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WHEN DO TRIPLE OPERATOR INTEGRALS TAKE
VALUE IN THE TRACE CLASS?

by Clément COINE,
Christian LE MERDY & Fedor SUKOCHEYV (*)

ABSTRACT. — Consider three normal operators A, B,C on a separable Hilbert
space H as well as scalar-valued spectral measures A4 on o(A), Ap on o(B) and
Ac on o(C). For any ¢ € L®(As X A X A¢) and any X,Y € S?(H), the
space of Hilbert—Schmidt operators on H, we provide a general definition of a
triple operator integral I'*5:C(¢)(X,Y) belonging to S2(#) in such a way that
'4B.C(¢) belongs to the space B2(S?(H) x S?(H), S?(H)) of bounded bilinear
operators on S?(#H), and the resulting mapping I'45:C: L® (A4 x Ap x A¢) —
Bo(S?(H) x S?(H), S?(H)) is a w*-continuous isometry. Then we show that a func-
tion ¢ € L (A4 X Ap X A¢) has the property that [45-C(¢) maps S2(H) x S%(H)
into S'(H), the space of trace class operators on #, if and only if it has the
following factorization property: there exist a Hilbert space H and two func-
tions a € L®°(Aa X Ag;H) and b € L™ (Ap x Ac; H) such that ¢(t1,t2,t3) =
(a(t1,t2),b(t2,t3)) for a.e. (t1,t2,t3) € 0(A)xo(B)xo(C). This is a bilinear version
of Peller’s Theorem characterizing double operator integral mappings S1(H) —
S1(H). In passing we show that for any separable Banach spaces F, F', any w*-
measurable esssentially bounded function valued in the Banach space I'z2(E, F*) of
operators from F into F'* factoring through Hilbert space admits a w*-measurable
Hilbert space factorization.

RESUME. — Considérons trois opérateurs normaux A, B, C sur un espace de Hil-
bert séparable H ainsi que des mesures spectrales scalaires A4 sur o(A), Ap sur
o(B) et A¢ sur o(C). Pour tout ¢ € L®(Aa X Ap X A¢) et pour tous X, Y € S?(H),
I’espace des opérateurs de Hilbert—Schmidt sur H, nous donnons une définition gé-
nérale d’une intégrale triple d’opérateurs I'45B-C(¢)(X,Y) appartenant & S?(H),
de sorte que I'4B-C () appartient & espace Ba2(S2(H) x S2(H), S2(H)) des opéra-
teurs bilinéaires bornés sur S2(H), et I'application I'4B-C: L®(A 4 x A x A\g) —
Ba(S%(H)xS?(H), S%(H)) est une isométrie w*-continue. On montre alors qu’étant
donnée une fonction ¢ € L®(Ag X Ap x Ag), T4B:C () envoie S2(H) x S?(H)
dans S1(H), I’espace des opérateurs & trace sur H, si et seulement si ¢ vérifie
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la propriété de factorisation suivante: il existe un espace de Hilbert H et deux
fonctions a € L™ (Aa X Ap; H) et b € L™ (A X A¢; H) tels que ¢(t1,t2,t3) =
(a(t1,t2),b(t2,t3)) pour presque tout (t1,t2,t3) € o(A)xo(B)xo(C). Il s’agit de la
version bilinéaire du Théoréme de Peller caractérisant les applications d’intégrales
doubles d’opérateurs envoyant S'(H) dans S!(H). On établit en passant qu’étant
donnés deux espaces de Banach séparables E et F', toute fonction w*-mesurable et
essentiellement bornée a valeurs dans I'espace I'2(E, F'*) des opérateurs de E dans
F* se factorisant par un espace de Hilbert, admet une factorisation hilbertienne
w*-mesurable.

1. Introduction

Let H be a separable Hilbert space. Let S?(H) denote the space of
Hilbert—Schmidt operators on H and let S'(#) denote the space of trace
class operators on H. Let A, B be two normal operators on H. Any bounded

Borel function ¢ on o(A) x o(B) gives rise to a double operator integral
mapping I'4B(¢): S2(H) — S%(H) formally defined as

8 (g)(X) = / o(s,t) dEA (s) X AEP(t), X € 5*(M),
o(A)xo(B)

where F4 and EP denote the spectral measures of A and B, respec-
tively. Double operator integrals were initially defined by Daletskii and
Krein [15] and then dramatically developed in a series of papers of Birman—
Solomjak [5, 6, 7]. They play a prominent role in various aspects of operator
theory, especially in the perturbation theory. We refer the reader to the sur-
vey papers [8, 30] and to the book [38] for a large volume of information
on this topic and its applications.

In [28], V.V. Peller gave a characterization of double operator integral
mappings which restrict to a bounded operator on S*(#). He showed that
4B (¢) is a bounded operator from S*(H) into itself if and only there exist
a Hilbert space H and two functions a € L>®°(E4; H) and b € L>(EP; H)
such that

(s, t) = (a(s), b(t)) a.e.-(s,1).
This property means that the operator L'(E4) — L (E?) with kernel ¢
factors through Hilbert space. We refer to [22] and [28] for other equivalent
formulations.

The purpose of this paper is to study an analogue of Peller’s Theorem
for triple operator integrals. This issue was motivated by a recent work of
the authors together with D. Potapov and A. Tomskova on perturbation
theory [12]. In this paper the construction of triple operator integral map-
pings which do not map S?(#H) x S%(H) into S*(H) played a fundamental
role; see also [11] and [35] for related work.
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The paper [12] contains the following result on infinite matrices (see
Theorems 1, 7 and Corollary 8 in the latter paper). Let M = {myx;}ix j>1
be a three-dimensional matrix with entries in C. Let (E;;); ;>1 denote the
standard matrix units. Then the bilinear Schur multiplier Bj; formally
defined by

Bu(X,Y):= Y maaayn; By, X ={@i}ije1, ¥ = {yij iz,
i k=1

defines a bounded bilinear operator from S? x S? into S* if and only if there
exist a Hilbert space H and two bounded families (a;x);,x>1 and (bjx);k>1
in H such that

Mik; = <aikabjk>7 i?khj P 1.

Triple operator integral mappings can be regarded as (far reaching) ex-
tensions of bilinear Schur multipliers, hence the above result serves as a
guide for our investigation. In Section 3 we revisit an old construction of
Pavlov [26] providing a general definition of triple operator integral map-
pings

4B (g): S2(H) x S2(H) — S%(H),

where A, B,C are normal operators on H, A4, Ap, A¢ are scalar valued
spectral measures on the spectra o(A), o(B), o(C), respectively, and ¢ €
L=(Aa % Ap x A¢). We show in Theorem 3.3 and Corollary 3.9 that I'45-¢
is an isometry from L>®(A4 X Ap X A¢) into Bo(S%(H) x S%(H), S?(H)),
the space of bounded bilinear maps from S?(H) x S%(H) into S?(H), and
that T45:¢ is w*-continuous (i.e. continuous in the w*-topologies of the
dual spaces L>®(Aa x Ag X A¢) and Ba(S?(H) x S%(H), S%2(H))).

Our main result, established in Section 6 (see Theorem 6.2), asserts that

DA (9) : S2(H) x S*(H) — S'(H)
if and only if there exist a Hilbert space H and two functions
a€ L®(\a x Ag; H) and be LA\ X Ac; H)
such that
(1.1) @(t1,t2,t3) = (a(ty, ta), b(ta, t3)), a.e.-(t1,ta,t3).

In Section 7, we recover Peller’'s Theorem as a special case of the above
statement and we compare our triple operator integrals with previous con-
structions.

TOME 71 (2021), FASCICULE 4
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Multiple operator integrals are a very active topic at the moment. In
addition to the already mentioned papers [11, 12], we refer the reader to [1,
2,3, 4, 10, 13, 25, 29, 34] for important results, as well as to [38] and the
references therein.

The proof of Theorem 6.2 combines several techniques and intermedi-
ate results which are discussed in Sections 2-5. First, the w*-continuity of
'4B.¢ plays a crucial role as it allows to reduce various computations to
tensor product manipulations. The relevant background on tensor prod-
ucts and duality is provided in Section 2. Second, in order to study the
factorization property (1.1), which is about functions only, we need to de-
velop triple operator integrals associated with functions, in parallel with
the construction of T'45B-C. This is achieved in Subsection 3.2. The link
between the two constructions, which is fundamental for our purpose, is
given in Subsection 3.3 (see Proposition 3.8). Third, w*-measurable ver-
sions of vector-valued LP-spaces and Hilbert space factorizations appear
naturally in our investigation. Sections 4 and 5 are devoted to these two
topics. Our main result, of independent interest, is the following. Let E, F’
be separable Banach spaces and let (£2, 1) be a separable measure space.
Let T'y(E, F*) be the space of all bounded linear operators E — F* which
factor through Hilbert space. This is a dual space (see (2.6)). We show that
if o: Q — T'2(E, F*) is a w*-measurable essentially bounded function, then
there exist a separable Hilbert space H and two w*-measurable essentially
bounded functions a: Q@ — B(E, H) and 3: Q — B(F, H) such that

([e®)] (@), y) = ([a®)](2), [BB)](¥))

almost everywhere, for any z € F and y € F..

We end this Introduction with a few notations and conventions. Through-
out the paper we will use the notation || - ||, for the norms on various LP-
spaces, which may be either classical ones or vector valued ones. The nota-
tions || - ||1 and || - ||2 will also be used on the spaces of trace class operators
and Hilbert—Schmidt operators, respectively (see Subsection 2.3).

Whenever ¥ is a set and V' C ¥ is a subset we let xy: ¥ — {0,1} denote
the characteristic function of V.

The Hilbertian direct sum of any family (#;);e; of Hilbert spaces will
be denoted by

2
P ..
i€l

2
Likewise, the notation H & K will stand for the Hilbertian direct sum of
any two Hilbert spaces H and K.

ANNALES DE L’INSTITUT FOURIER
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Whenever E| F are two Banach spaces, a bounded linear map u: E* —
F* will be called w*-continuous when it is continuous with respect to the
w*-topologies of £* and F*. This is equivalent to the fact that u is the
adjoint of a bounded linear map from F' into E. We recall that when
a w*-continuous map w: E* — F* is an isometry, then its range is w*-
closed, and u induces a w*-homeomorphism between E* and its range.
The latter is therefore a dual space and u: E* — u(E*) is an isometric
w*-homeomorphic identification between the dual spaces E* and u(E*).

2. Preliminaries and background
2.1. Normal operators and scalar-valued spectral measures

We assume that the reader is familiar with the general spectral theory
of normal operators on Hilbert space, for which we refer e.g. to [37, Chap-
ters 12 and 13] and [14, Sections 14 and 15]. Let H be a separable Hilbert
space and let A be a (possibly unbounded) normal operator on H. We let
a(A) denote the spectrum of A and we let E“ denote the spectral measure
of A, defined on the Borel subsets of o(A).

By definition a scalar-valued spectral measure for A is a positive finite
measure A4 on the Borel subsets of o(A), such that Ay and E4 have the
same sets of measure zero. Such measures exist, thanks to the separability
assumption on H. Indeed let

W*(A) C B(H)
be the von Neumann algebra generated by the range of E4. By [14, Corol-
lary 14.6], W*(A) has a separating vector e. It follows that

Aa = |[EA(- el
is a scalar-valued spectral measure for A. (This construction is given in [14,
Section 15] for a bounded A.)

The Borel functional calculus for A takes any bounded Borel function
f:0(A) — C to the bounded operator

f(A) = / PRCELRCE

According to [14, Theorem 15.10], it induces a w*-continuous (=normal)
x-representation

(2.1) TA: LOO()\A) —)B(?’l),

TOME 71 (2021), FASCICULE 4
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As a matter of fact, the space L>°(\4) does not depend on the choice of
the scalar-valued spectral measure A 4. Without ambiguity, we may write

F(A) = ma(f) for any f € L®(A).

2.2. Tensor products and duality

We give a brief summary of tensor product formulas to be used in
the sequel. Let F, F' and G be Banach spaces. We let B(F,G) be the
Banach space of all bounded linear operators from FE into G. Then we
let Ba(E x F,G) be the Banach space of all bounded bilinear operators
T: Ex F — G, equipped with

|IT|| = sup{||T(z,y)|| : € B,y € F, [lz] < 1, [yl <1}
If z € E® F, the projective tensor norm of z is defined by

Izlln = inf {3 lalllvil }

where the infimum runs over all finite families (z;); in E and (y;); in F
such that
z = Z T; QY.

The completion E é\b F of (E® F,|-||a) is called the projective tensor
product of E and F.

To any T' € Bo(E x F,G), one can associate a linear map T:E®F -G
by the formula

Tx®y)=T(z,y), zcE, yePF.
Then T is bounded on (E ® F,|-||»), with ||T|| = ||T|, and hence the
mapping T +— T gives rise to an isometric identification
A
(2.2) By (Ex F,G)=B(E®F,G).

In the case G = C, this implies that the mapping taking any functional
w: E® F — C to the operator u: E — F* defined by (u(z),y) = w(z ®y)
for any z € E,y € F, induces an isometric identification

(2.3) (E& F)* = B(E, F*).

We refer to [18, Chapter 8, Theorem 1 & Corollary 2| for these classical
facts.

Let (Q,u) be a o-finite measure space and let L'(; F) denote the
Bochner space of integrable functions from € into F. By [18, Chapter 8,

ANNALES DE L’INSTITUT FOURIER
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Example 10], the natural embedding L*(Q) ® F C L*(£2; F) extends to an
isometric isomorphism
A
(2.4) LY F) =LY Q)@ F.
By (2.3), this implies
(2.5) LY (Q; F)* = B(L*(Q), F).

Let E, W be Banach spaces. We say that an operator u: E — W factors
through a Hilbert space if there exist a Hilbert space H and two operators
a:FE — Hand 8: H— W such that u = Sa. We denote by I'y(E, W)
the space of all such operators. For any u € T'y(E, W), define

v2(w) = inf{{le[|B]]},

where the infimum runs over all factorizations of u as above. Then v, is a
norm on I'o(E, W) and the latter is a Banach space, see e.g. [17] or [31,
Chapter 2].

We will make crucial use of the fact that if W is a dual space, then
I'y(E,W) is a dual space as well. Indeed assume that W = F* for some
Banach space F'. Then there exists a norm 75 < || ||, on F ® F' such that

A
if we let £/ ®,; F' denote the completion of (£ ® F,v3), then (2.3) induces
an isometric identification

(2.6) (E &5 F)* =Ty(E, F*).

See e.g. [32, Theorem 5.3] for a definition of 75 (that we will not use
here) and a proof. By construction, the canonical embedding I's(E, F*) —
B(E, F*) is w*-continuous.

2.3. Operators on Hilbert spaces and trace duality

Let H,K be Hilbert spaces and let tr be the trace on B(K). We let
S1(KC,H) denote the space of trace class operators T: K — H, equipped
with || T||y = tr(|T), where |T| = (T*T)%. We recall that the pairing

(8,T) =tr(ST), T eSYK,H), Se€ B(H,K),
induces an isometric identification

(2.7) B(H.K) = SY (K, H)".

TOME 71 (2021), FASCICULE 4
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Let S?(KC,H) denote the space of Hilbert-Schmidt operators T: K — H,
1

equipped with [|T]|2 = (tr(|T?))?. Then the above duality pairing also

yields an isometric identification

(2.8) S%(H,K) = S%(K,H)*.

Given any two Banach spaces F, G, it is customary to identify F* @ G
with the space of bounded finite rank operators from E into G. Indeed
for any «* € E* and g € G, 2* ® g is identified with the element of
B(E,G) taking any = € E to z*(x)g. We apply this principle to Hilbert
spaces. We let IC denote the complex conjugate of K and recall the canonical
identification K* = K. Then we regard C ® H as the space of finite rank
operators from K into H. In this identification, for any n € K and £ € H,
7 ®&: K — H denotes the operator taking any z € K to (z,n)&.

We recall that £ ®H is both a dense subspace of S*(KC, H) and S%(KC, H).

2.4. Measurable Schur multipliers

Let (1, 1) and (Qa, 12) be two o-finite measure spaces. If J € L?(Q; x
3), the operator

Xy L*Q1) — L?()
re—= [t )r(t) dpa(t)
971
is a Hilbert-Schmidt operator and || X ||z = ||J||2. Further any element
of S?(L?(Q1), L?*(2)) has this form (see e.g. [36, Theorem VI. 23]). We
summarize these facts by writing an isometric identification
(29) LQ(Ql X Qg) = SQ(LQ(Ql), LQ(QQ))
Let ¢p € L*°(1 x Q2). Thanks to the above identity, we may associate
the operator
Ry S*(L*(n), L*(Q2)) — S*(L*(), L*(22))
X;— Xw]
whose norm is equal to ||1)||cc. We say that ¢ is a measurable Schur mul-
tiplier if R, extends to a bounded operator (still denoted by)
Ry: K(L*(Q1), L*(Q2)) — B(L*(), L*(Q2)),

where KC(L2(21), L?(€2)) denotes the space of compact operators from
L?(£2;) into L?(£2s). The density of Hilbert—Schmidt operators in compact
operators ensures that this extension is necessarily unique.

ANNALES DE L’INSTITUT FOURIER
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For any ¢ € L>(; x Q2), one may define uy, € B(L' (1), L>=(Q2)) by
uy(r) = ot )r(t)dps (t), € LY(Q).
1951
Applying (2.5) with F'= L'(€) together with the identity L' (21; L(Q2))=
LY(; x Qy), we obtain an isometric w*-homeomorphic identification
(210) Loo(Ql X Qg) = B(Ll(Ql)7LOO(QQ))
A thorough look at this identification reveals that it is given by the mapping
Y = uy. Thus we have
lug |l = 9]l

and any element of B(L' (), L>(€2)) is an operator u,, for some (unique)
.

The first part of Theorem 2.1 below is a remarkable characterization
of measurable Schur multipliers. In the discrete case it was stated by
Pisier in [32, Theorem 5.1] who refers himself to some earlier work of
Grothendieck. For the general case considered here we refer to Haagerup [21]
and Spronk [39, Section 3.2]. Peller’s characterization of double operator
integral mappings which restrict to a bounded operator S'(H) — S'(H)
is closely related to this factorization result. Indeed, Theorem 2.1(1) below
is implicit in [28].

For the second part of the next result, recall that by (2.6) and (2.3),

Do (90), L(22)) and B(K(ZA(), L3(2:)), BIA (), 13()))
are both dual spaces.

THEOREM 2.1.

(1) [21, 28, 32, 39] A function ¢ € L*=(y x Q) is a measurable Schur
multiplier if and only if the operator u, belongs to I's(L'(£2;),
L>(Q2)), and we have

Y2(uy) = || By
in this case.
(2) Moreover the isometric embedding

Do(LH (), L (Q2)) = B(K(L* (), L*(Q2)), B(L*(Q1), L*(22)))
taking any uy € T2(LY(Q1), L>=(s)) to Ry is w*-continuous.

Proof. — Let us prove (2). Let ¢ € L*>®(Q; x ) and let (¢,), be
a net of L®(Q; x Q) such that w, and the operators u,, belong to
Do(L'($21), L%°(Q2)) for any ¢, (uy, ), is a bounded net in the latter space,
and uy, — uy in the w*-topology of I's(L'(£21), L°°(2)). This implies

TOME 71 (2021), FASCICULE 4
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that wy, — wy in the w*-topology of B(L'(£21), L>=(Q2)) (see the com-
ments following (2.6)). According to (2.10), this means that 1), — v in the
w*-topology of L (21 x Qs).

Let &,¢ € L2(Q) and 0,1 € L?*(Q). For any ¢, Ry, (£ ® 1) is the

Hilbert-Schmidt operator associated to the L2-function 9,(£ ® 1), hence

{[Ry, E2m)](€),n") :/Q . bt t2)€(E0)E (t)n(t2)n’ (t2) dpaa (t1)dpa (£2).

The right-hand side of this equality is the action of ¢, € L>(Qy x Q3) on
the L'-function

(t1,t2) — §(t1)& (L) (t2)n' (t2).
Since ¢ = w*-lim, 9,, this implies that

([Ru, €@ 0] () 1) — ([Ru(€@m)](€). 7).
By linearity, this implies that for any finite rank operator o: L?(Q;) —
L?*(Qs), Ry,(0) — Ry(o) is the weak operator topology of B(L?(£),
L?(§3)). Since (uy, ), is a bounded net, (Ry, ), is bounded as well. By the
density of finite rank operators in K(L?(€2;), L?(Q2)), we deduce that for
any o in the latter space, Ry, (0) = Ry(0) is the weak operator topology
of B(L*(1), L?(922)). Using again the boundedness of (Ry,),, we deduce
that Ry, (o) — Ry(0) in the w*-topology of B(L?(y), L?(Qs)) for any
o € K(L*(1), L*(92)) and finally that Ry, — R, in the w*-topology of
B(K(L*(1), L3 (), B(L* (), L2 (). O

3. Triple operator integral mappings

Multiple operator integrals appeared in many recent papers with various
definitions, see in particular [1, 2, 3, 4, 29, 34]. In this section we provide a
definition of triple operator integrals associated to a triple (A, B, C) of nor-
mal operators on H, based on the construction of a natural w*-continuous
mapping from L>(Ag x Ag x A\¢) into By(S?(H) x S?(H), S?(H)), see The-
orem 3.3. We will show in Corollary 3.9 that this mapping is actually an
isometry. Further the construction extends to multiple operator integrals,
see Proposition 3.4. It turns out that this construction is equivalent to an
old definition of multiple operator integrals due to Pavlov [26]; this will be
explained in Remark 3.6.

In Subsection 3.2, we give an analogue of the construction for functions,
in the spirit of Subsection 2.4. Finally in Subsection 3.3, we establish a
fruitful connection between triple operator integrals associated with oper-
ators and triple operator integrals associated with functions.

ANNALES DE L’INSTITUT FOURIER
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3.1. Triple operator integrals associated with operators

Let H be a separable Hilbert space and let A, B,C be (possibly un-
bounded) normal operators on . Denote by E4, E® and E€ their spectral
measures and let A4, Ap and A¢ be scalar-valued spectral measures for A,
B and C' (see Subsection 2.1).

Let & C L®(M\a), & C L*(Ap) and & C L*(A¢) be the spaces of
simple functions on (c(A),A4), (6(B),Ap) and (c(C), A\¢), respectively.
We let

& ®E®E — By(S*(H) x S2(H), S2(H))

be the unique linear map such that

(3.1) L(fi® f2® f3)(X,Y) = f1(A) X f2(B)Y f5(C)
for any fi € &1, f2 € & and f3 € &3, and for any X,Y € S?(H).

LEMMA 3.1. — For all ¢ € & ® & ® €3, and for all X,Y € S%(H), we
have

IT(@)(X,Y)ll2 < Nl llool| XI2]Y[l2-

Proof. — Let ¢ € & ® & ® E3. There exists a finite family (F}!); (re-
spectively (F7); and (F}?)y) of pairwise disjoint measurable subsets of o(A)
(respectively of o(B) and o(C)) of positive measures, as well as a family
(mijk)i 5,k of complex numbers such that

(3.2) ¢ = Z Mijk XFp @ XF2 @ XFp-
.5,k

Then we have

(3.3) [@lloc = sup |mji|-

4,3,k

Let X,Y € S? (H) According to the definition of I, we have
=Y miBAF)XEP(F})Y EC(F).
N

By the pairwise disjointnesses of (F}'); and (F?)y, the elements

(Z mi BN (F)XE®P(F?)Y EC (F,?))
ik

are pairwise orthogonal in S?(#). Hence

2

IN@) (X, Y)I5=

ik

> mipEAFXEP(F})YEC(FY)
J

2
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Applying the Cauchy—Schwarz inequality and (3.3), we deduce that

IT() (X, V)13

) ||¢||EOZ<ZHE“<FS>XEB )| )y € ) u2)

ik \ j

< H¢HioZ(ZirEA<F£>XEB<Ff>rr§) (ZHEB FVEC(F) H2>

i,k 7
< lsl% (ZHEA FO)XEP(F f)Hi)(ZHEB )Y EC (F}) H2>

Since the elements E4(F') X EP(F?) are pairwise orthogonal in S2(H) we
have
2

S NBAFHXEP(FD)|; = > EAFHXEP(F)
1,7 i, 2
= [|B* (u:F}) XE® (5 ED) |,
< X3
Similarly,
ZHEB FOYE(FR)||; < Y13
This yields the result. O
We let

G=E0&8E& ™ C LM x Ap X Ac),

equipped with the L>-norm, and we let 7: L'(A s x Ap X A\¢) — G* be the
canonical map defined by

(1(p), ¢) = epd(Aa x Ap X Ao), ¢eL', ¢ed.

/J(A)XG'(B) xo(C)

This is obviously a contraction.
We claim that 7 is actually an isometry. To check this fact, consider
p €& ®E ®E;, that we write as a finite sum

p= Z Cijk XF} @ XF2 ® XF35
1,5,k

with ¢;j, € C\{0} and (F}'); (respectively (F7?); and (F}?)x) being pairwise
disjoint measurable subsets of o(A) (respectively of o(B) and o(C)), with
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positive measures. Then
el = leiplAa(FHAB(FD)AC(FR).
i,k
Let ¢ be defined by (3.2), with m;, = |cijk|ci_ji. Then ||¢]lco = 1 by (3.3)
and
(1(p), 0) = Z mijkcijk)\A(Fil)/\B(F]2)>\C(FI§) = [lollz-
i,k

Hence we have [|7(p)]| = |l¢]l1 as expected. Since & ® £ ® &3 is dense in
LY(Aa X A X A¢), this implies that 7 is an isometry.

According to this property, we now consider L'(Aa x Ag X A¢) as a

subspace of G*.
By (2.2), (2.3) and (2.8), we have isometric identifications

2 2 2 2 A 2
By (57(H) x §°(H), S*(H)) = B(S™(H) © §°(H), 5°(H))

= (S2(H) & S2(H) & S*(H))".
It is easy to check that the duality pairing providing this identification
reads

(T'X®Y ®Z)=t(T(X,Y)Z)
for any T € Bo(S%(H) x S*(H),S*(H)) and any X,Y, Z € S%(H).
We set
A A
E=S*H)® S*(H) ® S*(H).

According to Lemma 3.1, I uniquely extends to a contraction

[': G — By(S*(H) x S*(H), S*(H)) = E*.

We can therefore consider S = fl*E : E — G*, the restriction of I* to
E C E**.

LEMMA 3.2. — The operator S takes its values in the subspace L' (\ 4 x
>\B X /\0) of G*.

Proof. — Let P = HOHROHRXHRHDH. Recall that we identify H®@H
with the space of finite rank operators on . Then H®H is a dense subspace
of §?(#H). Consequently P is a dense subspace of E. Since S is continuous,
it therefore suffices to show that S(P) C L'(Aa x Ap x A¢). Consider
M52, M3, €1, €2, &3 iIn H and w = & @ m @ & @02 @ E3 @ 13- Such elements
span P hence it suffices to check that S(w) belongs to L'(Aa x Ap x A¢).
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Let f1 S 51, f2 € & and fg S 53 We have

(SW), 1 ® 28 f3) = (W, T(f1® f2 ® f3))

tr( L(f1® fa® f3) (& @m, & @ n2)] (g®ﬁ3)>

tr(f1(A) (& @ m)f2(B) (&2 @ n2) f3(C) (&3 @ n3))

tr((&1 @ f1(A)m) (& ® f2(B)n2) (&3 @ f3(C)n3))
(C

)
tr((& @ fr(A)m) (f3(C)nz, &2) (fa(B)n2, &1))
= (f3(C)nz, &2) (f2(B)n2, &) (f1(A)m, &) -

We mentioned that the functional calculus *-representation m4: L®(A4) —

B(H) from (2.1) is w*-continuous. Thus w4 is the adjoint of some
wa: SY(H) — L*(A\a). Let by = wa (€3 ®n;). Then this element of L*(\4)
(which does not depend on f;) satisfies

(A, &) = / T

(A thorough look at the construction of w4 shows that h; is actually the
Radon—Nikodym derivative of the measure dEA &, With respect to Aa. )
Similarly, there exist hy € L'(Ap) and hg E Ll()\c) not depending on

fo and f3 such that (fo(B)ne,&1) = fU(B) fohadAp and (f3(C)ns, &) =
Jo(cy f3hs dAc. Consequently,

(SW), 1 ® fa® f3)

:/ (f1® f2® f3)(h1 @ ha @ h3)d(Aa X A X A¢g).
(A)xo(B)xo(C)

Since & ® £y ® &3 is dense in G, this implies that
S(w)=h1 @ha@hz € L*(Aa x Ap x Ao). O
THEOREM 3.3. — There exists a unique w*-continuous contraction
TA4B.C: L\ 4 x Ap X Ag) — Ba(S%(H) x S2(H), S*(H)),

such that for any f; € L>®(\a), fa € L>®(Ap) and f3 € L*>(\¢), and for
any X,Y € S?(H), we have

(3.4) AP @ fo® f3)(X,Y) = fi(A)X f2(B)Y f3(C).

Proof. — The uniqueness follows from the w*-density of L>®(A4) ®
L>*(Ap) ® L*(A¢) in the dual space L™ (Mg X Ap X A¢).
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Lemma 3.2 provides a contraction S: E — L'(As x Ap X A¢). Then its
adjoint S* is a contraction from L (A4 X Ap X A\¢) into E* = By (S%(H) x
S2(H),S*(H)). We set

FA,B,C = S*.

By construction, I'45-C is w*-continuous and extends the map I' defined
by (3.1). Property (3.4) follows from (3.1) by w*-continuity. O

Later on in Corollary 3.9, we will show that ['4:5.¢

etry.

Bilinear maps of the form I'45:C(¢) will be called triple operator integral
mappings in this paper. Operators of the form T45:¢(¢)(X,Y): H — H
are called triple operator integrals. As indicated in the Introduction, our
goal is to determine the functions ¢ € L (A4 x Ap X A¢) for which the triple
operator integral mapping T'45:C(¢) maps S%(H) x S?(H) into S*(H).

By similar computations (left to the reader), the above construction can
be extended to (n — 1)-tuple operator integrals, for any n > 2. One obtains
the following statement, in which B,, _ (S%(H)xS?(H)x - - -xS%(H), S?(H))
denotes the space of bounded (n—1)-linear maps from the product of (n—1)
copies of S%(H) taking values in S%(H).

is actually an isom-

PROPOSITION 3.4. — Let n > 2 and let Ay, Ao, ..., A, be normal op-
erators on ‘H. For any © = 1,...,n, let A4, be a scalar-valued spectral
measure for A; and let & C L™ (\4,) be the space of simple functions on
(0(A;),Aa,). There exists a unique w*-continuous contraction

FAl,Az,.A.,An S L® (H )\A1>
i=1

— B 1(S?(H) x S*(H) x --- x S2(H) — S*(H)),
such that for any f; € L>(\a,) and for any X1,...,X,_1 € S*(H), we
have

rAvAz A (fr @@ ) = f1(AD X1 f2(A2) -+ froo1(An—1) X1 fu(An).

Remark 3.5. — In the case n = 2, the above proposition boils down to
the original construction of double operator integrals by Birman—Solomjak.
Namely, let A, B be two normal operators on #, and let

4B L%°(Aa x Ap) — B(S*(H))

be given by Proposition 3.4. For any ¢ € L>(Aa x Ap), let J(¢): S*(H) —
S2(H) be the operator constructed in [8, Section 3.1] for the spectral mea-
sures associated with A and B. Then I'*Z(¢) coincides J(¢).
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We note for further use that 45 is a s-representation of the von Neu-
mann algebra L>®(A4 x Ap) on the Hilbert space S?(#). This is easy to
deduce from our definitions; also, this follows from [8, (3.6) and (3.7)].

Remark 3.6. — As indicated in the introduction of this section, the above
construction turns out to be equivalent to Pavlov’s definition of multiple
operator integrals given in [26]. Let us briefly review Pavlov’s construction
from [26], and explain this “equivalence”. In this remark, we use terminology
and references from [18, Chapter 1].

Let n > 2 and consider normal operators Ay, As,..., A, as in Proposi-
tion 3.4. Fix operators X1,..., X,,_1 in S?(H). Let Q := 0(A) x o(A2) x
-+- X 0(A,,) and consider the set F consisting of finite unions of subsets of
Q of the form

A=F X Fy x--- X Fy,
where, for any 1 < i < n, F; is a Borel subset of o(4;).

There exists a (necessarily unique) finitely additive vector measure
m: F — S?(H) such that

(3.5)  m(A) = EAY(F) X EA%(Fy) - - EA» 2 (F_1) X,_1E*"(F),)

for any A as above.

Pavlov first shows that m is a measure of bounded semivariation and
then proves that m is actually countably additive (see [26, Theorem 1]).
Let T be the o-field generated by F. Since S?(H) is reflexive, it follows
from [18, Chapter 1, Section 5, Theorem 2] that m has a (necessarily
unique) countably additive extension m: T — S%(H). Moreover m is a
measure of bounded semivariation. Then using the fact that for all 7, A4,
is a scalar-valued spectral measure for A;, one can show that

T7L<<)\A1 X)\A2><~-><)\An
on F. This implies that L (A4, X Aa, X -+- X Ag, ) C L*(m) and hence,

for any ¢ € L®(Aa;, X Aa, X -+ X Aa, ), one may define an integral

/Qqs(t) dm(t) € S*(H).

See [18, Chapter 1, Section 1, Theorem 13] for details. This element
is defined in [26] as the multiple operator integral associated to ¢ and
(Xl, . ,Xn_l).

We claim that this construction is equivalent to the one given in the
present paper, namely

/Q¢(t) di(t) = TA-A2An ()(Xy, . X 1),
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To check this identity, let wq, wa: L (Aa, XAa, X+ -xAa, ) — S?(H) be de-
fined by w1 (¢) = [, (t) dm(t) and wo (@) = TArAzAn (¢)(Xy, ..., Xpo1).
For any Z € S?(H), the functional of L% (A4, X Aa, X -+ X A4, ) taking ¢
to ([, ¢(t) dm(t), Z) induces a countably additive measure on 7, which is
absolutely continuous with respect to Aa, X Aa, X< X A4, . By the Radon—
Nikodym Theorem it is represented by an element of L*(Aa, X A, X - -+ X
Aa, ). Hence w} maps S?(H) into L'(Aa, X Aa, X --- X Aa, ). This implies
that w; is w*-continuous. We know that ws is w*-continuous as well, by
Proposition 3.4. Further it is easy to derive from (3.5) that w; and ws
coincide on & ® - -+ ® &,. These properties imply the equality w; = ws as
claimed.

3.2. Triple operator integrals associated with functions

Let (Q1, p1), (2, u2) and (23, us) be three o-finite measure spaces, and
let ¢ € L>(Q x Qp x Q3). For any J € L?(Q; x Qy) and K € L?(Qs x Q3),
the function

A(Q) (K, ) (t1,t3) = ; P(t1,t2,t3)J (t1, t2) K(ta, t3) dua(ta)

is a well-defined element of L?(€; x €3) with L?morm less than
lolloo | ||2]] K ||2- Indeed, by the Cauchy—Schwarz inequality, we have

/H ( /Qz |¢<t1,t2,t3>J<t1,t2>K<t27t3>|du2<t2>) dpus (1) dps ()
2
< H¢||<2>O/Q o </Q J(tht2)K(t2,t3)|dM2(t2)) dpn (t1)dps(t3)
<H¢>||§O/Q . </Q J(t1,t2)|2du2(t2))
« ( /Q 2 |K(t2,t3)|2duz(t2)> dpn (1) s ()
< I8l ( | J(tl,t2>|2du1<t1>du2<t2>)
([ » Kt ) Papa(t2)dpats) )

Thus A(¢) is a bounded bilinear map from L?(y x Q3) x L2(Q1 x )
into L2(£2; x Q3). By the isometric identification between L2(£2; x 5) and
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S2(L?(Q4),L?(Q2)) given by (2.9), and their analogues for (Q2,Q3) and
(Q1,93), we may consider that we actually have a bounded bilinear map

A(¢): S*(L*(22), L*(Q3)) x S*(L* (1), L*(22)) — S*(L* (1), L* ().

In Section 6 we will characterize the functions ¢ for which A(¢) maps
S2(L?(Q2), L*(Q3)) x S?(L*(Q4), L*(Q2)) into the trace class ST(L?(y),
L2(0y).

Let

E(, Qg, Q)
A A
= S%(L*(22), L*(23)) ® S*(L* (), L*(22)) ® S*(L*(Q3), L (1))

Arguing as in the preceding subsection, we obtain an isometric identifica-
tion

E(Q1,82,83)"

= B(S?(L*(Q2), L*(23)) x S*(L*(), L*(22)), S*(L* (1), L*(23)))
for the duality pairing given by

(TWY®X®Z)=tr(T(Y,X)Z)

for any bounded bilinear T': S?(L?(Q2), L*(Q3)) x S2(L?(Q1), L*(Q2)) —
S2(L3(4), L?(Q3)) and for any X € S?(L*(), L*(Q2)), Y € S?(L?(Qa),
LQ(Qg)) and Z € SQ(LQ(Qg),LQ(Ql)).

The following is an analogue of Theorem 3.3 for the present setting.

PROPOSITION 3.7. — The mapping

A: LOO(Ql X QQ X Qg) — E(QI7QQ793)*

defined above is a w*-continuous isometry.

Proof. — Write E = E(€Q, 2, Q3) for brevity. Consider three functions
J € L2(Ql X 92)7 K e LQ(QQ X Qg) and L € LQ(Qg X Ql) It follows from
the computation at the beginning of the present subsection that

(1, t3) /Q (1, 1) |6 (£, 5)] dpa(t)

is square integrable. Consequently, the function
©: (tl, t27 t3) — J(tl, tQ)K(tQ, t3)L(t37 tl)

belongs to L'(Q; x Qg x Q3). Further if X; € S*(L*(), L?(Q2)), Yk €
S2(L3(Q2),L%(Q3)) and Zp € S%(L*(Q3),L3(1)) denote the Hilbert—
Schmidt operators associated with J, K and L, respectively, then it follows
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from above that

<A(¢)7YK®XJ®ZL>E*,E:/Q oo P d(p1 @ p2 @ pz) = (P, ) Lo, 11
1 X322 X823

for any ¢ € L>°(€1 x Q9 xQ3). This readily implies that A is w*-continuous.

We already showed that A is a contraction, let us now prove that it is an
isometry. Let ¢ € L>(Qq x Q2 x Q3), with ||@]/cc > 1. We aim at showing
that ||A(¢)|| g+ > 1. There exist a function ¢ € L'(Q x Q5 x £23) such that
llelli =1 and (¢, )~ 1 > 1. By the density of simple functions in L*,
we may assume that

Y= Z Mijk XF} ® XF2 ® XF3,
i,k
where (F}'); (respectively (F7); and (F{)x) is a finite family of pairwise
disjoint measurable subsets of ; (respectively of Q5 and 3) and m;j;;, € C
for any i, j, k. Let ¥» € E be defined by

= Z mijk(Xsz ® XF,?) Y (XF} ® XF]?) Y (XFkB ® XF;)-
i,k

For any ¢, 7, k, we have
<A(¢)7 (XF]? ® XF,f) Y (XFZ,I ® XF]?) Y (XF,? ® XF;)>E*’E
=/ O(t1, b2, ts)xmr (L)X P2 (t2) X Fe (t3) dpa (t1)dpa (t2)dps(ts) -
Q1 xQaxQy J

This implies that
<A(¢)7 ¢>E*7E = <¢7 S0>L°°,L1a

and hence that (A(¢), )+~ g > 1. Now observe that by the definition of
the projective tensor product (see Subsection 2.2), we have

lelle < 3 Imaellixe: © xezlalxe: © Xesllalxes ® ez e
1,5,k

Moreover,
e @ xrzll2 = Ixrsll2lxrz [l = M (F)2Ao(F7) 2.
Likewise,
Ixre @ xpslla = Aa(F7)2Aa(F2)? and [|xps @ xpzlla = As(F)2 M (F))2.
We deduce that

[l < Imijel M (F7) A2 (F7)As(FR).
7,k
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The right-hand side of this inequality is nothing but the L'-norm of ¢. Thus
we have proved that ||¢||g < ||¢|l1 = 1. This implies that ||A(¢)|| g« > 1 as
expected. O

3.3. Passing from operators to functions

Let H be a separable Hilbert space and let A, B and C' be normal oper-
ators on H. We keep the notations from Subsection 3.1. We associate the
three measure spaces

(Q, 1) = (0(C),Ac);  (Q2,p2) = (0(B), Ap)
and (23, p3) = (0(A), Aa)

and consider the mapping A defined in Subsection 3.2 for these three mea-
sure spaces. It maps L>®(Aa X Ag X A¢) into

By(S*(L*(Ap), L*(Aa)) x S*(L*(Ac), L*(AB)), S*(L*(Ac), L*(Aa))).

The main purpose of this subsection is to establish a precise connection

between this mapping A and the triple operator integral mapping I'45:¢

from Theorem 3.3.
We may suppose that

Aa() = 1B (el Ap(-) = [EP(-)ez]* and Ac(-) = [|E(- )es|

for some separating vectors e, es,e3 € H (see Subsection 2.1).
There exists a (necessarily unique) linear map p4: & — H satisfying

palxr) = E4(F)es

for any Borel set F' C 0(A). For any finite family (F};); of pairwise disjoint
measurable subsets of 0(A) and for any family («;); of complex numbers,

we have
2
_ | S 0B (F)es
= |ail*|EA(Fyes |)?
i
=D lailAa(F)

2

pa (Z aixm)

2
2

Z Qi X F;
A
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Hence p4 extends to an isometry (still denoted by)
pa:L*(Aa) — H.
Denote by H 4 the range of p4. We obtain
L2(Aa) & H.
We similarly define pp, pc and Hp, Hc C H such that
L2(Ap) Z Hp and L2(\c¢) & He.
We may consider S?(Hp,Ha) as a subspace of S?(H) in a natural way.

2 2
Namely we write H = Hp @ Hp and H = Ha @ Hy and identify any
S € S%(Hp,Ha) with the matrix

(g 8) € §%(Hp & HE, Ha & H).

We may similarly regard S?(Hc,Hp) and S?(Hc,Ha) as subspaces of
S%(H).

The next statement means that for any ¢ € L>(AaxAgxA¢), T4B:C(¢)
maps S?(Hp,Ha)x S?(Hc, Hp) into S?(Hc, Ha) and that under the pre-
vious identifications, this restriction “coincides” with A(¢).

PROPOSITION 3.8. — Let X € S?(L?*(\g),L*(A\a)) andY € S*(L*(\¢),
L?*(\g)), and set

X =paoXopg' €S (Hp Ha)
and Y = B oYopa1 € S*(He, Hp).

For any ¢ € L®(As x Ag x A¢), T4BC(¢)(X,Y) belongs to S%(Hc, Ha)
and

(3.6) AG)(X,Y) = pi! o TAPC(6)(X, V) 0 pe

Proof. — We first consider the special case when ¢ = xr, ® Xr, ® XF,
for some measurable subsets Fy C 0(A), F5 C 0(B) and F3 C o(C).

Let U C 0(A),V,V' C o(B) and W C ¢(C) and consider the elementary
tensors

X =xv @xv € S*(L*(A\p), L*(Aa))
and Y = xw @ xvr € S*(L*(A¢), L*(AB)).

We associate X and Y as in the statement. Since pp: L>*(\g) — Hp is a
unitary, we have p]_gl = pp hence

X =pp(xv) ® palxv) = BB (V)ez @ EA(U)ey.
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Likewise,

Y = EY(W)es @ EP(V')es.
We have

/ O(+ 12, )X (b2, )Y (- £2) AAp(ta)

/ X (t2)xv (t2)xve (t2) X e xw @ X xudAs(t2)
o(B)

( d)\B(t2)> XFsnWw @ X FnU
FonVAV’

=Ag(F NV NV Xpaw @ XFnU-

Further using the above expressions of X and }7, we have

459 (¢)(X,Y)
= B4 ( )X EP(Fy)Y EC(Fy)
= (EB(V)es ® BEAFiNU)er) (EC(F3NW)es ® BB (F, NV )es)
= (EB(FanV')ea, EP(V)ez) EC(F3NW)ez ® EA(F1 N U)es
=(EB(FnV'NV)ez,e2) BES(Fs N W)es @ EA(Fy NU)ey
= A\g(FnNVNV)EC(FsnW)es @ EA(F,NU)e;.

This shows that T45:C(¢)(X,Y) belongs to S%(Hc,H.4) and that (3.6)

holds true.

By linearity and continuity, this result holds as well for all X €
S2(L?(\B),L?>(\a)) and all Y € S*(L?(\¢), L?(\R)).

Finally since A and T'45¢ are w*-continuous, we deduce from the
above special case that the result actually holds true for all ¢ € L (A4 X

AB X Ao). O
COROLLARY 3.9. — The mapping T'45:C from Theorem 3.3 is an isom-
etry.

Proof. — Consider ¢ € L®(As X Ap X A¢). For any X in S%(L?(\p),
L?(M\4)) and Y in S?(L%(A\¢), L?(\B)), we have

[A@)(X,Y)l2 = [[p5" o TAPC(6)(X,Y) 0 pell2
< T (9)(X,Y)] 2
< ITABC (@)1 X N2 X |2
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by Proposition 3.8. Since | X|l2 = || X||2 and ||[Y]]z = ||Y ]|z, this implies
that

(3.7) [A(@)]] < TP (@)]-

By Proposition 3.7, the left-hand side of this inequality is equal to ||¢||cc-
Further I'*#C is a contraction. Hence we obtain that ||[45C(¢)| =

[[6]]oo- O

With a similar proof (left to the reader), one can show that the mapping
['A1An from Proposition 3.4 in an isometry.

4. LP-spaces

Let (2, 1) be a o-finite measure space and let E be a Banach space.
For any 1 < p < +oo, we let LP(; E) denote the classical Bochner
space of measurable functions ¢: Q — F (defined up to almost everywhere
zero functions) such that the norm function ||¢(-)|| belongs to LP(2) (see
e.g. [18, Chapter IIJ).

We will consider a dual version. Assume that E is separable. A func-
tion ¢: Q — E* is said to be w*-measurable if for all z € E, the function
t € Q— (4(t),x) is measurable. In this case, the function ¢ € Q — ||o(t)||
is measurable. Indeed, if (z,,), is a dense sequence in the unit sphere of F,
then ||¢(-)|| = sup,, [{¢(+),x,)| is the supremum of a sequence of measur-
able functions, hence is measurable.

Let 1 € ¢ < 4o0. By definition, LZ(€; E*) is the space of all w*-
measurable ¢:  — E* such that ||¢(- )| € LI(Q), after taking quotient by
the functions which are equal to 0 almost everywhere. We equip this space
with

1@llq = llC)I Lo

Then (LZ(Q; E*), | -|lq) is a Banach space (the proof is the same as in the
scalar case). Further by construction, L(Q2; E*) C L2(€); E*) isometrically.

Suppose that 1 < p < +o0o and let 1 < ¢ < +o0o be the conjugate
exponent of p. For any ¢ € L1(Q; E*) and any ¢ € LP(Q; E), the function
t = (¢(t), p(t)) is measurable. Indeed any element of L?(€); F) is an almost
everywhere limit of a sequence of LP(Q2) ® F, hence it suffices to check this
fact when ¢ € LP(Q) ® E. In this case, the measurablity of (¢(-),¢(-))
is a straightforward consequence of the w*-measurability of ¢. By Holder’s
inequality, the function (¢(-),(-)) is actually integrable, which yields a
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duality pairing

(4.1) (6,0) == /Q<¢<t>, () du(t).

Moreover we have

(4.2) (¢, ) < [1llqllllp-

THEOREM 4.1. — The duality pairing (4.1) induces an isometric iso-
morphism
(4.3) LP(Q; EY = Li(Q; EY).

The above theorem is well-known and has extensions to the non separable
case. However we have not found a satisfactory reference for this simple
(=separable) case and provide a proof below for the sake of completeness.
See [18, Chapter IV] and the references therein for more information.

Recall that we have L'(Q; E)* = B(L'(Q2), E*) by (2.5). Hence in the
case p = 1, the above theorem yields an isometric identification

(4.4) LE(Q F*) = B(L'(), F™),

a classical result going back to [19, Theorem 2.1.6].

Proof of Theorem 4.1. — The inequality (4.2) yields a contractive map
k: LL(Q; E*) — LP(Q; E)*. Our aim is to show that s is an isometric
isomorphism.

According to the separability assumption there exists a nondecreasing
sequence (Ey,)p>1 of finite dimensional subspaces of E such that U, E, is
dense in E. Since E,, is finite dimensional, L1(Q, EY) = LY(Q, E}) and E,
satisfies the conclusion of the theorem to be proved, that is,

(4.5) L/ B,)" = LU E)

isometrically (see [18, Chapter IV]). In the sequel we regard L?(Q; E,,) as
a subspace of LP(€); E) in a natural way.

We first note that « is 1-1. Indeed if ¢ € LZ(Q; E*) is such that x(¢) = 0,
then for any n > 1, ¢(t)|g, = 0 a.e. by (4.5). Hence ¢(t)u, g, = 0 a.e.,
which implies that ¢(t) = 0 a.e.

Now let ¢ € LP(Q; E)*, with ||| < 1. Applying (4.5) to the restriction of
d to LP(Q); E,,) we obtain, for any n > 1, a measurable function ¢,,: Q@ — E*
such that ||¢, ||, < 1 and

Vpe Q) ©E,  d(p) = / (6n(t), o (8)) du(t)
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We may assume that for any n > 1, we have

(4.6) VEEQ,  Gusa(t)p, = duld):

Indeed by construction, ¢n41|p, = ¢n a.e. and the family (¢n)n>1 is count-
able so we can modify all the functions ¢,, on a common negligible set to
get (4.6).

It follows that for any ¢ € Q, (||¢n(t)||)n>1 is a nondecreasing sequence,
so we can define a measurable v: @ — [0, 0] by

v(t) = lim 6,0, teQ.

If ¢ < 0o we may write

[ w0 dut) =tim [ fon(oll7au(t) < 1
Q Q

by the monotone convergence theorem. This implies that v is a.e. finite. If
q = oo, the fact that ||¢n]lcoc < 1 for any n > 1 implies that v(¢) < 1 for
a.e. t € Q. Thus in any case, there exists a negligible subset g C 2 such
that v(t) < oo for any t € Q\ Q.

If t € Q\Qp, then by (4.6) and the density of U,, F,,, there exists a unique
element of E* that we call ¢(t), such that

Vn>1, Vo€ E,, (p(t), x) = (dn(t), z).

Next we set ¢(t) = 0 for any t € Q. We thus have a function ¢: Q — E*.

Let € E and let (z;); be a sequence of U, E,, converging to z. Then
(6(-),zj) = (o(+),z) pointwise. Moreover for any j, the function (¢(- ), ;)
is measurable by construction, hence (¢( - ), z) is measurable. Thus ¢ is w*-
measurable.

Now from the definition of ¢, we see that ¢ and k(¢) coincide on LP() ®
E,, for any n > 1. Consequently, 0 = k(¢). Moreover ||¢||; = lim,, ||¢nlq < 1.

This proves that « is a metric surjection, and hence an isometric isomor-
phism. O

Remark 4.2. — We already noticed that LZ(; E*) = L4($2; E*) when
F is finite dimensional. It turns out that for a general Banach space FE,
the equality LZ(Q; E*) = L1(Q; E*) is equivalent to E* having the Radon—
Nikodym property, see e.g. [18, Chapter IV]. All Hilbert spaces (more gener-
ally all reflexive Banach spaces) have the Radon-Nikodym property. Later
on we will use this property that for any separable Hilbert space H and
any 1 < ¢ < oo, we have

Li(Q; H) = LY(Q; H).
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Let £ and F be two separable Banach spaces. Being a completion of

FE ® F, their projective tensor product F <§A§> F' is separable as well. Recall
that its dual space is equal to B(E, F*). Whenever ¢:  — B(E,F*) is a
w*-measurable function, then for any = € E, the function Ty(z): Q@ — F*
defined by

(4.7) [Ty ()] (t) = [o(t)] (2), teq,
is w*-measurable.

COROLLARY 4.3. — The mapping ¢ — T, given by (4.7) induces an
isometric isomorphism

B(E, Ly (Q, F7)) = L7 (€ B(E, F7)).

Proof. — By Theorem 4.1 for p = 1, and by (2.3) and (2.4), we have
isometric isomorphisms

It is easy to check that the correspondence is given by (4.7). g

Remark 4.4. — Let E;, E5 be two Banach spaces and let U: Ef — E3
be a w*-continuous map. For any ¢ € L2°(); E;), the composition map
Uog: Q — E5 belongs to L°(Q; E5) and the mapping ¢ — U o ¢ is a
bounded operator from L (; EF) into LP(; E%), whose norm is equal
U]l Tt is easy to check that this mapping is w*-continuous. If further U is
an isometry, then ¢ — U o ¢ is an isometry as well.

Applying this elementary principle to the embedding of T'a(L(£;),
L>()2)) into the space

B(IC(L? (1), L*(22)), B(L* (1), L*(22))),

provided by Theorem 2.1, we obtain a w*-continuous isometric inclusion

(4.8) L (T2 (Q1), L% (Q2)))
C L (9 B(K(L*(Q1), L*(22)), B(L?* (), L*(22)))).
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5. Measurable factorization in L°(Q; T2 (E, F*))

The main purpose of this section is to prove Theorem 5.1 below. This
result will be applied in Subsection 5.2 (and in Section 6) to the study of
measurable Schur multipliers.

We will say that a measure space (£, ) is separable when L2(€, p) is
separable. This implies that (2, ) is o-finite and moreover, LP(Q, ) is
separable for any 1 < p < oo.

5.1. The general case

It follows from Subsection 2.2 that for any separable Banach spaces F, F',
the space I'y(F, F*) is a dual space with a separable predual. If H is a
separable Hilbert space, then B(E, H) and B(F, H) are also dual spaces
with separable predual.

THEOREM 5.1. — Let (2, ) be a separable measure space and let E, F
be two separable Banach spaces. Let ¢ € L (Q;F2(E7F*)). Then there
exist a separable Hilbert space H and two functions

o€ LY (Q;B(E,H)) and B e Ly (Q;B(F,H))
such that ||allso||fllec < ||#]lec and for any (x,y) € E X F,
G1) (B0, = (O, BO)E),  foraeteo.

We will need two lemmas, in which (€2, 1) denotes an arbitrary o-finite
measure space.

The first one is a variant of the classical classification of abelian von
Neumann algebras. For any 6 € L>°(2), and any Hilbert space H, we let
My: L?(Q; H) — L*(%; H) denote the multiplication operator taking any
¢ € L?(Q; H) to 0.

LEMMA 5.2. — Let H be a separable Hilbert space and let w: L>®(Q2) —
B(H) be a w*-continuous x-representation. There exist a separable Hilbert
space H and an isometric embedding p: H < L?(Q; H) such that for any
6 e L>(Q),

pm(6) = Myp.

Proof. — Since 7 is w™*-continuous, there exists a measurable subset
Y C Q such that the range of 7 is isomorphic to L>(£?’) in the von Neu-
mann algebra sense and 7 coincides with the restriction map (apply [27,
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Corollary 2.5.5]). It therefore follows from [16, Theorem I1.3.5] that there
exist a measurable partition {2, : 1<n< oo} of ' and a unitary operator

2
pH— P L)

1<n<oo

such that for any 0 € L>®(Q), p1m(0)p} coincides with the multiplication
by 0. (Note that in the above decomposition, the index n may be finite or
infinite and the notation 2 stands for ¢2.) Let

and consider the canonical embedding
2
p2: P L Qi l2) — L( H).
1<n<oo
Then p = pyp; satisfies the lemma. |

It is well-known that for any Hilbert space H, the commutant of
L>®(Q) ~ L>®(Q) ® Iy € B(L*(; H))

coincides with L>®(Q)®@B(H). The next statement is a generalization of
this result to the case when H is replaced by Banach spaces.

We consider two separable Banach spaces Wi, Ws. Note that by (2.3),
B(W1,Wy5) is a dual space with separable predual. We say that a linear
map

T: LA W) — LA W)
is a module map provided that
Ve (W), VOEL®(Q),  T(0p) = 0T(p).

Next we generalize the notion of multiplication by an L°-function as fol-
lows. For any A € LY (Q; B(Wy, W5 )), we define a multiplication operator

(5.2) Ma: L2(Q;Wh) — L2(Q; W5)
by setting
[Ma(p)] (1) = [A@)(p(), te,
for any o € L?(Q; W7). Indeed it is easy to check (left to the reader) that the

function in the right-hand side of the above equality belongs to L2 (£; W5).
Moreover

(5:3) Ml = [[Allo-
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Each multiplication operator Ma is a module map, as we have
Ma(0p) = Mag(p) = 0Ma(p)
for any 6 € L*°(Q2). The following lemma is a converse.

LEMMA 5.3. — Let T: L?>(Q; W1) — L2(Q; W5) be a module map. Then
there exists a function A € L3 (Q; B(Wy,W3)) such that T = Ma.

Proof. — In the scalar case (W; = W5 = C) this is an elementary result;
the proof consists in reducing to this scalar case.

We define a bilinear map T: Wy x Wy — B(L2(Q)) by the following
formula. For any wy € Wi, we € Wy and x € L?(Q2), we set

[T (wr,wo)] () = {t = ([T(z @ w1)] (t), w2}

Recall the identification L2 (Q; W5) = L?(Q; W2)* from Theorem 4.1. If we
consider T as a map from L?(Q; W7) into L?(Q; Wa)*, then we have

~

(5.4) (T(z @ w1),y ®wy) = /Q ([T(wl, ws)] (x)) (t) y(t) du(t)

for any w; € Wy, wy € Wa, z € L%(Q) and y € L?(Q).
Further for any 6 € LOO(Q) and x € L? (Q), we have
[f(w17w2 ] <[ T ®wy )](),w2>
= (0 [ (@ @w)](+),ws)
0[ (wlv w2)} ( )a
because T is a module map. Hence f(wl, ws) is a module map.
Let us identify L°>°(2) with the von Neumann subalgebra of B(L?*())
consisting of multiplication operators. The above property shows that

f(wl, ws) is such a multiplication operator for any wy € Z; and wy € Zs.
Hence we may actually regard T as a bilinear map

T: Wy x Wy —s L™(Q).

Now observe that applying (2.2), (2.3) and (4.4), we have isometric identi-
fications

Bo(Wi x Wa, L=(Q)) = B(W, & Wa, L®(9))

= B(LM(Q), (W1 & W,)")
= B(L' (), B(W1,W3))
= LY (Q; B(Wy, W3)).
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Let A € L (Q; B(W1,W3)) be corresponding to 7' in this identification.
Then we have

(A (w), wo) = (T(wi,wa)) (1),  wi € Wi, ws € Wa, t € Q.

Thus applying (5.4) we obtain that

(7@ w0y wn) = [ AW, wa) a@)u() dult)
= (Ma(z ®wy),y @ ws)

for any wy € Wi, wa € Wa, z € L*(Q) and y € L?(2). By the density of
L2(Q)®W; and L?(Q)®@ Wy in L?(Q; W1) and L?(; Ws), respectively, this
implies that T' = MAa. ]

Proof of Theorem 5.1. This proof should be regarded as a module version
of the proof of [32, Theorem 3.4]. As in this book we adopt the following
notation. For any finite families (f;); and (e;); in E, we write

(fi)i < (e
provided that

Ve E, Y )P <Y Inte).
j i
In the sequel we simply write L? (resp. L®°) instead of L2(2) (resp.
L*>(Q)) as there is no risk of confusion. Then we set
V=L*®EcCL*E).

We fix some ¢ € L (Q;T2(E, F*)) and we let C' = |[¢]ls. Then ¢ is
an element of L°(Q; B(E, F*)). Hence according to (5.2) we may consider
the multiplication operator

T =My: L*(Q;E) — LZ(Q; F*).

Welet I = L x E*. A generic element of I will be denoted by ¢ = (6,7),
with § € L* and n € E*.
For any v =) x,® e, € V (finite sum) and ( = (0,7) € I, we set

Cv= Zn(es)%cs € L*

LEMMA 5.4. — Let (w;); and (v;); be finite families in V' such that

(5.5) veel, D lCwil3 <) g vill3
7 7
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Then
(5.6) ST (w))lI3 <Y Jluill3.
j i

Proof. — Let (w;); and (v;); be finite families in V' and assume (5.5).
Consider e; s, fj,s iIn E, x; s, Y5 in L? such that

vy = § Tis Q €i,s and wy = E Yj,s & fj,s~
s s

Let ¢ = (0,7n) € I. For any j,
2
dp(t) .

16 w;ll3 = ()yj.s(t)

e wlg = [ o) (

> dp(t).
Likewise,
> le mnr/w |2<

2
) dp(t) .
Thus by (5.5), we have

(5.7) /Qle(t)\2 (;!n(wj(t))f) du(t) </Q|9(t)|2 (;\n(vi(t))f) du(t).

Let B4 C E be the subspace spanned by the e; s and f; . Since it is
finite dimensional, its dual space is obviously separable. Let (n,)n>1 be a
dense sequence of EY and for any n > 1, extend 7, to an element of E*
(still denoted by 7). Then for any finite families (f;); and (e;); in E1, we
have

Hence

ZU fj, yjs
S

()i <(@i)i <= Vnz=l, Z|77n )l Z |7 (€3)]
It follows from (5.7) that for almost every ¢ € 2, we have

Z 7 (w5 (£))|* < Z 7 (0i(1)) 2

for every n > 1. Since the functions v;, w; are valued in E;, this implies
that

(w;(t); < (vi(t)) for a.e. t € Q.
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By the implication “(i) — (iii)” of [32, Theorem 3.4], this property implies
that for a.e. t € €,

(6w 0)]

e <CYu®)]
1

Integrating this inequality on 2 yields (5.6). O

We let A be the set of all functions g: I — R for which there exists a
finite family (v;); in V such that

(5.8) veel, gl <] lIc il

3

This is a real vector space. We let A denote its positive part, i.e. the set
of all functions I — R belonging to A. This is a convex cone. For any

g € A we set
p(9) —C2inf{Z|vi||§},

where the infimum runs over all finite families (v;); in V satisfying (5.8).
It is easy to check that p is sublinear, that is, p(g + ¢') < p(g) + p(g’) for
any ¢g,¢9' € A and p(tg) = tp(g) for any g € A and any ¢t > 0.

Next for any g € A4, we set

alg) = Sup{z IIT(wj)g},
J
where the supremum runs over all finite families (w;); in V satisfying

(5.9) Veel,  g(¢) =) ¢ w3
J

It is easy to check that g is superlinear, that is, q(g) + q(g") < q(g+ ¢’) for
any g,9' € Ay and q(tg) = tq(g) for any g € A, and any t > 0.

By Lemma 5.4, ¢ < p on A, . Hence by the Hahn—Banach Theorem given
in [32, Corollary 3.2], there exists a positive linear functional £: A — R such
that

(5.10) Vged, (g <plg)
and
(5.11) VgeAs,  alg) <)
Following [32, Chapter 8|, we introduce a Hilbert space
Ao(1,6;L?)
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defined as follows. First we let £(1, ¢; L?) be the set of all functions G: I —
L? such that the R-valued function ¢ — [|G(¢)||3 belongs to A and we set
N(G) = (L =~ HG(()H%))% for any such function. Then £(I,¢; L?) is
a complex vector space and N is a Hilbertian seminorm on L(I,/; L?).
Hence the quotient of L£(I,¢; L?) by the kernel of N is a pre-Hilbert space.
By definition, A ([, ¢; L?) is the completion of this quotient space.

For any v € V, the function ¢ + (-v belongs to £(I,¢; L?). Then we
define a linear map

Ty :V — Ay(1, 4, L)

as follows: for any v € V, Ty (v) is the class of ¢ — (- v modulo the kernel
of N. Then we have

1Ty (0)[17 = £(¢ = 1IC-v]I)
<p(¢ ¢ vl3)
< C?|v[3

by (5.10) and the definition of p. Hence T7 uniquely extends to a bounded
operator

Ty: L* (G E) — Ao(1,4;L%),  with | T3] < C.
For any v € V, we have
IT@)13 < q(¢ = 1I¢-vlI?) <G = lI¢-v]?) = I Ta(w)].

The resulting inequality ||T'(v)||2 < ||T1(v)|| implies the existence of a (nec-
essarily unique) bounded linear operator

Ty: Ty (V) — L2(Q; F*),  with ||z <1,

such that
(5.12) YvelV, T(v) = Tx(T1(v)).
(Here and later on in the paper, T (V) C Aa(I,¢; L?) denotes the closure
of T1(V).)
For any v € V and any 6 € L*°, we have
(5.13) T2 (0v)[| < 110]loc T2 (v)]]-

Indeed write v = )z, ® e,, with e, € E and z, € L2, For any v € L™
and n € E*, we have

< 16l
2

> nles )b

> nles)yas

2

TOME 71 (2021), FASCICULE 4



1426 Clément COINE, Christian LE MERDY & Fedor SUKOCHEV

Hence ||¢- (60)|| < [10]|o0]IC- v for any ¢ = (v,7n) € I. Since the functional £
is positive on A, this implies that £(¢ — [|¢- (8v)]|?) < [|0]|Z4(¢ — [[¢-v]?),
which yields (5.13).

This inequality implies the existence of a (necessarily unique) linear con-

traction
m: L™ — B’(Tl(V))7
such that
(5.14) T (0v) = ©1(O)Ty(v), veEL*(LE), 0 L™.

It is clear that 7 is a unital homomorphism. This implies that 7 is a *-
representation. Indeed for any unitary § € L, we have I = 7(00) =

7(0)7(0) = 7(0)7(0) and the two operators 7 (f) and 7(6) are contractions.
This implies that 7(6) is a unitary and that

(5.15) 7(0)* = 7(0)
Since unitaries generate L™, (5.15) actually holds true for any 6 € L.
Let 6 € L* and assume that (6,), is a bounded net of L* converging
to 0 in the w*-topology. For any x € L? 6,2 — 6z in L? (this uses the
boundedness of the net). By the continuity of T} this implies that for any
ec E,T1(0,.x®@e) = Th(frx®e) in T1 (V). By linearity, this implies that for
any v € V, T1(6,v) — T1(6v) in T1 (V). In other words, 7 (6,)(h) — w(8)(h)
for any h € T1(V). Since the net (w(6,)), is bounded, this implies that
m(0,) — w(#) strongly. Hence 7 is a w*-continuous *-representation.
Recall that E and L? are assumed separable, hence the Hilbert space

T (V) is separable. By Lemma 5.2, there exists a separable Hilbert space H
and an isometric embedding p: T1 (V) < L?(Q; H) such that pm(0) = Map
for any 6 € L. Then for any such 6 and any v € L*(); E), we have
o1 (00) = [pr(O)T1] (0) = 0p(Ti (0)),
by (5.14). This shows that the composed map
Sy = pTy: L*(Q; E) — L*(Q; H) is a module map.

Define
Sy = Top*: L*( H) — L2(Q; F).
Let 6 € L™°(Q). For any v € V, we have
[Tom(0)] (T1 (v)) = ToTy (0v) = T(Bv) = 0T (v) = 0T2(T1(v))
by (5.14), (5.12) and the fact that T is a module map. This shows that
Tyn(0) = MyTs.
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Further we have p*My = (Mgp)* = (pr(0))" = 7(0)p*. Hence MySs =
So My, that is,
So is a module map.
Since p*p is equal to the identity of T7(V), it follows from (5.12) that

T = S555;.

Thus we have constructed a “module Hilbert space factorization” of T', and
this is the main point.

To conclude, let Sa.: L?(Q; F) — L?(2; H*) be the restriction of the ad-
joint of Sy to L2(£2; F). Then S, is a module map. Now apply Lemma 5.3
to Sy and Sa.. Let a € LS (4 B(E,H)) and g € LY (Q2; B(F, H*)) such
that S is equal to the multiplication by « and Ss. is equal to the multi-
plication by B. Given any e € F and f € F', we have

/Q ([6®)(e), ) 2(t)y(t) du(t) = (T © e),y ® )
= (Si(z®e), Sax(y @ f))

~ [ ()20, 18)1(7) (o) dutt)
= [ (a0, [8010) a(e)v(0)

for any z,y € L?. Applying identification between H* and H, this proves
(5.1). By construction, [|a|le < C and |8l < 1. O

5.2. A special case: Schur multipliers

Let (Q1, 11),(Qa, u2) and (23, p3) be three separable measure spaces. We
are going to apply Theorem 5.1 with (2, ) = (Q2, u2), E = L'(Q4) and
F = LY(Q3).

To any ¢ € L>(Q; x Q3 x Q3), one may associate ¢ € L (Qg9; B(L' (),
L>°(£23))) as follows. For any r € L'(€y),

(5.16) [6(t2)] (r) = ot )it dm (), €

According to the obvious identification
LOO(Ql X QQ X Q3) = Lgo (QQ,LOO(Ql X Qg))

and (2.10), the mapping ¢ — $ induces a w*-homeomorphic isometric
identification

Loo(Ql X Q2 X Q3) = Lgo (QQ; B(Ll(Ql),LOO(Q:;))),
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By Remark 4.4, the w*-continuous contractive embedding T's(L'(Qy),
L*>(Q3)) € B(LY(91), L>=(Q3)) induces a w*-continuous contractive em-
bedding

L (Q23Ta(LH (1), L(23))) € L (Q2; B(L' (1), L7 (23))).

Combining with the preceding identification we obtain a further w*-cont-
inuous contractive embedding

(517) Lgo (QQ,FQ(Ll(Ql),Lw(QQ,))) C LOO(Ql X Qo X Qg)

According to this, we will write ¢ € L3 (Qa; To(L' (1), L®(23))) when ¢

actually belongs to that space. In this case, for the sake of clarity, we let
[[6]lo0.r

denote its norm as an element of L (€; T'a(L! (1), L>(Q3))). It is greater
than or equal to its norm as an element of L>(; x Qg x Q3).

THEOREM 5.5. — Let ¢ € L>®(21 X Q9 x Q3) and C > 0. Then ¢ €
L (Q2; To (LY (), L>(Q3))) and ||¢]|ce,r, < C if and only if there exist a
separable Hilbert space H and two functions

GGLOO(91XQQ;H) and bELOO(QQXQg;H)
such that ||a]|so]|b|lcc < C and
(518) ¢(t1,t2,t3) = <a(t1,t2),b(t2,t3)> for a.e. (t17t27t3) € Q1xNyx Q3.

Proof. — Assume that ¢ belongs to L3 (Qg; T2(L (), L>=(Q3))), with
[|9]lco,r, < C. According to Theorem 5.1, there exist a Hilbert space H and
two functions

a € LY (Q2; B(L'(Q1),H)) and B € LY (Q; B(L'(Q3), H))

such that for any 71 € L'(Q;) and r3 € L'(Q3),

(5.19)  ([o(t2)](r1),73) = ([a(t2)](r1), [B(t2)](r3)) for a.e. ty € Qs.
By (2.4), (2.5) and (4.4) we have isometric identifications
L2 (0 B(LN (), H)) = L (s (LN() & HE)")
= (L'() ® LM(Q) & H*)
= Ll(Ql X QQ7H*)*
= Lgo(Ql X Qg,H)
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Moreover L (9 x Qo3 H) = L (Q x Qo; H), see Remark 4.2. Hence we
finally have an isometric identification

L (Q; BLY (), H)) = L®(Q1 x Qo3 H).
Likewise we have an isometric identification
L (Q2; B(LY(Q3), H)) = L™®(Q x Q3; H).

Let a € L™(Qq x Qq; H) and b € L™ (Qy x Q3; H) be corresponding to o
and J3 respectively in the above identifications. Then for any r; € L'(€y),

la(ta)] (1) = /Q a(ts, o) (b)) dpa(t)  for ace. £ € Q.

Likewise, for any r3 € L*(3),
[ﬂ(tg)](?"g) = / b(tz,tg) 7’3(t3) dﬂg(tg) for a.e. ty € Q.
Q3

Combining (5.19) and (5.16) we deduce that for any r1 € L'(;) and
r3 € L'(Q3), we have

/Q Q<a(t1at2)»b(t2»t3)>7“1(751)rs(ts)dm(h)dug(tg)

= ([o(t2)](r1),73)
Z/Q . d(t1,ta, t3)r1(te) m3(ts) dpa (t1)dps(ts)

for a.e. ta € y. This implies (5.18) and shows the “only if” part.

Assume conversely that (5.18) holds true for some a in L (Qy x Qq; H)
and some b in L>®(Q; x Qo; H). Using the above identifications, we con-
sider a € L (Q; B(L' (), H)) and 3 € LY (Q2; B(L'(Q3), H)) be cor-
responding to a and b, respectively. Then the above computations lead
to (5.19). This identity means that for a.e. to € )3, we have a Hilbert space
factorisation ¢(t2) = B(t2)*a(ts). This shows that ¢ € L (Qg; T2 (L (),
L%(9))), with [[oe.ry < lla]loc [Bloc o

6. Characterization of S% x S2 — S! boundedness

Let H be a separable Hilbert space and let A, B and C' be normal oper-
ators on H. Let A4, Ap and A¢ be scalar-valued spectral measures associ-
ated with A, B and C. Recall the definition of the triple operator mapping
I'4B.¢ from Theorem 3.3. The purpose of this section is to characterize the
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functions ¢ € L>®(Ag X Ap X A¢) such that T45:C(¢) maps S?(H) x S%(H)
into S*(H).

We shall start with a factorization formula of independent interest. Let
I'4B and T'B:C be the double operator integral mappings associated re-
spectively with (A, B) and with (B, C), see Proposition 3.4. As noted in
Remark 3.5, 4B and T'BC are s-representations. Recall that they are
w*-continuous.

In the next statement we will consider the product uv of a function
u € L>®(Aa x Ap) and a function v € L*®(Ap x A¢). The meaning is that
we consider

L®(AaxAp) CL®(AaxApxAc) and L*®(ApxAg) C L (AaxApXAc)
in a canonical way and multiply v and v in this common bigger space.

LEMMA 6.1. — Let u € L>® (A4 x Ap) and v € L*°(Apg X A¢). Then, for
all X, Y € S?(H), we have

FA’B’C(UU) (X,Y) = FA’B(U) (X)FB,C(U)(Y).

Proof. — Fix X,Y € S?(H). Let u; € L>®(\a),ug,v1 € L>®(\p) and
vy € L®(A¢). Consider u = u1 ®ug € L®(A4)@L®°(Ap) and v = v1Quy €
L*(Ag)®L>®(A¢). Then we have uv = 13 Quav1®@vy € L®(A4)QL>®(Ap)®
L>*(A¢). Therefore

IABC () (X,Y) = u1 (A) X (ugv1) (B)Yva (C)
= U1 (A)XUQ(B)’Ul(B)YUQ(C)
= PAB ) ()P ) (1),
Now, take u € L>®(A4 x Ag) and v € L®(Ag x A¢). Let (u;); and (v;); be
two nets in L®(A4) ® L>®(Ag) and L=(Ap) ® L (A\¢) respectively, con-

verging to v and v in the w*-topology. By linearity, the previous calculation
implies that for all i, 7,

TP (uy0;) (X, Y) = T (i) (0T (07) (V).

Take Z € S?(H) and fix j. Since I'Z:%(v;)(Y)Z belongs to S?(H) we
have

lim tr(D4 (u;) (X)T 5 (0) (V) Z) = tr(THF () (XD (17)(Y) 2)
= tr(I%C (0;) (V) 2T (u) (X))

ANNALES DE L’INSTITUT FOURIER



TRIPLE OPERATOR INTEGRALS 1431

by the w*-continuity of I'*B. Similarly, since ZT'48 (u)(X) € S?(H), the
w*-continuity of T'5-C implies that

lim tr(DP (1) (V) 2D (1) (X)) = (D7 € (0)(V) 204 () (X))
= (TP () (X)DPC (0)(Y) 2).

On the other hand, (u;v;); w*-converges to uv; for any fixed j and (uv;);

w*-converges to uv in L% (Aa x A X \¢). Hence the w*-continuity of ['4-5-C

implies that
lim lim tr(D42C (u0;)(X,Y) Z) = lim tr(T45C (uv;) (X, Y) Z)

i J
= tr(TMBC (w)(X,Y) 2).
Thus, for all Z € S%(H),
tr(T4F (u) (XD P € (0)(Y) 2) = tr (045 (w0) (X, V) Z),
which implies that T'45:C (uv) = ' (u)(X)I'EC (v)(Y). O
The next theorem is our main result. It should be regarded as an exten-
sion of [12, Corollary 8] to the measurable setting. In the latter statement
one considers a matrix M = {mjx; }ik ;>1 and it is implicitly shown that
the bilinear Schur multiplier associated with M maps S? x S? into S! if
and only if M belongs to £>°(T'2(¢*,¢>°)). In the current situation, matrices

are replaced by functions. The scheme of proof of Theorem 6.2 is similar
to the one of [12, Corollary 8] but requires various additional tools.

THEOREM 6.2. — Let H be a separable Hilbert space, let A, B and C
be normal operators on H and let ¢ € L>(Ag X Ag X A¢). The following
are equivalent :

(1) TP (¢) € Ba(S*(H) x S*(H), S'(H)).

(2) There exist a separable Hilbert space H and two functions
a€ L®AaxAp;H) and be L®(Ap X A¢; H)
such that
o(t1,ta,t3) = (a(t1,t2), b(ta, t3))
for a.e. (t1,t2,t3) € 0(A) x o(B) x o(C).

In this case,
(6.1)  [[TAPC(9): S*(H) x S*(H) — S'(H)|| = inf{]|af bl }

where the infimum runs over all pairs (a,b) satisfying (2).
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Proof.

(2) = (1). — Assume (2) and let (e;)ren be a Hilbertian basis of H.
For any k € N, define

ap = (a,ek> S LOO()\A X )\B) and by = <b, 6k> € LOO(AB X )\0)
We set

1

la| = (Z Iakl2> E;

this function belongs to L>® (A4 x Ap) and we have ||a|loc = [||a]]|co-
Let X € S%(H). Since I'*B is a w*-continuous *-representation, we have

ZIIFAB (ar)(X)[13 =D (T4 (ar)(X), TP (ax) (X))
k
— Z (T8 (@)D 8 (ar,)(X), X)

= (I'*"([a|?)(X), X)
< lalllooIX113 = llallZ X 13-
We prove similarly that if Y € S?(#), then

Z T2 @) ()5 < 1Bl Y113
Consequently, for all X,Y € S?(#), we have the inequalities

DI (@) ()T (0) (V)
k
ZHFAB (a) ()2 [T (1) (V) |2

< (Z 045 (an) (X ||2> (Z I+ (Br) ( ||2>
k

< llallcolblloc X NI2[Yl2-
Therefore, we can define a bounded bilinear map
0: S?(H) x S*(H) — S*(H)
by

= S AP @)XOrPCE)Y), XY € SH),
and we have

(6.2) 181 < llalloo Iblloo-
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We claim that
FA,B,C(¢) — 0.

To check this, consider
n - n
&;:Zak@)ek and bn=Zbk®ek
k=0 k=0

for any n € N. Then we set

On(t1,ta, t3) = (@n(t1,t2), b(ta, t3)) = Zak(t17t2)bk(t2at3)~
k=0
Fix X,Y € S?(H). We have 4B (¢,) = S°p_ T4B:C (b)) hence by
Lemma 6.1,

n

DA (9,)(X,Y) = 3 T4 (a0) (X)TPC () (Y).
k=0

Consequently,
486 ) (X,Y) — O(X,Y) in S'(H).

n—-4oo

Moreover ¢,, — ¢ a.e. and (¢, )y, is bounded in L= (A4 X Ag X A¢). Indeed,

|Gn(t1,ta, )| < <Z|ak(t1,tz)l2> (Zbk(t2»t3)|2> < llalloo[blloo-

k=0 k=0

Hence by Lebesgue’s dominated convergence theorem, w*-lim, o0 ¢r, =
¢. The w*-continuity of I'45:¢ implies that

4500, ) (X, Y) — THPY¢)(X,Y)

n—-4oo

weakly in S2(H). We conclude that T45:C(¢)(X,Y) = O(X,Y).
This shows (1). Furthermore (6.2) yields

(6.3)  [ITAEC(e): S2(H) x S (H) — ST H)|| < llallocl bl oo

(1) = (2). — As in Subsection 3.3, we consider the triple integral map-
pings A(¢) in the case when (Qq,u1) = (o(C), A¢), (2, u2) = (6(B), Ap)
and (Qs, u3) = (0(A), Aa). Note that these measurable spaces are separa-
ble.

Assume (1) and apply Proposition 3.8, which connects T'45:C (¢) to A(¢).
Let

X € S*2(L*(A\p), L*(M\a)) and Y € S*)(L*(\¢), L*(AB)).

TOME 71 (2021), FASCICULE 4



1434 Clément COINE, Christian LE MERDY & Fedor SUKOCHEV

By (3.6), we have
IA@)(X,Y) 1 = [lp3" e TP C(@)(X,Y) 0 pells
<P E () (X, V)]
< PP (g): 82 x 52— S| X [2]|Y |2,
since | X ||z = || X||2 and [|Y]]2 = ||Y||2. This shows that A(¢) maps 52 x 52
into S!, with
(6.4) [A(¢): S% x 8% — S| < ||[T4PC(9): S? x % — S
We now extend the proof of [12, Corollary 8] to get a Hilbert space
factorization. For convenience we write H; = L?(\4), Hy = L*(Ap) and
Hz = L?(\¢). Each of these spaces naturally identifies with its conjugate
space, hence we will not use conjugation bars as we had to do in Subsec-
tion 2.3.
We have just proved above that A(¢) extends to a bounded bilinear map
S?(H,y, Hy) x S%(H3, Hy) into S'(Hs, Hy). According to the identification
A
By(5% x §2,5%) = B(§* ® §2,5%),
provided by (2.2), it can be also regarded as a bounded linear operator from

the projective tensor product S?(Hy, Hi) (}% S?(Hs, Hy) into S'(Hs, Hy).
By (2.9), we may naturally identify S?(Hjz, Hy) and S?(Hz, H;) with the
Bochner spaces L?(\g; H3) and L?(\p; Hy ), respectively. We may therefore
regard A(¢) as a bounded linear operator

A(¢): L2(Ap: Hi) & L*(\; Hs) —» S'(Hy, Hy).

Property (2.3) and Hilbert space self-duality provide a natural isometric
identification

AN *
(L*(A\p; H1) @ L*(Ap; H3))" = B(L*(Ap; Hi), L*(Ag; H3)).
We further have S*(Hs, Hy)* = B(Hy, H3), by (2.7). We now let
v: B(Hy, Hy) — B(L*(Ap; Hy), L*(\p; Hs))

be the adjoint of A(¢) through these identifications.
According to (5.2) and (5.3), we have an isometric embedding

L (Ap; B(H1, H3)) C B(L*(Ag; Hy), L*(Ap; H3))

obtained by identifying any A € L°(Ap; B(H1, H3)) with the multiplication
operator Ma. It is easy to check (left to the reader) that this embedding is
w*-continuous. Hence we may regard the dual space LZ° ()\B; B(Hl,Hg))
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as a w*-closed subspace of B(L?(Ag; Hi1), L*(Ap; Hs)). We aim at show-
ing (6.5) below.

Let £ € Hy and n € H3, and consider £ ® n as an element of B(Hy, H3).
Take any ¢ € Hy, ¢’,d € L?(A\g) and d € Hs, then regard ¢’ ® ¢ as an
element of L%(Ap; Hy) and d’ ® d as an element of L?(\p; H). We have

<[U(§ ® 77)] (C/ ® C)’ d/ ® d>L2(/\B§H3)yL2(>\B§H3)

= (£@n,A)[( @)@ (d@D]) 5y, ). (.010)
= O(t1, b2, t3)E(t1)n(ts)c (t2)d' (t2)e(tr)d(ts) dAa(t1)dAp (t2)dAc (t3).
o(A)xo(B)xo(C)
It readily follows from this formula that for any § € L>(Ap),
([o€@n)] (O ®c),d @d) = {[v(E@n)]|( ®c),0d ®d).
Since L?*(A\g) ® Hy and L?*(A\g) ® Hs are dense in L?(\p;H;) and
L?(\p; H3), respectively, this implies that [v(£ ® 1)](8¢) = 0[v(€ @ n)](p)
for any ¢ € L?(A\p; Hy) and any 6 € L°(\p). By Lemma 5.3, this implies
that v(§ ® 1) belongs to L (A, B(Hy, Hs)).
Since v is w*-continuous and H; ® Hj is w*-dense in B(H;, Hs), we

deduce that
(65) ’U(B(Hl,Hg)) CL;O()\B,B(Hl,Hg))

Consider now the restriction vo = vji(m,,m,) of v to the subspace
K(Hy, H3) of compact operators from Hp into Hs. By (6.5), we may write
Vo K(Hl,H?,) — Lgo ()\B,B(Hl,Hg))

Corollary 4.3 provides an identification

B(K(Hy, Hs), Ly*(Ap; B(H1, H3))) = Ly (A; B(K(Hy, Hs), B(Hy, H3))).

Let 56 LgO()\B;B(IC(Hl,Hg),B(Hl,Hg))) be corresponding to vy in this
identification. Then by the preceding computation we have that for any
¢, € H and d,n € Hs,

([3(t2)] (€ @ m), dw )
:/ B(t1,ta, t3)E(t)n(ts)c(ty)d(ts) dAa(ty)dAc(ts)
o(A)xo(C)

for a.e. ty in o(B).

Following Subsection 2.4, for any J € L2(Aa xA\¢), we let X ;€ S?(Hy, H3)
be the Hilbert—Schmidt operator with kernel J. Then the above formula
shows that for J = £ ® n, we have

(6.6) [qz(tg)] (X)) = Xop(t0,)7 for a.e. to.
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By density of H; ® Hz in L?(As X A¢), we deduce that (6.6) holds true
for any J € L?(Aa x A¢). This means that for a.e. to, (-, t2,-), regarded
as an element of L®(As X A¢), is a measurable Schur multiplier, whose
corresponding operator is

B(t2) = Ry(12,): K(L2(Aa), L’ (Ae)) — B(L*(Aa), L*(Ac))-

This shows two things. First, ¢ belongs to L (Ag; T2(L*(Aa), L= (Ac)))
regarded, by (4.8), as a subspace of Lg"()\B;B(IC(Hl,Hg),B(Hl,Hg))).
Second, the element of L>(Aa X Ap X A¢) corresponding to 5 through
the inclusion (5.17) is the function ¢ itself. Thus we have proved that ¢ €
L (Ap;Ta(LY(Aa), L=(A¢))). Further the above reasoning shows (using
the notation || - ||oo,r, introduced after (5.17)) that
[¢llso,ry < [JA(0): S? x 52 — S].
According to (3.7), this implies that
[lloo,r, < [THPC(0): 52 x 52 — S].

Now applying Theorem 5.5 yields (2), with

lalloclblloo < T4 (0): 5% x 5% — SH]. 0

Theorem 6.2 extends to the framework of triple operator integrals asso-
ciated with functions as defined in Subsection 3.2. With similar proofs as
above, we obtain the following.

THEOREM 6.3. — Let (1, 11), (Qa2, u2) and (Q3, u3) be three separable
measure spaces, and let ¢ € L*°(Q; x Qg x Q3). Then A(¢) extends to a
bounded bilinear map

A(¢) + S*(L2(Q2), L*(23)) x S*(L* (), L*(Q2)) — S'(L* (), L*(23))
if and only if there exist a separable Hilbert space H and two functions
a€ L™®(Q x Qo H) and be L*(Qy x Q3; H)
such that
o(t1,t2,t3) = (a(t1, t2), b(ta, t3))

for a.e. (t17t27t3) S Ql X QQ X Qg.
In this case,

(6.7) [A(¢): 5% x §2 — S| = inf{[|a]| 1Bl oo }»

where the infimum runs over all pairs (a, b) verifying the above factorization
property.
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7. Additional comments

In this last section, we explain connections between our theorems and
previous results in this area. We first show that Peller’s Theorem from [28]
(mentioned in the Introduction) is a direct consequence of Theorem 6.2.
With the terminology of the present paper, Peller’s Theorem can be stated
as follows.

THEOREM 7.1 (Peller [28]). — Let A, B be normal operators on a sepa-
rable Hilbert space H and let A 4 and A\p be scalar-valued spectral measures
for A and B. For any 1 € L*°(\a x Ap), the following are equivalent.

(1) The double operator integral mapping T'AB (1) extends to a
bounded map from S (H) into itself.

(2) There exist a separable Hilbert space H and two functions a €
L>®(Aa; H) and b € L*°(Ap; H) such that

(7.1) ¥(s,t) = {a(s),b(t))
for a.e. (s,t) € 0(A) x o(B).
In this case,
P45 (): 81 (H) — S (H)|| = inf{]|afo[bllos }

where the infimum runs over all pairs (a,b) of functions such that (7.1)
holds true.

Proof. — Consider A, B as above and take an auxiliary normal opera-
tor C' on H (this may be the identity map), with a scalar-valued spectral
measure A¢. For any ) € L®(A4 X Ap), set

v=9YR1e Loo()\A X )\B) ®LOO()\(;) C L®(Aa X A X )\B).
We claim that for any X, Y € S%(H),
(7.2) TP W)(X,Y) = TP () (XY).

Indeed for any f; € L>®(\4) and fo € L>®(Ap), and for any X,Y € S?*(H),
we have
PP (h @1 f)(XY) = A(A)XY f(B).

Hence by linearity, (7.2) holds true for any ¢ € L®(A4) ® L*(Ap). By
the w*-continuity of T4 5 and of T'45 | this identity holds as well for any
b€ L% x Ap).

We have || XY||; < || X|2]|Y |2 for any X,Y € S?(H) and conversely,
for any Z € S'(H), there exist X,Y in S?(#H) such that XY = Z and
IX12IlY ll2 = || Z]]1- Thus given any ¢ € L (A4 X Ap), it follows from (7.2)

TOME 71 (2021), FASCICULE 4



1438 Clément COINE, Christian LE MERDY & Fedor SUKOCHEV

that T4C-B(¢)) maps S2(H) x S2(H) into S'(#) if and only if T45B ()
maps S*(H) into S*(H) and moreover,

[TACB () S2(H) x S*(H) — S*H)|| = [[TE(): S'(H) — S'(H)].

On the other hand, v satisfies condition (2) from Theorem 6.2 if and
only if 1 satisfies condition (2) from Theorem 7.1.
The result therefore follows from Theorem 6.2. O

Remark 7.2. — In this remark, we discuss another formulation of Peller’s
Theorem. Let E, F' be Banach spaces. A bounded map u: E — F* is called
integral if there exist a probability measure space (X, v) and two bounded
maps a: E — L*®(v) and f: F — L*(v) such that

(73)  (u(@).y) = / [0(2))(@)[BW)](«) dv(w), =€ E,yeF.

Let Z(E, F*) denote the space of all such operators and set I(u) =
inf{||c||||8]|}, where the infimum runs over all such factorizations. Then
I(-)isanormon Z(E, F*) and the latter is a Banach space. Moreover (2.3)
induces an isometric identification

(E& F)* =1I(E,F*),

where é) is the injective tensor product. We refer e.g. to [18, Chapter VIII,
Theorems 5 & 9] for these definitions and properties.

Grothendieck’s Inequality on tensor products implies that for any mea-
sure spaces (Q1,p1) and (Qq, u2), and for any 2z € L'(uy) ® L' (o), we
have ||z|lv < v5(2) < K||#||v, where K is a universal constant (see e.g. [33,
Section 3]). Equivalently,

Ll A Ll ~ Ll v Ll
(1) @ L' (p2) = L7 (p1) ® L~ (p2)

K-isomorphically. Passing to duals, this yields a w*-homeomorphic K-
isomorphism

(7.4) Lo(L (1), L% (n2)) = Z(L* (1), L (p2))-

Let A, B as in Theorem 7.1, let 1) € L= (A4 x Ag) and let uy: L1 (A4g) —
L>(Ap) be the bounded map associated to 1 (see (2.10)). Condition (2)
from Theorem 7.1 means that u, € Ia(L'(A4), L°(Ap)). Hence in Theo-
rem 7.1 above, condition (1) is also equivalent to :

(3) The operator uy, belongs to Z(L'(Aa), L=®(Ag)).
Further it is easy to deduce from the above definition of integral operators
(see (7.3)) that the above property (3) is formally equivalent to :
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(4) There exist a probability measure space (3,v) and two functions
a € L>®(Aa xv)andbe L>®(Ap X v) such that

w(s,t):/za(s,w)b(t,w) dv(w), a.e.-(s,t).

The equivalence between (1) and (4) is stated in [28, 30], and also in [22, 23]
to which we refer for various proofs. It follows from this analysis that if
condition (1) holds true, then the above factorization (4) can be achieved
with (a,b) satisfying

lalloollblloe < K[T4P(0): S'(H) — ST (H)]|.
Conversely if (4) holds true, then
A5 (@) : 81 (H) — SHH) < Nlalloo[blloc-

We note that the original paper [28] makes use of Grothendieck’s In-
equality to establish Theorem 7.1. Our approach shows that this can be
avoided and that Grothendieck’s Inequality is useful only to establish the
equivalence of (4) with (1).

Let us now come back to Theorem 6.2. Let A, B, C' and ¢ as in this the-
orem. It follows from the proof of Theorem 6.2 that the conditions (1)—(2)
in this theorem are equivalent to the fact that ¢ € LP(Ap;Ta(LY(Ma),
L>*(X¢))). Hence according to (7.4), the conditions of Theorem 6.2 are
also equivalent to

(7.5) € L (A; Z(L'(Na), L= (\¢))).

It is a natural question whether this implies the existence of a probability

measure space (X,v) and two functions a € LOO()\A X Ag xv)and b €

L°°(/\B X A¢c x v) such that ¢(t1,t2,t3) = [y a(ti, t2,w)b(ts, ts,w) dv(w) for
e. (t1,t2,t3). However we haven’t been able to establish this yet.

We now turn to connections between Theorem 3.3 or Proposition 3.4 and
the constructions of multiple operator integrals from [29] and [4].

Let Aq,..., A, be normal operators on a separable Hilbert space H.
Throughout we use the notations of Proposition 3.4. Let (X,du) be a o-
finite measure space and, for any ¢ = 1,...,n, let

a;: X xo(A;) —C

be a measurable function such that a;(t,-) € L>®(A4,) for ae. t € X.
Then t — a;(t,-) is a w*-measurable function from ¥ into L (A4, ), hence
t = llai(t, )|l (x,,) is measurable for any i. Further by composition (see
Remark 4.4), t — a;(¢, A;) is a w*-measurable function from ¥ into B(H).
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LEMMA 7.3. — Assume that

(7.6) / s (Yl a0t e vy lan ()l ray dpi(t) <

Then for any X1,...,X,_1 € S*(H), the function
(77) ¥ — SQ(H), t— al(t, Al)X1a2(t, AQ)XQ cee Xn_lan(t, A”),
is integrable.

Proof. — Fix X1,...,X,_1 € S?(H). Write X; = X' X" with X', X" €
S4(H), the 4-th order Schatten space on H. By composition, t s ay (¢, A1) X’
is a w*-measurable function from ¥ into S*(H). Since S*(H) is reflexive
and separable, it follows from [18, Theorem II.2] that ¢t — aq(¢, A1)X’

is actually measurable from ¥ into S*(H). Likewise t — X"as(t, Az) is
measurable from Y into S*(H). Since

al(t, A1)X1a2(t, AQ) = (al(t, Al)X/)(X”ag(t, AQ)),

it follows that ¢ — aq(t, A1) X1az(t, A3) is measurable from ¥ into S?(H).

One proves similarly that t — Xsas(t, As) -+ X,,_1a,(t, Ay,) is measurable

from X into S?(H). We deduce that the function (7.7) is measurable.
Then the assumption (7.6) ensures that this function is integrable. [

PROPOSITION 7.4. — Assume (7.6) and let ¢ € L>(Aa, X -+ X A4, ) be
defined by setting

(7.8) O(t1,ta, ... ty) = /Eal(t,tl)ag(t,tg) can (b t,) dp(t)
for a.e. (t1,...,t,) in 0(A1) x -+ x 0(Ap,). Then
(7.9) DA (9) (X, ..., Xpo1)
= /2 ay(t, A1) X1as(t, Ag) Xo - - Xp_1an, (8, Ay) dp(?)
for any X1, Xo, ..., Xn_1 in S2(H).

Proof. — We introduce a;: ¥ — L>(A4,) by writing a;(t) = a;(t,-) for
any ¢ = 1,...,n. Then the function ¢: ¥ — L>®(A4, X --+ X g, ) defined
by

S(t)=a() @at)® - ®ay(t), te,
is w*-measurable. Let ¢ € L'(Ag, x -+ x A4, ). Then for a.e. t € ¥, we
have

<(E(t), p) = /al(t, t1) - an(t, tn)o(te, ..o tn)dAa, (t1) - -dAa, (tn) -
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Hence by Fubini’s Theorem,
0:9) = [ 3009 dutt).
b

Fix X1, Xo,..., X, in S?(H). Write T' = T'4t»-4= for convenience. Since
this mapping is w*-continuous, there exists a necessarily unique ¢ €
LY(A\a, X -++ x Aa,) such that for any 1 € L>(Aa, X --+ X A4, ), we have

(T) (X1 s Xn1), X ) = (1, ).

We shall apply this identity with 1) = ¢ first, and then with ¢ = g(t) Then
we obtain

(D(B) (X1, Xno1), Xn) = (6, 0)

:L@mwmm
:/E<F(5(t))(X1,...,Xn_l),Xn>du(t).

By the definition of I" on elementary tensor products, we have

F(¢(t>)(X1, e 7Xn—1) = al(t, Al)X1a2(t, AQ)XQ e Xn_lan(t, An)

for a.e. t € 3. Consequently

(D(&)(Xr, -, K1), X
_ /E<a1(t, ADXras(t, As)Xa - Xo1an(t, An), X, dua(t)

This shows (7.9). O

Following [29], the space of all functions ¢ € L(A4, X -+ X Aa,,) de-
fined by (7.8) for some ai,...,a, satisfying (7.6) is called the integral
projective tensor product of the spaces L (A4,),...,L>(A4,); this space
is denoted by

L (Aa,) ®i - @i L(Aa,,)-
In [4, 29] the authors define a multiple operator integral mapping

Ty: B(H) x --- x B(H) — B(H)

for any ¢ € L*> ()\Al)ér : ~<§%iL°°()\An), as follows. Let ¢ be defined by (7.8)
for some ay,...,a, satisfying (7.6). Then for any X1,...,X,_1 in B(H),
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the operator Ty(X1,...,Xp—1) is defined by setting
(710) tr(T¢(X1,...,Xn_1)Z)
= / tr(al(t, A1) Xqa9(t, A2) Xo -+ - Xy qan (t, An)Z) dp(t)
by

for any Z € S'(H). Indeed it follows from [4, Section 4] that for any
X1,...,Xpn—1 in B(H), the function

¥ — B(H), t— al(t7 Al)Xlag(t, AQ)XQ e anlan(t, An),

belongs to Ll(X; B(H)), and hence t + tr(al(t,Al)Xlag(t,Ag)XQ-~-
Xn—1an(t, An)Z) is integrable for any Z € S1(H).

Proposition 7.4 shows that the constructions from the present paper
are compatible with those from [4, 29]. Namely for any ¢ in the integral
projective tensor product, the restriction of T to S*(H) x --- x S%(H)
coincides with T4 4n ().

We observe that for any ¢ € L> (A4, )Q%Z : -G%Z'L‘X’()\An), the (n—1)-linear
bounded operator T} is separately w*-continuous. That is, for any 1 < k <
n—1 and for any X1,..., Xk—1, Xgt1,.-., Xn—1 in B(H), the linear map
from B(H) into itself taking any Xy € B(H) to Ty(Xq,...,Xp—1) is w*-
continuous. Let us show this for k£ = 1, the other cases being similar. We
consider ¢ given by (7.8). We fix Xs,...,X,,—1 in B(H) and Z € S'(H).
We let : B(H) — C be defined by

N(X) = tr(Ty(X, X2 ..., Xp_1)Z), X € B(H),

and we aim at showing that the functional 7 is w*-continuous. For we
consider ©: ¥ — S'(H) defined by setting

@(t) = ag(t, AQ)XQ e Xn_lan(t, An)Zal(t, Al)

for a.e. t € 3. Arguing as in the proof of Lemma 7.3, one shows that ©
is measurable and hence that © is integrable. Then it follows from (7.10)
that for any X € B(H), we have

n(X) = tr (X /E o) du(t))

This shows that 7 is w*-continuous and concludes the proof.
This leads to the following.

AA
COROLLARY 7.5. — For any ¢ in the space L®(Aa,)®; -+ ®; L®(\a,),
the (n — 1)-linear map

AL AN (¢): 52(7-[) N, 52(’}-{) — 52(7‘[)
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extends to a (necessarily unique) separately w*-continuous bounded (n—1)-
linear map B(H) x --- x B(H) — B(H).

A

In the case n = 2, L®(A4) ®; L>=(Ap) coincides with the space all func-
tions in L>®(Aa x Ap) satisfying condition (iv) from Remark 7.2. Equiva-
lently, we have

(L' (), L= (Ag)) = L=(Aa) @i L®(Ag).

The inclusion “C” is obvious. The non trivial reverse inclusion is a well-
known fact which follows from [18, Chapter VII, Theorem 9]. According
to this result (see the beginning of Remark 7.2), it suffices to show that

A
any ¢ € L*°(A4) ®; L*(Ap) induces a bounded functional on the injective

v
tensor product L'(A4) ® L'(Ag). To check this property, consider

¢(t1,t2):/Ea(t,tl)b(t,tg)d,u(t)

for some measurable functions a: ¥ x 0(A) — C and b: ¥ x o(B) —» C
such that

K = / lat, Yoo DGt ) loo da(t) < oo

Then for any finite families (f)x in L'(Aa) and (g )x in L' (Ap), we have

(omen <

<K

D falt,-), fid(b(t,-), 9r)

k

ka @ g
k

dp(t)

)

v
L'®Lt

which proves the result.
We finally turn to the case n = 3. Consider three normal operators

A,B,C on H. It is clear that for any ¢ € L>®(\4) <§>Z L>(Ap) é)l L>(A¢),
4B8.C(¢) extends to a bounded bilinear map S?(H) x S2(H) — S'(H).
Indeed assume that

b(tr, b, t3) = / alt, t)b(t, ta)e(t, ts) dut)

=

for some measurable functions a: ¥ x 0(A) — C, b: ¥ x ¢(B) — C and
¢: ¥ x 0(C) — C such that

K=/ZHa(t,-)lloollb(t,-)Iloollc(t,~)||oodu(t) < oo.
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Then for any X,Y in S%(H),
[l ) X0t B)Yett, )l du(t) < KIX[al Vo

Hence by Proposition 7.4, T42:¢(¢)(X,Y) belongs to S*(H) and we have
P45 () (X, ) < KIIX[|2][Y]l2, - XY € S*(H).

Example 7.6 below shows that the converse is wrong, that is, there exist
functions ¢ € L>=(Aa x Ag X A¢) such that 45 (¢): S?(H) x S?(H) —
S*(H) although ¢ does not belong to L> ()\A)(EAQiLOO ()\B)QA@Z-LOO(AC). (There
are actually a lot of such functions.)

Example 7.6. — In this paragraph, and in Example 7.7 below, we con-
sider families M = {mx;}irj>1 in £°(N?) to which we associate the bi-
linear Schur multiplier By;: S% x §% — 52 defined by

By (X,Y) =

2
g miijikykj] s X =[xijligz1, Y = [Yijlijz1 € S
k=1 i,j>1

Bilinear maps B)s are special cases of the bilinear maps A(¢) and I'(¢)
considered in Subsections 3.2 and 3.1.

Let S = {sg;}rj>1 € (°(N?) and let Lg: S? — S? be the associated
Schur multiplier defined by

Ls(lyklrgz1) = ([sigvnileg=1),  [wkslegs € S%
Set myx; = si; for any 4, j,k > 1. It follows from the above definitions that
for any X,Y € 52,
Bu(X,Y) = XLs(Y).
Since ||Ls(Y)|l2 < ||S]|oo||Y ||2, this implies that Bys: S? x S — S bound-

edly. The above formula also implies that By, extends to a bounded bilinear
map B((?) x B(£?) — B(¢?) if and only if Lg extends to a bounded map

B(£?) — B({?). This holds true if and only if S € £ <§>i£°°. Thus whenever
A
S € 1°°(N?) \ £ ®; £>°, By is bounded from S? x S? into St but By, is
not bounded from B(¢?) x B(¢?) into B(¢?). In this case, M cannot belong
t0 0% &; £ &; (.
Example 7.7. — To complement the above discussion, let us show the
existence of (plenty of) families M € ¢°°(N3) such that

(1) By extends to a bounded bilinear map B(¢2) x B({?) — B(¢?);
(2) By does not extend to a bounded bilinear map S? x §? — S1.
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Let S = {sij}ij>1 € KOO(NQ) Set mj1; = s;; for any 4,5 > 1 and, for
any k > 2, set my,; = 0 for any ¢,j > 1. For any X = [x;;];;>1 and
Y = [yijlij>1 in S?, we have

By (X,Y) = [Sijxilylj]i7j>1~
For any finite families (o;);>1 and (8;);>1 of complex numbers, we have

E Sijl‘ilyljajﬂi

i,j21

<151 Z |zi1y1505 Bi

i,j21

<15l (Z |33i1|2> (Z |Oéz'|2> (Z 11112> <Z |ﬁj|2>
i>1 i>1 =1 =1
< ISlloo I X1 Be2) 1Y | Be2) <Z |04i|2> (Z |Bj|2>

i>1 =1

by the Cauchy—Schwarz inequality. This shows that Bjs satisfies (i).

We now claim that if Bj; extends to a bounded bilinear map S? x §? —
S1, then Lg extends to a bounded map B(¢?) — B(¢?). Indeed suppose
that

K = ||By: 82 x 8% — S| < <.
Consider a finite matrix [z;;]; j>1 and finite families (a;);>1 and (8;),>1 of
complex numbers. Let X = [x;;]; j>1 be defined by setting z;1 = «; for any
> 1 and, for any j > 2, x;; = 0 for any ¢ > 1. Likewise, let Y = [y;;]:,j>1
be defined by setting y,; = 3; for any j > 1 and, for any ¢ > 2, y;; = 0 for
any j > 1. Then

1XIl2 = (Z |/3’j|2>

N|=

1
2
and  [[Y||2 = (Zlai|2> :

j>1 i>1
Hence
1 1
2 2
|tr(Ba(X,Y)Z)| < K| Z) peay (Zwﬂ) (Z ai|2>
j>1 i>1
Since
(BM X, Y)Z Z SijTi1Y1j 250 = Z $i5 5 Zji
i,5>1 i,52>1
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this implies that

> sijzicaBi| < KN\ Zlpaey | Y1817 ) D] leul

ij>1 j>1 i>1

=
Nl

This implies that Lg extends to a bounded map B(¢?) — B(f?) and proves
the claim. N
Thus for any S € £°°(N?)\ (> ®,(>, the associated family M satisfies (2).

We finally refer to [20, 24] for the study of multilinear measurable Schur
multipliers which extend to completely bounded maps

B(L?*) x --- x B(L*) — B(L?).

Added, April 2020

After a first version of this paper was circulated in 2017, some of its
results have been used in [9, 10, 13, 25, 38].
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