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RANDOMIZATION IMPROVED STRICHARTZ
ESTIMATES AND GLOBAL WELL-POSEDNESS FOR
SUPERCRITICAL DATA

by Nicolas BURQ & Joachim KRIEGER

ABSTRACT. — We introduce a novel data randomisation for the free wave equa-
tion which leads to the same range of Strichartz estimates as for radial data, al-
beit in a non-radial context. We then use these estimates to establish global well-
posedness for a wave maps type nonlinear wave equation for certain supercritical
data, provided the data are suitably small and randomised.

RESUME. — On introduit une nouvelle randomisation des données initiales pour
I’équation des ondes, telle que les solutions satisfont les mémes estimations de
Strichartz que dans le cadre radial, au dépit de leur caractére non-radial. Nous
utilisons ces estimations pour montrer que certaines équations modeéles similaires
aux applications d’ondes sont bien-posées pour des données initiales surcritiques.

1. Improving Strichartz estimates via suitable
randomization

Consider the free wave equation
Ou=—uy +Au=0
on R™! where we shall restrict to the case n > 2. Denote the initial
data by u[0] = (u(0,-),u(0,-)). Interpolation of the point wise decay and
energy conservation lead to the famous Strichartz estimates
1 n n

(L) ullzrrs < C®, qsn) w0l v ey 121 () P
provided we restrict (p, q) to the Strichartz admissible range, given by % +
"2—;1 < an’ p > 2, with the case (n,p,q) = (3,2,00) excluded. These
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N[= Q=

Figure 1.1. Admissible ranges: light = general range, dark = extended
range

estimates have been known to be optimal in general due to the well-known
Knapp counterexamples.

However, it has also been known for a while that the latter can be avoided
by imposing either a symmetry reduction, such as radiality ([7]), or impos-
ing additional constraints on the angular regularity of the data ([14]), in
which case the range of available Strichartz estimates can be significantly
improved to

(1.2) Lyn-t_n-1
p q 2

This section contains the observation that combining the method of proof
from [14] with the asymptotic analysis of “generic” orthonormal bases for
the space of spherical harmonics on S™~! in [4] and implementing a suitable
randomisation, one can obtain almost the same estimates as in the radial
case, see Proposition 1.2 below. In the following section, we shall show how
one can use a refinement of these estimates (Proposition 1.5) to deduce
small data global well-posedness results below the critical scaling for certain
nonlinear wave equations of “fractional derivative Wave Maps type” on
R3*!. For a recent work on well-posedness of derivative nonlinear wave
equations involving randomised data see [6].

, D= 2.

1.1. Probabilistic orthonormal frames for spherical harmonics

Consider the sphere S¢ < R%! and let A be the Laplace operator with
respect to its canomical metric. Eigenfunctions u satisfying —Au = A2u

ANNALES DE L’INSTITUT FOURIER



RANDOMIZATION IMPROVED STRICHARTZ ESTIMATES 1931

satisfy the well-known estimates
lull Lo (ary < CA5(p)||U||L2(M)7 2<p< oo,

where
d—1 d 2(d + 1) d—1,1 1 2(d+1)
6 =5 - >77(5 = 5 \5— ) X /7 1\
(p) >~ PP (p) 5 (5 p) PS o)

and these bounds are in fact optimal on the sphere. However, from [4],
we infer that eigenfunctions saturating the preceding bounds are in some
sense exceptional, and that in fact orthonormal bases for L?(S¢) may be
constructed which much improve these bounds.

THEOREM 1.1 (Burg-Lebeau [3, 4]). — Denote by E) the space of
spherical harmonics of dimension N;, and associated to eigenvalue \> =
k(k+d—1), k € N. Identify the set of orthonormal frames By, = (by1);%,
of E), with the orthogonal group O(Ny), equipped with the Haar measure
v. Let v = @), v the natural probability measure on the set of sequence
of orthonormal frames B = (By,). Then there are constants C, ¢, co > 0 and
for all ¢ < 400, constants

Mgy ~Cy/q whenk — +oo
such that
13) V({B = (bra); 3K, [0k || oo (54) > (co + r)\/@}) < Ce_c’"z
v({B = (bk,); 3k, L bkl asy — Mg > 7}) < Ce™

In particular, we can select an orthonormal frame {by ;;1 = 1,2,..., Ny, k =
1,2,...} for L?(S%) consisting of eigenfunctions of /A with the property that

Cylogk, ifq= 40

14) 3C;VENYI=0,...,Ne, |brallpecse <
( ) k || kl”L (S4) {C\/a, ij < too.

Call such a frame {by;; k,1 > 1} a good frame. We shall use such a good
frame to implement a suitable data randomisation in the sequel.

1.2. Randomization improved Strichartz estimates
1.2.1. Using good frames

Pick a good frame {by;}x>1 for L2(S"~1). Consider a function f(x) on
R™ supported at frequency ~ 1, and write its Fourier transform in terms

TOME 71 (2021), FASCICULE 5



1932 Nicolas BURQ & Joachim KRIEGER

of the good frame after passage to spherical coordinates p, 6:
Z Cre, 1 (p) b1 (

In turn, this gives a representatlon of f(x) in terms of the good basis as
follows (see [13, Theorem 3.10]):

(13)  700) = S 2mit e T o) [ s Cralta(olot
Tl

and we have
(1.6) Z ||5k,z(P)||2L§p ~ HfHZL’Z(Rn)'

Now let hy (@) be a collection of real-valued independent random vari-
ables with distributions p; on some probability space, satisfying for some
c¢> 0 and all v € R the bounds

/ e dpg,| <
R

Introduce the functions

e k>

thl W), (p)br,1(0)

Also, denote their inverse Fourier transform by f(“)(rw). Finally, let
WO (t2) = (VA1) (@),
Then we can state the following

PROPOSITION 1.2. — Let (2, q) be admissible in the sense of (1.2). Then
for suitable positive constants ¢, C' we have

A2
Tz, .

(1.7) P<{H“(MHL3L3(RH1) > )‘}) S Ce L)\(;R ) Ha <o

: Ce ||f”H0+(]R”) Ifq = 400

Proof. — If (2,400) is admissible in the sense of (1.2), then (2,q) is
also admissible for ¢ sufficiently large and the second estimate follows from
Sobolev embeddings W7 — L* for € > 0 and ¢ sufficiently large. We now
assume ¢ < oo. Write (with w € S"71)

u ) (¢, rw) Z2m 7 (@) b (0)

: /0 e 2T Jus 4y (271 p)era(p)p* dp
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Then using Minkowski’s inequality and Lemma 3.1 from [5], we get for s > ¢

] L L2LY
] 2 %
<COVs b1 (6 —2witp g 2711 p)¢ 54
SCVs|[| D olr = bra(0) | e n2 g (2mrp)eka(p)p dp
ool 0 L2L
2—n o0 - n 2 %
< C\/g Z r 2 by 1(9) / 6_2wlthnT—2+k(27rrp)/c\k,l(p)p§dp )
0 L2LY

k,l
Following [14] we expand ¢x1(p) = Y,z chelg”” which upon substitution
in the preceding formula leads to

7 by () / e 2 Tz (2mrp)Cra(p)p* dp
0
2—n
= abia(0) Y r 7 ot w (),

where we use

Uy (0) = [ T Crrp)e D) 0

with x a suitable smooth bump function localizing around the support of
f(pw) with respect to p. But then from [14, identities (82), (83)] we have

the bound

2—n
Z oz CZ,H/Jf—g (r)
1%

7
Ck,1
1

<
NXV:(HIt—ZI)" S| gt

4

1
R
At fr—Jt—2F (

3

(k, [t—%],7) <1, and so application of the Cauchy—

with L R?
2o A+|r=lt=%1]
Schwarz inequality leads to the bound

S (
Lo (RT) v

2-n
Z o2 Cz,ﬂ/)f—ﬁ (r)
14
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Interpolating this with the simple energy bound

-

we find the bound

1

y

oo
6727mtp(]%+k(QWTp)/C\k,l(p)pi dp

L2(R+,rn—1dr)
1
2
v |2
5 (E ‘ck:,l| ) ’
v

2
(1.9)

2—n o0 . ~ n
777 be(0) / e 2T Jua (27 p)Cra(p)p¥ dp
0

La(R+,rn—1dr)
\Ck z|
< .
Z 1 + |t _ v 1+eq
for any ¢ such that (2,¢) is admissible in the sense of (1.2), with ¢, > 0 a

suitable positive number.
Keeping in mind that by ; is a good frame satisfying (1.4), we then infer

s zf 1

Keeping in mind (1.8) and substituting the preceding bound, we infer
that

2—n o0 ; ~ n
72 by (0) / e_%ltp‘]"z;%k@m"mck,l(P)P2 dp
0

L3

(1.10) [|ut

1
2
S<Z cw) SV gy > 0

v

The proposition is then a consequence of Lemma 4.5 in [17]. g

1.2.2. A non pinching condition

In this section we show how we can avoid the choice of a particular
frame and work directly in an arbitrary eigenbasis of spherical harmonics.
We start as previously and consider a function f(z) on R™ supported at

ANNALES DE L’INSTITUT FOURIER



RANDOMIZATION IMPROVED STRICHARTZ ESTIMATES 1935

frequency ~ 1, and write its Fourier transform in terms of an arbitrary
frame after passage to spherical coordinates p,w

chl )bre,1 (0

In turn, this gives a representation of f(z) in terms of the basis by (1.5)
with (1.6). We now assume that the decomposition (1.5) satisfies the fol-
lowing non pinching condition (see [12, (1.3)])

ASSUMPTION 1.3. — There exists C > 0 such that for any k the pro-

jection
Z Cre,t () (

on the Nj dimensional space spanned by the spherical harmonics of degree
k satisfies

C ~ i
VveZNk¢ﬂH§MM%ﬂ2<Ri§:ﬁhP, Cralp) =D cf e'E
l VEZ

We now randomize the function f using the exact same procedure as in
Section 1.2.1. We now have

PROPOSITION 1.4. — Let (2, q) be admissible in the sense of (1.2). Then
for suitable positive constants ¢, C we have under this new randomization
the same results as in Proposition 1.2

)\2
M 2 .

(1~11) P({Hu(@)HLng(RnJrl) > /\}> S Ce LA;R ) a<eo

t Ce HfHH[J+(Rn) lfq — +OO

Proof. — We revisit the proof of Proposition 1.2 and get from (1.8), (1.9)

GLiLlz
( L2L‘1>

2 1
max; \ck l| :
w(H I
129
Following [4, Lemme 3.1] we now remark that

(9,5) € (Snil) I—)Kk 9 9 Zbkl bkl

(1.12) [[ul®

lekal®
(25:25:1_+|tkl1+6|bkl
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is the kernel of the spectral projector on Ej the subspace of L?(S"~1!)
spanned by the spherical harmonics of degree k. It is consequently invariant
by conjugations by isometries of the sphere, which means, for any such
isometry J

Ki(J6,J0) = K1,(6,9),
which implies (since the group of isometries acts transitively on the sphere)
that the function w — Kj(w,w) is constant on the sphere with mean value

equal to
> lbkallzz = N,
1

which implies
Z |br,1 (0 (S" b.

Plugging this into the r.h.s. of (1.12) (remark that since what we get does
not depend on w any more, the L? norm becomes irrelevant) and using

2 \2
Lf)
1

2 1 1
Culeal® N2 ’ vz
Cf(H ZZ I+1t-1) 1+eq) , <CVs VZM\CJC,N

The proposition is then a consequence of Lemma 4.5 in [17]. O

Assumption 1.3 gives

Ny, max; [¢f ;|
LcLqu Cf(H ZZ 1—|—|t—* 1+eq>

(1.13)  ||u'®)]

1.3. A refinement; microlocalized Strichartz estimates

For applications of the estimates derived in the preceding subsection,
and in particular for deriving estimates which beat the natural scaling, it
is useful to also control certain square sums over pieces which are box-
localised in Fourier space. Specifically, it shall be useful to control norms
of the form

1
2
(ZHPCW)(W)HZL;) ,

where ¢ ranges over a covering of the annulus p ~ 1 in Fourier space by
boxes of diameter ~ ;< 1. Here, after re-scaling to frequency ~ 2F, k > 1,
we shall put p = 1. The point here shall be to deduce a bound which beats
the “trivial” estimates obtained by Cauchy—Schwarz and interpolation. In
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order to achieve the optimal such bound, we shall have to implement an-
other randomisation, this time with respect to the radial direction. We
refer to [2, 11] for another study of the effect of physical randomness on
the Strichartz gameboard in a simpler setting. Specifically, divide the in-
terval p ~ 1 into subintervals I of length ~ p. Then, for each k, [, write

ra(p) =Y xr(p)eralp Z 6§f2
I

For each I write

CHORD I e

veZzZ

Finally, let h,(f,l)”’(&l) be a family of independent random variables on a
probability space €21, and consider the randomised functions

(1) h(I)V( )ei%Vp7
veZ

and so we replace EEJ (p) by

NDw,(I),v, ~ i Ty
53 @
I veZ

Call the resulting free wave u(©“1) . Below, we shall denote by P the prob-
ability space Q x ;.

PROPOSITION 1.5. — Let f,ul®®1) be as in the Section 1.2.1. Also, let
0 < p <1 be a length scale, and pick for such p a uniformly finitely
overlapping cover C of the annulus p ~ 1 by cubes ¢ of diameter p. Denote
by P, a Fourier multiplier which localizes smoothly to c. Then for ¢ =
2=1) 4 e have

n—2
'l
<{ (Z HP u ||L2L‘1>z > A”“}) S D=2 e,
ceC

for suitable positive constants D,d (which, in addition to the implicit con-
stant, depend on q).

Proof. — We follow a similar procedure as in the preceding proof. Let
Xc(x) be the inverse Fourier transform of the smooth localiser x. which

realises P,. Note that Y. rapidly decays beyond scale p~!

Picking s > ¢, we have by Minkowski’s inequality

L14) [P oo Hle < P20

, and we have

vy lizea

TOME 71 (2021), FASCICULE 5
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On the other hand, observe that we can write

Py(@%1) (t,rw)

= PC ( Z 27Tik7“% hkyl(@)bk’l(e)

kv
/ 6727ri(t7%)pjn 2, (271'7’[)) (I(C)) l/h(I(c)) 1/( )pzdp>
0

where I(c) is an interval of length ~ u essentially uniquely associated with
¢ € C. Carrying out the integral, we find

Pa@@0 (4 rw) ~ S hi (@) @0) e R [bra(0)r T w0k ()]
k,l,v

where ~ indicates “up to an irrelevant constant”. We conclude that for any
s > q we have

ooy <D P o ot 1)

kv

)

It follows that in order to bound the right hand side of (1.14), we need to
bound

(>

2

L9 \3
Li)

(Z Z Hclec bkl(e) 2”1/}?3_2(@]”2;)

klv.Icl(c)=

](CIZ(C)),V|2|>\</C* I:ka(H)rwaz(r)]}Q)

Lt

=

L}
and more specifically the inner expression without the outer norm ||| z2.
This we shall achieve as in [14] via interpolation between bounds for ¢ = oo

and ¢ = 2. Then using the same point wise bounds as before, we find that
for any function g on the sphere S*—!

Ko * [9(w)r = 9f . (1)
1 1
(L4t =2 QA+ |r—|t—%|)?
O D S
(L4t =4

< lgllpe [Xe|

S gl p™ - p
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RANDOMIZATION IMPROVED STRICHARTZ ESTIMATES 1939

from which we deduce the bound

-~ 2-n 1 1
Tor [g@r = s, )| Slgloent

sup ‘ T a1
Lo A+]t—z)=

c;I(c)=1

The trivial L? bound

1
- 2-n 2\’
( > ‘Xc* [g(w)r= wf;(r)}‘m> < llgllee
c;I(c)=1

and interpolation gives for g = 2(::21)

(r)]

1
- 2—n k q ?
E * |glw)r 2 v|\T
4 La
c;I(c)=1

Xe [()

1
(14t =D+
Finally, Holder inequality and the uniform bound on the L9 norm of by
from Proposition 1.2 gives

(1.15) <Z ‘ <Z |C§€I,z(c))’y|2|5(/6 * [bkyl(g)rLTn@pfi%(r)] |2>2
c kv

_ (Z Z > Hc}glvxc (b (60 )r%”fz“)})\;y
I ¢I(e)=Iklyv I
S ( 2 ( > Hcé’,zy%c* [bk,z(e)r?wf_%(r)])

1
S ||g||LQ(Sn—1)M2(n—1)

kv, I Ye;I(c)=I
1
oo 1 :
< 21 e
<y 3 1 : ) ,
(ku] 1+|t_1|)

In total, we infer for such ¢ the bound

(16

ST AP K [bra(@)r T g ()] }2)

kv

1
3
n—2
< M_z(nl)_< Z |C]£1l)v|2> 7
k

L, I
and so
2= g Mgl s, < DVER T 1
The proposition is a consequence of this via Lemma 4.5 in [17]. (|

TOME 71 (2021), FASCICULE 5



1940 Nicolas BURQ & Joachim KRIEGER

1.4. Comparison to the Klainerman—Tataru improved Strichartz
estimate

Recall from [8] that in dimension n > 4, we have the following bound for
free waves u supported at frequency ~ 1

2
(1.16) (Z "Pcul|i%L1;(Rr,L+1)) S /‘%7% HU[O]HLg’

ceC

provided (2, p) is (standard) Strichartz admissible. Using the endpoint ex-
(n 1)

ponent p = and using Bernstein’s inequality, we can improve this

for p = o0 to

1
n(n—3)

2
(Zuaunigmw)) < bR ),

ceC

n2

ST [|ulol]] -

On the other hand, assuming for g = %—i— the bound

1
2
(Z||Pcu||iww) < W= ull]

ceC
leads via Bernstein’s inequality to the bound
1

2
(Z HPCuHingO(R"+1)> 5 /'L_ 2(7;—721) _,LL 2(<n 12)) Hu | L%

ceC

=1%ol .
which is essentially compatible with the Klainerman—Tataru bound. How-

ever, the range of exponents ¢ in Proposition 1.5 is of course much larger
than the one in [8].

2. Small data global existence for the critical nonlinear
wave equation in n = 3 dimensions with supercritical
data

2.1. Some notational conventions

In the sequel, we shall denote dyadic frequencies by N = 2%, k € Z, and
the associated standard Littlewood—Paley multipliers by Py or also Pj.

ANNALES DE L’INSTITUT FOURIER
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For each [ > 0, we pick a uniformly finitely overlapping cover K; of S? by
caps k of diameter ~ 27!, and denote the Fourier localizers which smoothly
localise to frequency ~ 2¥ and angular sector & by Py .. If u is a function
of (t,z), we denote its restriction to 7 >< 0 (Fourier variables) by Q%u
or u*. We denote by |\T| — |§|| the modulation, and by @); the multiplier
which smoothly localises to modulation ~ 27. To define the spaces in the
next section, we shall refer to null-frames (t,,,z,,1), w € S%, which refer
to %(t +w-x)as well as x — ¢, - % - (1,w). We shall frequently resort
to Bernstein’s inequality: for us this means the fact that for p < ¢ and
f € LP(R™) with Fourier support contained in a rectangular box R we
have

HfHLq(]Rn) S |R|%_% ’ ||f||Lp(]R”)'

2.2. Smoothness gains via Wiener randomisation

Here we combine the preceding considerations with the Wiener randomi-
sation introduced by Luhrmann-Mendelson in [10]. We shall henceforth
work in n = 3 spatial dimensions. Consider a datum f(pw). Write this as
a sum of frequency localised pieces:

f=Y Pnvf=feat+ fN.
N>1 N
where N ranges over dyadic numbers and Py is the standard Littlewood—
Paley projector. To simplify things a bit, we shall assume f.y = 0 in the
sequel. We randomise each component f(V) as in the last subsection but

one, i.e. introduce f(N)’(G’(N)*G’gN)), where the superscripts in (:J(N),ngN) in-
dicate that we randomise these pieces independently, of course. Introducing

the corresponding propagators
H@I) H(N) it/ — 2.0
)@ @) )(t,x) - (e tV =4 p(N) (@0, ))(x),

and letting C be a finitely overlapping covering the frequency region p ~ N
by cubes if diameter p ~ 1, we have the following re-scaled version of the
inequality of Proposition 1.5, keeping in mind that we set n = 3: for any

q >4,
2 3 )
> ANzt
L2L%(R3+1)
AZ

(2.1) P({(ZHPCU(N),@W)@W))‘
ceC
~R R

1L
< De a1t (23

TOME 71 (2021), FASCICULE 5



1942 Nicolas BURQ & Joachim KRIEGER
Alternatively, we get

(22) P ( E Hpcu(N)»(&;(N),&J(lN))‘ 2 )2 o
ceC LELE(®eTY)
\2

—d
sz,
< De H2 T (R3)

Assume now that
1

2

N2>1

Then letting [ [+, (QN) x Q ) be the corresponding product probability
space, we have

P ({3 N >1; (Z HPCU(N),(@<N)@§N))‘
ceC

1
2 2
LfLi(RiH-l)) > Ve llog N>}>

_ (log N)2ex
s (N2 .

< Z De H3t @) L Dede

N>1
Replacing ex by (logN)%¢, and incorporating the correction into
[|f ) || R4 we see that up to a data set of exponentially vanishing

size De™ 6*_ , we may assume that for each dyadic N we have the bound

1

2
(2.3) Gl ~<”’>’ < LQ
g L2LY(R3+1) (log N)

In order to take advantage of this bound, we now effect a third, final ran-
domisation, this time at the scale of cubes of size ~ 1 covering frequency
space. This is in effect exactly the procedure in [10]. Thus for the usual
random variable h.(w3), where ¢ € C ranges over a collection of finitely
overlapping cubes of diameter ~ 1 and P, the corresponding Fourier local-
izer, we consider

Je et Zh (@3) P f V@34

Call the corresponding propagator
(@07 3) (e,itﬁf(@*,a;i‘,&;g))(x).

If w3 is defined on probability space 23, with probability measure P3, then
a combination of Bernstein’s inequality with (2.3) furnishes the following

ANNALES DE L’INSTITUT FOURIER
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LEMMA 2.1. — Assume that ’|fHH%+( < €, and that (W*,@7T) avoids

R3)
an exceptional set of measure < e~ % . Then we have for any M € (4,00)

e 1
P3 <{ < Z <10gN>2||PN’U,(W ,UJl,WS)HifLiM(Rg_'_l)) > A}) < Ge_gg

N>1

- . __9_
In particular, up to a set of parameters ws of size < e V<, we have

1
2
( Z (1ogN>2||PNu(m*1a;I,w3) HZLfLy(R3“)> < eé,
N>1

which implies

*

Z HPNU(Q*’UDLQS)HL%L;‘J(RBJFI) 5 €
N>1

b

Proof. — We have for any s > M the bound

1
2
( S (log N)2|| Pyu®#1e) ||i?Lg,(R3+1)>

N>1

L

w3

< Gﬁ( 3 (log N?|| Py P D)

2
‘2
LfLQ/I(]RBJrl)
N2>1ceC

< GVs < 3 3 (log N2 P a4 2, <R3+1>>
tHa

N>1ceC

[N

for any 4 < ¢ < M. The assertion then follows from (2.3) and Lemma 4.5
in [17]. O
For later reference, we shall want to adapt this result to data of varying
degrees of smoothness. We have
LEMMA 2.2. — Assume that ||f||HS(R3) < €, s € R, and that (w*,w?)

Za
avoids an exceptional set of measure < e~ <~. Then we have for any M €
(4,00)

e 1
P; ({( Z <10gN>2N25717||PNu(w "*’1"*’3)HifL£l(R3+1)> > A})

N>1

2
< Ge 9%
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~ . )
In particular, up to a set of parameters ws of size < e v, we have

*

1

2
( Z (log N>2N23_1_HPNU(JJ*»@T’&B)||igLy(R3+1)> < €x.
N>1

By Bernstein’s inequality, this implies (choosing M sufficiently large) that

2
( Z <10g N>2N251||PNU(Q*’QI’®3)HifL;o(R‘?“*'l)) < 63.
N>1

For later reference, we shall also need randomised bounds for the L7 -
norm which beat the scaling. These can be obtained easily by using an
LM L2+ Strichartz bound and invoking Bernstein’s inequality to pass to an
Ly,-bound:

LEMMA 2.3. — Let f be as in the preceding lemma. For fixed (&*,©7),
—_9_
there is a set of parameters w3 of size > 1 — e v , such that

2
( Z <].Og N>2N23_ HPNU(U‘D*,GJT’&S) Hi‘t’?m(R3+l)> < Eé.
N2>1

2.3. The model problem: a class a fractional Wave Maps type
equations

Now let @ € (0,1) and introduce the Riesz type operators R(ua) =
0|V~ v =0,1,2,3 where we put |V| = y/=A. We also set 9" = m*”9,,,
where m,,,, denotes the Minkowski metric. Then consider the following class

of equations on R3*1:
(2.4) Ou = REuR™ (¥,

Note that for a = 0 this attains essentially the form of the Wave Maps
equation. This problem scales according to u(t,r) — A?®u(\t, Ar), and
so the critical Sobolev space is H372 Put s, := % — 2a. Then

THEOREM 2.4. — Let o € (0, %), and let s > s, — %, and
U[O} _ (e—it\/—Af(@*,a;i‘,o?g))[o]?
where

HfHHs(RS) < &
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with e, > 0 sufficiently small. Then for all (W*,w7) avoiding an exceptional
— 9

set of measure < e_%, and all w3 avoiding a set of size < e Ve the

problem (2.4) with data u[0] admits a global solution which decouples into

u = e—it\/ _Af((:)*7@;®3) + v,
where v € L H**,

Remark 2.5. — Observe that when « = 0, the nonlinearity no longer has
any smoothing effect, and achieving a supercritical well-posedness result
will have to employ different techniques (see [1]). The present result ap-
pears to rely crucially on the improved range of Strichartz estimates due
to Lemma 2.2.

Proof. — Write u; = e~V =2 f(@.81.83)  Then outside of exceptional
parameter sets as in the statement of the theorem, we may assume that

(2.5) ZNM HPNUlHLZLoc <,
: 3
(2.6) (ZZ [Noe— 2%~ ’P PNU1HL2LOO 2) < 6»%7
N ceC

where now C is a covering of all of frequency space by cubes of diameter ~1.
Repeating the argument in the preceding subsection, we may also assume
that we have

(27) (Z Z N#eT25 |]DlogNnU1HL2Loo> geﬁa

N keK;

Nl
=

provided ! € [0,log N].
Similarly, in light of Lemma 2.3, we may assume

(2.8) SNt || Pyw| . <€l
-

Finally, recalling Lemma 2.1, we may assume for any fixed M > 4 the
bound

1

(2.9) > N HPNu1||L2LM el
N

The equation for v becomes schematically
v = Rl(,")ulR”’(o‘)ul + Rl(,")ulR”’(o‘)v + Rl(,‘)‘)UR”’(")v

2.10
( ) U[O] - (U(Oa')7vt(07')) - (07 0)
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We shall establish a fixed point here in a suitable space at regularity H*>.
In light of the null-structure inherent in the nonlinearity, a variant of the
norms used in [15] here works:

@11)  folls, =275 (IVeavl eu. g + IVeatllsgr + [Veavllsgro )
k
where we set (for scaling reasons) and assuming p, s € [1,00)
lollgger := () 27 CototeGmabrprg,

1,11
7 T383

p>2+

-

q
loll o = 25 (Z[zp'ﬂ||c2jv||%1q> 1<q<o,

JEZL

ol o = 2% sup 291 Qvll3 .
JEZL ’

and we use the following version of the null-frame spaces:

1
3
[vllgens == 71>110) ( Z Hpk,nQik%Usz)iK) )

KEK]
where
ol o= ol 22 sup ain?ols
(s — 2
i L
and we set

. !
el = ot [, 1l e, 0
For future reference, we shall use the notation
j;lfﬁdiSt(wvﬁ)HU”ijLiwL = ||UHNFA[N]*

For the source terms, we employ the norm associated with the space
given by

1778a—1 ¥ 50_17_%71

Nk:LtHO‘ +Xk +NFk,

which involves the somewhat abstract null-frame space N F}, associated to
the norm

2
sa—D)k . 2
I S o) L

+
KREK] F KEK]

K
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where it is understood that in F' = Y7, . F3 either the + or the — sign
applies everywhere, and each F,,ii has space-time Fourier support contained
in +7> 0, ||7] — [¢]| < 2¥72! ¢ € K, and we define

HFHNFA[R] = }gg dist(w’, k) 1||FHL1 o

Then from [15] we have the key energy inequality for Schwartz functions
¢ supported at spatial frequency ~ 2*:

(2.12) 9ells, S NOr0O0] grecwprmas + D8],

The proof of Theorem 2.4 is then accomplished by proving the following

PROPOSITION 2.6. — Assuming the bounds (2.5), (2.8), as well as the
other assumptions of the theorem, and choosing €, small enough, the bound

> |

kEZ

< €4
k

implies the improved bound

1
kZEZ ||ka||5k < 56*

This proposition, combined with standard arguments (see e. g. [9, 15]),
easily implies the theorem. In turn, in light of (2.12), the proposition follows
from the bound

>l <.
kez

It remains to bound the various terms on the right hand side of (2.10)
with respect to >, || - | n,:

Step 1: Self-interactions of u;. — Write
R,(,o‘)ulR”’(a)m — Z R,(,a)ul,klRV’(a)uLkg

|k‘1—]€2‘<10
+ E RiMuy g, Ry g,
k1<ko—10
+ Y R ug, R Yy,
ko<ki—10

The last two terms on the right are similar due to the symmetry.

Step 1.a: Low-high interactions. — Write this as
Z Ry gy ROy, = Z Z Q; Pry [R\uy o, Ry 1],

k1<ko—10 k‘1<k2—10j<k‘1
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keeping in mind that wu; is a free wave. Observe that we can then write

Q; Piy [RSur iy R @y 1,

+ + v +
= Z Qj P, [Rz(za)ul,klR ’(a)uu@]
£E+

+ «@ + v,(a +
E Qj sz [Rz(/ )thf”vl ul,klR ( )Pk%"?ul,kz
+,+,+ i—Fk1

dist(tk1,tr2)~2 2

Then we bound

HQJ‘PIQ (RS uy gy Ry g, Hxsaq,fl,l

2
k2

g 27% . 2(%7201)/62 . 2j*k71 . 2(170‘)161 . 2(175*)]“2

1 1
2 2
(2 Wlin:) (T Waemlies,)

I{GKJ_kl HeKj—kl
2 2

where we have exploited the gain 2/~%' from the null-form due to the
angular alignment of the factors. Then if j > 0 we use the bound

1

1
2
(Z HP’““”WHi%L?) < b gaste gl
K

while we get

1
3
2 e
(Z HP’“Z’“WHL:"L3> < e, - 22am3taT)k
K
Inserting these bounds above and simplifying results in

sa—1,—%,1
k2

Q2o R s By

i 5
< o5t galki—ky) o= ostkitsthe | 1
~J

< 2]‘7;1 .95 (k1—kz2)  9(0—)k: '64%

bl

and one can sum here over j < k1,0 < k1 < ko.
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If 7 <0, then we use the bounds

N=

i—k1

( Z HPkwf% HPW[:&:;{]) 5 2(204—%4‘%%1 27 e,

KGKj,kl
2

N=

( Z HPkl’HuliH]Q\]FA[:I:H]*> 5 2(204_%-"_%)]“ * €x,

KGK]',;“
2

which gives

11Qs Py [RE w1 e, Ry g )| o1 1
Xk
2
1 ki—k B a2k, 2
522 20‘(1 2).2 2 . Q2F 1T oy 2. €l
I 52 (ki—k 0—)ky | 2
<2595 (ki=he) 90—k (2

which can be summed over 57 < 0,0 < k1 < ks.
Step 1.b: High-high interactions. — Write this as

Z Z Z Qi Pe RS uy g, Ry ]

|k1 —ka|<10 k<k1+10 j<k+10

+ Z Z Z Q; Pu[RSur iy R @y 1,

|k1 —ko| <10 k<k1+10 j>k+10

Then we bound the first term on the right(with j < k + 10) by
HQ]Pk )ul Jk1 R v(a )ul k‘z]“Xsa—l,—%,l

k
< 9=% . 9(3—2a)k  92(k—k1)+j—Fk

1 1
1 2
 gi-alks (Z ||Pk1,,iu1||igL;o> 20Tk (Z Isz,wlI%cha) :
K

K

where it is understood that the « range over K; with{ = k—k; + % Using
the bounds from before for the square sums over caps, we find provided
Itk 50

2 =

HQ Pk ul klR »le )ul,k'e]”Xsafl,f%,l

k

_d .25—2a)k 22(k ki)+j—k 2(1 a)k: | 2(1_a)k2
9o+ ki g(2a=3+51)ks (1

< 9' . g-a)(kok) g3 ks ],
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One can sum here over j < k as well as k < k; = ky + O(1). The case

# < 0 is again handled by using the PW x|, NFA[x]* norms, analogously

to the preceding case. As for the term with large modulation, as the factors
are free waves, we have (when j > k + 10)

Qi Pu[ RS ur iy R us i, = Qv o) P RS un i, R ™y iy,
and it follows that we then have

||QJP]€ [Rl(ja)ul’kl RV7(C¥)U17]€2] HXSQ*I’*%WI

k
<9-F .93 —200k g(i-a)kn . g(l-alks  gRa—l+50)k  ga—d+5)ke ,

5

< g2k ga-ti2gk
< 9(3—20)k  9(2a—3)k1  9(0-)k1 | 6§

This is summable, recalling o < i. This concludes the estimates for the

self-interactions of wy, i.e. the first term on the right hand side of (2.10).

Step 2: Mixed interactions between uq and v. — Write

Rl(,o‘)ul RV’(Q)U = Z R,(,o‘)uLkl RV’(a)’l)k2
|k1—k2|<10

+ Z R(Va)uLkl ]%V’(O‘)U]€2
k1<ks—10

+ Z R,(ja)uLkl RV’(a)vk2,
ko<ki—10

where this time the last two terms are no longer identical.

Step 2.a: low-high interactions, i.e. the second term on the right. — We
decompose it further into a number of terms:

R,(/a)uLkl RV’(O‘)’U]C2 = Pk2Q>k1+1Q[Rl(,a)U1)kl RV’(O‘)U]Q]

+ Y PuQi[RMVur g, RV Qjup]

j<ki+10
+ ) PuQo[REu g, RQ u,]
j<kit10
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We bound each of the terms on the right in turn, the first being easier:

HPk2Q>k1+10[R1(/a)u17k1RV’(Q)U]CZ] ”X'*a—h—%’l
k
k

°1
2

A

— 1_ — — —
277 2la—2)ke ol a)klupkluluLngo - glimelka (2 kQHvt,kazHLng)
90— o(3—20)ks  9(1—a)k1 _ 9(2a—1)k: .2ﬁk16§ co(l—a)ks  o(20—3)ks

A

€y

5
1

2(&7%+ﬁ)k1 . 27ock2 €l

A

)

which is summable over 0 < k1 < ko for 0 < o < %, say. For the second

and third term on the right above, we have to take advantage of the null-
structure:

2P, Qj[RY w1 1y R Qjur,] = Poy Q30 V|~ 1 1oy Q| V|~
— P, Qi[IV]|™ 11, Q| V™D, |

Then we bound

HszQjDHVrauLleq|V|7a7fk2]||X !

sa—1,—%,1
k

< 9% . 9(3—2a0)ks  9—ak: . gmoks

S22 -2 2 HulxleLEL;O 2 ”kaHLfOLi

< 2% . 93—2)ke gaki  g(a=Dki gk i gmakaga=ilka ¢
~J

i—k « 1 5
27 . 1 . 2(o¢+ﬁ—§)k1 . 270[’626:}

A

)

and this can be summed over j < k; + O(1), 0 < k; < ko, provided
I<ax< %. Further, we have

HPkQQj[|v|7aul,k1Q<j‘v‘7aka‘2]||Lt1Hsa—1

< 2720k gaky||y, ||L?L:° -27% | 0Q <k, HL?I

< 2(%72&)]62 . 2704]61 . 2(2(1—1+ﬁ)k1 . zfakg . 2% . 2(2047%)]626?

9

which leads to the same bound as in the preceding case. We note that it
is here that the larger range of Strichartz estimates appears crucial. The
term with @), Q«; interchanged is handled in the same way.
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Step 2.b: high - low interactions, i.e. the expression Zk2<k1_10 R,(fx)ul,kl
R”’(O‘)vkz. — Decompose this for fixed k3 < k1 — 10 into
Ry g, R g, = Py, Qs ia10[ RS u o, B @y, ]
+ Y P QiR uy kg, R Qjun,]

Jj<k2+10
+ Y PoQo[RIu gk, RV Q4]
Jj<k2+10

Observe that for the first term on the right, we have

P, Qs ky+10[ RS w1 i, R g, ] = Py Qs iy 10[ RS ur iy R Qs py v, ]

Then we get

| Pr, @5 k410 [ RS iy R Qs ey v, HXsafl,f%,l
k

< 2—%2 .2(%—20%)161 Lo(l—a)ky l|ur, HL?"T Lo(l—a)ka (2_k2|\vt,xQ>kzvk2 HLfm)
9(3—2a)k1  9(1-a)k1  9(2a—E+)k1  g(l—a)ks  9— 2 '2(2a7%)k2€§

x
l\')‘w

<o
< gk gDk

which can be summed over 0 < ko < k1 — 10, if 0 < a < 1. If we restrict

ko < 0, we instead use

)

(| Pe, @5 ko4 10[ RS gy R Qs ey v, ||X5a71,7%,1
k

. 2(1—0{)]62

x>

277 232k g(l=edkr || e
(277 V10 Qo vkl 2 e )

$-20)k1  g(l—a)k1  9(2a—3+£ )k o(1—a)ks | 2(2(17%)1@26;

A

b
|z

9

A

< 9- 8k gake (i
which can be summed over ks < 0,k; > 0. Next, we again use the null-
structure to write
2P, QRS un i, R Qjon,] = OPy, Q5| V™ un i, [V] Qo]
= P, Q5[IVI™ 11, [ V|7 Q< B, ]

Then we bound

0P, Qi [IV]™ “ua i, \V\ﬂqukz]HXsfl,f%,l

k

LTL2P~

S 2% ) 2(%—2a)k1 .9—aky H’L“Cl” » p2f1+ . 2_04162H’Uk2’
t x
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where we have % + 1 = 1 plarge. Observe that (r,2p—) is (standard)
Strichartz admissible in 3 + 1 dimensions. Then by interpolating between
L2123 and L°L2, recalling (2.9), and picking p very large, we bound the

preceding by

()
Wl

This
ko >

j 3
. 2(5—2&)/61 . 2—ak1 N R . 2—ozk2 v i ~
H kl” oy B2TF H k2’LtLi”
VLE
S 2% . 2(%72a)k1 . 2704k1 . 2(20&7%+ﬁ)k1 . 270[}62 . 2(2&7%)]{32 . GE
can be summed over ky < %kl > 0, j < ko. Hence assume now

%kzl. Then we use

0P, Q;[IV]™ “ua i, \V\faQ<j7fk2]||Xsfl,7%,1

k

3

2% . 2(5—2a)k1 . 2—(1]{:1 . 2—()¢k'2

< . .

~ s HL%L;O HUI‘QHL:"L?T

5 2]’72192 . 2(%—204)]61 . 2—ak1 . 2(20(—1-‘1-%)]61 . 2—ak2 . 2(2a—l)k2 . 6,%
—k o 5

<ot ozt 9(§ -k (T

which can be summed over 0 < ko < k1 < 2k2, j < ko. Next, consider the
term Py, Q;[|V]™%u1k, V| *Q<,;0vg,]. We bound this by

HPlej[|v|7au1,k1 |V|7QQ<jDUk2]||LtIHSQ—1

S 26720k gmaky ||y, ||L?L2° 12702 Q<;Clu, HL?I

< 2(%720&)1@1 3 2704]61 . 2(20&—1+ﬁ)k1 . 270(.162 . 2% . 2(2047%)]62 . €§
~Y )

and this can be summed over ky < k1, j < k3. The remaining term

S P Q[ 0 RO,
Jj<k2+10

is handled similarly.

Step 2.c: High-high interactions. — This is the expression

2.

|k717k2‘<10

R,(ja)ul k1 RV’(Q)UkZ =

Z Z Pk [Rl(,a)ulyklR”’(a)vkz].

k1 —k2|<10 k<ki+10
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Fixing k, k1,2, we decompose the term further into

(213) Pk [Rl(,a)ulvklR”’(a)ka] = Pk [R(Vo‘)ul,kl RV’(Q)Q>]€’U]€2}
+ PeQsrr10 [RE w1 i, R Q i, |

+ Z PQ; [RSur iy R Q< jun, |
§<kt10

+ Y PQoi[RSuy p, R Q)
j<k+10

We estimate each of these terms in turn. For the first term on the right,
write it as

Py [RIu i, R Qs kv, |
= Pe[Rus g, R Qry 105510k, | + Pe[REus g, R Qi —10vk, ] -

Then bound the second term on the right by

B[RS s, B Qs s001] 11
S 2(%7204)]6 ' 2(1706)]{1 . ||u1,k1 ||L2L°° : 2(1701)]62 (271€2 ||vt,xQ2k1—10Uk2 HLz )
< 9(3—20)k  g(l—a)k1  9(2a—1+F)k1  g(l—aks 9=+  9(2a—3)ks

5
4
©€x

5 2(%72a)k . 2(2a71+ﬁ)k1 . 637

which can be summed over k < k1 = ko + O(1), k1 > 0, provided a < i
Next, consider the first term on the right above, which is a bit more subtle.
In fact, we can decompose it further into

P, [Rl(,a)ul,k;lRV’(a)Qk1710>»>kvk2]
a), + v,(a) n=E
- Zpk [Rz(/ )“1,k1R ( )Qk1—10>‘2kvk2]
+

+ Z Pk U1 R (Q)le 10>- >k“k2]

Then the fact that u x, is a free wave implies

Zpk a)“ RV’(O‘)le 10> >kvk2]

o), + v,(« +
= ZPkQ2k1—10 [Rz(/ )“1,k1R o )Qk1710>~>kvk2}’
+
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and so we can bound it by

Z by, [Rz(/a)ufklRV’(Q)Qi—10>->kvk2]
T

Xsafl,—%,l

< 9(3—20)k o="F o(l-a)ks o(1—a

' ||Ufk1 ||L§>,°w ’ e |‘Qi—1o>~>k”k2”Lf,w

< 93200k 9= g(l-a)kr  9(a—§+55)k  gl—a)ks o=k o(2a—d)ks 1

< 9=2ak  o(2a—i+F )k .6*%

which can be summed over 0 < k < ky = ko+O(1) provided 0 < o < 1, say.
To handle the case k < 0, one changes Lg¥, to L$° L2 and applies Bernstein’s
inequality to the whole expression to place it into L?’I. Consider now the

term Zi P [R&a)ufklR”*(O‘)Qi_lb.?kvkz]. Here the presence of the two
derivatives 9, 0" gains a factor 2/~ if we fix the modulation of the term
Q21710>->kvk2 to size ~ 2!, and so we can bound this by

Z Py [R(ua)uit,kl RV’(Q)Qi—lo>‘>kvkz]
T

LiHsa—1
1 _20)k 1—a)k -k + 1—a)k
S Z gtz 72k, glimelkr g 1'““1,k1||L$L;c'2( ) 2'||Ql:FUk2||Lfm
lelk,k1—10] '
< Z 2(%720()/6 . 2(1701)/(:1 . 2[71{}1 . 2(2&71+ﬁ)k)1
1€k, k1 —10]
c9(l—a)ka o—% | 2(20‘*%)16265

S R e E = SPOSTES
€[k, k1—10]

)

and this can be summed over k < k; = k2 + O(1) > 0. The second term on
the right of (2.13) is treated by observing that

PrQzrs10[ RS w1 iy R Qeivn,] = PeQsiy—10[RS us p, RV Q v, ]

due to the fact that u j, is a free wave, and this can then be bounded by

[ Pr@s ki —10[RS g R Qcpun, ] Hxsfrlf%vl

_ k1 1_ _ _
277 2GRk plmok H“LleL%L:C 20 OC)szQdﬂvkz||L§>°Li
< 9= . 9(3-20)k  9(1-a)k1  9a—1+55)ky  g(1-a)ks  9(2a—3)ks 63
< 9(3—20)k , 9(2a—1+ )k ~e§,
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which can be summed over k < k1 = ko 4+ O(1) > 0 provided a < 1. As for
the third and fourth terms in (2.13), they are handled similarly, and so we
consider only the fourth term, which we expand as usual:

2PQ<j [R(u e, RV Qjvk,] = OPQ<; (V] 1, [ V17 Qj0,]
= PeQe; [IVI™ un [V 7Q; 000,

Then we get
0P.Q<; [Vt 1, [V~ Qj v, ] H)‘(sa—l,—%,l
S 2%2(%_2a)k 27k Hul,kl HL?L;O -9k HQjUkz HL,?"L?D
< 2% .98 —20)k  g—aki  9(Ra—1+F)k1  g—aks  9(20—3)k2 é

< 933" 92200k 9a-F+pk

which is summable over j < k,k < k1 = ko + O(1) for o < ;. Further, we
have

HP/CQ<] |:|v|_au1,k1 |v|_an|:|Uk2] HL%HSO(—I
< 9(3—20)k g—aki Hul,kl HLngo 'Q_OékQHQjD”szLgyx
< 2(%—204)]6 . 2—O¢k1 . 2(2(1—1-"-%)]61 . 2—04]62 . 2% . 2(2&—%)k2 . 6;

< 95" L g(I=20)k  92a—§+5F )k | 1

which can be summed over j < k,k < ki = ky + O(1) > 0, proved o < 1.

Step 3: Self-interactions of v. — Here we bound the term Rl(,a)vR”’(”‘)v,
which can be achieved by means of the now well-known null-frame type
spaces of Tataru. Decompose as usual

R(Va)’URV’(a)U = Z Rl(,a)’l)kl ]%V’(O[)U]C2
|k1 —ko | <10

+ Z R£a)vk1 RV’(Q)UkQ
k1 <ka—10
+ Z Ry, RV @y, .

ko<ki;—10

It suffices to deal with the first and second term on the right hand side.
This being quite standard in light of [9, 15, 16] for example, we only deal
with the first term here.
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Step 3.a: High-high interactions. — Write this as

R,(ja)’l)kl RV’(O()’U]€2 = Z Pk [R,(ja)Q>k+101}kl Ru,(a)ka}
k<ki1+10

+ Y P[RYQckiiovr, BV Qzpi10u,]
k<ki1+410

+ Z PeQsit10 R Q<rvr, R Qg ]
k<k1+10

+ Z Z PLQ); [RS,Q)Q<jUklRV’(a)Q<jUkz]

k<ki4+10 j<k+10

+ > Y RQ<[RYQu RV Q]

k<k1410 j<k+10

+ > Y PQ<[RIQ< vk, RY Q]

k<k1410 j<k+10

Here the first and second terms as well as the fifth and sixth terms are
essentially the same, of course. We shall here exploit the full generality of
the spaces N to estimate these terms.

The first term on the right. — Note that for this term either the second
factor is at modulation > 255 or else the entire expression is at modulation
> 2F+5 Thus we reduce to estimating

1P [RS) Q5 k1008, B Qs hot 50, HL%H“‘A
S 26720k 23k |1V L Qs kst [ 12
2=k =k2 |7, Qs gy sk, HL? .
< 2(%_2‘@)1« . 2%k co(l—a)ky 2—§ . 2(2a—%)k‘1 . 9(l—a)ks )
275 e Dke 2

*

< 9(=2)(k=k1) , 2.

This can be summed over k < ki + 10 provided o < i. In case that the

o . o e 11
whole expression is at modulation > 25, we place it into Xs«~b~2:1,

The third term on the right. — Here we use null-frame spaces. We have

PrQzk+10[ RS Q<rvie, R Q v, |
= Z Z Pkaﬁ”O(l) [Rl(/a)kaPkl;vaR%(a)kasz,'wv}7

+ R1~7K2€Kk,k1
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and so we can bound this by

| PrQ@zkt10 [ RSV Qekvi, R Qekvn, || yews —3 0

1
2
<9k b2k gl-a)k ( Z HPI‘CIWQik’UH;W[in]>

1
2
. 91—a)ks ( § ||Pk2,an<cka12\rFA*[¥H]>

HEKk,kl

w\a—

2(1 a)k 2(1 a)ky | 2(2&7%)]{21 . gk—Fk1 2(17a)k2 . (2047*)]62 . i

9~
o(1—2a)(k—k1) .

AR ZA

which can be summed over k < k1 = ko + O(1), provided o < %.

The fourth to sixth terms. — Write

2P,Q; [R\)Q<jvi, RV Qjur, | = OPQ; [IV]*Qejvn, [V *Qjvr, ]
— PeQ; [IVI™*Q<; 0k, V]|~ Q< jvr, |
— PQ; [IVI™*Q<jur, IV *Q<;0vg, |

The last two terms on the right are of course symmetrical, and it suffices
to bound one of them. The first term on the right can be estimated purely
by means of Strichartz estimates

|EPQ; [IVI™*Qejor, [V~ Qjivisy] HXSa—lv—%vl

k
< 93200k 9} g—aki |‘Q<J‘”k1HL§Lg -2_ak2||Q<j”szLng

< 93" 9(2-20)k g—aki  9Ra—3+3)k  g—ak: 9(2a—§+3)k2 2

= 2%3" . 9220)(k=k1) _ 2

This can be summed over j < k,k < k1 = k2 + O(1) (where we assume
as usual a < i) For the remaining terms in the above decomposition, we
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have to again resort to null-frame spaces: write
PrQ; [V Q<yOuk, [V~ Q<jv, |
= Z Z PkQ] UV|_OCQ:<EJ'DP/€17N1v|v|_aQi:ij2,li2v}
+,+

K
K1,2€ o k+‘] k

k
dist(£r1,+r2)~2F™ A

=2 2.

4,4+ CEE

dist(£r1,£ra)~2"" k1+J .
+ — + - +
Z Pkﬂin [|V| OlQ<j|:|f)k1,l'61v|V| aQ<ij27l€2’U]'
KeC j_k
T,
dist(+k,£r1)~2 2

To simplify notation, denote the second sum counting from the left by 2(1)
and the third one 2(2). It follows that

[ Pe@Q; [IVI™ Q<D [V~ Q< jvka] | v,

52( —2a)k Z Z(l) (Z ‘Pk KQiUV| QQ Dpkhmv

+,+,+

1

2
VITYQZ, Py ] ||12\7FA[:N:H]>
< 9(3—2a)k Z Z(l) 9— 1% || |V|7QQ2DPI€1?K1”HL3,
x "

: H|V‘_aQﬁij2ﬁszPW[im]'

Here we have exploited that for fixed k1 o there are only O(1) many choices
for k. Since for fixed %4 there are only O(1) many choices for kg (in Z(l)),
we can apply the Cauchy—Schwarz inequality as well as Plancherel’s theo-
rem to bound the preceding by

232k S 191 Q% B
+,+

Cu 2 :
~(z|||w Qapkz,mv|>mw)

< 2<572a>k 9= 3" . 9llma)ki 9} 9a—Pki g—aks 9lFt  gRa—jka 2
< 915" . 9(1=2a)(k—k1) €2,
This can be summed over j < k, k < k; = ko + O(1). O
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