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REAL LOG CURVES IN TORIC VARIETIES,
TROPICAL CURVES, AND LOG WELSCHINGER
INVARIANTS

by Hiilya ARGUZ & Pierrick BOUSSEAU (*)

ABSTRACT. — We give a tropical description of the counting of real log curves
in toric degenerations of toric varieties. We treat the case of genus zero curves and
all non-superabundant higher-genus situations. The proof relies on log deformation
theory and is a real version of the Nishinou—Siebert approach to the tropical corre-
spondence theorem for complex curves. In dimension two, we use similar techniques
to study the counting of real log curves with Welschinger signs and we obtain a new
proof of Mikhalkin’s tropical correspondence theorem for Welschinger invariants.

RESUME. — Nous donnons une description tropicale du comptage des log-courbes
réelles dans les dégénérescences toriques de variétés toriques. Nous traitons le cas
des courbes de genre zéro et toutes les situations non-superabondantes pour les
courbes de genre supérieur. La preuve repose sur la théorie des déformations loga-
rithmiques et est une version réelle de I’approche par Nishinou—Siebert du théoréme
de correspondance tropicale pour les courbes complexes. En dimension deux, nous
utilisons des techniques similaires pour étudier le comptage de log-courbes réelles
avec signes de Welschinger et nous obtenons une nouvelle preuve du théoréme de
correspondance tropicale de Mikhalkin pour les invariants de Weslchinger.

1. Introduction

1.1. Overview

Tropical geometry provides a combinatorial approach to complex and
real enumerative geometry. Using a version of Viro’s patchworking [45, 46,
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47], Mikhalkin [32, Theorem 1] proved a correspondence theorem between
counts of complex curves in toric surfaces and counts of tropical curves in
R2. In [34], Nishinou-Siebert used toric degenerations and log deformation
theory to prove a correspondence theorem between counts of genus 0 com-
plex curves in n-dimensional toric varieties and counts of tropical curves
in R™. Under the assumption of non-superabundacy, this result was gener-
alized by Nishinou [33] to higher-genus complex curves. Further works on
the tropical correspondence theorem for complex curves in toric varieties
include [18, 31, 36, 43].

In the present paper, we focus on counts of real curves in toric varieties.
We start by recalling the main difference between complex and real alge-
braic geometry. In complex geometry, a space of configurations in general
position is typically connected, as configurations which are not in general
position form loci of complex codimension at least one and so of real codi-
mension at least two. For example, counts of complex curves matching
incidence conditions in general position are independent of the particu-
lar choice of general incidence conditions. By contrast, in real geometry,
a space of configurations in general position is typically disconnected, as
configurations which are not in general position typically form loci of real
codimension one. It follows that counts of real curves matching incidence
conditions in general positions depend in general of the particular choice
of general incidence condition.

Therefore, a correspondence theorem between counts of tropical curves
and counts of real curves in a toric variety matching some real incidence
conditions can only hold in general for a specific class of incidence condi-
tions, those which are in some sense close to some “tropical limit”. In [32,
Theorem 3], Mikhalkin proved such a result for real curves in toric sur-
faces passing through configurations of real points. Our main result, The-
orem 1.1, generalizes this result to genus 0 and higher-genus non-superab-
undant real curves in higher dimensional toric varieties, in complete anal-
ogy with how Nishinou-Siebert [34] generalized Mikhalkin’s correspondence
theorem [32, Theorem 1] for complex curves. More precisely, we consider
a toric degeneration of a toric variety and of a set of incidence conditions.
Theorem 1.1 describes how to compute tropically counts of real curves
matching the incidence conditions in a fiber of the toric degeneration which
is sufficiently close to the central fiber. It is in this precise sense that we
are restricting ourselves to incidence conditions close to a “tropical limit”.

In [32, Theorem 6], Mikhalkin also proved a tropical correspondence
theorem for real curves in toric surfaces counted with Welschinger signs,
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that is with the sign (—1)° where s is the number of real elliptic nodes of
the curve. Using the techniques developed to prove Theorem 1.1, we will
give a new proof of this result, see Theorem 1.2. In restriction to the case
of rational curves in del Pezzo toric surfaces, counts with Welschinger signs
are Welschinger invariants [49, 50] and have the remarkable property of
being invariant with respect to deformation of incidence conditions. The
tropical correspondence theorem [32, Theorem 6] has been a central tool
in the study of Welschinger invariants [9, 10, 23, 24, 25].

1.2. Main results

We now state precisely our first main result, Theorem 1.1, referring to
the main body of the paper for more details on the objects involved.

Let M = 7" and Mg = M ®z R. Let X be a n-dimensional proper toric
variety over C, defined by a complete fan ¥ in Mk. Remark that every toric
variety over C is naturally defined over Z and so in particular over R. We
fix a tuple (g, A, A, P) where:

e ¢ is a nonnegative integer.

e Aisamap A: M\ {0} — N with support contained in the union
of rays of %.. The choice of A specifies a degree and tangency con-
ditions along the toric divisors for a curve in X, and a tropical
degree for a tropical curve in M. We denote by |A| the number of
v € M\ {0} with A(v) # 0, that is the number of contact points
with the toric boundary divisor (union of toric divisors) for a cor-
responding algebraic curve, or the number of unbounded edges for
a corresponding tropical curve.

o A =(Ay,...,Ap) is a tuple of affine linear subspaces A; of Mg =
M ®z Q with codimension d; + 1 such that

(1.1) d; = (n—3)(1—g)+|Al.
j=1
We denote by L(A;) C Mg the linear direction of A;.
o P=(P,..., ) is atuple of real points in the n-dimensional torus
of X.

Let T4, A(A) be the set of ¢-marked tropical curves h: I' — Mg of
genus g and degree A and matching the tropical incidence conditions A.
We assume that we are in a non-superabundant situation, that is that the
set Ty 0 A(A) consists of finitely many tropical curves h: I' — Mg, all with
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I" trivalent, and which are all non-superabundant, that is having a space
of deformations of the expected dimension (n — 3)(1 — g) + |AJ. Such non-
superabundant condition is automatic if ¢ = 0 by [34, Proposition 2.4] or
if n = 2 by [32, Proposition 4.11].

As in [34], we construct a toric degeneration m: X — A! from a polyhe-
dral decomposition of My containing the images of all the tropical curves in
Tg.0,A(A) and all their intersection points with the tropical constraints A.
For t € A\ {0}, we have X; := m~1(t) ~ X. The central fiber X := 771(0)
is a union of toric varieties glued along their toric divisors. Using A and P,
we construct a family of real incidence conditions Z4; p, C &. For every
t € Al, we denote Za,; Pt = 2Za,,p,N Xy C Xy (see (2.5)—(2.6) for details).

For every t € AY(R) \ {0} ~ R*, let M?;_Al?i?),t be the set of genus g
real stable map to X; with degree and tangency conditions along the toric
divisors prescribed by A and matching the incidence conditions Za p +. We

denote

R—log o R—log

(9,0,A,P)t " nM(g,A,A,P),t'
In our main result, Theorem 1.1, we explain how to tropically compute
NéjoAlng,P)’t for t sufficiently close to 0.

We define the real count of tropical curves by an explicit formula

¢
(1.2) NG awp) = > w*(I,E)-DF, , - [[ D4, -
(TE,h)ET, r,a(A) j=1
We refer to the main body of the paper for the definition of the various
factors: w® (T, E) is the total real weight defined in (5.1), D, is the twisted
real lattice index of the map 7} given by (4.2), and Dﬂlii is the real lattice
index of the inclusion of lattices A; defined in (4.10), the real lattice index
being defined in Definition 4.12 and the twisted real lattice index being
defined in Theorem 4.15.

THEOREM 1.1 (=Theorem 7.1). — For every (g, A, A, P) as above, we

have
R—log _ N]R—trop
(9.80,A,P)t = “'(9,4,AP)

for all t € AY(R) \ {0} ~ R* sufficiently close to 0.

The proof of Theorem 1.1 follows the lines of the proof of the main re-
sult of [34]. In a first step, given a tropical curve (I',E,h) in T, A(A),
we count how many ways there are to lift (I', E, h) into a maximally de-
generate real stable map to the central fiber Xy. In [34], the count of such
maximally degenerate complex stable maps is expressed as the index of a
map of lattices 7 : M7 — Ms. The lattice index, that is the cardinality
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of Coker(Ty), is also the cardinality of the kernel of the map of complex
tori Tp, @ C*: My ®z C* — My ®z C*. In the proof of [34], the map
Trn ® C* measures the obstruction to construct a maximally degenerate
stable map by gluing of its irreducible components living inside the vari-
ous toric components of Xy. So the kernel of T, ® C* is exactly in bijec-
tion with the relevant complex maximally degenerate stable maps. In the
real case, we show similarly that the set of relevant maximally degenerate
real stable maps can be identified with the kernel of the map of real tori
ThOR*: M ®zR* — Ms®zR*. By some elementary homological algebra
(see Lemma 4.13), the cardinality of the kernel of 7, ® R* can be com-
puted in terms of a cyclic decomposition of the group Coker(7,). Modulo
the issue that 7, ® R* is not necessarily surjective (see Theorem 4.15 for
details), this gives the definition of the factor D5,  in (1.2).

In a second step, we need to count how many ways there are to lift a
maximally degenerate real stable map to X into a real stable log map to
Xo. This is done in Theorem 5.1 and this produces the factor w®(T, E)
n (1.2). Finally, the counting of real stable log maps to the central fiber
Xo agrees with the counting of real stable log maps on a neighbour fiber
X: by log smooth deformation theory, as in [34].

We remark that for n = 2, Mikhalkin [32, Theorem 3] gives an alternative
recursive description of N, éli TAtfoAliP). This is similar to how Mikhalkin [32,
Theorem 1] expresses the complex multiplicity of a tropical curve as a
product of local multiplicities attached to vertices, whereas the complex
multiplicity of Nishinou-Siebert [34] is a priori a globally defined lattice
index. We also remark that, for ¢ = 0, a version of Theorem 1.1 is proved
by Tyomkin in [44, Section 5.1]. Tyomkin’s proof uses explicit rational
parametrizations of rational curves in toric varieties and so is fundamentally
limited to the g = 0 case. Thus, one can view Theorem 1.1 as providing
a common generalization of [32, Theorem 3] and [44, Section 5.1]. Finally,
we point out that, while we prove Theorem 1.1 via a real version of the
log arguments of Nishinou—Siebert [34], it should also be possible to write
a proof using a real version of the stacky approach to the correspondence
theorem due to Tyomkin in [43].

Our second main result, Theorem 1.2, is a tropical correspondence the-
orem for counts of real curves with Welschinger signs in toric surfaces,
recovering with a different proof [32, Theorem 6] (see also [37]). We stay
in the setup of Theorem 1.1 but specialized to n = 2 and to the case of
0-dimensional affine constraints A.

TOME 72 (2022), FASCICULE 4
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For t € AYR) \ {0} ~ R* general, all the singularities of the image
©(C) of a real stable map ¢: C — X; defining an element of M?iji?iyp)’t
are nodes, that is ordinary double points. The Welschinger sign of ¢ is
defined by

W (@) = (=1)™)
where m(yp) is the number of real elliptic nodes of ¢(C). We define log
Welschinger numbers by

]R—log o log
Woaar:= 2, W3@).
R—1
PEM (y A"A )

In Theorem 1.2, we explain how to tropically compute W](Rg,_io,i,P), , for ¢

sufficiently close to O.

Let h: T' = Mg be a tropical curve defining an element of 7, s A(A ). For
V a vertex of T', let Ay C Ng denote the dual triangle to V': for every edge
E; of T' adjacent to V, the corresponding side of Ay has integral length
equal to the weight w(FE;) of F;. We set

Multg(V) == (=1)av |

where Ia,, is the number of integral points in the interior of Ay . We define
the multiplicity of a tropical curve by

(1.3) Multz(h)

0 if I' contains a bounded edge of even weight
[T, Multg(V) else.

Finally, we define

R—tr
Wi aap) = > Multg (h) .
(F7E1h)€7;,é,A(A)
THEOREM 1.2 (=Theorem 9.8). — For all t € AY(R) \ {0} ~ R* suffi-
ciently close to 0, we have

R—1 R—tr
(1.4) W(gaAo,i,P),t = W(g,A,ZP,P) '

Theorem 1.2 recovers [32, Theorem 6], proved by Mikhalkin using de-
generation of the complex structure and a version of Viro’s patchworking.
A purely algebraic proof is also given by Shustin in [37] (see also the expo-
sition given in [27]). Our proof of Theorem 1.2 relies on the log geometric
framework used in the proof of Theorem 1.1, and as such differs from the
proofs given by [32] and [37]. Nevertheless, we will use one of the key idea
of [37], described in [37] as a refinement of the tropicalization by a shift
operation, and reinterpreted in our language as a non-toric blow-up of the
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P | N

Figure 1.1. A maximally degenerate real log curve pg: Cy — X and
its deformation ¢: C — X with some new nodes generated in the
image.

central fiber Xy (see also [39, 40]). In deforming a real stable log map
wo: Co — Xo to the central fiber X into a real stable log map ¢: C' — X,
the nodes of o(Cp) away from the double locus of Xy deform into locally
isomorphic nodes of ¢(C), but the nodes of vo(Cp) on the double locus of
X deform in general into several nodes of ¢(C'), see Figure 1.1. We per-
form a non-toric blow-up of X in order to study the real nature of these
nodes.

For X a toric del Pezzo surface and d € H2(X, Z) such that ¢;(X)-d—1 >
0, let Ag: M\ {0} — N be the tropical degree defined by A4(v) =d - D,
if v is the primitive generator of the ray of the fan of X corresponding to
the toric divisor D,,, and Ag(v) = 0 else. Then, for g = 0 and A = Ay, the
log Welschinger number W](%TAIOE APt
defined symplectically in [49, 50], see Corollary 9.11. In particular, it follows

from [49, 50] that W?%_Alodg A.p),; 18 independent of ¢ in this case.

agrees with the Welschinger invariant

1.3. Future directions

In [34], Nishinou-Siebert stressed in the complex case the robustness of
the log geometric framework. This has been remarkably confirmed by the
development of log Gromov—Witten theory [1, 22]. In the present paper, we
make a first step in the study of real stable log maps. We mention briefly
possible future directions to test the robustness of the real log geometric
framework.

We are considering “purely real” constraints: our incidence conditions are
isomorphic to toric varieties with their standard real structures. It would
be interesting to study pairs of complex conjugated constraints. For real
toric del Pezzo surfaces, Shustin [38] (see also [14]) has given a tropical de-
scription of Welschinger invariants for real curves passing through arbitrary
real configuration of points (real and complex conjugated pairs).

TOME 72 (2022), FASCICULE 4
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One should be able to apply degeneration techniques to non-toric situa-
tions. A natural plan is to start with the study of non-toric log Calabi—Yau
surfaces: we expect the formulation of a real version of the tropical ver-
tex of Gross-Pandharipande-Siebert [20], compatible with its g¢-deformed
version [8, 12], and with possible applications to a real version of mirror
symmetry and to real Gromov—Witten invariants (see for example [7, Con-
jecture 6.2.1]).

Finally, a natural question is the tropical interpretation of higher-dimens-
ional versions of Welschinger invariants. Welschinger [51, 52] defined 3-
dimensional invariants, later generalized by Solomon [41, 42] in the set-
ting of open Gromov-Witten theory. For P3, an interpretation in terms
of floor diagrams appears in [9]. We also refer to Georgieva—Zinger for
positive-genus analogues of Welschinger’s invariants for several real sym-
plectic manifolds, such as the odd-dimensional projective spaces and the
quintic threefold [15, 16, 17]. It is natural to ask if real log geometric tech-
niques can shed some light on these invariants in a more general setup.
This will be the focus of future work.

1.4. Plan of the paper

In Section 2, we review the construction of toric degenerations and basic
facts on tropical curves in R™. In Section 3, we introduce the notion of real
stable log map. In Section 4, we prove Theorem 4.15 counting ways to lift a
tropical curve to a maximally degenerate real stable map to the central fiber
Xo. In Section 5, we prove Theorem 5.1 counting ways to lift a maximally
degenerate real stable to X to a real stable log map. In Section 6, we use
log deformation theory to study deformation of a real stable log map to
X in a real stable log map to a neighbour fiber X;. In Section 7, we prove
our main result, Theorem 7.1 (=Theorem 1.1) by combining the results
proved in Sections 4-6. In Section 8, we discuss the counting of tropical
curves in R? with Welschinger signs. In Section 9, we prove Theorem 9.8
(=Theorem 1.2) computing tropically the counts of real stable log maps in
toric surfaces with Welschinger signs. We conclude Section 9 by a discussion
of the relation with the symplectically defined Welschinger invariants.

1.5. Acknowledgements
We thank Mark Gross, Bernd Siebert, Eugenii Shustin, Ilya Tyomkin,

Tom Coates, Ilia Itenberg and Dimitri Zvonkine for useful discussions. A

ANNALES DE L’INSTITUT FOURIER



REAL LOG CURVES IN TORIC VARIETIES 1555

major part of this paper was written during our visit to Kyoto University for
the 5'" KTGU Mathematics Workshop for Young Researchers. We thank
Hiroshi Iritani and all the other organisers for their hospitality. Finally,
we thank the anonymous referee for their careful reading and the many
suggestions to improve the exposition.

2. Tropical curves and toric degenerations

In this section, we review basic facts about tropical curves and toric
degenerations, mainly following [34, Sections 1-3].

2.1. Tropical curves in R"

Throughout this paper we fix the lattice M = Z™ and we denote by
Mg = M ®7 R the associated n-dimensional real vector space.

Let T be a weighted, connected finite graph without divalent vertices.
Denote the set of vertices and edges of T by T and T! respectively,
and let

wp : TH = N\ {0}
be the weight function. Denote the set of adjacent vertices to an edge
E € T by 0FE = {V;,V5}. The set of 1-valent vertices is denoted by
fL‘i} C T, We set
r=r\1rY,
We denote the set of vertices and edges of I as '), Tl1] and let
wp : T = N\ {0}

be the restriction of the weight function to I'l. We call the non-compact
edges of I' unbounded edges and denote the set of unbounded edges by
I‘Lﬂ C T, We call the compact edges of T' bounded edges. The set of
bounded edges of T' is T\ TW.

DEFINITION 2.1. — A parameterized tropical curve in My is a proper
map h: I' — My satisfying the following conditions.

(1) For every edge E C T'M| the restriction h|g is an embedding with
image h(E) contained in an affine line with rational slope.

TOME 72 (2022), FASCICULE 4
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(2) For every vertex V € I'0 the following balancing condition holds.
Let

Ei,...,E, Tl

be the edges adjacent to V', and let m; € M be the primitive integral
vector emanating from h(V') in the direction of h(E;). Then

(2.1) > wr(Ej)m; = 0.
j=1

An isomorphism of parametrized tropical curves h: I' — Ng and h': TV —
My is a homeomorphism ® : I' — T" respecting the weights of the edges
and such that h = h' o ®. A tropical curve is an isomorphism class of
parameterized tropical curves. The genus of a tropical curve h: I' — My is
the first Betti number of T'.

Let
FT)={(V,E)|EeTlM and V € 9E}
be the set of flags of I'. Let
u: F(I') — M
F)>(V,E) — uvp

be the map sending a flag (V, E) to the primitive integral vector u(y, gy € M
emanating from h(V) in the direction of h(FE).

DEFINITION 2.2. — The type of a tropical curve h: I' — My is the pair
(T, u).

DEFINITION 2.3. — The degree of a type (I',u) of tropical curves is the
map

A(T,u): M\ {0} — N
defined by
AT, u)(v) =4{(V,E) € F(T)|E € T, w(E) - uv, ;) = v}
The degree of a tropical curve is the degree of its type.

For every A: M \ {0} — N with finite support, we define

(2.2) Al= > A(v).

veM\{0}

Note that a tropical curve of degree A has |A| unbounded edges.
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} }
ha () ' r 2 ha(I')

Figure 2.1. Two tropical curves hy : I' = R? and hy : I' — R? having
different types but the same degree.

DEFINITION 2.4. — An ¢-marked tropical curve (I, E,h) consists of a
tropical curve h: I' — Mpg together with a choice of ¢ edges

E=(E,....,E)c (Tt

For a given type (I', u) of degree A, we denote by T (r ) the set of isomor-
phism classes of marked tropical curves of type (I, u). If " trivalent of genus
g, then, by [32, Proposition 2.13] (see also [19, Proposition 1.17]), T(p
is an open convex polyhedral domain in a real affine space of dimension
greater or equal to (n — 3)(1 — g) + |A].

Example 2.5. — For (I',u) the type of either one of the two tropical
curves in Figure 2.1, we have T(r ) = R? x (Rs0)?, where the first factor
R? is the position of one of the vertices and the three factors R are the
lengths of the three bounded edges. Note that in this example, we have
n=2,9¢g=0,|A=6,s0 (n—3)(1—g)+]|A| =5.

DEFINITION 2.6. — Let (I',u) be a type of tropical curves of degree A
with T' trivalent and of genus g. We say that (T, u) is non-superabundant if
dimi(p,u) =n=3)(1-9)+|A|.

A (marked) tropical curve is non-superabundant if its type is non-superab-

undant.

Example 2.7. — A tropical curve h : I' = My is superabundant if some
of the cycles of I' map into smaller-dimensional affine-linear subspaces of
My, as illustrated in Figure 2.2. For a more comprehensive discussion on
super-abundancy we refer to [32, Section 2.6].

DEFINITION 2.8. — An affine constraint is an ¢-tuple A = (A4y,..., Ay)
of affine subspaces A; C Mg. An {-marked tropical curve (T', E, h) matches
the affine constraint A if

h(E;)NA; #0 forall j=1,...,0.

TOME 72 (2022), FASCICULE 4



1558 Hiilya ARGUZ & Pierrick BOUSSEAU

Figure 2.3. A marked tropical curve matching 5 points in R2.

Example 2.9. — In Figure 2.3 we illustrate a marked tropical curve
(T,E,h), with E = (F4,..., E5), matching an affine constraint given by
5 points (p1,...,Ps5).

DEFINITION 2.10. — Forg € Nand A: M\{0} — N, the set of ¢-marked

tropical curves of genus g and degree A is denoted T, An. We denote by
Tg.0,A(A) the subset of tropical curves matching an affine constraint A..

DEFINITION 2.11. — Let g € Nand A: M\{0} — N with finite support.
An affine constraint A = (Ay, ..., Ay) is general for (g, A) if:

o writing codim A; = d; + 1, we have

dj = (n—=3)(1—g) +[A[;

Jj=1

ANNALES DE L’INSTITUT FOURIER
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e no translation of My preserves U§=1 Aj, that is, there does not exist
v € Mg such that U§:1 A;j+Rov C Uﬁ:l Aj;
e for any (-marked tropical curve (T, E, h) of genus g, degree A, and
matching A, the following hold:
— T is trivalent;
— (I',E, h) is non-superabundant;
— W) N, A =0;
— h is injective for n > 2. For n = 2, it is at least injective on
the subset of vertices, and all fibers are finite.

PROPOSITION 2.12 ([32, Proposition 4.11], [34, Proposition 2.4]). —
Let g € N, A: M\ {0} — N with finite support, and A = (Ay,...,As) an
affine constraint such that, writing codim A; = d; 4+ 1, we have

l
D di=(n-3)(1-g)+]Al.
j=1

Denote by 2 := Hle Mgq/L(A;) the space of affine constraints that are
parallel to A, where L(A;) C My is the linear subspace associated to the
affine subspace A;j. Assume that n =2 or g = 0. Then the subset

3:={A’ € A| A’ is nongeneral for (g,A)}
of 2 is nowhere dense.

Proof. — For n = 2, this is Proposition 4.11 of [32]. For g = 0, this is
Proposition 2.4 of [34]. O

PROPOSITION 2.13. — Let g € N, A: M\ {0} — N with finite support,
and A an affine constraint general for (g, A). Then the set T, A(A) of
{-marked tropical curves of genus g and degree A matching A is finite.

Proof. — By [34, Proposition 2.1], there are only finitely many types
of tropical curves of genus g and degree A. The set of marked tropical
curves of a given non-superabundant type is a convex polyhedron P in
R(=3)(1=9)+IAl The set of marked tropical curves of this type matching A
is the intersection of P with some affine subspace @ of R(»=3)(1-9)+IA[ Tf
( intersects the boundary of P in R(*=3)(1=9)+IAl " then the tropical curve
is not trivalent and this contradicts the assumption that A is general.
Therefore, the intersection of Q N P is entirely contained in P, and so is an
affine subspace entirely contained in P. If @ N P is not zero-dimensional,
this is only possible if QN P contains a one-dimensional family of translated
tropical curves, which again contradicts the assumption that A is general
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(more precisely that no translation preserves Uﬁ:l Aj). Hence Q N P is
zero-dimensional, and so is either empty or consists of a single point. [

2.2. Toric degenerations of toric varieties from polyhedral
decompositions

In this section we review how to produce from a polyhedral decomposi-
tion of Mg a toric degeneration over C. For details we refer to [34, Section 3].

DEFINITION 2.14. — A polyhedral decomposition of Mg is a covering
& = {E} of Mg by a finite number of strongly convex polyhedra satistying
the following two properties:

(i) fE€ & and E' C E is a face, then E' € 2.
(ii) IfE2,E" € &, then ENE' is a common face of 2 and Z'.

Let & be a polyhedral decomposition Mgp. We will denote by & (%] the
set of k-dimensional cells of &2. For each E € &, let C(E) be the closure
of the cone spanned by = x {1} in Mg x R:

(2.3) CE ={a-(n1)|a>0neE}.

Note that taking the closure here will be important while talking about the
asymptotic cone in cases = is unbounded. We use the convex polyhedral
cones C(2) to define a fan presented by its faces as

Yo = {o cC(E) face‘E €2}

which we refer to as the fan associated to &?. By construction, the projec-
tion onto the second factor

MRXR%(MRXR)/A@R:R

defines a non-constant map of fans from the fan ¥4 to the fan {0,Rxo} of
A, hence a flat toric morphism

7 X — Al

where X is the (n + 1)-dimensional toric variety over C defined by the
fan igz Throughout this paper we will say that 7: X — Al is the toric
degeneration obtained from the polyhedral decomposition & of Mgy.
Note that 7: X — Al is a degeneration of toric varieties. To describe the
general fiber of 7, we first identify Mg with Mg x {0} C Mg x R and we
define the fan
Sop={cnN(Mgx{0})|c€Xs}.
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By Lemma 3.3 in [34], ¥ & is the asymptotic fan of the polyhedral decom-
position &. Let X be the n-dimensional toric variety over C defined by
the fan ¥ 5. By Lemma 3.4 of [34] we have

7 AT\ {0}) = X x (AT\ {0})
and the closed fibers of m over Al \ {0} are all pairwise isomorphic to X.
We now describe the central fiber

Xo = 7T71(0) .

For 2 € & the rays emanating from = through adjacent =/ € 42 define a
fan ¥z by

(2.4) Yz = {Rso- (8 - E) C Mg/L(E)|Z € #,EC Z'}.

in Mr/L(Z), where L(Z) C Mp is the linear subspace associated to Z. Let
X= be the toric variety over C associated to the fan ¥=. By Proposition 3.5
in [34], there exist closed embeddings Xz — Xy, E € & compatible with
morphisms Xz — Xz for 2’ C Z, inducing an isomorphism
Xo ~ hﬂ X=.
=€

In particular, the central fiber X is a union of toric varieties, glued along
toric boundary divisors.

Example 2.15. — The polyhedral decomposition & illustrated in Fig-
ure 2.4 defines a toric degeneration of the toric variety P?, whose associ-
ated fan is the asymptotic fan ¥ 5, into the union of the 7 copies of P2 and
a copy of P! x P!. The neighbourhoods of vertices of &2, labelled by red
circles in the figure, correspond to the fans of the 7 irreducible components
of the central fiber.

2.3. Degeneration of incidence conditions

In the remaining of the paper, we will study curves in toric degenerations
7: X — A! matching some incidence conditions. We now explain how to
construct these incidence conditions.

Let A be an affine subspace of Mg and let P be a point in the (n + 1)-
dimensional torus orbit of X. Denoting LC(A) the linear closure of A x
{1} in Mg x Q, we introduce the closure in X of the orbit of the torus
(LC(A)N (M x Z)) ®z C* passing through the point P:

(2.5) Zap=(LOA) N (M xZ) @,C)-PC X.
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7 Yo

Figure 2.4. A polyhedral decomposition & of Mg and the associated
asymptotic fan ¥ g.

For every t € A, we define
(2.6) Zapr=2ZapNX,

the intersection of Z4 p with the fiber X; := 7=1(¢). In particular, Z4 p
is a subvariety of the central fiber Xj.

2.4. Good polyhedral decompositions

DEFINITION 2.16. — Let g € N, A: M \ {0} — N with finite support,
and A = (Ay,...,Ay) an affine constraint that is general for (g,A). Let
& be an integral polyhedral decomposition of Mg such that, for every
(I E,h) € 40 a(A), we have the following.

(i) The image h(I') is contained in the one-skeleton of &7, that is,
AT € Usze o E and h(TM) € Uze o E-
(ii) Intersection points of h(I') with the constraints are vertices of &:
)N A; € 29 for every j =1,... L.
(iii) For every bounded edge E € T, the weight w(E) divides the
integral affine length of h(E).

Then, we say & is a polyhedral decomposition good for (g, A, A).
PROPOSITION 2.17. — Let g € N, A: M\ {0} — N with finite support,
and A = (Ay,...,As) an affine constraint that is general for (g, A). Up

to a rescaling of M C My, there exists a polyhedral decomposition of Mg
which is good for (g, A, A).
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Proof. — By Proposition 2.13, the set T, ; A(A) is finite. Therefore the
result follows from part (1) of the proof of Theorem 8.3 of [34] (which relies
on [34, Proposition 3.9]). O

3. Real stable log maps

Log geometry is an efficient tool to work systematically with normal
crossings divisors in algebraic geometry, and so to deal with many questions
involving degenerations and compactifications. In this paper, extending the
work of [34] considering complex curves, we use log geometry to study real
curves in special fibers of toric degenerations and their deformations.

Throughout this section we assume basic familiarity with log geome-
try [30, 35]. For an introductory review see [6]. Nevertheless, we start re-
viewing a couple of definitions to fix our notation. Then, we introduce real
stable log maps.

3.1. Log schemes

All the monoids in this paper are assumed to be commutative.

DEFINITION 3.1. — Let X be a scheme. A pre log structure on X is
a sheaf of monoids M on X together with a homomorphism of monoids
a: M — Ox where we consider the structure sheaf Ox as a monoid with
respect to multiplication. A pre log structure on X is called a log structure
if a induces an isomorphism

-1
a|a,1(o;) ca(0%) — O%.

We call a scheme X endowed with a log structure a log scheme, and denote
the log structure on X by (Mx,ax), or sometimes by omitting the struc-
ture homomorphism from the notation, just by M x. We denote a scheme

X, endowed with a log structure by (X, Mx).
Let X be a log scheme. The ghost sheaf of X is the sheaf on X defined by
Mx = Mx/a"HOF).

Example 3.2. — Let D C X be a divisor. Let j: X \ D < X denote the
inclusion map. The divisorial log structure on X is the pair (M x,p), ax),
where M x py is the sheaf of regular functions on X, that restrict to units
on X \ D. That is,

M(X,D) = j*(o;(\D) NOx .
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Po.1)
.

(1,3) B o
O P(3.0)

Figure 3.1. The fan ¥p, , ,, for the toric variety Py 1 3y on the left and
its dual Ap,, , , on the right, referred to as the moment map image
of P(1,1,3) [13, Chapter 4], along with some points labelled on different
types of fibers of the moment map P(113) = Ap, , , -

The structure homomorphism ax is given by the inclusion ax : M(x p)y <

Ox.

Analogous to assigning a sheaf to a presheaf, we can assign a log structure
to a pre log structure, using a fibered coproduct, as follows.

DEFINITION 3.3. — Let a: P — Ox be a prelog structure on X. We
define the log structure associated to the prelog structure (P,«a) on X as
follows. Set

a .__ X — —
P =P OOk [{(p.alp) ) [peat(05))
and define the structure homomorphism a*: P* — Ox by
aa(p’ h) =h- a(p) .
One can easily check that (P*,a®) is a log structure on X.
Let Y be a log scheme, and let f: X — Y be a scheme theoretic mor-
phism. Then, the log structure on Y, given by ay: My — Oy, induces a

log structure on X defined as follows. First define a prelog structure, by
considering the composition

My — f[FlOy — Ox.

Then, we endow X with the log structure associated to this prelog struc-
ture, as in Definition 3.3. We refer to this log structure as the pull back
log structure or the induced log structure on X, and denote it by Mx =

f*My.
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Example 3.4. — For every scheme X, Mx = O% define a log structure
on X, called the trivial log structure. In particular, taking X = SpecC, we
call (SpecC,C*) the trivial log point.

Example 3.5. — Let X = SpecC. Define Mx = C* ® N, and ayx :
Mx — C as follows.

z ifn=0

ax(@,n) = {0 if n £ 0.

The corresponding log scheme Oy = (Spec C, C* ®N) is called the standard
log point. One can check that the log structure on the standard log point
is the same as the pull-back of the divisorial log structure on A' with the
divisor D = {0} C A%

DEFINITION 3.6. — A log structure M on a scheme X is called coherent
if étale locally on X there exists a finitely generated monoid P and, denoting
Px the constant sheaf corresponding to P, a prelog structure Px — Ox
whose associated log structure, defined as in Definition 3.3, is isomorphic to
M. Recall that a monoid P is called integral if the canonical map P — P*&P
from P to its Grothendieck group P®P is injective. The sheaf M is called
integral if M is a sheaf of integral monoids. If M is both coherent and
integral then it is called fine.

DEFINITION 3.7. — For a scheme X with a fine log structure M a chart
for M is a homomorphism Px — M for a finitely generated integral
monoid P which induces P* = M over an étale open subset of X .

Remark 3.8. — Let X be a toric variety defined by a fan ¥ in Ng. The
toric log structure on X is the divisorial log structure Mx = Mx p)
defined by the toric boundary divisor D C X, that is, the union of toric
divisors of X. Moreover this log structure is fine. Note that for any o € 3,
and recalling that N := Hom (M, Z), we have the affine toric subset

U, = SpecC[o¥ N N]

of X, where oV is the dual cone of o, and the divisorial log structure M x
is locally generated by the monomial functions on this open subset. That
is, the canonical map

/NN — CleY N N]

3.1
(3.1) n— 2"

is a chart for the log structure on U,.
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PRroOPOSITION 3.9. — For any point x in the interior of the toric stratum
of X associated to o, the toric chart (3.1) induces a canonical isomorphism

Uva/O'J'mNL)MX,m-

Proof. — The proof is straightforward and can be found in [4, Proposi-
tion A.30]. O

Example 3.10. — Consider the weighted projective plane
X =Paa3 = (C\{0})/C",

where the action of C* is given by & - (wg,z1,22) = (€20, 21, E312), with
associated toric fan and moment image Ap,, , , as in Figure 3.1. Recall that
P(1,1,3) admits a torus fibration onto Ap, , , , with fibers illustrated on the
right hand side of the figure. We describe below the toric log structure
locally around points on different types of fibers. Let D = Dy U Dy U D3
be the toric boundary divisor. Denote by M x be the toric log structure as
in Remark 3.8, given by the sheaf of regular functions which are units in
X\ D.

For a point p; contained in the 2-dimensional torus orbit of P(; ; 3, that
is, whose image under the moment map maps to the interior of Ap, , , , the
stalk of Mx is generated by functions that are all units on X \ D. Hence,
the stalk of the ghost sheaf at such a point is trivial, /Wx,pi = 0. Let py
be a generic point in D C IP(; 1 3y. Then the image of p, under the moment
map lies in the boundary of Ap, , . The stalk of Mx is generated by
functions which are of the form h - 2%, where a € N, h is a unit on X \ D,
and the local equation of D in a neighbourhood of p; is given by (z = 0).
Then, the stalk of the ghost sheaf is

Mx p, N

%= a.

Note that one can describe the stalk at such points p, € D; C D, for
1 =1,2,3, as the integral points on the dual of the ray in ¥ corresponding
to the divisor D;. Similarly, for the two smooth torus fixed points p(g0)
and p(30y, we have MX,p(o,o) = MX,p(s,m = N2. Finally, for the singular
torus fixed point pg,1, the stalk of the ghost sheaf Mx’p(o,l) is the monoid
of integral points contained in the dual cone ¢ of the cone ¢ spanned by
(—1,0) and (1,3) in the fan.

Let m: X — Al = SpecC[t] be a toric degeneration of toric varieties as
in Section 2.2. The total space X is toric and so can be endowed with the
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Figure 3.2. A polyhedral decomposition and the moment map of the
central fiber of the associated toric degeneration.

divisorial toric log structure M x. We endow the central fiber Xy C X with
the pull-back log structure

(3.2) Mx, ="My

induced from X by the inclusion ¢: Xg — X. Note that the toric affine
cover of X induces an affine cover of the central fiber Xy by restriction to
t = 0, and this defines a chart for the log structure Mx,.

Example 3.11. — In Figure 3.2, we illustrate on the left a polyhedral
decomposition of R? and on the right the moment map of the central fiber
Xo of the associated toric degeneration X as in Section 2.2. The central
fiber Xy has two irreducible components, both isomorphic to the weighted
projective plane P(; ; 3 (see Example 3.10). We endow X with the pullback
log structure (3.2) Mx,. For p; a point contained in the 2-dimensional torus
orbit of one of the two irreducible components, we have M x, ,, = N. From
the point of view of the degeneration m: X — A! = SpecC[t], Mx, p; =
My p, = N is generated by t", n € N. Note that the restriction of the log
structure on Xy to the toric components is not the toric log structure such
as described in Example 3.10: the ghost sheaf of the toric log structure is
generically trivial, whereas the ghost sheaf of the log structure restricted
from X, is generically N. A more general comparison of these two log
structures can be found in [21, Lemma 5.13].

For a point pg in the double locus of Xy, we have Mxo}pd =5, =
N? @y N, where e is the integral length of the bounded vertical edge of
the polyhedral decomposition, and where in the fibered coproduct N? @&y N
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one uses the maps N — N2, 1+ (1,1), and N — N, 1 ~ e. Transversally
to the double locus, the log structure near p, is locally isomorphic to the
restriction over ¢ = 0 of the toric log structure on the toric surface of
equation zw = t¢, whose algebra of regular functions is exactly the monoid
algebra of the monoid S..

DEFINITION 3.12. — A morphism of log schemes f: (X, Mx)— (Y, My)
is a morphism of schemes f: X — Y along with a homomorphism of sheaves
of monoids f*: f~* My — Mx such that the diagram

My L My

ayl lax

froy L oy
is commutative. Here, f* is the usual pull-back of regular functions defined
by the morphism f. Given a morphism of log spaces f : (X,Mx) —
(Y, My), we denote by f: X — Y the underlying morphism of schemes.
By abuse of notation, the underlying morphism on topological spaces is
also denoted by f.

DEFINITION 3.13. — Let f: (X, Mx) — (Y, My) be a log morphism
and let x be a point of X. We say that f is strict at the point x if f*
induces an isomorphism f~* My, ¢ ~ Mx p.

We refer to [19, Definition 3.23] for the notion of log smooth morphism.
We recall that a toric variety is log smooth over the trivial log point. If
m: X — Al is a toric degeneration of toric varieties, then 7 can be naturally
viewed as a log smooth morphism. In restriction to ¢ = 0, we get a log
smooth morphism Xo — Oy, that is, X is log smooth over the standard
log point Og. We also refer to [19, Remark 3.25] for the notion of integral
morphism of log schemes.

3.2. Stable log maps

We recall that a f-marked stable map with target a scheme X is a map
f: C —= X, where C is a proper nodal curve with £ marked smooth points
x = (x1,...,2¢), such that the group of automorphisms of C' fixing x and
commuting with f is finite.

The notion of stable map has a natural generalization to the setting of
logarithmic geometry [1, 2, 22].
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DEFINITION 3.14. — Let X — B be a log morphism between log
schemes. A ¢-marked stable log map with target X — B is a commutative
diagram of log schemes

c L, x

1

W —— B,
together with a tuple of sections x = (x1,...,xy) of w, where 7 is a proper
log smooth and integral morphism of log schemes, such that, for every
geometric point w of W, the restriction of f to w with the marked points
x(w) is an ordinary stable map, and such that, if U C C' is the non-critical
locus of w, we have M¢|y ~ m* My @ @ﬁzl(xj)*NW,

Remark 3.15. — When the scheme underlying W in Definition 3.14 is a
point, then W is a log point (Spec C,C* @ Q), defined as the standard log
point Oy = (SpecC,C* & N) as in Example 3.5, but with N replaced by a
possibly more complicated monoid (). The general enumerative theory of
stable log maps, called log Gromov—Witten theory and developed in [1, 22],
is based on the notion of basic stable log map. For a basic stable log map
over a log point (SpecC,C* @ Q), the monoid @ is the so-called basic
monoid. The basic monoid is uniquely determined by the combinatorial
type of the stable log map and has a natural tropical interpretation: the
dual cone Hom(Q,R>o) is the base of a universal family of tropical curves
with given combinatorial type. For the present paper, we will mostly not use
this general theory because we will end up with a finite list of unobstructed
stable log maps over the standard log point Og. In particular, we will have
a one-parameter smoothing log maps and there is always a distinguished
morphism Oy — (Spec C, C*®Q), where @ is the basic monoid, just coming
from our degeneration situation. One exception is in the final step of the
proof of Theorem 7.1, where we explain how a computational proof of [34]
can be replaced by a conceptual argument based on the stable reduction
theorem for basic stable log maps of [22].

The following result is the specialization to the case of a log smooth curve
over the standard log point of the general theorem of Fumiharu Kato [29,
p. 222] describing explicit local charts for a log smooth curve. We denote
by o: N — C* the chart on the standard log point Op := (Spec C,C* & N)

defined by
1 ifn=0
o(n) = nn
0 ifn#0
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(see Example 3.5).

THEOREM 3.16 ([29, p. 222]). — Let w: C — Oq be a log smooth and
integral curve over the standard log point Og. Then, étale locally, (C, M¢)
is isomorphic to one of the following log schemes V' over Oy.

(i) Spec(C[z]) with the log structure induced by the chart
N— Oy, q¢qr— 7%0(q).
(ii) Spec(Cl[z]) with the log structure induced by the chart
Ne&N-— Oy, (a,q)+— 2°7"c(q).
(iif) Spec(Clz, w]/(zw)) with the log structure induced by the chart
Se=N’&yN— Oy, ((a,b),q) — 22wt o (q) .

Here N — N? js the diagonal embedding and N — N, 1 — e is some
homomorphism uniquely defined by w: C' — Oy. Moreover, e # 0.

In each case, the log morphism w: C' — Oy is represented by the canonical
maps of charts N -+ N, N = N@ N and N — N? @y N, respectively where
we identify the domain N with the second factor of the image.

In Theorem 3.16, cases (i), (ii), (iii) correspond to neighbourhoods of
general points, marked points and nodes of C' respectively.

Remark 3.17. — Let (C, M¢) be a log smooth curve over the standard
log point Og and let p be a nodal point of C'. By Theorem 3.16 (iii), the log
structure of C' at p is induced by a chart of the form

B: 8. =N’y N — O¢,

20w if ¢ =0

((a’b)’q)H{o if g #0.

For every ( € C*, this chart becomes after the change of variables z — (z
the chart
ﬁg: Se = N2 Py N — ch

(Clz9)wb ifg=0

((a’b)’Q)H{o ifg£0.

We will use the charts 3¢ in Section 5.

ANNALES DE L’INSTITUT FOURIER



REAL LOG CURVES IN TORIC VARIETIES 1571

(3,0)
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Figure 3.3. A map % P! ]_[q Pl — P13y gt Pei,1,3) from two
copies of P! glued along a nodal point ¢, into two copies of the weighted
projective plane P(; ; 3y glued along a copy of P!.

Example 3.18. — In Figure 3.3, we illustrate a map [n from a curve C' to
the central fiber X of the toric degeneration considered in Example 3.11.
Using the pullback log structure (3.2), Xy is a log scheme log smooth over
the standard log point Og. If M is a log structure on C' such that (C, M¢)
is log smooth over Oy and L extends into a log morphism g, then we have

M ¢ = N for a general point ¢ € C by Theorem 3.16 (i), M¢,, = N®N for
a point p; € C which maps to a divisor of X not contained in the double
locus by Theorem 3.16 (ii), and for the node ¢ € C' we have M¢c 4 = S,
where the monoid S./ is defined analogously to S, in Theorem 3.16 (iii).
Here we use ¢ € N, as e € N is taken in Example 3.11 while defining the
log structure on the target. In Section 5, we will give a detailed description
of the set of log morphisms py with underlying morphism P, at the level
of schemes.

3.3. Real stable log maps

Given a scheme X over C, a real structure on X is an anti-holomorphic
involution ¢: X — X on the set of complex points of X. We call a pair
(X, ) a real scheme. By abuse of notation we usually omit ¢ when talking
about real schemes. The real locus X (R) of a real scheme (X, ¢) is the set
of fixed points of ¢ acting on the set of complex points of X.

Toric varieties are naturally defined over Z: this follows directly from
the explicit description of toric varieties in terms of fans. In particular,
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a toric variety over C is naturally defined over R. We will refer to this
real structure as the standard real structure on a toric variety. In this
paper, we will always consider standard real structures on toric varieties
over C. If X is a n-dimensional toric variety over C with its standard real
structure, of fan ¥ C M, then the intersection of the n-dimensional torus
orbit M ®zC* ~ (C*)™ in X with the real locus X (R) is M ®zR* ~ (R*)™.
We refer to [13, Section 4] for more details on the real locus of toric varieties
with standard real structures.

We review real structures in the setting of logarithmic algebraic geom-
etry, as introduced in [3]. For a more comprehensive study of real log
schemes, we refer to [3, Section 5].

DEFINITION 3.19. — Let (X, Mx) be a log scheme over C with a real
structure tx : X — X on the underlying scheme. Then a real structure on
(X, Mx) (lifting ¢x ) is an involution

Tx = (1x, %)+ (X, Mx) — (X, Mx)

of log schemes over R with underlying scheme-theoretic morphism vx. The
data consisting of (X, Mx) and the involutions vx, i is called a real log
scheme.

The standard real structure ¢x on a toric variety X preserves the toric di-
visors and so lifts by [3, Proposition 5.4] to a real structure tx on (X, Mx)
where M x denotes the toric log structure. We get a real log structure on
the central fiber X, of a toric degeneration 7: X — A! by restriction of
the real log structure on the toric total space X'. We similarly get a real log
structure on the standard log point Oy = (Spec C, C* ®N) by restriction to
{0} C Al of the real log structure of Al. The restricted real log structure
makes sense due to the following result which appears as Proposition 5.9
in [3].

PROPOSITION 3.20. — Cartesian products exist in the category of real
log schemes.

Real morphisms of real log schemes are defined as follows.

DEFINITION 3.21. — Let (X, Mx) and (Y, My) be real log schemes. A
morphism f : (X, Mx) — (Y, My) of real log schemes is called real if the
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following diagram is commutative.

—1 b
FluyMy 5% iy

L;lfbl lf“

L)_(l./\/lX L—X> Mx.
Here the left-hand vertical arrow uses the identification vy o f = foux.

Given a toric degeneration of toric varieties m: X — A!, 7 is naturally
a real log morphism. Similarly, its restriction to the central fiber Xy — O
is naturally a real log morphism.

DEFINITION 3.22. — Let X — B be a real log morphism between real
log schemes. A real ¢-marked stable log map with target X — B is a
commutative diagram of real log schemes

c L, x

1

together with a tuple of real sections x = (x1,...,x¢) of w, such that the
underlying diagram and sections of log schemes over C define a stable log
map (in the sense of Definition 3.14).

Remark 3.23. — In Definition 3.22, we assume that the sections defining
the marked points are real. This will be enough for the purposes of the
present paper. A more general definition should allow pairs of complex
conjugated marked points.

4. Counts of maximally degenerate real curves

In this section, we study stable maps to the central fiber X of a toric
degeneration. In Section 4.1, we review following [34, Section 4] pre-log
stable maps to Xy and the associated tropical curve. In Section 4.2, we
introduce the notion of maximally degenerate real stable map to Xg. In
Section 4.3, we prove the main result of this section, Theorem 4.15, counting
the number of ways to lift a tropical curve in Mg to a maximally degenerate
real stable map to Xj.
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4.1. Pre-log stable maps and tropical curves

Following [34, Definition 4.1], we first recall the notion of torically trans-
verse curve in a toric variety.

DEFINITION 4.1. — Let X be a n-dimensional toric variety. An algebraic
curve C' C X is called a torically transverse curve if it is disjoint from all
toric strata of codimension greater than 1. A stable map ¢ : C — X over
a scheme S is a torically transverse stable map if the following holds:

(i) For the restriction @ of ¢ to every geometric point s — S, denoting
Int X the n-dimensional torus orbit of X, ¢ !(Int X) C Cj is dense.
(ii) ¢s(Cs) C X is a torically transverse curve.

Let & an integral polyhedral decomposition of Mg, and let m: X — Al
be the corresponding toric degeneration, with special fiber X (see Sec-
tion 2.2). The irreducible components X, of X, are indexed by the vertices
v of Z.

As in [34, Definition 4.3], we next define pre-log stable maps to Xo. They
are stable maps to Xy obtained by gluing together torically transverse
curves in the various components of X which satisfy a kissing condition
along the double locus of X, where exactly two irreducible components of
X intersect.

DEFINITION 4.2. — A stable map 7% Cy — X is called a pre-log stable
map if the following holds.

(i) For every v, the restriction Co X x, X, — X, is torically transverse.

(ii) If P € Cy maps to the singular locus of Xy, then Cy has a node
at P, and ¢ maps the two branches (Cy, P), (Cy, P) of Cy at P
to different irreducible components X, , X,» C Xg. Moreover, if w’
is the intersection index with the toric boundary D' C X, of the
restriction (C}, P) = (X, D’), and w" accordingly for (C{, P) —
(X, D), then w’ = w". This condition is referred to as the kissing
condition at a nodal point P.

To every pre-log stable map [ there is an associated tropical curve
h: T' — Mg, contained in the one-skeleton of &2, and constructed as the
dual intersection graph of ¢ . The details of this construction which we

summarise below can be found in [34, Construction 4.4].

CONSTRUCTION 4.3. — Let Py Cy — X be a pre-log stable map. We

first define an open graph T. Two irreducible components of Cy are called
indistinguishable if they intersect in a node not mapping to the singular
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Figure 4.1. The associated tropical curve to the map ¥, in Figure 3.3.

locus of Xo.(V) Define T to be the graph whose set of vertices equals the
quotient of the set of irreducible components of C' modulo identification of
indistinguishable ones. Any nodal point Pg € Cy corresponds to a bounded
edge E of T. To define the set of unbounded edges, first set D C Xg to be
the union of toric prime divisors of the X, not contained in the singular
locus of Xy. Then the set of unbounded edges is g&l(D). An unbounded
edge F labelled by Qg € gal(D) attaches to V € Tl if Qg € Cy. Now,
we define the map
h:T — Mg

as follows. First note that by Definition 4.2, if Cy, C C denotes the irre-
ducible component indexed by a vertex V' then h(V) = v for the unique
v € 21 with #,(Cv) C X,. Under h a bounded edge E correspond-
ing to a nodal point Pg maps to the line segment joining h(V'), h(V") if
Pg € Cy/NCy . To determine the images of unbounded edges of T under h,
let E be an unbounded edge labelled by Qg € fgl(D). Assume for a 1-cell
e € X1 of the toric fan of X, D, C X (v is the corresponding toric divisor
with ¢(Qg) C D.. Then, h maps E homeomorphically to h(V) +e C M.
Finally define the weights of the edges of r adjacent to a vertex V by the
intersection numbers of £0|Cv with the toric prime divisors of Xj,(y). This
is well-defined by the definition of a pre-log stable map. While r may have
divalent vertices the kissing condition in the definition of a pre-log curve
assures that the two weights at such a vertex agree. We may thus remove

(D 1n the following sections we focus attention on what we call maximally degenerate
curves, which in particular have no indistinguishable components.
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Figure 4.2. A maximally degenerate stable map ¢, : Co — Xo, where
Xy is the union of 7 copies of P2 and one copy of P* x P!, and where
each irreducible component of X is identified with its moment map
image.

any divalent vertex and join the adjacent edges into a single edge. The
resulting weighted open graph I' has the same topological realization as I
and hence h can be interpreted as a map

h:F—)MQ.

Let Y be a proper toric variety and let uy,...,ur € M be the primitive
generators of the rays of the toric fan of Y. If ¢: C — Y is a torically
transverse stable map, we have by [34, Proposition 4.2] that

k
(4.1) Z wiu; = 0 for w; = deg p*(D;)
i=1
the intersection number of C' with the toric divisor corresponding to wu,;.
This result ensures that h satisfies the balancing condition (2.1) at each of
its vertices, and hence is a tropical curve.

Example 4.4. — Figure 3.3 discussed in Example 3.18 represents a max-
imally degenerate stable map to the special fiber Xy of the toric degener-
ation of Example 3.11. We illustrate in Figure 4.1 the associated tropical
curve given by Construction 4.3.

Example 4.5. — In Figure 4.2, we illustrate a maximally degenerate sta-
ble map Py Cy — Xj to the special fiber X of the degeneration of P2
defined by the polyhedral decomposition described in Example 2.15. The
special fibers X is the union of 7 copies of P? and of one copy of P! x P!,
The curve Cy has 9 irreducible components, all isomorphic to P'. The 7
components of Cy labeled 1 to 7 are mapped by @, to the 7 copies of P?
in X, whereas the two components of Cy drawn in red are mapped to the
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ot
D
-3

Figure 4.3. The tropical curve associated to the maximally degenerate
stable map in Figure 4.2.

same component P! x P! and their images intersect, creating a node in the
image curve gO(Co) contained in the smooth locus of Xy. The dual graph

T of Cy constructed in Construction 4.3 is represented on the left of Fig-
ure 4.3. The graph I' is obtained from r by removing the two red bivalent
vertices corresponding to the two red irreducible components of Cy. Note
that the image of the tropical curve h: I — My represented on the right
of Figure 4.3 is exactly the one-skeleton of the polyhedral decomposition
in Figure 2.4.

4.2. Maximally degenerate real stable maps

Following [34, Definition 5.1] in the complex case, we define real lines
and we prove some of their basic properties.

DEFINITION 4.6. — Let X be a complete toric variety and D C X the
toric boundary, that is, the union of toric divisors of X. A line on X is
a non-constant, torically transverse map ¢ : P! — X such that for every
irreducible component D; of D, we have ﬁap‘l(Dj) < 1, and there are at
most 3 irreducible components D; of D with $p~(D;) # 0. We call a
line real if ¢ is a real map, where both P! and X are equipped with their
standard real structure.

Remark 4.7. — We follow Definition 5.1 of [34] for the use of the termi-
nology “line” in Definition 4.6. However, this terminology might be mis-
leading: one should note for example that a linear embedding of P! in P"
is not a line in the sense of Definition 4.6 if n > 3.

LEMMA 4.8. — Let ¢: P! — X be a real line as in Definition 4.6. Then
each intersection point of ¢(P') with the toric boundary of X is real.
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Proof. — As ¢: P! — X is a real map, the intersection of (P!) with
each toric divisor consists of some real points and some pairs of complex
conjugated points. By definition of a line, the intersection of ¢(P!) with a
toric divisor is either empty or consists of a single point. Therefore, each
intersection point of ¢(P!) with a toric divisor is necessarily real. 0

Following [34], if the intersection of the image of a line with the toric
boundary D consists of two points, we call it a divalent line, and if it
consists of three points we call it a trivalent line. Note that since a line
is torically transverse by definition, the associated tropical curve satisfies
the balancing condition (4.1). For a line ¢: P* — X, let u; € M be the
primitive generators of the rays corresponding to the divisors of X being
intersected, and let w; be the intersection numbers with . Writing (u, w) =
((u4)i, (w;);), we say that the line ¢ is of type (u, w).

LEMMA 4.9. — Let X be a toric variety of dimension n and a € {2, 3}.
Let
(u, W) = ((ui)1<i<as (Wi)i1<i<a) € M* x (N {0})

R
(u,w)

real lines whose type is given by (u,w). There is a transitive action of M ®z,
R* on ]L]%Qu W)’ Moreover, in the trivalent case this action is simply transitive,

with u; primitive and Y ;_, w;u; = 0. Denote by L the moduli space of

while in the divalent case the action factors over a simply transitive action
of (M/Zul) X7, R* = (M/ZUQ) ®z R*.

Proof. — Let S be the one- or two-dimensional toric variety defined by
the complete fan with rays Qu;. Then up to a toric birational transforma-
tion X is a product S x Y with Y a complete toric variety, so that the
composition of any line P! — S x Y with the projection to the second
factor is constant by [34, Lemma 5.2]. Therefore, it suffices to consider the
case where dim X < 2.

In the divalent case, we can assume dim X = 1, and there is only one
isomorphism class of stable real maps P! — X that is totally branched over
0 and oc.

In the trivalent case, we can assume that X = S is the complete toric
surface whose toric fan is given by the rays Qu;. Let Dq, Do, and D3 be
the toric divisors of S respectively dual to the rays Qui, Quo and Qug. Let
¢: P! — S bealine in S of type (u, w) and let q1, g2, and g3 be the points
of P! respectively mapped by ¢ on D;, Dy, and Ds. Let y be the unique
coordinate on P! such that y(g1) = —1, y(q2) = 0, and y(q3) = 1. For every
n € N, the monomial 2" is a rational function on S with vanishing order
(us,m) along D;, where (-,-) denote the natural duality pairing between
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Figure 4.4. A maximally degenerate stable map [ Co —» Xo &
[1, P2, where each P? is identified with its moment map image, and
the associated tropical curve.

M and N. It follows that the rational function ¢*(2™) on P! is necessarily
of the form

3
(") = xo () [ (0 = wlaa) o
i=1
for some x,(n) € C*. As Zrtn’ = zn 2’ for every n,n' € N, the map
Xo: N> Xo(n) is a character of N. Therefore, the map ¢ — x,, identifies
the set of lines in S of type (u, w) with the set Hom(N,C*) = M @ C* of
characters of N, which is obviously a torsor under M ® C*.

A line p: P! — S is real if and only if x,(n) € R for every n € N.
Therefore, the map ¢ — X, identifies the set of real lines in S of type
(u, w) with the set Hom(N,R*) = M @ R* of real-valued characters of N,
which is obviously a torsor under M ® R*. O

Let & an integral polyhedral decomposition of Mg, and let m: X — Al
be the corresponding toric degeneration, with special fiber Xy. The irre-
ducible components X,, of X are indexed by the vertices of 2. The notion
of maximally degenerate stable map is formulated in [34, Definition 5.6].

DEFINITION 4.10. — Let @y Cy — X be a pre-log stable map. If for
every v € 2 the projection C X x, Xy — X, is a line, or, for n = 2, the
disjoint union of two divalent lines intersecting disjoint toric divisors, then
N is called maximally degenerate.

We refer to Figure 4.4 for an illustration of a maximally degenerate stable
map.

The following Lemma ensures that the two natural ways to define a
maximally degenerate real stable map, either as a real stable map which
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happens to be maximally degenerate, or as a real stable map obtained from
gluing real lines, agree.

LEMMA 4.11. — Let % Cy — Xy be a real stable map which is maxi-
mally degenerate. Then, for every v € 29 the projection Cy X xo Xo = Xy
is a real line, or, for n = 2, the disjoint union of two divalent real lines in-
tersecting disjoint toric divisors.

Proof. — Let t¢, and tx, be the real structures on Cy and Xg. As X is
endowed with the real structure induced by the standard toric real structure
on X, we have 1x,(X,) = X, for every v € 20, As ¥, is a real map, it
follows that for every v € 219 we have 1eo (Co Xxo Xy) = Co X x4 Xy
Therefore, when Cy x x, X, is a line, we deduce that Cy x x, X, is a real
line. When Cy x x, X, is a disjoint union of two divalent lines intersecting
disjoint toric divisors, then each of these two lines is also real because the
restriction of tx, to X, preserves the toric divisors of X,,. O

4.3. Counts of maximally degenerate real stable maps

Let g € N, A: M\ {0} — N with finite support, and A = (A,...,4y)
an affine constraint that is general for (g, A) in the sense of Definition 2.11.
Recall from Proposition 2.13 that the set T, ¢ A(A) of -marked genus g
tropical curves of degree A matching A is finite. Let & be a polyhedral
decomposition of Mgy which is good for (g, A, A) in the sense of Defini-
tion 2.16.

Let m: X — Al be the toric degeneration defined by &2 (see Section 2.2).
Let X; := 7~ 1(t) be the fiber of m over t € Al. In particular, we denote
by Xy the central fiber of 7. We fix P = (Py,..., ;) a {-tuple of real
points in the n-dimensional torus orbit of X = X;. By (2.5)—(2.6), the
affine subspaces A; and the points P; define incidence conditions

Za;p, CX
and
Za,pi=Za,p,N X, CX;.
We denote Zap = (Za,.p,---s24,p) and Zap: = (Za, pty---,

Za, p,t)- In particular, Za po is a tuple of incidence conditions in the
central fiber Xy. Because the points P; are taken to be real, the subvari-
eties Z4, p, are real subvarieties of X', and for ¢ € Al(R), Za;,p; ¢ is a real
subvariety of X;.
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Figure 4.5. The tropical curve in Figure (4.4) obtained by gluing 4 lines.

Let (I, E, h) € T, ¢a(A). We will study maximally degenerate real stable
maps ¢ : Co — X matching the incidence conditions Za p,o and with
associated tropical curve (I, E, h) (in the sense of Construction 4.3).

It is shown in [34, Proposition 5.7] that the number of maximally de-
generate stable maps to Xy matching the incidence conditions Z p o and
with associated tropical curve (I', E, h) equals the lattice index of the map
of lattices
Tn: Hom(T M) —  J[  M/Zup-p.5

EerinrY
‘
x [T M/((Quo-g, .5, + L(4;)) N M)
j=1

¢ — ((0(0TE) — (0" E))p, (8(0™ Ey));).-

In (4.2), the quotient space M/Zw@-g, gy can be viewed as a space of
directions transverse to the direction u(5- g, ), and the map ¢ — H(OTE)—
$(0~ E) is therefore a measure of how far from wy- g g) is the direction of
the line segment connecting ¢(0TF) and ¢(0~ E). Similarly, the quotient
space M/ ((Quo-g,,g;)+L(A;))NM) can be viewed as a space of directions
transverse to the subspace spanned by the direction of us- g, ;) and the
directions parallel to A;, and so the map ¢ — ¢(0~ E;) is a measure of
how far is the direction of ¢(0~ E;) from being contained in this subspace.
Recall that the lattice index of a map of lattices is the order of its cokernel,
which is also equal to the order of the kernel of the induced map obtained
by tensoring both sides with C*. However, this is no longer true once

(4.2)

restricting to R*. So, to obtain the analogue of this result for maximally
degenerate real stable maps, we first need the following definition.
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DEFINITION 4.12. — Let W : M; — M5 be an inclusion of lattices of
finite index. Let
(43) COkeI‘(\I/) = Z/(pl)""lZ X ... X Z/(pn)f'nZ

be the primary decomposition of the free abelian group Coker(¥). We define
the real index of ¥ as

(4.4) DY = o#{i|pi=2}

LEMMA 4.13. — Let ¥ : M; — My be an inclusion of lattices as in
Definition 4.12, and let
(45) Ur : Mi ®7 R* — M ®z R*

be the map obtained from ¥ by tensoring with R*. Then, #{Ker Ug} =
DE.

Proof. — The proof follows from elementary homological algebra of
abelian groups (see for example [48, Chapter 3]). Consider the short exact
sequence

0 — My — My — Coker(¥) — 0,

where Coker (V) is as in (4.3). Since M; and M, are free abelian, this is a
free resolution of Coker(¥), and tensoring it with R*, we obtain an exact
sequence

0 — Tory (R*, Coker(¥)) — M; @7 R LN M ®zR* — 0

and so
Ker(Wg) = Tor (R*, Coker(¥)) .
By additivity of the Tor bifunctor, we have

J4
Tor; (R*, Coker(¥)) = H Tory (R*,Z/ (,y¢iz) -

j=1
For every positive integer m, the free resolution
0 —Z-"52 —Z/nz —0
induces the short exact sequence
0 — Tor1(R*,Z/mz) — R* — R* — 0
where the right hand side arrow is given by
R* — R*

r— .
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Therefore,
0 if m is odd
Tory (RX, Z/mz) = nmse
Z/oz if m is even.
Hence, the result follows. O

Now we are ready to define the real analogue of the lattice index of [34,
Proposition 5.7].
We denote by

M= [ M/Zuo-g.5
Eerthry
(4.6)

4
[T M/((Queo-.5) + L(A)) N M)

j=1

the components of the target of the map 7, in (4.2). We denote by
Za;,p;0(R) the real locus of Z4, p, 0. We denote by
Zjg = Z3, p,([R) N (M @z R¥)

the intersection of Za; p; o(R) with the real torus M ®z R* of the toric
component of Xg containing Za; p; o, and

We denote by
(4.7) (Z]
the image in MQT*’2 ®z R* of Zr by the quotient map

)4
[[M@zR* — M7% @z R*.
j=1

In fact, [Zg] is a point in My ®z R*, since the quotient mods out the
linear directions of the affine constraints.

DEFINITION 4.14. — We define 0 := (0®1, [Zg]) € My @zR* x My &z
R*. We define the real index of T, twisted by o as

DR D]%7 if the image of o in Coker(7;,) ®z R* is 0® 1.
e 0, otherwise.

where DY,  is the real lattice index of the map Ty, in (4.2).
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THEOREM 4.15. — The number Nggirih;f;()(o) of isomorphism classes
of maximally degenerate real stable maps to Xy matching the incidence
conditions Z  p,o and with associated tropical curve (I',E, h) € T, A(A)
is equal to the real lattice index twisted by o of the map Ty, in (4.2), that is,

R—prel R
N, pre Og(XO) :DTh,U'

Za,p,0,h

Proof. — After tensoring with Q, the map of lattices 7, in (4.2) agrees
with the map

7;17(@ : Hom(F[O],M@) — H M@/QU(@—EE)
Eerih\ry
¢
X H Mg/ (Ques-g,,5,) + L(4;)),
j=1

h— ((h(0TE) — h(0”E)) g, (M0~ Ej));)-

Fixing a general constraint A, we ensure by Corollary [34, Corollary 2.5]
that 7h @ is an isomorphism, and hence has finite real index. Analogously
as in the proof of [34, Proposition 5.7], we will obtain maximally degenerate
real curves by gluing real lines. Denote by I the graph obtained from I' by
inserting vertices at all points h~1(221%)\ T'l% corresponding to the points
of intersection of the image of h with the polyhedral decomposition &2, as
in [34, Construction 4.4] to ensure the connectivity of the image of P, It
follows from Lemma 4.9 that the moduli space [ [y cfo L%QU(V),W(V)) of real
lines can be identified with the real torus

Hom(T', M) @z R* x [ (M/Zuw,g-(vy) @z R*,
vellonrol

where the first factor is given by the real lines corresponding to trivalent
vertices and the second one is given by the real lines corresponding to
divalent vertices of T

On the other hand, to glue real lines, which generically lie inside the n-
dimensional torus orbits of irreducible components of X pairwise together,
we want them to intersect along points at the double locus of Xg. So,
given two the real lines L~ and LT, dual to the vertices 8~ E and 0 E
of a bounded edge E, we want them to intersect at a point on the toric
variety Xp(g) in real points P~ and P*. By Lemma 4.8, Pt and P~ lie
in the real (n — 1)-dimensional torus orbit of Xjgy. As the real (n — 1)-
dimensional torus orbit of X} gy can be identified with M /Zu g g, py®zR*,
and so the difference between P and P~ can be viewed as an element of
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M/ Zuo- gy ®z R*. So, consider the map of real tori

(48) Hom(T M) @z R* x  [[  (M/Zuwe-(v)) @2 R
Veronrio
— ]I  M/Zuo-pp @2R"
Eerlll \F

obtained by tensoring with R* the map of lattices
Hom(T' M) x [ M/Zuwe-vy — ] M/Zuo-p5
Verlnrl Eerihr
h — ((h(8+E) — h(a_E))E) .
The map (4.8) can be thought of assigning to a set of real lines the obstruc-
tions to their gluing. Therefore, the set of real maximally degenerate stable
maps to Xy with associated tropical curve h: I' — Mg can be identified

with the kernel of the map (4.8).
It remains to impose the constraints Z A p,o. Consider the map of lattices

Hom(T M) x [  (M/Zuw,p- )
Veronrio)
¢
— [ M/(Quo-p.5) + L(A;)) N M)
Jj=1
— (h(07 Ej);)

and the induced map of real tori

(4.9 Hom(T M)@zR* x  [[ (M/Zuw,g-(v)) @z R

Velon\riol

¢

— [1 M/((Quo- 5.y + L(A;)) N M) @7 R
j=1

obtained by tensoring with R*. For every line Cy, attached to a bivalent
vertex Vj of T defined by the intersection of I' with the constraint A;, we
can consider the real locus Cy, (R) and then the intersection

Cv, == Cy, (R) N (M @z R¥)
with the real torus M ®z R* of the toric component of Xy containing
Cy,. Let [Cy, r] be the image of Cy, g by the quotient map M ®z R* —
M/((Qup-g,p) + L(Aj)) " M) ®zR*: it is a point measuring the position
of Cy, transversely to the torus (Qu-pg gy + L(4;)) N M) ®z R*. The
map (4.9) assigns to a tuple (Cy )y of real lines the tuple ([Cv;])j=1,....c.
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On the other hand, the constraints Z AP0 similarly define points [Z; r] in
M/((Quo-p,p) + L(A;)) N M) ®z RX A line Cy; matches the constraint
Za,,p, 0 if and only of [Cy, ] = [Z;r]. Therefore, the preimage of [Zg]
by the map (4.9) is exactly the set of real lines matching the constraints
Zpapyo.

The map (4.8) restricted to factors associated to the bivalent vertices of
[ is an isomorphism onto the factors associated to the bounded edges of r
attached to bivalent vertices, and so removing these factors from the domain
and target of (4.8) does not change the kernel of (4.8). We conclude that the
set of maximally degenerate real stable maps to Xy with associated tropical
curve h: I' = Mg and matching the constraints Za p o is the preimage of
0 = (0® 1,[Zg]) by the map of real tori 7j, gx obtained from the map of
lattices T, in (4.2) by tensoring with R*. Thus, this set is a torsor under
Ker(7p, gx) if o is in the image of T, gx, and empty if ¢ is not in the image
of Tj, gx . The result then follows from Lemma, 4.13. g

Let (2% Cy — Xo be a maximally degenerate real stable map to Xy
matching the incidence conditions Za p,o and with associated tropical
curve (I'E, h) € T4 A(A). As explained in [34, Remark 5.8], the proof
of [34, Proposition 5.7] in the complex case establishes a bijection between
Za;p;0 N EO(CO) and the intersection of the two subtori (Zu(s- g, 5,)) ®z
C* and (L(A;)NM)®zC* in M ®zC*. This latter number of intersection
points is the covering degree of

(ZU(S*E]»,E]')) ®z C* x (L(A) NM)®z c*
— ((Quo-p;,5,) + L(4;)) N M) @7 C*
which equals the index
[Zwo- ;) + L(A;) N M = (Queo-p, 1) + L(A;)) N M].
The following proposition is the real analogue of this result.

ProOPOSITION 4.16. — Let 7% Co — Xy be a maximally degenerate
real stable map to Xy matching the incidence conditions Za p o and with
associated tropical curve (I, E, h) € T, ¢ A(A). Then, the number of real
intersection points of the image of L with the incidence Za; p; 0 equals
the real lattice index of the inclusion

(4.10) .Aj IZU(@—E_%E].) +L(A ynNM — (QU(B E; E;) -‘rL(A )N M.

Proof. — The set of real intersection points between Z4; p, o and the
image curve ¢ (Cy) is in bijection with the intersection of the two subtori
(Zug- g, p;)) @2 R* and (L(A;) N M) @z R* in M ®z R*. Therefore, the
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number of these real intersection points is the cardinality of the kernel of
the map

(Zug-g, B,)) @z R* x (L(Aj) N M) @z R*
— ((@U(a— E;,E;) + L(AJ)) n M) ®z R*
(21, 22) — z1z2_1 )

The result then follows from Lemma 4.13. O

5. From real maximally degenerate curves to real log
curves

In this section, we stay in the setup of Section 4.3. We compute the
numbers of ways to lift a maximally degenerate real stable map Py Cy—
Xo to a real stable log map ¢o: Cy — Xg in the sense of Definition 3.22.
Recall from Section 3.1 that we view X as a log scheme log smooth over
the standard log point Oy. We denote by my: Xo — Og the corresponding
log morphism.

A /-marked maximally degenerate real stable map (EO: Cy — Xo,Xo)
is a maximal degenerate real stable map @y Cy — Xo with a f-tuple
X0 = (0,1, --,%0,¢) of real marked points. We say that (foz Cy — Xo,%0)
matches incidence conditions Za p o if ¢, (%0,j) € Za,,p;0 for every j =
1,..., ¢

THEOREM 5.1. — Let (p,: Cy — Xo,%Xo) be a marked maximally de-
generate real stable map matching incidence conditions Z s p . Let (I', E, h)
be the associated tropical curve, where E = (Ey, ..., E;). For any E € Tl
set w®(E) = 2 if w(E) is even, and w®(E) = 1 ifw(E) is odd. Let w® (T, E)
be the total real weight of (I', E) defined by

¢
(5.1) W ME) =[] wME)-[JwE).
Eerinriy J=1
Then there are exactly w®(I',E) pairwise non-isomorphic pairs (g
Co/Og — Xy, %) of real stable maps over the standard log point Oy with
underlying marked stable map isomorphic to ¢, and such that g is strict
at p € C, as in Definition 3.13 if p ¢ x and my: Xo — Oy is strict at fo(p)‘

Before proving Theorem 5.1, we will analyse the action of the real invo-
lution on nodal points of log curves.
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LEMMA 5.2. — Let g be a nodal point on a log smooth curve (C, M¢)
over the standard log point. Let ¢ : S = Oc,q, be a chart defined as in
Remark 3.17 for a root of unity ¢ € C*. Let (1,.*) on (C, Mc) be a real
structure on (C, M) lifting the standard real involution ¢ on C. Then,
étale locally, on a neighbourhood of ¢, the involution ¢” is defined as

¢:Se @ﬁc—l(o Of — Se @ﬁ OC
(p,h) — (o1(p )7052( ) - 1(h))
where ¢1 : Se — S is the identity, and ¢o : S, — Of, is given by
5((1,0.0) — €% so,0,0 — 1, s0,0.1 1

Proof. — In order to use uniformly multiplicative notation for monoids,
we denote tPh for (p,h) where p € S, and h € Of. Here t? is simply a
formal multiplicative notation for p € S.. We have tP P = PP for every
p,p € Se.

The real log structure being a lift of the real structure ¢ on C, we neces-
sarily have ¢(h) = (h) for every h € Of.

We can write ¢(t?) = t#1(P) gy (p), where ¢ : S. — S, and ¢o: S, — Of
are morphisms of monoids. Writing that ¢ is an involution, we obtain

=2 (t") = ¢(t" P gy (p)) = ¢(t” ) p(¢2(p)) -

Since ¢2(p) € OF, we have ¢(¢2(p)) = t(d2(p)). On the other hand, we
have

Pt @) = 1910 g, (p)
by the definition of ¢. Therefore, we have
p =1%o (p)u(p2(p) ,

where ¢7(p) € S and ¢2(p)i(p2(p)) € OF. Since each component of C
remains invariant under the standard involution ¢ on C, we get ¢; = Id.
Hence, we obtain ¢(t?) = ¢a(p) - t?. Therefore, we have

B(5((1,0),0)) = D2(5((1,0),0))5((1,0),0) -
Thus,

(5.2) Be(d(5((1,00,0))) = D2(5((1,0),0))¢ =

where (¢ is the chart defined as in Remark 3.17. Moreover, since ¢ is
compatible with ¢, we have B3¢¢ = ¢8¢, Hence,

(5.3) Be(d(s((1,00,0))) = L((T12) = lz=¢.
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From equations (5.2) and (5.3), it follows that ¢2(s((1,0)70))(*1 = (, hence

$2(5((1,00,0) = ¢

By an analogous computation, we obtain

$2(5((0,1),0)) = P2(5¢(0,0,1)) = 1. O

Now we are ready to prove the main result of this section.

Proof of Theorem 5.1. — The locus of strictness of my is the union of
the n-dimensional torus orbits of the toric irreducible components of X,

Xo = Xo \ (Sing(Xo) 11 9Xo),

where by 0Xy we denote the degeneration of the toric boundary of the
general fibers.

By the strictness condition in the statement of Theorem 5.1, a log lift g
of @, s completely determined away from the union of the nodes of C, of
the marked points z ;, and of the preimages of 0.Xj.

At the preimages of 0Xy, toric transversality guarantees the uniqueness
of the log extension, as in the proof of Proposition 7.1 in [34]. Similarly,
the marked points zo; map to )0(0 and so there is a unique log extension
at these points.

It thus remains to investigate the nodal points. We will show that at a
node q € Cj, corresponding to a bounded edge F € f[l], if we fix local
coordinates on the two components of Cy meeting at ¢, there are precisely

pairwise non-isomorphic extensions of fSM x, to a real log structure Mc,,
log smooth over Oy. We denote by e the integral length of h(E). Recall
that by definition of a good polyhedral decomposition, the weight w(E)
divides e.

By toric transversality, the node ¢ maps to the (n — 1)-dimensional torus
orbit of the n — l-dimensional toric variety Xpgy C (Xo)sing, and the
intersection numbers of the branches of C' meeting at ¢ with X,y equal
p = w(E). It is shown in [34, Proposition 7.1] that there exist precisely
1 non-isomorphic extensions of ESM X, to a log smooth structure in a
neighbourhood of ¢, and each of these extensions differ by a well-defined p*®
root of unity ¢ € C*, giving rise to u non-isomorphic log maps ¢1,..., ¢,
where for each such map a chart for the domain curve around the node ¢
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is given by chart

5(2 Se/p — qu
(CTlz9)wb ife=0
0 ife#0

(54) (a,5), ) — {

and the following relation holds

(5.5) $((1,0),0) * S((0,1),0) = 5((0,0),¢/p) -

We show that there is a real log structure (¢,¢”) on (Co, Mc,) lifting the
standard real structure on Cj if and only if { is real, and that in such case
this real log structure is unique. By Lemma 5.2, such real log structure
(1,4°) is of the form

C(so0m) =C P (son0) =1 C(s0.0.1) =1

Applying > to both sides of the Equation (5.5), we obtain ¢? = 1, hence
¢ € R. Therefore, fixing local coordinates on branches of nodes, we obtain

I <&

EefinPl

many real log lifts ¢g: Cy — X of the real stable map (% Cy— Xo. It
remains to show that, allowing action of reparametrizations of local coor-
dinates, these real log lifts define

L
I @ [[wE)

Eerihry

isomorphism classes. As in the proof of [34, Proposition 7.1], it is enough
to consider the action of the group Aut® %o (Cy,x0) of real automorphisms
of C fixing the marked points and commuting with the map [ As [
is an immersion, such automorphism preserves the components and fixes
the nodes of C,. As the components of C, are projective lines, the action
of Aut®%o (Cy,x0) is non-trivial only on the components of C|, containing
at most two special points, that is corresponding to unmarked divalent
vertices of T. Let V be an unmarked divalent vertex of I and let wy be
the common weight of the two edges attached to V. In restriction to the
component of C corresponding to V, ¢ is a cover of P! by P! of degree
wy and fully ramified at two points. Thus, denoting w% the common real
weight of the two edges attached to V, the unmarked bivalent vertex V
contributes a factor Z/ wi 7, 10 Aut®%o (Cysx0)-
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. R,

Let us study the action of Aut o(C\,x¢) on the HEeflll\f“[}o] wR(E)
real log structures constructed above. Let V7, ..., V,, be a maximal chain of
unmarked bivalent vertices of I and let e;,...,e,_1 be the bounded edges

of T between Vi and Va,...,V,_1 and V,, respectively. Let V) be a vertex
of T' which is not unmarked bivalent and which is attached to the chain.
Necessarily, Vy is either connected to Vi or V,,, and up to relabelling, we
assume that 1} is connected to Vi by an edge eq. For every 7 = 1,... n,
the w®(e;_1) = ng log structures attached to the edge E/;_; form a torsor
under the factor Z/ wi 7 Of Aut™£o (Cy,%0) attached to the vertex Vj. In

n—1

particular, the Hj:O w(e;) log structures attached to the edges ey, ..., en—1

all become isomorphic under the action of Aut™%o (Cy,x0)-

Therefore, the number of isomorphism classes of real log structures after
action of Aut™%0(C,x0) on the

I <&

EefinPl

real log structures previously constructed is obtained by replacing all the
factors H;L;g w(ej) by 1. As going from T' to T' subdivided by the marked
points consists precisely in erasing all the chains Vi,...,V,, of unmarked
bivalent vertices and so all the corresponding edges ey, ..., e,—1. Hence, it
follows that the number of real log maps with underlying map given by R
is indeed

4
I »*®][[wE). O

Eeri\ril J=1

6. Deformation theory for real log curves

In this section we show that given a maximally degenerate real log map in
the central fiber of a toric degeneration there exists a unique real stable log
map obtained by a deformation of it. Throughout this section, for every
log morphism Y — Z, between two log schemes Y and Z we denote by
Oy z the associated relative log tangent sheaf. Also, for every real scheme
Y, we denote by Y® the corresponding scheme over SpecR, so that Y =
YR Xspeck Opec C. Similarly, for every real sheaf E on a real scheme Y,
we denote by E® the corresponding sheaf on Y&, so that £ = ER X SpecR
Spec C. Note that HO(Y®, E®) = HO(Y, E)R, but H (YR E®) £ H (Y, E)®
in general for ¢ > 0.
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Let g € N, A: M\ {0} — N with finite support, and A = (Ay,...,Ap)
an affine constraint that is general for (g, A) in the sense of Definition 2.11.
Let & be a polyhedral decomposition of Mg which is good for (g, A, A)
in the sense of Definition 2.16. Let 7: X — A! be the toric degenera-
tion defined by & (see Section 2.2). Let X; := 7~ 1(¢) be the fiber of 7
over t € Al. In particular, we denote by Xg the central fiber of 7. We fix
P =(P,..., ) al-tuple of real points in the n-dimensional torus orbit of
X = Xi. By (2.5)-(2.6), the affine subspaces A; and the points P; define
incidence conditions Z4, p, C X and Za, p,+ = Za; p, N Xy C Xy. We de-
note Zap = (Za,.p,--- 24, p) a0d Zaps = (Za, Pty L4, Ppt) 1D
particular, Za p o is a tuple of incidence conditions in the central fiber Xj.

Let (po: Co/Op — Xo,X0) be a maximally degenerate ¢-marked real sta-
ble log map over the standard log point Oy as in Theorem 5.1 and match-
ing incidence conditions Za p o, with associated tropical curve (I, E, h) €
Tg.0a(A). Recall that ¢g: Cy — X is strict wherever Xy — Oy is strict
and that we are not at a marked point. For every nonnegative integer k,
we consider the thickening

Oy, = Spec (C[t]/(tk"’l)7

endowed with the real log structure obtained by asking that the inclu-
sion Oy — A! is strict, that is, the log structure on Oy, is defined by the
chart N = Op,, 1 — t. We will to study the lifts order by order in &k of
(po: Co/Oy — Xp,x) into a f-marked real stable map (pg: Cy/O — X)
over Oy matching the constraints Z A, p.- Over C without taking into ac-
count real structures, an analogous study has been done in [11, 33, 34]
using log smooth deformation theory [28, 29, 30]. We explain below how to
incorporate the real structures in this deformation argument.

The deformation theory of (¢q: Co/Og — Xo) is controlled by the log-
arithmic normal sheaf N, = ¢©§O©x,/0,/Oc, 0, Real log structures on
X0/Og and Cy/Oq induce real structures on the logarithmic tangent sheaves
O©x,/0, and O¢, /0, respectively. As g is a real log map, the real struc-
ture on O¢, /0, is induced by the real structure on p5Ox,,0,, and so the
quotient Ny = ¢5O©x,/0,/Oc, /0, admits a natural real structure.

LEMMA 6.1. — Let (pg—1: Cx—1/Ok—1 — X) be a real stable log map
over Oy_1 lifting (po: Co/Oo — Xo). Then the set of isomorphism classes
of real stable log maps (py: Cr /O — X) over Oy, lifting p_1 is a torsor
under H°(CG', N3 ) = H%(Co, Ny, )¥.

Proof. — Since the log smooth deformation theory of [28, 29, 30] is valid
over any base field, it suffices to essentially follow the arguments of [11,
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33, 34]. We first prove that the set of real lifts (¢ : Cr/Or — X) of g1
is not empty. As Cf is of dimension one, we have H?(Ck @C /Oo> =0,
so deformations of a real log smooth curve are unobstructed and so there
exists a real log smooth lift C /Oy of Cr—1/Ok_1.

By [11, Proposition 3.3], whose proof uses general log smooth deforma-
tion theory and so is valid over any base field, to show the existence of a
real lift (¢r: Ci/Or — X) of @i_1, it is enough to show that the natural
map

(6'1) Hl(Cél)%’@Hé‘g/Oo) _>H (COa OeXO/Oo)

is surjective. As T is trivalent, the map (6.1) can be identified by the proof
of [11, Proposition 4.2] with the abundancy map

RFPM) — Hom(H, (), Mg)

— <ZCLE — ZCLEZE 8+E (6_E))>
E

which is surjective as (I, h) is non—superabundant. This concludes the proof
of existence of a lift j of pr_1.

The fact that the set of real lifts of ¢r_1 is a pseudo torsor under
H%(Co, Ny, )E follows from general deformation theory arguments which
are valid over any base field, see the last part of the proof of [34, Lem-
ma 7.2]. O

(6.2)

LEMMA 6.2. — Let (¢r—1: Cr—1/Or—1 — X,Xk_1) be a real stable log
map over O_1 lifting (¢g: Co/Og — X, %Xq) and matching the constraints
Za,p. Then up to isomorphism there exists a unique real stable log map

(pr: Cr/Ok — X, xy)
over Oy matching the constraints Za p and lifting j_1.

Proof. — As in the proof of [34, Proposition 7.3], we denote by T}, the
fiber at a closed point y of a log tangent sheaf ©. As the real log map ¢g
is real and the constraints Z4, p, are real, the transversality map

HO<CO’NLP0) — HTX/AI#Po(ﬂti)/(TZAi,Pi/AlWo(ﬂ?i) + DWO(TCO/OOJI‘))

i
is real.

According to [34, Proposition 7.3], the transversality map is an isomor-
phism. Therefore, as the transversality map is real, it induces an isomor-
phism at the level of real subspaces:

H(Co, Ny, ) ~ HngR/Al,cpo(mi)/(TgAi,pi/Al,%(xi) + Deo(TE, 100 ,2:)) -
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As by Lemma 6.1 the set of real lifts (pr: Cr/Or — X) of pr_1 is a
torsor under H O(CO,./\/;,O)R, this isomorphism implies Lemma 6.2 g

THEOREM 6.3. — There exists a unique real stable log map
(Poo: Coo /000 — X)
over O = Spec C[[t], matching the constraints Za p and lifting
(¢o: Co/Og — Xo,Xo).

Proof. — We take the limit &k — 400 of Lemma 6.2 and use the existence
of the moduli space of stable maps, as in the proof of [34, Corollary 7.4]. O

7. The tropical correspondence theorem for real log curves

Let X be a n-dimensional proper toric variety, defined by a complete fan
Y in Mg. Fix a tuple (g, A, A, P), where:

e ¢ is a nonnegative integer.

o Aisamap A: M\ {0} — N with support contained in the union of
rays of X.. The choice of A specifies a degree and tangency conditions
along the toric divisors for a curve in X, and a tropical degree for a
tropical curve in Mg. We denote by |A| the number of v € M \ {0}
with A(v) # 0.

e A =(A4,...,4,) is an affine constraint that is general for (g, A) in
the sense of Definition 2.11.

e P=(P,..., ) is atuple of real points in the n-dimensional torus
orbit of X.

Let & be a polyhedral decomposition of Mg which is good for (g, A, A)
in the sense of Definition 2.16. Let m: X — A! be the toric degeneration
defined by & (see Section 2.2). Let X; := 7~ 1(¢) be the fiber of m over
t € Al. In particular, we denote by X, the central fiber of 7. We fix
P =(P,..., ) al-tuple of real points in the n-dimensional torus orbit of
X = X;. By (2.5)-(2.6), the affine subspaces A; and the points P; define
incidence conditions Za; p; C X and Za, p,¢ = Za; p; N Xy C X;. We
denote Za p = (Za,.p,-- s Z4,,p,) a0d ZA Pt = (Za, P t, s LAy, Pyt)-
Because the points P; are taken to be real, the subvarieties Z4; p, are real
subvarieties of X, and for t € A'(R), Za;,p; ¢ is a real subvariety of X;.

For every t € AY(R)\ {0} ~ R*, the number of real curves in X, of degree
A and constrained by Za p +, which we denote by N, R—log

(9,0,A,P),t
follows. Recall that the toric prime divisors on X are in correspondence with

is defined as
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primitive generators of the rays of the toric fan ¥ for X. Denote by D,, the
toric divisor corresponding to v € M. For a torically transverse real stable
map ¢ : C — X (Definition 4.1), and for A € N, define Py as the number
of points of multiplicity A in ¢*D,, and define a map A(p) : M \ {0} - N
by setting

0 if Qsov g XU

Py othewise.

(7.1) A(p)(A-v) = {

So, A(p) records the data of the number of intersection points with the
toric prime divisors of any given multiplicity, and clearly has finite support.
Let M 5} jicng7P)7 . be the set of isomorphism classes of real torically trans-
verse ¢-marked stable maps (¢ : C' — Xy, x) of genus ¢g and matching the
constraints Za p . Define

R—1 - R—1
<7'2) N(97A(?i7P),t T ﬁM(g,chi,P%t )

The count of real curves Néli TAlcji’P)’ , is a piecewise constant function of
t € AYR) \ {0} ~ RX, possibly jumping at the finitely many values of
t for which the constraints Za p: become non-generic. We denote by ¢
(resp. t_) the smallest positive (resp. biggest negative) value of ¢ at which
N 5 TAlng,P)’ , jumps. In particular, N, 3? ,_Al(?i,P), , is a locally constant function
of t for t € (t_,t.)\ {0}.

We now define a tropical count. Let T, ¢ A(A) be the set of genus g ¢-
marked tropical curves of degree A and matching A. This set is finite by

Proposition 2.13. Define

¢

R—tro

(7.3) NG ARy = > w*(T,E)-DF, , - [[ P4, »
(DE,h)ET ¢ a(A) =1

where w®(T',E) is the total real weight defined as in (5.1), D , is the
twisted real lattice index of the map Tj, (see (4.2)), and DY is the real
lattice index of the inclusion of lattices A; defined in (4.10) (recall that
the real lattice index is defined in Definition 4.12 and the twisted real
lattice index is defined in Definition 4.14). Remark that, unlike its complex
analogue, the count of tropical curves N, 5} ,_AtfoAp,P) depends on P through

the twist by ¢ in the definition of DH%“U.
THEOREM 7.1. — For every tuple (g, A, A, P) as above, we have
R—lo; R—tro
(7.4) Nigaarye = Nganre
for every t € (t_,t4) \ {0}.
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Proof. — By Theorem 4.15, DI%“U is the number of real maximally de-
generate curves in Xy intersecting Z s p ¢ and with associated tropical curve
h: ' = Mg. For every 1 < j < £, the image of such real maximally degen-
erate curve ¢ : Cy — Xo intersects Za p,o in Dﬂlgj real points, where A;
is the index of the inclusion of lattices defined in Proposition 4.16. Thus,
there are Dilij choices of real marked points mapping to Za p . Moreover,
by Theorem 5.1, there are w®(I', E) pairwise nonisomorphic ways to lift
the real stable map ¥, toa real stable log map ¢g: Cy — Xy. Therefore,
N, 5 TEZEP) is the number of real stable log maps to X lifting maximally de-
generate stable maps Py C\y = Xy passing through the constraints Za p .

By Theorem 6.3, each real stable log map ¢g: Cy — X obtained as real
log lift of a maximally degenerate stable map ¢, 0’ Cy — Xo passing through
the constraints Za p ¢ deforms in a unique way in family of real stable log
maps Qoo : Coo — X over Spec C[[t] passing through the constraints Z4 p.

Conversely, we have to show that every real stable log map ¢: C —
X xcpg C((t)) defined over the point Spec C((t)) (with trivial log structure)
and passing through the constraints Za p xcpq C((t)) is obtained by defor-
mation of a real maximally degenerate stable log map ¢g: Cy — X defined
over the standard log point. Without the reality condition, it is proved in
the proof of [34, Theorem 8.3]. The real case follows immediately: a limit of
real stable log maps is real and so if ¢: C' — X Xy C((t)) is a deformation
of pg: Cy — Xg, then ¢g: Cy — X is automatically a real stable log map.

Using the general theory of basic stable log maps developed in [22] (see
Remark 3.15), we give a proof that ¢ is a deformation of some ¢y which
is distinct and more conceptual that the one given in the proof of [34,
Theorem 8.3] (which relies on the full [34, Section 6]). By the stable reduc-
tion theorem for basic stable log maps ([22, Theorem 4.1]), after a finite
base change, there exists an extension of p: €' — X xcpp C((t) into a
basic stable log map @: C — X over SpecC[t] endowed with a possibly
non-trivial log structure, and passing through the constraints Za p. By
restriction to the special fiber, we get a basic stable log map ¢g: Cy — X
over Spec C endowed with some log structure. Then, by the construction of
a tropicalization of stable log maps (see [22, Appendix B], [5, Construction
8.3]) the tropicalization of pg: Cp — Xp is a -marked tropical curve of
degree A matching A, that is an element of T, s A(A). As by construction,
the polyhedral decomposition defining our toric degeneration contains all
the tropical curves in T, 4 A(A), it follows that the stable map underlying
wo: Cy — Xo is maximally degenerate, that the basic monoid is equal to
N and so that ¢q is defined over the standard log point Oy. d
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8. Tropical Welschinger signs in dimension two

In this section we set n = 2 and we define tropical Welschinger multiplic-
ities for trivalent tropical curves in Mg = R?, following [27, Section 2.5.1],
[32], [37].

8.1. Tropical Welschinger signs and the dual subdivision

DEFINITION 8.1. — Let h: I' — R? be a trivalent tropical curve and let
V be a vertex of I'. The dual triangle Ay is the cell associated to V in the
dual subdivision of h: T' — R? (see [27, Section 3.2]). Explicitly, Ay is the
integral triangle with inner normals given by the direction vectors of the
edges adjacent to V, and with sides of integral length equal to the weight
of the corresponding edge.

DEFINITION 8.2. — Let h: I’ — R? be a trivalent tropical curve and let
V be a vertex of I'. Let Ay be the triangle dual to V. We define
(8.1) Multg (V) = (=1)%av |
where Ia,, is the number of integral points in the interior of Ay .
DEFINITION 8.3. — Let h: I' — R? be a trivalent tropical curve. We
define

(8.2) Multg(h)

_Jo if T contains a bounded edge of even weight
' [y croMultg (V) else.

8.2. Tropical Welschinger signs: reformulation

First recall that given a trivalent tropical curve h: I' — R?, the complex
vertex multiplicity is defined as follows [32]. For each vertex V € T,
consider two different edges F1, F> emanating from V and set

(8.3) Mult(V) := w(E1) - w(Es) - |det(uey,g,), wv,E.)))|

where w(E;) is the weight on the edge E;, and u(y, g,) are primitive integral
vectors emanating from h(V') in the direction of h(FE;). By the balancing
condition (2.1) this number does not depend on the choices of E; and FEs.
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LEMMA 8.4. — Let h: ' — R? be a trivalent tropical curve and let V
be a vertex of I'. Let Ey, FEo, E3 be the edges of I' emanating from V with
weights w(E7), w(Es), w(Es). Then

(8.4) Multg (V) = (_1)%(Mult(V)—w(El)—w(Ez)—w(Es))+1 )

Proof. — As the complex vertex multiplicity Mult(V') defined as in (8.3)
is twice the area of Ay and w(E1)+w(E2)+w(FE3) is the number of integral
points on the boundary of Ay, we have

Ia, = %(Mult(V) —w(Ey) —w(Ey) —w(E3)) +1

by Pick’s formula. Hence, the result follows from the definition of
MultR(V) O

LEMMA 8.5. — Let h: I' — R? be a trivalent tropical curve and let V
be a vertex of I'. Let Ey, Fo, E3 be the edges of I' emanating from V with
weights w(E1), w(Es), w(Es3). If the weights w(E1), w(E2), w(E3) are odd,
then the complex multiplicity Mult(V') defined as in (8.3) is also odd.

Proof. — For i € {1,2,3}, let u(y,g,) be the primitive integral vector
emanating from h(V) in the direction h(E;). Set

m = det(u(y,g,), Uv,E,)) -
Using the action of SL(2,Z) on Z?, we can assume that ugy, g,y = (1,0)
and u(y,g,) = (a,m) with a coprime to m.

By (8.3), we have Mult(V) = w(Ey)w(E2)|m|. As we are assuming that
w(F) and w(Es) are odd, it is enough to show that m is odd to prove
that Mult(V') is odd. We assume by contradiction that m is even. Then, a
is odd since u(y,g,) is primitive. By the tropical balancing condition (2.1),
we have

w(Eg)U(MEs) = —’lU(El)’LL(V_’El) — U/(E2)U(V,E2) = —(w(El) + G/LU(EQ),’ITL) .

As w(Ey), w(Esy), a are odd, we deduce that w(FE;) 4+ aw(FE>) is even, and
as we are assuming that m is also even, that w(E3)u(v,g,) is divisible by
2 in Z2. But as u(y,g,) is primitive in Z2, this is only possible if w(Es) is
even, contradiction. O

8.3. Tropical Welschinger signs a la Mikhalkin
In [32, Definition 7.19], Mikhalkin only considers tropical curves with

unbounded edges of weight 1 and uses a slightly different looking version
of the tropical Welschinger sign.
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DEFINITION 8.6. — Let V' be a trivalent vertex with complex multiplic-
ity Mult(V). Then we define

Mult(V)—1

(=)= =z if Mult(V) is odd

8.5 Multd (V) ==
(8:3) = (V) {0 otherwise.

DEFINITION 8.7. — Let h: I' — R? be a trivalent tropical curve. We
define

(8.6) Multg' (h) = [ Multg' (V).
14

LEMMA 8.8. — Let h: I' — R? be a trivalent tropical curve. Assume
that all the weights of unbounded edges of I' are odd. If the number of
unbounded edges of h with weights congruent to 3 mod 4 is even, then

Multg (h) = Multg! (h) .

If the number of unbounded edges of h with weights congruent to 3 mod 4
is odd, then
Multg (k) = — Multy’ (h) .

Proof. — If T" contains a bounded edge of even weight, then Multg(h) = 0
by (8.2), and I" contains a vertex of even complex multiplicity by (8.3), and
so also Multg! (h) = 0 by (8.5)(8.6).

Hence, we can assume that all bounded edges of I' have odd weight for
the remainder of the proof. By assumption, all unbounded weights of I" are
odd, so we are now assuming that all edges of I' have odd weights. As every
bounded edge is adjacent to two vertices whereas an unbounded is adjacent
to only one vertex, we deduce from (8.4) that

Multz(h) = [[ D= [ 0@ J[ (-1 "=
Verl perinrk Eert)
On the other hand, as we are assuming that all edges of [ have odd weight,
we deduce from Lemma 8.5 that all vertices of I' of odd complex multiplicity
and so
Mutd () = [[ (-1
verlol

by (8.5)-(8.6). Therefore, Multg(h) and ][, Multd! (V) differ by the sign
given by —1 to the power

1
gﬁr“’] — (i iy — iﬁrgﬂ +#{E e TY | w(E) =3 mod 4}

(34010 — 25T\ Ty — 4T ) 4 #{E € TY | w(F) = 3 mod 4} .

DO =
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As I is a trivalent graph, we have
30l = 2p(rt\ T) + ¢10J

and so Multg(h) and [],, Multy’ (V) differ by the sign given by —1 to the
power

#{E e Tl |w(E) = 3 mod 4} . 0

9. Log Welschinger signs and invariance in dimension two

In this section, we specialize the setup of Section 7 to n = 2 and zero-
dimensional constraints A. In Section 9.1, we show that for ¢t € R* suf-
ficiently close to 0 and for every (¢;: Cy — X;) in Mélf],_Akng,P),t’ all the
singularities of the curve ¢;(C}) are nodes. In Section 9.2, we introduce
counts of ¢, with Welschinger signs, defined by the real nature of the
nodes of ¢;(C}). In Sections 9.3-9.4, we study explicitly the real nature
of the nodes of ¢(Cy). We deduce from this study Theorem 9.8 (=The-
orem 1.2) in Section 9.5. In Section 9.6, we discuss the relation with the

symplectically defined Welschinger invariants.

9.1. Nodes as only singularities

We show in Proposition 9.2 below that for ¢ sufficiently close to 0, all
the curves ¢ (Cy) for (¢¢: Cy — Xy) in ngng’P)’t are nodal. We start by
showing that the image curve of a line in a toric surface is nodal.

PROPOSITION 9.1. — Let X be a complete toric surface and let
(u,w) = ((w)1<i<3, (wi)1<i<s) € M? x (N\ {0})?

with u; primitive and Z?:l wiu; = 0. Let ¢: P! — X be a line in X with
type (u,w) (see Definition 4.6). Then, all the singularities of the image
curve (P!) are nodes, that is ordinary double points, and are all contained
in the 2-dimensional torus orbit of X.

Proof. — Without loss of generality, we can assume that X is the com-
plete toric surface whose toric fan is given by the rays Qu;. Let D1, Do, D3
be the toric divisors of X corresponding to the rays Quq, Quo, Qus.
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We will first prove that (PP!) does not have unibranch singularities. As
in the proof of Lemma 4.9, one can describe a real line ¢: P! — X in X of

type (u, w) by

3
(0.1 () = o) T [0 = () e

i=1
for every n € N, where X, is a real character of IV, y the unique real
coordinate on P! such that at the points ¢, g2, g3 of P! mapped by ¢ on
Dy, D, D3, we have y(q1) = —1,y(g2) = 0,y(g3) = 1.

Applying (9.1) to n = det(—, wiu1) and using Z?:l w;u; = 0, we obtain

—1\*
" (29U m)y =y (n) <y ) 7

Yy
where p = wywy det(ug, ug) = —wsws det(us, ug). Therefore, if p > 0,
d * ¢ det(—,wiuq)
N ) 0
a7 (z ) #

for y # 1 and so ¢(P') does not have a unibranch singularity for y #
1. If p < 0, %gp*(zdet(*’wlul)) # 0 for y # 0 and so ¢(P') does not
have a unibranch singularity for y # 0. Similarly applying (9.1) to n =
det(—,wous) and n = det(—,wzuz), we obtain that ¢(P!) does not have
unibranch singularities at all.

Therefore, it remains to study multibranch singularities of ¢(C), created
by distinct points of C' mapped by ¢ to the same point. By the Definition 4.6
of a line, there is a unique point of P! mapped by ¢ to each intersection
point of ¢(P!) with the toric divisors of X, and so multibranch singularities
of ¢(P!) are necessarily contained in the 2-dimensional torus orbit of X.
Our goal is to show that all multibranch singularities of ¢(P!) are ordinary
double points, that is double points with distinct tangent lines.

By [34, Proposition 5.5] (or see the proof of Lemma 4.9 for a different
argument), the natural action of M ®z C* on the space of lines in X of
type (u, w) is transitive. Therefore, it is enough to prove the result for one
specific line in X of type (u,w). Let 1: Z? — Z? be the map of lattices such
that (1,0) — wiug, (0,1) = wauz, (=1, —1) — wzug, and let ¢c: (C*)?
(C*)? be the corresponding map of complex tori, which can be naturally
compactified in a map 1¢c: P2 — X of toric varieties. Let ¢ be the linear
embedding P! — P! of image the closure of {(x,y) € (C*)?|1+x+y = 0}.
We will study the line ¢: P! — X of type (u, w) defined by the composition
@ =1coL

We prove that multibranch singularities of p(P*) are double points. We
have to prove that 3 distinct points of P! cannot be mapped by ¢ on the
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same point of X. It is enough to show that there are at most two points
(1,71), (12,92) € (C*)? on the line of equation 1+ z +y = 0 and differing
multiplicatively by an element of the kernel of ¥¢. As ¥¢ is a monomial
map, coordinates of elements in the kernel of W¢ are roots of unity, and
so it is enough to show that for given (z1,71) € (C*)? on the line of
equation 1+ x + y = 0, there is at most another point (z3,72) € (C*)?
on the line with |za| = |z1], |y2| = |y1|. Writing z2 = Cz1 and y2 = &1
with [(] = [¢] = 1, ( # 1, £ # 1, we are looking for ¢ and ¢ such that
1+ a1+ &y = 0. We can set & = —yil(l + (z1) only if |i(1 +Caz1)|2 =1,
that is ﬁ(l + ¢x1)(1 + ¢~ 77) = 1, which is a non-trivial degree two
equation in ¢, so with at most two roots. As 1 +z; +y; =0, =11is a
root and so there is at most one root ¢ with ¢ # 1.

It remains to show that double points of ¢(P!) have distinct tangent lines.
The map W¢: (C*)2 — (C*)?is of the form (z,y) = (z' = 2%’y = z°y?)
for some a,b,c,d € Z with ad — bc # 0. We compute the differential of ¢
restricted to the line 1 4+ x 4+ y = 0. We have

b
de’ = az® tybdz + by’ tdy = Sde + —z'dy
€ Y

d
dy’ = cz®lydda 4+ dzy?1dy = gy'dz + ;y'dy.
As 1+ x+y =0, we have dz = —dy so

dz’ = (a = b) x'dz
Ty

dy' = <C - d> y'dz .
r oy

Therefore, the equation of the tangent at the point (2/,y') = Ve(z,y) is

d b
(C - ) y'da’ + (a - > 'dy’ = 0.
T y r oy

Let us assume that we have a double point formed by two distinct points
(z1,y1) and (x9,y2) on the line 1 + 2 + y = 0 mapped by U¢ to the same
point (z,¥,) = (24, y5). If the tangent lines to p(P!) at the nodes along
the two branches coincide, then

ayr —br1  ays — bxa

cyr —dxry  cys —dzy

It follows that (ad —bc)(x1y2 — x2y1) = 0, 80 Z1Y2 = Tay1. Asys = —1 —x9

and y; = —1 — z1, we obtain z1(1 + z2) = 22(1 4+ 21) and so x; = x5, and
Y1 = Yo, in contradiction with the assumption that (x1,y1) and (z2,y2) are
distinct. 0
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PROPOSITION 9.2. — For every t € Al \ {0} sufficiently close to 0 and

for every (py: Cy — X;) in M8

(9. A.A,P) ¢ the only singularities of the curves

v (Cy) are nodes.

Proof. — The map (¢;: Cy — X;) is a deformation of (¢o: Co — Xo),
50 1(Cy) is a deformation of ¢o(Cp). As pp is maximally degenerate, it
follows from Proposition 9.1 that ¢o(Cp) is a nodal curve. Therefore, ¢;(Ct)
is nodal for ¢ sufficiently close to 0. As M 5 _Aloip), , is finite, this holds for

all ¢, for t sufficiently close to 0. O

9.2. Log Welschinger signs

We first recall the classification of possible types of nodes of a real nodal
curve. These nodes can be of one of the following possible types.

(i) Elliptic (isolated) nodes: These are real nodes z? + y? = 0 for a
choice of local real coordinates (z,y).
(ii) Hyperbolic (non-isolated) nodes: These are real nodes, with local
equation 22 — y? = 0 for a choice of local real coordinates (z,y).
(iii) Imaginary nodes: These are nodes of C' that are at non-real points.
Such nodes come in complex conjugate pairs.

DEFINITION 9.3. — Let ¢: C — X be a real stable log map in a toric
surface X with ¢(C) nodal. The log Welschinger sign of ¢ is
(9.2) W () = (=1)™)

where m(p) is the total number of elliptic (isolated) nodes of ¢(C).

Let ¢;: C; — X; be an element of MélijAl(?gA’P)’t. By Proposition 9.2,

for t € AY(R) \ {0} ~ R* sufficiently close to 0, ¢;(C;) is a real nodal
curve. We will study in the next sections the real types of these nodes. As
or: Oy — Xy is a deformation of pg: Cy — Xo, the nodes of ¢;(C}) fall
into one of the two following cases, see Figure 1.1.

(a) Nodes obtained by local isomorphic deformations of nodes of ¢ (Cp)
contained in the smooth locus of Xj.

(b) Nodes obtained by the non-trivial deformation of a node of ¢y (Co)
contained in the double locus of X.

We study nodes of type (b) in Section 9.3 and nodes of type (a) in
Section 9.4.
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(17 _N)

Figure 9.1. The tropical image around a nodal point after a suitable
blow-up and base-change.

9.3. New nodes generated during the deformation

Let ¢o: Cop — Xy be a maximally degenerate real stable log map, with
associated tropical curve (h: I' = Mg ~ R?) € T, A(A). Let (¢;: Cy —
X;) € MEIETAICT%&,P)J be the deformation of ¢ for t € AY(R) \ {0} ~ R*.
We focus on a node P of Cy, corresponding to an edge E of I' of weight
p = w(E), and on the node of ¢;(C;) which are contracted to ¢o(P) at
t = 0. There are p — 1 such nodes, corresponding to the u — 1 interior
integral points on the edge dual to F in the subdivision dual to I". In this
section, we analyze the real type of these nodes. The following Lemma will
allow us in the proof of Theorem 9.5 to reduce the general case to a specific

situation which can be handled explicitly.

LEMMA 9.4. — Let ¢g: Cy — Xo be a real maximally degenerate stable
log map with associated tropical curve (h: T' — Mg =2 R?) € T,,A(A),
and let P € Cy be a nodal point corresponding to an edge E € T, of
weight p == w(E). Denote the vertices adjacent to E by OE = {V1,Va},
and let {E, E;, E!} be the set of edges adjacent to V;. Then, by a suitable
base change, a blow-up and a further degeneration of Xy, we can assume
that

uvy,m, = (—1,0), Uy, B, = (L, p), uvy,E, = (—1,0), Uv, By = (1, —n),

as illustrated in Figure 9.1.

Proof. — Since ¢y is torically transverse (Definition 4.1), the image h(E)
of the edge F is a segment of the polyhedral decomposition &. Since the
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question is local near ¢o(P) in Xy and near h(FE) in Mg, we can assume
by a local rescaling of M that the affine integral length of h(FE) equals
. Let X7 and X5 be the irreducible components of the central fiber of
the toric degeneration corresponding to the vertices h(V1) and h(V3) of the
polyhedral decomposition. The surfaces X; and X5 intersect along a divisor
Xg corresponding to the edge h(FE) of the polyhedral decomposition. Let
C1 and C5 be the two components of C' mapped by ¢ to X; and X
respectively. Let p € C' be node of C' given by the intersection point of Cy
and Cy. We have ¢(p) € Xg.

Etale locally near ©(p), the total space X of the toric degeneration can
be described as Spec C[z, y, 7, t]/(zy — t*), where ¢(p) is the point x =y =
t =~ =0, v is a coordinate along Xpg, X7 is locally defined by z = 0 and
Xo is locally defined by y = 0, such that A(C;) is locally defined by an
equation of the form z = v* and h(C?2) is locally defined by an equation of
the form y = 4#. Note that because 7 is centered around the point ¢(p),
which is in the 1-dimensional torus orbit of Xz, v is not induced by a toric
monomial.

We perform the base change ¢t = s2. The resulting total space can be
locally described as Spec C[z, y, 7, s]/(xy — s*#). We then blow-up the ideal

(z,y, s, sy, sy M)

of SpecC[z,y,7, s]/(xy — s?*), that is a non-reduced version of the point
©(p) defined by z =y = v = s = 0. We denote by X the resulting total
space, and 7: X — X the blow-up morphism composed with the base
change morphism. Note that because ¢(p) is not a torus fixed point of X,
X is not toric in general.

We show that the exceptional divisor S is isomorphic to the toric surface
whose fan is dual to the triangle with vertices (0,1), (0,—1), (0,u). As
the ideal (z,y,s*,s* 1y, ..., sy 1 4*) of SpecClz,y,~,s]/(zy — s*) is
monomial, the blow-up can be studied using the tools of toric geometry.
The moment cone of Spec C[z, y, 7, s]/(zy—s%*) is isomorphic to the cone C
in Z3 generated by (u,1,0), (1, —1,0), (0,0, 1), with (u, 1,0) corresponding
to x, (1, —1,0) corresponding to y, (0,0, 1) corresponding to v and (1,0, 0)
corresponding to s. The linear relation

(.ua la 0) + (:u’7 71a 0) = 2:“(15 07 O)
corresponds to the relation xy = s2*. The monomials

p—1
)

nopu—1 n
x)y?‘g 75 77"'78’7 ’y
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(0,0, )

(lu7 _17 O)
Figure 9.2. Toric polytope description of the blow-up

exactly correspond to the integral points of the intersection of |C with the
integral plane P in Z3 passing through the three points (u, 1,0), (1, —1,0),
(0,0, 1). Therefore, by standard toric geometry, blowing-up the ideal

(z,y,s", " 1y, ... syt A1)
corresponds to chopping off C along C N P, and the cone of the exceptional
divisor is given by the triangle C N P inside P, see Figure 9.3. The map
(u,1,0) — (0,1), (p,—1,0) — (0,—1), (0,0, ) — (1,0) induces an affine
integral isomorphism between C N P in P and the triangle with vertices
(0,1),(0,—1), (0, p) in Z2.

It follows that the fan of S consists of the three rays generated by (—1, 0),
(1, ), and (1, —p). Let Dy be the toric divisor of S dual to the ray generated
by (1, ) and let Dy be the toric divisor of S dual to the ray generated by
(1, —p). If we continue to denote by X; and X5 the strict transforms of X3
and X, in X, then X; NS = D; and XoN S = Ds.

As 7 is not a toric blowup, S does not come naturally with a toric
structure: there are natural divisors D; and Do but no canonical choice of
divisor D3 dual to the ray generated by (—1,0). The blown-up geometry X
comes with a natural log smooth log structure over A'. The corresponding
central fiber X o is log smooth over the standard log point. In restriction
to S, the morphism to the standard log point is strict away from Dy U Ds.

The stable log map ¢: C — X, lifts to a stable log map ©: C — )~(0,
where C is obtained from C by replacing the node p by a new P!-component
Cs, meeting the rest of C' in two nodes p;, ps, and ?(Cs) C S, @(p1) €
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D1, §(p2) € Ds. By construction of the blow-up, the curve $(Cg) has
contact orders 1 with Dy and D5 at the points @(p1) and @(p2), and so the
smoothing of the two nodes p; and ps of C does not create new nodes in
the image curve. Therefore, the nodes of the image curve coming from the
smoothing of the node p of the curve C' in Xy can be identified with the
nodes of the image curve 3(Cs) in S C X,.

It follows that the study of the real nature of the nodes of the image
curve coming from the smoothing of the node p of C' is reduced to the
study of the real nature of the nodes of the image of ¢(Cgs). In order to
do that, we complete (S, D1 U D3) into a general toric structure (S, Dy U
D5 U D3) and we pick a toric degeneration of S defined by the polyhedral
decomposition given by a tropical curve hg: I's — Mg with two vertices
V1, Vo, one bounded edge of weight i connecting Vi, Vs, two unbounded
edges of directions (—1,0) and (1, u) with weight 1 attached to V1, and two
unbounded edges of directions (—1,0) and (1, —u) with weight 1 attached
to V. In such degeneration, the curve @|cs: Cs — S degenerates into
a curve with tropicalization hg: I's — Mg. Therefore, we have reduced
the study of the nodes of the image curve produced by the smoothing of a
node corresponding to an edge of weight y in a general tropical curve to the
study of the nodes of the image curve produced by the smoothing of a node
corresponding to the edge of weight p in the tropical curve hg: I's — Mg,
and this ends the proof of Lemma 9.4. O

We remark that the proof of Lemma 9.4 is a version of the shift operation
introduced by Shustin in [37, Section 3.5]. The reformulation of the shift
operation in terms of blow-up is also discussed by Shustin and Tyomkin
in [39, 40].

THEOREM 9.5. — Let pp: Cy — X be a real maximally degenerate sta-
ble log map with associated tropical curve (h: I — Mg 2 R?) € T, , A(A).
Let P € Cy be a node corresponding to an edge E € T of weight
w = w(FE), and let e be the integral affine length of h(E). Let ¢ be the real
root of unity specifying the real log structure of Cy at P. Then, the real
types of the y — 1 nodes in the image ¢(C) of the deformation ¢ : C — X
of g over t € AY(R) \ {0} ~ R* and which have limit ¢o(P) at t = 0, are
as follows:

e If i is odd (and so necessarily ¢ = 1), then all the u — 1 nodes of
©(C) are elliptic.

o If i is even and ¢ and ti have the same sign, then all the p — 1
created nodes of p(C) are elliptic.
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e [fy is even and ¢ and t# have opposite signs, then one of the nodes

of (C) is hyperbolic and the ;1—2 others form “;2 pairs of complex

conjugated nodes.

Proof. — By Lemma 9.4, we can assume that the tropical curve h: ' —
R? is given locally near the edge E by Figure 9.1. Denote by Vi, V, € T'l0
the vertices adjacent to E, and let Cy and Cs be the corresponding com-
ponents of Cy, meeting at the node P. Let X3, Xo C Xg be the irreducible
components of X, corresponding to h(V;) and h(V3). Denote by Xg the
double locus in Xy, where X; and X5 intersect.

A chart for the log structure M x,, on an open neighbourhood U around
the point @q(P) is given by

/WXO‘U — MX0|U
T +— Sy
(9.3) gr— sy
Y > Sy

t— sy

where Z -7 = t°. The coordinates z,y,~y on U are such that + is a toric coor-
dinate along X g (unlike the v coordinate used in the proof of Lemma 9.4),
X is locally defined by = = 0 and X5 is locally defined by y = 0,

Now, before analysing the log structure on the domain curve around C,
recall by Definition 4.2, the intersection index of either Cy or Cy with Xg
is equal to p. From the proof of Theorem 5.1 it follows that there exists a
chart for the log structure M¢ on a neighbourhood V' around P given by

Melv — Mcly

Z—> C_lsz
(9.4) _
W — Sqp

fr—>sf/”

where z - @ = £¢/*. Moreover, ¢ = 1 if p is odd, and ¢ € {1, -1} if u is
even. The coordinates on V are given by {z,w,t|z-w = t*/#}. Now, in
the remaining part of this section we assume that the charts for the log
structures around P and ¢ (P) are given as in (9.4) and (9.3) respectively.
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Label the points {0¢;,, 1¢,, 00¢; } on each irreducible component C; map-
ping to the toric boundary of X;, and assume that P = 0¢, = 0¢,. Let

vo(ley) =p1=(r=c,y=0,7y=0) € X3
(9.5) po(le,) =p2i=(z =0,y =c,7y=0) € Xo
wo(P)=po=(x=0,y=0,y=d) € Xg
for some ¢, ¢, d € R*. The data of the tropical curve h: I' — R? given by
Figure 9.1 defines the morphisms M Xo,p0(x) Mg, . on ghost sheaf level
for any closed point x € Cj [5, Section 8]. Moreover, by the definition of the
log structure on Xy, the sections of My, () are obtained by restrictions
of regular functions in
My oo (P) C Ox p0(P)s

where we recall that X’ denotes the total space of degeneration. Thus, deter-
mining lifts to log morphisms amounts to specifying the values ¢, ¢’, d € R*,
which define the morphism

My Py — Mc,,p
x — cz!
(9.6) y— w”
yr—d(z+w—1)
t—>1
Since on a neighbourhood of P, the coordinates satisfy the relation
{z,w,t|z-w=t/"}
and on a neighbourhood of ¢, (P) on the total space we have the relation
{z,y, v, t]e-y =1}

we obtain ¢/ = ¢~1. Then, we indeed get a well-defined map in (9.6) because

(9.7) Ty = ezt twt = (zw)* = (tE/u)u — ¢€
For fixed t # 0, from (9.7) we get
e te/n

y=— and w=( ,
x z

and obtain a parametrization of the deformation of ¢(Cp) in a neighbour-
hood of P, given by

C* — (C*)?
2z (2(2),7(2))
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with

x(z) = ezt

©8) y(z) = d (z S 1) .

z

The nodal points in the image of the deformation are generated as the
images of points 21, z0 € C*, with z; # 25, and

(x(21),7(21)) = (2(22),7(22)) -

From the parametrization (9.8), these points are obtained as solutions of
the following equations:

(9.9) 2 =2k
te/m te/m
z1 z9

From (9.9), since z; # z2, we obtain zo = £z for some & € C such that
& =1, & # 1. Then (9.10) gives

e/ 1 e/ 1
=¢n+ ¢

21 £

23+ (e = €23 + gtw

21 +¢

2(1-¢)= cte/w% )
te/m
&

2
21 =¢

It follows that 23 = (£21)? = £Ct/*.

We have (u — 1) choices for £ and two choices of square root of ¢ teg/“.
Because of the symmetry between z; and zo, we finally get p — 1 nodes in
the image of the curve.

We now study the real nature of these nodes. We will use the following
facts. Assume that z; and 2o are such that (z(z1),7v(z1)) = (z(22),v(22))
and so define a node in the image curve. If 21,25 € R, then we get an
hyperbolic node. If z; ¢ R, 22 ¢ R, and (z(21),7(21)) € R?, then we get
an elliptic node. If z; ¢ R, 25 ¢ R, and (2(21),7(21)) ¢ R?, then we get an
imaginary node.

As ¢ and t# only enter the above equation through the combination (t#
flipping the sign of ( is equivalent to flipping the sign of ¢, and so we can
assume without loss of generality that th e R<g.
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Assume ¢ = 1. We then have 27 = - and so |z |*> = ti. It follows that

and so

v(z1) =d(z1 + 71 —1) =d(2Re(z1) — 1) € R.
On the other hand, we have 22" = t¢, so 2/ = +t5 and a(z) = +ct? € R.
The upshot is that the node is elliptic.

e
tH

Assume ¢ = —1. We then have 2§ = —*+ and so |2 = ti. Tt follows
that .
te|m?
—_—=— = 21
21 21
and so

Y(z1) =d(z1 —z1 — 1) =d(2iImz; — 1).
If £ ¢ R, which is always the case if p is odd, then 21 ¢ R, so v(z1) ¢ R
and therefore the node if imaginary. If £ € R, which is only the case if p is
even and then £ = —1, we have 22 = t# and 22 = ti, s0 21,2 € R, and
therefore the node is hyperbolic.
We can now summarize the results. If p is odd, then ¢ = 1 and all the
(1 — 1) nodes are elliptic. If p is even and ¢ = 1, then all the (u — 1)

nodes are elliptic. If y is even and ( = —1, then the node corresponding to
& = —1 is hyperbolic, and the p — 2 other nodes corresponding to & # —1
are imaginary nodes. O

9.4. Nodes which are preserved under the deformation.

In this section we analyse the types of nodes that appear in the image
of a maximally degenerate real stable log map ¢o: Cy — Xy and which
are contained in the smooth locus of Xy. They will deform into locally
isomorphic nodes in the deformation ¢;: C; — X;.

Recall that nodal points on the image of ¢, are generated, if two points
of Cy, say p1,p2 map to the point under the map ¢g : Cy — Xy. There are
two possible cases:

(i) The points p1,ps are points on different irreducible components
of C().
(ii) The points p1, p2 belong to the same irreducible component of Cp.

We focus on nodes of ¢(Cp) contained in the smooth locus of Xy, and we
will analyse the types of the nodes in each case separately. The following
lemma shows that in the first case we only obtain hyperbolic nodes.
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LEMMA 9.6. — Let ¢g: Cy — Xo be a real maximally degenerate stable
log map with associated tropical curve (h: I' — Mg = R?) € T,/ A(A).
Every node in the image of po(Cy) that is contained in the smooth locus
of Xy and that is obtained from identification by g of two points lying on
different irreducible components of Cy is hyperbolic.

Proof. — Let p1,p2 € Cy be two distinct points mapping by ¢g to the
same point o(p1) = @o(p2) contained in the smooth locus of Xj. Assume
that p; and ps lie on different irreducible components Cy ; and Cp 2 of Cp.
As g is a real map, this can only happen if either p; and ps are complex
conjugated, in which case p is elliptic, or if p; and p- are real, in which case
p is hyperbolic. We will show that the latter case is realized.

We denote the vertices of I' corresponding to Cp 1 and Cp 2 by Vi and V5
respectively, and let X, be the irreducible component of X corresponding
to the vertex h(V7) = h(V2) in the image of pg. Since h is a general tropical
curve, two vertices V7, V5 € I' can map to the same point transversally only
if they are bivalent vertices, and create a 4-valent vertex, so that X, =
P! x P!. In particular, the homology classes of ¢o(Cp 1) and ¢o(Co2) in
X, are distinct. As the real involution of X, acts trivially on the homology
of X,, we deduce that the components Cy; and Cpa are not complex-
conjugated but are each preserved by the real involution of Cjy. Therefore,
the points p; and p, are not complex-conjugated and are both real. It
follows that p is an hyperbolic node of o (Cp). O

Next we will analyse the second case, assuming two points pi, p2 belong-
ing to the same component of Cy map to the same point under ¢g: Cy —
Xo. Let V = @q(p1) = wo(p2) denote the vertex in the image of the trop-
icalization h: I' — R2, and let Xy, denote the irreducible component of
Xy corresponding to V. We will denote the restriction of ¢y to the P!-
component of Cy containing p1, ps2 as

(9.11) o: Pt — Xy .

PROPOSITION 9.7. — Let V be a trivalent vertex of I'. Then all real
nodes in the image of the map ¢: P! — Xy in (9.11) are elliptic.

Proof. — Let (u,w) = ((ui)1<i<3, (w;)1 <4 < 3) be the tuple of direc-
tion vectors and weights associated to the edges FE; adjacent to V, for
i € {1,2,3}. Denote by D; the toric divisor of Xy corresponding to E;. As
in the proof of Lemma 4.9, the real line ¢: P! — Xy in Xy of type (u,w)
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is defined by the equation
3

(9.12) 0™ (2") = xo(n) [ [ (w = wqi)) o)

i=1
for every n € N, where x, is a real character of IV, and denotes y the
unique real coordinate on P'. By y(g;) we denote the coordinate of the
point ¢; € P! whose image under ¢ intersects the toric boundary divisor
D;, and we assume y(q1) = —1,y(q2) = 0,y(gs) = 1.

Now let us assume that a real node of ¢(P!) is hyperbolic. Then, we can
find y and y’ real with y # ¢’ and ¢(y) = ¢(y'). Using (9.12), the condition
o(y) = o(y') can be rewritten as

3 3
(9.13) [T —ylan ™ =T1W - ylg)) @
i=1 i=1

for every n € N. Applying (9.13) to n = det( -, wyu;), we obtain

029 () =)

where, recalling from Definition 2.1 the balancing condition (2.1) wqu; +
woue + waug = 0, we have

W= wiwsy det(uq, ug) = wsw det(ug, u1) = wows det(uz, us) ,

which equals the multiplicity of the vertex V possibly up to a sign. As both

5,‘;11 and % are real, it follows from (9.14) that either
y+1

1 =<
(9.15) Y
or

1
(9.16) vrl_ v
y'+1 y'

But (9.15) implies y = ¢/, in contradiction with the assumption that y # v’
Therefore, (9.16) holds and so we have

(9.17) 2y’ = -y —y.
Applying (9.13) to n = det(—, w3us), we obtain
-1 e H
(9.18) Y =(Z) .
y/ _ 1 y/

As both ;’,_11 and - are real, it follows from (9.18) that either

y—1

9.19 =
( ) y/ _ 1 y/
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or

1
(9.20) Y Y

y—-1_ y
But (9.19) implies y = 4/, in contradiction with the assumption that y # y’.
Therefore, (9.20) holds and so we have

(9.21) 29y =y +y'.

Comparing (9.17) and (9.21), we obtain first yy’ = 0 and then y = 3’ = 0,
which is a contradiction with the assumption y # y'.

Therefore, we conclude that ¢(P!) does not admit hyperbolic real nodes
and so all the real nodes of p(P!) are elliptic. O

9.5. Correspondence theorem with Welschinger signs

We specialise the setup of Section 7 with rank M = 2 and zero-dimens-
ional constraints A = (Aj,...,Ay). For t € A}(R) \ {0} ~ R* general, we
have a finite set MéjoAlo’gA’P)’t of real stable log maps to X; matching the
constraints Za p,. By Proposition 9.2, for every (¢: C' — X) element of
Méli ,_Al(?gA,P), ;» the real curve ¢(C) is nodal, and so it makes sense to define
W8 () following Definition 9.3. We define log Welschinger numbers

R—1lo — lo
W(g,A,i,P),t = Z W (¢).

R—log
PEM (ATA Pyt

On the other hand, we have finite set T, o A (A) of tropical curves match-
ing the tropical constraints A. For every (T',E, h) element of ‘S]izlzg, we
can define Multg (%) following Definition 8.3. We define tropical Welschinger
numbers

R—tro o
Wi aap) = > Multg (h) .
(TE,h)ETy.0.a(A)

THEOREM 9.8. — For every t € A'(R)\ {0} ~ R* sufficiently close to 0,

we have

R—lo, R—tro
(9.22) W(Q,A,i,P),t = W(g,A,iP) :

Proof. — Let (% Cy = Xo be a maximally degenerate real stable map.
Let h: I' — Mg be the corresponding tropical curve. The proof is divided
into two cases: either I' contains one bounded edge of even weight, or all
the bounded edges of I have odd weight.

Let us assume that I contains a bounded edge F of even weight w(E).
By Theorem 5.1, in trying to lift % Cy — Xo to a real stable log map
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wo: Cy — Xp, we have two choices for each bounded edge of I' of even
weight, labeled by ¢ = 1 or { = —1. Therefore, we can divide all real log
lifts of ¢, into pairs, where two elements ¢ and ¢y of a pair only differ by
the sign of ( specifying the log structure at the node corresponding to the
edge E. By Theorem 9.5, the nodes of the image curves of the deformations
¢ and ¢, of ¢f and ¢, are in a one-to-one correspondence preserving
the real type, except for the nodes created by the smoothing of the node
pE of C, corresponding to the edge E. For either ¢, and ¢, , the w(E) — 1
nodes of the image curve created by the smoothing of pg are all real elliptic,
whereas for the other, the w(FE)—1 nodes of the image curve created by the
smoothing of pg split into one real hyperbolic node and w(F) — 2 non-real
nodes. It follows that the contributions of ¢, and ¢_ to W](R;TEgAP% , differ
by (—1)*#)=1 = 1 and so they cancel. Therefore, the total contribution

to Wijﬁivp)’t of all the real log lifts of g is zero. On the other hand, the

contribution of the tropical curve h: I' = My to W
Definition 8.3.

Let us assume that all edges of I" have odd weight. By Theorem 5.1,
there is a unique lift of ¥, to a real stable log map ¢g: Cy — Xj. Let
¢ Cy — X¢ be the deformation of pg. By Definition 9.3, the contribution
of ¢; to W](li’_io’i’PH is W(ip¢) = (—=1)™#) | where m(y;) is the number of
elliptic nodes of ¢;(C}). Nodes of ¢ (C}) fall into three categories.

First, there are nodes of ¢;(C}) produced by the smoothing of a node pg
of ¢, corresponding to an edge E of I' of weight w(FE). By Theorem 5.1, for
every edge F of T', there are w(FE) — 1 such nodes, all real elliptic. As w(FE)
is odd, w(E) — 1 is even, so the total factor contribution of these nodes to
W(pr) is 1.

Second, there are nodes of ¢;(C}) which are deformation of nodes of
©0(Cp) where the images by ¢¢ of two irreducible components of Cy inter-
sect. All these nodes are real hyperbolic by Lemma 9.6 and so their factor
contribution to W(y;) is 1.

Third, there are nodes of ¢, (C}) which are deformation of nodes of ¢ (Cp)
where the image by g of an irreducible component Cy of C self-intersects.
Let V be the vertex of I" corresponding to Cy . By Proposition 9.7, all
real nodes of ¢o(Cy) are elliptic. On the other hand, the total number of
nodes of ¢o(Cy) is the number Ia, of integral points in the interior of
the triangle Ay dual to V. As the total numbers of nodes and the number
of real nodes have the same parity (because differing by the numbers of

R—trop

(9.0.A,P) 18 also zero by

non-real nodes which come in complex conjugated pairs), we deduce that
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the factor contribution of the nodes of ¢;(c;) which are deformation of the
nodes of ¢o(Cy) is (—1)1av.
In conclusion, we get W(yp;) = [[,(—1)’2v, which is equal to the con-

tribution Multg(h) of h: T — Mg to W](li_gfp) by Definition 8.3. d

9.6. Welschinger invariants

Let (X,w,tx) be a compact 4-manifold endowed with a symplectic form
w and an anti-symplectic involution tx, that is, such that (fw = —w.
Fix d € Ho(X;Z) such that ¢;(X)-d > 0, and let # C X be a generic
configuration of ¢1(X) - d — 1 distinct real (vx-fixed) points in X. For a
generic almost complex structure J tamed by w, there are finitely many
J-holomorphic rational curves in X of degree d and passing through z,
all nodal. In particular, finitely many of these curves are real (that is ¢x-
invariant). The count of J-holomorphic rational curves in X of degree d
and passing through = does not depend on J and z: it is a genus 0 degree
d Gromov—Witten invariant. By contrast, the count of real J-holomorphic
rational curves in X of degree d and passing through z is not invariant in
general under variation of J and x. Welschinger [49, 50] understood how to
construct an invariant by considering a signed count of real J-holomorphic
rational curves in X.

The following definition of Welschinger signs can be found in [50, Sec-
tion 2.1].

DEFINITION 9.9. — Let C' be a nodal real irreducible rational pseudo-
holomorphic curve in a real rational symplectic 4-manifold X with homol-
ogy class d € Ho(X,Z). The Welschinger sign of C' is defined as

(9.23) W(C) = (—=1)™)

where m(C), referred to as the mass of C, is the total number of elliptic
nodes of C.

Note that by the adjunction formula, a nodal rational curve of degree d
in a symplectic 4-manifold has a total number of nodes equal to
_d-d—c(X)-d+2
= 5 )

The following result is due to Welschinger.

(9.24) 5

THEOREM 9.10 ([49, Theorem 2.1]). — For every integer m ranging
from 0 to ¢, denote by ng(m) the total number of real J-holomorphic ratio-
nal curves of mass m in X passing through x and realizing the homology
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class d. Then, the number
s
(9.25) WP (2, J) = 3 (=1)™na(m)
m=0
is invariant; it neither depends on the choice of J nor on the choice of x

and we denote it by Wﬁjymp.

Let X be a smooth toric del Pezzo surface and d € H2(X,Z) such that
c1(X)-d—1>0. Let ngjdsy P be the corresponding Welschinger invariant.
Let A,: M\ {0} — N be the tropical degree defined by A4(v) = d - D, if
v is the primitive generator of a ray of the fan of X corresponding to the
toric divisor D,, and Ag(v) = 0 else.

COROLLARY 9.11. — We have
R—symp __ R—trop
Wxa = Wo.a.ap):

Proof. — By [26], for a toric del Pezzo surface X, Welschinger invari-
ants are counts with Welschinger signs of real rational curves in X for the
standard integrable complex structure of X and passing through a generic
configuration of real points. Furthermore every such curve is torically trans-
verse. Therefore, considering a toric degeneration as in the setting of The-

orem 9.8, we have
R—sym R—1o,
Wya™" =Woaar).
for every t € AY(R) \ {0} ~ R* general, and so the result follows from
Theorem 9.8. 0
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