(IV \%@d)*
Kp+1—q (C*(PXXY ® cmdy’ p+1 q /XY’) ® credY'/)
T, L4
e .~ (Adv @ w g id)x ./~ ./~
Kpt1-q (E"(px)/C*(px)) ———— Kps1-4 (E*(px+)/C (px"))

(Advewid)«

Kp—q (C*(px)) Kp—q(C" (px7))

where U’ is defined in complete analogy to ¥ and we have used that the
conjugation by V ® W ® id clearly also maps E*(px) to E*(px/).

The three quadrilaterals clearly commute. It remains to investigate the
pentagon and here it is sufficient to show commutativity of the underlying
pentagon of *-homomorphisms:

(4.11) C*(pxxy) ® credy”’

C*(prY) ® CredY C*(pX’XY’) ® credy/
I |+

E*(px)/C*(px) E*(px:)/C*(px')

Advewgid

Given S € C*(pxxy) and f € ¢*°dY’, the left path along the pentagon
maps S ® [f] € C*(pxxy) ® ¢*dY” to the element of E*(px/)/C*(px/)
represented by the operator

7= (VeWaid)o(S®id)o (V@ (py(g) o (W* @id)))
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with ¢ € Y as in Proposition 4.27. The right path, on the other hand,
maps it to the element represented by

Ty=(VeWaoid)o(S®id)o (V'@ (W*®id) o py(f))) .

It has to be shown that the difference of these two operators lies in C*(px/).

We already know that choosing different representatives f and g only
changes these T} and T, by elements of C*(px-). Hence it suffices to show
that the difference 77 — T5 can be made arbitrarily small by choosing suit-
able representatives f and g. This amounts to showing that the difference

(W ®id) o py(g) = py(f) o (W @ id)
can be made arbitrarily small, which will be done in the remaining part of
the proof.

Exploiting the bounded geometry of Y we choose Y C Y, r > 0 and
Kp > 0 for each R > 0 exactly as in 4.1.a, that is, such that

Y= B.®
geY
and for each R > 0 the number of elements #(}7 N Br(y)) is bounded by
K uniformly in y. Furthermore, we choose Y’ C Y’ and ' > 0 such that
the family of balls {B,(7") i c v is a locally finite open cover of Y. This
can be done due to the bounded geometry of Y, although we don’t need
the full strength of bounded geometry of Y at this point.

Similar to what we have done in the proof of 4.5 we choose decomposi-
tions of Y and Y into families {Zy}, . y and {Z}, },, . y, of pairwise disjoint
Borel subsets which are subordinate to the open covers {B,(y)}, .y and
{Br(¥')}4 ¢ y- Given Borel subsets Z C Y or Z' C Y’, we again denote
by 1 € B(Hy) and 1z € B(Hy/) the projections corresponding to the
characteristic functions of Z and Z’ under the canonical extensions of py
and py+ to Borel functions, respectively.

Let s; > 0 be such that d(8(y), 5(z)) < sy forally,z € Y withd(y,z) <r
and define the following number, which is finite, because W covers f:

s2 = sup {d(y’, B(y))|(y',y) € supp(W)} .
Ifj€Y and § € Y’ are such that d(y', B(y)) is bigger than
si=581+sy+7",

then the the distance between Zz/?’ and 3(Z;) is bigger than s, and therefore
lz:,0Wolg, =0.
Y :

Finally, let ¢ > 0. We may assume that our element of ¢"*dY” is repre-
sented by a function f € t™°4Y” whose s-variation Var,(f) is bounded by e
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everywhere. A priori this is only the case outside of a compact subset, but
multiplying our function with a slowly varying function X — [0, 1] which
is 0 on a large compact set and 1 outside of an even larger compact yields
a new representative with the demanded property. We can furthermore use
a partition of unity {¢g}, .y subordinate to the open cover {B,(y)}
to define the function

g= 3 FB@)ey € @Y.

gEY

JEY

Clearly, g — f o 8 converges to zero at infinity and g is therefore a valid
representative of 5*[f].
Now define the strongly convergent series

]?Z: Z IZ;/ ®f(27) € B(Hy/ ®£2) ,

I EY//
9= 1z,®f(®) € B(Hy @) .
geY
It is clear from the the bound on the s-variation of f that ||f7 py (Nl <e
and [|g — py (g9)]| < e. Our goal is to estimate the norm of the operator
T:=(W®id)og— fo (W ®id)
=Y (17, 0Wolz,) @ (FB@) - @)

Again as in the proof of Lemma 4.5 we decompose an arbitrary v € H X
into the vectors vy = (idgy ®1z, ®ide)v with § € Y and calculate

|2 = S| X (g 0we1s) 0 @) - r@
9 ey’ gey
(', B(9)) < s

2
<Y (Bo-e-llugl)® = K2 -2 ol
’Q’GY’
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Hence we have the norm estimate
I(W @1id) 0 py (g) — py+(f) o (W @id)[| < 2¢ +||T]| < (24 K,)e,
proving the claim. g

The proof of Theorem 4.28 can easily be adapted to yield analogous
statements for the localization algebras. In order to do so, we first have to
recall the functoriality of their K-theories.

DEFINITION 4.29. — Suppose that «: X — X' is a uniformly continu-
ous coarse map between proper metric spaces and px: Co(X) — B(Hx),
px: Co(X') — B(Hx-) representations on Hilbert spaces. A uniformly
continuous family of isometries V': [1,00) — B(Hx,Hx/),t — V; is said to
cover « if the number

wa, v (t) = sup {d(y, a(x))|(y, z) € supp(V1)}
is finite for all t > 1 and satisfies wq, v (t) — 0 as t — 0.

PROPOSITION 4.30 (compare [52, Proposition 3.2], [60, Theorem 6.6.3]).
If px: Co(X) — B(Hx) is a representation and px:: Co(X') — B(Hx)
an ample one, then any uniformly continuous coarse map «: X — X' is

covered by a uniformly continuous family of isometries V. Conjugation by
V' yields a x-homomorphism

Ady: CL(px) = CL(px), L[t —VioL,oV/]
which gives rise to a commutative diagram
0 ——Cfo(px) —— CLlpx) —— C*(px) —— 0
J{Adv JAdV lAdv1
0 —— Cf o(px) — CL(px) — C*(px') —— 0.
The vertical maps in the induced commutative diagram in K-theory

Koi1(C*X) —25 8, (X) —— K. (X) /245 K, (0 X)

l(Advl)* l(Adv)* l(Adv)* J(Advl)*

Ko (C*X') —25 8, (X') —— K, (X') 24 K, (C*X)

are independent of the choice of the covering isometry and depend functo-
rial on «. For this reason they will all be denoted by a.

Note that this proposition implies the independence of the K-theory of
C1 X, Cy X, C*X from the chosen ample module which we have mentioned
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earlier. Furthermore, it includes special cases of the usual functoriality of
the K-homology of spaces under proper continuous maps and of the K-
theory of the Roe algebra under coarse maps.

THEOREM 4.31. — The slant products for the localization algebras are
natural under pairs of uniformly continuous coarse maps o.: X — X' and
B:Y — Y’ in the sense that

(4.12) a.(z/B7(0)) = (a x B)«(2)/0
for all 2 € Ko (X x Y) or z € S,(X x Y) and 0 € K, (c"Y").

Proof. — The proof is completely analogous to the one of Theorem 4.28.
The main step is to show commutativity of the analogue versions of (4.11)
for C7, and Ej as well as for Cj ; and Ef ;. To this end, one has to show
that the difference of two representatives in Ef (px-) or Ef ((px/) differ by
an element of CF (px) or Cf o(px’), respectively. But this is exactly the
commutativity of (4.11) applied pointwise to the family of operators at
each time in [1,00). O

Remark 4.32. — We restricted ourselves in Proposition 4.30 and The-
orem 4.31 to functoriality under uniformly continuous coarse maps only,
because this is the functoriality which can be described easily in terms
of the localization algebras. But both statements of Theorem 4.31 can be
generalized further:

e As we have mentioned above, the functoriality of Proposition 4.30
is a special case of the functoriality of the K-homology groups
under proper continuous maps under the isomorphisms K,(—) =
K. (C%,(—)). Hence the results of Section 4.3 together with the nat-
urality of the coassembly map under continuous coarse maps and
the well-known naturality of the topological slant product between
K-homology and K-theory immediately implies that Formula (4.12)
even holds for all € K.(X xY), 6 € K. (c**dY”), proper continuous
maps «: X — X’ and all continuous coarse maps 3: Y = Y’ if Y
and Y’ have continuously bounded geometry.

e By using a different picture of the structure group S.(—) = K.(Cf
(=)) one can show that the functoriality extends to continuous
coarse maps [40, Section 12.4], [60, Chapter 6]. In this case we can
show that Formula (4.12) even holds for all z € S,(X xY), 6 €
K. (c¢*Y”) and continuous coarse maps a: X — X’ and 3: Y — Y’
by applying the following trick:

Given a continuous coarse map «: X — X’ we define a new
proper metric space X" as the set X equipped with the metric
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d" = max{d, a*d’}, that is,
d"(z,y) = max {d(z,y),d (a(z),a(y))} ,

where d and d’ are the metrics on X and X', respectively. Consider
the commutative diagram

where o/ is the identity map and o is the same as « on the un-
derlying sets. It follows from d” > d and d” > (a”)*d' that both
o' and o are uniformly continuous coarse maps. Furthermore, the
inverse (a/)~! is continuous, because « is continuous, and it is a
coarse map, because « is a coarse map. Hence, o’ is both a home-
omorphism and a coarse equivalence and therefore induces an iso-
morphism between the structure groups. Similarily, the continuous
coarse map [3 can be decomposed into 8 = 3" o (8')~! with 5’ and
B being uniformly continuous coarse maps such that (3)~! is a
continuous coarse map. The naturality of the slant product under
the pair (a, ) now follows from the naturality of Theorem 4.31
under the pairs (o/, 5) and (', 5").

4.6. Coarsified versions of the external and slant products

In this section we first recall the notions of coarse K-homology KX, and
the coarse K-theory KX* and define the coarse structure group SX,. Then
we use the results of the previous sections to construct coarsified versions
of the external and slant products

X KX, (X) ® KX, (Y) — KXpin(X xY)
X SX,n(X) @ KX, (Y) — SXpnin(X xY)
/: KX, (X xY) @ KX(Y) — KX, 4(X)
/ KX, (X xY) @ Kj_g (¢™Y) — KX,_4(X)
/: SX,(X xY) @ Ki_g (¢°1Y) — SX,_4(X)

and show their compatibility with the maps in a coarsified version of the
Higson—Roe analytic sequence

(4.13)

c = K1 (CFX) — SX,(X) = KX, (X) & K, (C*X) —

*
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the coarsification maps K.(X) — KX.(X), S«(X) — SX,(X) and the
co-coarsification map KX*(Y) — K*(Y), as well as with the co-assembly
map Kj_,(c°4(Y)) — KX?%(Y). We also generalize our results obtained in
Section 4.4 to the coarsifications.

4.6.1. Definition of the coarse theories

The coarse K-homology KX, and the coarse structure groups SX, are
defined using the Rips complex construction. We first consider the case of
discrete proper metric spaces.

DEFINITION 4.33. — Let X be a discrete proper metric space and R
> 0. The Rips complex of X at scale R is (the geometric realization of)
the simplicial complex Pr X whose vertex set is X and whose simplices are
those spanned by the finite sets of vertices of diameter at most R.

The Rips complexes can be metrized by proper metrics such that all the
inclusions X C PrX C PsX for 0 < R < S are isometric coarse equiv-
alences. These inclusions turn the Rips complexes into a directed system
indexed over R>( and we can define

KX, (X) = %n K. (PrX) and SX,.(X) = hﬂ S« (PrX) .

R>0 R>0
If a: X = Y is a coarse map between discrete proper metric spaces then
for each R > 0 there exists S > 0 such that a extends linearily to a
continuous coarse map PrX — PsY which we denote by the same letter
. If 8: X = Y is another coarse map which is close to o and 3: PrX —
PrY is its linear extension to the Rips complex, then the extensions of
« and 8 are homotopic after postcomposing them with the inclusion into
Py X for some U > max{S,T}. The homotopy is constructed by linear
interpolation between v and 8 and consists of uniformly continuous coarse
maps which all belong to the same closeness class. This property together
with the homotopy invariance of K-homology and the structure groups'?
immediately implies functoriality of KX, and SX, under closeness classes
of coarse maps.

an By Proposition 4.30 we conclude that the structure group is homotopy invariant for
uniformly continuous coarse maps. By Remark 4.32 we can extend this to invariance for
continuous coarse map, and using (4.13) together with the invariance of K4 (C*X) under
coarse homotopies [38] we can push this even further to invariance under maps which
are simultaneously proper continuous and coarse homotopies. But since we do not need
this generality here, we will not provide the details of these.
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DEFINITION 4.34. — For any proper metric space X we define

KX, (X) = hﬂ K, (PrX") and  SX,.(X):= hg S, (PrX")
R>0 R>0
where X' C X is any discrete coarsely equivalent subspace. These groups
are independent of the choice of discretization X’ C X up to canonical
isomorphism and functorial under closeness classes of coarse maps.

Note that this coarsening procedure does not yield anything new for the
K-theory of the Roe algebra and the stable Higson corona, since the directed
systems of Rips complexes consist only of coarse equivalences and there-
fore K, (C*X) = @R%) K. (C*(PrX")) and K, (¢*1X) = @R}O K., (cred
(PrX'")). The definition of the coarse K-theory KX* is a bit more compli-
cated (cf. [27, Definition 4.3, Note 4.4]) but we note the following.

LEMMA 4.35 (cf. [27, Remark 4.5]). — For any proper metric space X
with discrete coarsely equivalent subspace X' C X there is a Mi]nor—@l—
sequence

0 — lim 'K**! (PrX’) — KX*(X) = lim K* (PrX") = 0
R>0 R>0
which is natural for coarse maps in the obvious way, i.e. the following holds:

If f: X — Y isacoarse map and X' C X,Y' C Y are coarsely equivalent
discrete subsets, then every coarse map f': X' — Y’ which is close to the
restriction of f to X' induces maps between the left and right terms of the
short exact sequences. These induced maps are up to canonical isomorphism
independent of the choices of X', Y" and f’, and together with f* on the
middle term they constitute a map between short exact sequences.

Our slant products will factor through the limit on the right hand side
and hence we can ignore the %iLnl—term for our purposes.

4.6.2. Maps between the coarse theories

Now that we have introduced all the relevant groups, let us describe
the maps relating them. We start with the coarsified Higson-Roe exact
sequence.

DEFINITION 4.36. — The coarsified Higson—Roe sequence (4.13) is ob-

tained as the limit of the Higson—Roe sequences of the Rips complexes
PrX'.
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It is again exact and it is clearly natural under coarse maps. Note by the
way that the coarse Baum—Connes conjecture for a space X is equivalent
to the vanishing of SX, (X).

Second, there is the coarsified version of the co-assembly map, which
we do not define here in order to avoid having to define KX* precisely.
However, we have the following description.

Remark 4.37 ([27, Definition 4.6]). — For any proper metric space X
there is a coarsified co-assembly map

Pt Ky (X)) — KX*(X)

whose composition with the homomorphism KX*(X) — lim o K*(PrX’)
is equal to the limit of the coassembly maps

Ko (°9X) 2 Ky, (¢4 (PrX’)) L5 K* (PRX7) .
These maps are all natural under coarse maps.

Finally, there are also the coarsification and co-coarsification maps, which
are defined as follows. Given a proper metric space X, we choose a discrete
R-dense subset X’ C X for some R > 0 and a partition of unity {¢z }. ¢ x/
subordinate to the cover {Bgr(a’)}. ¢ x» of X. Then the map

(4.14) X = PopX', =+ Z o () - 2’
z' € X/

is a continuous coarse equivalence. Furthermore, if a second map X —
Ps X" is defined in exactly the same way using another S-dense discrete
subset X’ and another partition of unity, then the two maps become homo-
topic via a homotopy of continuous coarse equivalences after postcompos-
ing them with the inclusion into Pr(X’'UX") for some T > max{2R,2S5}.
Therefore, the following maps are independent of all choices (using Re-
mark 4.32 to get homotopy invariance of the structure group for continuous
coarse maps).(1%)

DEFINITION 4.38. — The coarsification maps

¢t Ko (X) = lim K, (PpX’) = KX,(X)
R>0

¢: S.(X) = lim S, (PrX') = SX.(X)
R>0

(18) Under mild assumptions on the proper metric space X we can even arrange (4.14)
to be a uniformly continuous coarse equivalence [17, Section 7] and hence we would not
need the better homotopy invariance of the structure group discussed in Remark 4.32.
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and the co-coarsification map

¢*: KX*(X) = lim K* (PrX’) = K*(X)
R>0

are defined as the maps induced by any map X — P,r X' as above.

LEMMA 4.39. — The coarsification and co-coarsification maps are nat-
ural under continuous coarse maps.

Proof. — Assume that a diagram

X 2 X

Yy OV

is given, where « is a continuous coarse map between proper metric spaces
and o’ is a coarse map between discrete coarsely equivalent subsets such
that the diagram commutes up to closeness. Then for each sufficiently large
R > 0 there is S > 0 such that the diagram

X— PQRX,

Y —— PV’

of continuous coarse maps commutes up to closeness. If S is chosen large
enough, then the diagram even commutes up to a homotopy via continuous
coarse maps which are close to «, the homotopy being defined by a linear
interpolation. The claim follows. (]

The following important property follows immediately from the defini-
tion.

LEMMA 4.40. — The coarse assembly and co-assembly maps decom-
pose into the compositions of their coarsified counterparts and the (co-
)coarsification maps, i.e. the diagrams

K. (X) —— K, (C*X) Ky, (e00X) — 2 K (X
KX, (X) KX*(X
commute.
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Let us recall for future reference the well-known conditions under which
the (co-)coarsification maps are isomorphisms. To this end we first recall
the following definition:

DEFINITION 4.41. — Let X be a metric space. We call X uniformly
contractible, if for every R > 0 there exists an S > R such that for every
point x € X the inclusion Br(x) — Bg(x) is nullhomotopic.

The proof of the following result can be found in several places in the
literature like [53, Chapter 2], [16, Proposition 6.105], [47, Theorem 7.6.2)
or [27, Theorem 4.8].

PROPOSITION 4.42. — Let X be a proper metric space of bounded ge-
ometry. If X is uniformly contractible, then the (co-)coarsification maps
are isomorphisms.

4.6.3. The coarsified external and slant products

The construction of the coarsified external and slant products relies on
the following easy lemma, which essentially says that the products of Rips
complexes PR X’ x PRY' can be seen as deformation retracts of the Rips
complex Pr(X’' xY") of the products, up to enlarging the scale of the Rips
complexes.

LEMMA 4.43. — Let X’ and Y’ be discrete proper metric spaces. For
every R > 0 we define the continuous coarse equivalences

PR: PR(X/ X Y/) — PRX, X PRY/
IR: PRXI X PRY/ — PQR(XI X Y/)
by the formulas

DR Z Vg - (@ Y) | =

(z',y") € X' XY’

=1 D0 D way® DL D Yy Y

zeX'y ey’ y eY' e X'’
. ’ rl o
iR E Kgr ', E Ay -y | = g Ko Ay - (2, y))
z' e X' y Y’ (I’,y/) €X' xY'

Then pag o iR is equal to the inclusion PRX' x PRY' — PoprX' x PyrY’
and the composition ig o pr Is homotopic to the inclusion Pr(X’' x Y”)
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— Pyp(X’ x Y') via a homotopy of continuous coarse maps which are all

close to the inclusion map.
COROLLARY 4.44. — Given proper metric spaces X and Y with discrete

coarsely equivalent subsets X' C X and Y’ C Y, the maps pr and ig give

rise to natural isomorphisms
KX (X xY) = hﬂ K, (Pr(X’'xY")) = hﬂ K. (PrX' x PRY") ,
R>0 R>0
PRX, X PRY/)

SX.(X x Y) = lim S. (Pr(X’ x Y)) = lim S, (
R>0

The existence of the coarsified external and slant products are now a
direct consequence of this corollary and the naturality of the external and
slant products under the pairs of inclusions PrX' C PgX’ and PrY’

C PsY’ for R<S.
DEFINITION 4.45. — The coarsified external products
x: KX (X) @ KX, (V) = KX, 40 (X X Y)
X1 SXpn(X) @ KX, (V) = SXpin(X xY)
are obtained by taking the direct limit over the external products
X : Ko (PrX') @ Ky (PRY') = Kpnan (PRX' x PRY")
x: S (PrRX") @ Ky, (PRY') = Spuan (PrRX' x PRY”)
and if Y has bounded geometry then the coarsified slant products
[/ KX,(X xY) @ KXU(Y) — KX,_¢(X)
[ KX, (X xY) @ Ki_g (¢Y) = KX,_o(X)
/i SXp(X xY) @Ki_g (1Y) = SX,_4(X)

are obtained by taking the direct limit over the slant products

—~~

/: K, (PRX' x PRY") @ KXI(Y) —
— Kp (PRX/ X PRY/) ® K1 (PRY/) — Kp_q (PRX/)

/: K, (PrRX' x PRY") @ Ki_g (¢9Y)
=~ K, (PrX' x PrY’) @ Ki_q (¢! (PrY”)) — Kp—q (PrX")

/Sy (PrX" x PRY') @ Kq_q (¢Y)
~ G, (PrX’ x PrY") @ Ki_q (¢"N(PRrY")) = Sp_q (PrX’) .
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In the special case that X is a single point we obtain the coarsified versions
of the pairings

(= =) KXp(Y) @ KXU(Y) — Ky 4(C)
(= =) KXp(Y) @ Kiq (credy) — Kp—4(C)
whose values lie in Z if p — q is even and who vanish if p — ¢ is odd.

The following properties are obvious by applying the properties of the
uncoarsified external and slant products proven in Sections 4.2, 4.3, 4.4,
4.5 to the Rips complexes and taking limits.

THEOREM 4.46. — The coarsified external and slant products are natu-
ral for pairs of coarse maps and compatible with the maps in the coarsified
Higson—Roe sequence (4.13), the coarsification maps K,(X) — KX.(X),
S« (X) — SX.(X) and co-coarsification map KX*(Y) — K*(Y), as well as
the co-assembly map K;_,(¢**1Y) — KX?(Y).(19

Further, taking first the external product with an element z € KX, (Y x
Z) and then the slant product with an element § € K;_,,(¢"Z) or § €
KX"(Z) is equal to the external product with z/0 € KX,,_,(Y), and in
particular if Y = {x} is a one-point space, then this composition is equal
to multiplication with (z,0) = (z, u*(0)) = (u(z2),6). O

5. Equivariant slant products

We now generalize the results from the previous section to an equivariant
setup. Throughout this section let X,Y be proper metric spaces and let
G, H be countable discrete groups acting properly and isometrically on X
and Y, respectively. Furthermore we assume that ¥ has bounded geometry.
The cases where Y is required to even have continuously bounded geometry
will be pointed out explicitly.

We have already seen in Section 3.2 what the equivariant Higson-Roe
sequence

e Ky (C5X) = SE(X) - KE(X) 2L K, (C5X) — ...
is and how the equivariant external products with elements of KX (Y") and
K. (C%Y) are constructed. This theory is already well established.

(19) For compatibility with the co-assembly map we have to note that if Y has bounded
geometry, then the Rips complex of any uniformly discrete, coarsely equivalent subset of
it has continuously bounded geometry since it will be a simplicial complex of bounded
geometry; see Definition 4.1.
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On the cohomological side we use crossed products to define equivariant
analogues of K*(Y) and K, (¢**?Y). First of all, we define the equivariant
K-theory of Y as

KyY)=K_.(Co(Y)xH) .
This definition is justified by [8, Theorem 6.8] which says that K% (Y) is
naturally isomorphic to the Grothendieck group of H-equivariant vector
bundles on Y if the action of H on Y is cocompact. Moreover, if the action
of H on'Y is free, then it is well known that Co(Y") x H is Morita equivalent
to Co(H\Y) (see also Section 5.5 below) and therefore K}, (Y) = K*(H\Y).

Note that since we assume H to act properly on Y, it follows from [26,
Remark 3.4.16] that the maximal crossed product of Co(Y) by H coincides
with the reduced one, and consequently also with any other. Hence we only
write Co(Y) x H.

At first sight it might look tempting to define K% (Y) differently®?) as
the E-theory group EZ (C,Cy(Y)) in order to define a slant product

(5.1) KSH(X xY) @K (Y) = KS ,(X)

as in Definition 4.11 via E-theoretic products, but there is one big problem
with this attempt: There simply is no E-theoretic product which gets rid
of the H-equivariance as is needed for (5.1). The problem seems to be
that both entries of equivariant E-theory have to be C*algebras which are
being acted on by the same group, although we would prefer to consider C
without any action in this case. Perhaps it is possible to fix this issue by
generalizing the notion of equivariant E-theory groups to allow for different
equivariances in the two entries.

QUESTION 5.1. — Let A be a G — C*algebra, B be a H — C*algebra
and o be a homomorphism between G and H. Is there a meaningful notion
of E-theory groups E®(A, B) which specialize to ES(A, B) if G = H and
« is the identity?

Instead of going the E-theory path, we circumvent this problem by defin-
ing the equivariant slant product (5.1) in Definition 5.22 below for Y of
continuously bounded geometry ad hoc by turning an equivariant version
of Lemma 4.19 into a definition.

In order to construct the equivariant analogues of the other slant prod-
ucts, we use K, (c"1Y x, H) as the equivariant analogue of K, (c**1Y),
where X, denotes any exact crossed product functor in the sense of

(20) Not only the definitions are different, but there is apparently not even an isomor-
phism between them.
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[7, Definition 3.1]. Natural choices for exact crossed product functors are
the maximal crossed product, the minimal exact crossed product [19], the
minimal exact and Morita compatible crossed product used in the recent
reformulation of the Baum—Connes conjecture due to Baum, Guentner and
Willett [7, Definition 4.1],(21) or the reduced crossed product in the case of
H being an exact group.

Before we construct these slant products in Section 5.3 and prove their
properties in Section 5.4, let us first explain in the next two sections how
the group K, (¢*1Y x . H) appears in the theory of equivariant co-assembly
and show that it contains sufficiently many elements for our purposes.

5.1. Equivariant co-assembly maps

We have already mentioned that the maximal crossed product Co(Y)
Xmax H coincides with the reduced crossed product Co(Y') X,eq H and hence
also with any other crossed product. As both the maximal and the reduced
crossed product are Morita compatible, the crossed products Co (Y, K) X max
H and Cy(Y, K) Xyeq H are both isomorphic to (Co(Y) x H) ® K and hence
the same is true for any other crossed product Co(Y, ) x,, H. It follows
that K, (Co(Y,K) x, H) = K" (Y) for all crossed product functors x,.

Now, for any exact crossed product x, we have a short exact sequence

(5.2) 0— Co(Y,K) x,, H— Y x, H— ™V x, H—0,
whose connecting homomorphism

i Ke (7Y %, H) = K7 (Y)
is an equivariant version of the coarse co-assembly map. Note that if
is another exact crossed product and if we have a natural transforma-
tion of crossed product functors x, — x,/, then we get a transformation

between the corresponding short exact sequences (5.2) and consequently a
commuting triangle

(5.3) K, (¢ x, H) —— K37 *(Y)

|

K, (¢ %, H)

(21) Note that Buss, Echterhoff and Willett [19] claimed that the minimal exact and
Morita compatible crossed product functor coincides with the minimal exact one. But a
gap was found in their proof invalidating this claim, see the erratum in the appendix of
arXiv version 3 of [19].
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relating the two equivariant coarse co-assembly maps.
Emerson and Meyer constructed in [28], see also [29, Section 2.3], the
co-assembly map

pis s KEP (H, ) = K™(Y),

where the left hand side is defined as in the Baum—Connes conjecture for
the coefficient C*-algebra ¢"4Y". The Baum-Connes assembly map is, with
these coefficients and using x,, a map p2¢: Ki°P(H, 1Y) — K, (¢ 1Y x,,
H).(?) 1t is, by definition, the composition of the maximal version K (H,
1Y) — Ko (¢*1Y X pax H) with the natural quotient map K, (¢*°dY X oy
H) — K, (c¢"1Y %, H), [7, Display (2.2)]. We can form the following dia-
gram:

*
HEM

(5.4) K°P (H, ¢edY) Kj *(Y)

k /

K, (¢ x,, H)

LeEMMA 5.2. — If x,, is an exact crossed product functor,®® then the
Diagram (5.4) commutes.

Proof. — Note that because of Diagram (5.3) it is sufficient to consider
the case of the maximal crossed product x,, = Xpax. Then this lemma is
basically true more or less directly by definition of the map up,, as given
in [28]. For the convenience of the reader let us recall some of the details.

By [28, Definition 12] we have the following commutative diagram

K* ((Cde ®max P) N max H) i) K*fl ((CO(Y) ®max P) HNmax H)

{ ﬂo*

K (H, cdy) Hoar KL (Y)

which is used to define the map uf,,. Here 0 is the boundary map induced
by a certain short exact sequence of C*-algebras, and P is an H — C*-
algebra which supports the so-called Dirac morphism D € KK (P,C). It is
known that the (maximal version of the) Baum—Connes assembly map with

(22) Note the slight technicality here that ¢*®dY is in general not separable. We are
workig here with the convention that in the non-separable case we just take everywhere
directed limits over the separable sub-C*-algebras.

(23) Note that it must be defined for non-separable C*algebras. One way to get such a
functor is to use again directed limits over separable sub-C*algebras [18, Lemma 8.11].
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coefficients in a C*-algebra A is equivalent to the map D.: K, ((4A ®max
P) Xmax H) — Ki(A4 Xmax H), and the left vertical isomorphism in the
previous diagram is the one which identifies the corresponding domains [45,
Theorem 5.2]. That the right vertical map in the above diagram is an
isomorphism is explained in [28, Beginning of Section 2.7].

Applying D, to the boundary map in the above diagram, we get

K. (¢9Y X oy H) 2 KL *(Y)

TD* {D*

K* ((CerY ®max P) Nmax H) L) K*—l ((CO(Y) ®max P) HNmax H)

which commutes because Kasparov products are compatible with boundary
maps induced from short exact sequences.

The top horizontal map in the last diagram coincides with u7;, and the
composition

Kiop (H, cred}/) (i> K. ((credy O max P) M max H) &) K, (credY X H)

identifies with the Baum-Connes assembly map p2€, which is a property
of the Dirac morphism D,; see [45, Sections 4-6] or [28, Theorem 22]. O

Commutativity of Diagram (5.4) implies the next corollary stating that
in many cases we have enough elements to take equivariant slant products.

Before we go into the corollary, let us recall that EH denotes the classi-
fying space for proper H-actions. We say that it is H-finite, if it consists
only of finitely many H-orbits of cells. Models for EH are unique up to
equivariant homotopy, which implies that if we have two H-finite models
EH and EH’, then

K (BEH) = Ky (EH') .

Furthermore, if we put any equivariant length metric on the H-finite
model EH and pick any point p € EH, then the map H — EH,h
— hp is a coarse equivalence which is H-equivariant. Note that in gen-
eral a coarse inverse EH — H cannot be equivariant, because the action of
H on EH is not always free, but the above properties nevertheless ensure
that the induced map ¢**EH — ¢*°*dH is an isomorphism of C*algebras
which is also H-equivariant, i.e. an isomorphism of H — C*algebras. This
isomorphism is even canonical, because the coarse equivalences H — EH
are pairwise close for different choices of the point p € EH. Consequently,
we obtain a canonical isomorphism
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(5.5) K, (¢ H x, H) 2K, (¢*EH x, H)

for each H-finite model for EH.

In addition, any H-equivariant homotopy equivalence between two H-
finite models EH and EH’ is automatically a quasi-isometry. Hence it in-
duces a canonical ismomorphisms K, (¢"4EH x, H) 2 K, (¢"!EH’ x,, H)
which is compatible with (5.5).

Everything that has been said in the above paragraphs tells us that the
co-assembly map in the following corollaries is canonical.

COROLLARY 5.3. — Let H be a countable discrete group that admits a
H-finite classifying space for proper H-actions EH .
If H has a vy-element, then the equivariant coarse co-assembly map

i Ko (¢UH %, H) — K} *(EH)
is surjective for any exact crossed product functor x,.

Proof. — We consider Diagram (5.4) for the group H and the space EH.
It follows from [29, Proposition 13] that uf,, is an isomorphism since H
has a y-element. Hence by Diagram (5.4) the map pj; is surjective. O

Let », be a correspondence crossed product functor. Without defining
what this is, we just note that such crossed product functors admit the
descent homomorphism KK (A, B) — KK, (A x, H, B x, H) which is
further compatible with Kasparov products [18, Proposition 6.1]. We as-
sume that H admits a y-element. Then the assembly map p2€: KiOp(H ,A)
— K. (A4 %, H) is an isomorphism onto the summand v - K, (A4 x,, H) for
every H — C*-algebra A, where v acts as a projection via the Kasparov
product. Hence Corollary 5.3 refines to the statement that

pi: v K (¢F9H %, H) — Ky *(EH)
is an isomorphism. Hence, if  acts as the identity, then p}; is an isomor-

phism.

COROLLARY 5.4. — Let H be a countable discrete group that admits
a H-finite classifying space for proper H-actions EH. Assume further that
H is exact and that it satisfies (the reduced version of) the Baum—Connes
conjecture with coefficients.

Then the equivariant coarse co-assembly map

i Ko (¢VH %004 H) = K}y *(EH)

is an isomorphism, where X,eq Is the reduced crossed product functor.
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Proof. — If H is exact, then it has a y-element and the reduced crossed
product is exact (and it is always a correspondence crossed product). There-
fore the claim follows from the discussion prior to the corollary, since satisfy-
ing (the reduced version of) the Baum—Connes conjecture with coefficients
gives that v acts as the identity on K, (¢"*VH x,0q H). O

Example 5.5. — Gromov hyperbolic groups satisfy the assumptions of
Corollary 5.4. For them EH can be taken as the Rips complex Pr(H) of H
for a large enough R > 1 ([6, Section 2], [44]), the Baum-Connes conjecture
with coefficients was proven by Lafforgue [42, 51], and exactness follows
from them having finite asymptotic dimension ([31, Page 23][54]).

5.2. Exactness of groups and the stable Higson corona

In the previous sections we saw that the choice of crossed product ¢"1Y’
X, H matters, and that we have a connection to exactness of the group H.
In the present section we will investigate this connection further, and relate
it to the so-called weak containment property of ¢*°1Y, i.e., the question
in which cases we have ¢V X H & ¢**Y x,0q H. Most of the results
here were developed in discussions with Rufus Willett. (>4

5.2.1. The case of the (stable) Higson compactification

Before we can prove the main result of this section (Proposition 5.8 be-
low), we first need a technical result about the double dual of the stable
Higson compactification ¢™4Y of a metric space Y and its relation to the
(usual) Higson compactification of Y. Recall that the Higson compactifi-
cation is the compact space corresponding to Cy(Y), the unital commu-
tative C*algebra of all bounded, continuous functions ¥ — C of vanish-
ing variation. The Higson corona 0,Y is the compact space defined via
C(OnY) = Cn(Y)/Co(Y).

LEMMA 5.6. — Let Y be a proper metric space.
Then there is an embedding of Cy,(Y') into the center of the double dual
of @°1Y | i.e., an injective and unital *-homomorphism

(5.6) Ch(Y) = Z ((Efedy)**) .

(24) One can prove similar results for ¢Y” instead of ¢"*dY". But since we are mainly using
¢**dY in this paper, we have restricted our attention to it in this section.
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(25) of a countable discrete
group H, then the map (5.6) is equivariant for the induced actions of H
on the corresponding C*algebras.

If'Y is further equipped with an isometric action

Proof. — Recall that the Banach space dual of the compact operators
K(H) are the trace class operators S*(H), and that the Banach space
dual of SY(H) is B(H), and hence K(H)** = B(H) [10, Theorem 1.8.6.1].
Further, B(H) can be equipped with the ultra-weak topology*®) whose
restriction to the closed unit ball of B(H) coincides with the corresponding
restriction of the weak operator topology [46, Theorem 4.2.4]. Hence, choos-
ing an orthonormal basis (e;);en of H and setting p,, € K(H) to be the
orthogonal projection onto the linear span of eq, ..., e,, we get a sequence
(Pn)nen of compact operators of norm 1 converging in the weak opera-
tor topology to the identity operator idy on H. Consequently, (pn)nen
converges ultra-weakly to idy.

Now choose any sequence of compact operators (k,),en on £2 con-
verging ultra-weakly to the identity id,. The sequence (f ® ky)nen for
f € Cu(Y), which is a sequence in ¢V C (¢°dY)**, converges ultra-
weakly in (¢"dY)**. Its limit is, by definition, the image of f under the
sought map (5.6).

It is clear that (5.6) is an injective and unital *-homomorphism. It re-
mains to show that its image is contained in the center of (¢**1Y)**. Now
in general the extension of the product on A to the correct product on A**
was achieved by Arens [3, 4]. Looking at the formulas, we see that indeed
the map (5.6) ends up in the center of the double dual.

That in the situation of Y being equipped with the action of a group H
the map (5.6) will be equivariant, is quickly seen. O

For a discrete group H we recall now the different notions of amenability
of H—C*algebra from Buss, Echterhoff and Willett [20, Definitions 2.1 and
4.13]. Note that there are also variants of some of these notions occuring
in, e.g., [2, 14]. How these variants are related to each other is explained
in [20, Remark 2.2].

DEFINITION 5.7. — Let H be a discrete group and A be an H-C*
algebra.

(25) Note that we do not need the action to be proper.

(26) This is just the weak-* topology on B(H) if we consider it as the dual of S*(H),
ie.,, anet (Th)xec A in B(H) converges ultra-weakly to T if and only if (| tr(ST))|)x e
converges to | tr(ST)| for every S € S'(H).
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(a) A is called strongly amenable if there is a net

of positive type functions®”) such that
e cach 0; is finitely supported,
e for each i we have 0;(e) < 1, and
e for each h € H we have 6;(h) — 1 strictly as i — oc.
(b) A is called amenable if there is a net (0;: H — Z(A**));c1 of
positive type functions such that
e cach 0; is finitely supported,
e for each i we have 0;(e) < 1, and
e for each h € H we have 0;(h) — 1 ultra-weakly*® as i — oc.

Note that strong amenability implies amenability [20, Remark 2.2].

PROPOSITION 5.8. — Let Y be a proper metric space equipped with an
isometric action of a discrete group H.*%
Consider the following three statements:

(a) The group H acts amenably on the Higson compactification of Y.
(b) @Y is an amenable H — C*algebra.
(c) We have ¢°Y X yay H 2 T°1Y x,0q H.

Then we have a = b = c and a additionally implies that H is exact.

Proof. — We start with the implication a = b and while doing this we
also establish that a implies exactness of H.

e We show that a implies b If H acts amenably on the Higson com-
pactification of Y, then by [2, Proposition 6.3] the H — C*algebra
Cn(Y) is strongly amenable. Since Cp(Y') is commutative, by [20,
Lemma 2.5] strong amenability of Cp,(Y") in the sense of [2] is equiv-
alent to strong amenability of it in the sense of [20, Definition 2.1].
Therefore there exists a net (6;: H — Z(M(Cn(Y))))ier of posi-
tive type functions satisfying the corresponding conditions listed in
Definition 5.7. But since Cy(Y") is unital and commutative, we have

(27N general, a function ¥: H — B is of positive type if for any finite subset
{h1, ..., hn} of H the matrix (ap, (ﬁ(h;lhj)))iyj € My (B) is positive, where « is
the action of H on B [1, Definition 2.1].

(28) Recall that a net (Tx\)ren in A** converges ultra-weakly to T if and only if
(Tx(¢))x e A converges to T(p) for every ¢ € A*.

(29) Note that we do not need here the action of H on Y to be proper.
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Z(M(Cn(Y))) = Cn(Y). Composing with (5.6), we get a net (6;: H
— Z((¢*°4Y)**)); ¢ 1 showing that ¢**1Y is amenable.3?)

e Since C,(Y) is unital, commutative and strongly amenable, this
implies that H is exact by [20, Theorem 5.3] (see also [39] for the
fact that amenable actions on compact Hausdorff spaces imply ex-
actness).

e The implication b = c is a completely general fact: amenability of
an H — C*algebra A implies A Xyax H = A Xy0q H by [1, Proposi-
tion 4.8] (see also [20, Section 4]). O

Remark 5.9. — Note that ¢*°dY is a strongly amenable H — C*algebra
if and only if H is amenable.

First, because ¢"*1Y is unital, the notions of strong amenability as intro-
duced by Anantharaman-Delaroche [2] and by Buss, Echterhoff and Wil-
lett [20] coincide for it [20, Lemma 2.5].

If the group H is amenable, then every H — C*algebra is strongly amena-
ble. Assume now that ¢**dY is strongly amenable, that is, we have a net
(0;: H — Z(M(t*°1Y)));es of positive type functions satisfying the corre-
sponding conditions listed in Definition 5.7. Since ¢™4Y is unital we have
M(edY) = 1Y and we further have that Z(c**4Y) = C. Hence the net
(0;)ic; maps actually into C. But this means that H is amenable.

QUESTION 5.10. — The above results in combination with the results
of [20] suggest that for a proper metric space Y equipped with an isometric
action of a discrete group H the following conditions could be equivalent
to each other:

(a) The group H acts amenably on the Higson compactification of Y.
(b) @Y is an amenable H — C*algebra.
(c) The group H is exact and we have ¢ X ya H 22 1Y x,0q H.

The corresponding version of the above question for the (stable) Higson
corona should also be true and is stated in the introduction as Conjec-
ture 1.25.

5.2.2. The case of the (stable) Higson corona

In this section we will adapt the results of the previous one to the (sta-
ble) Higson corona. We apply these results to the Gromov boundary of a
hyperbolic group in Example 5.13 below.

(30) Here one has to know the fact that if A is a unital C*-algebra, then the strict topology
on M(A) = A coincides with the norm topology.
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To treat the case of the (stable) Higson corona, we use the following fact
about double duals of quotient C*algebras: if 0 - I — A — A/I — 0is any
short exact sequence of C*algebras, then we have canonical isomorphisms
(A/T)** = A**/I** and A** = [** @ (A/I)** [10, Section II1.5.2.11].

The next lemma is an adaption of Lemma 5.6:

LEMMA 5.11. — Let Y be a proper metric space.
Then there is an embedding of C(0,Y) into the center of the double dual
of ¢*dY | i.e., an injective and unital *-homomorphism

(5.7) C@Y) -z (()7) .

If Y is further equipped with an isometric action of a discrete group H,
then the map (5.7) is equivariant for the induced actions of H on the
corresponding C*-algebras.

Proof. — We have C(0,Y) = Cp,(Y)/Co(Y) and ¢y =2 ¢¢dy/Cy (Y, K).

The *-homomorphism f — f ® id, inducing (5.6) maps the C*algebra
Co(Y) to Z(Co(Y,K)**). It extends by [10, Section II1.5.2.10] to a nor-
mal *-homomorphism®V Co(Y)** — Z(Co(Y, K)**). Considering also the
analogous normal extension of (5.6) to C,(Y)** we conclude that (5.6)
induces normal *-homomorphisms mapping the short exact sequence

0= Co(Y)"™ = Cr(Y)™ = C(OhY)* —0
to the short exact sequence
0 — Co(Y,K)™ — (¢0Y)™ — (1Y) =0

and the image of C(0,Y)** will be contained in Z((¢**dY")**). The restric-
tion of the map on C(d,Y)** to its C*subalgebra C(0,Y") is the sought
map (5.7).

Let us show injectivity of (5.7). General theory [10, Section II1.5.2.11]
tells us that there is a central projection p € (¢"4Y)** such that p-(c°4Y)**
is Co(Y,K)** and such that (1 — p) - (¢*°1Y)** is (¢"*dY)**. This central
projection is given as the supremum of an approximate unit (ux)yea in
Co(Y,K). Let f € C(Y') be non-zero in C(d,Y"). We have to show that it is
still non-zero in (¢**4Y)** | i.e., that it does not lie in Co(Y, K)**. Because f
is non-zero in C(6,Y), there exists a point = € 9,Y such that ev,(f) # 0.
We choose any unit vector v in the Hilbert space H (the auxiliary Hilbert

(31 A normal *-homomorphism is one which is continuous for the respective ultra-weak
topologies [10, Section II1.2.2].
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space used in the definition of ¢**1Y’) and define a linear functional 7 on
EredY by
77(9) = eVm(gv) )

where g, € C,(Y) is the function given by g¢,(y) = ¢,(g(y)) using the
vector state ¢,(T) = (Tw,v) on H. Because n: ¢™1Y — C is a positive
linear map, it extends to a normal positive linear map n**: (¢*°dY)** —
C** = C and we have n**(f ® idy2) = ev,(f) # 0. For 8 € Co(Y,K)**
we have 1**(#) = 0 since (choosing (6,,), e’ € Co(Y, ) approximating ¢
ultra-weakly)

n(0) =n""(p-0)

=n ()\hﬁmoo uy - 9)

= lim n** (uy-0)
A — 00

= All)moo n (uA : Mlgn(><J 9u>
= li li i -0
Jm im0 (u - 6,,)
(where we used that n** is ultra-weakly continuous and multiplication sepa-
rately ultra-weakly continuous) and n**(ux-6,,) = 0 since uy-6,, € Co(Y, K).
Because 7**(f ® idg2) # 0, this means that f ¢ Co(Y,/C)** finishing the
proof that (5.7) is injective.
The other statements about the map (5.7) are straight-forward to prove,

which finishes this proof of Lemma 5.11. O

PROPOSITION 5.12. — Let Y be a proper metric space equipped with
an isometric action of a discrete group H.
Consider the following three statements:

(a) The group H acts amenably on the Higson corona of Y.
(b) ¢*dY is an amenable H — C*algebra.
(c) We have ¢™Y X0 H 22 ™Y X,0q H.

Then we have a = b = c and a additionally implies that H is exact.
Proof. — Completely analogous to the proof of Proposition 5.8. g

Example 5.13. — Let H be a Gromov hyperbolic group.

It is known that in this case H acts amenably on its Gromov boundary |2,
Example 2.7.4]. Since the Gromov boundary is dominated by the Higson
corona, i.e., there is a natural H-map 0, H — OGromovH, it follows that H
also acts amenably on its Higson corona.
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Proposition 5.12 then implies that ¢***H is an amenable H — C*algebra
and ¢4 H xy H = U H 1,00 H.

5.3. Construction of the equivariant slant products

Just like in Section 3.2 let us fix an ample X-G-module (Hx, px,ug)
and an ample Y-H-module (Hy, py, ug).

5.3.1. The slant product on the equivariant Roe algebra

We denote by p-: Co(Y,K) — B(Hy @ £?) the tensor product of the
given representation py and the canonical representation of I on ¢2. The
H-action on Y induces an H-action on Co(Y,K) and (p§,un ® ids) be-
comes a covariant pair. Because every automorphism of a C*-algebra ex-
tends uniquely to an automorphism of its multiplier algebra, we get a co-
variant pair (py,uy ® idyz) for (M(Co(Y,K), H). Here py is precisely the
same as in (4.2). We amplify the latter covariant pair via the left-regular
representation A\i: H — U(F?(H)) to obtain a covariant pair (py,ug),
where py = idgz(H) ®py and Uy = Ag @ ug ® idyz.

We consider ¢V C B(¢*(H) ® Hy ® (?) via the representation py.
It follows from the above that the H — C*-algebra ¢™dY is covariantly
represented on ¢2(H)® Hy ®@/?. Moreover, by Fell’s absorption principle [14,
Proposition 4.1.7] this yields an embedding of the reduced crossed product
Py X Ug: Y xeq H — B(2(H) @ Hy ® (?).

Let us redefine Hxyy = Hx ® ¢*>(H) ® Hy. The Hilbert space Hxxy
has a unitary representation ugx gy of G x H via g,h — ug(g) ® Ag(h) ®
ug (h) and a representation pxxy of Co(X X Y) via f @ f' — px(f) ®
idg2 gy ®py (f'). This turns Hx xy into an ample (X xY')-(G x H)-module.
Similarly as in (4.1), we define Hy :=Hxyy ®0*=Hy @Z(H)® Hy @2
and N

Px = px ® idEQ(H)®HY®22 : CO(X) — B(Hx) .
In addition, let py = idy, ®py and uy = idy, ®uy. Then we obtain
ﬁy XUy = idHX ®(ﬁy X aH) credy Xred H < B(ﬁx) Note that the
definitions of py and px are slightly different than in Section 4.1.1 because
here we use ¢?(H) as an additional tensor factor in H x. This allows us to
use the reduced crossed product.

Now the following equivariant versions of the lemmas from Section 4.1.1
hold. Here we let Ef(px) C B(H x) denote the C*-algebra generated by
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all the G-equivariant operators of finite propagation. Then by the same
argument as for Lemma 4.2, the C*-algebra C§(px) is an ideal in Ef, (px).

LEMMA 5.14. — The images of the two representations
7: Cho i (pxxy) = B(Hx) given by S — S ®idg ,
Py X tig: @YY xueq H — B(Hy) defined above,
are contained in Ef,(px).

Proof. — The operators considered here are clearly G-equivariant. Thus
for the first part the argument is the same as for Lemma 4.3. For the second
part, we use in addition that the operators uy (h) for h € H commute with
the image of px and hence have propagation zero. O

LEMMA 5.15. — The images of the s-homomorphisms C§%, ;(pxxy)
— E&(px) and Y x,eq H — E&(px ) obtained from the previous lemma
commute up to C&(px).

Proof. — The image of py x @ : Y Xpeq H — E¢(px) has a dense
subset consisting of linear combinations of products of operators of the
form py (f) = idp, ®idem) ®py (f), where f € ¢d(f), with operators
of the form ugy(h) = idy, ®Ag(h) ® ug(h) @ idg2, where h € H. Thus it
suffices to show that the commutators
(5.8) (S ®@idee, idy, @idem) @py (f)]
(5.9) [S ® idgz, up (h)]
are contained in C(px) for S € C4, y(pxxy), f € ¢4(Y) and h € H.
We may also assume that S has finite propagation. Then the proof of
Lemma 4.5 (applied to the Y-module ¢?(H) ® Hy with the representation
idg2(fry ®py ) shows that (5.8) is an element of C*(px) with finite propa-
gation. It is also G-equivariant because S is. Hence (5.8) is an element of
C&(px). Finally, S ® idg2 is H-equivariant because S is. That is, it com-
mutes with @y (h) and thus (5.9) is zero. O

Hence as an analogue of (4.3) we get an induced *-homomorphism

D C*GXH<pX><Y) Omax (EredY Ared H) — Eg(ﬁX)/CE(ﬁX)

given by S @ [0+ [7(S) o fy (f) o it ().

A slight elaboration of the proof of Lemma 4.6 shows the following.

LEMMA 5.16. — The above x-homomorphism ® factors through the
C*-algebra
Y X,0q H
C* max —T.
GXH(IOXXY) Bma Co(Y, ’C) X red H
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That is, it defines a x-homomorphism
® Y x,0q H
max C() (Y, ’C) A red H

Unfortunately, in general we cannot use ¢"°*1Y x,.q H in the above due
to a potential failure of exactness in the sequence Cy(Y,K) Xyeqa H —
N Y) Xpeq H — YY) xp0q H. If H is an exact group, then this presents
no issues. More generally, we can remedy this by using an exact crossed
functor X, in the sense of [7, Definition 3.1] instead of X,eq. Indeed, we
deduce the next proposition immediately from (5.10).

(5.10) Coxm(pxxy) — E¢(px)/Cq(px)-

PROPOSITION 5.17. — Let X, be an exact crossed product functor.
Then there is a homomorphism
(5~11) \IIH: C*GXH(/OXXY) O max (chdY i H) - EE@X)/CE@X)
induced by S ® [f]n — [7(S) o py (f) o um (h)].

DEFINITION 5.18. — By the same construction as in Definition 4.7, we
obtain the slant product
(5.12) K, (Coun(X xY)) @Ki_g (¢ %, H) = Kp_q (CEX)

for any exact crossed product functor x,. If H is an exact group, we also
obtain (5.12) for p = red.

5.3.2. The slant product on the equivariant localization algebras

We define E¢; | (px) as the C*-subalgebra of Cy([1,00), Eg(px)) gen-
erated by the bounded and uniformly continuous functions S: [1,00) —
EZ (px) such that the propagation of S(t) is finite for all ¢ > 1 and tends
to zero as t — oo. Similarly we define Ef; 1 ((px) as the ideal in Ef, 1 (px)
consisting of all maps that vanish at 1. Note that C 1 (px) is an ideal
in Bg 1 (px) and Cg 1, o(px) is even an ideal in all of the three Ef 1 (0x),
E¢ 1o(px) and of course Cé L(px)- /

LEMMA 5.19. — The following analogue of Lemma 4.8 holds.
(1) The images of the two isometric *-homomorphisms
7Lt Conr 1pxxr) = Co ([L,20) BHx) )
which is obtained by applying the functor Cy([1,00),—) to 7, and
ﬁy, HL: EredY Mo H Py XrealllH B(I;TX) inclusion Cy, ([1,00),8([?)()) 7

as constant
functions

are contained in E¢; 1 (px)-
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(2) The image of 11, commutes up to Cf 1 (px) with the image of
Y %,0q H under Py, m,1. and the image of Ci70(pXXy) under
71, commutes up to C}:)O(ﬁx) with the image of ¢**Y under PY,L-
Hence they induce *-homomorphisms

DL Chupr,1.(0x x v) Omax €Y Xrea H = B 1.(px)/Cé 1(Px)
D10 Coumrro(px xv) Omax €Y Xrea H = E& 1 (px)/CE 10(Px)

given by S ® f — [1,(S) o py, 1, 1.(f)] and the image of @1, o is even
contained in E¢; 1, ,(px)/C 1, 0(0x)-

(3) Let u be an exact crossed product functor. Then the x-homomor-
phisms ®r, and Py, ¢ factor through C% (px xy ) @max credy X, H and
CE,O(PX %Y ) Omax ¢edY u H, respectively. In other words, they
define x-homomorphisms

Uy, : CExH,L(pX X Y) Omax cely Xy H — E*G,L(ﬁX)/CE,L(ﬁX) )
V10! CoumLo(PX xv) @max cely Xy H — EE,L,O(ﬁX)/CE,L,o(ﬁX) .

DEFINITION 5.20. — Let u be an exact crossed product functor. By
Lemma 5.19 we obtain the following slant products analogously as in Def-
inition 4.9.

KSH(X xY)@Kig (Y %, H) = K§ (X)),
SH(X xY)@Ki_g (Y x, H) — S5 (X).

If the group H is exact, we also obtain the above for p = red.

5.4. Properties of the equivariant slant products

In this section we state the properties of the equivariant slant products
which are analogous to those of the non-equivariant one.

The following compatibility of the slant products with the equivari-
ant Higson-Roe sequence is proven in exactly the same way as its non-
equivariant counterpart Theorem 4.10 by decorating everything with the
groups G and H.

THEOREM 5.21. — The diagram

SOH(X x V) — KOH(X x V) — K, (Chi g (X x V) 25 SEH (X x V)

R

« 3]
S J(X) ——— K§ (X) ——— K, (CEX) —— K§ | (X)
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commutes for every 6 € Ki_,(¢**1Y x,, H).

In Section 4.3 we had shown that our non-equivariant slant product for
the localization algebra factors through co-assembly and the usual slant
product between K-homology and K-theory. Now we shall show that our
slant product for the equivariant localization algebra also factors through
our version of co-assembly from Section 5.1. The first part of Section 4.3
goes through equivariantly. That is, one obtains an isomorphism

K. (Cg (X)) = EJ(Co(X),C)
and the latter group is, by definition, the equivariant K-homology group
K% (X) in the E-theory picture. However, there is no already well known
slant product between equivariant K-homology and equivariant K-theory
defined via equivariant FE-theory, as explained earlier. Instead we turn an
equivariant version of Lemma 4.19 into a definition.
Consider the map

Tp: C*GXH7L(pX X Y) ® CO(Y, IC) X H— C*G,L(ﬁX)/CO([L OO), C*(ﬁX))’

(Tt)ten, o) ® f = [(T(T}) o (py % um) (f))te[l,oo) .

By enriching the reasoning in Section 4.3 with the ideas of the proofs of
Lemmas 5.14 and 5.15 we get that Y, is a well-defined *-homomorphism.

DEFINITION 5.22. — The slant product between equivariant K-homolo-
gy and equivariant K-theory is defined as the composition

K (X x V) @ KE(Y) 2 Ky (Coen, 1(pxxv)) @ K—g(Co(Y,K) » H)

= Ky (Coxm r(pxxy) @ Co(Y,K) x H)

TL)« % ~ * [~
0 K,y (C 1 (73)/Col(1,00), Cs (7))
= Ky (O, L(x)) = KS (X)),

where the third map is the inverse of the isomorphism induced on K-theory

by the canonical projection Cg 1(px) — Cg 1 (px)/Co([1,0), C&(px))-

The proofs of Proposition 4.17, Corollary 4.18 and Theorem 4.13 in Sec-
tion 4.3 now generalize to the equivariant case to yield the following equi-
variant version of Theorem 4.13.

THEOREM 5.23. — Let Y have continuously bounded geometry. The
slant product on the localization algebra from Definition 5.20 and the slant
product from Definition 5.22 are related to each other via the co-assembly
map

i Ke (Y %, H) = K *(Y)
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in the sense that z/0 = x/u50 for all z € KG*H(X x Y) and 0 €
K*(cmdy x, H).

Next, Theorem 4.20 and Corollary 4.23 can also be generalized to the
equivariant cases.

THEOREM 5.24. — Let G, H, K be countable discrete groups acting
properly and isometrically on proper metric spaces X,Y,Z and assume
that Z has bounded geometry. Then the compositions

/0

KG(X) — 2 KGUP (X x ¥V x 2) — = KX (X xY)

Xz /0
SG(X) ———— ST (X xY x Z) ———SGHH (X xY)
/6

Ko (C5X) “5 Koy (Conma e (X XY X Z)) 5 Koy pg (Cornm (X X V)

are equal to the external product with the appropriate slant product z/0
for all m,p,q € Z and all z,0 as follows:

e In the first two compositions z € KJ*®¥ (Y x Z) and in the third
one z € Ky (Ci (Y x 2)).

e In the first composition either § € K% (Z) or 0 € Ky_4(¢**4Z %, K)
and in the other two 0 € Ki_,(c"Z %, K).

Outline of proof. — The proof works almost word by word the same,
just that one has to replace the Hilbert space Hz by ¢?(K)® Hz at several
places within the constructions. The only difference is the case § € K% (2),
because we didn’t define the equivariant version of this slant product via
E-theory and hence it does not follow from abstract properties of E-theory.
Instead one has to prove it along the lines of the other cases, but using the
map Yy, instead of ¥, ¥y, or ¥y, o. O

DEFINITION 5.25. — The pairing

Z p—q even

(=, =) K, (CY)@Ki—g (Y %, H) = K, (C*{3}) =
0 p—gqodd

is defined as the special case of the equivariant slant product where X = {x}
is a single point equipped with the action of the trivial group. The same
construction applied to the localization algebra instead of the Roe algebra
also yields a pairing

7Z p—qeven

(=) Ky (V) @ K (Y 0, H) = Ky ({#}) = {0 p—q odd
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and similarily we also have a pairing

. |Z p—qeven
(= =) K (V) @ KG(Y) = Kp—g({5}) =
0 p—gqodd.
COROLLARY 5.26. — The compositions
Xz /0
K§(X) ———— KON(X xY) ———KG,_(X)
Xz /0
SG(X) — 2 ST (X x V) — 86, (X)

* Z * /9 *
Ko (C5X) — Kinp (Coresr (X x V) = Ko q (CEX)

are equal to the multiplication with (z,0), which is either an integer, if p—q
is even, or zero by construction, if p— q odd, for all m,p,q € Z and all z,0
as follows:

e In the first two compositions z € Kf(Y) and in the third z €
K,(C%Y).

e In the first composition either § € K%, (Y) or 6 € Ki_,(c**Y x, H)
and in the other two 6 € Ky_,(c"1Y %, H).

Next on the list is naturality.

DEFINITION 5.27. — Let X, X' be proper metric spaces equipped with
proper isometric actions by the same countable discrete group G and fix an
ample X-G-module (Hx, px,uc) and an ample X'-G-module (Hx:, px,
ug). An isometry V: Hx — Hxo is said to equivariantly cover an equivari-
ant coarse map «: X — X' if it covers « in the sense of Definition 4.25 and
is in addition equivariant with respect to ug and uy,. Similarily, a uniformly
continuous family of isometries V': [1,00) — B(Hx, Hx/) is said to equiv-
ariantly cover an equivariant uniformly continuous coarse map o: X — X'
if it covers « in the sense of Definition 4.29 and is in addition equivariant.

PROPOSITION 5.28 (see [60, Proposition 4.5.12, Theorems 5.2.6 and
6.6.3]). — Equivariantly covering (uniformly continuous families of) isome-
tries as in the previous definition always exist. Conjugation with an isome-
try V which equivariantly covers a coarse map « yields a x-homomorphism

Adyv: Cg(px) = Cilpxr)

and conjugation with a uniformly continuous family of isometries V' which
equivariantly covers a unifomly continuous equivariant coarse map « yields
x-homomorphisms

Ady: Cg L(px) = Cg Llpx),  Adv: Cgpolex) = Capolex)-
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The induced maps on K-theory
K, (C&X) = K (CeX') . KI(X) = KI(X'), SE(X) — SP(X)

are independent of all choices, depend functorial on o and will all be de-
noted by a,. Furthermore, they make the diagram

7]

K.y1 (C5X) SE(X) KE(X) 2 K, (CLX)

Kot (C5X") —2— 89(X') —— KI(X) ™5 K, (CX')

cominute.

Again, functoriality of K*G(—) can be extended to G-equivariant proper
continuous maps and functoriality of S¢(—) can be extended to G-equiva-
riant continuous coarse maps by using different pictures of these groups.
This functoriality can be dealt with in exactly the same way as in the
non-equivariant case as described in Remark 4.32.

On the other side, contravariant functoriality of K, (c"%(—) x H) un-
der H-equivariant coarse maps and of K};(—) under H-equivariant proper
continuous maps is clear.

The equivariance can be implemented very easily into the proofs of The-
orem 4.28 and Theorem 4.31 and the proof can also be adapted to the
slant product between equivariant K-homology and equivariant K-theory
defined in Definition 5.22 by using the map Yy, instead of ¥y. One obtains
the following.

THEOREM 5.29. — All the equivariant slant products are natural in the
sense that the formula

ax(z/B(0)) = (a x B)«()/0
holds in each of the following cases:

e a: X —» X' and B:Y — Y’ are equivariant coarse maps, x €
K. (Chy (X x Y)) and 0 € K. (Y’ x,, H).

e o: X — X' is an equivariant proper continuous map and 3: Y —
Y' is a equivariant continuous coarse maps, v € KE*# (X xY) and
0 € K.(c™1Y’ x, H).

e a: X - X'and : Y — Y’ are equivariant continuous coarse maps,
€ SEH(X xY) and 6 € K. ("Y' x,, H).

e a: X — X' and f:Y — Y’ are equivariant proper continuous
maps, ¥ € KE*H(X xY) and 6 € K5, (Y').
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Finally, using equivariant functoriality we get the same coarsification
results as in Section 4.6. More precisely, given any proper metric space X
equipped with a proper isometric action by a countable discrete group G,
it is possible to choose the discrete coarsely equivalent subspace X’ C X to
be G-invariant. Then each Rips complex Pr X’ inherits a canonical proper
isometric G-action such that all the inclusion maps PrX’ — PgX’ for
R < S are equivariant continuous coarse equivalences.

Then we can define the equivariant coarse K-homology and the equivari-
ant coarse structure group as

KX{(X) = lim K¢ (PrX’) and  SXY(X) := lim S7 (PrX’)
R>0 R>0

and similarily there is also a equivariant coarse K-theory which fits into a
Milnor—l'&nl—sequence

0— lim 'KG™ (PrX') — KXg(X) — lim K& (PrX') = 0.
R>0 R>0

All of the above groups are functorial under equivariant coarse maps in the
obvious way and the Milnor—l'&nl—sequence is natural.

Again, the construction does not yield anything new for the K, (CEX)
and K. (¢™4X %, G). There is a natural equivariant coarsified version of
the Higson—Roe sequence

s K (C5X) — SXE(X) —» KXY(X) 29 K, (CEX) — - -
and also a natural equivariant coarse co-assembly map
e Kioy (¢99X %, G) = KXG(X).

Furthermore, the map X — P,gX’ defined in (4.14) can also be assumed
to be equivariant by using an equivariant partition of unity {¢, }. e x, i.e.
one for which ¢y, (gz) = @, (x) forall z € X, 2’ € X' and g € G, and it
is unique up to equivariant homotopy equivalence which stays close to the
identity. Therefore we have canonical equivariant coarsification maps

ca: KE(X) - KXE(X) and cg: SE(X) — SXE(X)
and a canonical equivariant co-coarsification map

ce: KXG(X) = K (X)
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which are natural under equivariant continuous coarse maps and make the
diagrams

*

X) Ky (99X %1, G) —5— K5 (X
KXG KX5 (X

commute.
Inserting the equivariance into the constructions of Section 4.6.3 now
gives rise to equivariant coarsified external and slant products

X : KX¢ (X))o KXZ(Y) — KX&H (X xY)
X SX¢(X) o KXH(Y) — SXSH(X x V)
/i KXSH(X xY)@KXL(Y) — KX$  (X)
/ KX (X xY) @Ki—g (¢ %, H) = KXJ (X)
/: SXSH(X x V) @Ki_g (1Y %, H) — SXG_ (X)
and pairings
(= =) KX, (V) @ KX} (Y) — Kp—¢(C)
(=, —): KX (V) @ Ki—q (¢ %, H) = K,_(C)

which are natural under pairs of equivariant coarse maps, compatible with
the maps in the equivariant coarsified Higson—Roe sequence, the equivariant
coarsification and co-coarsification maps and co-assembly.

Furthermore, if Z is a third proper metric space of bounded geometry
with a proper isometric action by a countable discrete group K, then taking
first the external product with an element z € KXZ*5(Y x Z) and then
the slant product with an element 0 € K1_,,(¢"*4Z %, K) or 6 € KX%(Z)
is equal to the external product with z/8 € KX _ (Y), and in particular
if Y = {+} is a one-point space trivially acted on by H = 1, then this
composition is equal to multiplication with (z,0) = (z, u*(9)) = (u(2),0),
if Z has continuously bounded geometry.

5.5. Compatibility with the non-equivariant version

In this section, we describe two ways in which the equivariant slant prod-
ucts from Section 5 are compatible with the construction in Section 4.
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To formulate the first type of compatibility concisely, we use the symbol
C7 as a placeholder to denote either C*, C7, or Cf ;. We consider the
canonical forgetful map

F:ChoX — C5X

which is the inclusion map if C , X is defined on a given (X, G)-module
and C3 X is defined on the underlying X-module. On the level of K-theory,
this induces a map

F.: HRE(X) = HR.(X),

where we use the notation from Remark 1.12.
Recall that in Section 4 we have constructed slant products

/i HR,(X xY)@Ki_q (1Y) = HR,_o(X)
and from Section 5 we have
[t HRSH (X xY) @ Ki_q (Y %, H) — HRS_ (X).
Moreover, there is the x-homomorphism
LY 5 Y, Hy o f e foe,

which is well-defined because H is discrete. Then we have the following
observation:

PROPOSITION 5.30. — Let @ € HRS ¥ (X x Y) and y € Ki_g(c™Y).
Then
Fo(z/u(y)) = Fu(z)/y € HRp—q(X).
Proof. — Follows directly by comparing definitions. O

The second and more intricate type of compatibility deals with the case
of a free action. Indeed, if G acts freely on X, then there are canonical
induction isomorphisms for K-theory

(5.13) Zx: K5(X) S K*(G\X),
and K-homology
(5.14) Iy : KG(X) S K, (G\X).

The isomorphism (5.13) follows from a canonical Morita equivalence
given by Green’s imprimitivity theorem, see [61, Corollary 4.11] for a text-
book reference. For (5.14) see [60, Theorem 6.5.15]. The main result of this
subsection is the following comparison theorem.
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THEOREM 5.31. — Let X and Y be proper metric spaces which are
endowed with proper and free actions of countable discrete groups G and
H, respectively. Then the equivariant slant product on K-homology agrees
with the usual slant product on the corresponding quotient spaces up to
the isomorphisms (5.13), (5.14). In other words, the following diagram com-
mutes.

/
K& H (X x Y) @ K& (Y) —— KG_(X)

J/lXxY®ZY \bx

K,(G\X x H\Y)® K/(H\Y) = K,_,(G\X)

In view of Lemma 4.19 and our definitions of equivariant K-homology and
K-theory, Theorem 5.31 is equivalent to the following technical proposition.

PROPOSITION 5.32. — Suppose we are in the setup of Theorem 5.31.
Then the equivariant slant product from Definition 5.22 agrees with the de-
scription of the slant product in Lemma 4.19 up to the isomorphisms (5.13),
(5.14). In other words, the following diagram commutes.

K, (C*GxH,L(X X Y)) @ K_(Co(Y) x H) Det. 5.2 Kp—q (C*G,LX)

JJXXY@ZY J{lx

K, (CL(G\X x H\Y)) ® K_¢(Co(H\Y)) =22 K,y (CL(G\X)

To prove Theorem 5.32, we need an explicit description of the induc-
tion isomorphisms (5.13), (5.14). Start with an explicit Morita equivalence
which implements (5.13). We exhibit the construction from [61, Corol-
lary 4.11] for convenience of the reader. The expression

I o) (Go) =Y fla ) (g7"y), f.f € Ce(X),

geqG

yields a (right) inner product on C.(X) with values in C;(G\X). Moreover,
C.(G\X) acts on C.(X) from the right by

(f ) g)(x) = f(x)g(Gx)v fe CC(X)7g € CC(G\X)

Similarly, there is a left inner product on C.(X) with values in C¢(X) X0, G
defined by

oL =Yg F g f.feC(X).

geG

TOME 71 (2021), FASCICULE 3



1000 Alexander ENGEL, Christopher WULFF & Rudolf ZEIDLER

and the crossed product Cq(X) Xa1e G acts from the left on C.(X) by

ng5y f= ng(g'f)~

geqG geqG

The right action of C.(G\X) commutes with the left action of Cc(X) XaG.
Simultaneously completing C.(X) and the coefficient algebras, we obtain
an Co(X) x G-Co(G\ X)-Morita equivalence bimodule which we denote by
Zx . The isomorphism (5.13) is given by the #-isomorphism

¢: Co(X) % G = Keyonx)(Zx)

that is induced by the left action.
We denote the conjugate module of Zx by Zx. Then we have canonical
identifications

(5.15) Zy @cy(a\x) Zx = Koyavx)(Zx) = Co(X) x G,
see [11, Corollary 8.2.15] for the first isomorphism. Similarly,
(5.16) Zx Qco(x)na Lx = ICCO(X)NG(ZX) = Co(G\X).

Next, we describe the isomorphism (5.14) in a way that is compatible
with the above Morita equivalence. If we start with an ample G\ X-module
Hen x, then Zx ®c,(a\x) He\x is an ample (X, G)—module.(32) Similarly,
if Hy is an ample (X,G)-module, then Zx ®cy(x)xa Hx is an ample
G\ X-module. Moreover, by (5.15), (5.16) these constructions are mutually
inverse up to canonical isomorphisms. Hence we will assume that the rep-
resentations on Hx and Hg\ x have been chosen in such a way that we can
identify Hx = Zx ®cya\x) Honx and thus Hox = Zx ®co(x)na Hx-
We introduce the following auxilliary concept to describe (5.14).

DEFINITION 5.33. — Let (S¢) € CL(G\X) and (T;) € Cg 1,(X). We
say that (T) is a lift of (S;) (or, alternatively, (S¢) is pushdown of (1)) if
for each z € Zx we have

(To08 T} sz)te [1,00) € Co ([1700)7B(HG\X7HX)) )
(St0%: =TL0T) e, o) € Co ([1,00), B(Hx, Hox))
where

T Honx = Hx = Zx Qcyea\x) Hanx, & 2®¢E.

(32) The proof that Hx constructed in this way is ample can be reduced to the trivial
product situation X = G x X, compare the proof of Lemma 5.35.
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Notation 5.34. — To work with the defining conditions of lifts and push-
downs more conveniently, we will use the following notation: For two fami-
lies of linear operators (7}); e (1, o) and (T)): e [1,00) With the same domain
and target space, we write T} ~ Tt if Ty — ft — 0 in operator norm. Then
the conditions from Definition 5.33 are equivalent to ¥, 0 S; ~T; 0%, and

StOTZNS:zOTt-

In our constructions below, we will use the following ideal in the local-
ization algebra.

NE,L(X) =

{(1) € CoL()|v 1 € Co(x): lim Tipx(f) = Jim px(/)T; =0}

An Eilenberg swindle as in [60, Lemma 6.4.11] shows that the K-theory
of N 1,(X) vanishes. Hence the canonical map Cg, 1 (X) — Cg (X)/Ng 1,
(X) induces an isomorphism on K-theory.

LEMMA 5.35.
(i) Every (S;) € CL(G\X) admits a lift and every (T;) € Cg 1,(X)
admits a pushdown.
(i) Let (Tt) € Cg 1 (X) be a lift of (S;) € C1(G\X). Then we have
(Ty) € Ng 1 (X) if and only if (S¢) € Nf (G\X).

Proof.

(i) The argument here is essentially the same construction as in [60,
Construction 6.5.14]. Let U C G\X be an open subset over which the
canonical projection 7: X — G\ X is trivialized, that is, 7=}(U) =2 G x U.
Let Z;-1(yy be the closure of Co(n~*(U)) - Zx. Note that this is at the
same time the closure of Zx -Co(U) and this module implements the Morita
equivalence from Co(7~1(U)) x G to Co(U). Since 7~ 1(U) = G x U, we
have

(5.17) Zoy) 2 0(G) ®@ Co(U)

and

(5.18) Li-ianHx = Zpe-1(r) ®@cowy luHe\x = 2(G) ® 1y Hen x
Suppose for the moment that S; has support inside U. That is, there

exists a continuous function x: G\X — [0,1] with supp(x) C U such that

xSt = Six = S;. Then set T} = 17r—1(U)(id£2(G) ®St)17r—1(U) € CZ?,L(X)’

where we implicitly use (5.18). We claim that T; is a lift of S;. Let z €

Cc(X) C Zx. Then, by construction, 7y 0 ¥, = T} o Lxomyz> T3 0Ty =

T? 0Ty, T, 08 = T(yomz 05t and Sy 0% = S;o szoﬂ)z. Hence

XOT)z
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it suffices to check the defining condition of a lift for z € C.(m=*(U)) C
Z.—1 @y € Zx. In view of (5.17), we are then further reduced to checking
it for elements of the form z = §, ® ¢, where g € G, ¢ € C.(U). Then

TZOSt—TtOTZ: f*—>6g®[g0,5t]£ —0
——

—0

considered as a map Hg\x — 2(G) ® lyHo\x = 1z uyHx C Hx.
Similarly,

Spo T =T 0Ty = | 0y @E > (8gl0y) [St, 0] € | © Limr(y = 0,
—0

where the right-hand side is viewed as a composition

Hy M) 17r—1(U)HX = 62(G) ® ]-UHG\X — Hg\X.
This shows that (T%) is a lift of (Sy).

In general, we take a locally finite covering U of G\ X such that 7: X —
G\X is trivial over each U € Y. Then choose an 22-partition®?) of unity
(6v)u eu subordinate to U. Then for each U € U, the element (¢y Sior)
is supported inside U. Take the corresponding lift which was constructed
in the previous paragraph and denote it by (TV) € C%, L(X). Then define
Ty = veu TY. This is a strongly converging sum since the covering U
is locally finite and one can easily verify that (73) € Cg 1 (X). We again
claim that (7}) is the desired lift of (S;). To prove this, now take z € Zx,
v € C.(G\X). Then

Tp Y duSidu

Uelu

=T. Y puSipu ~ T Y 0opSi = ToS; = T8,
Ueclu Ueu

where we use that [S, ¢u] — 0 and the fact that the sums in the middle
terms have only finitely many non-zero entries because the covering U is
locally finite. Thus

{zzapost ~ Z Tzwo¢USt¢UN Z TtUOTZ¢:Tton¢,

Uelu Ueu

(33) That means that ((i%) is a partition of unity.
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where we again have used that the sums have only finitely many non-zero
entries. Since elements of the form z¢ are dense in Zx, we actually obtain

‘IZOStNTtO‘IZ

for all z € Zx. An analogous argument shows that S; o T% ~ T% o T;. This
completes the proof that (73) is a lift of (S¢).

The existence of pushdowns is proved analogously by first solving the
problem for operators which are supported inside 7=1(U) = G x U. In-
deed, if an operator on /?(G) ® lyHe\x € Hx is G-equivariant and has
sufficiently small propagation in X, then it is necessarily of the form id ®.5,
and hence has a pushdown. The general case can again be reduced to this
via an £2-partition of unity.

(ii) Suppose that (S;) € Ni(G\X) and (T}) € Cg 1(X) is a lift of (Sy).
Let 21,22 € Zx and ¢ € Co(G\X). Then with f = ¢ x)uc(z19 | 22) €
Co(X) x G, we have

JTi =% 0%, 0Ty ~ %, 08 0%, =T, 0 @S; 0T, — 0.
~—
-0
and
Tif =T10%,,,0%,, ~T,,08 0%, =%, 0pS; 0% —0.
inct
¢

Since the left-module structure on Zy is full, this is enough to check that
(Ti) € NG 1,(X). The converse implication is proved analogously. O

The following proposition is an immediate consequence of Lemma 5.35.

PRrROPOSITION 5.36. — Choosing pushdowns induces a well-defined
x-isomorphism

a1(X) = CL(G\X)
Ne LX) NL(G\X)

|X5

with inverse given by choosing lifts. Together with the canonical isomor-
phisms K.(C* (=) — K.(C* 1 (=)/N* [ (-)), this yields the isomor-
phism (5.14).

Since the construction of lifts and pushdowns in Lemma 5.35 is the same
as in [60, Construction 6.5.14], the isomorphism |x is indeed the same as
the one given by [60, Theorem 6.5.15].

To compose our slant product with the Morita equivalence, we need a
slightly more general version of the construction from Definition 5.22. To
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that end, let us fix “a—for the moment arbitrary—countably” generated
Hilbert Co(Y) x H-module E. We will construct a *-homomorphism

Cé 1.(px)
Co([1,00),C&(px))’

where we redefine Hy == Hx ® (E ®cy(vyxa Hy) and

(5.19) Tr: Coup L(X X Y) @max Kcy(v)yxn (E) =

Px XN ig = (px X ug) ®id®id: Co(X) % G — B(Hx).
Note that if E = (Co(Y) x H) ® £2 and we also replace Hy by ¢*(H) ®
Hy, then this reduces to our previous definitions. There is a canonical
*-homomorphism
ke Keovyna (B) = EGL(px), K= (idgy @K ®cyvywa idmy, ) ,

viewed as constant functions. Unfortunately, in general there is no canonical
map Cg, g (X X Y) — Eg 1 (px) which would be required to precisely
mimic Definition 5.22. Instead, we use a similar scheme as in the con-
struction of the induction isomorphisms. The next definition, along with
its name, is inspired by the notion of “connection” which appears in the
construction of the Kasparov product (see for instance [9, Section 18.3]).

DEFINITION 5.37. — Let (T}) € C&y gy (X X Y). We say (Fy) € Eg 1,
(px) is a connection for (T}), if for each K € K¢, (x)xu(FE), we have
(Fyo "EE(K))te[Loo) € Cg, 1.(px),
(kp(K) o Fy),cn ) € Ca,lpx),
and for each e € E we have

(Teo Ty = FioTe)e e € Co ([1,00), B (Hx @ Hy, Hx)),

(Tyo Tt — T2 0 F)yepn ooy € Co ([1700)73 (ﬁX,HX ®Hy)> :
where
Tt Hy @ Hy = Hx = E @i gcovynm (Hx @ Hy), € e®E.

LEMMA 5.38.
(i) Every (Ti) € C&y g 1,(X xY) admits a connection (Fy) € Eg 1 (px ).
(i) If (Fy) € Eg 1(px) is a connection for (T;) € Cgy (X x Y and
K € Koy(vyun(E), then [Fy, kp(K)] € Co([1,00), C&(px))-
(iii) Let (Ft) € Eg 1(px) be a connection for (T;) € Cgy gy (X X Y)
and K € ,CCU(Y)XIH(E)'
o If (T;) € Co([1,00),C&y (X x Y)), then

(Fi o rp(K)) € Co ([1,00), Cg(px)) -
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o If(T}) € NGy (X xY), then (Fy o kp(K)) € N§ 1 (px)-

Proof.

(i) We start with the case that E = (Co(Y) x H) ® ¢? is the standard
Hilbert module over Co(Y) x H. In this case, Hx = Hx ® Hy ® (? and a
connection for (T;) € Cg, g (X x Y) is given by Fy := T; ® idz. This is

because for e = f @ v € E = (Co(Y) x H) @ (2, we have

FTeoTy—Fio%. = | ¢ [([def), TH]E@v ]| =0
—_—
—0
as an operator Hx ® Hy — Hx®Hy ®/(? and, similarly, T,0%:—%toF — 0.
Moreover, if K = f® L € Kcy(vywu(E) = (Co(Y) X H) ® K(¢?), then

Frokp(K) = (Tio(iduy ®f)) ® L € Cg 1,(px)

and similarly for kg (K) o F}.

In general, we apply Kasparov’s stabilization theorem to embed FE into
(Co(Y) x H) ® £2 such that there exists an adjointable projection P on
(Co(Y) x H) ® £? whose image is E. To complete the argument, observe
that if (F}) is a connection for (T;) with respect to the standard Hilbert
module, then F} = PF +P yields a connection with respect to E.

(ii) By the definition of the compact operators on a Hilbert module, the
image of xp is the closed linear span of elements T, o T}, = rg(|e1){ez|),
where e1,eo € E. Hence the desired statement follows from the defining
conditions of a connection:

Fio%e o, ~ % 0Ty 0T, ~ T 0 X o .
(iii) Suppose that (T3) € Co([1,00), C&y (X x Y)). As in the previous
part, we can assume that kg (K) =T, o T} . Then
Fiokg(K)=F0%,, 0‘3:22 ~%e 0 Ty O‘SZ2 — 0,
0
N

as required. If (T;) € N§, (X x Y), then let ¢ € Co(Y) and assume
kp(K) = Te,, 0T}, This is justified because Co(Y') contains an approxi-
mate identity of Co(Y) x H. Then for each f € Co(X), we have

px(f)oFyokrp(K)=px(f)oFyoTe,0%F,
~ px(f)oTeyp 0Ty 0T,
=%, 0 (f@P)Tio%;, =0
~———

—0

and hence F} o kp(K) € N§ 1, (px). O
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We now can define (5.19) by

(Tt)@K*—) (FtOHE(K))tE[l,OO) B

where we choose a connection (F}) for each (7). This is well-defined by
Lemma 5.38. In fact, it shows that this yields a well-defined *-homomor-
phism

Gx, (X xY) &, 1(Px)

* : ®max’CC Y H(E)*>*77~
NGXH,L(X xY) oY) NG,L(PX)

Since the K-theory of N} vanishes, this still defines a map

(5:21) Kp (Con, (X xY)) @ K_g (Koy(v)un(E)) = Kp—g (Cg, L(X))

by a completely analogous recipe as Definition 5.22. If E is a full Hilbert
Co(Y') x H-module, then K, (K¢, (v)x #) = Ki(Co(Y) x H). In this case,
it can be verified that (5.21) agrees with the previous definition (5.22) by
embedding E into the standard module (Co(Y) x H) ® £? via the Kasparov
stabilization theorem and replacing Hy by ¢?(H) ® Hy.

(520) TLI

Proof of Theorem 5.32. — We start with an arbitrary countably gen-
erated Hilbert-Co(Y) x H-module Ey that is full. Then let Ep\y =
Ey ®CO(Y) wHZy and ¢: ]CCO(Y) x H(Ey) — ICCO(H\Y)(EH\Y) be the cano-
nical map S — S ® id. The map ¢ implements the isomorphism (5.13) in
this setup. In view of the previous discussion, it suffices to prove that the
following diagram commutes.

Coxm, .(XXY) To C&.1(Px)

W Omax ICCQ(Y)NH(EY) Ng L (x)
llxxy®¢> J{lx
C*% (G\X xH\Y) T L(Pc\x)

N O\XxHY) Omax Keomny)(Emy) —— EE(,;G\X)
Note that we have a canonical identification
Emy ®comny) Hiy = (By ®covynn Zy) Qco(m\y) Hmy
(5.22) = By Qco(vyxt (Zy @cony) Hiy)
= Ey ®cy(v)xu Hy

and hence

Zx ®co@\x) Hovx = (Zx ®cy@\x) Havx) ® (Bmy ®comy) Himy)

= Hx ® (By @cy(vyxn Hy) = Hy.

Therefore it makes sense to consider the arrows entering the lower right
corner to land in the same C*algebra.
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Now let (T3) € Cgyp (X xY) and K € Kgyyyxm(Ey). Choose a
pushdown (S;) € C}(G\X x H\Y) for (T}). Moreover, choose a connec-
tion (Fy) € Ef 1 (px) for (T3) and a connection (G¢) € Ej(pe\x) for
(S;). To prove the desired commutativity, we need to verify that Gy o
KEgy (P(K)) is a pushdown of F} o kg, (K). First observe that (5.22)
identifies ¢(K) ®c,(m\y) id with K ®cy(y)xpm id. Then let z € Zx, w €
Zy, e € Fy and fix the following notation as in Definitions 5.33, 5.37.

‘Zzi HG\X — HX
Iwi HH\Y — Hy
Te: Hy  — By Qcy(vyxu Hy

We have e @ w € Ey ®@cy(v)yxz Ly = Emy and up to the identifica-
tion (5.22) the following maps are equal.

Tegw = Te 0 Tw: Hpny = Ex\y @com\y) Hay = By ®cy(v)yxm Hy

As before, the image of kg, is the closed linear span of operators of the

form ., o %7 , where e;,es € Ey. Thus we can assume without loss of

generality that
K ®cy(vyxn iy, = ¢(K) @cym\y) 1da, = Te, 0 T,
Hence
Fiokp, (K)o (T, ®id) = F;o (id®‘551 ° ‘EZZ) o (T, ®id)
=Fo(id®%,)o (T.®%}))
~ (id®Te,) 0Ty o (T. ®T})

because (F) is a connection for (7;). We can furthermore assume that
€2 = €5 ¢ (yv)xm (W | w), where € € Ey, w,w' € Zy because such elements
are dense. Then T, =T, 0T,y 0 T} and we continue

(id ®Te,) 0 Tyo (T. ® T7))
= ([ ®T,,) 0Ty o (T. ®Ty) o (id©T, 0T,
~ ([ET,,) 0 (T- @ T,) 0 5o (id@Ty 0 T )
— (%, ®id)o | id®F,, 0Ty | 08, 0 (id@i;;, o‘IZ/)
—— 2

Sel Rw

~(T.®1d)0 Gy o (IM@T, 0 Ty) o (d@T, 0T,
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= (T.®id) 0 Gy o (Id®@T,, 0 T}))
= (%, ®id) o Gy o (Id®¢(K) ®id)
= (T, ®@id) 0o Gy o Ky, (B(K)).
because (S;) is a pushdown of (T3) and (Gy) is a connection for (S;). Hence
Fiorp, (K)o (T, ®id) ~ (T, ®id) o Gy 0 kgyy, (A(K)).
A completely analogous argument also proves that
(T ®@id) o Fyo kg (K) ~ G o kpy,, (¢(K)) o (T ®@id).
Thus (G) is a pushdown of (F}), as required. O
This finishes the proof of Theorem 5.31.

6. Injectivity of external products

In this section, we deduce our injectivity results for external product
maps using the machinery developed in Sections 4, Section 5. In the fol-
lowing statements, we fix an exact crossed product functor p or p = red if
H is exact. Here and in the following, we will use the notation convention
from Remark 1.12. We start with an injectivity result for the external prod-
uct with a single element. This is a direct consequence of our equivariant
slant products.

THEOREM 6.1. — Let Y be a proper metric space of continuously boun-
ded geometry endowed with a proper action of a countable discrete group
H. Let y € KZ(Y) be such that there exists ¥ € Kq_p(c"*Y x,, H) with

(y, uy¥) =1 (or with (y, py9) # 0).
Then for every proper metric space X endowed with a proper action of
a countable discrete group G, the external product

HRE(X) “% HREH(X x V)
is (rationally) split-injective.
Proof. — It follows from Corollary 5.26 that a retraction for xy is given

by (a rational multiple of) the map
HREH (X x V) L5 HRE (X),

p+n

O

If the equivariant coarse co-assembly map is rationally surjective, then
we obtain rational injectivity of the entire external product map in the
presence of a free action on the second factor.
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THEOREM 6.2. — Let Y be a proper metric space of continuously boun-
ded geometry endowed with a proper and free action of a countable discrete
group H. Suppose that the equivariant coarse co-assembly map

i Kis (Y %, H) — K3 (Y)

is rationally surjective.
Then for every proper metric space X endowed with a proper action of
a countable discrete group G, the external product

HRE (X))@ KE(Y) - HRE (X x V)

m—+n

is rationally injective for every m,n € Z.

Proof. — First observe that the universal coefficient theorem implies
that the pairing between K-theory and homology induces an isomorphism

Kn(H\Y) ® Q = Hom (K" (H\Y), Q).

Since the action of H on Y is free, it follows from Definition 5.25, Theo-
rem 5.31 that the pairing between KX (Y) and K% (Y) is equivalent to the
pairing between K,,(H\Y) and K"(H\Y'). Thus we also have an isomor-
phism

(6.1) KH(Y) @ Q  Hom (K3 (V), Q).
Now pick a Q-basis (0;);er for K%(Y) ® Q. By exploiting the rational

surjectivity of the equivariant coarse co-assembly map and possibly mul-
tiplying the basis elements with integers, we can assume that there are
elements ¥; € K;_,,(c"Y X, H) with p*(9;) = 0; for all i € I. We use the
equivariant slant products with all ¢; simultaneously. By Corollary 5.26,
this yields a commutative diagram

HRE(X) 9 KH (V) ®Q — HREH (X x V) ®Q

m+n
ngd@HiEI(i’ei) J{HiEI/ﬁi
HRG(X) @ [Le;Q—— Il (HRnGz(X) ®Q).
The left vertical arrow is an isomorphism by (6.1) and the lower horizontal

arrow is injective for abstract reasons. Consequently, this proves that the
external product map is injective. O

Remark 6.3. — At first glance, one might also hope for a coarse version
of the previous theorem using the definitions given in Section 4.6. That
is, for a proper metric space Y of bounded geometry such that the coarse
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co-assembly map u*: K;_,(c"Y) — KX*(Y) is rationally surjective, the
external product maps

x: KXpn(X) ® KXp(Y) = KXppsn(X x Y)
<0 SXpn(X) @ KXp(X) = SXppin(X x Y)
% K (C*X) @ KXp(Y) = Ky (C*(X x Y))

should be rationally injective.(®*) However, there seems to be little hope.
The proof of Theorem 6.2 does not work in this situation because the
pairing between KX,,(Y) and KX"(Y) can be degenerate in general.

6.1. Proper metric spaces that are scaleable, combable or
coarsely embeddable

In this section we show that in many situations, where one can prove
the coarse Novikov conjecture, one can also prove injectivity of external
products on the non-equivariant version of the Higson—Roe sequence. In
the following, the space Y will come without a group action. In effect, we
will apply Theorem 6.2 for the case that H is the trivial group.

We refrain from recalling here the notions occuring in the following corol-
lary (like scaleable or combing) because they do not appear anywhere else
in this paper. The interested reader can find the relevant definitionsin the
references provided in the proof below. The corollary is stated as Corol-
lary 1.14 in the introduction.

COROLLARY 6.4. — Let Y be either

(a) a uniformly contractible, proper metric space of continuously boun-
ded geometry which is scaleable,

(b) a uniformly contractible, proper metric space of continuously boun-
ded geometry which admits an expanding and coherent combing,
or

(¢) the universal cover EH of the classifying space BH of a group H, if
BH is a finite complex and H is coarsely embeddable into a Hilbert
space.

Then for every proper metric space X endowed with a proper action of
a countable discrete group G, the external product

HRE(X) @K, (Y) = HRE , (X xY)

m—+n

(34) The external product x : Km (C*X)RKXn(Y) = Kpm4n (C*(X xY)) is the external
product of the Roe algebras composed with the coarsified assembly map KX, (Y) —
K, (C*Y).
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is rationally injective for each m,n € Z.

Proof. — In either case we will reduce to Theorem 6.2, where we take
H to be the trivial group. Then we need to show that the ordinary coarse
co-assembly map p*: Ki_,(c"Y) — K*(Y) is rationally surjective.

(a) Emerson and Meyer [27, Corollary 8.10] proved that under these
assumptions on Y its coarse co-assembly map is an isomorphism.

(b) Engel and Wulff proved that under these assumptions on the space
Y the coarse co-assembly map u*: Ki_,(c"dY) — KX*(Y) is sur-
jective [30, Theorem 5.10]. Because uniform contractibility of ¥’
implies KX*(Y) 2 K*(Y"), see Proposition 4.42, the claim follows.

(¢) Emerson and Meyer [27, Section 9] proved that under these as-
sumptions on H its coarse co-assembly map p*: Ky, (¢"*‘EH) —
KX*(EH) is an isomorphism. In this case, EH is uniformly con-
tractible and so we get KX*(H) & K*(EH) by Proposition 4.42.
Moreover, EH has continuously bounded geometry. O

6.2. Groups with a y-element

The following result is also a consequence of Theorem 6.2 and was stated
as Theorem 1.7 in the introduction.

COROLLARY 6.5. — Let N be a finite aspherical complex, and assume
that H = my N has a ~y-element.

Then for every proper metric space X endowed with a proper action of
a countable discrete group G, the external product map

HRE (X) @ Kn(N) — HREXH (X x N)

m—+n
is rationally injective for each m,n € Z.
Proof. — Since N is assumed to be a finite aspherical complex, the group

H is torsion-free and N is an H-finite model for EH = EH. Hence by
Corollary 5.3 we conclude that the equivariant coarse co-assembly map

Wi Ko, (credﬁ Mmax H) K3 (N) 2 K*(N)
is surjective. Thus we can apply Theorem 6.2 together with the isomor-
phism K, (N) = KZ(N). O
In the case of K-homology the above injectivity statement follows from

the Kiinneth formula and is therefore valid in full generality, that is, without
assuming the existence of a y-element. But for the K-theory of the reduced
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group C*algebras, the Kiinneth formula is only known to hold if 7 M
satisfies the Baum—Connes conjecture with coefficients in any C*algebras
with trivial 71 M-action [21], which is a considerably stronger assumption
than the existence of a v-element. We explore this in Section 7 below.

6.3. Higson-essentialness and hypereuclidean manifolds

We restate the definition of a Higson-essential manifold which was given
in Definition 1.4.

DEFINITION 6.6. — We say that a complete Riemannian spin®-manifold
X of dimension m is Higson-essential if there exists ¥ € Kl_m(c“’dX ) such
that ([P x], u*(¥)) = 1, where [Px] € K,,,(X) denotes the K-homological
fundamental class of the spin®-structure. If the condition is relaxed to
merely ([ x], *(9)) # 0, then X is called rationally Higson-essential.

Start with an immediate observation.

PROPOSITION 6.7. — Let X be a complete Riemannian spin®-manifold
X of dimension m such that the coarse co-assembly map p*: K, (¢"4X)
— K™ (X) is (rationally) surjective. Then X is (rationally) Higson-essential.

Proof. — This follows from the definition because there always exists a
class Bx € K™(X) such that ([Dx],Bx) = 1. Indeed, Bx can be taken to
be the Bott generator inside a coordinate patch R™ C X. |

Remark 6.8. — In particular, a complete spin®-manifold which is also a
space of a type considered in Corollary 6.4 is Higson-essential.

Higson-essentialness is an analytic condition. We will contrast it with the
following coarse geometric property which is a generalization of hypereucli-
dan manifolds from Definition 1.2.

DEFINITION 6.9 (compare [15, Definition 2.11]). — We say a complete
oriented Riemannian manifold X of dimension m is coarsely hypereuclidean
if there exists a coarse map ¢: X — R™ such that ¢.(c[X]) € HX,, (R™) is
a generator, where HX . denotes coarse homology and c: HYf (X) — HX,(X)
is the coarsification map. If the condition is relaxed to merely p.(c[X]) #
0 € HX,,,(R™), then X is called rationally coarsely hypereuclidean.

Moreover, we say that X is (rationally) stably coarsely hypereuclidean
if there is k € N such that X x R¥ is (rationally) coarsely hypereuclidean.

ANNALES DE L’INSTITUT FOURIER



SLANT PRODUCTS ON THE HIGSON-ROE EXACT SEQUENCE 1013

Since any proper Lipschitz map is coarse and the coarsification map is
an isomorphism for R™, it is immediate that (rationally, stably) hyper-
euclidean in the sense of Definition 1.2 implies (rationally, stably) coarsely
hypereuclidean.

6.3.1. Coarsely hypereuclidean implies Higson-essential

In this subsection, we prove that stably coarsely hypereuclidan spin®-
manifolds are Higson-essential. To deal with the stable aspect, we need to
work with the suspension isomorphism for the stable Higson corona. We
discuss this in the following remark.

Remark 6.10 (Suspension for the stable Higson corona). — Let R_ =
(—00,0] and Ry :=[0,00). Then X x R=X x R_ U X x R, is a coarsely
excisive cover by closed subsets. We then have three pull-back diagrams of
C*-algebras of the form

¢(X x R) — &(X x Ry)

| |

(X xR_) — ¢(X),

where € € {Cy(—, K), "4, ¢"d}. Moreover, all maps in these diagrams are
surjections. These properties follow from [59, Lemmas 3.3 and 3.4]. Asso-
ciated to each of these pullback diagrams we have a long exact Mayer—
Vietoris sequence in K-theory [9, Section 21.2]. As X x Ry is flasque,
K. (€(X x Ry)) = 0. Thus the boundary maps in the Mayer—Vietoris se-
quences yield isomorphisms ¥: K, (€(X)) =N K.-1(€(X x R)). Applying
the functorial exact sequence 0 — Co(—,K) — ¢°d(=) — (=) = 0
yields an exact sequence of pullback diagrams. Thus the co-assembly map,
which is the boundary map associated to 0 — Co(—,K) — ¢°d(-) —
¢®d(—) — 0, commutes with the Mayer—Vietoris boundary map up to a
sign. In other words, we have the diagram

K*(X) ————— K*}(X x R)
d ‘]
Ki (99X) —=5 Ky oy (94X x R))
which commutes up to multiplication with —1.

We are now ready to to prove the main theorem of this subsection.
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THEOREM 6.11. — Let X be an m-dimensional (rationally) stably coar-
sely hypereuclidean spin®-manifold. Then X is (rationally) Higson-essential.

Proof. — By assumption, we have a coarse map ¢: X x RF — R™** such
that .c[X x R¥] = dc[R™*+*] where d = (or d # 0 € Z, respectively). We
first observe that then the same applies to the K-homological fundamental
clases, that is,

pic [Dxxpr] = de [Prmr] € KXpppp, (R™FF)

This follows from the Chern character. Indeed,

ch, ([Dxxrr]) € @ Hy oo (X x RY;Q)
ieN
is the Poincaré dual of the Todd class Td(X x R¥) of X x R*. Since R™*+*
has coarse and locally finite homology only in degree m + k, only the top
degree component of ch, ([I) x xgr]) contributes to chy (@.c[ID x xgx]). As the
degree zero part of Td(X x R¥) is 1, this component is [X x R*] and we
conclude that

chy (¢uc [Dxxrr]) = puc [X x R¥] = dc [R™*] € HXpppp, (R™TF; Q) .

This also implies the desired integral equality because the transformation
7 = HX, (R™+F) — HX, (R™*; Q) = Q is injective.
Next, we consider the following commutative diagram (up to signs).

K™ (X) 2; s K™ R (X x RF) Ktk (R
C*T C*T C*TN
KX™ (X) —2—— KX™ (X x RF) T KX (R +E)

] ] ]

K1 (€°9X) —2 Ky (€9(X x BE)) 5 Ky (IRTE)

Here YF signifies the k-fold application of the suspension ismorphism from
Remark 6.10. Let Bgmix € K™ TF(R™+F) be the Bott generator and Jgm+x
€ Ki_pm_p(c®dR™**) such that c*p*Igm+x = PBrm+x. Further, we set 9 €
K (c™9X) to be the unique element such that X9 = *9gm+x. To prove
that X is (rationally) Higson-essential, we need to verify that ([ID x], c* u*)
= +d. Indeed, ¥ = £p*SF9 = £p @ Igmer = T P Igmer and
therefore
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([Px], cur0) = ([Px] x [Prr] , S ™)

lpx} X [lDR’“} 7C*Ekﬂw>
U»DX X Rk] ,C*<P*ﬂ*19Rm+k>
PxC [lDXka] 7#*19Rm+k>

£
£
+ <dc [mRerk] ,u*ﬂRm+k>
+
+

(1
(I

Dgomsr ], ¢* W Ogmesn )
meJrk] 7BR"‘+’°> = :l:d . I:’

d|
d|
6.3.2. Injectivity of external products

The following result explains why the notion of Higson-essentialness is
useful for our purposes. It was stated as Theorem 1.5 in the introduction.

COROLLARY 6.12. — Let Y be an n-dimensional spin®-manifold of con-
tinuously bounded geometry. Suppose that Y is (rationally) Higson-essen-
tial (in particular, this is satisfied if Y is (rationally) stably coarsely hyper-
euclidean). Assume furthermore that 'Y is endowed with a proper action of
a countable discrete group H which preserves the spinstructure.

Then for every proper metric space X which is endowed with a proper
action of a countable discrete group G, the external product

HRE(X) X2, yRGXH (X » v)
is (rationally) split-injective.

Proof. — If [Dy] € KZ(Y) denotes the equivariant fundamental class of
Y, then F.[Dy] € K, (Y) is the fundamental class of the underlying non-
equivariant spin®-manifold, where we used the notation from Section 5.5.
By assumption, there exists ¥ € K;_,(¢°dY) with (F.[Dy], p*d) = d,
where d = 1 (or d # 0, respectively). Let ¢: ¢®Y — ¢°dY %, H be
the map which was also considered in Section 5.5. Then Definition 5.25,
Theorem 5.23, Lemma 5.30 imply that

([Dy], pwipe?) = (Fs [Py ], p*0) = d.

Thus we can apply Theorem 6.1. O
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6.3.3. Contractible manifolds

Assuming that the non-compact manifold is contractible (for instance,
consider the universal cover of an aspherical manifold), we get the following
stronger results.

PROPOSITION 6.13. — Let Y be a contractible n-dimensional spin®-
manifold. Suppose that Y is (rationally) Higson-essential (in particular,
this is satisfied if Y is (rationally) stably coarsely hypereuclidean).

Then the coarse co-assembly map p*: Ki_.(¢*1Y) — K*(Y) is (ratio-
nally) surjective.

Proof. — Because Y is contractible, Poincaré duality for spin®-manifolds
(see for instance [40, Exercise 11.8.11]) implies

Z p=n mod 2,

KP(Y)  RK,,_,(Y) = RK,,_(+) = { |
0 otherwise.

If Y is Higson-essential, by definition there exists a class in the image of the

co-assembly map which pairs to 1 with [y ]. Such a class must generate

K*"(Y) 2 Z. If Y is only rationally Higson-essential, the co-assembly map

is still rationally non-trivial and hence rationally surjective as the target is

one-dimensional. O

COROLLARY 6.14. — Let Y be a contractible n-dimensional spin®-
manifold of continuously bounded geometry. Suppose that Y is rationally
Higson-essential (in particular, this is satisfied if Y is rationally stably
coarsely hypereuclidean).

Then for every proper metric space X endowed with a proper action
of a countable discrete group G, the external product

HRG(X) 9 Ky(Y) = HRG (X xY)
is rationally injective for each m,p € Z.
Proof. — Combine Proposition 6.13, Theorem 6.2. |

7. Kiinneth theorems for the structure group

In this final section—which does not use the methods of the rest of the
paper—we deduce a full Kiinneth-like theorem for the analytic structure
group in the case that the Baum—Connes conjecture is satisfied.
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THEOREM 7.1. — Let H be a countable discrete group. Assume that H
is torsion-free and satisfies the Baum—Connes conjecture for all coefficient
C*-algebras with trivial H-action.(3%)

Then for any simplicial complex M, the external product map

RSE (M) ® RK,(BH) — RSE*H (M x EH),

where G = m1 M, is rationally an isomorphism. If RK,(BH) is torsion-free,
then it is integrally an isomorphism.

Proof. — We consider the following commutative diagram which is part
of a map between rationally exact sequences.

RSE (M) ® RK.(BH) — RK. (M) ® RK.(BH) — K, (C%,,G) ® RK,.(BH)

J | |

RS*GXH(M x EH) —— RK,(M x BH) ——— K, (C! 4(G x H))

Indeed, the top sequence is the analytic exact sequence (1.7) for the space
M tensored with RK, (BH). The functor — ® RK, (BH) is rationally exact
and hence the top sequence is rationally an exact sequence. The lower
sequence is the analytic exact sequence (1.7) for the space M x EH.

The middle vertical arrow is rationally an isomorphism due to the Kiin-
neth formula for K-homology. Note that in general for any ring spectrum we
have a Kiinneth spectral sequence. But in the case of the complex K-theory
spectrum one can show that the spectral sequence degenerates suitably to
give rise to a short exact sequence. This follows by similar arguments as
presented in the remark on top of [43, page 62].

Because we assume H to be torsion-free and to satisfy the Baum—Connes
conjecture, the assembly map RK.(BH) — K, (C},4H) is an isomorphism.
Also, the reduced group C*algebra C;, H satisfies the Kiinneth formula,
because we assume that H satisfies (the reduced version of) the Baum—
Connes conjecture for all coefficient C*algebras with trivial H-action.(3%)
Hence the right vertical arrow in the diagram is rationally an isomorphism.

It follows from the five lemma that the left vertical arrow must also be
rationally an isomorphism.

If RK.(BH) is torsion-free, then the functor — ® RK,(BH) is integrally
exact, that is, the top sequence in the above diagram is exact. Furthermore,

(35) For example, H could be a-T-menable [36] or it could be hyperbolic [42, 51].

(36) Ty [56] proved that if H is amenable, then C}  H lies in the bootstrap class and
hence satisfies the Kiinneth formula. That C}_ ,H satisfies the Kiinneth formula if H
satisfies the Baum—Connes conjecture was proven by Chabert, Echterhoff and Oyono-
Oyono [21].
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the Tor-terms in the Kiinneth formulas for the middle and right vertical
arrows vanish in this case and therefore these arrows are isomorphisms.
Therefore the left vertical arrow is also an isomorphism by the five-lemma.
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