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TATE CLASSES ON SELF-PRODUCTS OF ABELIAN
VARIETIES OVER FINITE FIELDS

by Yuri G. ZARHIN (*)

ABSTRACT. — We deal with g-dimensional abelian varieties X over finite fields.
We prove that there is a universal constant (positive integer) N = N(g) that
depends only on g that enjoys the following property. If a certain self-product of X
carries an exotic Tate class then the self-product X2V of X also carries an exotic
Tate class. This gives a positive answer to a question of Kiran Kedlaya.

REsuME. — Nous étudions des variétés abéliennes X de dimension g sur des
corps finis. Nous prouvons ’existence d’une constante universelle (entiére positive)
N = N(g), qui ne dépend que de g et a la propriété suivante: si une certaine
puissance de X admet une classe de Tate exotique, la puissance X2V de X admet
une classe de Tate exotique aussi. Cela donne une réponse positive a une question
de Kiran Kedlaya.

1. Introduction

Let X be an abelian variety of positive dimension g over a finite field
k = F, of characteristic p (where ¢ is a power of p), Frx the Frobenius
endomorphism of X, and Px|[t] € Z[t] the characteristic polynomial of Frx,
which is a degree 2¢g monic polynomial with integer coefficients. [8, 15]. Let
L = Lx be the splitting field of Px[t] over the field Q of rational numbers
and therefore is a number field. Since deg(Px) = 2g, the degree [Lx : Q)
divides (2g)!. (In fact, one may prove that [Lx : Q] divides 29¢g!, see below).
We write Rx for the set of eigenvalues of Frx; clearly, Rx coincides with
the set of roots of Px[t] € Z[t] and is viewed as a certain finite subset of L%.
Clearly, Rx consists of algebraic integers and #(Rx) < 2g. (The equality
holds if and only if Px[t] has no repeated roots.) By a classical theorem
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2340 Yuri G. ZARHIN

of A.Weil [8], all algebraic numbers o« € Rx have the same archimedean
value /g. In addition, o +— ¢/a is a permutation of Ry. If a is a root of
Px|t] (i.e., « € Rx) then we write multx(«) for its multiplicity. It is well
known that if « € Rx then

(1.1)  multx(a) = multx(g/a); if «=¢/a then multx(a) is even.

In particular, the constant term [[, ¢ . amultx (@) of Py [t] is ¢9.
The Galois group Gal(Lx/Q) of Lx/Q permutes elements of Rx and

(1.2) multx (o(a)) = multx (o) Vo € Gal(Lx/Q),a € Rx.

In this paper we continue our study of multiplicative relations between
elements of Rx that was started in [6, 20, 21, 22]. (In [6, 20] we concentrated
on abelian varieties with rather special type of Newton polygons; in [21, 22]
we studied abelian varieties of small dimension). In order to state results
of the present paper, we need the following definitions.

DEFINITION 1.1. — An integer-valued function e: Rx — 7Z is called
(i) admissible if there exists an integer d such that
(1.3) IT o =d%
a€ Rx

Such a d is called the degree of e and is denoted deg(e).
The nonnegative integer ), . p |e(a)| is called the weight of e
and denoted wt(e).
(ii) trivial if
(1.4)  e(a) =e(q/a) Ya € Rx; e(B) €2Z ¥V € Rx with 5% =q.

DEFINITION 1.2. — An admissible integer-valued function e: Rx — 7Z
is called reduced if it enjoys the following properties:
(i) deg(e) = 1 and all e(«) > 0.
(ii) If « € Rx and a # q/« then either e(a) = 0 or e(q/a) = 0.
(iii) e(B8) =0 or 1V B € Rx with 3% =q.

Remarks 1.3.
(i) It follows from (1.1) that o — multx(a) is a trivial admissible
function of degree g and weight 2g.
(ii) Every trivial function is admissible.
(iii) If e: Rx — Z is admissible then it follows from Weil’s theorem that

(1.5) 2deg(e) = Y e(a).

a€Rx
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TATE CLASSES ON ABELIAN VARIETIES 2341

(iv) If e: Rx — Z is reduced admissible then it follows from (1.5) that
(1.6) wt(e) = 2deg(e).
Our first main result is the following assertion.

THEOREM 1.4. — Let g be a positive integer. There exists a positive
integer N = N(g) that depends only on g and enjoys the following property.

Let X be a g-dimensional abelian variety over a finite field k such that
there exists a nontrivial admissible function Rx — 7. Then there exists a
reduced admissible function of degree < N(g).

Our main tool in the proof of Theorem 1.4 is the multiplicative (sub)-
group I'(X, k) C L% generated by Rx, which was first introduced in [17, 18]
(see also [6, 20, 21, 22]).

DEFINITION 1.5.

(i) We say that k =TF, is small with respect to X if there exist distinct
ay, a9 € Ry such that ay/as is a root of unity.

(ii) We say that k is sufficiently large with respect to X if I'(X, k) does
not contain roots of unity except 1 (see [21, 22]).

Remarks 1.6.

(i) If k is not small with respect to X then there is at most one 8 € Rx
with 82 =gq.
(ii) If k is sufficiently large with respect to X then it is not small.

The role of I'(X, k) is explained by the following statement.

LEMMA 1.7. — Suppose that k is not small with respect to X. Then
the following three conditions are equivalent.
(i) There exists a nontrivial admissible function Rx — Z.

(ii) There exists a reduced admissible function Rx — Z.
(iii) The rank of T'(X, k) does not exceed |#(Rx)/2].

Our second main result deals with Tate classes on abelian varieties
(see [13, 14, 15, 19, 21] and Section 7.4 below for the definition of these
classes and their basic properties). Recall that a Tate class is called exotic
if it cannot be presented as a linear combination of products of divisor
classes.

THEOREM 1.8. — Let g be a positive integer and let N = N(g) be as
in Theorem 1.4.

Let X be a g-dimensional abelian variety over a finite field k of character-
istic p. Assume that there exist a positive integer n and a prime £ # p such
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2342 Yuri G. ZARHIN

that the self-product X™ of X carries an exotic {-adic Tate cohomology
class.

Then the self-product X?N of X carries an exotic l-adic cohomology Tate
class for all primes [ # p.

Remark 1.9. — Theorem 1.8 gives a positive answer to a question of
Kiran Kedlaya, who pointed out that this result is related to the algorithmic
problem of deciding whether or not a given abelian variety (specified by its
Weil polynomial) is neat in a sense of [21, Section 3], [22]).

Is it possible to get all Tate classes on all self-products of X, using only
Tate classses of bounded dimension? In order to answer this question, we
need the following result about nonnegative admissible functions.

THEOREM 1.10. — Let g be a positive integer. Then there exists a pos-
itive even integer H = H(g) that enjoys the following property.

Let X be a g-dimensional abelian variety over a finite field k. Then
there exist a positive integer d and d nonnegative admissible functions
e;: Rx — Z4 such that:

(i) the weight of each e; does not exceed H(g);

(ii) each nonnegative admissible function e: Rx — Z may be pre-
sented as a linear combination of ey, ..., eq with nonnegative inte-
ger coeflicients.

Theorem 1.10 implies the following assertion.

THEOREM 1.11. — Let g be a positive integer. Let H = H(g) be as in
Theorem 1.10.

Let X be a g-dimensional abelian variety over a finite field k. Assume
that k is sufficiently large w.r.t X. Let £ be a prime different from char(k)
and n be a positive integer. Then every (-adic Tate cohomology class on
X™ may be presented as a linear conbination of products of (-adic Tate
cohomology classes of dimension < H(g).

The paper is organized as follows. In Section 2 we discuss basic useful
results about Ry and related objects, including the Newton polygons. In
addition, we discuss roots of unity in I'(X, k) (Lemma 2.2) and the structure
and degree of Ly (Lemma 2.5). In Section 3 we study multiplicative rela-
tions between Weil numbers (i.e., admissible functions) and their weights;
in particular, we prove Lemma 1.7 (see Lemma 3.7). In Sections 4 and 5
we prove Theorems 1.4 and 1.10 respectively. Section 6 contains certain
constructions from multilinear algebra that we use in Section 7 in order to
prove Theorems 1.8 and 1.11.

ANNALES DE L’INSTITUT FOURIER
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As usual, ¢ and [ are primes different from p, and N,Z,Z;, Q,R, C, Q,
stand for the set of positive integers, the rings of integers and ¢-adic integers,
the fields of rational, real, complex, and f-adic numbers respectively. We
write Z, and R, for the additive semigroups of nonnegative integers and
of nonnegative real numbers respectively. If z is a complex number then
we write Z for its complex-conjugate. Similarly, if ¢: £ — C is a field
embedding then we write ¢ for the corresponding complex-conjugate field
embedding

¢: E—C, z— ¢(x).
If M is a positive integer and v and w are two vectors in R then we write
v - w for their scalar product. If A is a finite set then we write #(A) for the
number of its elements. We write rk(A) for the rank of a finitely generated
commutative group A.
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2. Preliminaries

In this section we discuss basic properties of L = Lx, Rx,T'(X, k). Let
us start with the formal definition of Px ().

Throughout this paper k is a finite field of characteristic p that consists
of ¢ elements, k an algebraic closure of k and Gal(k) = Gal(k/k) the
absolute Galois group of k. It is well known that the profinite group Gal(k)
is procyclic and the Frobenius automorphism

o k—k, x— xf
is a topological generator of Gal(k). If £ # p is a prime then we write
xe: Gal(k) = Z;

for the f-adic cyclotomic character that defines the Galois action on all
{-power roots of unity in k. By definition,

xe(og) =q € Zj.

TOME 72 (2022), FASCICULE 6
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Let X be an abelian variety of positive dimension over k. We write
End(X) for the ring of its k-endomorphisms and End’(X) for the corre-
sponding (finite-dimensional semisimple) Q-algebra End(X) ® Q. We write
Fry = Frx  for the Frobenius endomorphism of X. We have

Fry € End(X) C End’(X).

It is well known that

(2.1) op(x) =Frx(x) Ve X(k).

By a theorem of Tate [15, Section 3, Theorem 2 on p. 140], the Q-subalgebra
Q[Frx] of End®(X) generated by Fry coincides with the center of End®(X).
In particular, if End’(X) is a field then End’(X) = Q[Frx].

If ¢ is a prime different from p then we write Tp(X) for the Z,-Tate
module of X and V;(X) for the corresponding Q,-vector space

Ve(X) = To(X) ®z, Q.

It is well known [8, Section 18] that T;(X) is a free Z,-module of rank
2dim(X) that may be viewed as a Z-lattice in the Q-vector space Vy(X)

of dimension 2dim(X). The Galois action on X (k) induces the continuous
group homomorphism [10, 11]

pe = pe.x: Gal(K) — Autg, (T,(X)) C Autg, (Ve(X)).

In addition, there is a canonical isomorphism of Gal(k)-modules X[¢] =
Ty(X) /¢ where X [¢] is the kernel of multiplication by ¢ in X (k).

By functoriality, End(X) and Frx acts on (T;(X) and) V;(X); it is well
known that the action of Fry coincides with the action of pg(ox). By a
theorem of A. Weil [8, Section 19 and Section 21], Fryx acts on V4(X) as a

semisimple linear operator, its characteristic polynomial
Px(t) = Px’k(t) = det (t Id — Fry, W(X)) S Z([t]

lies in Z[t] and does not depend on a choice of £. In addition, all eigenvalues
of Frx (which are algebraic integers) have archimedean absolute value equal
to q1/2
is even (see [20, p. 267]). This implies that the constant term of Px (t) is
q@m(X)In particular, Fry acts as an automorphism of the free Zy-module
Ty(X).

This means that if

, and if an eigenvalue of Frx is a square root of ¢ then its multiplicity

L=LxC C
is the splitting field of Px (¢) and
Rx = RXJ@ CcL

ANNALES DE L’INSTITUT FOURIER
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is the set of roots of P(t) then L is a finite Galois extension of Q such that
for every field embedding L <+ C we have | a |= ¢'/2 for all @ € Rx. Let
Gal(L/Q) be the Galois group of L/Q. Clearly, Rx is a Gal(L/Q)-invariant
(finite) subset of L*. It follows easily that if & € Rx then ¢/a € Rx. Indeed,
q/« is the complex-conjugate & of a. We have

-1_2 o
q =—.
q/a
DEFINITION 2.1. — Let £ be a prime and n a positive integer. We write

e((n) for the largest order of elements of the general linear group GL(n,Fy).
We write exp,(n) for the exponent of GL(n,Fy).

Recall that T'(X, k) is the multiplicative subgroup of L generated by Rx.

LEMMA 2.2. — Ify € T'(X, k) is a root of unity then there is a positive
integer m < max(2e3(2g), e3(2g)) such that v™ = 1. In addition, vP9) = 1
where

D(g) := LCM (2 exp,(29), exp5(29)), and m|D(g).

Proof. — In what follows we choose a prime £ # p and view Frx as the
automorphism of free Zy-module Ty(X) of rank 2g. Then Frx induces the
automorphism Frx mod ¢ of the 2g-dimensional F,-vector space

T/(X) /¢ = X[0).
Let r be the order of
Frx mod ¢ € Autm (X[g]) ~ GL (29,[8‘@) .

Clearly,
r<er(2g9) and r|exp,(29g).
In addition,
Fr'y € Id + £ Endg, (Tx(X)) .

Let A be the multiplicative group generated by all the eigenvalues of Fr'y.
Clearly, 6 = 4" € A. Applying a variant of Minkowski’s Lemma [12,
Lemma 2.4], we obtain that § = 1 if £/ > 2 and §% = 1 if £ = 2. This
implies that v" = 1 if £ > 2 and 42" = 1 if £ = 2. Now let us put £ = 2 if
p # 2 and ¢ = 3 if p = 2. The rest is clear. O

Let Op be the ring of integers in L. Clearly, Rx C Or. By a classical
theorem of A. Weil (Riemann’s hypothesis) [8], if j: Ly = L — Cis a
field embedding then j(«)j(a) = ¢. This implies that if B is a maximal
ideal in Oy, such that char(Op, /%) # p then all elements of Ry are B-adic
units. The p-adic behaviour of Rx is described in terms of the set Slpy of
slopes of the Newton polygon of X [9] (see also [22, Section 4]). Recall that

TOME 72 (2022), FASCICULE 6



2346 Yuri G. ZARHIN

Slpy is a finite nonempty set of rational numbers that enjoys the following
properties.
(i) 0<e< 1lforall ceSlpy.
(ii) c e Slpy if and only if 1 — ¢ € Slpy.
(iii) If ¢ € Slpy then either ¢ = 1/2 or there is a positive integer h <
g = dim(X) such that ¢ € +Z.
(iv) Let B be any maximal ideal in Of, such that char(Op /P) = p and
let
ordgp: L* = Q
be the discrete valuation map attached to P that is normalized by
the condition
ordg(q) = 1.
Then
Ordm(Rx) = Sle.
(v) If @ € Rx then

ordg(g/a) = 1 — ordyp ().
(vi) Let pr the multiplicative group of all roots of unity in L. Then its
image ordsy () = {0}.
Properties (i)-(vi) imply readily the following assertion.
LEMMA 2.3. — Let g be a positive integer. Let us consider the set Slp(g)
of all rational numbers ¢ that enjoy the following properties.
(1) 0<e< 1.
(2) Either ¢ = 1/2 or there exists a positive integer h < g such that
ce %Z.
Then Slp(g) is a finite nonempty set that enjoys the following property.

If X is a g-dimensional abelian variety over a finite field then Slp lies
in Slp(g).

Remarks 2.4. — Let S(p) be the set of all maximal ideals in Of, such
that char(Or/%B) = p. Since L/Q is Galois, #(S(p)) divides [L : QJ; in
particular, #(S(p)) divides ¢!29 (see Lemma 2.5 (ii) below). Let us define
a group homomorphism

wy: T(X, K) = Q%P y = {ordy (1)} 5, -

(a) Clearly, wx(q) is the vector 1 € Q3®) all whose coordinates equal
1, hence

wx (g) =1-—wx(a) Va€ Rx.

ANNALES DE L’INSTITUT FOURIER
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(b) By Property (iv) and Lemma 2.3,
wx(Rx) C Slpi(”) C Slp(g)5® c Q5@

(c) Tt follows from Property (v) that a vector ¢ € Q°®) lies in wx (Rx)
if and only if 1 — ¢ € wx(Rx).

(d) In light of Property (vi), wx(y) = 0 if v is a root of unity. The
converse is also true: it is proven in [19, Proposition 2.1 on p. 249]
(see also [17, Proposition 3.1.5]) that ker(wx) consists of roots of
unity.

(e) It follows readily from (d) that:

(1) none of elements in Rx lies in ker(wx);
(2) if k is not small w.r.t X and aj,as are distinet elements of
Rx then

wx (1) # wx (ag).

LEMMA 2.5.

(i) The field Lx is either Q or Q(y/p) or a CM field.
(ii) The field L is a finite Galois extension of Q and its degree [Lx : Q]
divides ¢!29.
(iii) #(S(p)) divides g!29.

Proof. — Let us prove ((i),(ii)). By definition of the splitting field, Lx /Q
is Galois.

Suppose that X is simple. According to [15, 16], Px (t) is a power Pi. ()*
of a Q-irreducible monic polynomial Py, (t) where a is a positive integer
dividing 2¢g and

29
deg(Pirr) = Z
Clearly, Lx is the normal closure of the degree 2¢g/a number field Ex :=
Q[t]/Pire(t). According to [16, Exemples|, Ey is either Q or Q(y/p) or a
CM field.

In the first two cases Lx = Q or Q(,/p); in particular, it is a totally real
number field, whose degree divides 2¢g = 2dim(X).

In the third case let Y be the maximal totally real subfield of Ex; [E¥
Q] = g/a and Ex is a purely imaginary quadratic extension E¥(v/—§) of
E; Here ¢ is a totally positive element of E;g Let L} be the normal
closure of E;g Since E} is totally real, L} is totally real as well, and its
degree [L%; : Q] divides [EY : Q]! = (g/a)!. Since —6 € E. C L%, its Galois
orbit in L} consists at most of [E : Q] = g/a elements. This implies that
[Lx : LE] divides 29/ since L is obtained from L} by adjoining square
roots of all the (totally negative) Galois conjugates —d. This implies that

TOME 72 (2022), FASCICULE 6
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Lx is a CM field and [Ly : Q] divides (g/a)! - 29/, which in turn, divides
gl-29.

Now let us consider the general case when X is isogenous to a product
Hgl X, of m nonzero simple abelian varieties X;. It is well known that if
we put

gi :=dim(X;), and L;:=Lx,
then

g =dim(X) = Zg Px(t) = HPXi (t).

Let Q be an algebraic closure of Q. We may and will view all L; as subfields
of @ Then Ly is the compositum of m number fields Lx, = L; in @
Applying ((i),(ii)) to simple X;’s, we obtain that Ly is either Q or Q(/p)
or a CM field, which proves (i).

In order to prove (ii), recall that all L;/Q and Lx/Q are finite Galois
extensions. Let Gal(L;/Q) and Gal(Lx/Q) be the corresponding (finite)
Galois groups. Clearly, each L; is a Gal(Lx/Q)-invariant subfield of Ly,
and the corresponding restriction map

Gal (Lx/Q) — Gal (L;/Q), s+ s;

is a surjective group homomorphism. On the other hand, since all the L;’s
generate Lx as a field, the product-map

Gal (Lx/Q) — [ [ Gal (Li/Q), s+ {s:i}i%,
i=1

is a group embedding. By Lagrange’s theorem, #(Gal(Lx/Q)) divides
[T, #(Gal(L;/Q)). In other words, [Lx : Q| divides [];",[L; : Q], which,

in turn, divides

m m

i=1 i=1
Since Y. | gi = g, the product []:", g;! divides g!. This implies that [Lx :
Q] divides 29g!, which ends the proof of (ii).

Let us prove (iii). Since Lx/Q is Galois, #(S(p)) divides [Lx : Q).
Now (iii) follows readily from (ii). O

3. Multiplicative relations between Weil numbers

This section contains auxiliary results that will be used in Section 4 in
the proof of Theorem 1.4.

ANNALES DE L’INSTITUT FOURIER
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3.1. The involution

Recall that there is an involution map

(31) LIRx—>Rx,Oé'—>§:O7.

Let RY% be the subset of fixed points of ¢. Its elements (if there are any)
are square roots of g; hence,

(3.2) #(Ry) < 2.

In addition, if k is not small with respect to X then at most one square
root of ¢ lies in Rx, hence,

(3.3) #(Ry) < 1.
Remark 3.1. — Suppose that k is not small w.r.t X. If § is an element
of Ry such that 32/q is a root of unity then q/8 € Rx and the ratio
B o_a
a/B  p?
is a root of unity. This implies that 8 = ¢/3, i.e., 8 € R.

Let us consider the free abelian group Z* of functions e : Rx — Z.
The involution ¢ induces an automorphism (also an involution)

o ZBEx S 7Bx ) ve(a) = e(ia) = e(q/a).
Let us consider the group homomorphism

I: 27X 5 T(X,k) C Ly, e~ ] o).
a€Rx

‘We have

Remarks 3.2.

(i) If t*e = e then TI(e) = T(e) is (totally) real; it follows from
Weil’s theorem that II(e)? is an integral power of ¢. In particu-
lar, if > 7, ¢ p. €(@) is even then it follows from Weil’s theorem that
II(e) is £ integral power of q.

(ii) If f is a function Rx — Z then the function e := f+:* f is obviously
trivial.

Conversely, one may easily check that a function e: Rx — Z is

trivial if and only if there exists f: Rx — Z such that e = f+/* f.

(iii) Clearly, e is admissible if and only if II(e) lies in the cyclic multi-
plicative subgroup ¢Z generated by g¢.

TOME 72 (2022), FASCICULE 6
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3.2. Ranks and Orbits

The complement Rx \ R splits (if it is not empty) into a disjoint union
of 2-element orbits of ¢ say {«, ¢/a}. Let rx be the number of such orbits,
which is a nonnegative integer that vanishes if and only if Rx = R%. We

have
2
B9 BRORY =2 < B L2

Ifrx > 1 (ie., Rx # RY%) then we have rx 2-elements ¢t-orbits Oq, ..., O,y
in Rx \ R%. By choosing arbitrarily an element «; € O; for all i =

1, ..., rx, we get
Oi:{aiaq/ai} V’L::l,,T’X’
Rx \ R ={a1,q/01, ..., Qry,q/ary }.

Recall [21], that ['(X, k) always contains ¢. Since 32 = ¢ for all 8 € R,
the subgroup I'1 (X, k) of I'( X, k) generated by ¢ and all elements of Rx \ R
has finite index in T'(X, k). In particular,

(3.6) tk (T (X, k) =1k (T(X, k)) .

Clearly, if rx = 0 then I't(X, k) = ¢% has rank 1, hence rk(I'(X, k))
= 1. Tt follows from (3.5) that if rx > 1 then I'y(X, k) is generated by
{a1,...,a,4;q}. In particular,

(3.7) rk (T1(X,k)) <rx + 1.

Remark 3.3. — Suppose that k is not small w.r.t X. Then #(R%) =0

or 1 and therefore #(Rx) = 2rx or 2rx + 1 respectively. In both cases

(3.5)

(3.8) ry = WJ;’MJ ,
Combining (3.8) with (3.7) and (3.6), we obtain that
(3.9) k(DX k) = rk ([1(X,h) <7y +1= W?J i

3.3. Nontrivial and reduced admissible functions
The existence of a nontrivial admissible function implies certain restric-
tions on Rx.

LEMMA 3.4. — Suppose that there exists a nontrivial admissible func-
tion e: Rx — Z of degree, say, d.
Then the following conditions hold.

ANNALES DE L’INSTITUT FOURIER
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(i) Rx # RY, i.e., Rx \ R is a nonempty subset of Rx.
(ii) For each nonzero integer m the function

m-e: Rx =7, aw~— m-e(a)

is also nontrivial admissible.

(iii) Let us consider the function eg: Rx — Z that vanishes identically
on R (if this subset is nonempty) and coincides with e on Rx \ R .
Then e is nontrivial. In addition, for each nonzero even integer m
the function

m-ey: Rx =7, a—m-ea)
is nontrivial admissible, and its weight
(3.10) wt(m - eg) = |m|wt(eg) < |m|wt(e).

Proof. — If R% = () then all three assertions of Lemma are obviously
true. So, let us assume that R% # 0.
(i) Suppose that Rx = R'. Then

H @ =¢? and Z e(a) =2d
a € Ry a € Ry

is an even integer. Since R'; consists of one or two elements and e is non-
trivial, there is 8 € R such the e(f) is odd. This implies that R’ consists
of two elements, say, 8 and —J,

e(B) +e(=p) =2d
and both integers e(f) and e(—f) are odd. This implies that (recall that
B =q)
¢t = . (_B)e(—ﬂ) = ). (-1) . ge=P)
— _Be(ﬁ)+e(—l3) _ _ﬁ2d — _qd.

So, ¢¢ = —q?, which is absurd. The obtained contradiction proves (i).
(ii) The admissibility of m - e is obvious. The nontriviality is also clear if
there exists a € Rx \ R with

e(a) # e(q/a).

So, we may assume that m - e is trivial (we are going to arrive to a contra-
diction), and

(3.11) e(o) =e(q/a) Ya € Rx \ R.
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This implies that there is an integer n such that

H ae(a) _ qn

a € Ry
It follows that the sum

(3.12) > e(a)=2n¢€2Z

a€ Ry

is an even integer. On the other hand, the nontriviality of e combined
with (3.11) implies that there is 5 € R% with odd e(8). Since #(R%) < 2,
it follows from (3.12) that integer e(«) is odd for all & € R . It follows that
Il.c Ry 0= q? for some integer d. Therefore #(RY, ) = 2d is a positive even
integer, i.e., RY consists of two elements 3, — with 3% = ¢; in addition,
both integers e(8) and e(—f) are odd. The same computations as in the
proof of (i) give us that

¢ = P (—p) A = ¢4,

hence, ¢ = —¢%. The obtained contradiction proves the nontriviality of
m - e.
(iii) Suppose that eq is trivial, i.e.,

e(o) =e(q/a) YVa € Rx \ R.

Then it is admissible and therefore there is an integer h such that

H CYe(,(a) _ H ae(a) _ qh.

OzGRx\RS( OLGRx\R;(

Since e is admissible of degree d,

H 3e(B) — qd—h.

B € Ry

The nontriviality of e implies that there is § € RY% such that integer e(5)
is odd. Now the same computations as in the proof of (i) give us that R%
consists of two elements 8 and —f, both integers e(f) and e(—f) are odd

d—h _ _

and eventually, ¢q g%". The obtained contradiction proves that e is

nontrivial, which is the first assertion of (iii).
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Let us prove the second asssertion of (iii). Since m is even, there is an
integer n such that m = 2n.We have

md (H ae(a)) _ H ae(a) % H ﬂe(ﬂ)

m

a€Rx a € Rx\RY BERYy
:< H am.eo(a)> > H ﬁ2n-e(,8)

a€ Rx B e Ry
:< I ameo(a)) RITEG

a€Rx BE Ry

This implies that HaeRX a™ () is an integral power of ¢, i.e., m - eq is
admissible. The nontriviality of m - ey follows from the nontriviality of e,
because ey vanishes identically on R%. This ends the proof of (iii). The
last assertion of (iii) about weights follows readily from obvious inequality
wt(eg) < wt(e). O

It turns out that one may easily construct a reduced admissible function
when k is small w.r.t X.

LEMMA 3.5. — Assume that there are distinct a1, as € Rx such that
v := as/ay is a root of unity. Then there is a reduced admissible function
e: Rx — 7Z, whose weight w enjoys the following properties.

<dex(2g9) if p#2; w<2e3(29)) if p=2.

Proof. — Clearly, v € T'(X, k). By Lemma 2.2, there is a positive integer
m such that

¥ =1; m < 2e3(29) if p#£2; m<es(29)) if p=2.

Hence, it suffices to produce a reduced multiplicative relation of weight 2m.
To this end, notice that ¢/ € Ry and

ay' (q/an)™ =q™.
If ag # q/aq then we may define
e: Rx = Z, e(az) :=m,e(q/ar) :=m; e(a):=0 for all other «.

Clearly, e is a reduced admissible function of weight 2m.
Suppose that as = q/a;. Since a1 # aa,

aq #q/ala Oé% #q
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Then we have

m o m __ _2m . 2m __ .m
" = ()" =™, ie, 0™ =q

Now let us consider
e: Rx = Z, e(ar) :=2m; e(a) :=0 for all other a.
Clearly, e is a reduced admissible function of weight 2m. d

The next Lemma 3.6 asserts that the existence of a nontrivial admissi-
ble function implies the existence of a reduced admissible function, whose
weight we can control.

LEMMA 3.6. — Let w be a positive integer. Suppose that k is not small
w.r.t X and there exists a nontrivial admissible function of weight < w.

Then there exist a nonempty subset Ay C Rx, an integer-valued function
e: Ay — 7Z, and a positive integer s < w that enjoy the following properties.

(1) Ya € Ay we have 2 ¢ Ay, e(a) > 0.
(2)

(3.13) I] & =¢.

a€ Ay

In particular, if we define
f:Rx = Z, fla):=¢€(a) Vae Ay; f(a):=0 Yag A

then f is a reduced admissible function of weight 2s < 2w that
vanishes identically on R .

Proof. — By Lemma 3.4, Rx \ R is not empty. Let e: Rx — Z be
a nontrivial admissible function e of weight < w. Let us consider (in the
notation of Lemma 3.4) the function

h2:2-60:Rx—>Z.

It follows from Lemma 3.4 that hs is nontrivial admissible, it vanishes
identically on R% and its weight does not exceed 2w. This implies that

(3.14) [[ o™@=d¢ 20> 3 (o)l

a € Rx\RY a€Rx
where d is an integer such that
|d| < wt(hg) < 2w.

The nontriviality and vanishing everywhere at R% of hy imply that the
subset A of Ry defined by

A:={a € Rx | ha(a) # ha(q/a)}
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is nonempty. It follows from the very definition that A is (-invariant and
does not meet R% . Let us define the subset A; of A by

Ay :={a € Alha(a) > ha(q/a)} C A C Rx.

Clearly, if &« € A then a € A; if and only if @ = ¢/« € A;. This implies that
A; is nonempty and A is the disjoint union of A; and ¢(A4;). In particular,

#(A) = 24 (A1).
On the other hand, if

B:={f € Rx \ R | ha(B) = ha(q/B)} C {Rx \ Rx}

then B is t-invariant, Rx \ R% is a disjoint union of A and B, and

H ﬁhQ(B) =q"

BgeB

for some integer n with
[n| < wt(ha) < 2w.
Since Rx \ R is a disjoint union of A and B, it follows from (3.14) that

d
H ahQ(a) _ qf _ qdfn'
acA

q'IL
Since A is a disjoint union of A; and ¢(4;), we get

g = < H O/Lz(@é)) % ( H L(a)h2(“")>

a€ A a€ A

= ( H O/zz(&)) ~ (H (q/a)iw(q/a))

a€A, ac€Aq

— ( H ahz(a)—hz(Q/a))> x g™

a€ Ay
where m 1= 4 ha(q/a) € Z. If we define the function

€e: Ay = Z, a— ha(a) — ha(g/c)
then e(a) >0 Vo € Ay,

Yo @) < Y (ha(@) + lha(a/a)l) = D ha(a)] < w(hs) < 2w,

a€ A a€ A a€ A

and

qdfn _ < H aé(a)) % qm,7

€A
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ie.,

It remains to put s := d —n — m. This ends the proof of Lemma 3.6. O

The following assertion contains Lemma 1.7. (Recall that I';(X, k) is
defined in Subsection 3.2.)

LEMMA 3.7. — Suppose that k is not small w.r.t X.
Then the following conditions are equivalent.

(la) There is a nontrivial admissible function on Rx.

(1b) There is a nontrivial admissible function on Rx that vanishes at
R

(2a)

(2b) There is a reduced admissible function on Rx that vanishes at R .

(3a) rk(I'(X, k)) < [#(Rx)/2].

(3b) k(' (X, k)) < [#(Rx)/2].

Proof. — Obviously, (1b) implies (1a), (2b) implies (2a) , (2a) implies
(1a), and (2b) implies (1b). By Lemma 3.6, (1a) implies (2b). This implies
that (1a), (1b), (2a), (2b) are equivalent.

In light of (3.6), conditions (3a) and (3b) are equivalent.

In order to handle conditions (3), let us discuss the parity of #(Rx),
using the observations and notation of Subsection 3.1.

In order to check the equivalence of (1) and (3), let us start with the
“degenerate” case ry = 0, i.e., Rx = R% = {8}. Then I'(X, k) is an infinite
cyclic group generated by [ containing the index 2 subgroup generated by
B2 = q. Therefore rk(I'(X,k)) = 1 > 0, i.e., (3a) does not hold. On the
other hand, we have already seen (Lemma 3.4) that if Rx = {8} = R%
then (1a) does not hold.

So, we may assume that Rx # R%. Then the positive integer rx =
|#(Rx)/2] is the number of all t-orbits O1, ..., Oy, in Rx \ R, see
Subsection 3.2. If we choose any element «; of O; for all ¢ then the 2rx-
element set

There is a reduced admissible function on Rx.

Rx \ Rx ={a1,q/a1, ..., ary,q/ary }
and T'1(X, k) is generated by ¢ and {a, ..., a,y }, see Subsection 3.2.
Suppose that (3b) holds. This means that rk(T'1(X,k)) < rx. Hence,
there are (rx + 1) integers f1, ..., fry;d not all zeros, such that

rXx
(3.15) Ha{i = ¢%.
i=1
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Clearly, not all fi, ..., fr, are zeros. Let us define the function
(3.16) e: Rx = Z, e(ay) = f; Vi=1,...,rx; f(a) =0 for all other a.

In light of (3.15) and (3.16), e is a nontrivial admissible function. Hence,
(1a) holds.

Now assume that (1a) holds. Then (2b) holds, i.e., there are a nonempty
subset A; C Rx, a function e: A; — Z and a positive integer s that enjoy
the following properties.

(i) Ay and ¢(A;) do not meet each other;
(i) e(a) >0 Yae Ay
(iil) Toea, @4 =g°.
Let us put n := #(A;) and let A; = {a1, ... a,}. Then all O; = {oy, ¢/}
are disjoint 2-element orbits in Rx \ R%. In particular, n < rx.
If n = rx then {ay, ..., ary;q} generate 'y (X, k). The property (iii)
implies that the rank of this group does not exceed ry, i.e., (3b) holds.
Now assume that n < rx. Then there are precisely (rx — n) other
two-element c-orbits O; in Rx (j = n+1,...7rx). If we pick for all
J an element 0; € O; then O; = {0;,¢/0;} (n+1 < j < rx). Then

{a1, ..., an;Opi1, -+, Ory;qt generate a subgroup of finite index in
I'1 (X, k). The property (iii) implies that the rank of this group does not
exceed 1x, i.e., (3b) holds. This ends the proof of Lemma 3.7. O

4. Frames and Skeletons of Abelian Varieties over Finite
Fields

In the course of our proof of Theorem 1.4 we will need the following
notion.

DEFINITION 4.1. — Let g be a positive integer. A g-frame is a triple
(M, r,U) that consists of positive integers M and r, and a finite subset
UcQM
of nonzero vectors that enjoy the following properties.
(i) M divides 29g!, r < g, and #(U) = 2r.
(ii) U C Slp(9)™ c QM (see Lemma 2.3 for the definition of the finite
subset Slp(g) C Q).
(iii) A vector u € QM lies in U if and only if 1 — u lies in U. Here
1=(1,...,1) € QM is the vector, all whose coordinates are 1.
(iv) Let A(U) be the additive subgroup of QM generated by 1 and all
elements of U. Then the rank of A(U) does not exceed r.
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Remark 4.2. — The finiteness of Slp(g) implies that the set of all frames
(for a given g) is finite.

4.1. Properties of frames

The map
(4.1) QM S QM w1 —w

is an involution, whose only fixed point is

1
5 1=(1/2...,1/2).

Notice that
Since #(U) is even, U does not contain the fixed point % -1 and therefore

splits into a disjoint union of 2-element ¢p-orbits Oy, ..., O,. If we choose
in each O; a vector u; € O; then

OZ:{ul,l—ul} VZ':].,...,T’;

4.2
( ) UZ{U1,1—u17~-~,uia]—_uiv"'71_u7“}

Definition 4.1(iv) combined with (4.2) implies that there exist integers
ai, ...,a, not all zeros and an integer d such that

(4.3) Y awui=d-1=(d,...,d).
=1

LEMMA 4.3. — Let g be a positive integer. Then there is a positive
integer C(g) that depends only on g and enjoys the following property.

Let (M,r,U) be a g-frame. Then there are exist r integers aq, . . ., a, not
all zeros, an integer d, and r distinct vectors uy, ..., u, in U such that:

(i) the 2r-element set U = {u1,1 —uy, ..., u;, 1 — up};
(11) Z;:l a;U; = d-1= (d, ey d),
(i) >y Jail < C(g).

Proof. — The assertions follow readily from the construction of Subsec-
tion 4.1 combined with Remark 4.2. O
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4.2. Skeletons of abelian varieties

Let X be a g-dimensional abelian variety over a finite field & of charac-
teristic p. Suppose that k is not small with respect to X and there exists
a nontrivial admissible function Rx — Z. The aim of this subsection is to
assign to X a certain g-frame that we call the skeleton of X.

First, let us put r := rx and M := Mx := #(S(p)) where S(p) is the
set of maximal ideals in O, that lie above p (see Remark 2.4). It follows
from Lemma 2.5 that M divides 29 - g!. By Lemma 3.4, the existence of
a nontrivial admissible function implies that Rx # R% and r = rx is a
positive integer. In addition (see (3.4)),

r<g, 2r=#(Rx \R%).

Let us choose an order on the M-element set S(p). This allows us to identify
S(p) with {1,..., M} and Q5®) with Q™. Let us put

U =Ux :=wx (Rx \ R) c Q°" = Q"

(where homomorphism wx is defined in Remark 2.4). It follows from Re-
mark 2.4(d) that the map

(44) Rx\RL)(—)Ux, anX(a)
is injective; in particular,
2r =2rx = # (Rx \ R) = #(Ux).

Since ker(wx) consists of roots of unity (see Remark 2.4(d)), the rank
of A(Ux) coincides with the rank of multiplicative 'y (X, k) generated by
Rx \ R%. The existence of a nontrivial admissible function implies (thanks
to Lemma 3.7) that

(4.5) rk (A(Ux)) =tk (T1 (X, k) < rx.

I claim that (Mx,rx,Ux) is a g-frame. Indeed, it follows from Re-
marks 2.4 that

(4.6) wx(q) = Lwx(a) #0, wx(q/a) =1—w,(a) Va € Rx \ R.

This implies that (Mx,rx,Ux) enjoys the properties (i)-(iii). As for (iv),
its validity follows from (4.5).

Proof of Theorem 1.4. — Let g be a positive integer. In light of Lem-
ma 3.5, we may and will assume that k is not small w.r.t. X. In light of
Lemma 3.6, it suffices to prove the following assertion.
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CrLAIM 4.4. — There exists a positive integer E(g) that depends only
on g and enjoys the following property. Suppose that X is a g-dimensional
abelian variety over a finite field k such that k is not small w.r.t. X and
there exists a nontrivial admissible function Rx — 7Z.

Then there exists a nontrivial admissible function Rx — 7Z of weight

< E(g).

Proof of Claim. — Let X be an g-dimensional abelian variety over a
finite field k such that & is not small w.r.t. X and there exists a nontrivial
admissible function Rx — Z. Let us consider the corresponding g-frame
(Mx,rx,Ux). It follows from the injectiveness of the map (4.4) combined

with Lemma 4.3 that there exist rx distinct elements a1, ..., @, € Rx \
RY, rx integers aq, ..., ary, and an integer d that enjoys the following
properties.

(1) RX \ RB( = {a17q/a1 ) arxaq/arx}~

(2) Not all ay, ... a,, are zero.

(3) LiXjawx(e) =d-1=(d, ..., d).
(4) Yoi_; la;] < C(g). (Here C(g) is as in Lemma 4.3.)

It follows from Remark 2.4(d) that there exists a root of unity v €
I'(X, k) such that

According to Lemma 2.2, there exists a positive integer m < D(g) such that
4™ = 1. (See Lemma 2.2 for the explicit formula of D(g).) This implies
that

rx
Ha;ﬁai _ qmd.
i=1
This implies that the function
e:Rx = 7Z, e(;) =m-a; ¥Yay, e(a) =0 forall other «

is admissible. On the other hand, it follows from properties (1) and (2) that
e is nontrivial. In order to finish the proof of Claim, one has only to notice
that

rx X
wt(e) =Y la;| =m Y _|ai| < D(g) - Clg) =: E(9). O
i=1 i=1
This ends the proof of Theorem 1.4. O
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5. Applications of Gordan’s Lemma

In order to prove Theorem 1.10, we need the following variant of a clas-
sical result of P. Gordan.

LEMMA 5.1. — Let m and s be positive integers and vy, ...vs be ele-
ments of Q™. Let us consider the addditive semigroup

W:{uEZT’umj:O Viji=1, ...,S}CZT.
Then W is a finitely generated semigroup of Z'.

Proof. — Replacing all v; by Nw;, where N is a sufficiently divisible
positive integer, we may and will assume that v; € Z™ forall j =1, ..., s.

Let us consider the rational polyhedral cone ¢ C R™ that is generated
by the standard basis of R™ and all the vectors {v1, ... vs}. Then the dual
cone is

av:{ueRT|u-vj2O V=1, ,s}

By Gordan’s Lemma [3, Chapter 1, Proposition 1.2.17], ¥ NZ™ is a finitely
generated additive semigroup. Let G be a finite subset of ¢v N Z™ that
contains 0 and generates ¥ N Z™. Then the intersection G N W is a finite
subset of W that contains 0. I claim that GNW generates W as a semigroup.
Indeed, if w € W then w € ¢¥ NZ™ and therefore there exists a positive
integer r and (not necessarily distinct) r elements g1, ... g, € G such that
w=>Y"_,g. Wehave forall j=1,...,s

-
O:w~vj:Zgi-vj, gi-v; =20 Vi=1,...,5s.
i=1

This implies that all g; - v; = 0 and therefore all g; € W, ie., g; € GNW.
It follows that G N W generates W as a semigroup. g

We also need the following elementary observation.
LEMMA 5.2. — Suppose that X is an abelian variety of positive dimen-
sion g over a finite field k with q elements. Suppose that k is sufficiently

large w.r.t. X. Then a nonnegative integer-valued function e: Rx — Z, of
even weight is admissible if and only if

(5.1) wx ( H (QZ/q)E(a)) =0e QW

a € Rx

Remark 5.3. — Let e: Rx — Z4+ be an admissible nonnegative integer-
valued function. Then its weight is twice its degree and therefore is even.

TOME 72 (2022), FASCICULE 6



2362 Yuri G. ZARHIN

Proof of Lemma 5.2. — Since e is nonnegative, its weight coincides with
Z e(a) =: n.
a€ Rx

Since this weight is even, there is a nonnegative integer d such that n = 2d.

Now notice that in light of Remark 2.4(d), (5.1) holds if and only if
[l.cry (a?/q)¢(® is a root of unity. This means that [, Ry (a?/q)¢(®) =
1, because k is sufficiently large w.r.t. X. Hence, (5.1) means that

2
(H oze(o‘)) =q" with n= Z e(a) = 2d.

a€ Rx a€ Rx
This means that
(5.2) H (@) = 444
a€Rx
Since torsion-free I'(X, k) does not contain —1, (5.2) is equivalent to
H O[e(oz) —
a€Rx
i.e, e is admissible. O

Proof of Theorem 1.10. — Let X be an abelian variety of positive dimen-
sion g over a finite field k of characteristic p. Suppose that & is sufficiently
large w.r.t. X. Let us put s := #(S(p)). By Lemma 2.5, s divides 29-g!. Let
us choose an order in S(p). This allows us to identify S(p) with {1, ..., s}
and Q°® with Q®. Let us choose an order on Ry: it allows us to list ele-
ments of Rx as {a1, ..., aum} with m = #(Rx). We have m < 2g. Let us
consider an additive group homomorpism

Wx: 2™ — Q5P =7,

u:(al,...amb—>wX<H 2/q )

—2Zazwx (o) (Z%) :
Clearly, there is a unique collection of s vectors vy,...vs € Q™ such that
Ux(u)=(u-v1, ..., u-vs) Yuezm.
It is also clear that all the coordinates of all v;’s lie in the same finite set

2-S(g)—1:={2c—1lce S(g)} cQ
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that depends only on g. This implies that all the v;’s lie in the same finite
subset
(2-5(g) - )" c Q"

of Q™ that depends only on g and m. Combining this assertion with
Lemma 5.1, we obtain that for each positive integers m < 2g and s di-
viding 29 - ¢! there is a finite subset Fy(g,m,s) € Z that depends only on
g, m, s and enjoys the following property.

If #(Rx) = m and #(S(p)) = s then the additive semigroup ker(wyx) N
77 of 77" is generated by a certain subset of Fy(g,m,s).

Now let as define the weight wt(u) of any u = (a1, ..., am) € ZT as
> a;. It follows from Remark 5.3 combined with Lemma 5.2 that an

integer-valued nonnegative function
b,: Rx — Z+, o — a;

is admissible if and only if u € ker(wx ) NZ7 and wt(u) is even. (It is also
clear that each admissible nonnegative function e : Rx — Z, coincides
with b, for exactly one vector v € Z7'.) Then such u may be presented as a
sum of (not necessarily distinct) elements of Fy(g, m, s). It may happen that
some elements of Fy(g, m, s) in this sum have odd weight. Since the weight
of u is even, the number of such summands is even. By grouping them in
pairs, we obtain that u is a finite sum of some even weight elements from
Fy(g,m, s) and even weight elements from Fy(g,m, s) + Fo(g,m,s) C ZT.
Now let F'(g,m,s) C ZT be the (finite) set of all even weight vectors from
Fo(g,m, s) and from Fy(g,m, s) + Fo(g,m, s). Clearly, each u € F(g,m, s)
gives rise to nonnegative admissible by, : Rx — Z, and each nonnegative
admissible e: Rx — Z. may be presented as a linear combination of such
by’s with nonnegative integer coefficients. Now one only has to choose as
H(g) the largest of the weights of b among all u (with even weight) in the
union of all F'(g,m,s) where 1 < m < 2g and s |29 - g. O

Theorem 1.10 implies readily the following assertion.

COROLLARY 5.4. — Let g be a positive integer and H(g) be as in The-
orem 1.10.

Let X an abelian variety of positive dimension g over a finite field k. Let
e: Rx — Z4 be a nonnegative admissible function. If wt(e) > H(g) then
e may be presented as a sum e = f, + fo of two nonnegative admissible
functions

fli Rx _>Z+, fg: Rx _>Z+
such that 2 < wt(f2) < H(g).
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6. Linear Algebra

Throughout this section, V is a nonzero vector space of finite dimension
n over a field K of characteristic 0, and E is an overfield of K. We write
VE for the E-vector space V Qg F of the E-dimension n. Let us put

V* =Homg(V,K), Vi =Homg (Vg, E).
Let A: V — V be a K-linear operator and
A : VS V* o ¢poA VoelV™
As usual, let us define
Agp € End(Vg), Ap(v@e)=Av®e VYveV,eckE.

Clearly,
(Ap) " =A")p : Vg = V.

Remark 6.1. — Let a € K C E and V(a) (resp. Vg(a)) be the eigenspace
of A (resp. of Ag) attached to eigenvalue a. It is well known that the natural
FE-linear map

V(a) ®x E — Vg(a)
is an isomorphism of E-vector spaces; in particular,
dimg (V(a)) = dimg (Vg(a)) Va € K C E.

There are well known natural isomorphisms [2, Chapter III, Section 7,
Proposition 7] of graded K-algebras

MV*) = &g N (V) = &gHomse (W (V). K)
and of graded E-algebras [2, Chapter III, Section 7, Proposition 8|
A Vi) = ©_g Ay (Vi) = @)_oHomp (AL (Vi), E)

— &7_oHom (/\J,'((V), K) 9k E,
which give rise to the natural isomorphisms of E-vector spaces

(6.1) N (Vg = N (Vi)
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6.1. Wedge products

Let ¢ and j be nonnegative integers. The multiplication in A(V*) (resp.
in A(V3)) gives rise to the surjective K-linear map

(6.2)  Apjre s Ak (VF) @k A (VT) = AT (VF), by @ 5 s i A
and to the surjective E-linear map

(63) Aijr: A (VE)@r AL (VE) = A7 (Vi) i@ uj = i Ay,
Let U be a K-vector subspace in A (V*) and W be a K-vector subspace
in A% (V*). Then obviously the images A; ; x (U @x W) C A (V*) and
Nije(Ug @5 Wg) C N7 (V) are related by

(6.4) Aijr(Up®@pWg)=Aijx (U W)g.

Here we identify Ug (resp. W) with its isomorphic image in A%-(V*)p =
Ne (V) (resp. in A (V) g = A (VE)).

The equality (6.4) implies readily its own generalization. Namely, let n
be a positive integer and suppose that for each positive integer r < n we
are given K-vector subspaces

U, C N (VF), Wo C Ay (VF).
Then
n n
(6.5) ZAi,j,E (Urg Qe Wy g) = (Z N ik (Ur QK Wr)>
r=1 r=1 E

Here
UnE = UT QK E7 WT,E = WT QK L.

6.2. Wedge products of eigenspaces

The operators A* and A}, give rise to the graded K-algebra and graded
FE-algebra endomorphisms

ANAS) : AV =AWV, ANAR) AVE) = A (VE)

[2, Chapter III, Section 7, Proposition 2], whose homogeneous components
are K-linear and FE-linear operators

N(AT) 2 N (V) = N (V) A (AR) = A (VE) = AR (VE)
respectively, such that

(6.6) N (Ap) = N (A7) 5.
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Since A(A) and A(A%) respect the multiplication in A(V*) and A(V}) re-
spectively,
(6.7) AT (A") (i) A N (A%) (1)

= NI (AY) (i Apy) € AT (V*) Vo € AN (V) aby € NT(VF);

N (Ag) (ip) N N (AR) (¥4,8)
= N (A%) (is Ay E) € N (V)
Vg€ N (Vi) , e €N (Vp).
The following assertion is an immediate corollary of (6.7) and (6.6).
LEMMA 6.2. — Let j1, jo be positive integers such that j1+jo < dim(V).

Let A1, Ao be elements of K. Let Nz (V*)(\,) C A2 (V*) be the eigenspace
of NJ.(A*) attached to A\, (r =1,2). Then the image of the K-linear map

A (V) ) @x A (V) Oz) = AEP2 (V) i @ 0 12 9y, Al
lies in the eigenspace NEY2 (V*)( A\ Ag) of A2 (A*) attached to M.

Remark 6.3. — The K-linear map in Lemma 6.2 is the restriction of
Ay, ..k defined in Subsection 6.1.

Remark 6.4. — Applying Remark 6.1 to AJ(A*): Al (V*) — AL (V*)
(instead of A: V — V), we obtain that if A € K € E and N (V*)()\) (resp.
A (VE)(N)) is the attached to A eigenspace of AJ(V*) (resp. of A7(V})) then
the natural E-linear map

Ne (VYN @k E = N (Vi) (M)

induced by (6.1) is an isomorphism. Combining this assertion with Lem-
ma 6.2 applied twice (over K and over F), we get immediately the following
assertion.

LEMMA 6.5. — Let j1, jo be positive integers such that j1+j2 < dim(V).
Let A\, Ao € K C E. We keep the notation and assumptions of Lemma 6.2.
The E-linear map

Ng (V) () @ AZ (VE) (he) = A2 (V) (Mde), 1 @41 = g Aty
is not surjective if and only if the K-linear map
A (V) (M) @5 A2 (V) () = AR (V) (Mde) s 41 @ 1 1 At

is not surjective. Here Ny (V5)(\) C Ny (V) is the eigensubspace of A (A%)
attached to A.

ANNALES DE L’INSTITUT FOURIER



TATE CLASSES ON ABELIAN VARIETIES 2367

6.3. Main construction

We keep the notation of Remark 6.4. Suppose that Ag: Vg — Vg is
diagonalizable, spec(A) C FE is the set of its eigenvalues, and multy :
spec(A) — Z. is the integer-valued function that assigns to each eigenvalue
of Ag its multiplicity.

Let A € K and j < dim(V) be a positive integer. Let us consider an
integer-valued function e: spec(A) — Z. that enjoys the following proper-
ties.

(i) e(a) < multa(a) V a € spec(A);
(i) > e spec(a) €(@) = J;
(ii)) TTo e spec(ay @ = A.
Let us choose an eigenbasis B of E-vector space Vg w.r.t. Ag and let

m: B — spec(A)

be the surjective map that assigns to each eigenvector x € B the corre-
sponding eigenvalue of Ag. Clearly, for every eigenvalue « € spec(A) the
preimage 7~ !(a) consists of mult 4 () elements of B. Let

B* ={2"|x € B}
be the basis of V; that is dual to B. Let us choose an order on B and define
for each j-element subset C' C B an element
yo = Aaecor™ € N (Vp).

Clearly, all yc’s constitute an eigenbasis of A/ (V) w.r.t. A7(A%). Actually,

N (A7) (ye) = (H w(x)) ve-

zeC

Let us assign to C the integer-valued function
(6.8) ec:spec(A) = Zy, a— #({z € Cln(z)=a}).

Clearly, yc is an eigenvector of AJ(A*) with eigenvalue \ if and only if
e = ec enjoys the properties (i)-(iii). This implies that the set of yo’s such
that ec satisfies (i)-(iii) is a E-basis of the eigenspace A7 (V) ().
Conversely, suppose that e: spec(4) — Z, is an integer-valued function
that enjoys the properties (i)-(iii). I claim that there exists a j-element
subset C' C B such that e = e¢. Indeed, let us choose a e(a)-element subset
C, C 7 Ya) C B for all a € spec(A4) with e(a) > 0. The property (i)
guarantees that such a choice is possible (but not necessarily unique). Now

TOME 72 (2022), FASCICULE 6



2368 Yuri G. ZARHIN

define C as the (disjoint) union of all these C,’s. Property (ii) implies that
B is a j-element subset of B. It follows from (iii) that yo € AJ(VE)(N).

The following assertion will be used in the proof of Theorem 1.8 (with
K =QV =V,(X"),A=TFrxn).

PRroOPOSITION 6.6. — We keep the notation and assumptions of Sub-
section 6.3, Remark 6.1 and Lemma 6.5. In particular, Ag: Vg — Vg is
diagonalizable. Assume additionally that A: V — V is invertible, j; = j—2
and jo = 2. Suppose that A\ and Ay are nonzero elements of K and j > 2,
i.e., j1 = 1. Then the following conditions are equivalent.

(a) The K-linear map
(6.9) A% 2 (VF) (M) @k Ak (VF) (h2) = A (VF) (Md2) 9 @ ¢ = A Y

is not surjective.
(b) There exists a function e: spec(A) — Z, that enjoys the following
properties.
(i) e(a) < multa(a) V a € spec(A);
(11) Za € spec(A) e(a) =7J;
(i) TTo e spec(a) @ = A1 2.
(iv) If a € spec(A) and e(a) # 0 then e(a) > 1 and one of the
following conditions holds.
(1) Ao/a & spec(A);
(2) A2/ € spec(A) but e(Az2/a) = 0.
(3) a=Xy/a (ie, a? = )z) and e(a) = 1.

Remark 6.7. — The invertibility of A means that 0 ¢ spec(A).

Remark 6.8. — In light of Lemma 6.5, it suffices to check that condi-
tion (b) is equivalent (in the obvious notation) to the non-surjectiveness of
the E-linear map

(6.10) A% " (V) () @5 A% (VE) (D2) = N (V7) (Mde), 0 @ ¢ Y A .

Proof of Proposition 6.6. — We start with the following lemma that
describes the image of map (6.10).

LEMMA 6.9. — The image of map (6.10) is generated by all yo’s where
C is any j-element subset of B that enjoys the following properties.

The set C' is a disjoint union of a (j —2)-element subset S and a 2-element
subset T such that the corresponding functions

es: spec(A) = Zy, er: spec(A) = Z4
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defined by(6.8) enjoy the following properties.

(6.11) I e=@=x, ] o=

o € spec(A) o € spec(A)

Proof of Lemma 6.9. — It follows from arguments of Subsection 6.3 that
all the yg’s (resp. all the yp’s) where S is any (j — 2)-element subset of B
(resp. where T is any 2-element subset of B) that satisfies (6.11) constitute
a basis of /\%ﬁQ(VE*)()\l) (resp. a basis of A%(V}5)(A2). This implies that
the image of map (6.10) is generated by all yg A yr. If S meets T then it
follows from the very definition of ys and yr and basic properties of wedge
products that ys A yr = 0. On the other hand, if S does not meet T' then
C:=SUT =5UT is a j-element subset of B and ys A yr = +yc. This
ends the proof. O

Now let us start to prove Proposition 6.6. Suppose that condition (b)
holds. In light of Remark 6.8, it suffices to check that map (6.10) is not
surjective. To this end, choose an eigenbasis B of Vg w.r.t. Ag, and choose
an order on B. Using arguments of Subsection 6.3, choose a j-element
subset C' C B such that the function

ec: spec(A) = Zy
coincides with e and therefore enjoys properties (bi)-(biv). Then
ye € N (V) (Miha).

I claim that yg does not lie in the image of map (6.10). Indeed, A% (V)
(A1) is generated as the E-vector space by elements of the form yg, where
S are (j —2)-element subsets of B such that [[, . ¢ m(b) = A;. On the other
hand, AZ(V})()\2) is generated as the E-vector space by elements of the
form yr, where T' are 2-element subsets of B such that [, o, m(b) = Aa.
This implies that the image of map (6.10) is generated as the E-vector space
by all yg A yr. If S meets T then (as we have already seen) ys A yr = 0.
If S does not meet T then SUT = SUT is a j-element subset of B and

ys Nyr = Tysur.
LEMMA 6.10. — The j-element C' does not coincide with any of SUT.

Proof of Lemma 6.10. — Suppose C = SUT. This implies that C
contains a subset T that consists of two distinct elements say z1,zo C B
with 7(21)7(22) = A2. So, C contains these x1, 5. It follows from the
definition of e (6.8) that if we put

oy =m(x1), ag =7(xe)
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then a1, s € spec(A) and
aras = Mg, e(ar) = 1 e(a) 2 1, e(ar) + e(as) = 2.

If a7 # s = Ay/ay then e(ag) = 1,e(Aa/a1) = 1, which violates prop-
erty (biv). If ay = g then as = Ay/ay. It follows that o = 7(x1) = 7(z2)
and therefore e(a;) > 2, which also contradicts property (biv). This ends
the proof. O

End of Proof of Proposition 6.6. — Taking into account that the set of
all yo’s where C runs through all j-element subsets of B is linearly indepen-
dent, we conclude that ys cannot be presented as a E-linear combination
of ysur’s and therefore does not lie in the image of map (6.10). Hence, (a)
holds. We proved that (b) implies (a).

Suppose that map (6.10) is surjective, i.e., (a) does not hold. We need to
prove that (b) does not hold as well. Let e: spec(A) — Z; be a function
that enjoys the properties (i)-(iii) of Subsection 6.3. We need to check that
e does not enjoy property 6.6(biv). Using arguments of Subsection 6.3,
choose a j-element subset C C B such that the function

e spec(A) = Z
coincides with e and therefore enjoys properties (bi)-(biii). This implies
that

ya € N (V) (M)
Let us check that e = es does not enjoy property (biv). Indeed, we know
that ys lies in the image of map (6.10). It follows from Lemma 6.9 that
there is a positive integer m, m pairs of subsets (S1,T1), ..., (Sm,Tim) in
B, and m elements aq, ..., a,, € FE such that each S = S, and T =T, are

disjoint (j — 2)-element and 2-element subsets of B that satisfy (6.11) for
all » =1, ..., m, and such that

m
Yo = E arYs, UT,-
r=1

Let us choose such a presentation for y~ with smallest possible m. In this
case all the j-element subsets S, LIT,. are distinct. Now the linear indepen-
dence of all yo (where C' C B is a j-element subset) implies that m = 1
and C coincides with S, uT.

So, T consists of two distinct elements say, x1, 2. Let us put

aq = 7(z1) € spec(A), ag = m(x2) € spec(A).
It follows from (6.11) that ayas = Ag. This implies that

e(ar) =ea(ar) > 1, e(az) =eq(az) > 1.
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If 1 # ag then property (biv) does not hold for e. If a1 = ag then
m(x1) = a1 = Moy = ag = w(x2)
and therefore e(a) > 2, hence, property (biv) does not hold for e. This
ends the proof of Proposition 6.6. O
The following assertion will be used in the proof of Theorem 1.11 (with

K = @27‘/ = W(Xn)7A == Fan).

PRrROPOSITION 6.11. — We keep the notation and assumption of Sub-
section 6.3. Assume additionally that char(K) = 0, dimg (V) is even, and
A :V — V is invertible. Let ¢ be a nonzero element of K that is not a
root of unity. Let h and m be positive integers that enjoy the following
properties.

(i) h <m < dimg(V)/2.
(ii) Ife: spec(A) — Z. is any nonnegative integer-valued function such
that

Z e(a) = 2m, H afl®) = ¢m

o € spec(A) o € spec(A)

then there exist positive integers ji,js and nonnegative integer-
valued functions

f1:spec(A) = Z4, fo: spec(A) — Z
such that

m=j1+Jj2, j2 < h;
e(a) = fi(a) + fa(a) V a € spec(4);

Z fl(a)Zlea H afl(a) :qjla

«a € spec(A) « € spec(A)
Z fa(@) = 2ja, H al?(®) = g2,
a € spec(A) a € spec(A)

Then

h
(6.12) ZA2(mfj),2j,K (/\ig(mij) (V) (¢™7) @k N (V) (qj))
j=1

= A" (V) (@™)-
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Proof. — In light of Remark 6.3 and arguments of Subsection 6.1, it
suffices to check that

h
(613) " Aogmoszir (A" (Vi) () @6 A (VE) (¢))
j=1

=AE" (Vi) (@™)
Recall that (in the notation of Subsection 6.3) that B is an (ordered) eigen-
basis of Vg and all the 2m-element subsets C' C spec(A) with [[, .o =
g™ give rise to the base {yc = Az c cx*} of AZ" (V) (g™). So, it suffices to
prove that each such yc lies in one of the summands in LHS of (6.13). To
this end, let us consider the nonnegative integer-valued function
ec:spec(A) = Zy, e(a) = #(C(a))
where C(a):={zx € C C Bln(z) = a}.

(see (6.8)). Clearly,
S ol =#(@=2m, [ a°@=][a=q"
o € spec(A) o € spec(A) acC

By property (ii), there exist positive integers j1, jo and nonnegative integer-
valued functions

f1:spec(A) = Zy, fo: spec(A) — Z4
such that

m=j1+j2, Jo <Ny
e(a) = fi(a) + fa(a) Y a € spec(A);

> hle =2, J] ol =g,

«a € spec(A) «a € spec(A)
Z fa(@) = 2ja, H al?(®) = g2,
o € spec(A) o € spec(A)

Let us partition each C(«) into a disjoint union of two sets
Cla) =C(a)1 UC(a)2 with C(a)1NC(a)y =0,
#(C(a)1) = fi(a), #(C(a)2) = f2(a)

and define C; (resp. C2) as the (disjoint) union of all C'(a1) (resp. of all
C(az)). Then C becomes a disjoint union of Cy and Cy, and

f1=ecy, f2 = ec,.
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It follows that

S ea@=2, ] a@ =g,

a € spec(A) « € spec(A)
SRR | g
a € spec(A) « € spec(A)

This implies that
yo, € NV (V) (¢70) = AT (VE) (67772) Lyes € AR (V) (0%2)

Since C is a disjoint union of Cy and Cs,

Yo =
2(m—j2 * m—j j * j
LYo, Nz € No(m—jz),2j0, B (/\E( I (V) () @ AR (Vi) (qu)) :
In order to finish the proof, one has only to recall that j < hs. O

7. Tate forms
7.1. Tate modules and Frobenius

Recall that X is an abelian variety of positive dimension g over a finite
field k& with char(k) = p and #(k) = ¢. Let £ # p be a prime and Ty(X)
the f-adic Tate module of X. Let us consider the corresponding Qg-vector
space

Vo(X) = Ty(X) @z, Qu,
which is a 2g-dimensional vector space over Qy. The action of Fry extends
by Q¢-linearity to V;(X). So, we may view Frx as a Q-linear automorphism
of Vp(X), whose characteristic polynomial coincides with Px (¢). A theorem
of Weil [8, 15] asserts that Fry acts as a semisimple linear operator in
Ve(X). Let Qg be an algebraic closure of Q. Let us choose a field embedding

Lx = Q(Rx) — Q.
Further we will identify Ly with its image in Q. We have
Rx C Lx C @g.

Let us consider the 2dim(X)-dimensional Q,-vector space

Ve(X) = Vi(X) ®q, Q.
Extending the action of Frx by Q-linearity, we get a Q-linear operator

Fryx: Vi(X) = Vi(X), v@ A= Frx(v) @ A You e Vi(X), A€ Q.
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In the notation of Section 6, let us put
(7.1) K=Q;V =V(X),A=Frx: Vi(X) = Vi(X),E = Qq.
Then
(72) VE = %(X),AE = ﬁx;
spec(A) = Ry, multy = multyx : Rx — Z.

Remark 7.1. — If m is a positive integer and ¥ = X™ then it is well
known that there is a canonical isomorphism of Q-vector spaces

Ve(Y) = &7, Vi(X)
such that Fry acts on V;(Y) as
Fry (21, ... Tm)
= (Frxai, ..., Frxam) V(z1, ..o 2m) € 972 Ve(X) = Vi(Y).
This implies that

(7.3) Py (t) =Px(t)™, Ry = Rx,Lx = Ly,
' multy (o) =m - multx (o) Va € Rx = Ry.
In particular,

(7.4) multy (o) > m Va € Ry = Rx.

Any invertible sheaf/divisor class £ on X gives rise to (defined up to
multiplication by an element of Qj) a Qg-bilinear alternating Riemann
form (the first ¢-adic Chern class of £) [§]

¢ =¢r: Va(X) x Vi(X) = Q

such that
7.2. Tate forms

A theorem of Tate [15] asserts that every alternating Qg-bilinear form
¢ on V,(X) that satisfies (7.5) is a Q-linear combination of forms of type
¢r. We call such a form an f-adic Tate form of degree 2 and denote by
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tatea (X, £) the subspace of all such forms in Homg, (A2V,(X), Q). In other
words,

tateg (X, ) :
= {¢ € Homg, (A*V4(X), Q) | ¢ (Frx(z), Frx(y))
=q-¢(z,y)Vz,y e Vi(X)}.

More generally, let us define for each nonnegative integer d < dim(X) =g
the subspace tatesq (X, ¢) of all alternating 2d-forms ¢ € Homg, (A21V,(X),
Q) such that

w(FrX(Ul), cey FrX(vzd)) =q%-y (v1y .oy V2q) Y1, ..., Tag € Vo(X).
We call elements of tategq(X, £) Tate forms of degree 2d (V) .

Remark 7.2. — Clearly, tatesq(X, £) consists of all ¢ € Homg, (A2?V,(X),
Q) such that

’l/J(FI')_(l(’Ul), . Fr)_(1 (vgd)) =q¢ %y (U1, «o vy U2g) Y01, ..., V2g € Vo(X).

Since Frx acts on Vy(X) as pe(ox), the subspace tatezq(X, 1) consists of all
¥ € Homg, (A%?V,(X), Q) such that

V(pe(or) " (v1), -5 pe(or) " (v2a))
= Xg((fk)_d < (v1, .oy V2g) Yur, ..., vag € Vo(X).

Since oy, is a topological generator of Gal(k), the subspace tatesq(X,!)
consists of all ¢ € Homg, (A24V;(X), Q) such that

¥ (pe(0) ™ (v1), -, pe(0) ™" (v2a))
= xe(0) ™ (v1, ..., v2q) Vo€ QGal(k),vy, ..., vaq € Va(X).
Remark 7.3. — In the notation of Section 6, (7.1) and (7.2),
tateaq(X, £) = A7 (V™) (¢%)

is the eigenspace of K-linear operator A2¢(A*): A2 (V*) — A24(V*) at-
tached to the eigenvalue ¢¢.

W 1n [21] we called them admissible forms.
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7.3. Wedge products of Tate forms

For each integer d > 3 the exterior product map

Homyg, (A2(d*1)V£(X),QZ) ®q, Homg, (A*Vi(X),Qy)
— Homg, (A*V(X), Q) ,
PRY = ONY
induces the Q-linear map
(7.6) tateyq—1)(X,¢) ®q, tatea(X,£) — tatesq(X, 1), ¢ @Y ¢ A .

DEFINITION 7.4. — Let d > 1 be an integer. An f-adic Tate form of
degree 2d is called exceptional if it does not lie in the image of map (7.6).

LEMMA 7.5. — Let d be a positive integer such that
2 < d < dim(X).
Let ¢ # p be a prime. Then the following conditions are equivalent.

(a) There exists an exceptional ¢-adic Tate form on X of degree 2d.
(b) There exists an admissible reduced function e: Rx — Z of weight
2d such that

0<e(a) <multx(a) Va € Rx.

Proof. — In the notation of (6.9), (7.1) and (7.2), it follows from Re-
mark 7.3 that property (b) is equivalent to the non-surjectiveness of

N (V) () @k A (V7)) () = N (V) (M), 9@ 6 = 9 A6
with
j=2dM=q"" e =g e ="
By Proposition 6.6, the non-surjectiveness of this map is equivalent to the
existence of a function e: spec(A) — Z that enjoys properties (bi)-(biv) of
Proposition 6.6. Since spec(4) = Rx, we may view e as a function e: Rx —
Z.. Now property (bii) means that e has weight 2d, property (biii) that e

is admisible, and property (biv) that e is reduced. As for property (bi), it
means that

e(a) < multg(e) = multx (o) V « € spec(A) = Rx.

This implies that properties (bi)-(biv) of Proposition 6.6 are equivalent
to property (b) of Lemma 7.5. It follows that properties (a) and (b) of
Lemma 7.5 are equivalent. (I
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7.4. Twists and Tate classes
7.4.1. Twists and Tate classes

Consider an abelian variety X = X x, k over the algebraic closure k of
k and its étale f-adic cohomology groups H7 (X, Qy) [1, 4, 5, 14]. Here £ is
any prime different from char(k), j any nonnegative integer, and H7 (X, Q)
is a certain finite-dimensional Q-vector space endowed with a continuous
linear action of the absolute Galois group Gal(k) := Gal(k/k) of k. We

write
xe: Gal(k) = Z; C Qp

for the f-adic cyclotomic character (see Section 2 above). There exists a
certain “naturally defined” one-dimensional Qg-vector space Q,(1) (that
was denoted by W in [14, Section 2]) endowed with the natural continuous
linear action of Gal(k) defined by the cyclotomic character

xe: Gal(k) — Qp = Autg, (Qe(1))

(see [4, 5,7, 14]). Namely, Q¢(1) = Z¢(1)®z,Q¢ where Z,(1) is the projective
limit of multiplicative groups (finite Galois modules) jign of £"*® roots of
unity in k.

Let us fix once and for all an /-adic orientation, i.e., an isomorphism of
Qg-vector spaces

Qe(1) = Qp,

which allows us to identify Q; not only with Q(1) but also with all tensor
powers Qu(7) [1, 4, 5, 13, 14] of Q,(1).

Let i be an integer. Let us consider the twist H7(X, Q) (i) of the Galois
module H7 (X, Qy) by character x} of Gal(k) [4, 5, 13, 14]. In other words,
H7 (X, Q) (4) coincides with H’ (X, Q) as the Qp-vector space but if

o,c—o(c) VoeGal(k), ce H (X,Q)

is the Galois action on H/(X,Q,) then in H/(X,Q,)(i) a Galois automor-
phism o sends ¢ to x.(c)'o(c).

If W is a Galois-invariant Qg-vector subspace in H7 ()_( , Q¢) then we write
W (i) for the same Qg-vector subspace in H7 (X, Qy)(i). Clearly, W (i) is a
Galois-invariant subspace of H/(X,Qy)(7) but not necessarily isomorphic
to W as Galois module.

TOME 72 (2022), FASCICULE 6



2378 Yuri G. ZARHIN

Remarks 7.6.

(i) If j1,j2 are any nonnegative integers then the Galois-equivariant
Qg-bilinear cup product in the cohomology of X leads to a Galois-
equivariant Qg-linear map

(77) HI (X,Qg) RqQ, HI2 (X,Qg) — HI1+32 (X,Qg) , 1 ®ca— c1Uco,

which, in turn, gives rise to the natural Galois-equivariant QQg-linear
map [5, 14]

(7.8) H (X, Q) (i1) ®g, B (X, Q) (i2)
— Hj1+j2 (X,Qg) (21 -+ 12) , C1 ® cg — c1 U co.

(ii) Let Wy (resp. Wa) is s a Galois-invariant QQg-vector subspace in
H/' (X, Q) (resp. in H72(X,Qy)) and W C H/*t2(X,Qy) be the
image of subspace

Wy ®g, Wa C H' (X, Q) ®g, H? (X, Q)
under the map (7.7). It follows readily that the twist
W (iy +i2) C H' 72 (X, Q) (i1 + i)
coincides with the image of subspace
W1 (i1) ®g, Wa(iz) € H' (X, Q) (i1) ®g, H? (X, Q) (i2)
under the map (7.8).

DEFINITION 7.7. — Let d be a nonnegative integer. Let us consider the
Qyg-vector subspace

Toa(X) = 2 (X, Q) ()R
of Galois invariants in H??(X,Qy)(d) and a weight Qg-vector subspace
Wea(X):={ce H?4(X,Qy) |o(z) = xe(o) % Vo € Gal(k)}
in H24(X,Qy). It follows from the very definitions that
(7.9) Te,a(X) = Wea(X)(d).

Remark 7.8. — Let dy and ds be nonnegative integers. It follows from the
Galois equivariance of maps (7.7) and (7.8) combined with Remark 7.6(ii)
that the image W 4, 4,(X) of

W&dl (X) (9 ‘/Vg)d2 (X) — H2(d1+d2) (X, @z) , 1 ®co —c1Uco
lies in W g4, 44, (X). Similarly, the image Ty 4, 4, (X) of
72,,11 (X) X ﬁ,dz (X) — H2(d1+d2) (X, Qg) (dl + d2) , 1 ®ca —c1Ucy
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lies in T¢ 4, +4,(X). In addition, it follows from (7.9) that
Te.dyd>(X) = Wedy a5 (X) (di + ).

DEFINITION 7.9. — Let £ # char(k) be a prime and d a nonnegative
integer.

(i) Elements of Ty q4(X) are called ¢-adic Tate classes of dimension 2d
on X.

(ii) A nonzero 2d-dimensional Tate class c is called exotic if d > 1 and
¢ cannot be presented as a linear combination of products of d Tate
classes of dimension 2 with coefficients in Q.

(iii) A Tate class ¢ of dimension 2d is called very exotic if d > 1 and ¢
cannot be presented as a linear combination with coefficients in Qy
of products of Tate classes of dimension 2d — 2 and 2, i.e., ¢ does
not belong to T¢,q—1,1(X).

Remarks 7.10.

(i) Let Z be a closed irreducible subvariety of codimension d in X.
The choice of the ¢-adic orientation allows us to define the /f-adic
class cl(Z) € Tr.a(X) € H24(X,Q)(d) of Z [13, 14]. Tate [13, 14]
conjectured that for all nonnegative integer d the subspace T¢,q(X)
is spanned by all cl(Z) and proved it for d = 1 [15].

(ii) If d is a nonnegative integer and d < g then it is known [13, 14]
that 7;.q(X) # {0}.

(iii) Clearly, all 2-dimensional Tate classes are neither exotic nor very
exotic. Hence, the existence of an exotic (or very exotic) Tate class
of dimension 2d implies readily that

2<d < g=dim(X),

because H24(X,Q) = {0} for all d > g, and, therefore, all 2d-

dimensional Tate classes are just zero. (Actually, it is known that

H?9(X,Qy)(g) is a one-dimensional Q-vector space generated by

the gth self-product of the class of a hyperplane section of X [14].

Therefore, there are no non-exotic Tate classes of dimension 2g.)
(iv) Clearly, every very exotic Tate class is exotic.

Conversely, suppose that there exists an exotic 2d-dimensional /-
adic Tate class on X. I claim that there is a positive integer d’ < d
such that there exists a very exotic 2d’-dimensional ¢-adic Tate class
on X. Indeed, decreasing d if necessary, we may and will assume
that d is the smallest positive integer such that there is an exotic
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l-adic 2d-dimensional Tate class on X. Let ¢ be such a class. Then
d>1.

Assume that ¢ is not very exotic. Then c is a linear combination
of cup products h; U ¢; where all ¢; are nonzero Tate classes of
dimension 2 and all h; are nonzero Tate classes of dimension 2(d—1).
Since c is exotic, there is an index i such that h; is exotic. But exotic
h; is 2(d — 1)-dimensional, which contradicts the minimality of d.
The obtained contradiction implies that c itself is very exotic, which
ends the proof.

It follows that X carries an {-adic exotic Tate class if and only
if it carries a very exotic {-adic Tate class (may be, of different
dimension).

7.5. Etale cohomology of abelian varieties
7.5.1. Etale cohomology of abelian varieties

Let us consider the abelian variety X = X xj k over k. Let j be a
nonnegative integer and let H’ (X, Q) be the jt! étale f-adic cohomology
group of X, which is a finite-dimensional Q-vector space endowed with the
canonical continuous linear action of Gal(k) [5, 7, 14]. There is a canon-
ical Gal(k)-equivariant isomorphism of graded Qg-algebras ([1, 5, 14], [7,
Section 12])

(7.10) @2 i (X,Q,) = @2 Homg, (AJ Vo(X ),Qg).

Its Galois equivariance combined with Remark 7.2 imply that (in the no-
tation of Definition 7.7) map (7.10) induces for all nonnegative integers
d < dim(X) a Qg-linear isomorphism between

Wea(X) ={ceH** (X,Q) |o(c) = xe(0) % Vo€ Gal(k)}
= {c e H* (X,Qg) ‘Uk(c) =X (ak)_d c} c H* (X,Qg)

and the subspace
tateaq(X, ¢) C Homg, (A?@i‘/f(X),Qg)

of ¢-adic Tate forms of degree 2d on X. Recall (see Definitions 7.7 and 7.9)
that the twist Wy q(X)(d) € H24(X,Q)(d) coincides with the subspace
T1,4(X) of 2d-dimensional ¢-adic Tate classes on X. Recall that map (7.10)
is a Qg-algebra isomorphism. Applying Remark 7.8 to dy = d — 1 and
dy = 1, we obtain that the existence of a very exotic a {-adic Tate class of
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dimension 2d on X is equivalent to the existence of an exceptional (-adic
Tate form of degree 2d on X.
We will need to state explicitly the following useful assertion.

LEMMA 7.11. — Let X be an abelian variety over k. Let £ # char(k) be
a prime. Then the following three conditions are equivalent.

(i) X carries an exotic (-adic Tate class.
(ii) X carries a very exotic {-adic Tate class.
(iii) There exists an exceptional ¢-adic Tate form on X.
In addition, the validity of equivalent conditions (i)-(iii) does not depend
on a choice of ¢.

Proof of Lemma 7.11. — The equivalence of (ii) and (iii) follows readily
from the arguments at the end of Subsection 7.5. The equivalence of (i)
and (ii) was already proven in Remark 7.10 (iv).

Notice that property (b) of Lemma 7.5 does not depend on the choice
of ¢. Now Lemma 7.5 implies that the validity of (iii) does not depend on
the choice of ¢. 0

Proof of Theorem 1.8. — By a theorem of Tate [15], if Y is any abelian
variety over k (e.g., Y = X™) then every clement of 7p1(Y) is a linear
combination of divisor classes on Y with coefficients in Q.

Suppose that there is an exotic ¢-adic Tate class on X" for some positive
integer n. It follows from Lemma 7.11 (applied to Y = X™ instead of X)
that there is an exceptional ¢-adic Tate form on X™. In light of Lemma 7.5
(applied to Y instead of X), there exists an admissible reduced function
Rx = Ry — Z4. In light of Theorem 1.4, there exists an admissible
reduced function e: Rx — Z of weight < N(g). This means that

wt(e) = > e(a) <2N(g);

a€Rx

in particular,

0<e(a) <2N(g9) Va € Rx.
Let us put Z = X2N() and consider e as the reduced admissible function

Rz =Rx - Z4, a— e(a).
In light of Remark 7.1 applied to m = 2N(g),

e(a) < 2N(g) < multz(a) Ya € Rz = Rx.

It follows from Lemma 7.5 that there is an exceptional ¢-adic Tate form on
X2N(9) = 7. Applying Lemma 7.11 to Z, we obtain that there is an exotic
(-adic Tate class on Z = X2V Now the last assertion of Lemma 7.11
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implies that there is an exotic l-adic Tate class on Z = X2V for all
primes [ # char(k). This ends the proof. O

Proof of Theorem 1.11. — In light of arguments of Subsection 7.5 com-
bined with Remark 7.8, it suffices to check that each ¢-adic Tate form of
any even degree 2m on X" can be presented as a linear combination of
exterior products of f-adic Tate forms of degree at most H(g). Let us prove
it, using induction by m.

The assertion is obviously true for all m < H(g)/2. Suppose that m >
H(g)/2. First, notice that

RXn = RX YV n.

Applying Theorem 1.10, we conclude that the conditions of Proposition 6.11
are fulfilled for

K=Q,V=V,(X"), A=Frxn:Ve(X")—= Ve (X"),
spec(A) = Rx» = Rx, h = H(g)/2.

Applying Proposition 6.11, we conclude that each ¢-adic Tate form of de-
gree 2m on X" can be presented as a linear combination of wedge products

1pm*j /\¢j (J =1,..., H(g)/2))
where ¢,,—; is an f-adic Tate form of degree 2(m — j) on X™ and ¢; is
an f-adic Tate form of degree 25 < H(g) on X™. Applying the induc-
tion assumption to all ¥,,_;’s, we conclude that each (-adic Tate form of
degree 2m on X™ can be presented as a linear combination of exterior
products of Tate forms of degree at most H(g). This ends the proof. O
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